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I. INTRODUCTION

This report compares the arithmetic requirements ‘'of several efficient
algorithms which compute the Discrete Fourier Transform (DFT). The DFT is a
powerful, reversible mapping transform for discrete data sequences with mathe-
matical properties analogous to those of the Fourier transform. The defini-
tions of the DFT and the inverse DFT can be written in the form

N-1

A(k) = ] x(n)exp(-j2mak/N) (1)
n=0
N-1

x(n) = ) A(k)exp(j2unk/N) (2)
k=0

for k=0,1,..., N1l; n=0,1,..., N-1. The N-point data sequences x(n) and A(k)
are generally complex and are often used to represent time and frequency
series, respectively.

In 1965, Cooley and Tukey began a revolution in the field of signal pro-
cessing when they introduced the Fast Fourier Transform (FFT) as an algorithm
for efficiently computing the DFT [1]. The FFT reduced the number of com-
putations requi-ed to compute the DFT from a number proportiomnal to Nz, to one
proportional to NlogoN. This reduction of comprtations spurred widespread
application of the DFT to many problems in diverse fields. 1In addition to
gpectral analysis of time series, the FFT has been used for fast correlation
of sequences, fast convolution of sequences for the purpose of digital filter-
ing, and radar Digital Beam Forming (DBF). In DBF applications, the output
of each element of a receive—only array antenna is independently converted
into complex baseband samples. A DFT is then used to transform the data into
a simultaneous set of receive beams uniformly distributed in space {2].

The ever increasing importance of the DFT algorithm has led to the devel-
opment of wmany new efficient algorithms requiring far less computations than
the FFT. This report examines the multidimensional DFT decomposition theory
central to many of these algorithms, and gives a brief introduction to the
radix-2 FFT, radix-4 FFT, mixed radix fasc Fouriler transform (VTFT), prime
factor algorithm (PFA), Winograd Fourier transform algorithm (WFTA), and SWIFT
algorithms. In addition, the arithmetic complexity of these algorithms is
compared for various omne and two—dimensional transform sizes. Included in the
comparison are the number of real additions, real multiplications, total real
operations, total equivalent real multiplications, and integrated circuit chips
required for each algorithm.

II. MULTIDIMENSIONAL DFT THEORY

All of the efficient DFT algorithms examined in this report are based on
Good's standard multidimensional DFT decomposition technique [3-4]. This
technique decomposes a large one—~dimensional DFT into a sequence of smaller
DFTs which are combined with twiddle factors (i.e., complex weights or
multiplications). The number of multiplications and additions required to
compute a DFT is greatly reduced by computing its decomposed small point DFT
transforms, even though the twiddle factors increase the computational load.
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However, the multidimensional decomposition is only applicable to the DFTs of
length N, where N is factorable into integer values (i.e., N = Nj*Np*....,
Ne). In order to circumvent this requirement, DFTs can be appended with zeros
to give a length that is factorable.

The basic mechanism of the multidimensional decomposition is transforming
the one-dimensional data sequence of length N = Nj*Ny into a two—dimensional
rectangular array of N rows and Np columns. The N-point DFT can then be com—
puted by performing Ny-point DFTs on all the rows, and performing Nj-point
DFTs on all the columns, and in some cases, multiplying the intermediate
results by complex twiddle factors. If desired, the Ny and Ngo—-point DFTs can
be decomposed if they are factorabie. This process can be applied repeatedly
tc tha one-dimensional DFTs until the original N-point DFT has been completely
decomposed into all of its integer factors.

A unique or one—~to-one mapping function is needed to map the one-
dimensional arrays A(k) and x(n) of the DFT expression

AK) = ] x(n) W™ 3)

n

into the two-dimensional arrays K(kl,kz) and %(nl,nz) of the two-dimensional
function [5]

=Y 1 x(n,np) WNnk 4)

np m

ﬁ(kl »k2)

vwhere k3, n = 0,1,40., N - 1; kg, np = 0,1,00., N ~ 1; and
Wy = exp(—32nnk/N). Although many different mapping functions exist, the
mapping function fundamental to most fast DFT algorithms is

n (Lyny + Lgng)mod N

k (5)

(L3ky + Lgko)mod N § .
A simple mapping of this form is
n = (n; +Njnp)mod N

k = (Ngky + kg)mod N} . (6)

For example, this mapping can be used to decompose the vectocs A(k) and

x(n) of an eight-point DFT into two-~dimensional functions with N rows and .

Ny columns. For the values Ny = 2 and Nyp = 4, the mapping between x(n) and

x(ny,ny) is

®(ny,ng) = x(n; + 2ny)mod 8 , (7
as shown below:
%(0,0) = x(0) (0,1) = x(2) %(0,2) = x(4) =%(0,3) = x(6)
x(1,0) = x(1) =x(1,1) = x(3) =x(1,2) = x(5) x(1,3) =x(7)] . (8)

A e \:_‘ n':q-v.‘_ AR T T T AT e e e s
- e " . L T e R T T e T e
e e 1:_):" M “{: R N i T R ST S N AP A N S S A S

Wl e, Y
L0

.......




RO R L o W . - Ty e MR S e B S 8 S R A Pl I - ' - I M t & @ = e a2 2 w e e T - Rad §
Sy e R S L R T N I A N SN AT I L T I

|

'\
Y'Y g O

Note that ecach position in the above 2x4 matrix is assigned a unique value
from the x(n) vector. The mapping for the output values is

.‘,
ol
it

A(kj,kp) = A(4k; + ko)mod 8 (9)

g
¥

N Y
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as shown below:

A(0,0) = A(0) A(0,1) = ACL) A(0,2) = A(2) A4(0,3) = A(3)

A(1,0) = A(4) A(1L,1) = A(5) A(1,2) = A(6) A(1,3) = A(7) . (10)
The mapping of (5) can be substituted into Equation (4) giving

A(ky,k9) = § ¥ X(ny,np)wp(limy + Lanp)(L3ky + Lgka)

n n
or
ﬁ(kl:kz) - }‘ X ;c(nl,n2)WNLZLz’nZkZWNLlL"nlkZWNL1L3n1k1WNL2L3n2k1 . (11
n] my
where
A(kj,kp) = A(L3k; + Lgko)mod N

§(n1,n2) # x(Lyny + Long)mod N

ox Ly, Ly, L3, and L4 can be selected using the results of a theorem from

; number theory to insure a unique mapping. Case A of the theorem applies when

£y the factors Ny and ¥ are mutually prime, that is 1 is the largest common

[’j’; integer factor. Case B applies when N} and M are not mutually prime, that is

%3 M and Ny have a common integer factor, A , which is greater than 1. The
notation used in the theorem to represent these two cases is

203 CASE A: (Nj,Np) =1

3

) CASE B: (Np,Np) =1, (12)

where the operator (N;, Np) is defined as the greatest common integer factor
of Nj and M. The theorem can be written in terms of n or k of Equation (5)
as they are of the same form. For simplicity, however, the theorem will be
expressed for both the n and k mapping.
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Theorem: The necessary and sufficient conditions for the mapping of
Expression (5) to be unique are:

o
Ef_:_.‘

“i:g CASE A:

]

& 1) Ly = alNp and Ly # BN and (a,M) = (L2,Np} =1 |
L3 = YNy and L; #6M and (v,N) = (Ls,Np) =1 (13)
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) 2) Ly # aNy and Ly = BN and (L1,K) = (B,Np) = 1 %
£ “-
ﬁ L3 # YNy and Ly =8N and (L3, M) = (6,N) =1 (14) _:
)

X . !
Eﬁ 3) Ly =aNy and L3 = M and (a,N) = (B,N) =1 5
3 :.:
E% Ly = yM) and Ly = 6N and (y,N) = (6,M) =1 (15) 4
1 ?
K CASE B: a
)

1) Ly = oaNy and Ly # BNy and (a,Ny) = (L, Np) = 1 3

L3 = YN; and Ly # 68 and (v,N) = (L4,Np) =1 (16) E

2) Lp # aNp and Lp = B and (L1,M) = (B,Np) =1 5

]

Ly # YNg and Ly =8N and (L3, M) = (6,N) =1 Q7 "-.

the vsria.es iq, L2- a, and B of this theorem will be used for the mapping é

sf n 1d the v.rlables T3, Ls, v, and & will be used for the mapping of k. ?

Al of tuu=: .ariables are ron-zero positive integers. 3

¥

d

CASE B of the theorem will b2 considered first as it is the basis of the
Decimation-In-~Time (DIT) and De.imation-In-Frequency (DIF) algorithms. These
al:ovithms are used to implement the familiar radix-2 and radix-4 FFT
algu.ithms.

PUSPN

The LIT algorithm is derived by using Equation (17) for the mapping of n
) and Equation (16) for the mapping of k. Conbining these expressions with that
i of (5) gives the mapping

REAYY . A YW I

n = (Lyny + BNynp)mod N

k = (yNgky + Lzkodmod N} , (18)

I
W AR

where Lj # alNy and Ly # 6N .

Substituting this into Equation (11) gives

MYS’E [PEF
NIRRT &

t 3
5% . 4 YN TN

4 A Lanok
Afkgkg) = mebmmwﬁ“zh$ﬂwﬂmwh“ﬂl. (19)
n] n2
Note that the last term of Equation (11) is eliminated as

unPYn2k1 (M M) = exp(~3j2nByngk; N/N)

TRYE o RN T A )

= (exp(~j2m))Brmaky _ 5 | (20)

Choosing the values Lj = L4y = 8 = v = 1 satisfies the theorem and when substi-

tuted into Equation (19) gives .
2 A noko., mk mk ,

R(kp,kg) = T 1 x(ng,mp)wn, 2 2uy'L 2y 1L {e1) b

ny n2
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where
AQky,k9) = A(Noky + kpdmod N
Q(nl,nz) = x(n; + Nynp)mod N .

