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.1 PREFACE

This monograph brings together research results on dynamic buckling from
reports and technical papers produced during the past two decades by the authors
and their co-workers at SRI International (formerly Stanford Research Institute).
Work on the monograph was supported by the Defense Nuclear Agency (DNA),
under the technical direction of Mr. D.J. Kohler in the Shock Physics Directorate,
Aerospace Systems Division (SPAS). DNA also sponsored much of the original
research, either directly or through the Air Force Weapons Laboratory. Air Force
sponsorship of original research was also provided by the Space and Missile Systems
Office (now the Ballistic Missile Office).

The need to design structures to resist static buckling, particularly structures
made from high strength alloys, has been re-cognizad for more than a century.
Buckling from dynamic loads has received serious attention only since World War
1I, and only within the last two decades has a basic understanding been developed
for buckling under explosive and impact loads. This development followed closely
the introduction of high-speed electronic and photographic instrumentation to
observe such buckling, which can occur in a fraction of a millisecond. The mono-
graph makes liberal use of experimental results in establishing the physical basis for
dynamic pulse buckling theory.

We focus on buckling from intense loads, well above staic buckling loads, but
of short enough duration that the buckle amplitudes are small and cause no serious
damage. A common example is a nail, which is driven by very high loads but does
not buckle because the hammer and nail are in contact for only a short time. In
large structures, the intense loads cause the modes of dynamic buckling to be of
much higher order than in static buckling. Practical applications in which dynamic
buckling plays an important role are evolving with the advancing technology of high
speed, light *.eight military and civilian vehicles and with the renewed emphasis on
safety in transportation and industry.

As in many technologies, early motivation for dynamic buckling research
stemmed from military needs, such as in the design of aircraft landing struts and
the design of ballistic missiles to resist launch and attack loads. Launch and reentry
vehicles were found to buckle in uniquely high-order wrinkling patternt: under X-
ray blowoff (surface impulse) and blast loads. The new feature in ballistic missile
skin buckling was that the wrinkle patteins had to be determined in addition to the
critical loads.

ix
......41.
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Dynamic wrinkling also occurs in thin structures under impact, as in automo-
biie or railway crashes. An idealized form of such wrinkling is the crushup of a
cylindrical shell under axial impact. It is often desirable that the wrinkles be tightly
packed, in order to absorb energy and protect passengers sitting farther back in the
vehicle. This takes unique advantage of the natural tendency toward high-order
wrinkling in dynamic buckling.

Industrial safety often requires that facilities survive accidental explosions
without release of toxic gases. A current example is found in nuclear reactors,
where safety receives great emphasis.. Within an explosive environment, high pres-
sure and impact conditions are felt by many structural elements, and dynamic buck-
ling is an important mode of energy absorption. One example is the above-core
structure support columns, whose dynamic buckling protectze the reactor cover from
impact by the lower internal structure.

Dynamic buckling is an important design consideration in implosion devices,
in which metal cylindrical or conical shells are collapsed inwardly by explosives.
These devices are used for rapid closing of pipes and for shaped-charge weapons
and oil well perforators. To work effectively, shaped-charge liners should collapse
without buckling.

New problems in dynamic buckling will undoubtedly appear as space struc-
tures are built, because these structures are very larne and very thin. Any slight
impact will lead to local dynamic buckling because the wave transit time through
the structure is long compared with the time for buckles to form.

An important new phenomenon of pulse buckling is that the mode of buck-
ling is determined by the load, so the perspective for analysis is reversed from that
in static buckling. In static analysis, the buckling mode is known (the fundamental
mode) and the maximum safe load is to be determined. In pulse buckling, the load
amplitude is specified and dictates the buckling modes. The design quantity to be
determined is the maximum safe duration of the load. This inverted viewpoint is
needed in order to recognize and analyze dynamic pulse buckling. As pulse buck-
ling becomes familiar to engineers, buckling that could othervise cause serious
problems will become a standard response feature to be considered in the design of
thinner and lighter weight structures.

The monograph presents a systematic development of dynamic pulse buck-
ling, from simple elastic buckling of bars to the most recnt developments in biax-
ial plastic flow buckling of shells. Emphasis is on developing an understanding of
the buckling processes and on making available practical theory that can be used for
estimating buckling strengths of structural elemnents (bars, plates, rings, shells)
under a variety of pulse loadings. Familiarity with static buckling in these elements,
is assumed, but most derivations are made from fundamental 'wlinciples so that thej
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monograph can be used as a graduate level textbook. Each chapter is written to be
understood independently so that the practicing engineer can go directly to the
theory and experiment most appropriate to a specific problem. For student use,
Chapters I and 2 should be read first because they describe in more detail funda-
mental ideas that are used throughout the remaining text.

The authors are indebted to the staff of the Poulter Laboratory at SRI Interna-
tional for contributions to both theory and experiment. Those who worked directly
on the research are D.L. Anderson, B.P. Bain, J.H. Busma, J.D. Colton, L.J. Dary,
J.K. Gran, G.R. Greenfield, R.E. Herbert, T.C. Kennedy, C.M. Romander,
P. Schwindt, G.R. Sliter, H. Vaughan, and W. Zietzke. Manuscripts for papers,
reports, and this text were prepared with the assistance of M. Adams and J. Berry
and their staff, and N. Hall, V.A. Jercha, D.M. Phillips, K. Reeds, and N.J. Smith.

The research was made possible by the guidance and support of G.R. Abra-
hamson, Director of Poulter Laboratory and Vice President of SRI International,
J.N. Goodier of Stanford University, and M.C. Atkins of Defense Nuclear Agency.
Dr. Abrahamson performed the first experiments on plastic flow buckling in 1959
and with J.N. Goodier developed a theoretical explanation of the observed buckles.
Section 3.2 is their paper reproduced with little change. In 1966 Goodier made
another pioneering contribution to the theory by discovering the directional
moment. Dr. Atkins was the technical monitor on this early research while he was
with the Air Force Weapons Laboratory and continued his encouragement end sup-
port while at Avco Corporation and DNA. Dr. Atkins suggested that this mono-
graph be written and with D.J. Kohler saw us through its preparation.



1. INTRODUCTION

1.1 FORMS OF DYNAMIC BUCKLING

Dynamic stability of structures is a very broad subject that includes not only
dynamic buckling from transient and vibratory loads, but also interaction of struc-
tures with other media, such as in aircraft flutter, and interaction with active control
systems that have their own dynamic characteristics. A review of many forms of
dynamic stability of structures is available in the proceedings of an international
conference on the subject held at Northwestern University in 1965.1

This monograph is concerned with buckling from prescribed dynamic loads
acting on structural elements (bars, plates, rings, shells). To more precisely define
the scope and areas of practical application, it is useful to further distinguish among
several types of dynamic buckling based on the physical phenomena of the buckling
processes. The first distinction is between buckling from oscillatory loads and buck-
ling from transient loads consisting of a single pulse characterized by its amplitude,
shape, and duration. The first type we call vibration buckling and the second we
call pulse buckling.

In vibration buckling, the amplitudes of vibrat',n caused by an oscillating load
become unacceptably large at critical combinations of load amplitud',, load fre-
quency, and structure damping. A simple example is a column supporting an oscil-
lating axial load as shown in Figure 1.1a. Inevitable imperfections in the column
give rise to bending moments that excite lateral motion. The column vibrates
laterally at large amplitude when the loading frequency is twice the natural bending
frequency of the column: each time the column bows out to rne side or the other,
the axial loading force reaches its maximum and produces bending moments. The
term vibration buckling describes the similarity to vibration resonance. The
difference is that in vibration resonance the load is in the same direction as the
motion (lateral to the column in the example) and excites the motion directly as an
applied force in the equation ot motion. Simple resonance occurs when the lateral
loading fre-,quency coincides with the natural frequency of vibration. By contrast, in
vibration buckling the bending moment induced by the axial force introduces the
forc:- as a parameter multiplying the displacement in the equation of motion. A
mi.- Aematical description of vibration buckling is therefore: dynamic stability of
vibrations induced by oscillating parametric locding. This type of resonance is there-
fore called parametric resenance. An extensive treatment of this subject is given in
a book by W. W. Bolotin.2
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example is a long column with a suddenly applied axial load many times greater
than the static Euler load, as shown in Figure 1.1 b. Motion grows exponentially in
all mode~s with wavelengths longer than the Eular wavelength for the given load.
The critical modes are those with greatest total growth during the time of load
applicption. The critical condition for buckling is an unacceptably large deformation
or stress. The column~ can survive a large axial load before reaching this condition
if the load duration is short enough. Under an intense, short duration load, the
column buckles into a very high-order mode as shown in Figure 1. 1 b.

This type of buckling might also be called response buckling because it is
similar in form and analytical approach to simple dynamic response from prescribed
loading histories. Again, the difference from simple dynamic response is that the
load appears as a parameter multiplying the displacement in the equations of
motion; therefore, pulse buckling falls under the mathematical definition: dy'namic
response of structural systems induced by time-varying parametric loading.

The final distinction to be made relates to the modes in which the pulse buck-
lig takes place. In this monograph, we foc~us mainly on response in high-order
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modes as in the example in Figure 1.1 b. In all the problems to be addressed, the
load amplitude is higher than the static buckling load; in most of the problems, the
amplitude is much higher than the static buckling load. We use the term pulse
buckling because it tends to emphasize the high amplitude, short duration loading
of primary concern here. We disting4,ish between high and low order buckling
because the extensive published work on low-order buckling is beyond the scope of
the monograph. The extent of this published wnork, however, emphasizes the
importance of low-order dynamic buckling in conventional structural design, in
which dynamic loads often do not differ widely from static buckling loads.

Three problems in which a great deal of low-order dynamic buckling work has
been done are (1) buckling of columns, for example, in aircraft landing struts,
(2) buckling of arches and spherical caps, and (3) buckling of cylindrical shells
under axial load. The last two problems have in common that the structures are
extremely sensitive to initial imperfections in shape. As a result, critical dynamic
buckling loads of long duration (e.g., step loads) can be smaller in ampiitude than
the corresponding slowly applied load.3 Problems in which this feature of dynamic
buckling is important are not addressed in. this monograph, The fundamentals of
the low-order column buckling problem. are included in the monograph, but the
many elaborations available in the literature are not. Emphasis is on high-order
buckling because it relates more closely to high-order buckling of plates, rings, and
shells, the subject that has received the most attention of the authors. Dynamic
buckling of cylindrical shells under axial impact is treated in considerable detail for
both elastic and plastic axial waves, but always with emphasis on high-order
response.j

1.2 EXAMOPLES OF DYNAMIC PULSE BUCKLING

A few examples illustrate the features of dynamic pulse buckling. The
descriptions here are qualitative, to give the nature and scope of dynamic pulse I
buckling. Detailed interpr-ztations and analyses are given in the following chapters.
The simplest example is again a long column as in Figure 1.1b. In practice, the
large amplitade load is typically applied by impact at one end. Figure 1.2 gives a
sequence of high speed photographs of a thin strip buckling under axial impact at
its lower end. The impact produced an elastic compression wave that traveled up
the strip at velocity 0.2 inch/gs (5 mm/pus), starting at the lower end at t - 0. As
is typical in such impact buckling, the wave front moved through a distance much

* greater than the buckle wavelength before any visible buckling took place. At the
* time of first perceptible buckling, near the impacted end at t -24 jus, the wave

front had traveled 5 inches (127 mm), about twice the length of the portion of the
strip in the photographs. Thus, each buckle sees essentially a constant, suddenly

* applied axial thrust. The buckles therefore remain fixed in position and nierely
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FIGURE 1.2 WAVES FORMING IN A 6061-T6 ALUMINUM STRIP

Time is measured from instant 40,000 psi (276 MPa)
compressive wave reflects from clamp support.

grow in amplitude with time. The amplitude of buckles near the impacted end is
larger than the amplitude of buckles farther up the strip because of unavoidable
eccentricity of the impact and because the duration of axial loading is longest at the
end, In this example and those that follow, the buckling motion was allowed to
proceed well beyond any threshold of acceptable motion in order to see the buck-
ling process clearly.

Similar high speed photographs of buckling in a thin cylindrical shell under
axial impact at its lower end are given in Figure 1.3. The shell is very thin
(radius-to-thickness ratio a/h - 550), so the buckling process is similar to that in
the thin strip. The amplitude of the axial stress wave is 1.5 times the classical elas-
tic axial buckling stress of the shell. The large-amplitude buckles at late time are in
the familiar diamond pattern, but the buckle wavelengths are much shorter than
those of the static large deflection post-buckled state. This difference is illustrated
in Figure 1.4, which compares post-test photographs of a shell buckled dynamically
as in Figure 1.3 and an Identical shell buckled by a slowly applied load in a testing
machine. (In all the shells, a clamped end condition was provided by a thick inter-
nal ring and a thin exterior ring whose upper edge can be seen in the photographs;
the narrow buckle in the dynamically buckled shell in Figure 1.4 is just above this
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FIGURE 1.3 HIGH SPEED PHOTOGRAPHS OF BUCKLING IN A THIN CYLINDRICAL

SHELL UNDFR AXIAL IMPACT

Time is from initial impact at rigid end ring; a/h 550, a/a5 .5
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FIGURE 1.4 COMPARISON OF STATIC AND DYNAMIC POST-BUCKLED PATTERNS

clamped boundary.) Observe that most of the buckling in Figure 1.3 was elastic;
only one or two buckles near the impaeted end are permanently formed by plastic
hinges, as shown in Figure 1.4. The axial wavelength of the dynamic buckles is
close to the classical buckle wavelength. A theoretical treatment of this buckling,
based on a dynamic counterpart to the classical theory, agrees closely with these
experimental observations.

Dynamic buckling of shells under radial pulse loads is illustrated in Figure 1.5.
The very thin shell in Figure 1.5a (a/h - 480) was loaded by an impulsive radial
pressure over one side of the shell. The resulting hoop stress as the shell moved
inward produced a destabilizing thrust similar to that of the axial compression wave
in the thin strip in Figure 1.2. Becaase the peak value of the hoop stress was close
to the value of the compressive stress in the strip, the wavelength of buckles is also
similar. This is shown in Figure 1.5b, in which a buckled strip from thw experi-
ments of Figure 1.2 is placed near a group of buckles in the shell in Figure 1.5a.
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The mode number of buckling is very high; the wavelengths in Figure 1.5a
correspond to mode numbers of n - 50 to 100 buckles around the circumference.
Part of the reponse analysis for pulse buckling is to determine these "preferred"
modes of buckling.

The wall of the shell in Figure 1.5c was projected inward by a radial impulse
uniform around the circumference. It is much tbicker (a/h - 19) than the wall of
the shell in Figure 1.5a, so the initial radial velocity required to produce buckling
was much higher. The hoop strain was severa! percent, well into the plastic range,
which results in another form of pulse buckling called dynamic plastic flow buck-
ling. In this simple form it is similar to the elastic examples just discussed, with
the elastic modulus replaced by the plastic tangent modulus. The permanent wrin-
kles in the elastic examples in Figures 1.4 and 1.5 were formed by late-time plastic
hinges following elastic buckling. In plastic flow buckling the buckles form while
the material throughout the entire wall thickness is flowing plastically from hoop
compression. Resistance to buckling therefore comes from the plastic tangent
modulus rather than from the elastic moduls. The tangent modulus in metals is
typically about 100 times smaller than the elastic modulus. Buckle wavelengths,
which are proportional to the square root of the modulus, are therefore about 10
times shorter (in comparison to wall thickness) than in elastic buckling. This can
be seen by comparing the edge view of the buckling thin strip in Figure 1.2 with
the end view of the buckled thick shell in Figure 1.5c. A similar situation occurs in
thick bars under high velocity axial impact.

Figure 1,5d illustrates the effect of changing the pulse duration of radial pres-
sure loading. All three shells have a/h - 100 and were clamped at their ends. The
shell on the left was loaded by an impulsive pressure as in Figures 1.5a and b and is
buckled into a very high-order mode (n = 45). The shell on the right was loaded
by a long duration blast wave and is buckled on its loaded side into wavelengths
corresponding to n = 7 waves around the complete circumference. This is close to
the n - 6 pattern for static radial pressure uniform around the shell. The shell in
the center was loaded by a blast wave of intermediate duration and is buckled into
an n == 13 wave pattern. The changing wave pattern is the result of the increase in
peak pressure (and hence hoop stress) required to cause buckling as the pulse dura-
tion is reduced. This illustrates again that the mode number of buckling is an
important response feature that must be determined in dynamic pulse buckling
analysis.

Figure 1.6 shows the symmetric form of buckling in thick-walled tubes under
high velocity axial impact. The tubes were 25 mm O.D. with a wall thickness of 2.5
mm (mean radius-to-thickness ratio a/h - 4.5). As in the thick shell under radial
impulse, ouckling took place during sustained plastic flow, this time with the unper-
turbed flow mainly in the axial direction. A nsw feature in this flow buckling is
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MP7506-17

FIGURE 1.6 AXISYMMETRIC PLASTIC FLOW BUCKLING IN CYLINDRICAL SHELLS
FROM IMPACT AT 342 ft/sec (104 m/s)

Tube at left shows shape before impact.

that there is plastic flow in both in-plane directions (axially and circumferentially)
and that the flow kinematics require that stress states through the wall thickness lie
at different positions on the yiele surface. Flow kinematics dictate the direction of
the strain rate vector, and the associated flow rule (the Mises yield function is
assumed) therefore dictates the position of the stress state on the current yield sur-
face. During flow perturbed by buckling motion, these stress states are such that a
bending moment is induced that resists buckling even in the absence of strain har-
dening. This new bending moment is called the directional moment, because it is
the result of the kinematic constraint on the direction of the strain rate vector. A
carefully developed explanation of directional moments is given in the text.

Directional moments also occur in plastic flow buckling of intermediate-length
cylindrical shells loaded by radial impulse. These shells are long enough to impose
a kinematic constraint on axial flow (constant through the thickness) but short
enough that there is axial flow and hence a directional moment. For long shells
(Figure 1.5c) or rings, there is no directional moment because the strain rate vector

II
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is either fixed in direction (Ions shell, no axial flow) or there is no axial flow
restraint (ring). In some materials, a third type of bending moment results fromn an
increase in stress with an increase in strain rate--the viscoplastic moment. The
effects and relative importance of strain hardening (tangent modulus) moments,
directional moments, and viscoplastic moments in various situations are crucial in
the analysis of dynamic plastic flow buckling.
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2. IMPACT BUCKLING OF BARS

2.1 INTRODUCTION

Most of the features unique to dynamic pulse buckling are illustrated in detail
by buckling of bars under axial impact. An important feature that does not occur is
directional moments, because all stresses are axial. Study of buckling in long bars
shows that many high-order modes are excited and that they grow exponentially in
amplitude with time as long as the load is maintained. These are called the buckling
modes. The shape into which the bar deforms depends on the relative amplitude of
growth in the buckling modes and on the bar imperfections that initiate growth. A
plot of relative amplitude versus mode number is called the ampl~ication fu~nction.
The most amplified mode is called the preferred mode of dynamic buckling.

Imperfections are treated as either discrete or random. The bar is a con-
venient structural element in which to examine the relative importance of these two
imperfection types. Eccentricity at the point of impact provides a discrete imperfec-
tion and associated unique buckled shape. Deviations from perfect straightness
along the length of the bar are treated as random. Experiments on bars are
inexpensive enough that many tests were performed to compare the theoretical dis-
tribution of wavelengths calculated using this assumption with the experimental dis- 4
tribution observed in a collection of bars The random imperfection assumption Lzs

resuldts. Thise demsonstation iscuserofruate aecito critica coermnitiony obsrvbekin
fosundto. ghivemoasreasional ascureofruate decito ofithea expertimentallybservedg
based on amplification of random imperfections. In later chapters this same buck-
ling criterion is used for pulse buckling of cylindrical shells from radia! and axial
loads.

The bar is also a convenient structural element in which to examine the
change in buckling patterns and critical load duration as the load amplitude is
varied. Experiments were performed on aluminum bars with elastic impact :,tresses
ranging from 30% to 80% of the yield stress, all with nominally a rectangular pulse
shape. At each value. of stress the pulse duration was increased until permanent
buckles were just perceptible. The resulting curve of critical pulse -duration versus
axial stress (actually, a band of overlapping data points from buckled and unbuckled
bars owing to the random nature of the imperfections) is compared with theoretical
curves for several assumed imperfection amplitudes. These critical curves are sim-
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pie examples that anticipate similar critical curves of peak pressure versus impulse

(given in the next chapter) for cylindrical shells under radial pressure pulses.

In one respect, impact buckling of bars is a more complex problem than buck-
ling of shells under radial pressure. In dynamic buckling un~der axial load, the load
is communicated to the bar by axial stress waves that move up and down the bar.
For the high-order buckling considered in this monog.raph, buckling takes place
during one transit of the compressive wave up the bar. The effect of thiis moving
wave is not treated explicitly in the theoretical analysis given here, but it is shown
that the amount of lateral buckling motion that takes place during the time to
traverse a buckle wavelength is small compared with the total buckling motion.
Thus, from a practical standpoint the complex problem of buckle motion as the
wave passes can be neglected.

The effect of moving waves on a simply supported bar buckling in its funda-
mental mode was treated by Sevin.' In this case, buckling takes place as the axial
wave moves up and down the bar many times. Sevin's approach is similar to that
given here: he neglects motion as the wave traverses the bar and considers only
that the bar is subjected to a load that increases uniformly along its length in a
series of steps that add to the load with each arrival of the wave at the ends of the
bar. The ends are taken to move toward each other at fixed velocity, as in a testing
machine. His conclusion is the same as that here, namely, that because the motion
during each step is small compared with the total buckling motion, this
simplification is reasonable.

The final form of pulse buckling demonstrated by bar impact is dynamic plas-
tic flow buckling under very high velocity, short duration impact. This is the sub-
ject of the final section of this chapter and is introduced more completely at that
point.

2.2 ELASTIC BUCKLING OF LONG BARS

This section is concerned mainly with dynamic elastic buckiing of long bars
from axial loads well in excess of the static Euler load of the bar considered as a
simply supported colu~in. In fact, in bar impact experiments of the type given in
F~igure 1.2, the bars are so long that they buckle before any signal is received from
the free end, so that there is no bar length and hence no physical Euler load.
Nevertheless, it is useful to formulate the theoretical problem as though the bar
were a column with supports at both ends because of the familiarity of this formu-
lation and because it allows direct use of a statistical response analysis available
from communication theory. Also, before we consider dynamic pulse buckling of
this bar, it is useful to present the theory of static buckling. This heirs in relating
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the static and dynamic problems and introduces, in terms of long established static
buckli•ig expelrimental results, the later treatment of discrete and random imperfec-
tions in dynamic buckling. Both the static and dynamic theories are presented
before the dynamic experiments are described in detail so that the experiments can
be better understood.

2.2.1 Equations of Motion

We consider elastic buckling of a simply supported uniform bar under axial
compression, as in Figure 2.1a. The bar is of length L and supports an axial
compressive force P. Its cross section is uniform with axial distance x, measured
from one end. Deflection y is taken positive downward and is measured from an
unstressed initial deflection y,(x). An element of length dx between two cross sec-
tons taken normal to the original (undeflected) axis of the bar is shown in Figure
2.1b. The shearing force Q and bending moment M acting on the sides of the ele-
ment are taken positive in the directions shown. The inertia force acting on the
element is pA(8 ý Vt2) dx, where p is the density of the bar material, A is the area
of the cross section, and t is time.

The basic equations for the analysis of bar buckling are derived from dynamic
equilibrium of the element in Figure 2.lb and the moment-curvature relation for
the bar. Summing forces in the y direction gives

Q-pA- dx + (Q + dQ) -0

at2or

S23 -dx (2.2.1)

Taking moments about point B and neglecting rotary inertia of the element results
in

M-pA•-ldxk + (Q + dQ) dx

Ot2  2--

- (M + dM) + PA- (y + y.)dx 0
atx
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L

S(aX)

d2ypA 22 dx
dt2

Q +dQ +O

dx

(b) GA-733-3A

FIGURE 2.1 BAR NOMENCLATURE AND ELEMENT OF LENGTH

Terms of second order are neglected, reducing this equation to

Ox OL (y + yd) (2.2.2)

If the effectr of shear deformations and shortening of the bar axis are
neglected, the curvature of the bar axis is related to the bending moment by

El , M 1.2,2.3)
ax24I

f
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in which E is Young's modulus and I is the moment of inertia of the bar section,
assumed symmetric about the xy plane (otherwise the bar would twist in addition to
bending). The differential equation for the deflection of the bar axis is found by
differentiating (2.2.2) and then eliminating Q by means of (2.2.1) and M by means
of (2.2.3) twice differentiated. The result is

+4y + -2 ( y + 0 (2.2.4)EyX) 0 At2

2.2.2 Static Elastic Buckling of a Simply Supported Bar

For static buckling, the inertia term is neglected and (2.2.4) becomes

dy+P d• _V _ d 2yo

dxE 4 dx 2  dx 2

or, substituting k 2  P/E!,

d'y- -i k (2.2.5)
dx 4  dx 2  dx 2

If we consider first a bar with no initial deflection, we need only the general solu-
tion to the homogeneous equation [with yo(x) --2-- 01. This solution is

y - Asinkx + Bcoskx + Cx + D (2.2.6)

For a simply supported bar, the deflection and bending moment are zero at the
ends, znd the boundary conditions are therefore

y d 0 at x - 0 and x = L (2.2.7)dx 2

Applying these to (2.2.6) gives

B-C - D - 0, sinkL 0

and therefore

kL- -:- nn-



16

where n is an integer. Using the definition of k, this becomes an equation for P.

Pn . n- 2 (2.2.8)

n L2

Thus, with no initial deflection, only discrete values of P give a nontrivial solution,
and the magnitude A of the deflection is undetermined.

Before discussing these solutions further, let us treat the bar having an initial
shape yj(x). The solution for the perfectly straight bar suggests that yo(x) should
be expressed by the Fourier sine series

00

yo(x) I , ansin nlrx (2.2.9)
n-I L

The coefficients in this series are found from

a n y-(- 2 Y(x) sin -1 dx (2.2.10)
L 0 L

Substitution of (2.2.9) into (2.2.5) gives the following differential equation for the
imperfect bar:

AY + k2 k 2 n2 r 2  . nrx (2.2.11)
dx 4  dx 2  aET a sin L•

To find a particular solution, we take

yp " Y, An sin -nL (2.2.12)
n-I-

When this is substitutetL into (2.2.11), the coefficients An are found to be

- k2 an - Pan (2.2.13)

An k2
- n 2 r 2

1/L 2  P - Pn

The complete solution is then

00, Pan n~rx
y - A sinkx + B coskx + Cx+D- P -+ DP sin - (2.2.14)

Since P, and hence k, is arbitrary, application of the boundary conditions (2.2.7)
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gives A - B - C - D - 0 and the general solution is simply

00 Pan n~rx
Y I -P sin - (2.2.15)

From this silution we see that the deflection becomes arbitrarily large as P
approaches the critical loads Pn given by (2.2.8). However, the dynamic solution
given in subsequent sections shows that the motion is unstable for any load greater
than the lowest critical load P1 , which, from (2.2.8), is given by

P1 =- VL2 (2.2.16)
L 2

In the neighborhood of P - Pt, the first term dominates the deflection. Neglecting
the higher terms, the midspan deflection for P < P1 is given approximately by

- Pal
8 = y (L/2) P1 (2.2.17)P - P,

Figure 2.2a gives a plot of deflection 8 from (2.2.17) versus end load P. On the
basis of this formula, Southwell2 suggested that the critical load P, could be

P 8/P

P1

(a) (b)

FIGURE 2.2 FORCE-DEFLECTION CURVE AND SOUTHWELL PLOT

FOR SMALL DEFLECTION ELASTIC BUCKLING
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extracted from test data by plotting 8/P versus 8. In this form, (2.2.17) becomes

8- 1P-(8 + a1) (2.2.18)

which gives the straight line in Figure 1.2b. The inverse of the slope gives the crit-
ical load P, and the 8 intercept gives the coefficient a, as shown.

If the bar is treated as initially perfectly straight but subjected to an eccentri-
cally placed load, the Southwell procedure can still be used to determine the critical
load. Consider, for example, that the load is displaced from the centroidal axis by
an amount e, equal at both ends. This can be treated as a bar having an initial dis-
placement given by

yo(x) x d 0,L
S0 x = 0,L (2.2.19)

Substituting this displacement into (2.2.10). the coefficient of the first term in its
Fourier expansion is

4e
a1 "(2.2.20)

Thus, for P in the neighborhood of P1 the Southwell plot is as described previously,
and the 8 intercept is now 4e/1r. If the bar is considered to have both an initial
shape and some eccentricity, (2.2.18) becomes.

+ a, + (2.2.21)

For real columns, in which both a, and e are small and difficult to measure,
there is therefore no way of telling in a Southwell plot how much of the deflcction
is caused by load eccentricity and how much is caused by an initial deflection. In
experiments run near the turn of the century, 3-5 it was found that the experimental
buckling deflections could be calculated, on the average, by using values of
equivalent eccentricity given by

E- 0.06 r2/c (2.2.22)

where r2 /c is the core radius of the cross section, r being the radius of gyration and
c being the distance from the elastic axis to the outermost fiber. For a rectangular
bar of depth h, this gives - 0.01 h. In long columns, it is reasonable to assume
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that initial imperfections in shape become more important, and these can be
expected to depend on the length of the column. On this basis, Salmon' found
that,. although equivalent imperfections from a large collection of experimental
results were scattered by an order of magnitude at any given length, both the aver-
age amplitude of the imperfections and the range of' amplitudes increased in propor-
tion to the length of the bars. For the longer columns, almost all imperfections
were in the band

0.0001 < - < 0.001 (2.2.23)

Several authors have proposed that imperfections depend'_ , on both the core
radius and the column length can be expected to be present. I hey suggest that a
conservative estimate for an equivalent deflection including both types of imperfec-
tions can be taken as

a, 7501 (2.2.24)

In the dynamic problems discussed in later sections, we will see that the rainge of
normalized imperfections found in static buckling gives reasonably good agreement
with values observed in dynamic buckling.

2.2.3 Theory of Dynamic Elastic Buckling of a
Simply Supported Bar

The static buckling considered in the preceding sections was concerned with
the steady load that can be safely carried by a column or bar. If, instead, a load is
suddenly applied and then removed, as in hammering -a'nail, the maximum load
can far exceed the static buckling load without inducing objectionably large strains
or deflections. On the other hand, oscillatory forces such as from reciprocating or
unbalanced machinery, even while proeacing loads smaller than the static buckling
load, can nevertheless produce objectionably large deflections if the frequency of
oscillation bears a critical relation to the natural frequency of the column. Both of
these problems involve dynamic buckling. As discussed in Chapter 1, the impact of
a nail is a pulse buckling problem, whereas a column under an oscillatory load is a
vibration buckling problem. In the remainder of this chapter we will examine several
examples of elastic and plastic pulse buckling of bars.

In the pulse problem, loads can be applied with no appreciable buckling right
up to and beyond the elastic limit, provided only that they are applied for a short
enough time. Because of this feature in the dynamic problem, rather than asking
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for the maximum load that can be carried, we specify a load and ask for the
response. Knowing how the buckling grows with time, we then determine the max-
imum duration for which the given load can safely be applied. In Section 3.5 this
procedure will be e.pplied to more general problems in which the load varies con-
tinuously with time.

Consider first a simply supported bar under a compressive load P, uniform
throughout its length as shown in Figure 2.1. The force P may be much larger than
the critical Euler load P1 , but for the present, the average compressive stress is
assumed to be within the elastic limit. To kzep the bar from buckling during appli-
cation of the load P, imagine that it is supported all along its length by lateral con-
straining blocks* Then, at time t '- 0, the blocks are suddenly removed and buck-
ling motion begins. The motion is governed by Equation (2.2.4), repeated here.