The Wankz term is the twiddle factor.

A brute force computation of Equation (21) would require N cgmplex
multiplications and N-1 complex additions for each value of the A(kj,k2)
array, assuming prior combination of the three complex exponential terms.
This would require N2 complex multiplications and N(N-1) complex additions to
compute the DFT. Fortunately, the number of operations required can be
reduced by using one-dimensional DFTs on the rows and columns as suggested by
the following nesting of Equation (21)

N-1 Np-1

~ k k A

Rk k) = | wy™ 1[:WN”1 2 [ ) x(nl»HZ)WNanké] ] . (22)
ny=0 ny=0

The innermost bracket is a function of n; and kg

A k
a(ng,kp) = § X(ny,ng)iy, 2 2 (23)
n

where kg = 0,1,...,N9-1 and nj is fixed by the value of the outermost sum-
mation symbol. This is obviously an MNo-point one-dimensional DFT on the nrjyth
row of data. As indicated by the next level of brackets, each of the N
q(n},k9) values is multiplied by its complex twiddle factor. The results of
the two Innermost brackets is still a function of n; and kjy

k
h(ny,kg) = q(ny,kp)WN'L1 2 . (24)
Combining Equations (22), (23), and (24) gives

-1 .
Ak k) = ] hng,kg)wy 1L, (25)
ny=0

where kj, = 0,1,...,N-1 and kp is a fixed value for each column of data.

This is obviously an Mj—point one-dimensional DFT on the Kath column. Thus,
using the nesting of Equation (22), the N-point DFT is calculated by:

(1) calculating an Ng-point one-dimensional DFT on the data of each of the

N rows; (2) multiplying each intermediate transformed data point by a complex
twiddle factor; and (3} performing an Nj—-point one-dimensional DFT on the
twiddled data of each of the M columns. The required real multiplicatiomns
and additions for this process can be expressed

MMULT = MH2 + Nouj + 4N (26)
MRADDS = Njay + Naj + 2N, (27)

7
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where b

iy £ number of real multiplications in the Nj-point DFT ]

»

X @y = number of real additions in the Nj—~point DFT. 3
é: This method is generally more efficient than the brute force computation of &
3] Equation (21). Greater efficiency results if the Ny and/or Ny one-dimensional .3
P DFT(s) of the above process can be decomposed into still smaller factors. i
f The DIT Equation (21) can also be nested as _ﬁ
e a . .._:
X Aky,kg) = WNlnlkl[X WNznzkz[x(nl’ﬂz)Wankz]] . (28) o
ny ny ™

=

The computation suggested by this nesting is very similar to that of Equation !

(22) as only the first two computation steps are reversed. For this nesting o

the N-point DFT is calculated by: (1) multiplying each data point by the g
appropriate complex twiddle factor; (2) calculating an MNy-point DFT of each O

row of the intermediate data; and (3) performing an Nyj-point DFT of each N

column of the data calculated in step 2. The arithmetic requirements for com-
puting Equation (28) are obviously the same as Equation (22).

A final way the DIT Equation (21) can be nested is o

\.‘g

Aky,kp) = 5 w252 T wpy PR | R(ng,np)wntiR2 | | . (29) 3

2 Nl Y

ny nj ~

For this reverse nesting, the N-point DFT is calculated by: (1) multinlying %

each data point by the appropriate twiddle factor; (2) calculating an Nj—point -

DFT of each column of the twiddled data; and (3) calculating an Mp-point DFT @

of each row. This also has the same arithmetic requirements as the other DIT R

nestings of Equations (22) and (28). "

b

The DIF algorithm is obtained by using Equation (16) for the mapping of @

n and Equation (17) for the mapping of k. Combining these expressions with K

that of (5) gives the mapping =

3

n = aNony + Lony mod N &

K

! = L3ky + 6Mky mod N (30)
E; vhere Ly # BNy and L3 # YNy . ﬁ
S i
Substituting this into Equation (11) gives &

1

b a - 8Longkg.. aLsnjky. LoLgngk %
y Rl k) = 1 1 x(np,mp)wy, 202 Py ©3M 230251 (31) oo
5 n]p no J
1 i
- "
3 Note that this combination of CASE B eliminates the second term of Equation @
: (11) as &
R

W@ mka(Nply) = exp(~j2nadbnykoN/N) =1 . (32) 5

8
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Choosing the values Lo = L3 =a =0 = 1 satisfies the theorem and, when
substituted into Equation (31), gives

Ak ,k9)

np n2

where

. k Ky Nk
L1 x(np,npdwy, 2 2wy " luy 2L,

(33)

.

iV ad

R

A(kq1,k9) = A(ky + Mko)mod N

Q(nl,ng) = x(Ngn; + ng)mod N .
The WNn2K1 term is the twiddle factor. Like the DIT algorithm, the DIF

algorithm requires on the order of complex operations until nested

L o s b s s

according to one of the following three expressions:

N-1
A(ky,k9) =
n1=0
No-1
A(ky,k9) = ¥
n2=0
Np-1

K(kl ok2) = X
ny=0

lenlkl
nok
Wy, 22

ngk
WNZ 2K2

" No—-1

|7

ng=0

L.

- 8-l
)

‘ni=0

wNnZkl [

wNZ

M-1

)}

n1=0

lenlkl [ x( n1,n2)W

n2k [ ;{( ny,ng )Wankl
ﬁ(nl,nz)WNl

N

-

-

nk —1

ngky

(34)

(35)

(36)

Wi GNP AT LUt L,

Equations (34) and (36) are calculated like Equations (28) and (29),
respectively. Only the twiddle factors and the mapping are different.
Equation (35) is calculated by (1) calculating an Nj-point DFT of each column,
(2) twiddling the results, and (3) calculating an My-point DFT on each row of
the twiddled results. All three nested expressions of the DIF algorithms :
require the same amount of computations as the nested DIT algorithms.

The two other possible combinations of CASE B of the theorem involve using
Equations (16) or (17) for both the n and k mapping. However, neither of
these maps allow the elimination of a complex exponential term of Equation
{(11). This prevents the efficient nesting of the two-dimensional function of

Equation (11).

L EER WY et

CASE A of the theorem is the basis of all DFT algorithms involving mutually
prime factors, including the WFTA, PFA, and the SWIFT algorithms. Using
Expression (15) of the theorem for n and k gives the mapping

1

}

Substituting this into Equation (11) gives

A s Ninok
Rkp,kp) = 3 1 R(my,mpyuy, o Mn2k2y, oYioniky
n] m

n = (aNony + BNyng)mod N

k = (YNaky + 6Njko)mod N 37)

ERte L LILUL R INC T SUNE B B

(38)
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’ Note that both the second and fourth complex exponential term of Equation (11)

; are eliminated by this mapping. Good [3] suggested using the values .

a=pf=1 o

8 = N~lmod N :‘;

Y= Nlpod N (39)

where 6 and y are multiplicative inverses of Ny and Ny, respectively. The !

multiplicative inverse of a number N is defined as the unique integer, A, -
which belongs to the set (0,1,...,M-1) and satisfies

(A*N)mod M = 1 . (40) "

For example, if ¥y = 3 and My = 7 are used in Equations (37) and (39) then .

6 =5 and vy = 1, giving the mapping o

n = (7ny + 3np)mod 21 2

k = (7ky + 15kg)mod 21} . (41) 'i

The multiplicative inverses of Equation (39) are guaranteed to exist because -

M and N have been restricted to being mutually prime for CASE A. -

Substituting the values of Equation (39) into Equation (38) gives K

A A 1ok k =

A(kpk) = ] I x(np,np)wn, 2%y 11, (42) 4

m m '

where

A(ky,k9) = AC(Ny"lmod My )Npky + (N~ lmodNy)Njko)mod N

.3

ﬁ(nl,nz) = x(Ngny + Nyng)mod N . .

Because there is no twiddle factor, Equation (42) can be computed like a two- .'

dimensional DFT. Thus, a DFT of length N = Nj*Nj where (N;,N3) = 1 can be 3

computed according to the two obvious nesting arrangements -

*

M-1 . Np-1 . |

R(kpskg) = ] Wyt 1[ I X(np,np)uy, 2] , (43) ;

n1=0 n2=0 >

Nl Nl . ;

Ak k) = ) vy, 2 2[ Y X(np,mp) Wy 2 1] . (44) :

ny=0 n=0 ¢ '

The N-point DFT as nested in Equation (43) can be calculated by performing ::

No-point DFTs on all Nj rows of the data and performing Nj—point DFTs on all ;'f

Ny columns of the intermediate data resulting from step 1. The nesting of .

Equation (44) simply dictates calculating the column DFTs before calculating 14

the row DFTs. The above method is referred to as the row/column technique. '

For the above two cases the computational requirement for calculating an N

N = Nj*No point DFT where (N;,N2) =1 is :
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MUy + Mlq (45)
May + Moy . (46)

If N can be factored further such that

MRMULT

MNRADDS

Ny = N3*Ny , (47)

where N3 and N, are mutually prime, then the arithmetic requirements for com-
puting the MNp-point DZT are

Hy = Naky + NyH3 (48)

ag = N3as + Nja3 . (49)
Thus, if N is factored such that

N = M*N3*N; , (50)

where all the factors are mutually prime, Equations (48) and (49) can be
substituted into Equations (45) and (46) to give the requirements

MRMULT = NjNol3 + N3NjHo + NpN3ly (51)

NRADDS = MjNoag3 + M3Njay + NoN3aj . (52)
In general, when N is factored into r mutually prime factors

N = N*No*....N , (53)

the arithmetic requirements are simply

r

MMULT = N ) — (54)
1=1 M
I a

NRADDS = N J = (55)
1=1 M

ITII. EFFICIENT DFT ALGORITHMS

The radix-2 FFT is restricted to lengths N where N is a power of 2
(i.e., N=2T) [6]. The radix-2 algorithm is based on a complete decomposition
of the N-point DFT into r 2-point DFTs. For N = 2 the DFT definition (see
Equation (1)) simplifies to

A(0) = x(0) + x(1) (56)

A(1) = x(0) - x(1) . (57)

Thus, only two complex additions are required for each 2-point DFT. As shown
in the last section, however, twiddle factors or complex multiplications are
required between each 2-point DFT as the factors of N are nmot mutually prime.
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g :
b The number of real multiplications and additions required for an N-point -
N radix-2 FFT can be expressed as g
?3 MMULT = 2Nlogy N (58) ’
£ 2
7 NRADDS = 3Nlogg N . (59) ‘ 3

The radix-4 FFT is restricted to lengths N where N is a power of 4 »

(i.e., N=4F) [6]. The radiz-4 algorithm only partially decomposes N into r

4-point DFTs. The 4-point DFT also requires no multiplications as shown in
Appendix B. Like the radix-2 FFT, the radix-4 FFT requires complex multipli-
cations because of twiddle factors. However, the radix-4 FFT requires 25%
less multiplications than the radix-2 FFT as the former has fewer small point

DFTs to connect with twiddle factors. An N-point radix-4 FFT requires i
MMULT = (3N/2)logy N (€7) )
MRADDS = (11N/4)logy N . (61) A
The MFFT was published by Singleton in 1969 [7]. The MFFT can compute the .

DPFT of any sequence length. N must be factored as !
N = 2r3s4t5up1mlp2m2oonnpkmk > (62) E:

where the py's represent odd prime numbers. The arithmetic reqirements of the g

MFFT were determined [8] to be :
MMULT = 2rN + 4sN + 3tN + 32un/5 +

k :
I 12(psm1) + (@) N(p3~1)2/pg + 4(mg)N(pg~1)/pg} ~ 4(¥-1) (63) :
i=1 »
'

MRADDS = 3rN + 16sN/3 + 11tN/2 + 8uN + :
k i,

Y [(p1-1) + TN(mi)(pi~1)/ps + (mg)N(p3~1)2/pg] - 2(¥1) . (64) .

i=1 &

!

For the comparison purposes of this report, the arithmetic requirements of the ’

MFFT were only calculated for the lengths suitable for the other efficient

algorithms. The arithmetic requirements based on the restricted factorization
N = 2T#*3Sk4tx5Ux7W (65) i

can be expressed .
MMULT = N(2r + 45 + 3t + 32u/5 + 60w/7 - 4) + 12w + 4 (66) :
MRADDS = N(3r + 16s/3 + 11t/2 + 8u + 78w/7 - 2) + 6w + 2 . (67) '
The SWIFT algorithm is based on the standard multidimensional DFT decom-— f

position which results when all the factors of N are mutually prime {9]. As .
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shown by Equations (43) and (44) of the last section, no twiddle factors are

required for this algorithm.
arithmetic requirements of an N-point SWIFT algorithm with r mutually prime

factors are

r oy
MRMULT = N ), -ﬁii—
i=1

o
MRADDS = N Y e 3
=1 Ny

Thus, as discussed in the last section, the

(68)

(69

The SWIFT algorithm uses efficient small point DFT algorithms of lengths
Table 3-1 gives the number of non-trivial multipli-
cations and additions required for each of these small point DFTs.

2,3,4,5,6,7,8,9, and 16.

TABLE 3-1. SWIFT SHORT DFT REAL OPERATIONS REQUIREMENTS

X ML “u
2 0 4
3 4 12
4 0 16
5 16 32
7 36 60
8 4 52
9 44 88

16 24 144

A listing of the algorithms is given in Appendix C. The different mutually
prime combinations of these small point DFTs allow the SWIFT algorithm to com-
pute DFTs of lengths N = 2 to N = 5040.

The PFA [10-11] is also based on the standard multidimensional DFY decom-
position which results when the factors of N are mutually prime. Accordingly,
the arithmetic requirements of an N-point PFA algorithm with r mutually prime
factors are

!

r ui H

MMULT = N ) T (70) E
i=1 :

r o i

MADDS = N ) — . (71) !
g=1 M :

“mr v

The PFA also uses efficient small point DFTs of lengths 2,3,4,5,7,8,9, and 16.
The number of non—-trivial real multiplications and additions required for each
of these small point DFTs is given in Table 3-2. .
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TABLE 3-2. PFA SHORT DFT REAL OPERATIONS REQUIREMENTS

X M e
2 0 4 .
3 4 12 <
4 0 16 N
5 10 34 IS
7 16 72 Iy
8 4 52 i
9 20 84 z
16 20 148 :
A listing of the algorithms is given in Appendix B. 3
The WFTA [12-17] was first published by Dr. Samuel Winograd in the mid-~ i

seventies. Like the SWIFT and PFA, the WFTA is based on a mutually prime fac—
torization of N resulting in no twiddle factors. However, the WFTA offers an
alternative to the row/column evaluations of Equation (42) used in the SWIFT
and PFA. The WFTA uses the special structure of the WFTA short DFT transforms
to nest all the multiplications inside of input and output additions. The
number of real multiplications required of an N-point WFTA algorithm with r 1
mutually prime factors is .

NRMULT = z'ﬁ'zsi - Z-ﬁ_Bi , (72)
i=]1 i=1 E
where !
64 = the number of complex multiplications in the Nj-~point DFT :
B4 = the number of multiplications by "1" in the Nj-point DFT.

The number of real additions required [10] for two, three, and four factors is
expressed in Equations (73), (74), and (75), respectively.

2N Yy 4 289Y4 (73) '

MADDS =
MRADDS = 2N Np¥3 + 253[N Yy + 85271] (74) |
NRADDS = 2Ny NoN3Y; + 4[N NoY3 + 83[ MYy +62Y11] , (75)

where Y; = the number of complex additions in the Nj~point DFT. The WFTA also
uses efficient small point DFTs of lengths 2,3,4,5,7,8,9, and 16. The total
number of complex multiplications, the number of multiplications by "1," and
the number of complex additions required for each of these small point DFTs is
given in Table 3-3. .
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TABLE 3-3. WFTA SHORT DFT COMPLEX OPERATIONS REQUIREMENTS

|
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2
6
8
17
36
26
44
74
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The ordering of the factors of N can affect the number of real additicns
required by the WFTA. 1In this report the optimum ordering of the factors of N
was always used to calculate WFTA real addition requirements. %This optimum
ordering is shown in Tables 4-7 and 4-8. A listing of the WFTA small point
algorithms is given in Appendix A.

IV. COMPARISON OF ALGORITHM ARITHMETIC REQUIREMENTS

The arithmetic requirements of the various one-~dimensional DFT algorithms
are gilven in this chapter for lengths N = 2 to N = 5040. In addition, the
requirements for various two-dimencsional DFT algrorithms are given for sizes
ranging from 2x2 to 90x90. The one-dimensional requirements for the DFT,
radix-2 FFT, radix-~4 FFT, MFFT, SWIFT, WFTA, and PFA algorithms are compared
in Tables 4-1 through 4-8. The two-dimensional requirements for the custom
DFT, DFT, radix-~2 FFT, MFFT, SWIFT, WFTA, and PFA algorithms are compared in
Tables 4-9 through 4-12. 1In addition, Table 4-13 summarizes the chapter by
listing the number of current and future chips required for various one and
two—~dimensional transforms. Tables 4-1 through 4-13 are located 2t the end of
this chapter.

Tables 4-1 and 4-2 give the total number of real operations (i.e., the sum
of the real multiplications and real additions) required for the one-
dimensional DFT algorithms of N = 2 through N = 5040. Measured by the number
of real operations, the DFT is by far the least efficient algorithm. For
example, the DFT requires 54,600Z of the operations required of the radix-2
FFT for N = 4096. A radix-~4 FFT requires 85% of the real operations required
by the radix-2 FFT. The MFFT requires fewer real operations than the DFT and
the two FFIs. In addition, the MFFT can be used for every sequence length
listed between N = 2 and N = 5040. However, the MFFT usually requires about
1072 more operations than the PFA and WFTA. Generally, the PFA and WFTa are
the most efficient algorithms for the lengths between N = 20 and N = 504%0.

The number of real operations required for the PFA, WFTA, and SWIFT algorithms
are within 10% of the number required by the best algorithm for 100%, 96%, and
447 of the lengths in this range, respectively.

Generally, the multiplication operation requires more time and hardware
resources than the addition operation. This is also true at the chip level
where a multiplier requires approximately four times the silicon "real estate"
of an adder. Accordingly, a weighted index of arithmetic complexity is par-
ticularly important if a custom chip can be designed to match the requirements
of an algorithm. The weighted unit shown in Tables 4-3 and 4-4 1s the Total
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Equivalent Real Multiplications (TERM). The TERM unit is simply the total of .
the required real multiplications added to one-fourth the number of required -
real additions. As with the total number of real operations, the TERM count wd
shows the DFT to be by far the least efficient algorithm. For example, the !é
DRT requires frcm 700% to 62,000%Z of the TERM of comparable radix—-2 FFTs. A X
radix-4 FFT requires about 80% of the TERM required by tha radix-2 FFT. As "
before, the TERM index shows the MPFT and SWIFT algorithms to be more effi-— X
cient than the DFT and FFT algorithms. However, for many of the lengths, the o
MFFT and SWIFT algorithms require up to 200% and 150% of the TERM required of o
the WFTA algorithm. For lengths between N = 20 and N = 5040, the WFTA is the !‘

most efficient algorithm for 93% of the lengths with the PFA being the most
efficient algorithm for the other 7%. The required TERM for the WFTA, PFA,
SWIFT, and MFFT algorithus are within 10% of the number required by the best -
algorithm for 100%, 58%, 2%, and 0% of the lengths in this range.