+(y + y,) + -0 (2.2.25)84 r) X2

After dividing through by El, it is convenient to introduce the parameters

El r 2  A , c2  E (2.2.26)El ' A ' p

The first two parameters have already appeared in the static problem. The new
parameter, appearing because of the dynamic inertia term, is the ',ave speed of
longitudinal stress waves in the bar. 7 When these qukntities are used, the equation
of moticn (2.2.25) becomes

4Y+ k -+ -k~ (2.2.27)ex4 Ox2  r 2c2 8t2  Ox2

As in the static problem, the boundary conditions of zero moment and dis-
placement at the ends of the bar give

y- •Y- 0 at x-0 and x- L (2.2.28)
8x2

The solution to (2.2.27) subject to boundary conditions (2.2,28), as in the static

*In practice, the load is suddenly comrmunicated to the bar by an axial stress wave (or waves). Effects
of these waves are small, as will be seen in Section 2.2.8.
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problem, can be expressed by a Fourier sine series in x. Thus, we assume a pro-
duct solution

y(x,t) - qn(r) sin n!'. (2.2.29)

The initial displacement yo(x) is also expressed in series form by

y.(x,t) - . A. sin n-x (2.2.30)
- L

where the coefficients can be found from

2 nr

An -- - y.(x) sin x dx (2.2.31)
L 0 L

Equations (2.2.29) and (2.2.30) are now substituted into (2.2.27) to give the fol-
lowing equation of motion for the Fourier coefficients qn(t):

-( + 4 n -k 21- A. (2.2.32)L k 2 q+r2=- 2 . L2

which, upon rearranging to the more standard form, becomes j
r, 2 n2 •rn2 ' r2  2 - nL 2 •2

4in + L2 2- k q, - r2k2C2 . T-- A, (2.2.33)

One of the principal points of the theory of dynamic buckling to be discussed
in this volume appears here. The nature of the solutions to Equation (2.2.33)
depends on the sign of the coefficient of qn. If nw/L < k, this coefficient is nega-
tive and the solutions are hyperbolic; if nw/L > k, this coefficient is positive and
the solutions are trigonometric. Thus, if the mode numbers n are large enough,
n > kL/w•, the displacements are trigonometric and therefore bounded. However,
over the lower range of mode numbers, n < kL/w, the hyperbolic solutions grow
exponentially with time and have the potential of greatly amplifying small initial
imperfections. These modes are therefore called the bwckling modes.

The mode number n - kL/lr, separating the trigonometric and hyperbolic
solutions, gives a wavelength corresponding to the wavelength of static buckling
under the given load P; no matter how long the duration of load application, if
n > kL/w the motion remains bounded, while for any n < kL/w the motion

S_..
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diverges. To see more Uearly this relation to a static problem, recall first from
Equation (2.2.29) that the deflection curve of the bar is a sine wave with n half-
waves. For n - kL/ir, this curve is given by sin kx. One half-wave of this
deflection curve, corresponding to the buckle shape of a simple pinned Euler
column, therefore occupies a distance from the left support given by

kx5 t M w

or

xat- 'v/k (2.2.34)

Using the definition k2 - P/El, this relation gives

- .2EI
P -r2E (2.2.35)

xst

This is identical to Equation (2.2.16) for the static buckling of an Euler column of
length x.t under the load P.

The dynamic equation also demonstrates the statement made in Section 2.2.2
that loads greater than P, "r 2El/L 2 give unstable motion. This follows from the
observation already made that the motion is unstable if the coefficient of q% in
(2.2.33) is negative, that is, if

n -r2 k2 < 0 (2.2.36)
L2

Since k2 - P/E1 is positive, this quantity is most negative for n - 1. Using n - 1
in Equation (2.2.36), the left-hand side is negative for all P > vr2EI/L and the
motion is unstable as previously stated.

For the dynamic problems of present interest here, P > > , 2EI/L 2 and many
modes are unstable. Thus the mode numbers o! the buckling modes are very high
and the wavelengths of the buckling are so short that the total length of the bar
becomes relatively unimportant. In fact, in experiments to be described later,
dynamic buckling is produced by impact at one end of the bar and, because of the
finite speed of axial wave propagation, buckling occurs before any signal is received
from the opposite end. In this problem the total length of the bar has no
significance at all. We should thereforo seek a characteristic length other than the
length of the bar. Because the nature of the motion changes at the static Euler
wavelength xt - u/k, it is quite natural to use 1/k as the characteristic length in
the x-direction, along the bar. Similarly, it is natural to normalize lateral
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deflections with respect to the radius gyration r of the cross section. The ratio
between these lengths is a significant parameter and will be denoted by s:

- -r2  -P (2.2.37)C2 " Ar El

Thus the wavelength of the buckling varies inversely with the square root of the
strain e due to the compressive load P. This will be discussed more fully later.

To incorporate these lengths into the equation of motion, we introduce the
dimensionless variables

W kx- , S- t (2.2.38)
r r r

With these variables, Equation (2.2.25) becomes

w"" + w" + W - Wo (2.2.39)

where primes indicate differentiation with respect to e and dots indicate
differentiation with respect to i'. Boundary conditions (2.2.28) become

w-w"- O at f-0 and " r " L (2.2.40)
g

and the product form of solution is now expressed by

w(e,r) - g•, $(T) sin (2.2.41)

Similarly, the initial displacements are

W W(f) a. sin (2.2.42)I n-I

where

a. WO( sin de (2.2.43)

A wave numbersq is introduced by

n'2 •t- T(.2.2.44)

-= MW
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and finally (2.2.41) and (2.2.42) are substituted into (2.2.39) to give the equations
of motion for the Fourier coefficients 50 (j):

in + 012 (702 - 1)g. _ q2a. (2.2.45)

This equation corresponds to (2.2.33); in the new notation, the transition from

hyperbolic to trigonometric solutions occurs at q - 1.

The general solution to (2.2.45) is

an
.(") Cncosh pn" + Dn sinh pnT 1 -2 for 'q < I

(2.2.46)an

gn(')- C. cos pn + Dn sin pnr - for q > I

where

tLPA- ,l1- i2I|/2

These equations are substituted into (2.2.41) to obtain the general solution for the
lateral displacement.

w r ~cosh pnr + Dn sinh pni a 2 sin nr
n-I 1 2- •j

(2.2.47)

+ j_ C cos Nr + Dn sin sin nwfn-N+l

where N is the largest integer for which q• < 1.

The bar is assumed to be initially at rest. Also, recall that w is measured from

the initial displacement w., so the initial conditions are

wQ(,O) - ,(J,O) - 0 (2.2.48)

Applying those to (2.2.47) yields D. - 0 and Cn - an/(1 - Qi2). The final solu-
tion is then

SI- a. cosh
a) 2 O -os pr Ii sin (2.2.49)

____________________________
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in which the hyperbolic form is taken for 7? < 1 and the trigonometric form for
•> 1.

2.2.4 Amplification Functions

Equation (2.2.49) shows quantitatively the exponential growth of the buckling
terms. The ratio between the Fourier coefficients a. of the initial displacement and
the coefficients 8n(r) in the buckling bar will be called the amplicationfunction and
in this problem is given by

G()- ( .r'). _1 cs (2.2.50)a. 1 712 cosh

A plot of this function, treating q as a continuous variable, is given in Figure 2.3
for several values of dimensionless time r.
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FIGURE 2.3 AMPLIFICATION FUNCTION

It is apparent that, as time increases, a narrow band of wavelengths is
amplified having wave numbers centered at somewhat less than q - 1. To find the
wave number of the most amplified mode for late times, we differentiate (2.2.50)
for •1< 1.

doq 2 (1 2Qq2) 1 (cosh p,7 -- 1) (2.2.51)dvq-T 2,,2(1 - 1?2)2 pn'r sinh P2i + (1- ,32)2

• •.•~~~~ __•_______,___'..-•
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Setting this to zero yields

I 1 cosh p n" - 1 (2.2.52)1 --- •(..2
27 2 pn" sinh pnj

For times large enough that significant amplification. is occurred, cosh p,,r - I =
sinh pry and (2.2.52) is approximated by

l p1- (2.2.53)

To a lesser approximation, far large r such that pir >> 1, the wave number of
the most amplified mode is therefore

I•cr• 72 0.707 (2.2.54)

Using this to obtain an estimate for Pr " mr(l -(I I) 1/2 1 1/2, a bettex esti.
mate for ,c, from (2.2.53), is

•2..• J.L..(2.2.55)

For example, at " - 6, Equation (2.2.55ý gives qr - 0.866, which is about 22%
larger than the value in (2.2.54). At " - 10, the estimate in (2.2.54) is only about
12% low. Thus, for practical purposes, the wave number of the most amplified
mode can be taken as n. 1/- 11 . This will be called the "preferred" mode of
buckling. The corresponding waveaength is found from

*Ijof-" 21r , or Cp • )Lp 2w-/ (2.2.5b)

In dimensional units, from (2.2.38), this length is

xP- . r 2w-" r - 8.88 r/,/ (2.2.57)

A graph of the maximum amplification plotted against r is given in Figure
2.4. Beyond r - 4, growth is very rapid; at r - 12 initial imperfections are
amplified by more than 400. These results suggest that a bar under very high
compression will buckle into wavelengths neat 8.88 r/,r at nondimensional times
between 4 and 12. Better estimates for critical buckling times are given in succeed-
ing sections.
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2.2.5 Dyamic Elastic BucklvIn Under Eccstric Load

As an example, consider a bar eccentrically loaded as in Figure 2.5. For this
problem, the initial shape of the bar is taken as

W.(W - 8/r O 0(2.2.58)

L 0,

P M-IfiL
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FIGURE 2.5 ECCENTRICALLY LOADED BAR
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This initial shape is expanded into the Fourier sine series

Wo() i a. sin nir (2.2.59)
n-i

The coefficients are found by using formula (2.2.43), which ields

48
a. -- 4 n oddnwr

an - 0 n even (2.2.60)

From (2.2.49), the buckled shape is given by

- f 1 12 cosh pr I1 sin (2.2.61)

To evaluate this sum, recall that

n .r 2w
1a-for n odd, iq (2.2.62)

Then

48 48 ,48 1 2 W - 28 A7) (2.2.63)
nwr výr -r' 2rW wr'q

and (2.2.61) can be written

wzr" -3 . ( I [ s - I sin 71 All (2.2.64)Wr n-1, Q 7)) osh

If we assume that the bar is very long comparfd with the wavelengths of the buck-
ling, q-, diq and iq can be treated as a contiruous variable. The sum (2.2.64) can
then be replaced by the integral

1 1I w4••')-- 2_8.1 cosI

Swr •(l " ) co Pst, - 1 sin -qfd7l (2.2.65)

This is merely a plausible argument, but the result is correct, as can be confirmed by using a Fourier
integral representation from the start. Converting irom a sum to an Integral here can be done because
the runction multiplying sin if in the integrand de's off for large q such that there is no dilMculty with
sin ,7f oscillating in the interval A -- 2w/I. For a more rigorous discussion see Reference 8.
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A plot of the function

S( I -Cosh p - IJ (2.2.66)

in the integrand is given in Figure 2.6 for 7- 6. To obtain an approximate analyt-
ical expression for the integral in (2.2.65). we replace this curve by the triangle of
height A in Figure 2.6, where A(T) = f(1/.V T, T). Then

28 ~28A(T)w( ,Q-) -2 A(,r)q sin qdvl - (sin q- 7 cos q) 1irr 0 irrf2,

28A (r) (sin f cos f (2.2.67)
s.rr I

where

A() [ 1 [cosh r/2 - 1 (2.2.68)
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FIGURE 2.6 FOURIER COEFFICIENTS (transform) OF BUCKLED SHAPE

The function

W(Q) (sin • - • cos •) (2.2.69)

which gives the approximate shape of the buckling bar, is plotted in Figure 2.7.
The wavelengths between peaks are slightly greater than 21" near ihe support and
approach 2wr away from the support.
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This discussion gives an estimate for the buckled shape of a bar under ideal-
ized eccentric thrust and also shows how the amplitude of the buckled form grows
with time. Specification of a criterion for failure by dynamic buckling, however,
depends on the particular structural problem at hand. For example, if the bar is a
push rod used to measure rapid displacements, large deflections within the elastic
limit could constitute failure. If a rod is used as a hammer, however, large dis-
placements are probably not objectionable so long as thl motion remains elastic and
the rod returns to its initial shape.

W(C)a (-(zmnc-ccosc)

0.4

0.2

2v 4w6

- 26- 5733-t2

FIGURE 2.7 APPROXIMATE BUCKLED SHAPE OF BAR UNDER
SUDDENLY APPLIED ECCENTRIC LOAD

To give a concrete example, let us calculate the duration of load application
required to produce a combined bending-compression stress equal to the yield
stress. The maximum bending stress occurs at point B in Figure 2.7 where the cur-
vature W" - -0.235 and is a maximum. In general, the compressive bending
stress in the inner fiber, for a rectangular bar of height h, is

Mhcb 12 Eh A8y Ehs' Srw vr•Es 2w" (2.2.70)

2 ax2  2 r

Using (2.2,67) with W" - -0.235 and the time variation from (2.2.68), the bend-
ing stress at B is

orb .3- Es 2 28A(T) (-0.235) - -0.7328--crc[cosh (2) -i1 (2.2.71)
wrr r 2

where aoc is the compressive impact stress.

The threshold of buckling is defined by the total stress Ub + ac reaching the
yield stress ary. With Ub from (2.2.71), this condition gives the following relation
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between the compressive stress crc and the time T, at which first yield occurs:

-I 81
I+0.732- 1 cosh (22.2oay r 2

A graph Of T,, versus a-,/ ay from (2.2.72) is given in Figure 2.8 for several
values of eccentricity 8, with 8 expressed in terms of depth h of a rectangular bar
for later comparison with experiment. The values chosen range over an order of
magnitude, from 8 - 0.00316 h to 8 - 0.0316 h. The mid-value 8 - 0.01 h is a
representative value found from static experiments, as given by Equation (2.2.22).
We shall see that the dynamic buckling experiments described in Section 2.2.10
suggest that the static data do indeed give equivalent imperfections in the appropri-
ate range for the dynamic problem.

Also given in Figure 2.8 is a curve of the amplification G. [from (2.2.50) with
7~-1/42I-1 required to produce first yield for an eccentricity 8 - 0.01 h. Similar

curves for 8 - 0.00316 h and 8 - 0.0316 h are omitted for clarity. This curve
shows that, for small values of impact stress, the amplification must be very large
to produce yield because the bending contribution must be larger and because the
wavelength of the buckling is longer. Under these conditions, depending on the
practical application, larger buckling deformations may constitute buckling before
the yield stress is reached, thus placing an upper limit on T,,,. However, with the
yield definition of buckling here, r,, approaches infinity (as does the length of the
bar) as P approaches zero.

At the other end of the curves, as the impact stress approaches the yield

stress, the amplification required to produce first yield is quite small (less than 10I
* for arJ ay - 0.9). Also, in a real material the yield stress is not sharply defined
* and, more important, the tangent modulus begins to fall rapidly as the material
* yields so the elastic modulus in the present buckling formulation is inappropriate.

Thus, application of the curves in Figure 2.8 has little meaning for real materials

Section 2.3.

* To obtain a physical interpretation of the curves, we observe that ii physical
units dimensionless time T~ corresponds to the impulse of the applied load. Thus,
from the definition Of T~ in Equation (2.2.38), this impulse is

Pt Ar(2.2.73)
c
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and the critical impulse that causes first yield from buckling is

'cr - A Cr (2.2.74)
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Also, the applied load can be expressed by

P - o~ -A~YIc J(2.2.75)
Thus the curves in Figure 2.8 can be interpreted as giving the combinations of load
amplitude P and load impulse I that produce threshold buckling. Load points above
the curves give more severe buckling, while load points below the curves give no
permanent buckling deformations. We shall see in Section 3.5 that amplitude-
impulse curves of this type can be applied to more complex structures, such as a
cylindrical shell under lateral pressure.

2.2.6 Dynamic Elastic Buckling with Random Imperfections

Another form of imperfection, more uniquely concerned with the dynamic
problem, is suggested by experiments to be described later in which a large collec-
tion of rubber strips were buckled over a wide range of dynamic thrusts. It was
found that the strips buckled into wavelengths that varied randomly at each thrust,
with a mean and standard deviation both inversely proporti..nal to the square root
of the thrust as suggested by Equation (2.2.57). These results are consistent with
the assumption that random imperfections in the strips are amplified by the buck-
ling motion. Thus the resulting buckled form, although still random, has statistics
determined by the buckling amplification function given by Equation (2.2.50) andin Figure 2.3.

Several methods of representing a random function have been described by
Rice 9 in the study of filtering electrical noise. In the electrical problem, the func-
tion represents the variation of current with time, I - I(t). In the buckling prob-
lem here, the random function represents the variation of lateral displacement with
distance along the bar, w - w(). Thus there is an analogy between the two prob-
lems, with electrical current being associated with mechanical displacement, and
time in the electrical problem being associated with axial position in the mechanical
problem.

In the electrical problem, a noise signal lo(t), having Fourier components
an(Con), is fed into a filter having an attenuation characteristic F(R&). The output
signal is 1(t), having Fourier components A.(oa.) - F(w.u)a.(w.). In the
mechanical problem, the "input" is the initial displacement w(f), having Fourier
components a,(q), and the "output" is the buckled form w(f), having Fourier com-
ponents Sn(,q) - G(,, ') an(q). Because the mechanical problem contains one
added variable, time r, the amplification characteristic also depends on time as indi-
cated by Gn(r) in Equation (2.2.50), which is denoted here by G(-", i"). However,
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at each instant the analogy is quite close. The only difference is that in the electri-
cal problem the process is stationary, that is, the current. continue indefinitely in
time and the statistics are taken to be independent of time.

In the buckling problem, the boundary conditions at the ends of the bar must
be met so the statistics depend also on the position e, the variable analogous to
time. If the buckle wavelengths are very short compared with the length of the
bar, however, one would expect that some distance from the end of the bar the
effect of ý diminishes and the assumption of stationary white noise would be
acceptable. With this assumption the two problems are completely analogous and
all the theory available for the electrical problem can be used here.

It is not necessary to assume that the random imperfections are stationary;
this assumption merely makes the mathematics simpler. Before this is done, con-
sider a random form of imperfection that does satisfy the boundary conditions of
simple supports at • 0 and R " Q. These imperfections are given by

Wo( - an sin qf (2.2.76)
n-I

in which N will be specified later. The coefficients an are random normal, having
mean value zero and standard deviation o'(q). The normal or Gaussian probability
distribution is shown in Figure 2.9. If it is further assumed that o. is constant over
all wave numbers of interest, then Equation (2.2.76) is called (nonstationary) white
noise. For w,(e) to remain bounded, or must ultimately die off for large q. Since

W" STANDARD DEVIATION

-4r -3v -21r -V 0 a 2ir 34V 4r
an

Um- 5731-14

FIGURE 2.9 ASSUMED NORMAL DISTRIBUTION OF FOURIER
COEFFICIENTS OF INITIAL IMPERFECTIONS
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our central concern is in the buckled shape w(j) after the Fourier coefficients have
been amplified by G(,q ,rt), and Figure 2.3 shows that for q > 2 the amplification is
very small, harmonics with q1 > 2 can safely be neglected. Thus, in the initial
deflections given by (2.2.76), we merely specify that w'(,I) dies off in some
unspecified manner for qj > 2 and is constant for 0 < q 4 2. This is the usual
assumption justifying the use of white noise as a filter input.

Since the concept of white noise can be applied only when associated with a
process passing a finite band of wave numbers, we must defer any examples of ran-
dom functions until after the amplification function with its inherent cutoff has
been applied to give the buckled shapes. This function, repeated from Equation
(2.2.50), is

1 Cos
- 2 CoSh P(y),' - 1 (2.2.77)

where

p ()- - ,2lI2

and the hyperbolic form is taken for q < 1. The buckled form is given by

w ') a-• G (-, ,r) sin -qf (2.2.78)
n--i

where N is the largest value of n for which 9 < 2.

With a cutoff characteristic now applied, we can give examples of the func-
tions characteristic of buckling from random imperfections. Figure 2.10 gives two
examples of buckled forms calculated from Equation (2.2.50) using a length 2 -
50w, which is 25 complete Euler lengths and very long compared with the highly
amplified wavelength X, -2. r corresponding to -q - 11/2. With this choke for
R, n - 100. The procedure was to select 100 random numbers from a population
having a Gaussian distribution as in Figure 2.9, with v - I. These were then used
as the coefficients a. in Equation (2.2.77) and the summation was taken over 100
modes, corresponding to 0 < -q 4 2. Hilger harmonics would have h., a negligi-
ble effect as already mentioned because of the rapid decrease of G(q,)•,) with -q for
s>2.

In each example in Figure 2.10 (i.e., for each set of 100 randfnt coefficients),
the buckled shape is plotted atr . - 4 and - - 6. In both examples, there are more
crests (waves) at -r - 4 than at r - 6 because of the shift In the peak of the
amplification function in Flgure 2.3 fromq Il- tt- - 4 to -q 0.8 at- 6. At

-. -:
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still later times, little further ebange in the number of crests would be expected
because, as discussed in Section 2.2.4, the point of maximum amplification does not
shift below v - 1/ - 0.707.

Another feature exhibited in these examples is typical of buckled forms from
white noise: although they consist of a random assemblage of harmonicd, they exhi-
bit a surprisingly regular pattern of waves. The average wavelength of this pattern
depends, of course, on the region of amplification defined by the amplification
function. In fact, an amplification function that is square in shape, constant for 'Q
< 2 and zero for q > 2, would give a wave pattern similar to those shown in Fiig-
ure 2.10. This is exactly the waveform of the iWperfection w.(Q) corresponding to
the computational procedure used in generating the curves in Figure 2.10, but it in
not the waveform of the "actual" imperfection, whose Fourier components do not
cut off abruptly at q - 2. This is the reason that numerical examples had to be
deferred to the discussion of buckled shapes; any specification of a cutoff
wavenumber already implies filtered noise.

-2- EXAMPLE I

; ~~0 ON•__ A /.,^ " A r
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-I ____ __ _ __ __ _ __ __ _ _\_

2

-- )-2- DI•
EXAMPLE 241 : T,4 AA A,-

0 a 20 10 40 so so 7 0so 0
" C 6C46?SO-flS

FIGURE 2.10 TWO EXAMPLES OF SUCKLED FORMS
MOM RANDOM IMPERFECTIONS



The only way of quantitatively describin buckled shaps such as in Figure
j 2.10 is to give statistics of the features of interest. Tlhe most easily measured quan-

tity in experiments is the buckled wavelengths, so statistics of wavelengths will be
calculated for later comparison with experiment. Direct calculation of these statis-
tics is beyond the means of currently available analysis, except for a special case to
be given later. Instead, the statistics are calculated by the Monte Carlo method; a
large sample of random buckled forms is generated numerically by the procedure
just described, and the resulting data are plotted directly in the form of a probability
distribution (histogram) for the feature of interest.

To determine the distribution of wavelengths, we calculated 65 random buck-
led shapes as in Figure 2.10, each with a different set of 100 random values for an.
Wavelengths in each buckled shape were then measured for " - 6, and the histo-

gram in Figure 2.11a was prepared. The wavelengths were measured between alter-
nate zero crossings for the first three waves from the support 0 - 0, not counting
the support as a crossing. Separate histograms were also prepared for the first,
second, and third waves individually. No significant differences were found, indi-
cating that the end support does not seriously affect the wavelengths even a small
distance from the support.
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FIGURE 2.11 THEORETICAL AND EXPERIMENTAL HISTOGRAMS
OF BUCKLED WAVELENGTHS
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Many more computations would have to be added before this would approxi-
mate the probability distribution, but the main features of the distribution are
apparent. The mean wavelength is km - 7.4, which lies between the Euler
wavelength k, - 2w - 6.28 and the "preferred" wavelength Xp - 21r AF - 8.88,
as shown. The standard deviation of the wavelength is or,% 1.7 and the ratio of
standard deviation to mean wavelength is •r•/.,m - 0.23.

Figure 2.1 lb gives a histogram prepared from experiments on about 50 alumi-
num strips buckled under axial impact as described in Section 2.2.7. The mean
value of the buckled wavelengths is somewhat larger than in the theoretical histo.
gaim (k.n - 9.5 compared with X, - 7.4 in Figure 2.lia), and the spread in
wavelengths is somewhat smaller. The narrower spread possibly results because
part of the initial imperfection was in the form of an ccentic impact, which tends
to produce a fixed wavelength as described in Section 2.2.5. However, the general
features of the observed distribution are adequately represented by the white noise
theory. More extensive experimental examples are given in Section 2.2.9.

An andytical expression for the mean wavelength directly in terms of the
amplification function G(-q, v) can be given if it is assumed that the buckling dis-
placements are stationary, i.e., if the end conditions are nelected as discussed ear-
lier. With this assumption, the initial imperfections can be represented by statkla-
ary white noise as follows:

W. a. sin (i)C + *b) (2.2.79)
n-I

This form is similar to Equation (2.2.76) except that here the Fourier components
are added in random phase, with the phase angles 4. uniformly distributed (with
equal probability) in the interval 0 4 #. 4 2w. The buckled displacements are
then

N
I aG(qC ,r) sin (,qE + #5n) (2.2.80)
n-I -

With the standard deviation of a. constant, it is reasonably simple to demonstrate 9

that the mean wavelength between alternate zero crossings in the buckled form is

2/2

••(r) 2w 2 o02l06 (2.2.81)
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No analytical expression has yet been found for the sanudard deviation of
wavelengths, even with the stationary procras assumption (Slepian'0 diccusses the
status of this perennial problem in information theory).

For the complicated G(,q, v) in Equation (2.2.77), no closed form expressions
for the integrals in Equation (2.2.81) were found. Instead, the integrals were
evaluated numerically over the region 0 < -9 < 2 of significant amplification for a
sequence of values of r. The resulting mean wavelengths are plotted against - in
Figuie 2.12. The mean wavelength increases monotonically with -r, but in the

* region r > 6 of significant amplification (see Figure 2.4) the increase is very small
* At r - 6, Figure 2.12 gives X " 7.4, which is the same result found in Figure

2.11 for buckles satisfying the pinned end conditions. Also plotted is the
wavelength corresponding to the most amplified mode, given approximately by
Equation (2.2.55) for large r. The mean and most amplified wavelengths are very
close together and have very nearly the same variation with r. For large -r, both
approach the preferred wavelength kp - 2v 4/2.
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These results suggest that, if it is reasonable to assume that random imperfec-
tions are present in a bar as described, then the bar will buckle over the entire
compressed length, and the wavelength of the buckles will be reasonably well
characterized by the preferred wavelength X p = 2w -,ff. To calculate a threshold of
buckling, one can make the simplifying assumption that the motion consists of
response in only the preferred wavelength, with an assumed single equivalent
imperfection at this wavelength. This will now be done.

As in static buckling, imperfections can be divided into two types, one type
having amplitudes proportional to the thickness of the bar and the other having
amplitudes proportional to the wavelength of the buckling. In the following, both
types will be considered and it will be shown that the resulting critical times Tcr for
buckling do not depend strongly on which type is assumed.

We treat first imperfections having amplitudes proportional to the buckle
wavelength Xp and denote the coefficient of this Fourier component by Ap, in phy-
sical units. Thus we assume

Ap - Lp (2.2.82)

where LP is the preferred half-wavelength (the buckled shape of an Euler column)
under the applied load P, corresponding to a half-wavelength p/2 in dimensiona-
less units. In dimensionless form these quantities, using (2.2.38), are expressed by

ap M Lp I T sLP V -- 2wv (2.2.83)
r 2 r

and the imperfection is now given by

aP -- . (2.2,84)
s 2 s

The criterion for buckling is taken as in Section 2.2.5 on eccentric impact; a critical
time rcs is determined such that the bending stress pius the direct stress due to P
reach the yield stress.

The bending stress, from Equation (2.2.70), is

Mb - 4/3 Es'W" (2.2.85)

The idealized buckled shape is simply a sine wave, given from Equations (2.2.77)
and (2.2.71) as

W( ,7) [cosh p(qp,)- - 1]sin pf (2.2.86)

' -- I"

" - . . .. 4
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with Wp - I/42. Differentiating (2.2.86) and substituting ihe result into (2.2.85)
gives the peak bending stress, at sin qlf - 1, as

ob- 413 EsP' P cosh j- - 1 (2.2.87)

which, using a. from (2.2.84), becomes
T

C -b wI J6 PEs cosh 1- (2.2.88)

Finally, we use s- CrC/E and the buckling criterion C'b + arc a. to obtain

P-- I'w cosh - - 1 (2.2.89)

This equation is the counterpart of Equation (2.2.72) for buckling from eccentric
impact. An essential difference is that here the critical curves for buckling depend
not only on the imperfection amplitude P but also on the yield strain a.. This
results from taking the imperfections proportional to the buckle wavelengths.

Curves of -r, versus orc/ cry from Equation (2.2.89) are given in Figure 2.13
for Ey - 0.005, a representative value for engineering metals. Values of P are
taken from 0.0001 to 0.001, corresponding to the range of imperfection amplitudes I
observed in static buckling as given in Equation (2.2.23). The curves are quite
similar to those in Figure 2.8 for eccentric impact except that the critical times rer
change more slowly with ar c/ay (i.e., the curves are more nearly horizontal for
intermediate values of u, o/ry). Also, Tcr does not shoot up to very large values
until orc/ asy is very small. These observations can be made by comparing the solid
curves (imperfections proportional to wavelength) with the dashed curve (which
has the same functional form as in the curves for eccentric impact).

Critical buckling times for imperfections proportional to the depth of the bar
are found, in essentially the same way. The equivalent imperfection amplitude in
the preferred mode is then given by

A r (2.2.90)

Using this in place of Equation (2.2.82) and applying the same procedure as for
imperfections proportional to wavelength, the expression for r":, becdmes

"I + [ , osh -1 (2.2.91)

190 1
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This is exactti the same functional form as found for eccentric impact, with the
constant O.7? 2 8/r replaced by %f7, - v3AAp/r. Again, cr, depends only on
(T,/ cr and cot on the magnitude of the yield strain ey.
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As for imperfections proportional to wavelength, we take as estimates for vY
the values found appropriate in static buckling. For a rectangular bar of depth h,
the static empirical formula (2.2.24) gives the conservatively large value Y - 0.1
r/(h/2) = 0.058. In Figure 2.13 the dashed curve is a plot of Equation (2.2.91) for
a somewhat smaller value (-y - 0.0346, corresponding to Ap/h - 0.01) to give an
intermediate value for comparison with the solid curves. This comparison shows
that the values of T cr calculated for either type of imperfections (with representative
values for both taken from static buckling) give very nearly the same result. More
impoatant, as we shall see in the next sections, these curves co-,oare favorably with
observed thresholds of dynamic buckling.

2.2.7 Framing Camera Observations of Dynamic Elastic Buckling

In practice, the most directly applicable physical problem for the preceding
theory is the impact of a long bar against a rmassive object. We consider that the
bar is originally stress-free and moving toward the object with velocity V as shown
in Figure 2.14a. Since to a good approximation the object can be considered a rigid
wall, on impact the left end of the bar immediately comes to rest. Adjacent parti-
cles to the right come to rest later as a stress wave of magnitude or propagates to
the right at the bar sound velocity c. When the stress wave has passed a distance
x, into the bar, the impulse applied by the end load at the rigid wall must be equal
to the initial momentum of the length x, brought to rest by the stress wave. This

V

I v(a)

t c (b)
xI

GA-M733-17

FIGURE 2.14 AXIAL STRESS WAVE IN A BAR IMPACTING
A RIGID WALL

I
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condition is e ipressed by

oA • pAx. V

or

a- pcV (2.2.92)

This situation is conveniently produceJ experimentally by using a tensile test-
ing machine. I I The initial velocity V is produced by first pulling the bar to a tensile
stress cr. Befor( the tension is applied, a notch is filed in the bar near the upper
jaw with its depth ad4Justed so that fracture occurs at the notch when the stress in
the remainder of the bar is near the desired stress o. After fracture, a (compres-
sive) relief wave travels down the bar at velocity c, leaving the bar stress-free
behind the wave and traveling at velocity V - ao/pc by the same argument just
made for axial impect. When the wave arrives at the lower jaw it reflects, again as a
compressive wave. Since the bar is completely stress-free and traveling at velocity
V at the instant of this reflection, Equation (2.2.92) can be used, giving a compres-
sive stress equal to the initial tensile stress a. In reality the stress rises to this
value in a finite time comparable to the time for stress waves to cross the bar and
communicate the notch fracture to the full cross section.