PO

Tables 4-5 and 4-6 give the number of real multiplications required for v
one~dimensional DFT algorithms of lengths N = 2 through N = 5040. Once again,
the DFT is by far the least efficient algorithm in terms of real multiplica- .
tions. For example, the DFT requires 53,3007 of the real multiplications
needed for the radix-2 FFT for N = 4096. A radix-4 FFT requires 75% of the
real multiplications required by the radix-2 FFT. The MFFT offers con-
siderable savings in the number of multiplications required compared to the

A ety

DFT and the FFT algorithms. However, the MFFT is never within 10% of the %
arithmetic requirement of the most efficient algorithms for lengths greater :%
than N = 4. The WFTA is superior at minimizing the number of required 3

multiplications. The WFTA is the most efficient algorithm in terms of real
multiplications for 937 of the lengths between N = 20 and N = 5040. The PFA
is the most efficient algorithm for the other 77 of the lengths. The percen-
tages of the lengths in this range at which the MFFT, SWIFT, WFTA, and PFA

.. B TR

r
da

'
3
h
2

algorithms are within 10% of the most efficient algorithms are 0%, 2%, 100%, :{

and 9%, respectively. ﬁ

N

Tables 4-7 and 4-8 give the number of real additions required for one-~ -

dimensional DFT algorithms of lengths N = 2 through N = 5040. 1In terms of !

real additions, the DFT is the least efficient algorithm followed in order of kX

increasing efficiency by the radix-2 FFT and the radix-4 FFT. The radix-4 FFT 23

i requires 927 of the real additions required of the radix-2 FFT. The SWIFT %
! aigorithm is the most efficient, or as efficient, as any other algorithm for o
i 98% of the lengths N = 20 to N = 5040. The percentages of the lengths in this e
ﬁ range at which the SWIFT, PFA, WFTA, and MFFT algorithms are within 107 of the %
5 most efficient algorithms are 987%, 76%, 33%, and 20%, respectively. N
< -3
f The thrust of this report has been one-d.mensional DFT algorithms. E
;4 However, two-~dimensional DFT algorithms can be easily implemented with one- =
; dimensional algorithms using the row/column technique. Using this procedure, 7
X one~dimensional DFT tramsforms are performed on all the rows, followed by one- !
g dimensional transforms performed on all the columns of data resulting from the 3
i row transforms. Thus, the arithmetic requirements of a row/column implemen- o
i tation of an MxN DFT algorithm is simply 2N times the requirements of the -}
G selected N-point one-dimensional DFT algorithm. i
: -3
] True two—dimensional FFT algorithms have been developed uvhich do not rely %
3 on one~dimensicnal tranforms [18]. These algorithms generally require less R
ﬂ complex multiplications than the row/column methods. However, they are harder {
i
k' 16 +d
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to implement and are less universal than the one-dimensional algorithms. :
Algorithms have also been developed for computing the two-~dimensional DFT of H
arrays whose elements do mot have rectangular spacing [19]. Refinement and i
extension of this work is very important to radar digital beam forming efforts §
as most phased array antennas have triangularly spaced elements. Although :
important, an in-depth examination of these algorithms is beyond the scope of ;
this report.

The arithmetic requirements of a one~dimensional DFT are the same whether
the coefficients are the standard ones of Equation (1) or those selected for
individual custom responses. However, if the row/column method is selected
for the two-~dimensional DFT, only standard coefficients can be used. The
custom shaping of the response of each transform output point afforded by the
custon two—dimensional DFT requires a weighted sum of all the elements in the
NcN data array. Each transform output point can have a unique MkN array of
coefficients exhibiting nome of the symmetrical properties of the standard DFT
coefficients. Computing each custom DFT output polnt requires 4N2 real
multiplications and 4N2-2 real additions. Computing all of the M transform
outputs therefore requires 4N* real multiplications, 4N*-2N2 real additionms,
and 8N4-2N2 total real operati-ns.

R Y S

e

P P

The number of total real operations, TERM, real multiplications, and real
additions for the custom DFT, DFT, radix-2 FFT, MFFT, SWIFT, WFTA, and PFA
two—~dimensional algorithms for array sizes 2x2 through 90x90 are shown in
Tables 4-9 through 4-12. The arithmetic requirements shown in the tables are
for the row/column method except for the custom DFT.

As the tables indicate, the arithmetic requirements for the two-
dimensional custom DFT are enormous. However, if the number of desired custo-
mized transform output points is a small percentage of Nz, this algorithm can
be useful. For example, if only four customized transform output points were
required from an 8x8 data array, 2040 real operations would be required. To
get four non-customized transform points from the radix-~2 FFT would require
the 1920 real coperations needed to compute all the output points. The rela-
tive efficiency of the row/column algorithms is the same as the relative effi-
clency of the one-dimensional algorithms as the two—dimensional regquirements
are simply 2N times that of the one-dimensional r.quirements discussed
earlier. As in the one—~dimensional case, there are considerable differences
in arithmetic complexity among the two—dimensional algorithms. For example,
the 30x30 custom DFT, DFT, and WFTA algorithms require 6,478,200 real opera-
tions, 428,400 real operations, and 27,120 real operations, respectively. The
differences are even greater for the larger arrays. For example, the 90x90
custom DFT, DFT, and PFA algorithms require 524,863,800 real operations,
11,631,600 real operations, and 369,360 real operations, respectively.
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It is difficult to project the exact hardware size and cost for the
various algorithms based solely on their arithmetic requirements. An analysis
of the memory requirements, software complexity, optimum architectures, and
availlability of special purpose integrated circuits for each algorithm and
array size is beyond the scope of this report. However, a brief review of
present and near term arithmetic capabilities of digital integrated circuits
will give insight into the feasibility of implementing the various algorithms '
for different array sizes. :
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Currently, TRW offers 8-bit and 16-bit multiplier/accumulator (MAC) chips
which provide real multiplication and addition rates of 14 MHz and 9 MHz,
respectively. These two TRW chips are packaged in dual-in-line packages with
pin counts of 48 pins and 64 pins. Depending on the algorithm and required
operating speeds, these chips can be multiplexed to reduce the total chip
count.

Dramatic integrated circuit performance increases are expected in the near
future as a result of the Department of Defense's Very High Speed Integrated
Circuit (VHSIC) program. The $325 million, seven year long program which
began in March of 1980, was designed to provide a fifty-fold improvement in
high speed, high throughput signal and data processing integrated circuits.

By the end of phase I of the program in mid-1984, six contractors will provide
a pilot line production of chips with 1.25 micron architectural features,
minimum throughput rates of 25 MHz, and a minimum functional throughput rate
(FTR) of 5xl0ll gate—Hz/cmZ. The pilot 1line production of chips with .5 to .8
micron architectural features, minimum throughput rates of 100 MHz, and a
minimum FIR of 1013 gate--Hz/cm2 will be required by the completion of phase II
of the program in 1987 {20].

Several phase I VHSIC contractors will produce MAC chips. Preliminary
reports indicate that IBM will produce a complex multiplier/accumulator (CMAC)
chip. This implies a one~chip capability of performing a simultaneous set of
approximately eight real operations (i.e., four real multiplications and four
real additions) at a 25 MHz rate [21]. Westinghouse, another VHSIC contractor,
plans to build a complex number arithmetic vector processor capable of per-—
forming 40 million complex number operations/second, which would only require
two 6x8 in. printed circuit boards. In additior, Westinghouse is designing a
ten~board array type processor capable of performing 200 million complex
number operations/sec. or more than one billion real number operations/

sec. [22]. In addition to the VHSIC program, commercial very large scale
integration (VLSI) chips produced with VHSIC technology are expected to pro-
vide VHSIC-like arithmetic capabilities.

]
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A couvenient way to compare the chip capabilities and algorithm require-
ments is to use the units: (1) millions of real multiplications/sec (MMPS),
(2) millions of real additions/sec (MAPS), and (3) millions of tcial equiva-
lent real multiplications/sec (TERMS). For example, the 16-bit TRW MAC chip
1s capable of 9 MMPS and 9 MAPS. The IBM VHSIC CMAC chip will offer roughly
an eleven—~fold improvement at 100 MMPS and 100 MAPS when developed. A
hypothetical custom VHSIC/VLSI chip with at least 125 TERMS of arithmetic
capability should be available by 1984. For the comparisons in this report,
the time required to perform the transform will be arbitrarily assumed to be 1
sec. This choice of time makes the number of real multiplications, addi-
tions, and TERM found in the tables equal to the number of MMPS, MAPS, and
TERMS, respectively. For example, computing a 64-point DFT in 1 sec requires
16,384 MMPS, 16,256 MAPS, and 20,448 TERMS. As the MMPS requirement of the
64-~point DFT is more demanding than the MAPS requirements, the former dictates
the use of 1,821 TRW MACs or 164 IBM CMACs. The TERMS numbers predict that
164 custom VHSIC/VLSI chips would be required.