An example1 2 of a strip buckled by this procedure is given in Figure 2.15.
The strip is made of aluminum alloy 6061-T6 with a 0.5 by 0.0125-inch (12.7 by
0.32 mm) cross section and a length of 30 inches (726 ram) between notch and
lower jaw. The photographs show only a few inches of the strip just above the
lower jaw. The magnitude of the compressive wave was api.roximately 40,000 psi
(276 MPa), between 10% and 20% below the yield stress. It was photographed by
an ultrahigh-speed framing camera at a framing rate giving 6 microseconds between
frames.

In the figure, at 18 As after the arrival of the compressive wave, the strip
appears straight, but careful measurements show that it is slightly buckled even at
this early time. At 24 A~s the deflection is perceptible in the printed reproduction
here, and at later times the developing buckles are clearly visible. All the buckles
remain nearly fixed in position and merely grow in amplitude, just as in the ideal-
ized eccentric impact example. The lowermost buckle continues to grow
throughout the time shown, but the upper buckles oscillate beyond 70 As because
the very large deflection of the lower buckles reduces the thrust by allowing the
remainder of the bar to move toward the jaw. The rapidity of the buckling is
demonstrated by the lateral velocity of the crest of the lowermost wave, measured
to be 75 ft/sec (23 m/s). The wavelength of the lower buckle is about 0.47 inch
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TOTAL LENGTH 0.0125" THICK BY 0.5" WIDE
30.0 OF STRIP x 12.7 mm)
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FIGURE 2.15 ALUMINUM STRIP BUCKLING WITHIN A 40,000-psi (276 MPa)
AXIAL STRESS WAVE

(Time measured from compressive reflection at lower jaw)

(11.9 mm), very close to the value of 0.50 inch (12.7 mm) calculated for the pre-
ferred wavelength X ,P from the theory.

2.2.8 Streak Camera Observations--Effects of the Moving Stress Wave

The theory, of course, is not strictly applicable to the impact 'problem because
it assumes that the thrust is uniform throughout the length of the bar. In impact,
the thrust is applied by the moving axial stress wave, and at each instant only the
distance enveloped by the wave is under compression. To observe possible effects
of this moving wave, and also to observe early exponmntial buckling growth as
predicted by the theory, we used another experimental arrangement" to amplify
recordings of the tiny early motion. Instead of the buckling being observed directly
in an edge-on view as in Figure 2.15, the strip was polished on one side and the
reflected image of a series of light sources was viewed with a streak camera as
shown in Figure 2.16. The shift in position of the light source is proportional to
the product of the small change in slope of the strip at the point in which the image
forms and the distance between the light source and the strip. With this method,
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FIGURE 2.16 OPTICAL LEVER METHOD OF OBSERVING
BUCKLING SLOPE

deilections of the order of 50 millionths of an inch (1.3 j~m) Were eaai,' resolved,

and the exponential growth was observed.

A plot of peak displwaement versus time [assuming the buckle was a simple

Sine wave at the obse,,ved 0.65-inch (16.5 mm) wavelength) is shown in Figure

2.17 for one such experiment. The magnitude of the StreSS wave int this experi-

ment was approximately 30.000 psi (207 MN.), and the cross setiono t0 aumi

num. strip was 0.50 by 0.01 16 inch (12.7 by 0.29 mm). The experimenta points awe



47

S0 1 2 3 4 5 4
1.0 2. .4

"(DEFLECTION PLUS
"IMPERFECTION)

A* A0 11 + gp W) 12.70

7.62j
w 0

0 (DEFLECTION ONLY) E

52.54us 2- J
0.05 1.27

0 5 10 15 20 25 30
TIME FROM PASSAGE OF AXIAL WAVE - Ps IGA-ISTM3- UA

FIGURE 2.17 EXPERIMENTAL (POINTS, FOR DEFLECTION ONLY) AND
THEORETICAL (CURVES) SUCKLE AMPLITUDE VERSUS TIME
(MATCHED AT 22 t)

peak displacements A(t) measured from the initial (idealized) displacement A,.
The lower smooth curve passing through these points is a theoretical curve calcu-
lated under the assumption that the growth is adequately represented by the pre-
ferred mode. Taking qP M I/,42 in Equation (2.2.50), the amplitude of this mode
is

A (r') - 2Ao [cosh (r/2) - 11 (2.2.93)

Using a - 0.003, c - 0.20 Inch/,us (5 mm/las), and r - 0.0116/141 inch (O.S
mm) in Equation (2.2.38) gives r - 0.18 t, with t in jts. The Fourier coefficient
A, of the equivalent initial imperfection was adjusted to 9.1 x 10-3 inch (2.3 am)
to fit the experimental data as shown. The upper curve is the ,alculated total
amplitude A, + A(M).

4 - - - -• -. ,-.
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This experiment demonstrates that the observed buckling consists of
exponential growth that can be calculated quite adequately by the simple theory.
The simple uniform thrust theory is adequate, even though the thrust is applied by
a moving stress wave, because the stress wave has moved a large distance along the
bar before significant buckling displacements appear. For example, in Figure 2.17,
the peak amplitude of the buckling is only about 0.001 inch (0.03 mm, giving a
bending stress of 4600 psi (32 MPa), well within the elastic limit) at 30 As after
passage of the axial stress vave. At 30 As the stress wave has propagated about 6
inches (152 mm) along the bar, about 10 times the observed wavelength of 0.65
inch (16.5 mm).

However, the high magnification of the optical lever did reveal that the axial
impact produced very high frequency bending vibrations superimposed on the buck;
ling motion. On the original streak camera record, an oscillation was observed
having a period of 3.1 As (320 kHz) and a peak-to-peak amplitude of about 5 x
10-6 inch (0.13 Am). The oscillations appeared to be a wave train propagating
along the bar from the impact at the lower jaw at a phase velocity of 0.075 inch/ps
(1.9 mm/ls), giving a wavelength of (0.075)(3.1) - 0.23 inch (5.8 mm). These
oscillations had little effect on the buckling, apparently because of this short
wavelength and because their period was so short compared with the buckling

motion (3.1 As corresponds to Ar - 0.55). Thus we can conclude that effects
dependent on the moving axial stress front had a negligible effect on the buckling.

The argument concerning the distance the axial stress wave has traveled dur-
ing the buckling motion can be stated analytically. From the theory, we have seen
that whether we assume the imperfections arm local in nature, as in eccentric
impact, or consist of a general random form of imperfections, the wavelength of
the Pt~ckhs is always qte close to tbe wavelength Xv - 2w -4, of the preferred
mode. Also, the magnification of the buckling motion depends only on r, all other
essential parameters having been inciuded in its definitioiL It seems reasona to
assume that effects of the axial stress wave will be small as Ions as significant
magnification takes place only after the axial wave has passed several buckle
wavelengths along the bar. Without specifying a numerical value, we assume that
the buckled form is unalterably determined (e.g., the buckled deformations are
much la•ger than the initial imperfections) at a critical time -r,. Using the
de&tition " in EqUation (2.2.38) gives for the corresponding real time

t-- (2.2.94)

Thme w-er observed on all t&N experiments performed.

A 1
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Real time t can be expressed in terms of the number N of preferred wavelengths LP
through which the axial stress wave passes at velocity c, giving

t-LpN . 2w.v/2r, N2.9)
c IN~ (2.2.95)

Putting this into expression (2.2.94) for critical time and using the definition of s in
Equation (2.2.38) gives

IN 1r (2.2.9%)

This suggests that the reasonableness of neglecting axial wave effects depends only
on the compressive strain of the axial thrust. In metals this strain is very small
within the elastic limit and, as we have observed, elastic buckling is adequately
represented by the constant thrust theory.

2.2.9 ExiPelnats on Rubber Sthlps--Statintlcal Obwysrtlons

Since Equation (2.2.96) suggests that axial wave front effects, if any, would
be more pronounced at large compressive strains, confidence in the theory would
be enhanced for metals if it could be demonstrated experimentally that the theory
is acceptable in a material that can withstand larg elastic compressive strains. Pure
sum rubber is such a material, and experiments have been performed using this
material to strains up to about 1S%.13

The apparatus for these experiments, shown in Figure 2.18, is very simple
and can be used for clmmroom demonstrations& A strip of pure Sum rubber 0.0375

FIGURE 2.18 APPARATUS AND TYPICAL RECORD FOR BUCKLING
RUSSER STRIPS

& "4 ___-J
•.,••,.•,-• • • ., . ... , - •:: -•
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x O.SO inch (0.95 x 12.7 mm) in section and about I foot (0.31 n) long was
looped over one end of a rigid support bar tnd scured by means of masking tape
as shown, with extra layers of tape wound above and below the rubber strip so that
its end was separated from the support bar and the cover bar. The cover bar is
shown above this assembly in the photograph. A strip of emery cloth has been
glued to it and saturated with chalk dust.

In an experiment, the free end of the strip was held between thumb and
forefinger, the cover bar placed over the strip, chalked side down and not touching
the strip, and then the strip was stretched to a specified strain and released. The
wrinkled strip impmd the chalk bar with sufflcient velocity that a weil-dolid line
was left on the strip at the crest of each wave, as shown. The polton of these
lines were easily irmsured to an accuracy of 0.01 inch (0.25 mm).

To examine the applicability of the random noise assumpton for imperfec-
tions, in addition to the applicability of the constant thrust theory, many experi-
meats were performed so that statistical distributions could be prept"ed. Figure
2.19 ges histograms of the masured wavelengths for several values of initial ten-
i elongation. These data were taken from tests on 18 I tris each tested at all the
ains, from smallest to brest stain in order to minize any perhtbatln

caused by the wrinkling of a previous test. Buckling at a strain greater than "5)% is
rather violent and leaves the strip'with a definite bias toward the corresponding
wavelength. The number of waves observed in each test varied from 2 to 3 at 3%
strain up to 12 at 16% strain. The same strip tested reptedly at the -IeNaln
gave an almost identical wave pattern each time, conuistent with our mathematical
model in which the inmperfections are assumed ranm but fixed for any given bar,
Data- from only the fr test at each strali were usd fotr the hiso•ams. Each his-
togran has a total of 65 observations so they can be compaed dirtly.

It is Significant that the jant shape of lal the bleemp Uste- and
that the ratio between the stad. devsitm - M m w e- a-a --constant
over the vsa•lte or art a siT. that
the statistics an theI"*I1vinss sad as sr thrult Pe in
mesus eniut It al e lle. Oit thOe- st.l fut he Pmfrrd MWas . srarn
teris&i. Of a mauatr1 woe1 s Ifý thesen O00W C~W $* h
distribution In P M2.-1-1, aetsau i . wfnoscnb

gOod decritio of the observed buckling.

To wpm t obervd waokaf Wtcomptreulst strain

reup" 4 ive arst the an" t ststrain is 061ed, s0f o fuin the be obtained
without refewem o 6ie f Io of p se ai-w P. It Is sufticiet to

V A " "i'ur-t.-d w b- .fl t:;7the.-y7
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assiume that the rubber behaves elastically so that the potential energ qtored in
prM" o equals the initial potentia energy in tension. Tensile stressstrain testsf

performed on sam*l shrips shwowed t*at true mtens was Hmsr with elongation out
to at least 100% with a Youag's modulus of 285 psi (1.97 MPQ. 'Thus the Initial
tensile force F in, the strip Is given by

]k At (2.2.97)

where A,,is the'unatressed crossectional ameof the strip and e R.W (-,)tis
the elongation. The initial stored energy at uniform tensile elongation 4 T is equal
to tho work done by do end fae FOO3

UT f F(z)-dz E AQ, ( E A.R, log(1 + eT) (2.2.98)

where z is in the position of the moving end of the strip. Sim~ilry, the comipres-
sive, energ store in the strip is

U,, -EA,4 s.10 -6.) (2.2.99)

expressed so that the compressive-strain c,, is a positive quantity. When these ener-
gies are equated, the copedestrain Is found to be simply

QTI
T (2.2.100)

+I

Furthe, the incrased thickness h fron the unstressed thickness be, assming the
rubris in-- esixe is

h -1(2.2.101)

The last corectilon to be madle asounts. for thew, wriis efs f~rnud at u aial
stain ao bu mmssre& hena the strip has r~unod to seto strain. The rato of tOe

obevdwavlength t~ to the wavelength while undar co~mprson Is, by the
1ilnOf .4

The wowlbth atthe uaot amwa~d mode is =b ow4Ieaw 1is

A-IM
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XP 2vAw. Using this with Equations (2.2.38) and r -h/VfO, the wavelength

of the most amplified mode while the strip Is under compression is

It 131.1 /2WA (2.2.103)

After the strip has relaxed, this preferred length would be elongated according to
(2.2.102). Using (2.2.103) in (2.2.102) with (2.2.100) and (22.101.), the elongated
length is given by

2 Pr -Ir ~1/ h, (2.2.104)

in Figure 2.20 the observed wavelengths of Figure 2.19 ate plotted against
this preferred length, the circld points giving the mean values and the bars exten-
ing one standard deviation above and below the circles. Tharinean values tail very
close to a straight line through the origin, and the ends of the standard deviation
busanar also closely bounded by straight lines. Thene observatios suggest that
Equation (2.2.104) gives the prowe florm ot' variation with strain. However, the

I ratio between observed and preferred wavelengths (the slope of tha line throuih
the circles is 1.70 here as compared with only 1.07 for the alumsinum experiments
given in Figure 2.11. This difference is attributed to strain-rate effects in the
rubber. If, for example, thesn efecs are lumped into an effecive dynamic
compressive moodulus k times the static tensile modulus, the preceding heory gives
a slope of 1.00 for k - 2.

Althougk the foregoing Interpretatin of tbp diucrepanmy between the alumi-
num and rubber experiments is somewhat, speculative, the smooth variation Of
measured wavelength with stran strongly Sppwtthe oclack*6n that latpra
motion immediately behind the axial-stres front hu&as" nelgbeffect on the wrin-
kit formation and that a constant-thrust-theory can betused with confidence. The
main effect of the traveling thrust is that the -duration of tbe ftbnt decrease as ow
moves away from the struck end, and this could easn* be, &puafted for by simply
assigning a different duration to each wrinkle. This concluslsq should also be appli
cable to more complicated strueturs, such as cylh&Wsalshell under pial Impact.
'For large ddgectlon It- mftl ado peWV 0"f -~r *to 04"Ges a MW thrus for
each wave, reduced' owing to latWa lelectioms in pmeding waves

2.2.14 bukling Thrshm a In Aboho Ss

To obtain estimates of equvlat lepdWeeon to be uad in estimtingf
thresholds of pulse buckling we ran expeImnwts on thin 606 -T6 Aluminum strip

ellI
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using a teisile testing machine as described previously. Tests were run on strips
,t 1/2 and 1/4 inch wide (12.7 and 6.3 mm) and 0.0124 and 0.025 inch thick (0.31

and 0.63 mm). The initial tensile stress (and reflected compressive stress) was
nominally adjusted to 0.4 and 0.7 times the yield stress of 42,000 psi (290 MPa) by
appropriately sized fracture notches in the strips. Duration of the thrust at the
lower jaw was varied by varying the length L between the notch and lower jaw, the
duration being 2L/c. For each combination of strip wid*k thickness, and compres-
sive stress, tests were run at increasing lengths until plastic buckles appeared.
These were observed by sighting down the shiny finish of the strips, a simple pro-
cedure with high resolution. The dimensionless time r, from its definition in
Equation (2.2.38), is

4cC 2L 2*eL
EcC L - e~L(2.2.105)

r c r

Figure 2.21 gives a plot from tests at many combinatio of axial stress and
duration, with open points representing tests in which no buckling was observed
and solid points tests in which- buckling was observed. The upper points (longer
duration, buckling) are all solid, and the lower points (shorter duration, no buck-
ling are nearly all open, as would be expected. At intermediate durations, buck-
ling and no-buckling points are intwihingled as t result of the random nature of the
imperfections. Also given on the same graph are theoretical curves similar to the
dotted curve in Filam 2,13 for asumed Imperfections in the preferred mode pro-
portional to strip thickness. The experimental transition band of intermingled
points bet.wen no buckling and buckling follows thd traed of the theoretical
curves, with equivalent imperfections in the experiments ranging from about 0.01
to 0.03 times the thkkan of the bar.

The most severe buckles Saneray appeared at the jaw or one plastic hinge
from the jaw, as would be expected because of the longer duration of thrust near
the Jww and the possibility of eccentric loading (me Figure 2.7). As often as not,
however, three or four plastic hinges were observed, suggesting that random imper-
fctios thomgomt the bar were at least as Importat a eccentric loadi•g. Buck-
ling a few wwAels awa how the jaw, of iurse, bad to take place in a
a t h• tus. Incre b equ l it imperftdons above those
impild tik PI=u 2.21. However, this effet is mmA biae the wavelength of the
Sis mWU cosumd with 21., as discussed in relation to Equation (2.2.96).
Thus we cam adois that random ImpWerectIons in thes twot were equivalent to

*TuV w Wis 'e at NOW tMU ck6es t swains the ebaf t of fr•ecus trms on buckfh It W"
IOWA**t a* Peaftb sWf ueufkibmLnns n.iU ad m b 1 vuwm Is
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FIGURE 2.21 OBSERVED SUCKLING COMPARED WITH
CRITICAL CURVES FOR IMPERFECTIONS
IN PREFERRED MODE PROPORTIONAL TO
STRIP THICKNESS

single imperfections in the preferred mode of 1% to 3% of the strip thickness. This
result can be used to calculate critical pulse loads in a variety of dynamic pulse
buckling situatiom, including buckling of plates and shells. This hypothesis is
confirmed by experiments on shells presented in Chapter 3.

I
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2.3 DYNAMIC PLASTIC FLOW BUCKLING OF BARS

2.3.1 Introduction

In the preceding theory and experiments, the axial stress was much greater
than the static Euler buckling stress, but was restricted to be less than the yield
stress so that the buckling was elastic before yielding at the crests of the buckles.
In thicker (or shorter) bars under axial impact, the time required for significant
elastic buckling is long compared with the duration 2L/c of axial compression at the
point of impact. In these bars buckling occurs only when the impact stress and
strain are well beyond the elastic range. In this section we treat the buckling of
bars that takes place during sustained axial plastic flow with final plastic strains from
about 1% to 30%, depending on the thickness of the bar.14

Figure 2.22 shows several 1/2-inch-diameter (12.7 mm) aluminum-alloy
(6061-T6) bars that buckled plastically during axial impact against a heavy steel slab
at the velocities indicated. Permanent shortening of the bars is shown by the rela-
tive positions of the impacted ends. Thickening extending several inches from the
ends is apparent for the higher velocities, and within this thickened length, there is
plastic buckling with a distinguishable wavelength, almost uniform, for all speci-
mens. Similar effects are shown in Figure 2.23 for 1/4-inch-diameter (6.3 mm)
bars and in Figure 2.24 for 1/2-inch-diameter (12.7 mm) tubes of another alumi-
num alloy (2024-T3).

Figure 2.25 shows a series of high-speed framing camera photographs of one
of the 1/2-inch-diameter (12.7 mm) aluminum (6061-T6) bars during impact
against a heavy steel plate. Buckling is first apparent at 11 ss and is complete at
243 jis. When the bar strikes the plate, a su'ess wave traveling, to the left is pro-
duced in the bar. The associated axial strain, obtained from the thickening of the I
bar, is shown in Figure 2.26. The lower curve in Figure 2.26, corresponding to the
110 - As view of Figure 2.25, indicates axial strains of several percent extending 3
inches from the impact end before buckling. The upper curve indicates that the
axial strain at each cross section increases with time during the buckling motion.
Axial flow ceases, at each cross section, upon the arrival of the elastic unloading
wave from the free end of the bar. Thus the total period during which some part
of the bar is in sustained plastic flow is the time required for the elastic wave to
propagate from the impact end to the free end and back to the impact end. For the
18-inch-long (0.46 m) aluminum bars described here, this is about 220 As.

Since the strain at each cross section continually increases, the buckling is
treated as a pet tubation of the motion associated with the axial compression. It is
supposed that the axial strain rate dominates the extensional strain rate introduced
by the bending motion; therefore, no strain-rate reversal occurs until after the
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FIGURE 2.22 ALUMINUM (6061-T6) RODS BUCKLED BY LONGITUDINAL IMPACT

Diameter, 0.454 inch (11.5 mm), length, 18 inches (457 mm).
Ratio (V/v0 )2 gives ratio of kinetic energy of rod to elastic strain energy
it can absorb. (ft/sec x 0.306 m/s)
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FIGURE 2.23 ALUMINUM (6061-T6) RODS BUCKLED BY LONGITUDINAL IMPACT

Diameter, 0.209 inch (5.3 mm), length, 1S inches (457 mm).
(ft/soc x 0.305 m/s)

Atlel V ovD ftIhes" W/ ofos&2

AT161 @330 gig~s
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FIGURE 2.24 ALUMINUM (2024-TZ) TUBES BUCKLED BY LONGITUDINAL IMPACT

Diameter, 0.454 inch (11.5 mm). wall, 0.075 inch (1.91 mm).
length. 18 Inches (457 mm). (ft/swc x 0.305 - r/s)
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FIGURE 2.25 ALUMINUM (6061-T6) ROD BUCKLING UNDER LONGITUDINAL
IMPACT WITH A HEAVY STEEL PLATE AT 420 ft/sec (128 m/s)

Time is measured from initial contact. Debris is wadding from rifle
used to accelerate rod.
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FIGURE 2.26 AXIAL STRAIN VERSUS DISTANCE FROM
IMPACT END FOR ROD IN FIGURE 225

buckling is well developed. In this period, bending occurs relatively easily since the
bending stiffness, being proportional to the tangent modulus in the plastic region of
the stress-strain curve, is about 100 times less than the elastic bending stiffness.
When strain-rate reversal supervenes, or the elastic unloading wave returns from
the free end of the bar, the bending stiffness increases; becoming Partly or wholly

governed by the elastic modulus. To keep the theory simple, in the following
analysis, linear strain-hsrdening, corresponding to a constant strain-hardening
modulus, is assumed. Furthermore, since, as indicated in Figure 2.25, no percepti- .
ble buckling occurs while the wave front traverses a wavelength, the wave front is
disregarded and the bar is taken to buckle under uniform axial strain.

2.3.2 Differontial Equation of Motion

We consider a uniform bar, as shown in Figure 2.27, which is suddenly sub-
jected to a thrust P. exceedivs the yield value. The thrust is assumed to prevail
throughout the bar and throughout the motion. Figure 2.28 shows the stress-strain
curve taken for ihe material. Since axial flow is maintained, P must increase
steadily; however, the strain-hardening is slight so the increase is smail, and P will
be tAken as constant.

Ilow
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FIGURE 2.27 NOTATION
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FIGURE 2.28 IDEALIZED STRESS-STRAIN DIAGRAM
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Raow. Thus thecreaodabpit in lPa. 2.26 onttInues to mloe ONsudlly
upward, but It h• the 11 C', r to pit C in Furo 2.2,7,
whor the biur contributes a wmPrive s ,t a-.te.
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Tb.he muaeu difference in strains and amown at B and at- C lmIlp1e a

Ej.The aoppt ate rltion for au dnder bar is of the sameý form as for du*tl

behavioranisgvnb

M -- EhAr; x (2.3.0)

where A is the area of the cross section, and r is the radius of gyration.

From Fipire 2.27, we have for translation of the element

-PA 82Y (2.3.2)St2

with p for density. Neglecting rotational inertia, we have for rotsdoail equlibrium

Q + pA (y+ y.) -aI (2.3.3)

where y, is the initial deflection in the unstressed state.

We now change to dimensionless quantities defined, with P Aa, by

Ehr (2.3.4)

These parallel the notation in Section 2.2 excep that EB replace E.

In (2.3.1), (2.3.2), and (2.3.3), we treat Bk, A, p, sad P as constants Elimi-
nation of M and Q yields the differential equation for the dimenonss deflection
W a the form

wff + w'# + w--w." (2.3.5)

ThUs, thi. uWmpWd *MOO for *~ua.0;~ plastic fuw backltisg I. opk#tel
Wakmegw to 80MteoY for 00&4ic bt slaad the theonetkal nru .so~sad maw of

7- i
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the arguments on the nature of the buckling, can be useddirectly from Sectionf 2.2.
TO avoid cubrom eerenco-beck towcorespondiftrequations in Suaction 22,ý the
main results are derived briefty here. The derivation is made In terms of Fourier
integrals rather than Fourier sine series to illustrate this alternative method of solu-
tion. Use of the Fourier integral representation, which applies to the infinite inter-
val 0 < f < oo, makes explicit that buddingdoes not depend on the length of the
bar (because it occurs before any signal is received from the free end). Also, per-
turbations in initial velocity are, considered in addition to imperfections in initial
shape. Since the Fourier transform derivation leads to amplification functions
identical to those from a Fourier series derivation, either approach can be used as
preferred.

2.3.3 Theb..lliafy Btalb& Dar,

For flexure arising from initial transverse perturbational velocities (as, for
instance, from elastic bending waves following a slightly oblique impact), we put w,

0Oin (2.3.5) and consider win0< < co representable by

-('r f (n%*) sin ?if dr1 (2.3.6)

The initial conditions are

W(QO) -0 wVC ) -ve f p sin -.I di1  (2.31.7)
0

with

*(0+, 0)- 0

where v. is an amplitude factor. The Fourier integral transform 264), 0) is fouind
from (2.3.5) to satisfy

0 (2.3.9)

With the initial conditions (2.3.7), the uolutioaf(23) is

I IW-
s v. o ~ p ~ (2.3.9)

.1'~-- --- -,-~ - - -~ -- ---- - -~
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where

p nIi -4 ,211/2 (2.3.10)

and the hyperbolic form istaken in (2.3.9) forv,~ < 1, the circular form for,,q> I.

The possibility of large growth, during the buckling period appears in uinh pir
for wave nwubers -4 close to a preo"re value,q,. The buckling frota. is then attr-
buted to' the domhitatce of the carreuPondift 4opnns1n nE in (2.3.6). To
distinupish this prehfered value. we obnrve Owa In (2.13.9) the 0an9tatoan Of,
vP(ip) is expressed by p-1 sinh por, which mnay be written as

r (pr)-i sinh pr (2.3.11)

The function x- sinh x increases monotonically with x, for x > 0. Thus for
a given r, (2.3.11) is greatest when p is gtreatet. From (2.3.10). the value for 4,
for which p is a maximum Is

- /J (2.3.12)

The correponding'magnification (2.3.11) is

pmax -2 sinh ia (2.3.13)

Figure, 2.M9 plots the values of the in (4.3. 11) as functions
of the wave number qj, for thre seleted vah~es f . Tbe baff-wavelengbs W9,/s,

involve the valus ft Or. 0S whihass batr-*O Is ipelt I o Wh m1-ateria Of
the bars In Ftgure 2.22. The dona in emmi amporrip W~ te bars otf Fi-
ure 2.22, to- eascIh of the saluted valos o r. At t - S2 *a. the lawest curve, the

magifcatonis, only slihtly sedectivc lot #A t - 156 ps, whisk is well wibin the
duration (220. pWi of sustaind le.Sl ftw k is Wo selective. The peak
occurs, OCI M_ to (2.3.12), fot t6b"-" s b W" W, 60S orthe
in Figure 2.22Z is 1.01 inch. C %a so U whk as v mad bmSctn
2.3.5.

2.3.4 The Needly SatOMWttr
To evaluap the an23.,w

t.C W ~va" ajI i n(.Aw

77%'-d,



* 66

a 110

sois

Jso

40 qa1 I
q 4.

30

20

v3

0~~ ~ 0. ý s s10o 2 *A *A Ia1.
WaV WHAlP WAYI S NUR -

3SAr I&?i itti ll tiJr SAr MOTt 10A0 170W saW

HALF-WAVE LENGH -rhq HALF-WAVIE LIENGTh - mr/"

T$%mM Nr*am~s~

WAtlln< S. f fl$ *r

wboem Is Was Am~plizu far. Th. Isitwanaw

nsa. (23.15

All___ H f__ _ _ __ _ _



WIN%
Again aerigasolto f(..)i h form (2.36). we fiAM6

ih pgivn by (2.3.10) andthehyperbollcformbelmjtaken for q 1.

For q < 1, the magnification factor multiplying Sp (4) in (2.3.16) is

(1 V'(ot r -1)(2.3.17)

This vmnlshesfor - Oad isr 2/2 for - 1. ltiswaunaxlmuWwith respectto

~,mgver2b 12 1 n abz . (2.3.18)

2,2 pruinhpr

Far esmmbasas OD cas pyamw m itk h th unity, in wbich
ame ik righthaid uS of (tilt1) may be rehwcd by -14.. Simc yr will- then
inKf be ocalierabty luge than unity, (2.3.18) wilyield ya4 value of qz gmnuwbat
pette than l1'2. Curves rpreantlng q3 In (2.3.171) as a function of~ ar e shown
In Nw.m 2-2 h-f three ibelwd values of -r. Tbs uwppe two curves show the
Peaks to the right of -q - 114 cloae for the higher v,' -a expectd. The selective

mssa~calonresembles that in FIgur 2.29a.

2.3.5 angulm df Thuiee ?an a* 3Ras ml la

An indicm*io of the validity of 11W tAsselca mfkmu be obtained be,
comprin th rdce and observed wavelengths. Tb. pa- in themmtto

curve of Figure 2.29., for initis velocity petrainoccurs- at - - iI[%P and in
Figure 2.29b, for InM itialac to pu.rturbatlons at t value, about 15% highe
(obrr y- 3). Assuming that there is nooeat -0 in t1 atspfabto
we ta.e p - iiA as the theoretical wave number. The
Wavelength is

x- wr(21,/eP') (2.3.19)

YValt of wr sad Eb mot obtlaie from the eumess P M1 qea~wuin data ploted
in Figre 2.30. The elastc region is aqiected and, in kespkt with theaumto
of w -1 ea-kvdsnks, a staight lin Is Paused through he dat polif for 1% to
3% s*ra 'hi. being the rang in whith tinkling Is Wleithd (at column 4 of
Tablen 11, 2.3, sad 14). Tbe commvaflueet astBO' W 6We MatS in Table -

2.1, Mpr wit th e-w nslu tedba (2.3.10

-- --- -- - r-X--
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The observed half-wavelengths wore determined from plots of the buckled
shapes such as that shown in Figure 2.31. The half-wavelengths obtained for
several %-inch-diameter (12.7 mm) aluminum (6061-T6) bars are listed in Table
2.2. The observed half-wavelengths are in reasonable agreement with the theoreti-
cal value of 1.01 inch (25 mm). At the higher velocities--for example, for the last
bar of Table 2.2--the half-wavelengths are shorter near the impact end. This is
attributed to the lower average value of Eh (see Figure 2.30), corresponding to the
higher average strain, which prevails near the impact end during the buckling
motion.

AR-4

TO07 1mh -0. 1 15 X4 3 A2 A

AR-5

AR-9

DISTANCE FRO M IMPAC T END - inche

GA-3S70-311

FIGURE 2.31 DISPLACEMENT PLOTS FOR RODS IN FIGURE 2.22

The observed half-wavelengths for the 1/4-inch-diameter (6.3 mm) aluminum
(6061-T6) bars am listed in Table 2.3. The observed values ame about twice the
theoretical value at low velocities and are about 20%5 greater than the theoretical
value at the highest velocity. This difference is also attributed to variations in Eb.
At the lowest velocity for which buckling occurs, the axial strain at the impact end
is about I%. Thus the average Eh during buckling must be somewhat greater than
the value at 1% strain, and from Figure 2.30, this Is substatifl* greater than the
in&dtd slope for solid bars. Prom (23.19), this would result in a longer half-
wavelength. At the higher velocities, the strains are higher, and the average value
of Eh during the buckling motion is closer to the value used to calculate the
theoretical half-wavelength. Thus, at these strains, the observed half-wavelengths
are in better agreement with the theoretical value.

S.... . ... .,'.--- .. /-
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Table 2.2

HALF-WAVELENGTHS OF 6061--T6 ALUMINUM BARS OF 0.54-INCH-DIAMETER t

Decrease Axial Observed Half-Wavelength (inches)
Velocity In Length Strin*

Rod (Wisc) (inches) ( X) X, 2,• k 4  -3  X6• X? Average

AR-I -70 0.11 2.8 1.30 - - - - - - 1.30
AR-2 - 0.12 3.2 1.20 - - - - - - 1.30
AR-3 -- i50 0.12 3.2 1.20 - - - - - - 1.20
AR-4t - 200 0.22 5.4 1.35 0.98 1.28 - - - - 1.20
AR.-St - 275 0.46 10.6 0.98 0.97 1.25 0.76 0.82 - - 0.%

AR-6 - 400 1.08 24 0.85 1.03 0.95 0.80 0.88 - -- 0.90
AR-9t 4S8 1.12 24 0.98 1.00 0.90 - - - - 0.96
AR-12 461 1.20 26 0.70 0.95 0.80 0.75 1.03 1.13 !13 0.93
AR-13 481 1.26 27 0.80 0.88 0.88 0.85 1.08 1.13 1.05 0.95
AR-St -S 520 1.52 34 0.68 0.52 0.57 1.10 1.33 0.94 - 0.86

One diameter fron impact end. Axial strain is taken to be twice the diametral strain.

t Shown in Figure 2.22.

I 1 inch 25.4 mm, I ft/s - 0.305 m/s.

Table 2.3

HALF-WAVELENGTHS OF 6061-T6 ALUMINUM BARS OF 0.209-INCH-DIAMETERt

Decreawe Axial Obse'ved Half-Wavelength (inches)
Velocity In Length Strain*

Rod (ft/sec) (ine) (%) x, ).2 4 As k, Average

B-7 79 0.01 0.96 - - - -..

1-10 86 0.02 0.96 . .. ....
B-16 101 0,04 1.16 0.83 1.10 . . . .- 0.%

1-13t 118 0.07 1.7 0.93 0.80 - 0.86
B-5 126 0.09 3.0 0.13 0.68 . . . . 0.85
B-15 147 0.12 3.6 0.73 0.75 .- 0.74

9-41 164 0.14 4.4 0,53 0.68 .- 0.60
3-19 168 0.14 4.5 0.75 0.68 .- 0.71
&-14 17, 0.16 4.S 0.73 0.b.s -. . . .. 0.78
"54. 116 0.17 5.A 0.77 0.73 .- 0.75
11-3t 218 0.50 12.2 0.55 0.48 0.38 0.38 0.45 0.93 0.67
3-It 342 0.67 17.0 0.55 0.73 0.0S 0.53 0.48 0.75 0.55

* Owe diftrme fbrom Impact end. Axial edt. is take to be twice the diamtral strain.

t Shbwa in Pnure 2.23.
* I Inch - 25.4 mi, I ft/s - 0.305 rn/a.

*1 "
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The half-wavelengths for the ½/2-inch-diameter (12.7 mm) aluminum (2024-
T3) tubes are listed in Table 2.4. The observed values agree favorably with the
theoretical value of 1.70 inch (43 mm).

Table 2.4

HALF-WAVELENGTHS OF 2024-T3 ALUMINUM TUBES
OF 0.454-INCH-DIAMETER AND 0.075 INCH WALL*

Decrease Axial Obseived Half-Wavelength (inches)
Velocity in Length Strain -

Tube (ft/sec) (inches) (%) )1 X, X3 X4 Averag.

ATI-It 189 0.19 3.6 1.75 1.50 - - 1.63
ATI-2i 330 0.59 8.2 1.35 1.53 1.30 - 1.39
ATI-8 462 1.04 14.8 1.40 1.38 1.30 - 1.36
ATI-10t 492 1.25 17.6 1.28 1.80 1.60 1.85 1.63

ATI-9 576 1.48 20 0.93 1.68 2.38 - 1.66
ATI-Ilt 644 1.92 26 1.75 1.75 2.48 1.65 1.90
ATI-14 667 ?.05 29 1,65 1.75 2.25 1.40 1.82

"One diameter from impact end. Axial strain is taken to be twice the diametral strain.

t Shown in Figure 2.24.

* ! inch - 25.4 mm, I ft/s - 0.305 m/s.

Another check on the theoretical model can be made by comparing the
theoretical and experimental buckling times. As indicated in Figure 2.29, a pre-
ferred wavelength is apparent at T =- 6 and is well established at 'r - 9. The
corresponding actual times calculated from the last equation in (2.3.4) are indicated
in Table 2.5.

The bar shown in the process of buckling in Figure 2.25 exhibits observable
buckling at 110 ass, and buckling is complete at 243 14s. This is to be compared
with the calculated tinmes indicated 'n the first line of Table 2.5. The initial buck-
ling motion occurs within the period during which selective magnification is
apparent, Figure 2.29a. Also, the bv'*kIing aiotion is complete within the time
required for the elastic wave to transverse the bar and return to the impact end.
Thus the simple theory gives a buckling time that is in grf,,d agreement with the
experimental results.

- - - - - - - -



72

Table 2.5

THEORETICAL BUCKLING TIMES

Time t (ps)

Specinen type r - 3 r - 6 T -9

Rod, 0.454-incih- 52 104 1%6
diameter (11.5 mm)

Rod, 0.20-inch- 24 48 72
diameter (5.3 mm)

Tube, 0.454-inch- 81 162 243
diameter (11.5 mm),
0.075-inch wall (1.9 mrm)

The times in Table 2.5 indicate thal the small-diameter bars are the most
unstable, i.e., buckle fastest. The large-diameter bars are nex:t, and the tubes are
the )east unstable. This is consistent with the buckled forms in Figures 2.22 and
2.23, which show that, at comparable velocities, the small bars buckle more
N't,!enwly. To a lesser extent, at comparable velocities, the bars in Figure 2.22 show
more severe bucklinp than those in Figure 2.24.

Thus, the simple theoretical model prestnted here accounts reaonably well
for the observed buckling. The predicted time scale and wavelengths are in esuen-
tial agreement with the observations. The most significant feature yet to be
accounted for in the theory is the variation of Eh during the buckling motion. This
variation has an important effect and has practical significance in dynamic plastic
flow buckling of rings and shells from radial impulses. Theoretical and experimen-
tal results for a continuously decreasing hardening modulus are given for then
structural elements in Sections 3.4 and 3.5.
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3. DYNAMIC PULSE BUCKLING OF RINGS AND
CYLINDRICAL SHELLS FROM RADIAL LOADS

3.1 INTRODUCTION

This chapter presents theoretical and experimental results that can be used to
analyze pulse buckling of rings and cylindrical shells subjected to radial pulse loads
ranging from an ideal impulse to a step in radial pressure. It is shown thai under
impulsive and nearly impulsive loads, threshold buckling can be either elastic or
plastic, depending on the radius-to-thickness ratio of the ring or shell. This buck-
ling is closely analogous to the dynamic elastic and plastic-flow buckling described
for long bars in Chapter 2, and as in the bars, wavelengths of buckling are short
compared with the structure dimensions. Under long duration loads, buckling is
elastic because of the increased time for buckling to take place; the load need be
only slightly higher than the static buckling load.

For end-supported shells, these features of buckling near the two load dura-
tion extremes allow a great simplification in the analysis. Because the wavelengths
for impulsive buckling are short compared with the shell length, buckling from
impulsive loads is assumed to be independent of the axial coordinate. This gives an i
adequate description of buckling in the main span of the shell, where the buckle

amplitudes are greatest and nearly constant along the length. With this
simplification, the complexities of plastic-flow buckling can be analysed with a rea-
sonaMy simple theory. In buckling under long duration lads, the piessures are
much lower and stresses are elastic. Then the end boundary conditions and the
variation of buckle amplitude with length are easily included by using elastic shell
theory. There is a range of loads of intermediate durations for which neither of
these simplifications is appropriate, but extrapolation of results from the impulsive
and long-duration load theories gives reasonable estimates of critical loads in this
range.

Dynamic plastic flow buckling of rings or long cylindrical shells from ideal
radial impulse is presented first, in Section 3.2, because for theem structural eio-
monts the corresponding theory, in its simplest form, is simpler than for elastic
bukling. The simple form of the plastic theory is similar to that given in Section
2.3 for bars. The main difference is that the thrust results from hoop mode
compression as the shell is brought to rest from the initial inward radial velocity,
rather than from axial impact. As for the bar, bending moments from strain har-
dening are crucial in the theory. For mathematical simplicity the strain-hardening
modulus is taken to be constant.

qq! 'iu
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Dynamic plastic flow buckling with a strain-hardening modulus that decreases
continuously with increasling compressional strain is presented in Section 3.4. The
variable modulus theory includes both elastic and plastic flow buckling. Sections
3.2 and 3.3 present theoretical analyses and experimental results that demonstrate
the phenomena of plastic and elastic buckling and the appropriateness and accuracy
of the theory. Section 3.4 then uses the theory to develop formulas for critical
radial impulse for buckling over the entire range of elastic and plastic flow buckling.
This range corresponds to buckling in very thin to very thick rings and shells; the
transition from elastic to plastic flow buckling occurs at a radius-to-thickness ratio
of about 200 in engineering metals. Section 3.4 also contains a numerical analysis
of post-buckling response beyond strain-rate reversal, showing tht the simple
analytical theory with no strain-rate reversal gives reasonably good predictions of
both critical buckling modes and critical impulses for buckling.

Section 3.5 combines the theoretical developments of thac earlier sections to
present the complete analysis of simply supported cylindrical shells subjected to
exponentially decaying and triangular radial pressure pulses ranging from ideal
impulses to step loads.

3.2 DYNAMIC PLASTIC FLOW BUCKLING OF RINGS AND LONG
CYLINDRICAL SHELLS 1110M UNIFORM RADIAL IMPULSE

3.2.1 Introduction

The theory for this form of shell buckling is closely analogous to the theory
for bar buckling given in Chapter 2. The mathematical development is presented
such that the reader need not read Chapter 2 first-, however, a reading of Chaptersel Asfrtebr2edsrb hoeia ukigmto o ohdsrt n
is helpful because many of the buckling features descibed there carry over to the
random impeorftection, but thscise timeforetimperfctlions moion veocit rathdiere tandi
shllshpedDscet imperfections, but taken asm ao smallfechange in voyrteloctha fro
onel vhalue. tosanother aspeonectmoves arun thkenaa shell. Wrinklsae fnveoundy tromb

localized in the vicinity of the velocity change in a manner similar to the localiza-
tion of buckling near the end of a bar undergoing eccentric impact. Since experi-
ments and theory for shell buckling were performed before those for the bar, the
conceptual development in the original paper' is given in its entirety to retain the
element of discovery in the original work.

Cylindrical shells subjected to all-round impulsive external pressures of
sufficient intensity exhibit a characteristic behavior as indicated in Figure 3.1. The
circle represents the original size (outer surface), and the thick black somewhat
crumpled circle inside is the end of the shell. It shows a general radius reduction of
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i ~FIGURE 3.1 TYPICAL BUC'(LED SHAPE OF CIRCULAR CYLINDRICAL
: ALUMINUM (2024-T3) SHELL SUBJECTED
t TO A "UNIFORM" INWARD RADIAL VELOCITY

about 8%6 and• is wrinkled in a manLrer sufficiently reg~ilar to permit a count of the
number of crests and troughs. Th• number of crests so counted is 16. The pray

bend inside is the interior surface, the white center being the open far end of t1.,:

Experimental results of this kind are obtained witlh a r~jproducibility indicatingi

a characteristic form of dynamic plastic buckling. This section presents a theory of

the formation of the wrinkled sihape, based on the dyn~amics of a metal shell that

deforms plastically with strain-hardening (the stress required to maint~ain flow

.increases as the flow proceeds). This property is crucial to the theory presc ~ted

F_.___
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here, a definite buckled shape being predictable on4y when It is present! Compari-
son of such predictions with several experimental results for a range of dimensions
and materials is given later. The agreement suggests that the main features of the
buckling process are satisfactorily represented in the theory.

3.2.2 Postlatem Character of the Motlm--Dyuamlc Flow lhcklima

We consider a cylindrical shell loaded in such a manner that ell elements
receive a large in"ial radial velocity simultaneously. Ia the Absnce of imperfec-
tions, the mamia flows into a uniform Oldrica shell of smaller radius (and
thicker wall) until the initial kinetic energy has been absorbe in the work of plastic
deformation. Btut with the inevitable small imperfections In the uniformity of ini-
tial velocity round the shell and the imperfections in the material properties and the
shape, there will be perturbations from this uniform converging motion. If a small
part of the circumference begins to lag behind the remainder, its curvature will
therefore be increased and the action of the compressive circumferential stress will
be to encourage it to lag behind still more.

If the material is perfectly plastic, the steady increase of circumferential
compressive strain at all points of the wall thickness implies an unchanging plastic-
flow stress, and this means that a perturbational bange of curvature induces zero
bonding moment. Then there is no resistance to the perturbatiul lag already
mentioned, nor to a perturbational acceleration of an element that happens to bend
the other way. It becomes evident that the uniform converging motion is simply
unstable. In fact, an initial attempt to construct a theory for the perfectly plastic
material led to essentially divergent series for any time, and so to the reaiation
that the actual motion depends crucially on strain-hartlening. This aspect becomes
clear in the analysis to be liven, leading to smie that begin like divergent series
but, in virtue of the character of the later terms, are in fact convergent.

It would complicate matters unduly to include all sorts of inperfections
together. Instead, the basic problem is taken as that of a geometrically and materi-
ally perfect cylindrical shell, with a slight imperfection in the uniformity of the ini-
tial velocity. There is consequently departure from the circular form throughout
the motion, but this is regarded as always small. Thus at two points A and B on
the outside and inside, respectively, in Figure 3.2, the circumferential strain is

Two ether phaic preparties that cn &ive a definite buckled shape are associated with bikix nleic-
flow and with an leamw in MMes with strain rate. The ae consildrd in Chaper 4. Tba sbob
described In the present caim arn bag eaMih that axial flow can be neglect" Oad strain ran acts
ae emai for tim p•lm sal materials.

IJ
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awy supposed to Increase during the flow, but at 9 it Increases more rapidly then

at A bemuse of tMe slight curvature perturbation. On the stess-stra• n curve InFil-
ure 3.2, the reprmentative points AB are both-movin& to thi right, wkh A' IIgng
behind 1'. The stuess-strain curve is tiken as the two straight lines OC and, CD,
with slopes E (Young's modulus) and Eh (strdn-hardening- modulus). Because of
the difference of circumferential tress between A' and W', thee is bending moment
M in the section AD of the shel, and. it Is reatedf to the curvature perturbion bmy
the simple proportionality of lastic bar theory, using Eb instead of H. Considering
unit axial length regarded as s ring, one has in fact

M1 dw T h (3.2.1)
a d0; 12.

in which i is the cur'tature increase corresponding to a radial inward displacement
w(o), a is the radius of the shell, and b its wall thickness. Actually, of course, the
radius decreases and the thickness increases, but it turns out that the essentials areadequately covered when the initial values are used.

So

b A'

I -

STRAIN --- C-

FIGURE 3.2 IDEALIZEO STRESS-STRAIN RELATION AND ASSOCIATED
NOTATON

r _ _

-_ _ _ _ 1 .. ~
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As the flow ptoceeds the mean circumferential stresOsom is not quite uniform
round the "circle,* since w(e) is not quite uniform. This is neglected and the cir-
cumferential force wmh is treated as uniform. Its manitude increaes a the flow
proceeds, in virtue of the strain-hardening. The slope of the line CD, however, is
small compared with that of OC for the materials of interest. A cc, the cir-
curnferentiad compressive stress is taken as constant, at a mean level such as S/h in

Figure 3.2. There is then a constant circumferential force (per unit axial length)
throughout the inward motion.

3.2.3 quations ef Mtn"

Neglecting rotary inertia, one obtains from the element of the ring (unit axial
length of shell)'in Figure 3.3

Q - (3.2.2)

Q being the shear force and dX the arc element corresponding to d9, subtending
now the angle d# at the center of curvature.

The dynamical equation for the radial motion is, with m for mass per unit run
of circumference and t for time,

+SPA -_ m -1- (3.2.3)

S

M+dM W(0)
04dQ

0I
GA-357"-

FIGURE 3.3 NOTATION. ELEMENT OF SHELL IN MOTION

S. . .. .. . .- . . ... . .V o
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and for tha.curvatum

_• _+ 8C (3.2.4)
a

Putting Equation (3.2.4) in Equation (3.2.3), lminating Q by means of Equation
(3.2.2) and then M by means of Equation (3.2.1), one finds that w satisfies the
equation

1 ' ~+ 0 + ~s + + (

It is convemient to chanpe to dimensionless inward radial displacement and
time

U - n V " I • t - h t- • (3.2.6)

where p is density, and to introduce the constant
_ Sa2  wa2

82 -- 12 .- 12 (3.2.7)
E hiEhh3 Ekh2

where o - S/h is approximately the yield straesin simple compression. Then
Equation (3.2,5) can be written in the form

84U + (I + s) A2u S 2 u +s8 (3.2.8)

This is for a ring that initially is perfectly circular. If instead it departs from tl*e cir-I culr form by an initial *dspbemmnt' w v(#) in the mnrommed state, and if one uses
w(*,t now for the additional inward radial dimlaeemnt durif the motion, Equa-
tions (3.2.1), (3.2.2), and (3.2.3) are unchmapd but Equation (3.2.4) become

+2 + (w, + w) (3.2.9)

and retaining Equatim (3.2.6) and (3.2.7) with the mw meaf of w and u,
Equatim (3.2.8) chans to

&-U + (1 +.) + 2u +.+ -. 1 (3.+ d .i1 0
_4 - l (3.2.10)
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Equation (3.2.10) will be used in Section 3.4 to examine the relative importance of
shape and velocity imperfections. In analyzing the present experiments, we are
conoened with the effect of velocity perturbations from explosive loading discon-
tinuities, Hence imperfections in initial shape ae not considered further here, and
Equation (3.2.8) is taken as the basic equation.

3.2.4 Perfecly Cbrcula Ring, Almeht Uniferm Initial Rainal Velecity

Since the wrinklin, expressd by the dependence of won #, is being regarded
a a perturbation of the uniformly converging motion of the perfect ring with per-
fectly uniform radial displacement at all times, it is convenient to begin with a
particular solution, u(,r), of Equation (3.2.8), which Is independent of 0. It is a
solution of

d + s - -. 2 (3.2.11)

dr +

and therefore is of the form

Up(,r) - -1 + AO cot sar + DO sin ur (3.2.12)

If the initial impulsive velocity is Vo

S-, and - voat It-0

Writin

ve n VOq f (W (3.2.13)

and takin up(O) -0, Equation (3.2.12) becomes

Up(r) - - + Cosa r + V- sin sr (3.2.14)
J

This is the UnaWOMWsd motion. It proceeds until tit) 0 t, dot indicating

Warv. Thus the duration is given by the sma t root of

t - -- (3.2.15)

, .•



I83I This will provide an approm to the duration even when slight wrinkling
occurs. It corresponds ut* to _the absorpto of th o istic onerg as plastic work
in the sbortening of the citcumfvwemo, and this shortening Is not Influenced to the
first order by the slight wrinkliag.

Retaining the initially perfect circular ring, one now considers a slightly non-
uniform Initial velocity liven by the Fourier series

IO IiW1 + j(as o 005 fl+~ sin nf)l (3.2.16)

"i-(,O) v.1I + (an an n + An si) (3.2.17)

Terms with n - 1 are onitted since, to the present order of ac,"'acy, they do not

contribute to deformation of the circular shape. For the appropriate solution of
Equation (3.2.8), the particular solution Equation (3.2.14), together with the com-
plementary solution, is taken in the form

u- i [fn) cos no + 5n(") sin no] (3.2.18)
P a-2

The homogeneous form of Equation (3.2.8) requires f. to satisfy

f~ + [n4 - u2(1 + s2) 4- s2 1f. - 0 (3.2.19)

and go must satisfy the same differential equation.

One of the prndc points of the present thed y of the dynamic buckling pro-

cm emerges here. The coofficlot of f, in Equation (3.2.19) is positive, mW so f,
and go are circular fuctions of r, provided n is largo enough. But for several of
the smaller values of n the coeffcient is ngative, and fa and o are hyperbolic
functions, with the possibility of attaining lge values within the duration of the
motion. The coefficient of f. in Equation (3.2.19) can be written as

p2- (2 - 1)(112 - s2) (3.2.20)

with the propeies

p2<O if n <s

(3.2.21)

I p.>0 if n >

tT



44I
As an example of the order or magnitude to be expected for s, one may take

the following values, which arn representative of the aluminum alloy shell of Figure
3.1,

Eh - 4 x105psij-2.8Oft, cr- 6 X10 4 psl'0.41 Oft

(3.2.22)

a - 1.46 inch 37 mm, h - 0.077 inch -2.0 mm, a/h - 18.9

Then Equation (3.2.7) gives s - 25.4. Thus fa and a. will -be hyperbolic~ functions
for2 et n 4 $and theywill be circular functions for a ; 26. In the tests
describod in a l~ter section, s ranged from 13 to 75.

Writing, r for the peatest integer loss than s, p2may be redefined
conveniently* as hn r

P., - (n' - 1)(W - s2) when n ;o r + 1 (3.2.23)

The general solution of Equation (3.2.8) can then be put in the formj

u -+ Cos a' + L~ sin sT

+ [ (A.,cosh p.?r + Be d" P.T)CO no

+ (C. cosh pr + D. sinh pahin adf

+ ~ M(. = per +Rslp comna*

+ (C. cos pa? + D. sin pjr)sin no] (3.2.24)

To amst the initial ocuditon u(*.O) - 0, the consant As and Ca amut vanish. To
ma o teinitial velochy Ptesclbed as Equaton (3.2-17), one muat taO

Ba ve , Da - OP (3.2.25)
ps Ps



The final solution is then

u--I + Cos S" + Vo sin s-r
II

+ V0 r (a. cos neO + sin nh) - sinh p."r

+ Vo (ancosnO + #sin nO) sin p,,r (3.2.26)
Pa

In tests aiming at uniform impulsive velocity round the circumference (a uni-
form thickness of explosive all round), the coefficients a0 , #. will all be quite
small in comparison with unity. The possibility of observable wrinkling must then
come from the hyperbolic functions sinh pnr in the terms in the second line of
Equation (3.2.26). It is convenient to refer to these terms as the *buckling terms."
If the strain hardening is reduced (Eh - 0), a in Equation (3.2.7) increases
without bound and hence r also increases. Ultimately all the terms are of the
hyperbolic type and the convergence of the series is lost. Hence a solution is
obtainable only for Eh > 0.

3.2.5 Strain Rate RevenaI

The foregoing theory is not valid after strain reversal begins. To determine
this limit, we examine the strain implied by Equation (3.2.26).

For points on the outside and inside surfaces, tMe cimrumferential compressive
strain is, repetively,

_.h - h 8 ,n1 + a + (3.2.27)

2- a 2a2 82 2a1 a 2a2 8,2

Stala revermal. bqsI when one of thors reacbes a maximum positive value and
thee dcremm Hensc a* the • • nd facor in ema expession is examined. In
dlmenslonless Wrin these factors ae

u(s,,v) k. WS 1r) (3.2.28)

, , . = . . . .
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and from Equation (3.2.26) these are representable, until reversal occurs, as

+ T a O~'92 UO ) L,
+ +a +n-2

+ • sin nO) n2 sinh

Pn sin " (3.2.29)

where,

for 2 < n < r, sinh pnT is used with p, -- (n2 - 1)(s 2 - n 2)

and (3.2.30)

for n > r + 1, sinpnl" is used with p2- (n 2 - 1)(n 2 - S2)

In the calculated results to be given, the strain history was traced by evaluation of
Equation (3.2.29) for various times.

3.2.6 The Duckling Terms--Representative Numerical Cases

In the result Equation (3.2.26) the buckling terms in the first series consist of
velocity perturbation terms magnified by factors pn-' sinh p'. Regarding
p 2 sinh 2 pn¢, with p2 - (n2 W 1)(s2 - n 2), -As a funtion of a continuous vari-

able n 2 , for I < n < s, it approaches the value r 2 for n -" 1, and again for n -

s. Its derivative with respect to n 2 vanishes where

(tanh pn•- - pn'r) - 0
dn

2

and therefore only where dp,/dn2 _ 0. This occurs where

n- n? - (s + 1) (3.2.31)

and the corresponding maximum of pn, is
1 _ )

(Pn2)max 4'• s (3.2.32)

For the shell apecified in Equation (3.2.22) the value of n, obtained from
Equation (3.2.31), is very nearly 18, and the value of (pd)mx fi'nm Equation
(3.2.32) is nearly 324. 4
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A representative value for the initial velocity Vo is 695 ft/s - 212 m/s. The
density p, occurring in Equation (3.2.13), corresponds to 2700 kg/M 3 for alumi-
num. Then the duration of the motion is found from Equation (3.2.15) as 'r-
0.02, corresponding to 48 x 10-6 s. The final inward displacement (in the absence
of perturbations) is 0 22 inch - 5.6 mm. (Values of p- sinh pn•" for r - 0.02 are
shown later in Figure 3.11.)

Since the nonuniform "error" of the intended uniform velocity in the tests is
not known, it is not possible to predict from the theory what wrinkled forms to
expect. Different tests have different "errors," but the deformed specimens have a
common characteristic--several wrinkles of rather short length compared with the
circumference. Accordingly calculated results were obtained for several different
velocity distributions, the departures from the mean being ±t5%. The calculations
are lkter compared with experimental observations.

The first of these, shown in Figure 3.4 (departure from mean only), is the
"parabolic distributicn"; if the circle is developed, the velocity curve becomes two
parabolic ai'cs.

/4
A

-0.05 V0  0.05 V0

FIGURE 3.4 PARABOLIC VELOCITY PERTURBATION

Curvature is discontinuous at top and bottomcrossings.. I



The series for 0(9,0) takes the form

6(0,0) - v0 I -L .-- 1Z" "cos 0 - I cos 30

+ -L cos 50 - ... (3.2.33)

and corresponds to Equation (3.2.17) after the unimportant term in cos 9 has been
discarded. The manner ia which the irdividual buckling terms in the displacement
Equation (3.2.26) grow with time is shown in Figure 3.5, to be read only for the
odd integer values of n. Growth is at first slow (lower curves), then rapidly
accelerates through the increase of sinh p,,'. The term having n - 17 is the most
magnified, i.e., has the greatest va!ue of p.-I sinh pT, and this term and its neigh-
bors show the most rapid growth. Lower terms in Figure 3.5 have larger ordinates
because of their larger values of an, from Equation (3.2.33). The last buckling
term has n - 25, thc; term for n - 27 having sin pj not sinh pj. Its magnitude
remains insignificant, the some being true of all further terms. The curve for '"
0.020 is subject to slight correction for the onset of strain reversal and is included
because it suggests rapid development of the wrinkling at the time strain reversal
begins. The higher (broken-line) curve for T - 0.022 emphasizes this suggestion.

60 -T-r-r-r I

50 I " (.NSET OF

I STRAIN REVERSAL

40 _

Sc 30

ST :0.022

-) -
20L

F0 1R5 7 9 13 15 17 19 21 23 25 27 29

rn oA-35~-10-

FIGURE 3.5 GROWTH OF FOURIER COEFFICIENTS OF BUCKLING
TERMS WITH TIME, FOR THE PARABOLIC VELOCITY
PERTURBATION OF FIGURE 3.4

,- -
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The calculated. form of the ring (with radial displacement greatly exaggerated)
is shown in Figure 3.6, for T7 0.018. Figure 3.7 shows the same curve on the
developed half-circle (upper half of Figure 3.6), together with the corresponding
curves for times 7 = 0.01, 0.016, and 0.020. The maximum displacement before
strain reversal begins (,r - 0.018) is u - 10-3, and corresponds to w -1.5 mils
(38 jAm). The angle between the two major crests between 00 and 300 is about 200.

The second type of velocity variation, shown in Figure 3.8, is called "tra-
pezoidal" from the form it takes in a developed diagram. The transition from V001
- 0.05) on the left to Vo(l + 0.05) on the right occurs in an arc of 100. Figure 3.9
shows the calculated wrinkled form for T - 0.008. The general resemblance to
Figure 3.6 is striking. Pronounced wrinkling occurs where the velocity transitions
occur in Figure 3.8 at top and bottom.

FIGURE 3.6 BUCKLING DISPLACEMENT AT 7 0.018
FOR THE PARABOLIC VELOCITY
PERTURBATION OF FIGURE 3.4
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FIGURE 3.7 DEVELOPMENT OF BUCKLING DISPLACEMENT WITH TIME
FOR THE PARABOLIC VELOCITY PERTURBATION
OF FIGURE 3.4

-0.05o vo 0.03 vo -,

FIGURE 3.8 TRAPEZOIDAL VELOCITY PERTURBATION

I
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FIGURE 3.9 BUCKLING DISPLACEMENT AT r 0.008
FOR THE TRAPEZOIDAL VELOCITY

PERTURBATION OF FIGURE 3.8

In these two cases, the parabolic and the trapezoidal, the velocity perturbation
had a discretely specified shape. The Fourier coefficients of the initial velocity, a0,
diminish with n, and the phase of each harmonic is known. A velocity perturbation
in which the coefficients all have the same amplitude but are random in phase is
similar to the random perturbation discussed in reference to shape imperfections in
Section 2.2.6. Figure 3.10 shows three examples of calculated buckled forms for
the shell obtained by taking 25 harmonics (1 4 n < 25), all with the same ampli-
tude for cin. In each, the phasing of these harmonics was chosen at random.
Terms in the initial velocity distribution beyond n - 25 have a small effect on the
buckled form because they are not amplified by the buckling motion (as indicated
in Figure 3.11). A more detailed discussion of buckling from random imperfec-
tions is given in Section 2.2.6.
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M1 0
GA-3670-10

FIGURE 3.10 BUCKLED FORMS FOR "RANDOM PHASE" VELOCITY
PERTURBATIONS

Each form is for a different random phasing of the harmonic
comporients of the velocity perturbation.

10 I

.C
I.~

. 5

0 '• I I I I

0 5 10 I5 20 25

n

FIGURE 3.11 MAGNIFICATION FACTOR FOR "RANDOM
PHASE" EXAMPLES
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3.2.7 Experimental Technique and Characteristic Results

The buckled cylinder of Figure 3.1 was produced with the experimental
arrangement shown hi Figure 3.12. Enclosing the cylinder in Figure 3.12 is an
attenuator of 1/4-inch-thick (6.3 mm) neoprene foam and a layer of explosive.
The attenuator, which is necessary to prevent the cylinder from spalling, extends
beyond the end of the cylinder to provide support for the explosive. The detonator
starts from an electrical signal and is connected to the main charge by several strips
of explosive. Detonation fronts initiated in the main charge by the strips of explo-
sive expand from the initiation points and coalesce into a single ring-shaped detona-

DETONdATOR

XEPLOSIVF.

/TAPE

FIGURE 3.12 EXPERIMENTAL ARRANGEMENT
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tion front in the "run-up" part of the main charge. The detonation front, which is a
few mils (= 100 #tm) wide, subsequently sweeps over the cylinder at a rate ef
23,300 ft/s (7106 m/s).

A shock wave is induced in the attenuator by the detonation front and is
transmitted from the attenuator to the cylinder, imparting to it an impulsive veloc-
ity of about 500 ft/s (150 m/s). If this velocity were imparted to the cylinder
instantaneously by the shock wave in the cylinder, the cylinder wall would turn
through an angle of about 1.5°. Since several reflections may be required before
this velocity is achieved, the actual shape of the specimen in the region of the
shock front is something between a cylinder and a cone of 3° included angle.

Maximum variations in the thickness of the explosive are from 2% to 10% for
charges from 15 to 60 mils thick (0.4 to 1.5 mm), the larger 'variations going with
the thinner charges. The variations in thickness are gradual except across joints.
Variations in the thickness of the explosive and the uncertainty in the impulse
developed by the explosive per unit thickness combine to give an uncertainty of
about 10% in the impulses imparted to the cylinders. The joints in the attenuator
and the explosive produce unknown perturbations in the velocity. Since they could
not be eliminated, the locations of the joints were recorded and were taken into
account in the analysis of the dt-ta.