Using tha= assumptions and methodology of the previous paragraph, Table
4-13 was constructed to estimate the relative number of TRW, IBM VHSIC, and

18
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custom VHSIC/VLSI chips required to meet the arithmetic requirements of
various one and two-dimensional DFTs, radix-2 FFTs, and WFTAs. The chip count
does not include non-arithmetic chips necessary for implementation, such as
control and memory chips. However, a rough estimate of the number of required
arithmetic chips can be found simply by scaling the chip count in the table by
the ratio of 1 ysec and the desired transform time. This table summarizes the
relative differences of complexity among the various algorithms and suitabil-
ity of current and proposed hardware. For example, the DFT shown in the

table requires more arithmetic chips than any other algorithm except the
custom two—dimensional DFT. As shown in the table, the custom VHSIC/VLSI chip
offers no significant reductions in the DIFT chip count. This illustrates that
the TRW and IBM chips are well suited to the DFT. 1In contrast, the WFTA
requires fewer arithmetic chips, although it is not particularly well suited
to the TRW and IBM chips. Roughly a three-fold improvement is gained using
custom VHSIC/VLSI chips tailored to the WFTA's required multiplication to
addition ratifo. The radix-~2 FFT compares surprisingly well with the WFTA when
implemented with the MAC and CMAC chips of TRW and IBM. The extra arithmetic
chips required by the radix-2 FFT would probably be offset by the extra
control and memory chips required by the mcre structurally complex WFTA
algorithm. However, if custom chips are available, the radix-2 FFT would
generally require 200%Z to 300% of the arithmetic chips required by the WFTA.
The PFA and radix-4 FFT algorithms are not shown in the table as they are very
close to the numbers given for the WFTA and radix-2 algorithms, respectively.
Likewise, the MFFT and SWIFT algorithms are not shown as they reside between
the radix—~2 FFT and the WFTA in performance.
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Appendix A. WFTA SHORT DFT ALGORITHMS

Algorithms are given to compute the DFT for lengths 2, 3, 4, 5, 7, 8, 9
and 16. These algorithms were taken from [23], but have been credited to the
work of Radar and Winograd [23,13]. The complex input data x(1), x(2),...,
¥(N) and complex output data X(1), X(2),..., X(N) are in natural order. The
complex values M1, M2,..., MM are the results of the M complex multiplications
required for the small point transform. The complex values Tl, T2,... and
$1, S2,... are temporary values derived from the input data and intermediate
results, respectively. Generally, the operations must be performed in the
crder listed. The total number of trivial and non—trivial complex multipiica-
tions and additions required for each DFT is listed with the algorithm. 1In
addition, the number of complex multiplications by W° or "1" is given in
parentheses.

(1) N=2; 2 complex multiplications (2), 2 complex additions.

M1=1*(x(1)+x(2))
M2=1*(x(1)-x(2))
X(1)=M1
X(2)=M2

(2) N=3; 3 complex multiplications (1), 6 complex additions, u=2n/3.

Coefficients: Cl=-3/2
C2=jsin u

Tl=x(2)+x(3)
M1=1*(x(1)+T1)
M2=C1*T1
M3=C2*(x(3)-x(2))
S1=M1+M2

X(1)=M1
X(2)=51+4M3
X(3)=S1-M3

(3) N=4; 4 complex multiplications (3), 8 complex additions.

T2=x(2)+x(4) .
M1=1*(T1+T2)

o M2=1%(T1-T2)

IR M3=1*(x(1)-x(3))

e Mb=j*(x(4)-x(2)"

X(1)=M1

X(2)=M3+M4

X(3)=M2

X(4)=M3-M4

(4) N=5; 6 complex multiplications (1), 17 complex additionms, u=27/5.

: Coefficients: Cl=-5/4
jﬁ C2=(cos u~cos 2u)/2
- C3=-j sin u
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g .
& Ch=-j(sin ut+sin 2u)
i C5=j(sin u-sin 2u)

8 Tl=x(2)+x(5) ) %

51 T2=x(3)+x(4) R

T3=x(2)-x(5) o

Th=x(4)-x(3) g

T5=T1+T2 “

M1=1%(x(1)+T5) =

% M2=C1*T5 )

A M3=C2#(T1-T2) ;

K M4=C3*(T3+T4)

2 M5=C4*T4 )

: M6=C5*T3 :

S1=M14M2 j

§2=51413 g

S$3=M4-M5 X

S$4=51-M3 s

S5=M4+M6 i

X(1)=M1 :

X(2)=82+S3 y

X(3)=84485 1

X(4)=84-S5 3

X(5)=52-53 :

(5) N=7; 9 complex multiplications (1), 36 complex additions, u=2n/7. ¥

3

Coefficients: Cl=-7/6 E

C2=(2cos u-cos 2u-~cos 3u)/3 i

C3=(cos u-2cos 2utcos 3u)/3 y

C4=(cos ut+cos 2u-2cos 3u)/3 b

C5=-j(sin utsin 2u-sin 3u)/3 ¥

C6=3j(2sin u-sin 2u+sin 3u)/3 -

C7=j(sin u-2sin 2u-sin 3u)/3 E

C8=j(sin utsin 2u+2sin 3u)/3 2

TL=x(2)+x(7) 3

T2=x(3)+x(6) 3

T3=x(4)+x(5) =

T4=T1+T2+13 ¥

TS5=x(2)~x(7) "

T6=x(3)~x(6) -

T7=x(5)~x(4) "

T8=T1-T3 N

T9=T3-T2 s

T10=T5+T6+T7 L

T11=T7-T5 Y

T12=T6-T7 N

T13=-T8-T9 :

T14=-T11-T12 )

Ml=1%(x(1)+T4) *

M2=C1*T4 !

M3=C2+T8 .

M4=C3*T9 :

34 ;
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M5=C4*T13
M6=C5*T10
M7=C6*T11
M8=C7*T12
M9=C8*T14
S1=-M3-M4
52=-M3-M5
S$3=-M7-M8
S4=M7+M9
S5=M1+M2
86=55-S1
§7=55+52
58=55+51-52
$9=M6-S3
S10=M6-S4
S11=M6+S3+S4
X(1)=M1
X(2)=s6+59
X(3)=587+4510
X(4)=58-511
X(5)=58+511
X(6)=S7-510
X(7)=56-59

(6) N=8; 8 complex multiplications (4), 26 complex additions, u=2w/8.

Coefficients: Cl=cos u
C2=-jsin u

T1=x(1)+x(5)

T2=x(3)+x(7) .
T3=x(2)+x(6) |
T4=x(2)-x(6) !
TS=x(4)+x(8) ;
Té=x(4)-x(8)
T7=T1+T2
T8=T34T5 ;
M1=1*(T7+T8) i
M2=1%(T7-T8) |
M3=1*(T1-T2) :
Mb=1*(x(1)-x(5))

M5=C1*(T4~T6)

M6=3*(T5-T3) . :
M7=3*%(x(7)-x(3)) )
M8=C2*( T4+T6) !
S1=M4+M5

S2=M4-M5

S3=M7+M8

S4=M7-M8

X(1)=M1

X(2)=S1483

X(3)=M3+46

‘i X(4)=52-84

3 X(5)=M2

WA

12 KO
A ~ 4

- DR
Sl SRR ¢
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X(6)=S2+54
X(7)=M3-M6
X(8)=51-53

(7) N=9; 11 complex multiplications (1), 44 complex additions, u=21/9,

Coefficients: C1=3/2
C2=-1/2
C3=cos u
Ch=—cos 4u
C5=—~cos 2u
C6=—3sin 3u
C7=jsin u
C8=jsin 4u
C9=jsin 2u

T1=x(2)+x(9)
T2=x(3)+x(8)
T3=x(4)+x(7)
Th=x(5)+x(6)
T5=T1+T2+T4
T6=x(2)-x(9)
T7=x(8)-x(3)
T8=x(4)-x(7)
T9=x(5)~%x(6)
T10=T6+T7+T9
T11=T1-T2
T12=T2-T4
T13=T7-T6
T14=T7-T9
T15=-~T12-T11
T16=-T13+T14
M1=1%(x(1)+T3+T5)
M2=C1*T3
M3=C2%*T5
M4=C3%*T11
M5=C4*T12
MF=C5*T15
M7=C6*T10
M8=C6*T8
M9=C7*T13
M10=C8*T14
M11=C9*T16
S1=-M4-M5
$2=M6-M5
$3=-M9-M10
S4=M10-M11
S5=M1+M34M3
$6=55-M2
§7=S5+M3
§8=26-5S1
§9=52+56
§10=51-52+86
$11=M8-S53
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G
g
H . §12=M8-54 :
ﬁ S13=M8+S3+54
g X(1)=M1 )
X X(2)=58+511
3 X(3)=59-512
F; X(4)=S74M7
) - X(5)=S10+513
# X(6)=810-§13 y
X(7)=S7-M7 i
; X(8)=59+512 X
: X(9)=58-511 :
(8) N=16; 18 complex multiplications (5), 74 complex additions, u=2n/16. é
Coefficients: Cl=cos 2u 5
C2=cos 3u
C3=cos utcoe 3u
C4=cos 3u-cos u
C5=—jsin 2u
C6=-jsin 3u
C7=3i(sin 3u-sin u)
C8=-3(sin ut+sin 3u)
Tl=x(1)+x(9)
T2=x(5)+x(13) .
T3=x(3)+x(11) g
' T4=x(3)~x{11) )
* T5=x(7)+x(15) 5
; T6=x(7)-x(15) =
31 T7=x(2)+x(10) g
%) T8=x(2)-x(10) 3
: T9=x(4)+x(12) :
T10=x(4)-x{12) )
T1l=x(6)+x(14) -
T12=x(6)-x{(14) :
T13=x(8)+x(16) <
T14=x(8)-~x(16) $
T15=T1+T2 ;
B T16=T3+T5 k
e T17=T15+T16 -
o T18=T7+T11 K
' T19=T7-T11 :
- T20=T9+T13 ;
EE T21=T9-T13 g
S T22=T18+T20 )
. T23=T8+T1l4 K
[{: T24=T8-~T14 :
Fy T25=T10+T12
ol T26=T12-T10 :
5% M1=1*(T174T22) B
M2=1*(T17-T22) 2
X M3=1*(T15-T16) K
i M4=1%(T1-T2) -
& M5=1*%(x(1)-x(9)) N
37 !
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M6=C1*(T19-~T21)
M7=C1*(T4~T6)
M8=C2*(T24+T26)
M9=C3*T24
M10=C4*T26
M11=4%(T20-T18)
M12=3§*(T5-T3)
M13=3*(x(13)~x(5))
M14=C5*(T19+T21)
M15=C5*(T4+T6)
M16=C6*(T23+T25)
M17=C7*T23
M18=C8*T25
S1=M4+M6