One of the characteristic features of the buckling phenomenon is the repro-
ducibility of the number and the amplitude of the crests, which, according to the
theory, depend mainly on the nonuniformities in the ,,elocity distribution. Figure
3.13 shows two cylinders of the same material and the same initial dimensiotrs that
were subjected to nominal uniform radial velocities of 650 ft/s (198 m/s). The
cylinders were nominally 3 inches (76 mm) in diameter and 6 inches (152 mm)
long; the wrinkled shapes of Figure 3.13 represent central cross sections. Except
near the joints, the cylinders are similar in shape. The plots around the cylinders
show the crests more clearly. The quantity plotted is the square root of the slope;
this was chosen to bring out the smaller crests. The limits on the points indicate
plus and minus one standard deviation. The number of major crests, obtained by
counting all the way around or by determining a representative crest-to-crest dis-
tance from a portion of the circumference having a succession of well defined
crests, is about 1,8 for both cylinders. Cylinders of other materials and other
radius-to-thickness ratios exhibit a similar degree of reproducibility.

Figure 3.14 illustrates the effect of radius-to-thickness ratio a/h on the buck-
ling phenomenon. As would be expected, the number and amplitude of crests
increase with a/h.
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-:• • - - t- a. ,
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FIGURE 3.13 REPRODUCIBILITY OF BUCKLING OF ALUMINUM
I$061-T6) CYLINDERS UNDER "UNIFORM"
INITIAL VELOCITY OF 650 ft/sec (198 m/s)
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A! L-

FIGURE 3.14 EFFECT OF e/h ON BUCKLiNG OF MILD

STEEL (1015) CYLINDERS
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3.2.8 Comparison of Experiment with Theory

A precise comparison of experiment with theory is not possible because the
nonuniformities in the experimental velocity distributions, which are required for
the theory, are unknown. Instead, the number of crests observed is compared with
a theoretical limit that depends on the dimensions and properties of the cylinders
and is independent of the nonuniformities, and qualitative comparisons are made of
experimental and theoretical amplitudes and permanent strains.

To compare the experimental findings with theory, it is necessary to know the
flow stress cr and strain-hardening modulus Eh for the cylinder materials. These
data were not found in the literature, so tests were undertaken to obtain them.
Although it would be desirable to have the data for compressive stresses and high
strain rates, expediency required that the tests be made under tensile stresses at
ordinary strain rates. Test specimens, consisting of axial :!'rips from actual cylinder
stock, were cut to ASTM dimensions and were tested on a conventional tensile
testing machine, The results of the tensile tests, corrected to give true strain, are
plotted in Figure 3.15. To the accuracy of the data, the curves do not depart seri-
ously from the simple model of Figure 3.2. More accurate stress-strain curves,
required for the variable modulus theory, are presented in Section 3.4. Values of
the flow stress oa taken at 2% strain and the strain-hardening modulus Eh obtained
from the flat parts of the curves are listed in Table 3.1. The materials tested were
chosen to give a wide variation in o- and Eh, and hence in r7 "h. The latter
varies from 0.37 for 2024-T3 aluminum to 0.69 for copper,

Table 3.1

STRESS-STRAIN PROPERTIES

01 Eh
Material (103 psi) (10 psi) E

At 2024-T3 56 4.1 0.37
A1 6061-T6 44 1.3 0.58
Steel 1015 102 2.5 0.64
Brass 71 2.8 0.50
Copper 57 1.2 0.69
Steel 4130 123 3.9 0.56
Mg AZ31B 30 1.5 0.45

i psi - 6.9 kPa.

Curves for steel 4130 and mnagnesium AZ31B are included although no buckling experiments were per-
formed with these materials.
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140 966

oSTEL 4130
120 828

100 690"P• IISTEEL 1015 •

80 5521

,,....HARD DRAWN

60 COPPER 414k
ALUMINUM 2024-T3

"-0"ALUMINUM 6061-T 276

MAGNESIUM AZ31B
20 138

0 1-I 0
0 1 2 3 4 5 6

STRAIN %
GA-3570-15

FIGURE 3.16 TRUE STRESS VERSUS STRAIN FOR CYLINDER MATERIALS

In Figure 3.16 the observed number of crests, determined from plots suclh as
shown in Figures 3.13 and 3.14, is plotted against nh, the most magnified com-
ponent of the buckling terms [see Equation (3.2.26)). Additional data on the
cylinders are givoi, in Table 3.2. The theoretical upper limit on the number of
crests Is indicate., by the line N - ni, since the greatest integer less than s is the
last of the buckling tzrms. The data agree with the theory in that all the points lie
below the line.
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Table 3.2

NUMBER OF CRESTS

Radius Thickness Number

Cylinder a h of Crests

Number Material (inch) (inch') a/h N

19 At 2024-T3 1.495 0.151 9.9 12

16 1.495 0.100 15.0 12

23 1.495 0.077 19.4 16

25 At 6061-T6 1.487 0.151 9.9 9

26 1.488 0.101 14.7 15

27 1.498 0.101 14.7 16'

28 1.490 0.076 19.6 18
29 ~1.490 0.076 1968

33 Steel 1015 1.494 0.144 10.4 11

34 1.495 0.089 16.8 15

36 1.494 0.066 22.6 16

43 1.493 0.042 35.6 28

54 Bas1.495 0.093 16.1 16

545 rs 1.495 0.113 13.2 13

57 1.498 0.069 21.7 25

62 Copper 1.429 0.146 9.8 12

63 1.430 0.095 15.0 14

1 inch - 25.4 mm.
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FIGURE 3.16 NUMBER OF CRESTS N VERSUS MOST MAGNIFIED HARMONIC n1

In the vicinity of n, - 10, the data lie close to the line N - ni. For larger

values of n1 the number of crests observed is considerably less than nl. This
behavior is to be expected if the Fourier coefficients a., P., of the initial velocity
distributions decrease fairly rapidly with increasing n, as for slowly varying nonuni-
formities (see the parabolic-perturbation example). As n I increases, buckling terms
of higher order are added to the series of Equation (3.2.26). This could cause an
increase in the number of ý;rests, but not so great as the increase in ni because of
the diminishing tn, n. Thus the data of Figure 3.16 are in accord with the theory
in this respect also.

As a further check on th. theory, we undertook some exploratory experi-

ments in which velocity perturbatoons of known amplitude and frequency, in
addition to the unknown variations, were superimposed on the "-uniform" initial
velocity. The known perturbations were obtained with strips of metal foil placed
adjacent to the explosive. It was found that six strips of copper foil 2 mils (50 grm)
produce a local increase in velocity of approximately 20%, changed the number of

crests from 16 of 8 mils (0.20 mm) average amplitude (Cylinders No. 26 and 27 of
Table 3.2) to 6 of 80 mils (2.0 mm) average amplitude. Thus this enforced

!I

I I 1
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nonuniformity is sufficient tG overcome the unknown variations and gives an upper
limit on ihe magnitudes of the unk4avwn vart.,ions. Since the unknown variations
in initial velocity would be expected to consist of several components, the ampli-
tude of the individual components should be less than 10%.

In addition to the number of crests, the amplitudes of the crests provide
another readily observabhc quantity to compare with theory. However, as with the
number of crests, a precise comparison is not to be anticipated since the magni-
tudes of the nonuniformities are unknown. An added complication is the fact that
crests of amplitudes gieater than a few mils develop strain reversal and hence go
beyond the range of the present theory.

In Table 3.3 maximum amplitudes (peak to trough) and average amplitudes of
the crests are given for the cylinders of Table 3.2. The maximum amplitudes occur
at the explosive or attenuator joints and hence are of only passing interest. Exclud-
ing these, average amplitudes range from 2 to 22 mils (0.05 to 0.56 mm).

Table 3.3

AMPLITUDES OF CRESTS

Thickness Thickness Increase Increase

of of initial Maximum Averaget in in

Cylinder Explosive Cylinder Velocity Amplitude Amplitude Thickness Length
Material Number (mils) (mils) (ftis) (mils) (mils) (%) (%)

Al 2024-73 19 34.7 151 670 35 7(6) 6 2.0
16 20.5 100 590 23 7(8) 15 1.2
23 20.0 77 750 40 8(6) 9 I.S

Al 6161-76 25 27.3 !51 540 43 11(7) 5 -

26 23.S 101 570 74 8(01) 7 1.8
27 22.0 101 620 s5 8(01) 6 1.9
23 17.0 76 650 100 10(9) 9 1.7

29 16.4 76 640 202 15(7) 9 1.4

Steel (015 33 61.0 144 420 30 6(10) 5 -

S34 44.7 39 Soo so 13(2) 8 2.2
36 33.0 66 490 94 22(12) II -
43 16.0 42 380 129 9(20) 5 -

Brass S4 24.0 113 330 41 9(00) 4 2.1
55 32.0 93 320 74 6(13) 4 23
57 31.6 69 430 270 19(9) 7 3.1

Copper 62 45.0 146 270 30 8(8) 5 1.9
63 16.0 95 150 6 2(9) 3 0.4

Peak to trough.

t Peak to trough, effects of joints not inclooded.

Number in parenthesis indicates number of crests in average.

I mil - 0.025 mm. I ft/s - 0.305 m/s.
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The amplitudes of the crests as a function of time for the parabolic velocity
perturbation are shown in Figure 3.7. The maximum amplitude (peak to trough) as
strain reversal occurs is approximately 4 mils (0.1 mm, at T 0.02). Many distur-
bances in velocity similar to the parabolic perturbation may be expected around a
cylinder in the experiments; hence the calculated maximum amplitude may be com-
pared with the average observed amplitude. The calculation for the parabolic veloc-
ity perturbation was made for Cylinder No. 23 (Figure 3.1), listed third in Table
3.3. The observed average amplitude is 8 mils (0.2 mm), and the calculated value
is 4 mils (0.1 inm). The difference may be differences in the actual and the postu-
lated velocity perturbations and in the assumed and actual material properties.

The permanent strain produced in the cylinders is given in Table 3.3. The
increase in thickness ranges from 3% to 15% and the increase in length from 0.4%
to 3.1%. The increase in thickness calculated from Equation (3.26) for an initial
velocity of 695 ft/,s (212 mIs) is 140k. This is to be compared with 9% observed for
Cylinder No. 2"7. The difference may be attributed to differences in velocity pertur-
bations and material, properties.

The observed strains provide a means of checking initial velocities. The
energy absorbed (per unit area) in plastic work in increasing the thickness of the
shell is oreh, where. a~ is the flow stress, eis strain, and h is wall thickuass. If this
is equated to the initial kinetic energy (per unit aree), one obtains for the initial
velocity

Vamra.j'e (3.2.34)

Values of V from Equation (3.2.34), given in Table 3.3, are from 20% '.o 40% less
than Wze velocities calculated from the explosive thickness. This difference is due
partly to neglect of the energy absorbed in plastic, bending and Possibly to the
development of reactions in the shell during loading. The latter effect depends on
the ratio of the duration of the load to the response time of the shell. For the
aluminum and steel shells of Table 3.3, the response time (quarter period) of the
fundamental extensional mode is about 10 ;Ls. The duration of the load may be of
the same order of magnitude. The difference may also be due in part to an increase

in yield stress with strain rate.2



103

3.2.9 Buckling Threshold

A lower limit on the velocity, or impulse, necessary to produce buckling can
be obtained by equating the initial kinetic energy of the shell to the strain energy
required to reach the yield stress. For thin shells, the kinetic energy per unit
volume of the shell is pVd/2 and the strain energy per unit volume is oy2/ 2E.
Equating these yields

Vo0 no (3.2.35)

where c2 - E/p is sound speed. The expression for the impulse I (per unit area)
corresponding to V0 is

I- auuah (3.2.36)
c

Equation (3.2.35) indicates that the threshold velocity depends only on physi-
cal properties of the shell and not on its dimensions, The threshold impulse [Equa-
tion (3.2.36)] depends in addition on the thickness h of the shell but not on the
radius. Table 3.4 gives the threshold velocity and impulse for several metals.
Threshold velocities range from 40 to 150 ft/s (12 to 46 m/s). Threshold impulses
for h 5 mm range from 1200 to 4400 Mbar-s (120 to 440 Pa-s).

Table 3.4

BUCKLING THRESHOLDS

Sound Yield
Density Speed Stress V0

Material (kg/m 3) (m/s) (MPa) (m/s) (Pa-s)

Al 2024-T3 2800 5100 386 27 270
Al 6061-T6 2800 5100 304 21 210
Steel 1015 7900 5000 704 18 180
Brass 8500 3500 490 16 160
Copper 8900 3500 393 13 130
Magnesium 1700 4700 207 26 260
Titanium 4500 4300 897 46 440
Beryllium 1800 2600 276 12 120

For a shell of surface density 1 i/cm2. I
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The development of wrinkles of flow buckling depends on the nonuniformi-
ties in the initial velocity. For impulsive loads obtained with sheet explosive, it was
found (Table 3.3) that velocities of several hundred feet per second were required
to produce wrinkles with amplitudes of 5% to 10% of the radius. Hence the thresh-
olds estimated from Equations (3.2.35) and (3.2.36) are quite conservative. In Sec-
tion 3.4, more accurate estimates are given that allow a small amount of buckling to
take place so that reasonable assumed amplitudes of random imperfections lead to
just perceptible buckles. In this case, the threshold velocity increases with h at
fixed radius. For the relative~y thick sheils just discussed, the threshold impulse is
found to be as much as 10 times the elastic limit impulse given by Equation
(3.2.36) (see Figure 3.32).

3.3 DYNAMIC ELASTIC BUCKLING OF RINGS AND CYLINDRICAL
SHELLS FROM UNIFORM RADIAL IMPULSE

3.3.1 Introduction

The preceding section showed that when rings or long cylindrical shells are
projected inward by an intense impulsive pressure, a characteristic form of dynamic
wrinkling occurs at wavelengths determined by the material tangent modulus in
plastic radial flow. In experiments on very thin cylindrical shells 3 (radius-to-
thickncss ratio 480, compared with 10 to 36 in the preceding section), observed
buckle wavelengths were six times those predicted by the plastic flow buckling
theory. In these shells it was found that the duration of elastic motion was long
enough that elastic buckles formed with amplitudes much 'larger that any initial
imperfections at the plastic wavelengths. The elastic buckling also quickly reduced
the average hoop stress so that radial plastic flow, which would have occurred in the
absence of any velocity or displacement perturbations, never occurred. As a result,
buckling was restricted to the elastic modes. Radial impulse above that for elastic
unperturbed hoop motion served only to provide energy eventually absorbed by
plastic hinges at the elastic buckle wavelengths.I

In this section we present a theoretical analysis of dynamic elastic pulse buck-
ling. Because the motion is elastic, another form of dynamic buckling can also
occur, called autoparametric vibration buckling. This is a special form of vibration
buckling (described in Section 1.1) in which elastic vibrations in the hoop mode
become unstable. At radial impulses well below that required to produce pulse
buckling wrinkles as just described, the shell vibrates in and out in the hoop
(breathing) mode. Because of inevitable imperfections, flexural modes with natural
frequencies near half that of the hoop mode begin to grow in amplitude by extract-
ing energy from the hoop mode. Eventually, nearly all the energy can be
transferred to a flexural mode. This buckling motion is also analyzed in this sec-
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tion. It is the only form of vibration buckling analyzed it. the monograph, Our
purpose is to show the transition between vibration and pulse buckling as the
impulsive loading is increased.

3.3.2 Theory of Elastic Shell Motion

As in Section 3.2, we consider a cylindrical shell with an inward initial radial
velocity imparted to each element uniformly around the circumference. Flexural
perturbations are taken in the form of initial imperfections in shape. The relative
importance of velocity and shape perturbations is discussed in Section 3.4. To treat
shape imperfections, we express the total radial and tangential shell displacements
w* and v* in the form

w* (0, t) - w (0, t) + w(0) (3.3.1) -

v (O,t) - v(Ot) + vi(o) (3.3.2)

where 0 is angular coordinate, t is time, w (0, t) is radial displacement, measured
positive inward from an initial shape imperfection wj(9) in the unstressed sh.ll, and
v and vi are similarly defined for tangential displacements.

The equations of motion are most conveniently derived by the Lagrangian
method. This also gives expressions for energy that are used later in discussing

energy transfer between hoop and flexural modes. For Fmall displacemerts, the
kinetic energy per unit length of shell is given by

ow + 21
T - j-pha W + [[ 1 1- dO (3.3.3)

where p is density, h is the wall thickness, and a is the radius of the middle surface.
It is convenient to introduce dimensionless quantities

;-w/a , j - wi/a

" v/a , -i" vi/a (3.3.4)

"r ct/a

where

c - (El/p)'/ 2 , E, - E/(1 - 2 ) (3.3.5)
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in which E is Young's modulus and v is Poisson's ratio. For rings, use E instead of
El. The factor 1/(0 - P2) accounts for the zero axial strain constraint in a long
shell, as can easily be confirmed by deducing the relation between hoop stress and
hoop strain with zero axial strain. The result is wr - Ele. A more complete discus-
sion of elastic shell equations is given in Section 3.5. With dots indicating
differentiation with respect to r, the kinetic energy is expressed by

T -- E 1ha I (Q + *2) d# (3.3.6)
0

To find the strain energy, define z as the radial position of a shell fiber from
the middle surface. When an element of shell material (a + z) dedz, per unit
length of shell, is brought to stress or from an initially unstressed state, its strain
energy is

1
dU - jOE• (a + z) dOdz (3.3.7)

Substitution of o. - E1 E into Equation (3.3.7) and integration over the shell
material volume gives for the total strain energy

EU a E 2 ,dzd9 (3.3.•)
2 0 -h/2

in which it has been assumed that the shell is thin enough to neglect z/a in compar-
ison with 1. With the thin shell approximation and with plane sections across the
shell thickness assumed to remain plane during flexure, the strain at each fiber is

9 e m + ZK (3.3.9)

where e m is the middle surface strain and w is its change in curvature. Substitution
of Equation (3.3.9) into Equation (3.3.8) and it.igration over the thickness gives

2;
U - Etha J 2( + a2a2. 2d9 (3.3.10)

where a 2 - hP/12a2 . With the shell assumed thin, a 2 << I so higher-ordet
terms multiplied by a 2 are dropped; we retain for K only terms linear in the dis-
placements, as in simple curved-bar theory. Because of linear superposition, the
initial imperfections are therefore not involved in the curvature change, so K is
given simply by

1 a92 a (-- + c) (3.3.11)

a2 I + a
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For the middle surface strain, however, terms up to second order for strain
and to third order for energy are retained, which gives the least modification to the
linear theory that can introduce interaction of circumferential force and flexure.
For use in the transition from vibration buckling to pulse buckling, terms to fourth
order for energy are also retained. Otherwise, the coupled equations are
unbounded for large values of the stability parameter p, as discussed later. The
nonlinear terms also introduce the initial imperfections into the strain and energy
expressions.

An expression fo, the middle surface strain is found from the differential dis-
placements shown in Figure 3.17. Points on the undeformed middle surface for an
initially perfect cylinder have polar coordinates a, 9. Points on the deformed mid-
dle surface have polar coordinates i, 4,. The radial displacement from an initially
perfect cylindrical shape is therefore

w a r (3.3.12)

and the angular displacement is

* - - e (3.3.13)

For the small displacements to be considered hete, the angular displacement is the
same as the dimensionless tangential displacement defined earlier, so the same

CEFORMED ELEMENT'

,,td d UNDEFORMED ELEMENT

d rrr
dr =, dO

d3 a

GA-3570-300

FIGURE 3.17 DIFFERENTIAL DISPLACEMENTS OF MIDDLE SURFACE
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symbol has been used for both. Differention of Equations (3.3.12) and (3.3,13)
gives '

dw dr -. 1+ At. (3.3.14)
dO dO ' G dO

The middle surface strain is the change in length of the element in Figure
3.17 divided by the initial length,

1m d dfl +ej dO - ado1am- d& i dO + O

- 1 (r,2 + r 20-2) 1 2 _ 1
a

where primes indicate differentiation with respect to 0 and the bar is used to denote
the initially perfect shape. This is a familiar expression from differential geometry.
With Equations (3.3.12) and (3.3.13), it becomes

m- I w'2 + (t, - w) 2 (l + ,eJ) -

or

Em" C-2 + (1 - 02(1 + *,.2) - 1 (3.3.15)

in which C - w/a is used from Equation (3.3.4). Upon expansion to terms of
second order, we obtain finally

em - C -_ k, + -. j,2 (3.3.16)
2

This is the middle surface strain when the unstressed initial shape is perfectly
circular so that its points have coordinates a,&. The strain in going from an
unstressed state that is not perfectly circular, described by initial shape Ci, qsj, to a
deformed shape , * is found by using either Equation (3.3.15) or Equation
(3.3.16) to calculate the change in strain between these two shapes. (More pre-
cisely, the strain is the change in length between these states divided by the
unstressed length, but elastic strains are very small so, as in our use of engineering
strain, the change in length basis can be neglected.) Thus, for the shell with initial
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shape imperfections, the middle surface strain is

am - Em*

-(* O'd+*• - Q1 + Cd) -- (C + OW,(, + Vd, + 1-(c' + Cd,•)

- 0'- i- i *'4 + IC2

which simplifies to

em ".- ' -C- C' + 1.C, 2 + C, - c' -CO (3.3.17)

With terms of fourth order involving the small imperfeýztions neglected, sub-
stitution of Equations (3.3.11) and (3.3.17) into Equation (3.3.10) gives for the
strain energy

U - 4 -Eha (V - 0 )2 + (V, -0
2 0

x (C,,2 - 2t' + 2C'C;i - 2C{i' - 2C*'i) (3.3.18)

+ (C;,._ I,2)2 + a2 (C" + C)j dO

Terms that account for ring imperfections are underlined by a single line, and terms
of fourth order in the displacements are underlined by a double line. It will be
shown later that the fourth-order terms can be neglected for small initial velocities,
but for larger velocities the theoretical coupled breathing and flexural motion
becomes unbounded without these terms.

The displacements are now expanded into Fourier series, whose coefficients
are to be taken as generalized coordinates.

C - a.('") + , [an(ir) cos nO + b,,(T) sin nO] (3.3.19)
n-I

S- I[Cn(i") cos nO + dn(-) sin nO] (3.3.20)
n--I
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Since flexural wavelengths of interest are long compared with the wall thickness, it
is reasonable to neglect membrane stresses due to flexure so that we can impose
the inextensionality' condition #' - C - a,. Then c. - - b./n and
dn " an/n, and we omit terms for n - I because they represent a rigid-body
translation for the inextensional model. Similarly, for the imperfections we take

C' " [8n cos no + n , sin no] (3.3.21)
n-2

and '" -;t. With these modifications, substitution of Equations (3.3.19)-
(3.3.21) into Equations (3.3.6) and (3.3.18) gives

T - EhaI4n-2-+In 2 - p +jýs2 + (3.3.22)

U - i'Eha 2a + 1 2 _ 1)2a2

nn-2

- n'n- (n- 2) (Bhah + l'nbn) ao (3.3.23)

In performing the integration in Equation (3.3.18), all second- and third-order
terms other than those given in Equation (3.3.23) vanish identically because of the
orthogonality of the trigonometric functions. The only third-orde; coupling is
between the flexural modes and the breathing mode. The fourth-order terms in
Equation (3.3.18), however, lead to extensive coupling between the flexural modes.
This coupling is neglected in Equation (3.3.23). The only fourth-order terms
retained are the uncoupled terms a,4 and b.. These are sufficient to suppress the
unbounded flexural growth that occurs with all fourth-order terms neglected. In
the examples that follow we consider motion only in sequences of single modes.
The question of whether further fourth-order terms are needed for accurate
representation of several coupled flexural modes has not been addressed.

Demonstration that response of the extensional modes can be reasonably neglected in investigating sta-
bility of the breathing mode is the subject of the first half of a paper by Goodier and Mclvor.4
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The equations of motion are found by substituting these energy expressions
into Lagrange's equation

S-T + - (3.3.24)
dt aO* xj ax x1

With a. as xi, the breathing mode equation is found to be

0 +aao - I (n2- 2) a 2 + bj -0 (3.3.25)

With a. as x,, the flexural equations are found to be

i2 + (n2 - 1)2a 2 - (n 2 - 2)a.
n, + In( 2 I

+81 -n 2 + 4 a an = n2 +2) 8bnao (3.3126)83 n n2
An identical set of equations results for b,.

Because only a few closely spaced "critical" modes dominate the flexural
response, the complexity of the study that follows is greatly reduced by considering
the response of only a sequence of single flexural modes, to find the critical flexural
mode in which stress is most amplified. Thus there is no need to consider the spa-
tial phase of the buckling mode, and the b. terms can be dropped. With these
modifications, Equations (3.3.25) and (3.3.26) become

i. + a 0 - (n 2)a , - 0 (3.3.27)

in + fa - aoa + a -3 n fngnan3 ' 1,2 fn,•na (3.3.28)

where

2 - n2(n 2 - 1)2a&
n 2 +

fn n2(n2 - 2)

\0 4 n2 + 4 /n 2)

3.

.. ±n2 1 /n 2 ( 2 \- 2
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and in (a/h)8n is the initial imperfection expressed as a fraction of the wall
thickness. The quantity g. is introduced because for thin shells buckling is always
in modes with n' > > 1 so that g. 1 and f. " n2, which simplifies Equation
(3.3.28).

3.3.3 initial Growth of tlhe Flexural Modes--The Stability Parameter

Consider first that a small initial velocity is imparted to the shell wall, uniform
around its circumference. The distinction between small and larger initial velocities
will be. made in the next section. For the present, focus also only on the initial
buckling motion, before it extracts a substantial fraction of the initial hoop mode
energy. Then the a. terms in Equation (3.3.27) can be neglected and the hoop
motion is simply

Vo

a0 - -sin i" (3.3.29)c

where v. is the initial radial velocity and c is the plane strain wave velocity defined
in Equation (3.3.4). With this, Equation (3.3.28) reduces to th- -dathieu form

in + (fWn - A.n sin '-)a. - l2a8nt0 sin r (3.3.30)

where

W - a 2n 2(n2 - 1)2 (n2 + i)-'
(3.3.31)

Al- fVo/c - n(n 2 - 2) (n2 + 1)-1 vec-1

and the term with a,3 has been dropped for the present because of its smallness.
Extensive study of the Mathieu equation5 has shown that an(') grows if the point
11 n, IA. is in an unstable region of the Mathieu stability diagram. Such regions
appear unshaded in Figure 3.18.

For a particular case, we should now mark off the points given by Equation
(3.3.31) for the integer values of n. Figure 3.19 shows a set of such points on a
limited region of the Mathieu diagram near the origin.

As n increases we have

flin 4 a 2 n n 2v,'c
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FIGURE 3.18 MATHIEU STABI1LITY DIAGRAM

and the points tend toward a parabola given by

A a " (3.3.32)

where*

p -v/ca (3.3.33)

A The, panlbola. lies mainly in the stable region in Figure 3.18, (or small values of v.
and large values of a (thicker shells). For these cases the higher points on the par-
abola have little chance of falling between shaded regions. The unstable regions
soon become very narrow. A very small change could remove the instability.
Small cramping also removes it.5

This use of the symbol p should not be confused with the coefficients p3 in the equatons of motion.

I _ _ _



114

1.0 -

0.6

0.4

0.2

0

0.2 0.4 0.6 0. o 1.0 ,

GA-3570-302

FIGURE Z.19 MATHIEU STABILITY DIAGRAM IN REGION
OF a 1/4

For these cases attention is restrictod to the first unstable region containing
the line Q - 1/4. It is evident that there will usually be at least onz point in this
region. We have fl, - 1/4 for n - b if

22- 1)2a2  1b2(b _M)Q2 - (3.3.34)

b2 -+1 4

and if b is not an integer we consider the nearest integer N. This relation is shown
in Figure 3.20. For a thin shell, a/h could not be less than 10. The curve shows
that the "critical" N would not be less than 4 and w!'l be considerably higher for
thinner shells. Then in Equation (3.3.34) we may neglect unity in comparison with
b 2 and obtain, with a 2 - h 2/12a 2,

b - 1.316 (a/h) 1/2  (3.3.35)

This appears in Figure 3.20 as the broken-line curve.

Il The (circular) frequency of the nth flexural mode is g,, given in Equation

(3.3.31), in terms of the dimensionless time r. The frequency of the hoop mode,

Equation (3.3.29), is unity. From Equation (3.3.31), w. - 1/2, which means that

this critical flexural mode has a frequency one-half that of the hoop mode. This is,
of course, the relation required if the circumferenitial hoop stress is Always to
encounge flexure. On successive compressive swings of the hoop oscillation, a

S!I
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flexural "buckle' alternates between flexing inward anid outward, and in either Case
the compression produces bending that increases the flexure. On the tensile
swings, the. hoop stress pulls on the buckle and increases its velocity as it passes
through the undeformed position. This situation is similar to that in the column
under an oscillating end load as discussed in Chapter 1. In the column and in the
problem of a shell with applied oscillating pressure, the associated compression i
maintained by the loading, which provides a source of energy for the flexural oscil-
lations. In the present problem, the energy must come from the hoop mode. This
type of instability is called autopararnetric instability because the energy comes from
the structure itself. To follow the energy transfer, the nonlinear terms in Equation
(3.3.27) must be retained.I

Before considering this energy transfer, it is useful to rewrite the flexurali
mode Eqc1ation (3.3.30), appropriate for initial growth, in terms of the purameter p
introductd in Equation (3.3.33). With unity nieglected in comparison with P.2 as
already observed, Equatinn (3.3.30) then becomes

k, + p~ 2 2
-sin r) a. p2k 1 al 11-1 iin i~ (3.3.36)

where

p vi/c* n/s an ¶tcl s (3.3.37)

Thia form shows clearly that the character of the solution is governed entirely by
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the parameter p, which we call the stability parameter. The only other parameter in
Equation (3.3.36), other than the initial imperfection amplitude in, is X2 , and we
have already seen that the critical value of n, and hence ef x, is known if a and p
are known.

If other initial conditions are considered, a similar parameter appears. For
example, if the shell is suddenly released from an initial hoop stress 0, uniform
around the circumference, then

a(O) - co./E 1  , (O) - 0 (3.3.38)

The hoop motion is then

ao(T') COS' T--(r - - cos 7" (3.3.J,,
El

and the flexural equation, from Equation (3.3.28) with the a, term neglected for
early growth, becomes

n + p2X2(X,2 - cos T-) a, - p2),2a f2 kn cos r (3.3.40)

where now

p - cro/Ela (3.3.41)

Observe that for either Equation (3.3.37) or (3.3.41), p is simply the peak
hoop strain divided by the shell thickness parameter a - h/a t2. As the peak
hoop strain increases or the shell becomes thinner, the coefficient of an in Equation
(3.3.36) or (3.3.40) becomes more negativt during the compressive phase of hoop
motion and the instability is more severe. We will see in the following sections
that, as p increases to values near 4, the motion becomes so unstable that the hoop
energy is transferred to flexure during the first compressive phase of hoop motion,
resulting in pulse buckling similar to that described in th.. preceding sections.

3.3.4 Small Initial Velocity--Autoparawettic Vibrations4

Return now to the question of energy transfer for small values of p (values
less than 1/2, as we will see). For this range, the second-order coupling term a, in
the hoop mode Equation (3.3.27) must be retained but the third-order term a.in I
the flexural mode Equation (3.3.28) can be omitted without serious error. Figure
3.21 shows the results of numerical integration of coupled Equations (3.3.27) and
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(3.3.28) with initial conditions in the form of Equation (3.3.39), with p - 0.4, a/h
- 100, and i,, - 0.02. The mode with most growth was found to be n - 13,
which agrees with Equation (3.3.35).

The dominant feature of response is the transfer of energy back and forth
between the hoop mode (dashed curve) and the flexural mode (dotted curve). At
,- - 0 and r - 105, all or nearly all the energy is in the hoop mode. At r - 50
and " - 155, nearly all the energy is in the flexural mode. Each transfer of energy
from one form to the other takes place during 8 oscillations of the hchop mode. For
smaller values of p, the number of cycles for energy transfer is larger. Also shown
(solid curve) is the strain in an extreme fiber of the shell wall. When the flexural
mode reaches its maximum, so does the extreme fiber strain. The peak amplitude
of the extreme fiber strain is more than twice that of the initial hoop strain. This is
a general result for energy transfer with no damping.

The peak amplitude of the extreme fiber strain is easily calculated by assum-
ing complete energy transfer from the hoop mode to a flexural mode. For energies
small enough that the a.3 term in Equation (3.3.28) can be neglected, the kinetic
and potential energy expressions in Equations (3.3.22) and (3.3.23) become

T" - 2io2 + in2 (3.3.42)

U*" 2a4 + 4na2- n2ao a2 (3.3.43)
T**

where T- 2T/irEtha, U - 2U/wEtha, n2 » 1, and we assume that a single
flexural mode dominates the response. For the initial velocity condition
corresponding to Equation (3.3.29), the total energy in the shell is

T(0) - 24(0) - 2(Vo/C)2 . 2p2a4  (3.3.44)

where p - vo/ca from Equation (3.3.37). For the initial compression condition of
Equation (3.3.38), the total energy in the shell is

U (0) - 2a42(0) - 2(-o./EI) 2 - 2p 2a (3.3.45)

where now p - ao/Ectx from Equation (3.3.41). In either case, as already
observed, p is simply the peak hoop strain (in unperturbed motion) divided by a.
With a general definition of p in terms of the total shell energy,

p 2 - [T*(0) + U*(0)]/2a2 (3.3.46)

the following result applies to any hoop mode initial condition.
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Define a stress amplification A. as the ratio between the maximum total
stress (at an inner or outer fiber of the shell) and the peak unperturbed hoop stress
Cr.. Since the ring is linearly elastic, this amplification is given by the strain ratio.
The flexural strain at an extreme fiber resulting from a flexural displacement a,, is
given by

4Eb . h 81w h h n2a,' A af nana (3.3.47)2 a (ae)I 2a

With complete energy transfer to the flexural mode, the peak amplitude a.' is found
from Equation (3.3.43) with a. - 0. Alsg, at the "e~ we have in' - 0, and, for
complete energy transfer, i. - 0. Then T - 0 and U is equal to the total energy
2p2 2Ot. Equation (3.3.43) is then

2p2a2  n a an (3.3.48)

With an' from Equation (3.3.48) substituted into Equation (3.3.47), the peak

flexural strain is

pb (3.3.49)

The peak unperturbed hoop strain is pa so that the stress amplification is

Cr M"'r p'm F6 .45(3.3.50)

independent of the mode number n. p

This result (derived by Goodier and Mclvor) shows that a brittle shell (or
ring) set into simple in and out breathing oscillations would eventually fail by birit-
tie flexural fracture for initial hoop stresses exceeding the fracture stress divided by

2.45. With damping, some energy is lost during the energy transfer oscilla-
tions and the allowable hoop stress is larger. Also, since real materials have some
ductility, the bending strain for fracture is larger than for this elastic theory. Duc-
tility also introduces a form of damping by extracting energy each time the flexural
mode amplitude nears a peak. However, as p increases, damping mechanisms have
less time to act because the number of oscillations for energy transfer decreases.
To study potential failures of highly damped or ductile materials, we therefore
study stability for larger values of p.
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3.3.5 Intermediate Initial Velocity--Onset of Pulse Buckling6

If Equations (3.3.27) and (3.3.28) are integrated in coupled form without the
a. term for values of p exceeding V2, the amplitudes of motion are found to
increase without bound. This result can be deduced without numerical integration
by using the energy Equations (3.3.42) and (3.3.43) written in the form

T" + U*- 24 - 2(3.3.51)
an n 2a2 - n 2a.

Thus, even with the total energy T + U fixed, the maximum flexural amplitude
is undefined when the denominator becomes zero or negative, i.e., when
a, >, n2a 2, because the numerator is always positive if the hoop plus fiexural
kinetic energy is to remain less than the total energy.

The condition a. > n2 a 2 is expressed in terms of p by recalling from Equa-
tion (3.3.34) that the critical mode for most rapid growth is near n2 a - 1/2 and that
the peak value of P, is pa. Then a. >, n2a 2 becomes

p > ½2 (3.3.52)

This condition has a readily apparent physical interpretation. The peak hoop thrust
corresponding to p - ½/2 is the static thrust that causes buckling, i.e,, (lI - An in
Equation (3.3.30). As in low-order static buckling theory, when the hoop compres-
sion reaches the critical buckling load, the amplitude of the buckling is undefined.

For p > 1/2, a higher-order theory must therefore be used to solve the coupled
equations. Thus we use the fourth-order term in the potential energy Equation
(3.3.23), so that Equation (3.3.43) becomes

U - 2ao2 + (n4a 2  n 2a.)a,2 + -. n4a4 (3.3.53)

and the energy conservation equation T + U constant becomes

2 + + 2 + (n-a2  n 2 a.) + -- n a. - 2p 2 a 2 (3.3.54)

Estimates for stress amplification with Equation (3.3.54) are more complicated than
for the small p theory. In the following paragraphs several bounding estimates are
made. Then we give examples of coupled motion found by numerical integration,
to illustrate rapid growth for large p.
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The simplest estimates are made in the same way as in the small p theory, by
assuming complete energy transfer to a fiexural mode. With ao, - a. - in = 0,
Equation (3.3.54) gives the following expression to determine a,:,

3-n 4 a4 + ci2n 4a,2 - 2p 2 a 2 _ý. 0 (3.3.55)
16 n ~

The stress amplification is defined as before, which with Equation (3.3.47),
becomes

Af = _b 13 a n 2a , , 2

A•,- - "=n•" .a, (3.3.56)pci pci c

It is apparent that in the high-order theory, with the a4 term in Equation (3.3.55),
the amplification is no longer independent of n. To solve for A0 , assume for the
moment that the buckling mode is the same as that for small p so that, from Equa-
tion (3.3.35), ncr , 1/2-,/•. Then Equations (3.3.55) and (3.3.56) yield

A0, mrin "= 1(1 + 6p 2)-1 2 - / (3.3.57)

A plot of stress amplification from Equation (3.3.57) is given as the dashed
curve in Figure 3.22. For small values of p, the amplification approaches the value
v6 from the low-order theory. As p increases, the amplification decreases. The
flexural mode grows more uapidly [because the coefficient of a, in Equation (3.3.28)
becomes more negative], but the maximum flexural amplitude is smaller in propor-
tion to pa because energy is absorbed into the a4 term.

At these iarge values of p, however, the mode number of the flexural moae
with most rapid growth diverges from its value ncr," I/,-,2 for small p. (The loci g

of flexural modes in the Mathieu diagram extends farther into the unstable region,
Figure 3.18, so many modes are unstable.) If instead of nc, being held fixed, it is
adjusted at r•ach value of p for maximum rate of flexural growth, then the stress
amplification never falls below A, an 1.62, as shown by the upper curves in Figure
3.22. These critical values of n (or, more fundamentally, of dimensionless wave
number X) are found by numerical integration of Equations (3.3.27) and (3.3.28).
The critical modes are found to be given reasonably well by the empirical formula

X + (0.6)4 (3.3.58)
c_ 4p 2

This formula is constructed to give the proper asymptotic values Lcr "- 1,5$,
corresponding to nr - 1/-2c, as p -. 0 (weak instability of autoparametric vibra- S I
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FIGURE 3.22 BOUNDING ESTIMATES FOR STRESS
AMPLIFICATION FROM HIGHER-ORDER
THEORY

tion buckling, as described in Section 3.3.4), and Xcr - 0.6 as p -' oo (strong insta-
bility of pulse buckling, as described in the next section, Section 3.3,6). For X
fixed at 0.6, Equations (3.3.55) and (3.3.56) give A. , - 1.62, independent of p or
a. When X, is varied according to Equation (3.3.58), it is convenient to write the
solution for A., from Equations (3.3.55) and (3.3.56) in the form

== ! -- ]1/2
A0, -2A,[(4,4 + 6)1/2 -2,2 (3.3.59)

in which appropriate roots have been taken. Stress amplification from Equations
(3.3.58) and (3.3.59) is given by the lowermost solid curve in Figure 3.22. It is
clear that even with the proper critical mode at each value of p, the stress
amplification falls well below the value %16 from the low-order theory.
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However, these estimates of stress amplification are based on complete enerjW

transfer, as in the small p theory. They do not account for the possibility that with

finite p the higher-order theory can allow greater amplification when the hoop

amplitude a. remains finite rather than vanishing altogether. This possibility arises

because of the n 4a 2 - n 2a. coefficient in Equation (3.3.54), which is the

coefficient that led to unbounded growth for p ;0 % in the lower-order theory. For

finite p., the maximum stress amplification is found by again setting i. - i. - 0 in

Equation (3.3.54), but by then differentiating the equation and setting da./ da0  0

to maximize a 2 with respect to a,. This gives for a, at the maximum

2 n 2a/4 (3.3.60)

This term is of second order but cannot be neglected for large p. The re~sulting

maximum amplification is found by substituting this expression for 6,, into Equation

(3.3.54) with i. - in- 0. With definition (3.3.56), the result is

Anmax - 2Nf X 14\4+ 2) 1/2 - 2X2 1 /2(3.3.61)

The subscript n denotes that this expression includes only flexural stress neglecting

for the moment the stress from i..

Amplifications obtained with this expression, again with kc from Equation

(3.3.58), are given as the second curve from the top in Figure 3.22. For finite p,

these amplifications are larger than in the curve from Equation (3.3.59) for com-

plete energy transfer. Furthermore, with a, now nonzero at the maxima, the total

bending plus hoop Wtain in an outer fiber is larger still. The maximum total strain

amplification is

-An max + a£0 /pri

n Amax +(An max) 2 /120 2  (3.3-62)

This expression is plotted as the top curve in Figure 3.22. Because £i, is always

positive, see Equation (3.3.60), and the hoop strain is e , - - a,, this amplification

refers always to compressive strain, as noted in the figure. Also, this maximization

for strain assumes that in the actual coupled motion the phasing between the hoop

and flexural modes will at some time align itself so that both a0 and a. have a max-

imum at the same time. Numerical integration of the coupled Equations (3.3.27)

and (3.3.28) shows that a very close alignment actually does take place when n is

chosen properly [approximately according to Equation (3.3.58)A. This is demon-

strated in the examples in Figures 3.21 and 3.23. Compressive stress amplifications

from such integration lie surprisingly close to the curve from Equation (3.3.62),

usua~ly within a few percent.j
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Figure 3.23 also shows the very rapid energy transfer that takes place for large
values of p. In the example for p - 2, the extreme fiber strain reaches its largest
maximum during the second compressive swing of the hoop mode. Subsequent
maxima are greatly reduced because in titse examples damping was introduced.
This was done by adding a viscous term 2pia, to the hoop mode Equation (3.3.27)
and a similar term 2Pwni, to the flexural mode Equation (3.3.28). The parameter
P is the fraction of critical damping, taken to be the same in both equations. The
upper two examples in Figure 3.23 show that for moderately small p (p - 0.4),
increasing the damping from 1% to 2% greatly reduces the maximum extreme fiber
strains because of the large nunber of oscillations reqtuird for the flexural motion
to grow.

Figure 3.24 shows stress amplifications fronm many sach numerical integra-
tions for several values of damping fr Smooth curves were drawn through the
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points from eanh coupled motion calculation. In these calculations, the initial con-
dltimn were with the ring at rest mudet a uniform hoop compression, as in the
examples in Figure 3.23. Shell parameters were also a shown in Figure 3.23; a/h
- 100 and 8,, - 0.02. Amplification in Figure 3.74 is 1or tensile peaks. As already
mentioned, for p - 0 the compressive amplficatlons from them calculations gave
the same curv as predicted by the energy derivation, the top curve in Figure 3.22.
The tensile ampllfication curve for P - 0, in Figure 3.24, lies slightly above the
complete energy transfer curve, labeled A, in Figure 3.22. This is as one would
expect, because the contribution to total strain from lie (the difference between the
upper two curves in Figure 3.22) is compressive and Is much larger than the
Incras from A, to An ,m. Teile strain is therefore maximized by nearly. comn-
plete energy tranfer rather than by maximizing the flexural amplitude with finite
so.

For each set of parameters in Figure 3.24, coupled motion was calculated for
several values of n and the largest amplification was plottd Values of n for largest
amplification were always close to nc given by Equation (3.3.W8). The amplification
points were alwfys within a band of + 0.1 in "mpcation about the smooth
curvem CudculeUeons with a/h - 200 pve very nea* the same amplifications is
for a/h - 100, demonstraung that the primary influence ot a - h/a&-2 is con-
tained in p. Calculations with "0.005 and .OS showed an Increase in
amplification with increasin hpperfections for finite P, but the increase was small
enoqgh that the curves for the nominal value a, - 0.02 can be used for practical
estimates of stress. Experiments descril~d in Sections 2.2.2 and 2.2.10 sunest that
equivalent single-mode imperfections are near this value.

Also given on the curves in Figure 3.24 are values of M, the number of
compressive swings of the hoop mode at the time the maximium stress occurs,
counting the initial compression as M - 1. With no dampinq ( - 0), M can be
quite larse and is in fact indeterminant, since energy transfer in a beating fashion
back and forth between the hoop mnd flexural, mode can repeat itself indefinitely,
Pigure 3.21. For finites 1, M Is the number of cyces to the maximum of the first
beat, since energy is being dissipated continuously -and for subsequent beats the
ensrgy avahilble for transfer is reduced. For P - 0.01, M - 9 at p - 0.2, and M
- at p - 0.4 (we Figure 3.23, top) and so forth, as shown in Figure 3.24. For p
> 2, en transf is quite rapd and Is complete by M -2 (e Figure 3.23, bot-
tow. Fair 18N p and P, M - 1.

Figue 3.25 gives similar curves of sum plflItn versus p, but for an
aitial smmetric inward radial velocity. The curve for P - 0 is tie same as for an

initial hoop cmpression beause without dempftl only tie WtMli ewgy is impor-
tet, not ** nitalam of motio. Even with P - 0.01 and 0.02 the carves ore
quite smi- to tose for ctadomreion; ampUEao drops marm t wit

"i7r. . . .. .
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inesusin8 damping for small p, but has little effect for p > 2. Forp - 0.04, the
amplifications for initial compression and initial velocity differ more widely and theeffect of dusping is felt even for Im p in both cues.,
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cawaf of toe ms ThI evau m u remsl in fracture (hrlWtt nuorisr ) or
persmot VON* 1 1 dd (*aftb mamluhls) at waeegh emadby fth

a- ku%4*.
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3.3.6 High Initial Velocity--Pulse Bucklingl3

For large values of p, we must return to initial growth of the flexural mode%.
because the nature of the growth is distinctly different from that for t. ie small
values considered in Section 3.3.3. For large p, th-, parabolas given by ',`quation
(3.3.32), which define the loci of flexural modes in the Mathieu diagram, extend
into large regions of unstable motion. This is shown in Figure 3.26, in which the
Mathieu diagram of Figure 3.18 is redrawn with axes that extend to fi - 30 and $
- 40. The question now is not which mode or few modes fall into the region near

40 P =13.84
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Critical
Modes

30 P -6.92( -soo)

p20

P 4.15

10 -

4 P 1.385
• •1.100

0 '
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GA-3772-97

FIGURE 3.26 LOCI OF FLEXURAL MODES ON MATHIEU STABILITY CHART

Shaded areas are the stable regions.
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/- /4, but what is the relative magnitude of growth of the large number of

modes that are unstable and is the growth rapid enough to cause wrinkling on the
first swing of the hoop mode.

In Figure 3.26, several parabolas are drawn with various values of the stability
parameter p. The combination of small a (thin cylinder) and large v./c gives
parabolas extending well into the unstable region. For unperturbed elastic hoop
motion, v./c - roE 1 must be less than the yield strain of the material, which for
engineering metals ranges from 0.002 to 0.005. To indicate the approximate
minimum radius-to-thickness ratio at which elastic pulse buckling can occur, values
of a/h associated with vo/c - 0.004 are given in addition to the basic parameter p.

The range of modes that could conceivably grow rapidly enough to cause such
buckling can be determined by considering the coefficient of a. in Equation
(3.3.30). If an is to grow to a significant value in one swing, then this coefficient
must be negative at least part of the time. The largest value of n for which this can
occur is at sin 7 - 1. For n2 > > 1, this maximum value is given by*

nvX - - (3.3.63)

It is convenient to use the dimensionless wave number X - n/s. The range of
interest is then 0 < X, < 1, and X is treated as a continuous variable. These. are

Sthe same parameters introduced in Equation (3.3.37). For the initial symmetric

radial velocity condition, the flexural modes are governed by Equation (3.3.36),
which is repeated here with in - 0.

ix + p2). 2(. 2 
- sin ")ax - 0 (3.3.64)

For the present, we consider initial velocity pe-rturbations

•'•i n(0) - 'YnV o/C (3.3.65)

where y'. are Fourier coefficients that describe a small perturbation in uniformity of
v, around the shell.

For pulse buckling, the solutions of Equation (3.3.64) have an essentially
hyperbolic behavior. To emphasize this, and also to relate elastic buckling to the
plastic flow buckling of Section 3.2, we consider first the equation obtained by
replacing sin ar with I in Equation (3.3.64); i.e., we assume that the hoop thrust is

If vo/c is replacbd by its equivalent, oa./El, this definition of s2 Is seen to be mnalogous to

s2 Y/E1hU 2 , %Ig given in Section 3.2 for plastic flow buckling.

, ,~
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constant at its maximum unperturbed value a. - Elvo/c. For initial :onditions
(3.3.65), the solutions to this equation are

a(r) -m vv -, sinh rkr (3.3.66)
c r,

where

r. - pK(I - k2 )1/ 2 
, 0 < X < 1 (3.3.67)

The maximum value of the amplification factor (sinh rAT)/r, occurs at the max-
imum value of r.. The most amplified mode is therefore A - 1/v42 - 0.71. The
mode number is the integer n nearest s/42. This is essentially the solution given
in Section 2.2, with s interpreted as noted earlier.

The solution to Equation (3.3.64) has basically the same character, but it
must be round numerically. As an example, consider the thin shell in Figure 1.5,
with a/h - 480 and v. - 800 inch/s - 20 m/s. With c - 200,000 inch/s (5100
m/s) and , - 0.35 for the aluminum 6061-T6 material, then p - 6.6 and s - 105.
Results of numerical integration of Equation (3.3.64) for these parameters and ini-
tial conditions Equation (3.3.65) are given in Figure 3.27. Many modes experience
substantial growth. During the early motion (7 < 1.5), growth is almost uniform
from n - 2 to n = 75. Later, growth is very rapici and modes near n - 63 are
much more amplified than others. The corresponding dimensionless wave number
is A - 0.60. This vaue is not much different from the value K - 0.71 if the hoop
thrust were constant at its peak value. The growth with time of the most amplified
mode is shown in the lowermost plot of Figure 3.27. It reaches a maximum at 1 -
3.1 and then begins an oscillation. In the real shell, Figure 1.5, this oscillation
never occurred because plastic hinges were formed during the time of rapid growth,
from 7 - 2 to 3. The wavelength of observed wrinkles has mode numbers from
n - 50 to 100, in the range of the theory.

To determine how the critical value of X varies with p, we integrated Equation
(3.3.64) with initial conditions Equation (3.3.65) for a sequence of values of x at
each of several values of p. The results are summarized In Table 3.5. Over the
wide range of amplification, from car,/v.oy - 5.3 to 11,910, the dimensionless
wave number X,• ranges only from 0.630 to 0.585. In the midrange, where the
onset of buckling is likely to occur, k,, - 0.60. The critical value of p for buckling
is certainly in the range from 2 to 12 given in the table. For example, if we take Y'
- 0.0! (i.e., take an equivalent single critical mode perturbation of 1% of the initial
velocity v,), the range in amplitude of the critical mode is from 5% to 119 times
the unperturbed hoop amplitude v0/c. The locus of critical modes for Xcr - 0.6 is
the straight line M - 2.8 a given in Figure 3.26. This follows from the relations A
- pY2 and a p2K4.

I
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Table 3.5

EFFECT OF p ON ,cr AND AMPLIFICATION
OF PREFERRED MODE

cacr/von
pXcr (at i" - 2.7)

2 0.630 5.3
4 0.615 20.7
6 0.605 96.6
8 0.595 474.0

10 0.585 2370.0
12 0.585 11910.0

Similar numerical integration was performed for initial imperfections in the
shape of the shell, represented by 5,, in Equation (3.3.36). It was again found that
Xcr - 0.60 for p in the range from 3 to 12 and that growth is large and essentially
exponential in this range. Peak amplification is close to empirical fit

G a- - 1.2 e'*0o (3.3.68)
8nimax

where an - (a/h)an is the amplitude of the most amplified mode expressed as a
multiple of the wall thickness, as is 8,.

Equation (3.3.68) can be used to calculate critical conditions for incipient for-
mation of plastic hinges at the elastic buckle wavelengths. First observe in the bot-

tom graph in Figure 3.27 that the amplitude of the flexural mode is very small at T

- r/2 - 1.57 compared with the amplitude at 'r - 3.1. (This graph is for growth
of velocity imperfections, but it has the same form as for shape imperfections.)
Thus, when the hoop mode reaches its maximum value at -r - v/2, the flexural
amplitude is small, and when the flexural mode reaches its maxithum at r - 3.1,1
the hoop mode amplitude is small [the unperturbed hoop amplitude is zero at 7 -
ir, Equation (3.3.29)A. Incipient yield from hoop and flexural motion can therefore
be described separately.
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To determine the critical condition for incipient flexural yield, Equation
(3.3.68) is used with Equation (3.3.40) for extreme fiber flexural strain:

fEb f-ctk

S a
a

vf-).Ihp(1.2 eP ht (3.3.69)
a

This expression is now set equal to the yield strain ey, with the result

a ._-- - 0.748 pep (3.3.70)
h 8n

in which the critical wave number X - 0.60 has been used. This expression is plot-
ted in Figure 3.28. Also plotted are lines defining the limits of elastic hoop motion.
These are found by setting the peak hoop strain, cro/E 1 - Vo/c, equal to the yield
strain* ey.

v pa - a Ey (3.3.71)

To plot this relation in Figure 3.28, (3.3.71) is rear:anged into

a _Y p (3.3.72)
h in 02i

Thus, ir jure 3.28, a line must be drawn for each assumed value of shape imper-
fectior e, in order to have the line appear on the same plot as the general curve for
flexural yielding.

I
Figure 3.28 is used by entering with a value of the known shell quantity

aey/h8, and then examining for hoop yield or for flexural yield from dynamic buck-
ling. Permitted values of p for elastic hoop motion lie below the lines for each
specific value of ýn. Values of p above these lines are not attainable for purely
elastic response. Thus, for 8, - 0.01, hoop yield will occur before dynamic buck-
ling yie, ., api is with aEy/h8n < 104. For thinner shells (larger a/h), first
yield wid occuf )y dynamic buckling. The upper abscissa gives example values of

*The relationship between this yield strain and the yield strain in simple tension or compression depends
on the yield function. fl, ,esca yield, their ratio is simply 1 _ ,2  For a ring, we replace E, with E

and yield is by simple s ,ion.
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a/h for in/ey - 2.5, which for in - 0.01 gives E y 0.004, a typical value for
engineering metals. For these parameters, the thickest shell that will buckle to
incipient flexural yield without first yielding in hoop compression has a/h - 260, a
very thin shell.

Critical values of p for buckling with 8n - 0.01 must be larger than pr
3.66, the value at the intersection of the hoop and flexural yield curves. Observe
also that critical values of p are never much larger than this value because the
buckling curve increases exponentially with p, Equation (3.3.70). For the thinnest
shells of practical interest, p at first flexural yield will not exceed about 5. The
assumed value for 8,n can also vary widely without causing large changes in the
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minimum value of p that can cause yield from buckling. For 8, - 0.02 this value
is p - 3.0, and for 8, - 0.005, p - 4.3. From a practical viewpoint, the critical
condition for buckling can therefore be taken as a critical value of p now" the center
of the range from p - 3 to p - 5, which covers essentially all cases of interest.
For the simple formulas below, we take p - 4. From Equation (3.3.68), this is
equivaient to taking the critical condition for buckling to be a critical value of
amplification of initial imperfections; in this case, G.,, - 651 at p - 4. At p - 3,
Gmns - 24; and at p - 5, Gmax - 178.

From the definition p - v,/ca, the impulse I - phvo that produces the criti-
cal condition for elastic buckling is

h
Ie - phcap - phc h • 4

le - 1.15 pcaIa (3.3.73)

This expression is valid as long as the maximum hoop strain remains elastic. With
p - 4, this condition requires

Vo 4h
c 712 ac -

or

a 4 1.15 (3.3.74) j

For e. - 0.004, a/h > 288.

3.4 CRITICAL RADIAL IMPULSES FOR ELASTIC AND PLASTIC-FLOW
BUCKLING OF RINGS OR LONG CYLINDRICAL SHELLS

3.4.1 Approach

The ideas used to develop the simple formula in Equation (3.3.73) for critical
impulses for elastic buckling of rings or long cylindrical shells can be extended to
include plastic flow buckling, which occurs for thicker shells. At the end of Section
3.2, a lower bound on impulse for plastic flow buckling was given simply as the
impulse needed to bring the ring or shell to hoop yield. For thick shells this is far

-J-
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too conservative because appreciable plastic flow in the hoop mode can take place
before any serious buckle amplitudes are observed. In this section critical impulses
are determined under the assumption that amplifications of initial shape imperfec-
tions by a factor of about 20 can be safely allowed without objectional deformation.
Thus, for an equivalent shape imperfection in the critical buckling mode equal to
1% of the wall thickness, the buckle amplitudes would never exceed 20% of the
wall thickness.

As in the plastic flow theory given in Section 3.2, it is assumed that no strain
rate reversal occurs during the buckling motion, so that material points are always
loading, and stresses and bending moments can be calculated with the tangent
modulus in plastic compression. In calculating buckle thresholds, this is never true
during the terminal motion because one mnust calculate right up to the point where
the inward hoop motion stops, and beyond for very thin shells as just seen in Sec-
tion 3.3. With finite flexure, points near the buckle crests on the tensile side of the
flexure must therefore unload elastically before the hoop motion ceases. Since the
elastic modulus is much larger than the tangent modulus, use of the tangent
modulus theory is conservative because it allows more flexure than would actually
be experienced. In Section 3.4.6, examples from a numerical analysis that includes
strain rate reversal and elastic unloading show that results from the simple theory
are nevertheless reasonably accurate. Experimental results for threshold plastic
flow buckling are also given, in Section 3.4.4.

For intermediate length shells another resisting moment, called the directional
moment, must be included in the theory. Also, in strain-rate sensitive materials
viscoplastic moments c&n dominate over hardening (tangent modulus) moments.
These effects are considered in Chapter 4. Because hardening moments dominate
in many practical problems, the results in the following sections for the simplest
plastic theory have considerable practical importance.

3.4.2 Strain Hardening in Engineering Metals

To study the complete spectrum of pulse buckling ftor thick to thin shells, it
is necessary to use a more accurate description of strain hardening than the con-
stant hardening modulus Eh used in Section 3.2. Tests on several aircraft alloys
show that an accurate description of strain hardening is given by

0r 0 <

Eta~ (3.4.1)

where E, is the tangent modulus, ae, is the yield strain, and K is a parameter that
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describes the post-yield shape of the stress-strain curve. Integration of Equation
(3.4.1) gives

E- -- +K/ K (3 .4.2)ey- / ey + M~e -- ey)J • e ey

Examples of stress-strain curves from this formula are given in Figure 3.29.
Large values of K describe curves with abrupt yield, for which the tangent modulus
drops quickly after yield. Small values describe more rounded curves with substan-
tial strain hardening. The curve for K - 30 was measured from tensile tests on
aluminum 6061-T6 sheet and small diameter tube stock. The curve for K - 10 is
representative of compression tests on magnesium alloys. The curves were
deduced from the test data by graphical differentiation of stress-strain curves con-
tinuously recorded on a strip chart, which gave E and Et(*). Plots were then made
of ar/Et versus e, from which K was determined. The yield strain ,ey was then
determined so that Equation (3.4.2) matched the measured stress at about 1%
strain. When the resulting parameters are substituted into Equation (3.4.2), the
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FIGURE 3.29 STRESS-STRAIN CURVES
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entire stress-strain curve is matched to within the few percent experimental accu-
racy. Table 3.6 gives parameters found in this way for alloys of aluminum, mag-
nesium, and titanium. The linear fit of Equation (3.4.1) to the differentiated
stress-strain data was generally accurate to strains of at least 5%.

Table 3.6

ELASTIC AND PLASTIC PARAMETERS FOR A FEW AIRCRAFT ALLOYS

p E E
Alloy kg/r 3  GPa 106 psi K ey iyt D - K-1 14Eg !

Aluminum 6061-T6 2730 69 10.0 30 0.0039 0.0043 0.0280
Aluminum 6061-T6 2730 69 10.0 15 0.0038 0.0045 0.0341
(compression)
Magnesium AZ31B 1820 41 6.0 14 0.0048 0.0059 0.0397
Magnesium ZK60A 1820 41 6.0 30 0,0065 0.0069 0.0355
Titanium 6AI-4V 4470 106 15.5 30 0.0070 0.0075 0.0370

From tensile tests to a - 5% strain, except as noted.
t Average stress to 3% strain, divided by elastic modulus E.

3.4.3 Equations of Motion

The equations of motion to be used in this section are those derived in Sec-
tion 3.2; however, with the stress-strain curves of Equation (3.4.2), the coefficients
are no longer constants. 7 Equation (3.2.10) is then written

u'"' + (I + s2)u" + s 2u + -

--- s2( + u, + u"1 ) + eaP (.4.3)

a 2p2 Eh

where u - w/a, primes indicate differentiation with respect to 0, and dots indicate
differentiation with respect to r. In order to treat a continuously changing tangent
modulus, which varies from the elastic modulus at small strains to much smaller
values given by Equation (3.4.1) for plastic strains, the dimensionless time 7 is that
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used in the elastic problem and additional dimensionless parameters P2 and S2 have
been introduced as follows:*

Ct p E s .2 '0 (3.4.4)

a E 1E

and a 2 - h 2/12a 2 is the shell parameter as before. The parameter s2 is the same
as that in Equation (3.2.7) but with the fixed hoop stress S/h and hardening
modulus Eh replaced by their continuously changing counterparts. Thus, as the
shell moves symmetrically inward in the hoop mode, both 12 and S2 change with
time. The last term in Equation (3.4.3) is from an applied pressure P(G, r), for
later extension in Section 3.5 to finite duration pulses.

The initial shape imperfection u1(G) is expanded into a Fourier cosine series,
as are the deformation u(G, T) and applied pressure P(6, r):

u,(8) - h_ . n8 cos no (3.4.5)
a n-2

u(6,7) - Uo(r) + • un(v) cos no (3.4.6)
n-2

P(G,-) - Po(") Ii + I 2y,, cos noj (3.4,7)

There is no difficulty in adding sine terms, but in what follows response is analyzed
for a sequence of modes as in the previous sections, so there is no need to include
these terms explicitly. The pressure terms -nPe(T) are regarded as small nonuni-
formities whose effect will be compared with the effect of shape imperfections 8n,
expressed as in Section 3.3 as a fraction of the wall thickness h. Substitution of
these expansions into Equation (3.4.3) gives the following equations for the series
coefficients:

E + . aPo(,') (3.4.8)

iio + - ( + uo) " Eh

ii. + a 2j92(n 2 - 1) (n2 - s2)un

"a 2 s2 (n2 - 8)•n - + (3.4.9)
a Eh

In this section, no longer refers to viscous damping ratio.