S$2=M4-M6
S3=M12+M14
S4=M14-M12
S5=M5+M7

56=M5-M7

S7=M9-M8 :
$8=M10-M8 :
§9=55+57 !
$10=55-57 -
$11=56+58
$12=56-58
S13=M134M15
S14=M13-M15
S15=M16+M17
S16=M16-M18
§17=513+515
$18=513-515
$19=514+516
$20=514-516
X(1)=M1
X(2)=SH .’
X(3)=51+5.
X(4)=812-320
X(5)=M3+M11
X(6)=S11+519
X(7)=52+54 '
X(8)=510-518 ;
X(9)=M2

X(10)=510+518

X(11)=52-54 :
X(12)=511-519 ;
X(13)=M3-M11
X(14)=512+520
X(15)=51-53
X(16)=59-817

P PP U

.
'l‘ a 'l.

AR S S

TaTs adie )T OMRLT TS e
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Appendix B. PFA SHORT DFT ALGORITHMS

11 . The following algorithms compute the DFT for lengths 2, 3, 4, 5, 7, 8, 9,
;3 and 16. These algorithms were taken from Burrus and Eschenbacher [11}. They
WY are part of a complete Fortran listing of a general purpose PFA program. In
3 contrast to Appendix A, these algorithms are written in terms of real

:1 multiplications and additions. In addition, no trivial multiplications are
" used in these algorithms. The real and imaginary parts of the complex input

data are represented in natural order by XR(1l), XR(2),..., XR(N) and XI(l),
XI(2),.+s, XI(N), respectively. The complex output is stored in natural order
in the XR(I) and XI(I) arrays. The values Ul, U2,..., Tl, T2,..., Rl, R2,...,
I and S1, S2,... are all temporary values derived from input data and inter-
2 mediate results. Generally, the operations must be performed in the order
. listed. The total mmber of real multiplications and additions required for
{” each DFT is listed with each algorithm.

(1) N=2; O real multiplications, 4 real addittons

T1=XR(1)
XR(1)=T1+XR(2)
XR(2)=T1-XR(2)

- T1=XI(1)
o XI(1)=T14+XI(2)
- XI(2)=T1-XI(2)
éf' (2) N=3; 4 real multiplications, 12 real additions, u=2n/3.
{
o Coefficients: Cl=sin u
3 c2=1/2
<
2 T1=(XR(2)~XR(3))*Cl
i U1=(XL(2)-XI(3))*Cl

R1=XR(2)+XR(3)

S1=XI(2)+XI(3)

T2=XR(1)-R1*C2 -,
U2=XI(1)~S1*C2
: XR(1)=XR(1)+R1
b XI(1)=XI(1)+s1
XR(2)=T2+U1
XR(3)=T2-Ul
XI(2)=U2-T1
XI(3)=U2+T1

P

s (3) N=4, O real multiplicatioms, 16 real additions.

S R1=XR(1)+XR(3)
‘ R2=XR(1)-XR(3)
S1=XI(1)+X1(3) |
. S2=XI(1)-XI(3) |
L R3=XR(2)+XR(4)
a R&=XR(2)-XR(4)
A S3=XI(2)+XI(4)
33 S4=XI(2)-X1(4)
.3 XR(1)=R1+R3
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ot
31 XR(3)=R1-R3
X XI(1)=S1+S3 .
XI(3)=51-83 .
XR(2)=R2+S4 .
XR(4)=R2-S4
XI(2)=52-R4
XI(4)=S2+R4
(4) N=5, 10 real multiplications, 34 real additions, u=2xn/5. i

Coefficients: Cl=sin u
C2=gin utsin 2u
C3=sin u-sin 2u
Cb=(cos u~cos 2u)/2 :
C5=-5/4 ;

g

» * . * LR
OOBRETHRL

R1=XR(2)+XR(5)
R2=XR(2)-XR(5)
S1=XI(2)+XI(5)
$2=X1(2)-XI1(5) :
R3=XR(3)+XR(4) .
R4=XR(3)-XR(4) 1
S3=XI(3)+XI(4)
S4=XI(3)-XI(4)
T1=(R24R4 )*C1
Ul=(S2454)*C1
R2=T1-R2*C2
$2=U1-52%C2 )
R4=T1-R4*C3
S4=U1-~S4*C3 .
T1=(R1-R3)*C4 N
Ul=(S1-83)*C4 <
T2=R1+R3
U2=514S3
XR(1)=XR(1)+T2
XI(1)=XI(1)+U2
T2=XR(1)+T2*C5
U2=XI(1)+U2%C5
1=T2+4T1
R3=T2-T1
S1=U2+U1
$3=U2-U1
XR(2)=R1+S4
XR(5)=R1-S4 :
XI(2)=S1-R4 -
XI(5)=S1+R4 |
XR(3)=R3-~S2
XR(4)=R3+52
XI(3)=53+R2
XI(4)=S3-R2

33

3. s

ooy
rdg

0
LIS AR AR

SR W2 0 Tewln v

LETRET 2

(5) N=7, 16 real multiplications, 72 real additions, u=2n/7.

Coefficients: Ci=-7/6

N
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C2=(2cos u-~cos 2u-cos 3u)/3
C3=(cos u-2cos 2utcos 3u)/3
C4=(cos utcos 2u-2cos 3u)/3
C5=(sin ut+sin 2u-sin 3u)/3
C6=(2sin u-sin 2u+sin 3u)/3
C7=(-sin ut2sin 2u+sin 3u)/3
C8=(sin utsin 2u+ 2sin 3u)/3

R1=XR(2)+XR(7)
R2=XR(2)-XR(7)
S1=XI(2)+X1(7)
52=X1(2)-X1(7)
R3=XR(3)+XR(6)
R4=XR(3)-XR(6)
S$3=XI1(3)+XI(6)
S$4=X1(3)-XI(6)
R5=XR(4)+XR(5)
R6=XR(4&)-XR(5)
$5=XI(4)+X1(5)
S6=XI1(4)-X1(5)
T1=R1+R34RS5
U1=S1+83+S5
XR(1)=XR(1)+T1
XI(1)=XI(1)+Ul
T1=XR(1)+C1*T1
U1=XI(1)+C1*Ul
T72=C2*(R1-R5)
U2=C2*(S1-85)
T3=C3*(R5-R3)

3=C3*(S5-S83)
T4=C4*(R3-R1)
U4=C4*(S3-S1)
R1=T1+4+T2+T3
R3=T1-T2-T4
R5=T1-T3+T4
S1=U1+U2+U3
$3=U1-112-U4
25=01-U3+U4

1 =05%(S24+54-56)
£1=C5%(R2+R4-R6)
T2=C6*(R2+R6)
U2=C6*(52+56)
T3=C7*(R4+R6)
U3=C7*(S4+S6)
T4=C8%(R4-~R2)
74=C8%(54-~52)
R2=T1+T24T3
R4=T1-T2-T4
R6=-T1-T3+T4
$2=U1+U24+U3
$4=U1-U2-U4
$6=U1-U3+U4
XR(2)=R1+52
XR(7)=R1-S2
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X1(2)=S1-R2
XI(7)=514R2
XR(3)=R3+54
XR(6)=R3-54
XI1(3)=S3-R4
XI(6)=53+R4
XR(4)=R5-56
XR(5)=R5+56
XI(4)=S5+R6
XI(5)=55-R6

i A SAAELAARNRTIAL 2 TRRVAs] .'.VA

W E resi e o b

N=8, 4 real multiplications, 52 real additions, u=2w/8.

Coefficients:

R1=XR(1)+XR(5)
R2=XR(1)~XR(5)
S1=XI(1)+XI(5)
S2=XI(1)-XI(5)
R3=XR(2)+XR(8)
R4=XR(2)-XR(8)
$3=XI(2)+XI(8)
S4=XI(2)~XI(8)
R5=XR(3)+XR(7)
R6=XR(3)~XR(7)
S5=XI(3)+XI(7)
$6=XI(3)-XI(7)
R7=XR(4)+XR(6)
RB=XR(4)~XR(6)
S7=XI (4)+XI(6)
S8=XI(4)~XI(6)
T1=R14R5
T2=R1-R5
Ul=S1+85
U2=S1-85
T3=R3+R7
R3=C1*(R3-R7)
U3=S3+57
$3=C1*(S3-S7)
T4=R4-R8
R4=C1*(R4+R8)
U4=54-S8
S4=C1*(S4+S8)
T5=R24R3
T6=R2-R3
U5=52+83
U6=52-S3
T7=R4+R6
T8=R4-R6
U7=54456
U8=54-56
XR{1)=T1+T3
XR(5)=T1-T3
XI(1)=U1+U3
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X1(5)=U1-U3
XR{2)=T5+U7
XR(8)=T5-U7
XI(2)=U5-T7
X1(8)=U5+T7
XR(3)=T2+U4
XR(7)=T2-U4
X1(3)=U2-T4
X1(7)=U2+T4
XR(4)=T6+U8
XR(6)=T6-U8
XI(4)=U6-T8
XI(6)=U6+T8

N=9, 20 real multiplications, 84 real additions, u=2%/9.