140

In the more -eneral case, with the load applied as a finite pressm pulse, the
shell is taken initially at rest in the unstrssed condition, ivin8 initial coandion

un(O) 6 A,(0) 0 n - 0, 2, 3, ... (3.4.10)

For an ideal impulse,

115)T- - (3.4.11)

these initial conditiom ae mplaced by

,(o) - 0 , la(o) Vol, 0n-o, 2, 3,... (3.4.12)Pch

and the pressure terms in Equations (3.4.8) and (3.4.9) aretdropped.

In either can, the solutions to Equatio (3.4.V) and (3.4.9) are fcund by
nutmerical intearation. The procedure begins by solving for the symmetric hoop
motion us(0) from Equation (3.4.3). Having neglected the small influence of
Boenn on the midaurface strain E in the formulation of Equation (3.4.3), we take
u. - w./a - e. Tbnw w*(*) in Equaon (3.4.8) is dessmimd by usiia the
mterial stres-strain relation, Equation (3.4.2). Similarly, t(r) is used in Equa
tioes (3.4.1) and (3.4.2) to calculate the time-vUrYi06 qnts • p n 2 in the
flexural mode Equation (3.4.9). With thene values at each time "lep, the flexural
equatiom re also solved by nuwmerical intaration.

3.4.A Phil.3ev lhswg•

Meore preormim this numerical intespation. it is unful to obtain appotxi-
mam sonutims by esuodln the results in Section 3.2 found for constant a and Eb.
Then or,(.) is replaced by a constant average tess 4,, and the peramers

- '&,/aE, a #2 -/E/ an lo constants. When theMe sifapliatlons we
Inmoduced Into Equation (3.4.9), its solution with initktl conditions from Equation
(3.4.12) is simply

U,, -n (8 2) - (cosh p - I I + ,, sinh per (3.4.13)

-~2 p- p,

wb•m a < sand

Ot 1-)( A2 - 1/2 (3A..14)
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The first term in Equation (3.4.13) skews the exponeutial rowth of shape
Imperfection For n2 > > 1, the rm is of exactly the same form as the
amplfication fupiwlon in Equation (2.2.50) for the bar under axial impact. All the
conclusions for growth of random im-fections in the ber can theefomr be carried
over to the ring or long shell. A band of high-order modes is highly amplified.
The trfened mode number, near the maximum amplfatlon, is the integer
closest to n - a/41. With the reasonable assumption of random imperfections,
buckling thresholde can be estimated by studying motion in this mode, with an
"equivalet single impeifection oc t 8g that repreants the interated effect ofI modes with mode numbers near the critical mode number. The magnitude of the
amp w�lo p is w O r by " duration of the inewd motion. This will be dis-
cussed in more deaml lair.

The secoi term in Equation (3.4.13) is from bucking precipitated by imper-
factionsn the nely unform inward velocft. A plot of this amplifcton, in
Figure 3.11, has the same gewas featues as for shape imperfections. It ha1 a
maximum at the Integer closet to n - s/%. The relative importance of shape
and velocity imprfections can beretbre be detrmined by calculating respone for
n - s/-A. For this mode, n2 > > 1, p, is maximum and is Sin by

ps a" -Q (3.4.15)

The ratio of the maximum displacements caused by shape and viodWty imperfec-
tions is then

Si, ha88 posh Q
v amv70). pE 2 1/2 s Q

2%4 WA (3.4.16)

whore v, 1,/ph is the initial inward velocity of the shell wall.

Equation (3.4.16) can be inuqnte d diectly in terms of the idealized
NOmWrssve scurve N - , + Ehe used In the anlysis. To do this,

the initial kinetic emp in the hell wall is oquaed to the plic work of mem-
brane saining to a final strain 4rat averaWe stem is,:

pv! A Wtt

1-,.in,, 

(3.4.17)2 7 Eb
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in which o0 h is the increment in stress due to strain hardening. This Oquation is
now used to eliminate v. in Equation (3.4.16), with the result

6 'r11/2 inU - °' 6 ' "(3.4.18)

The strain hardening increment oh is a small fraction of the average yield
stress ty for most metals of interest (see Figure 3.29 for K - 10 and 30). Equa-
tion (3.4.18) shows that in these materials shape imperfections are likely to
dominate over velocity imperfections if shape imperfections as a function of wall
thickness (I.) are comparable to fractional perturbations in the nominally uniform
load (y'). For example, from formulas to be given later in this section, a shell
with a/h - 24 made of aluminum 60614-T6, for which K - 15, buckles at a plastic
strain increment of., - 2.0%, With Eh - 400,000 psi (2.8 GPa) from Figure.
3.29, this gives ch - 8000 psi U55 MPa). With an average stress &Y " 40,000 psi
(276 MPa) this gives (6h/crd)1/ 2 - 5.5. Thus, velocity imperfections would have
to be about five times lkrger than shape imperfections to produce the same
deformation.

The simple solution in Equation (3.4.13) for constant parameters also suggests
a procedure for finding an approximate formula for critical impulse at the threshold
of allowable buckling. The criterion for buckling is taken as a critical amplification
of initial shape imperfections. Experimental results will be given to demonstrate
that, as for the thin bar buckling in Section 2.2, shape imperfections are propor-
tional to wall thickness; thus this criterion corresponds to buckle amplitudes equal
to some fraction of the wall thickness, a reasonable criterion.

Amplification in Equation (3.4.13) depends mainly on the argument Qr of the
hyperbolic term, since imperfections are typically very small, so concern is with
large amplifications in which hyperbolic growth dominates. It is then reasonable to
assume that a critical amplification criterion corresponds closely to Q7 reaching a
critical value, that is,

Q'r - B (3.4.19)

where B is a constant to be determined and 7f is the dimensionless luration of the
inward membrane plastic flow in the hoop mode. In real time this duration is
approximately

los
tr - h 1 (3.4.20)
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which is the time to bring a unit axial length of wall element, of area had@, to rest
from velocity v. - 1./ph at constant deceleration &,hd#/phadO - &y/pa. With
the definition T - ct/a, Equations (3.4.15), (3.4.19), and (3.4.20) are combined to
give the following expression for critical impulse:

j I E& 11

l-- 2ah(p&") 1/2 I B (3.4.21)

This formula can be used directly for materiais with a constant hardening
modulus Eh. In this case, the amplification of shape imperfections, from Equation
(3.4.13) with yn - 0 and n2  s2/2, is

u
G mx - 2(cosh pnr -1)

i nmax

- 2(cosh B - 1) e• B (3.4.22)

where U: - wn/h - (a/h)u,. It will be shown in the following pages that a rea-
sonable value for 8n is about 0.01, just as for the thin strips in Section 2.2. Then a
reasonable critical value for Gm.. is 20, which then gives deformations of 0.2 h,
which are perceptible but generally not unacceptable. For G,. - 20, B - 3.0.
Other choices for G,,, do not change B appreciably; for G,,,x - 50, B - 3.9.
With B - 3, Equation (3.4.21) becomes

-cr 6ah(pEh) 1/2

- .131 a(pEi) 1/2 (h1
2

aI
I E/21'/2

- pca (3.4.23)

This formula is similar to Equation (3.3.73) for elastic buckling but applies
only for shells with a/h small enough that buckling occurs only during substantial
plastic flow. The two formulas differ simply by the factor (1.151/3)(E/Eh) /2
Typically, E/Eh = 100 so this factor is about 6.60. Thus, for a given a/h, Equation
(3.4.23) gives much smaller impulses than Equation (3.3.73). However, Equation
(3.4.23) must, of course, give larger impulses than Equation (3.3.73) because it is
to be applied to thicker shells. With this simple constant Eh theory, there is obvi-
ously a range of a/h for which neither the elastic nor the simple plastic theory
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applies. For E/Eh - 100, this range is at least from a/h - 288, the lower limit of
Equation (3.3.73), to a/h - 288/v'6,.6 - 112, the value for which Equation
(3,4.23) gives the same critical impulse as from the elastic theory for the thinner
shell, a contradiction in physical expectation.

This range in a/h for which neither theory applies is a range of considerable
practical importance. This is why the more accurate description of material
behavior was introduced in Equations (3.4.1) and (3.4.2), along with equations of
motion with variable parameters. Even with these added complications, it is possi-
ble to derive a simple critical impulse formula for plastic flow buckling that covers
the entire range of interest and is surprisingly accurate.

To derive a critical impulse formula for varying cr and El, Equations (3.4.8)
and (3.4.9) for motion are first integrated numerically for several examples. The
results show that most of the growth of u,, occurs near the end of the hoop motion
because a increases and Et decreases with increasing e and hence with increasing T.

An indication of why this has a strong effect on growth is apparent in Equation
(3.4.15), which shows how &, and Eh enter directly into the hyperbolic argument
Q7. To obtain a simple formula for critical impulse, o" and E, are therefore taken
to be constant at their final values, and Equation (3.4.21) is used from the constant
parameter solution.

These final values are determined by substituting the final hoop strain ef into
the material stress-strain relation in Equation (3.4.1). The final hoop strain is
found by setting the kinetic energy imparted by I. equal to the strain energy to
bring the shell wall to rest, with the small energy diverted into flexure neglected.

1h h 12 h (3.4.24)
Ph 0

For this integration, the material is taken to be elastic, perfectly plastic, with the
result

2- h2  - (3.4.25)

The hat is used in ey to distinguish this yield strain, adjusted to fit the elastic, per-
fectly plastic model, from the yield strain ey as defined for the actual stress-strain

Srelation in Equations (3.4.1) and (3-4.2). Inspection of Figure 3.29 shows that
i.> f and that E-E as K-"o. For ,» >> iy/2, the tyrm er - • /2 in
Equation (3.4.25) can be replaced by er - ey to simplify the expression for ai/Et

I
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from Equation (3.4.1), with the result

-KI.2
2ph2KI (3.4.26)Et 2ph2&'y

in which it has also been assumed that K > > 1 so that the ey term in, Equation
(3.4.1) can be neglected. Table 3.6 shows that this is a reasonable assumption.
With a = &y as already assumed in calcilating er, Equation (3.4.26) substituted
into Equation (3.4.21) gives the desired simple formula for critical impulse:

S 1/4 3/2

I0 - B1/ 2aL.- (pery) 1' J3/2 (3.4.27)

The corresponding final strain, from Equations (3.4.25) and (3.4.27), is

-- -B[+ J (3.4.28)
2 1 1 3K a

Numerical integration of the equations of motion Equations (3.4.8) and
(3.4.9) demonstrates that the simple formula in Equation (3.4.27) is accurate to
within 10% for K ranging from 10 to 30 and a/h ranging from 20 to 200. This
degree of accuracy is remarkable, considering the approximations that led to the
formula. It is certainly within the accuracy of the assumptions that underlie our
entire approach to the analysis of plastic flow buckling.

As in the constant Eh formula in Equation (3.4.23), the choice for B in Equa-
tion (3.4.27) corresponds to a choice for the allowable amplification of imperfec-
tions. In the following paragraphs we give experimental results 9 from which the
choice of G.,, - 20 was made. Experiments were run on a sequence of 6-inch-
diameter (152 mm) aluminum 6061-T6 shells with a/h - 24. Impulses nearly
uniform around the circumference were applied by sheet explosive placed over a
'/4-inch-thick (6.3 mm) layer of foam neoprene rubber as described in Section 3.2,
Figure 3.12. Buckled profiles from five experiments at increasing values of impulse
are given in Figure 3.30. The upper records show that buckling is well developed at
impulses greater than 5900 taps (1 tap - 1 dyne-sec/cm 2 - 0.1 Pa-s). Very small
ripples can also be seen for the shells tested at 3900 and 2800 taps (390 and 280
Pa-s). Additional profiles of these two shells at a higher magnification are given by
the lower two traces. These show very distinct buckling over the entire circumfer-
ence at 3900 taps and over portions of the shell at 2800 taps. The amplitude of
buckles in these two shells is so small that in visual inspection, without the aid of
the recording device to magnify deformations, no buckling could be cbserved.
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FIGURE 3.30 BUCKLE PROFILES AT SEVERAL MAGNITUDES OF SYMMETRIC
RADIAL IMPULSE

Aluminum 6061-TG cylinders, a/h - 24. h , 1/8 inches - 3.2 mm.

Peak deformation (half the maximum peak-to-peak deformation away from
the explosive seam) in each shell is given in a semilog plot against impulse in Fig-
ure 3.31. The points falls near a straight line, indicating an exponential increase in
amplitude with impulse, just as in the theory.

The theoretical curves of amplification versus impulse were calculated by
numerical integration of Equations (3.4.8) and (3.4.9) for the three stress-strain
curves in Figure 3.29. These show that the experimental exponent (slope of the
curve) is matched by the K - 5 theoretical curve. The K - 10 curve, which
corresponds to a stress-strain curve near that for aluminum 6061-T6 in compres-
sion, is at a slope a factor of 1.6 larger than the slope of the experimental line.
This difference can be attributed mainly to effects of strain rate reversal, neglected
in the analytical theory, as will be shown in Section 3.4.7.

i!
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The theoretical mode number of the most amplified mode is n - 28 for K
10 and n - 27 for K - 5. These are larger than the total number of waves on the
shell profiles in Figure 3.30 (n = 18), but are close to the wave numbers of many
of the individual waves. Again, the difference can be attributed to the effects of
strain-rate reversal, as will be shown. The high modulus of elastic unloading in
flexure tends to freeze the buckle motion, suppressing growth in general, and freez-
ing the motion sooner for high mode numbers.

By comparing the theoretical and experimental curves in Figure 3.31,* we can
estimate the equivalent imperfections as we did for buckling of bars in Figure 2.21.
The experimental deformations are matched for the K - 5 curve by taking 8,, -

1.7%. The K - 10 curve gives a match within a factor of 2 in the 5% < w,,/h <
50% range of principal interest by taking in, - 0.6%. These equivalent imperfec-
tions are within the same range as was found for elastic bar buckling, at the long
wavelength extreme compared with wall thickness. We are therefore encouraged
that, even with this limited experimental data, the assumption of 8,, - 1% will give
critical buckling loads to reasonable accuracy. Figure 3.31 shows that, if 8,, is
changed above and below this value by a factor of 2, critical impulse to produce
w, /a - 20% with the K - 10 curve changes only by ±k 14%,

The numerical results in Figure 3.31 can be used to determine how the
parameter B varies with amplification Gm,.,. The amplification curve for K -10 is
first approximated by the exponential function (the straight line in the semilog
plot):

G.,- 0.10 e 0 ~ (3.4.29)

in which I., is in Pa-s. The relationship between I. and B' 2 frthis example is
found by substituting the cylinder parameters for this numerical example into Equa-
tion (3.4.27):

111/4 
1 /2

BI2(0.0 762 m) m23 AI30x10 a /
10 I 0 24

-298 B" as(3.4.30)

Substitution of Equation (3.4.30) into Equation (3.4.29) gives

G., - 0.10 e2 .56 B1/2

B112 -0.39 ln(10 G,,) (3.4.31)
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Observe also that if K -5 or K - 30 is used in Equation (3.4.27) in place of
K -10, Equation (3.4.31) remains unchanged if the coefficient of 1. in the
exponent of Equation (3.4.29) is changed from 0.0086 to 0.0086/42- or 0.0086 -J,f,
respectively. These three coefficients substituted into Equation (3.4.29) give a fan
of three lines in Figure 3.31 passing through the point 1. 0, Gm.x - 0.10, as
shown. These lines are reasonably good approximations to the amplification curves
for K - 5, 10, and 30 in the neighborhood of G., - 20. This shows that the.
variation of 1. with K as given by Equation (3.4.27) is essentially correct near the
terminal motion, for which the equation was derived.

Equation (3.4.31) shows the expected result that the value of B 1/2 to be Used
in the critical impulse formula depends on the amplification one specifies for the
buckling criterion. For G,, 20, B 1/2 - 2.07. Changing to G., - 10 or G.,i

-50 changes B1/2 to 1.80 or 2.42, respectively. These values are only -13% and
+ 17% below and above the value for G -20. Reasonable estimates for threshold
buckling to produce observable wrinkles (peak deformation of about 20% of the
wall thickness for in - 1% as discussed above) can therefore be made by using B1

-2. Equations (3.4.27) and (3.4.28) then become

0I - 2a 1 /4j (P& Y) 1/1 h / (3.4.32)

=~ I.1y2 (3.4.33) t

3.4.5 Summaary of Formulas for Critical Impulse

The formulas just given for plastic flow buckling are applicable only to shells
thick enough that buckling takes place during plastic flow. At the other extreme,
the formula for threshold bending yield from elastic buckling in Equation (3.3.73)
is applicable only for shells thin enough that there is no plastic flow during the
inward hoop motion, as specified by Equation (3.3.74). For an interim range of
wall thicknesses (radius-to-thickness ratios), neither set of assumptions leading to
these critical impulse formulas is applicable. For practical use, however, this range
is covered by simply adopting the conservative procedure of using whichever for-
mula gives the smaller impulse. With this procedure, the transition radius-to-
thickness ratio is the value for which the plastic flow and elastic buckling formulas
give the same impulse. (This will be demonstrated graphically in Figure 3.32.) To
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calculate this value, it is useful to divide Equation (3.4.32) by pca, which gives

I0 2 2 14 /2 a

- 1.807 K-1/ 4 j 1/2 (h/a)3/ 2  (3.4.34)

in which i Y -T y/pc 2 - &,/E 1 . When this expression is equated to the elastic
formula I./pca - 1.15 (h/a) , the resulting expression gives the transition radius-
to-thickness ratio,

a_.. 0.405 K-/ 2 • - 0.405/D 2  (3.4.35)

where D - K- 114 i 1/2 is a material parameter. Values are given in Table 3.6 for a
few aircraft alloys. For these materials, Equation (3.4.35) gives values of a/h some-
what larger than the value 1.15/ey given by Equation (3.3.74) for incipient hoop
yield. This makes this procedure for calculating critical impulse definitely conserva-
tive for 1.15/ey < a/h < 0.405/D 2 because the plastic flow buckling curve lies
below the elastic buckling curve for a/h < 0.405/D 2 . This will be made cleas: *oy a
graphical example. Thus, Equations (3.3.73) and (3.4.32) can be summarized by

S11.807 D(h/s)3/ 2, a/h < 0.405/D 2Io
pca 11.15 (h/a) 2  , a/h > 0.405/D 2  (3.4.36)

Figure 3.32 gives a plot of threshold impulse from these formulas for 6-inch-
diameter (152 mm) shells of 6061-T6 aluminum. Observe first that the intersection
of the elastic and plastic flow b'uckling branches forms a bend at point A that is
concave downward. The dashed lines extended each way from the intersection
demonstrate the earlier statement that Equations (3.4.36) are constructed to give
impulse from whichever formula gives the smaller value. Observe also that if the
bend at A occurs to the right of the intersection point B between the hoop yield
and elastic buckling lines, then the plastic buckling line lies below the elastic buck-
ling line between points A and B, as stated in the preceding paragraph.

The important result demonstrated by Figure 3.32 is that, for thick shells, the
critical impulse for buckling from this analysis, which allows a finite amount of
buckling motion, is well above the impulse for incipient hoop yield, the conserva-
tive criterion suggested at the end of Section 3.2. For the experimental shells with
a/h - 24, the theoretical and experimental threshold impulse is a factor of 4.2
above the incipient yield impulse.
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FIGURE 3.32 CRITICAL IMPULSE FOR THRESHOLD BUCKLING
FROM SYMMETRIC RADIAL IMPULSE
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3.4.6 Buckling With a Cosine Impulse Distribution

In many practical problems impulses are imparted asymmetrically around the
shell circumference, One asymmetric distribution that has been studied is

2 2
10 w- < 0 < 3w(

2 2

Profile recordings of shells buckled from this loading distribution are given in Fig-
ure 3.33. The shells are of the same material and dimensions as those in Figure
3.30 for symmetric loads. Buckling is confined to the area near -60 < 0 < 60
degrees and is of the same form as in Figure 3.30. Based on this observation,
buckling thresholds for this loading are calculated by the same basic procedure just
outlined for symmetric loads.

A3-A4

A3-A-3
am0 up

0.1o..I 640 P"

1 3-A-2

%so Pt-t

A3-A-1

300 1064

A3-A-2
IM0 ups

-leP -120 -w a s 13m0
INCHES

0 2 4 6 1I 10 12 14 is Is 20 |In ls4 mm

FIGURE 3.33 BUCKLE PROFILES AT SEVERAL MAGNITUDES OF COSINE
IMPULSE

Some type shells as in Figure 3.30. 1
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The first step is to calculate the membrane solution for a@ and E as functions
of time under the peak load by using a finite element code. These quantities are
then entered into Equation (3.4.9) under the assumption that the wavelengths are
short enough that ,rg and e do not vary significantly over a few buckling
"wavelengths. This condition was borne out by results of the example that follows.
Calculations were also made for symmetric impulse so that the ratio of critical
cosine and symmetric impulses could be plotted aginst a/h in Figure 3.34. For rela-
tively thick shells (20 < a/h < 200), in which buckling takes place during plastic
flow, the peak cosine impulse that causes buckling is only about 20% greater than
the symmetric impulse. This is consistent with the experimental results in Figures
3.30 and 3.33. The uniform impulse at a peak buckle amplitude of we/h - 0.2 is
700 Pa-s. The cosine impulse for this same amplitude is 840 Pa-s, an increase of
only 20%. A similar comparison can be made at 390 and 560 Pa-s, a load incre-
ment of about 50%. These comparisons are limited, but the result is clear: the criti-
,;al asymmetric load is only slightly larger than the critical symmetric load for plastic
flow buckling.

"I Iliil I ItI'i li

2.0 6061-TS Aluminum i
E- ,,107 ps 6-- --- I I lmi

E-lOpsaSQ~aSucking
Ey - 0.0039
K - 301,8 "

GM -20

1.4 I
: ~Pimic Flow /

1.2

1.-- I I I ii lt . I i i I IIII , I I I
10100 1000 5=1

GA,, "7-310

FIGURE 3.34 RATIO OF CRITICAL PEAK COSINE AND SYMMETRIC
IMPULSE VERSUS RADIUS-TO-THICKNESS RATIO

As the shells become thinner, however, the ratio between the cosine and
symmetric critical loads in Figure 3.34 increases abruptly with a/h until at a/h >
700 the buckling is entirely elastic for either distribution and the ratio is 2. The
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3.4.7 Efects of Strain Rate Revereal

All the preceding critical load theory for plastic-flow buckling neglects the
effects of inevitable strain rate reversal as the hoop motion ceases and bending ten-
sile strains overtake the hoop compressive strain. To explore these effects, we
analyzed" the shells of Figure 3.30 with the numerical code SABOR/DRASTIC 6.
In the numerical analysis, responses in modes n - 20 and n - 30 were calculated
for a symmetric impulse 1 - 840 Pa-s with initial velocity imperfections y, - 0.01,
that is, with initial velocities in the nih harmonic equal to 1% of the initial sym-
metric radial velocity, as defined by Equation (3.4.12). The mode n - 20
corresponds to the average wavelength of buckles with appreciable amplitude in the
shells of Figure 3.30. The mode n - 30 is near the most amplified mode found by
using Equations (3.4.8) and (3.4.9) from the simple# theory without strain rate
reversal, again with initial velocity imperfections y,, - 0.01 in Equation (3.4.12).

Results of these calculations are given in Figure 3.35, in which buckle ampli-
tude is plotted against time for each of the four calculations. At early times, before
strain-rate reversal or significant transfer of hoop energy to buckling, the results
from the simple theory and from SABOR/DRASTIC 6 are reasonably close. As
time increases, results from the code and from the simple theory diverge As
expected, the simple theory overestimates the buckle amplitude, both because the
energy transferred to buckling is neglected and because strain-rate reversal tends to
increase the bending stiffness and therefore resistance to buckling. The decrease in
time tr at the end of the buckle motion [defined by i,(tr) - 01 in the code result
as compared with the simple theory is a direct result of the neglected extraction of
buckle enrgy from the hoop motion.

The more amplified mode number from the code result is n - 20 rather than
n - 30, in closer agreement with the experiment. The preference for lower mode
numbers in the more complete theory in the code is attributed to the sharper curva-
ture and hence greater bending in the higher mode number. With strain-rate rever-
sal included, this curvature leads to unloading elastically and reloading in tension,
thus quickly retarding the motion, as indicated by the leveling out of the curves |
from the code calculations. This leveling out also occurs for the lower mode
number n - 20, but at a later time and to a lesser extent.

The simple theory and code results from n - 20 do not differ greatly until the
very final motion, and then differ only by a factor of about 2 in buckle deformation.
The large error, by almost an order of magnitude, occurs when the effect of the
wrong mode number selection n - 30 is superimposed on the wtong terminal
motion. Both effects, of course, are caused by the error in terminal motion
calculation.
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FIGURE 3.35 COMPARISON OF BUCKLE GROWTH WITH AND

WITHOUT STRAIN RATE REVERSAL

Nevertheless, because the buckle amplitudes incrtiase exponentially with the
time (initially, at least) and impulse, and because in the simple theory equivalent
imperfections are tied to experiment, these errors in amplitude have littlh effect on
the simple theory threshold buckling predictions. Thus the simple theory critical
impulse formulas give useful estimates for practical applicatik..ns. The results in
Figure 3.35 show that, for plastic-flow buckling, actual imperfections are probably
several times larger than the values used in the simple theory.



158

3.5 DYNAMIC PULSE DUCKLING OF CYLINDRICAL SHELLS
FROM TRANSIENT RADIAL PRESSU'IE8

3.5.1 Approach and Equatlons of Motion

Examples of cylindricai shells buckled in the more general case of transient
radial pressures of varyirng duration are shown in Figure $,.36. The first shell was
subjected to an impulsive pressure as in the problems just treaied and is buckled
into a high-order wave pattern with n - 45 waves around the circumference. The
next shell was subjected to a load of lower pressure but longer duration and is
buckled into a lower-order pattern with buckles corresponding to at - 13. In the
last shell, the pressure. was reduced still further, and the duration was increased to a
value much longer than the response time of the shell. This shell is buckled with
wavelengths corresponding to n - 7, close .to the n u• 6 pattern for static radial
pressure uniform around the shell.

FIGURE 3,36 DYNAMIC PULSE BUCKLING IN CYLINDRICAL SHELLS
UNDER TRANSIENT LATERAL PRESSURE

Aluminum 6061-T6. a/h - 100. L/2a - 1.

A gcneral theory to cover this entire range of buckling would be very difficult
because end effects must be included in addition to the plastic flow already con-
sidered for short duration loads. Buckling under long duration loads depends
directly on the length of the shell. Near each extreme in duration, however, Sim-
plifying assumptions can be made to remove one complication or the other. For
loads of short duration, plastic effects must be treated, but the buckle wavelengths
are short enough that the end conditions can be neglected. We therefore simply
@hlow finite pulse durations in the equations already used to treat ideal impulse. At
very long durations, the added complexity of having to Unclude the end conditions
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is offset by the buckling's being elastic; allowing plastic flow is out of the question
for static loads. Critical buckling loads for intermediate duration are estimated by
extrapolation of the results from each extreme.

The two simplified theoretical models are therefore called the tangent
modulus model and the elastic model. The equations of motion for the tangent
modulus model are those already given by Equations (3.4.8) and (3.4.9), with ini-
tial conditions from Equation (3.4.10). For the elastic model we use shallow-shell
Donnell equations for the finite length shell shown in Figure 3.37.

h

FIGURE 3.37 COORDINATES AND SHELL NOMENCLATUREI

The Donnell equations are derived in Section 3.5.2. Then static buckling
solutions with these equations are obtained in Section 3.5.3. Dynamic solutions for
both the Donnell elastic model and the tangent modulus model are obtained in Sec-
tion 3.5.4 for loads of decreasing duration and increasing peak pressure. Results
are presented as plots of peak pressura" versus impulse at critical combinations to
produce buckling over the entire range of load durations. In Section 3.5.5 simple
formulas are given for these curves. Experimental results and comparisons with
theory are given in Section 3.5.6.

3.5.2 Donnell Equations for Elastic Dauckig

The Donnell equations are simple and compact equations because they take
advantage of simplifying approximations that can be made for shell bending in
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high-order modes, with n >, 4. In these modes, each section of shell between
nodes behaves as a shallow shell, that is, a shell with a span much larger than its
height. For n - 4, the arc length between nodes is 360/8 - 45 degrees, with a
span of L - 2a sin 22.50 and a height H - a(1 - cos 22.5°). The height-to-span
ratio is 0.10. This arc length is shown in Figure 3.38. For a shallow shell, the
equilibrium equation is simply that of a flat plate with the addition of a term
because of the shell curvature. For the hoop mode, n - 0, these equations reduce
to the same simple form as for more complete thin shell equations. Thus, the
equations are valid for n - 0 and for n > 4, which are the modes of concern in
the analyses that follow.

_--=dO d .w d/2

-Nodx -Nedx

x
y

GA-3570-307

FIGURE 3.38 ELEMENTS OF SHALLOW SHELL THEORY

I The added force normal to the shell wall because of curvature is found from
equilibrium of the shell element adO in Figure 3.38:

F,- 2Npdx -- Nedx (3.5.1)
2 aa

in which we have used dy - adO. The stress resultant N# is taken positive in
tension to conform with conventional plate theory. The element also shows the cir-

I
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cumferentivi strain associated with radial displacement,

ad9- (a + w)d w (352)
adO 

a

The remainder of the Donnell equations come from plate theory. Thus, we first
derive the equations for lateral motion for a plate with coordinates as shown in the
lower right sketch of Figure 3.38. The shell terms of Equations (3.5.1) and (3.5.2)
will be added later.

Moment equilibrium of the plate element in Figure 3.39 about an axis parallel
to the x axis gives

MY + ýM dy dx - Mydx + M -y + dx dy - Mxydy - Qydxdy - 0

which simplifies to

aMy + =AXY Qy (3.5.3)
ay ax

Similarly, moment equilibrium about an axis parallel to the y axis requires that

8MX+ - QX (3.5.4)

and force equilibrium normal to the element requires that

OQ- ±-y -P - ph 62w (3.5.5)

With Qx and Qy from Equations (3.5.3) and (3.5.4) and Mxy My, the force
equilibrium equation (3.5.5) becomes

Mx + 2M 2 + 82MY -P + ph 2w(3.5.6)

X2 +28xy Y2  -(

To find the relationships between these moments and the displacement w, we
use Hooke's law and the kinematics of deformation. To a good approximation
or - 0, so we use Hooke's law for plane stress.

X, g(ax-py) , ey- -('y - V•)
(3.5.7)

Xy I - 211 + P) X2
• :', " " x)I
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: FIGURE 3.40 KINEMATICS AND STRESSES FROM BENDING AND TWISTING

From the kinematics of the dleformation in Figure 3,40a, the strain at a fiber
located a distance z from the middle surface is Ex " - z 2 w/8x 2 . The bending
moment is therefore

M1 dy - -,j z 1d

Sav

- -E 02 w h3  -D w (3.5.10)M1 -- M,2 jx 12 Ox2

(b WI!N
GA37-0
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where

D - Eh3

D Eh' (3.5.11)12 01 - P')

The stress in the y direction, caused by the Poisson effect and the zero strain condi-
tion, also gives rise to a bending moment. With o-y - ve-, from Equation (3.5.8),
this moment is of the same form as in Equation (3.5.10), so we can write
immediately

my- -,D •iw (3.5.12)

Bending in the y direction is similar. The total bending-curvature relationships are
therefore

[a'w ,2w)

M - -D x2 + A,- (3.5.13)

MY -- D .- +y Oxl (3.5.14)

The relationship between the twisting moment and shear deformation is
shown in Figure 3.40b. The originally rectangular eltment with sides dx and dy
represents a thin sheet of material at a distance z from the middle surface of the
plate. In-plane displacements are u and v in the x and y directions, respectively.
The shear strain of this element is

Ou 1 Ov 1
Vy -dy -y + -v dx- 1

Oy dy Ox dx

a6u + 6.v (3.5.15)
ay Ox

The corresponding shear stress is

G YG u + OLv 1(3.5.16)
Oy y OxJ

The section view through the plate along a plane parallel to the x axis shows that a
rotation of the middle surface through an angle - Ow/Ox produces a displacement

Sl
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at z equal to

.- w (3.5.17)

Similarly, the v displacement is

V- - (3.5.18)
ay

With these expressions for u and v, the shear stress in Equation (3.5.16) is given
by

-. ry - -2Gz 81W (3.5.19)
Mxy

Integration of this shear stress through the wall thickness gives the twisting
moment.