Coefficients: Cl=sin 3u
Cc2=1/2
C3=—ccs 4u
Cbé=—cos 2u
C5=cos u
C6=-gin 4u
C7=-gin 2u
C8=-gin u

RI=XR(2)+XR(9)
R2=XR(2)-XR(9)
S1=XI(2)+XI(9)
S2=XI(2)-XI1(9)
R3=XR(3)+XR(8)
R4=XR(3)-XR(8)
S3=XI(3)+X1(8)
S4=XI (3)-X1(8)
R5=XR(4)+XR(7)
T1=C1*(XR(7)-~XR(4))
S5=XT (4 )+XI(7)
U1=C1*(XI(7)-XI(4))
R7=XR(5)+XR(6)
R8=XR(5)-XR(6)
§7=XI(5)+XI(6)
S8=XI(5)~XI(6)
R9=XR(1)+R5
S9=XI(1)+S5
T2=XR(1)~R5*C2
U2=XI(1)~S5*C2
T3=(R3-R7)*C3
U3=(S3-57)*C3
T4=(R1-R7)*Ch
Ub=(S1-~87)*Ch
T5=(R1-R3)*C5
US=(S1-83*C5
R10=R1+R3+R7
S10=S1+53+57
R1=T24T3+T5
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R3=T2-T3~T4
R7=T24T4-T5
S1=U2+U3+U5
S3=U2-U3-U4
S7=U2+04-US5
XR(1)=R94R10
XI(1)=59+510
R5=R9-R10*C2
§5=59-510%C2

R6=—(R2-R4+R8)*Cl
86=—(S2-54+58)*C1

T3=(R4+RB)*C6
U3=(S4+58)*C6
T4=(R2-R8)*C7
U4=(S2-58)*C7
T5=(R2+R4)*C8
U5=(S2+54)*C8

R2=T1+4T34T5
R4=T1-T3-T4
R8=T1+T4~T5
$2=U1+U3+U5
S4=U1-U3-U4
S$8=U1+U4-U5
XR(2)=R1-52
XR(9)=R1+52
XI(2)=S14R2
XI(9)=S1-R2
XR(3)=R3+S4
XR(8)=R3-S4
XI(3)=S3-R4
XI(8)=5S3+R4
XR(4)=R5-86
XR(7)=R5+S6
XI(4)=85+R6
X1(7)=S5-R6
XR(5)=R7-S8
XR(6)=R7+S8
XI(5)=S7+R8
XI(6)=S7-R8

N=16, 20 real multiplications, 148 real additions, u=27/16.

Coefficients:

R1=XR(1)+XR(9)
R2=XR(1)-XR(9)
S1=XI(1)+XI(9)
$2=XI(1)-X1(9)
R3=XR(2)+XR(10)
R4=XR(2)-XR(10)

.......

Cl=gin
C2=sin
C3=cos
C4=cos
C5=cos

2u
u
utsin u
u-sin u
u
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$3=XI(2)+21(10)
] S4=XI(2)-XI(10)
X R5=XR(3)+XR(11) !
& R6=XR(3)-XR(11) .
3. S5=XI(3)+XI(11) :
; S$6=XI(3)-XI(11) 2
R7=XR(4)+XR(12) "
R8=XR(4)-XR(12) ~
§ S7=XI (4)+XI(12) !
E: S8=XI(4)-XI(12)
' R9=XR(5)+XR(13)
R10=XR(5)-XR(13)
S9=XT (5)+XI(13) :
$10=XI(5)-XI(13) =
R11=XR(6 )+XR(14) !
R12=XR(6)-XR(14)
S11=XI(6)+XI(14) -
S12=XI(6)-XI(14) N
R13=XR(7 )4XR(15)
R14=XR(7)-XR(15)
S$13=X1(7)+XI(15)
S14=XI(7)~XI(15)
R15=XR(8)+XR(16)
R16=XR(8)-XR(16)
S15=XI(8)+XI(16)
S16=XI(8)-XI(16)
T1=R1+R9
T2=R?- R9
U1=51+59
U2=51-59
T3=R3+R11
T4=R3-R11
U3=53+511
U4=53-S11
T5=R54+R13
T6=R5-R13
U5=S5+S13
U6=S5-513
T7=R7+R15 !
T8=R7-R15
U7=S7+515
U8=57-S15
T9=C1*(T4+T8)
T10=C1*(T4-T8)
U9=C1*(U4+U8) !
U10=C1*(U4-U8)
RI=T1+T5
R3=T1-T5 .
S1=U14U5
$3=U1-US5
R5=T3+T7
R7=T3~T7
S5=U3+U7
S7=U3-U7
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R9=12+T10
R11=T2-T10
$9=U2+U10
$11=U2-U10
R13=T6+T9
R15=T6-T9
S13=U6+U9
S15=U6-U9
T1=R4+R16
T2=R4~R16
U1=84+516
U2=84-516
T3=C1*(R6+R14)
T4=C1l*(R6-R14)
U3=C1*(S6+S14)
U4=C1*(S6-S14)
T5=R8+R12
T6=R8-R12
U5=88+512
U6=58-S12
T7=C2%(T2-T6)
T8=C3*T2-T7
T9=C4*T6-T7
T10=R2+T4
T11=R2-T4
R2=T10+T8
R4=T10-T8
R6=T11+T9
R8=T11-T9
U7=C2*(U2-U6)
U8=C3*U2-U7
U9=C4*U6-U7
U10=52+U4
U11=52-U4
$2=U10+U8
$4=U10-U8
S6=U11+U9
$8=U11-U9
T7=C5%(T14T5)
T8=T7-C4*T1
T9=T7-C3*T5
T10=R10+T3
T11=R10-T3
R10=T104T8
R12=T10-T8
R14=T114T9
R16=T11-TY
U7=C5*%(U1+U5)
U8=U7-C4*Ul
U9=U7-C3*U5
U10=510+U3
U11=810-U3
$10=U10+U8
$12=U10-U8
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S14=U11+U9
£16=U11-U9
XR{1)=R1+R5
XR(9)=R1-R5
XI(1)=S1+85
XI(9)=51-85
XR(2)=R2+510
XR(16)=R2-510 i
XI(2)=52-R10 :
' XI(16)=S2+R10 ]
XR(3)=R9+513
XR(15)=R9-513
XI(3)=59-R13
XI(15)=59+R13
XR(4)=R8-516 !
XR(14)=R8+516
XI(4)=S8+R16
XI(14)=58-R16 ;
XR(5)=R3+S7 ]
XR(13)=R3-§7 3
XI(5)=S3-R7 !
XI(13)=53+R7
XR(6)=R6+514
XR(12)=R6-S14
XI(6)=S6-R14
XI(12)=S6+R14
\ XR(7)=R11-515 !
3 ¥R(11)=R11+515 <
o XI(7)=S114R15 l
Y XI(11)=S11-R15 ;
XR(8)=R4~S12 ;
XR(10)=R4+S12 ‘
% XI(8)=S4+R12 !
% XI(10)=84-R12 1
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Appendix C. SWIFT SHORT DFT ALGORITHMS

£73 B0 fot 452 Moo
R il

..t

The SWIFT short DFT algorithms are given for lengths 3, 5, 7, 9, and 16.

COoT R v

The algorithms for lengths 3 and 5 are from [9], with slight modifications.
In the modified versions shown here, duplicative additions are eliminated.
The SWIFT algorithms for lengths 2, 4, and 8 are identical to the PFA
algorithms for the same lengths and are thus omitted. All the algorithms are :
written in terms of real multiplications and additions. In addition, mo tri- .
vial multiplications are used in these algorithms. The real and imaginary =
parts of the complex input data are represented in natural order by XR(1l), ]
| XR(2)ye0sy, XR(N) and XI(1l), XI(2),ec., XI(N), respectively. The complex out-— -
put is stored in natural order in the XR and XI input arrays. The values Rl, -
R2,..+, S1, S2,..., Ul, U2,..,, and Tl, T2,... are all temporary values -
derived from input data and intermediate results. The total number of real t
multiplications and additions for each DFT 1s listed with each algorithm. The "
algorithms listed here have not been optimized with respect to minimizing the f
amount of temporary storage required. 5
(1) MN=3; 4 real multiplications, 12 real additions, u=2n/3. 5
Coefficients: Cl=-3/2 .
C2=sin u |
i
RI=XR(2)+XR(3) N
R2=XR(2)-XR(3) -
S$1=XI(2)+X1(3) o
S2=X1(2)-X1(3) i
XR(1)=R1+XR(1) |
XI(1)=S1+XI(1) -
T1=R1*Cl "
T2=R2*C2 N
U1=52*C2 <
U2=51%C1 :
T3=XR(1)+T1 1
U3=XI(1)+U2 .
XR(2)=T3+U1 :
XR(3)=T3-Ul .
X1(2)=U3-T2 -
XI(3)=U3+T2 -
: 1
(2) N=5, 16 real multiplications, 32 real additions, u=2n/5. .
Coefficients: Cl=cos u-l -
C2=cos 2u-1 . .
C3=sin u =
Ci=sin 2u i
R1=XR(2)+XR(5)
R2=XR(2)-XR(5)
S1=XI(2)+XI(5)
$2=XI(2)-XI(5) :
R3=XR(3)+XR(4) |
R4=XR(3)-XR(4) R
S3=XI(3)+XI(4) .
.
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S4=XI(3)-XI(4)

T1=R1+R3

Ul=514+S3

XR(1)=XR(1)+Il
XI(1)=XI(1)+Ul
T2=XR(1)+(C1*R1)+(C2*R3)
T3=XR(1)+(C2*R1)+(C1*R3)
T4=(C3*R2)+(C4*R4E)
T5=(C4*R2)-~(C3*R4)
U2=(C3*52)+(C4*S4)
U3=(C4*82)-~(C3*S4)
U4=XI(1)+(C1*S1)+(C2*S3)
U5=XI(1)+(22%S1)+(C1#S3)
XR(2)=T2+U2

XR(3)=T3+U3

XR(4)=T3-U3

XR(5)=T2-U2

XI(2)=U4-T4

XI1(3)=U5-T5

X1(4)=U5+T5

XI(5)=U4+T4
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(3) N=7, 36 real multiplications, 60 real additions, u=2n/7.

Coefficients: Cl=cos u
C2=cos 2u
C3=cos 3u
Cbé=gin u
C5=sin 2u
C6=sin 3u

RI=XR(2)+XR(7)

R2=XR(2)-XR(7)

S1=XI(2)+XI(7)

S2=XI(2)-XI(7)

R3=XR(3)+XR(6)

R4=XR(3)-XR(6)

$3=XI(3)+X1(6)

S4=XI(3)-XI(6)

R5=XR(4)+XR(5)

R6=XR(4)-XR(5)

S5=XI (4)+XI(5)

S6=XI (4)~XI(5)

T1=R1+R34R5

Ul=S1+$34S5

XR(1)=XR(1)+T1

XI(1)=XI(1)+U1
T2=XR(1)+(C1*R1)+(C2*R3)+(CI*R5)
T3=XR(1)+(C2*R1 )}+(C3*R3)+(C1*R5)
T4=XR (1 )+(C3I*R1)+(CL*R3)+(C2*R5)
T5=( C4*R2)+(C5*R4 )+(COH*R6)
T6=(C5*R2)—~(CH*R4 )~(C4*R6)
T7=(C6*R2)~( C4*R4 )+(C5*R6)
U2=(C4*S2)+(C5*S4 )+(C6%S6)
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(4)

U3=(C5*52)~(C6*S4)~(C4*S6)
Ub=(C6*S2)~(C4*S4)+(C5%56)
U5=XI(1)+(C1*S1)+(C2*S3)+(C3*S5)
U6=XI(1)+(C2*S1)+(C3*S3)+(C1*S5)
U7=XI(1)+(C3*S1)+(C1*S3)+(C2*S5)

XR(2)=T2+02
XR(3)=T3+U3
XR(4)=T4+U4
AR(5)=T4-U4
XR(6)=T3-U3
XR(7)=T2-U2
X1(2)=U5-T5
XI1(3)=U6-T6
XI(4)=U7-T7
XI{5)=U5+T5
XI(6)=U6+T6
XI(7)=U7+T7

N=9, 44 real multiplications, 88 real additions, u=2w/9.

Coefficients:

R1=XR(2)+XR(9)
R2=XR(2)-XR(9)
S1=XI (2)4+XI(9)
$2=XI(2)-XI(9)
R3=XR(3)+XR(8)
R4=XR(3)-XR(8)
$3=XI(3)+XI1(8)
S4=XI (3)~XI(8)
R5=XR(4)+XR(7)
R6=XR (4)-XR(7)
S5=XI (4 )4XI(7)
S6=XI(4)-XI(7)
R7=XR(5)+XR(6)
R8=XR(5)-XR(6)
S7=XI (5)+X1(6)
S8=XI(5)-XI(6)
T1=R1+R3+R54R7
U1=S1+S3+S5+57
XR(1)=XR(1)+T1
XI(1)=XI(1)+Ul

Cl=cos
C2=cos
C3=cos
Cl=cos
C5=s8in
C6=gin
C7=sin
C8=gin

T2=(C3*R5)+XR(1)

T3=(C1*R1)+(C2*R3)+(C4*R7)+T2
T4=(C2*R1)+(C4*R3)+(C1*R7)+T2

u
2u
3u
4u
u

2u
3u
4u

T5=C3*(T1-R5)+R5+XR(1)

e

T6=(C4*R1)+(C1*R3)+(C2*%R7)+T2
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(5)

T7=C7*R6

T8=(C5*R2)+(C6*R4)+(C8*R8)+T7
T9=(C6*R2)+(C8*R4)~(C5*%R8)~T7
T10=C7*(R2-R4+R8)
T11=(C8*R2)~(C5*R4)~(C6*R8)+T7

U2=C7*S6

U3=(C5*S52)+(C6*S4 )+(C8*S8)+U2
Ub=(C6*S2)+(CB*S4 )~(C5*S8)~U2
U5=C7*(52-54+58)
U6=(CB*S2)~(C5*S4)~(C6*S8)+U2
U7=(C3*S5)+X1(1)
U8=(C1*S1)+(C2*S3)+(C4*ST)+U7
U9=(C2*S1)+(C4*S3)+(CL*S7)+U7
U10=C3*(U1~85)+S5+XI (1)
U11=(C4*S1)+(C1*S3)+(C2%57)+U7

XP.(2)=T3+U3
XR(3)=T4+U4
XR(4)=T5+U5
XR(5)=T6+U6
XR(6)=T6-U6
XR(7)=T5-U5
XR(8)=T4~U4
XR(9)=T3-U3
XI(2)=U8-T8
XI(3)=U9-T9
XI(4)=U10-T10
XI(5)=U11-T11
XI(6)=U11+T11
XI(7)=U10+T10
XI(8)=U9+T9
XI(9)=US+T8

N=16, 24 real multiplications, 144 real additions, u=2w/16.

Coefficients:

R1=XR(1)+XR(9)

R2=XR(1)-~XR(9)

S1=XI(1)+XI(9)

S2=XI(1)-XI(9)

R3=XR(2)+XR(16)
R4=XR(2)-XR(16)
S3=XI(2)+XI(16)
S4=XI(2)-XI(16)
R5=XR(3)+XR(15)
R6=XR(3)~XR(15)
§5=XI(3)+XI(15)
S6=XI(3)-XI(15)
R7=XR(4)+XR(14)
R8=XR(4)-~XR(14)
S7=XI(4)+XI(14)
S8=XI(4)-XI(14)

Cl=cos u

C2=cos 2u
C3=cos 3u
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R9=XR(5)+XR(13)
R10=XR(5)-XR(13)
S9=XI (5)+XI(13)
§10=XI(5)-XI(13)
Ri1=XR(6)+XR(12)
R12=XR(6)~XR(12)
S11=XI(63+XI(12)
$12=XI(6)-XI(12)
R13=XR(7)+XR(11)
R14=XR(7)-XR(11)
S13=XI(7)+XI(11)
$14=XI(7)-XI(11)
R15=XR(8)+XR(10)
R16=XR(8)-XR(10)
$15=XI(8)+XI(10)
£16=XI(8)-XI(10)
T1=R134RS5
T2=R13-R5
T3=R1+R9
T4=R1-R9
T5=T3+T1
T6=T3~T1
T7=C2*T2
T8=R2~T7
T9=R24+T7
T10=R34R15
T11=R3-R15
T12=R7+R1l1
T13=R7-R11
T14=T10+T12
T15=(C1*T11)+(C3*T13)
T16=C2%(T10-T12)
T17=(C3*'.11)~(CL*T13)
T18=C2*(R6+R14)
T19=R6-R14
T20=T18+R10
T21=T18-R10
T22=R4+R16
T23=R4-R16
T24=R8+R12
T25=R8-R12
T26=(C3I*T22)+(C1*T24)
T27=C2%(T234T25)
T28=(C1*T22)~(C3*T24)
T29=T23-T25
U1=S1+S9
U2=51-59
U3=585+513
U4=55-513
US=U1+U3
U6=C2%U4
U7=52+U6
U8=52-U6
U9=U1-U3
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U10=53+515
U11=83-S15
U12=S114S7
U13=511-S7
U14=U10+U12
U15=C2*(U10-U12)
U16=(C1*U11)—~(C3*U13)
U17=(C3*U11)+(C1*U13)
U18=C2%(S6+514)
U19=U18+4510
U20=U18-510
U21=56-S14
U22=S4+516
U23=54-516
U24=58+512
U25=58-512
U26=(C3*U22)+(C1*U24)
U27=C2%(U234U25)
U28=(C1l*U22)-~(C3*%U24)
U29=023-U25
XR(1)=T5+T14
XI(1)=U5+U14
XR(5)=T6+U29
XI(5)=U9-T29
XR(9)=T5-T14
XI(9)=U5-U14
XR(13)=T6-U29
XI(13)=U9+T29
T30=T8+T15
U30=U26+U19
T31=T8-T15
U31=U26-U19
XR(2)=T30+U30
XR(8)=T31+U31
XR(16)=T30-U30
XR(10)=T31-U31
T32=T4+T16
U32=U274U21
T33=T4-T16
U33=U27-U21
XR(3)=T32+U32
XR(7)=T334U33
XR(15)=T32-U32
XR(11)=T33-U33
T34=T9+T17
U34=U28+U20
T35=TY-~T17
135=028-U20
XR(4)=T34+U34
XR(6)=T35+U35
XR(14)=T34-U34
XR(12)=T35-U35
U36=U7+U16
T36=T20+T26
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U37=U7-U16
T37=T20-T26
XI(2)=U36-T36
XI1(8)=U374T37
XI(16)=U36+T36
XI1(10)=U37-T37
U38=U24U15
T38=T19+T27

. U39=U2-U15
T39=T19~T27
XI(3)=U38-T38
XI(7)=U39+T39
XI(15)=U38+T38
XI(11)=U39-T39
U40=U8+U17
T40=T21+T28
U41=U8-U17
T41=T21-~T28
XI(4)=U40~T40
XI(6)=U414T41

XI(14)=U40+T40

XI(12)=U41-T41
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