Gh3 w -D1 OM - zT~dz - - -D( (3.5.20)
-h/2 6 -x-y (x5y

Equations (3.5.13), (3.5.14), and (3.5.15) for bending and twisting moments
are now substituted into equilibrium Equation (3.5.6) to obtain an expression
involving only the lateral displacement w and load P.

ODx2 lx +,yj-2D(l - v)O' a - D A... D•y[k!.-y xj

ax2 w Ow ex 20Y2  O2 y' 2 Ox

02w
-- P + ph-a -

After simplification, this becomes

8x' + 2D O-w + D kw + ph- 82 P
ex!. + ex 2ay2  8y t2

or

0 2w
DV4w + ph- -j-P (3.5.21)

where

V4 -V 2V 2  - + I (3.5.22)

1
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This is the dynamic equilibrium equation for lateral motion of a thin, flat plate with
no force resultants in the plane of the plate.

To treat buckling, we must also include thrust in the plane of the plate, just as
we included thrust along the axis of a bar and circumferential hoop forces in a ring
or long shell. We must also include in-plane forces that arise because of middle
surface stretching and compression ao, the shell bends in the presence of its initial
curvature [of radius a, see Equation (3.5.2)). The general formulation for in-plane
forces is first introduced for the flat plate, and then the shell terms of Equations
(3.5.1) and (3.5.2) are added under the assumption that the region of the shell over
which the equations are applied is shallow, as discussed earlier. !n the general for-
mulation, in-plane forces are taken positive in tension, according to the convention
of plate theory. When in-plane compression is applied by external loads, these are
introduced as negative quantities so that buckling thrusts are positive quantities,
consistent with the convention throughout this text.

Equilibrium of in-plane stress resultants in the x direction in the lower sketch
in Figure 3.41 requires that

S+ -. 0 (3.5.23)

Equilibrium in the y direction requires

ON• ONxy- + - 0 (3.5.24)

by ax

From the upper sketch, the Nk-related forces introduce a net force in the z direc-
tion because of the small slope of the plate element and the small change in slope
from one side of the element to the other. The net force in the z direction is

8N 1 'w 82W) awIN X + 'dx dy _ +" dx- N dy ax

With terms higher than second order omitted because they will vanish in the limit-
ing process, this simplifies to

6 2w + Nx !w dxdy (3.5.25)
Ox2 O ONx - dxdy+" xx O

A similar argument for Nr-related forces leads to a net force in the z airection equal
to

82w dNx Ow dxdy (3.5.26)
y y dxdy+ -'- -y

0y 2
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FIGURE 3.41 EQUILIBRIUM OF IN-PLANE STRESS RESULTANTS

The shear force N ydy and its incremented counterpart acting on the opposite
side of the element also give a net force in the z direction because they are acting
at angles Ow1Oy and Ow/Oy + (82wI8xOy)dx, respectively. After simplificqtion,
this net force is given by

xy 8-'w dx dy + N dx dy

MxY ex ay

ON1 ,Add

I I •I I
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ThI force Nrxdx and its coutkert result in another force in the z direction given
by an ananous expreion. The tota force in the z direction from shear (noting
that N, -- No) is

2NO 42w y + LN, &w dxdy+ - #dxdy (3.5.27)

"exay ax by by ax

The sum of the forces from expressions (3.5.25), (3.5.26), and (3.5.27) is
found to invsDve only the curvature and twisting terms, because the force system
acting at a constant slope vanishes by virtue of the in-plane equilibrium Equations
(3.5.23) and (3.5.24). This sum is added to the load P dxdy acting on the element.
Equilibrium Equation (3.5.6) is then replaced by

SIM, + 2 + L -
x2 Oxay by2

S[ 4 ON aw~x b-2x 2w 82w) a~
P+ N, _ + 2N, 82w- + N, I + ph (3.5.28)

ax2 8atY y

Simhlarly, Equ2tion (3.5.21) is replahed by

DVW +ph!-P-w P-N.)w + 2 Ww

, tW 1 bx 2  O'8xy '8y

This is the fiat plate equation including in-plane forces. It is modified into the
shallow cylindrical shell equation by adding the curvature term N#/a from Equation
(3.5.1) and changing to the x,f shallow-shell woo7dinate notation shown in Figure
3.37. with by - abG. The result is immediately writter.

DV4w - N. w - 2N O w -W N w 1 .
DOx2  aaobx a28@2  a

OZw
+ ph a- - P (3.5.30)

0_t2

It is now convenient to separate in-plane forces that result directly from applied
loads and in-plane forces that arise from stretching as the shell defotrms in the



169

flexural modes. Thus, we define

N. + N+

N,- -N, + N; (3.5.31)

N,. - -N1 * + N*t

where the barred quantities are from applied loads and the starred quantities are
from flexural stretching. As mentioned previously, the applied load terms are
defined such that compression is poiitive.

The stretching terms are found by applying the compatibility condition to the
middle surface strains. These strains are

dyu Ov w bu Ov"a x I We- - T ;8- + T (3.5.32)

The terms from in-plane middle urtawce displacements u and v are analogous to
those for a general sheet element within a plate o: shallow-shell wall, as given in
Figure 3.40. The additional circumferential strain -w/a, from Equation (3.5.2),
occurs because of the in;iul sbell curmw ure as shown in Figure 3.38. For a plate,
this term is absent and the three strains in Equations (3.5.32) are defined by only
the two displacements u and v. Hence the strains must be related in a special way
so that all three of Equations (3.j.32) am sIisied. This relationship is the familiar
compatibility condition of p~oe eLukCity. SUnilarly. when the shell term w/a is
added (w is specified bv the flexue) the strains must again be related, but in
another way. Thus, the ,.•mpatibWty ,vedlition becomes an expression for deter-
mining the middle surfcmte isins caused by shell flexure.

The form of Equations (3.5.342) suggests immediately that the compatibility
condition can be expressed by twi= dif'erantiat'ing each of the equations, the first
with respect to 9, the second with rewpect to x, and the third once with respect to x
and once with respect to 9 (iti each 6 differentiation we multiply by I/a to maintain
cy - a&e). The first of thew differentiaed equations is added to the second, and
then the third is used to obtain irnally

a,*. +~ e 8 2 y,3  I b2Wa2", '•qe • a2•,•, O~w(3.5.33)

&10 A2 #A 09 a bx2  
.J.,

Since our object;ve is to find the in-plane stress rezultants, this compatibility rela-

tion is now expressed in terms of these resultants. With Hooke's law, Equation I



170

(3.5.33) becomes

52 02

a i2 (crx - ivoro) + -2(a - ,(Tx)

___2"y E 8'w20 + )" (3.5.34)vax2( a Ox2

The stress resultants from flexure are N* - ho, N; - he., and Ný - hTl,,
It is convenient to eliminate the shear stress resultant by uainS the in-plane equili-
brium Equations (3.5.23) and (3.5.24). The first is differentiated with respect to x,
the second with respect to y, and then the two are added. The resulting equation
(with Oy - a*e) is substituted into Equation (3.5.34) to obtain hnally

V 2 (Nl + N;) Eh Ow (3.5.35)a x

where

V 2 m 2 + 2
Ox 2 a 2"2p

Compatibility Equation (3.5.35) and the equilibrium Equations (3.5.23) and
(3.5.24) are sufficient to determine N:, N;, and N;. The equilibrium equations
are satiriaed identically when the stress resultants are exprewed in terms of a stress
function F:

V2F &IF N 2FN;- azeez N as"X

When these expressions are substituted into Equation (3.5.35), we find that to
mtisy compatibility F must be a solution of

V4F - Eh 02 w (3.5.37)
a Ox2

The complete Donnell equations consist of this equation plus shallow shell
Equation (3.5.30) with in-plane stress resultants from Equations (3.5.31) and
(3.5.36). We now use the separation of these resultants into two parts,
-R and N". From Equations (3.5.36) and (3.5.37), we 9e that the strew resul-
tants No from flexure are linear in w. Thus, when they are introduced into Equa-
tion (3.5.30), all produce terms of second-order in w except for the term N;ia.
The second-order terms are small and are omitted. Then Equations (3.5.31) substi-

If
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tuted into Equations (3.5.30) givw the second Donnell equation

D V4w + NX 2 2 w + 20 8W2 W N.

DX--+ • + s a280 2  a

1 82F 82w
I 82 + ph AIW_. P(3.5.38)

a ax 2  Ot2

The direct-loading term NR is the circumferential force from motion in the hoop
mode. Thus, from Equation (3.5.2) for n 0 we have

Re- . W Eli Wo (3.5.39)
(- V 2 ) a

expressed as positive in compression according to our convention.

To consider buckling from an initially imperfect shape described by wi(xG),
Equation (3.5.38) becomes

DV 4w + NF X (w + wi) + 2Nx (w + wi)

+ N. a 2 4i (w+wi) + I 82 + ph A -- P (3.5.40)
a& a ax 2 t

4

The shape w; does not enter into the term DV'w because this term represents
lateral force arising from flexural stresses, and by definition the shell is unstressed
in the initially imperfect shape wi. Similarly, the introduction of w, does not affect
Equation (3.5.37) for stress function F.

3.5.3 Fourder Series Sdmtlem-Stsc heelkIlu

We proceed now to obtain both static and dynamic solutions to the Donnell
equations subject to boundary conditions of simple supports at the ends of the
cylindrical shell. With simple supports, the displacement w and axial bending
moment M, vanish at x 0 and x - L. Thus,

w - a 2w/ax2 - 0 at x - 0,L (3.5.41)

The curvature condition follows from Equation (3.5.13) and frem the observation
that, at the boundary, w is zero at every point around the circumference, so
82w/a 280 2 - 81w/ay 2 - O. I
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Conditions (3.5.41) are satisfied by the Fourier series

w(x,e,t) - W 0(t) + i f Winn(t) Wsin -- sin n 0 (3.5.42)
m-I n-I L

wA(x,9) - * ,(t) n sin --• sinn n (3.5.43)
m-1 n-I L

P(x,0, t) - Po(t0 + P,• ,Pn(t sin--•r sinno (3.5.44)

F(x, 0, t) - F. sin F-r. sin n 0 (3.5.45)
m-I L

The form chosen for P is appropriate to satisfy Equation (3.5.40). Similarly, the
form for F is appropriate to satisfy compatibility Equation (3.5.37) and hence also
Equation (3.5.40). Each Fourier term in Equation (3.5.42) describes a deformed
shape consisting of m half-waves in the axial direction and n full waves around the
circumference of the shell. Addition of sin(mwx/L) cos nf terms, which also
satisfy the boun.uary conditions and differential equations, would cause no increase
in difficulty.

Substitution of Equation (3.5.42) into Equations (3.5.41) confirms that the
boundary conditions are satisfied term by term except for the hoop mode term
Wo(t. For this term we neglect the effect of the end supports and assume that the
hoop motion is uniform along the length of the shell. This is equivalent to neglect-
ing aial flexure and calculating hoop motion with simple membrane theory. This
is a teasonable approximation and is commonly made in shell buckling theory.
Flex-ral stresses in the hoop mode induced by the end supports die off cxponen-
tiaBy with distance from the ends, the decrease being more rapid for thinner shells.
This approximation gives a hoop thrust N@ uniform along the length of the shell,
which is an acceptable approximation because bucklir, deformation near the ends
of the shell is small and an error in R. in this region is unimportant.

The Fourier expansions are now substituted into differential Equations
(3.5.37) and (3.5.40) to obtain equations of motion for the modal amplitudes w,
and wrmn. After substitution, all terms multiplying each share function
sin(mwx/L) sin nO are gathered together and set to zero, because the shape func-
tions are independent (orthogonsi). That is, since no shape function can be
expmmed in terms of the others, the complete equation is satisfed only if the
coefficient of each function is identically zero. Similarly, the group of t-rrms multi-
plying unity (the hoop mode shape function) is also set to zero.
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For the hoop mode, the result is

Eh Wo + 82w

(1 - 2) a ph t -P(t)

or

a2Wo E Po(t) (3546)

at2  (1 - 2)pa' W2 - ph

This equation is simplified by introducing dimensionless quantities

ct w ( - 3 2)a p (3547)
a a Eh

where c2  E/(0 - i 2)p. Then Equation (3.5.46) becomes

iio + U.- P. (3.5.48)

where dots indicate differentiation with respect to r. These dimensionless quanti-
ties will be used in formulating the final dynamic equations of motion, but for the
present we retain the original dimensional variables.

For the m,n terms, the coefficients Finn are first determined in terms of Wain
from compatibility Equation (3.3.37), which yields

Sm2V '2 n 212 Eh _M2W21 m

1L2F = Eh Ia L2 j.
It is convenient to introduce a circumferential wave number parameter P - nL/,'a.
Then this equation becomes

n Eh L 2 m2 (m2 + p2)-2 Wrn (3.5.49)

a W2

Equations (3.5.42), (3.5.43), (3.5.44), and (3.5.49) are now substituted into Equa-
tion (3.5.40) to obtain

V1 4 £M + 12 h W
ni)2 w + E- w* 2~!L(wMn + 8inn)L.4 (i 2 + (1 _- V2) a 2 a"

I I M2- Eh 2 -2 W + M2(M2 + p2)+ h n Amn (3.5.50)
a L 2  a .2 mt2

I1
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These are the dynamic equations to be used for loads of long and intermedi-
ate duration. In the extreme of loads with very long duration and no sudden
changes, they yield the static buckling solution. In this extreme, derivatives with
respect to time can be neglected. For static buckling, the hoop mode Equation
(3.5.46) is then simply

-O Eh Wo (3.5.51)
(1 - V2) a

This is now substituted into Equation (3.5.50). After dividing through by Dir'4/L4,
the coefficient of Wmn in the resulting expression is

(M2 +p 2 ) 2  + Ell m 4(m 2 + p2) -2 -a Lp2 (3.5.52)

The other terms involve the shape and load perturbation; 8 ,an and Pro. No matter
how small the perturbations are, if the above coefficient of wrn vanishes, the modal
amplitudes w.. become unbounded. The values of static loading pressures P, at
which expression (3.5.52) vanishes are eigenvalues for static buckling. The lowest
value is the static buckling load.

These eigenvalues can be expressed in terms of the two combinations of shell
parameters that appear as coefficients in expression (3.5.52). The first group is a
dimensionless shell parameter

Eh L4 , 12(1 -,2) L4  12 Z2 (3.5.53)
Da iIr h2a2  r

where

Z - (1 - v2 )i 2L 2/ah (3.5.54)

The second group is a dimensionless pressure parameter

FoaL2 a-*hL'
k- D2 2  (3.5.55)

Dwr Dir

The subscript 9 indicates that the loading is lateral pressure and hence produces
middle surface stress a-#, in the e direction. In: terms of these parameters, the
equation for critical pressure, found by setting expression (3.5.52) equal to zero, is

(M 2 + 2) 2  12Z 2  m4 (3.5.56)
Pm 2 + 4 p 2 (1 + p_)2

2

i
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By inspection, k@ is smallest when m is smallest. Hence, buckling modes of
concern all have m - 1 half-wave in the axial direction and

k (1 + @2)2 + 12Z 2  1 (3.5.57)2 +p 2(1 +p)

The static buckling load is given by the minimum value of k, for a given shell
parameter Z. Thus, the general static solution is found by minimizing Equation
(3.5.57) with respect to P and then expressing the minimum value of k, as a func-
tion of Z. For a given shell, of course, P can take on only discrete values
corresponding to integer values of n.

Figure 3.42 gives a graphical representation of Equation (3.5.57) for several
realistic values of Z. The upper abscissa is P, with corresponding values of Z given
on each curve. The lower abscissa gives example values of n for shells with L/a -
2, corresponding to experimental results to be given in Section 3.5.6. With L/a -
2, n - ¶rr/2 and the values of Z are to be associated with values of radius-to-
thickness ratio ranging from 25 to 500. The allowable values of ke for L/a - 2 are
indicated by the solid points on the curves.

Two observations are apparent from Figure 3.42. First, the minimum load
parameter k, does not occur at the lowest value of n. Even for the thickest shell,
with a/h - 25, the minimum occuis at n - 4. As the shells become thinner, n
increases. For a/h - 200, n m. - 7. The increase in n as the shells become I
thinner occurs because part of the strain energy of deformation is in bending and
part is in stretching. To minimize the total strain energy, the thinner shells deform
in higher modes because in these shells bending requires less energy than stretch-
ing. As the shells become longer, n is reduced because n - ap/hL and the values
of P at the minima do not shift rapidly with Z (they vary as Z 1/ t as will be shown).

The second observation is that even though only discrete values of P are
allowed for a given shell, the minima are fiat enough that the continuous curves
give good approximations to the values of k# at the lowermost discrete points. Only
for very long, thick shells, which buckle with n - 2 or 3, is this a poor approxima-
tion. These shells are not considered here because the Donnell equations arc
inaccurate for n > 4.

It is therefore useful to obtain an explicit expression foi k, at the minima of
the continuous curves. With P considercd as a continuou:i variable, Equation
(3.5.57) can Ib differentiated to find the minima. Setting dk#/dP 2 - 0 yields

122 I1+U2
(1 + p2) 4 - 12Z I + 3j! (3.5.58)4 P2_
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FIGURE 3.42 STATIC RADIAL PRESSURE FACTOR VERSUS
WITH Z AS A PARAMETER

To obtain a simple explicit solutiorn to Equation (3.5.58), observe in Figure 3.42
that for Z > 100, p2 > >1 at the minima of the curves. With this approximation,
Equation (3.5.58) yields p2 - (6Z)1/.1/. This expression for p2 substituted into
Equation (3.5.57) gives for k, at the minima

k- "4.. Z1/2 . 1.040 Z1/ 2  (3.5.59)
3w
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With the definitions of k@ and Z in Equations (3.5.54) and (3.5.55), Equation
(3.5.59) gives the static buckling pressure:

Dw2  4CA (1 - v2)1/4L
aL 2  3al/2h1/2

T9(1 -- ,2)3/4 E 1- - 0.92 E-- a (3.5.60)

The numerical value for the coefficient in the last of Equations (3.5.60) is for v
0.3. This formula is accurate for Z in the range

100 < z < (3.5.61)

The lower limit assures that 82 > > 1, as already discussed. The upper limit
assures that the shells are not so long that they buckle into n < 3, beyond the
range of the themy. To derive the upper limit, we use p2 (6Z)1/ 2/v with 13
expressed in terms of n, Then

4 6Z

or I
Z -. -(l v2)1/2

in which the final expression is the definition of Z. With n - 3 this gives an upper
limit on allowable L/a for the present theory:

L 2 < (1 - V2)1/2 - 0.70

To express this inequality in terms of a/h and Z, we multiply it by (1 -- Y,2)1/2(a/h)
so that the left side becomes Z and the right side becomes 0.66(a/h) 2 In Equation
(3.5.61) the coefficient 0.66 is roundeu to unity because the error in P. is still small
within this range.
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3.5.4 Critical Pressure-Impulse Curves for Dynamic Buckling

We return now to the dynamic equations of motion and consider dynamic
buckling from finite duration pressure pulses. Two representative pulses are the tri-
angular and exponential pulses in Figure 3.43. The triangular pulse is defined by

j Pm (I - t/T) 0 < t 4 T (3.5.62)P~t - 0 t < 0 , t >• T (..2

The exponential pulse is defined by

1 0 t(O

P(t) - Pm e-/T t > 0 (3.5.63)

PRESSURE P(t) PRESSURE P(t)

P P
m1 m

rn M

T TIME t T TIME1

(a) TRIANGULAR (b) EXPONENTIAL

FIGURE 3.43 PULS. SHAPES

For either pulse, with the shape specified, any particular pulse can be charac-
terized by two parameters that specify the pressure and time scale factors. Con-
venient parameters are the maximum pressure Pm and the impulse intensity I per
unit area, given by the area uni-ar the pressure-time history as indicated in Figure
3.43. For the triangular pulse, I - PMT/2. For the exponential pulse I - PINT.

These are convenient parameters because, at the extremes of very short and
very long durations, one or the other retains physical meaning and is the dominant
parameter. For very short durations, only the impulse is important and the buck-
ling problem reverts to that for impulsive loads as discussed in earlier sections. For
vury long durations, only the maximum pressure is important.

it
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Long duration buckling is not precisely equivalent to the static buckling of
Section 3.5.3 because even for long durations we are considering pulses that have a
sudden jump in pressure at t - 0+. However, we will see that for ductile materi-
als the oscillations produced by the jump do not significantly change the critical
pressure for permanent buckling. Therefore, as T -" o, the critical pressure
approaches the static buckling pressure given by Equation (3.5.60).

For loads of intermediate duration, both Pm and I are important; furthermore,
buckling depends on pulse shape. However, the dependence on shape will be
shown to be small as long as the shape is reasonably simple and does not differ
widely from the shapes in Figure 3.43. For example, the two pulses shown have
the same values Pmo, I and the buckle motion for each will be found to be very
similar.

For the dynamic problem it is convenient to use the dimensionless variables
introduced in Equation (3.5.47). Then we use Equation (3.5.48) for the hoop
mode, and Equation (3.5.50) for the fiexural modes is similarly simplified. Also,
from the result of the static solution we consider only modes with m - I half-wave
along the shell length. The equations of motion for the dynamic problem are then

i. + Uo - P0  (3,5.64)

Un + [a2(nl2 + i'2a2/L2 )2 + (I 0 2) (wa/L) 4 (n2 + w2a 2/L 2)- 2 - n2u0J ur,

-1 + n2U08on (3.5.65)

where a2 - h 2/12a 2 and the subscript In has been replaced by simply n. When
the expression in the bracket multiplying u. is set to zero, the result is Equation(3.5.58) for static buckling.

The form of Equations (3.5.64) and (3.5.65) is similar to that for Equations
(3.4.8) and (3.4.9) in the tangent modulus theory. Each set consists of a single
equation for the hoop mode and a group of mutually exclusive equations for the
flexural moiles that contain the hoop mode amplitude as a parameter. Each set is
integrated numerically for motion starting from rest, with initial conditions

u n(O) - 6,(0) - 0, n - 0, 2, 3... (3.5.66) I

{ In the examples, imperfections are taken only in initial shape, described by 8n,
because they are expected to dominate (for the tangent modulus theory, as shown
in Section 3.4) or give results similar to those for imperfections in load (described
byPn).
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Results for the longer duration loads, for which Equations (3.5.64) and
(3.5.65) apply, have the same basic feature as for impulsive loads as found with
Equations (3.4.8) and (3.4.9). A group of modes becomes highly amplified as the
load increases, and buckling can be characterized by motion in the most amplified
mode. An essential difference is that the number of highly amplified modes for
long duration loads is much smaller than for impulsive loads. This is shown in Fig-
ure 3.44 for an example shell of 6061-T6 aluminum with a/h - 100 and L/a - 2.

10001 1 1 1 I I I I

o00 TANGENT
MODULUS
THEORY

e 600 -

400 1-92 Pa-s

200

0L
0 40' 80 120 160 200

n

1000

800 ELASTIC THEORY

6"00 P - 386 kPa

I - 3100 Pa-s

c 400

200

0
0 10 20 30 40

n

GB-5733-42A

FIGURE 3.44 AMPLIFICATION FUNCTIONS FOR THE TANGENT
MODULUS AND ELASTIC THEORIES (6061-T6 aluminum
shell, a/h -100, L/a = 2. Examples are for very high
aniplificatioti. so impulse and mode numbers in tangent
modulus theory are somewhat larger than those in Section 3.4.)

The amplification function for the tangent modulus tht.ory has substantial
values for mode numbers ranging from about 60 to 120. However, the
amplification function for long duration loads is essentially zero except for n -6

4 ±
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(which is the stadic buckling mode in this example). As the pulse duration is
decreased and the peak pressure is increased, this mode number increases but only
to about n -8 within the elastic range of the long pulse theory. For thinner
shells, several modes are highly amplified;, however, the number of amplified
modes is always very small compared with thiat for the tangent modulus theory
because the parameter Nf_/, which determines the mode number, is about 10
times larger in the plastic range.

Another feature of buckling under long duration loads arises because of the
step in pressure at t - 0+. This step causes oscillations in the hoop mode with a
peak amplitude about twice the pseudo-static response to P0. With no damping,
these oscillations cause autoparametric vibration buckling similar to that described
in Section 3.3.4 for impulsive loads in the elastic range. However, this vibration
buckling motion cannot cause permanent plastic buckles because the motion is
damped out by a small amount of plastic deformation during each oscillation of the
flexural mode. In calculating critical loads for buckling, we therefore consider only
modes that grow essentially monotonically (and exponentially) with time.

Figures 3.45 through 3.50 give critical curves of peak pressure and impulse
intensity for pulse loads that cause buckling. Along each curve the amplification in
the buckle mode with most growth is a constant. Figure 3.45 gives the complete
critical load curve corresponding to the example amplification curves in Figure 3.44.
The numbers along the curves are the mode numbers N of the most amplified
modes. Along the branch for each theory, N increases as the peak pressure P,,
increases. The curves are dashed near the cusp-like intersection between the two
branches because the assumptions for the theories break down in this region. On
the elastic branch, the hoop stress exceeds the elastic limit when P,, exceeds about
half the static yield pressure. This is indicated by the tic marks on the curves. On
the tangent modulus branch, as P,, is reduced, the amount of plastic flow becomes
so small that strain reversal occurs with very little buckle growth. Actual buckle
motion near this cusp is very complex and requires a numerical theory. No
rigorous calculations have been undertaken for this region.

Because the two approximate theories are either entirely elastic or entirely
plastic, there is an order of magnitude change in mode numbers from one branch
to the other. as already mentioned. This order of magnitude change is also
observed experimentally, as s;hown by the many examples throughout Chapter 3,
and in particular by the examples in Figure 3.36. The nature of the transition fromI one form of buckling to the other has not been observed experimentally because of
the special facilities required and the expense of running experiments in the transi-
tion region. Limited experiments described in Section 3.5.6 show that buckling in
the cusp region is biased toward the low-order buckling of the elastic theory, as one
might expect because early strain rate reversal results in nearly elastic response.
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FIGURE 3.45 CRITICAL CURVE FOR BUCKLING OF SHELLS
IN FIGURE 3.36 (exponential pulses, 6061-T6
aluminum, a = 3 inches = 76 mm, a/h = 100, L/a = 2)

Figure 3A6 shows that the value chosen for critical amplification does not
strongly influence the critical load curves. The largest diff 3rences caused by chang-
ing the amplification by two orders of magnitude occur in the cusp region, where
the theory must be extrapolated anyway because of the limitations just discussed.
In the examples throughout this section, the nominal amplification itkr buckling is
1000 because the calculations were made several years before the experimental
results on eqlivalent imperfections given in the preceding sections were available
More appropriate amplifications fo," threshold buckling are in a range near 20, but
the conclusions are unchanged and critical loads in the examples are only slightly
higher than in Section 3.4. Final formulas, given later, are based on an
amplification of 20.
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FIGURE 3.46 CRITICAL CURVES FOR BUCKLING AMPLIFICATIONS

OF 100, 1000, AND 10,000 (exponential pulses, same

shell as Figure 3.45)

Figure 3.47 demonstrates that changes in pulse shape have a minor effect on
critical curves. (This is a general result for many types of response to pulse loads.)

Figures 3.48 and 3.49 show the effect of The!l thickness. In Figure 3.48, a/h
is varied from 24 to 250 and each critical curve is normalized to the critical ideal
impulse Io and the critical step pressure P. for that value of a/h. In this form the
great change in shape of the curves is made apparent. For the thickest shell, the
curve remains close to the PO, 11 asymptotes for any pulse duration, (IO this log-log
plot, curves of constant pulse duration are straight hines at 450 slope.) As a/h is
increased, the curves move away from the asymptotes over a much wider range of
pulse durations. Also, the elastic branch becomes more dominant for the thinner
shells. In Figure 3.49 the same curves are given in dimensional units. In this plot
the broad ranges of peak pressures and impulses are apparent. Four orders of mag-
nitude in both pressure and impulse must be spanned in order to display the Curves
(and to perform experiments).
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The final example, in Figure 3.50, shows the effect of shell length. Only the
elastic branch is affected by shell length. The branch moves to lower pressures as
L/a is increased from i to 5. The result is to broaden the P,1 curve in a manner
similar to the broadening with increasing a/h.

I - tops
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E IO0-o,

S- -7 1 1-11 1

000

-- a L/a = I -

L/a = 5

4

10 11ýl I I I 1 1 1 ll) I ,1 11

10 100 1000 10,000

I psi-msec x 6.9 = Pa-s

GB-5228-130B

FIGURE 3.50 EFFECT OF L/a ON CRITICAL CURVES FOR BUCKLING
(exponential pulses, 6061-T6 aluminum, a = 3 inches
- 76 mm, a/h = 100)

3,5.5 Simple Formulas for Critical Curves

The general form of the critical buckling curves in the preceding examples is
given in Figure 3.51 and can be described by a few simple formulas. The curves
consist of two bran:hes, one from each theoretical model, each of wbich can be
approximated to an accuracy of about 20% by simple rectangular hyperbolas of the
form

[ 1 - - 11 = 1 (3.5.67)

where PA and 1A are the asymptotic values of each hyperbola.
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FIGURE 3.51 CHARACTERIZATION OF CRITICAL CURVES
FOR BUCKLING

For the tangent modulus branch, these asymptotes are given by

PT = 0.75 oay h/a (3.5.68)

1.807 pca 1 (h/a)3 /2 a/h < 0.405/D 2 (
IT = 1.15 pca(h/a) 2  a/h - 0.405/6 2  (3.5.69)

where D K-14 1/2 is a material property as defined in Section 3.4.5 (the tilde is
added here to distinguish D from the shell stiffness parameter D). The formula for
PT is an empirical result of the numerical integration and gives a pressure asymp-
tote equal to three-fourths of the yield pressure. The formula for IT is derived in
Section 3.4.



188

For the elastic branch, the asymptotes are given by

PE- 0.92 E [ (3.5.70)

IE -3 pca (3.5.71)

The formula for PE is the static buckling pressure gi'en by Equation (3.5.60). The
formula for IE is the result of the numerical integrations performed with the Don-
nell equations and gives amplifications near 20 rather than 1000 as in the examples
in Figures 3.45 to 3.50, It has the same form as the elastic formula for IT, which
applies for very thin shells. The coefficient is 3 rather than 1.15 because, for IE,

formula (3.5.71) takes into account the finite length of the shell. Thus, formula
(3.5.71) should include some dependence on shell length, but the dependence is
small as can be seen in Figure 3.'0 for I K< L/a K< 5.

L;nes at 45* in the log-log plot of Figure 3.51 are lines of constant pulse dura-
tiu•. For example, the exponential pulse has characteristic time T - I/P, so the
lines of constant duration are I - TP. The two lines drawn through the intersec-
tions of the asymptotes of each branch define characteristic times TT and TE given
by TT - IT/PT and TE = IE/PE. From Equations (3.5.68) and (3.5.69) the
characteristic time for the tangent modulus branch is

T T = 2.4 a h 2.4 a- K-'/'i- 1/2 (3.5.72)
C a j c aY1

However, in the numerical examples it was found that variations in K moved the
horizontal pressure asymptote slightly from the value given by Equation (3.5.68) in
such a way as to compensate for the small variation in TT with K given by Equation
(3.5.72). Thus, a better expression for TT, with K in the range 10 4 K 4 60 typi-
cal of engineering metals, is simply

TT 1/21 -1/2 (3.5.73)Ca

Similarly, from Equations (3.5.70) and (3.5.71), the characteristic time for the
elastic branch is

TE - 3 L [ 2 (3.5.74)
ch
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From Figure 3.51 we see that, if the time constant T of the applied pulse is
much shorter than TT, the load appears impulsive to the shell, and if T is much
larger than TE, the load appears quasi-static. Loads with durations near or between
TT and TE are quasi-impulsive, and both pressure and impulse are important to the
response. As shells become moderately longer and thinner, TT and TE become
more widely separated (see Figures 3.48 and 3.50) and the range of quasi-impulsive
loads increases. Conversely, for short, thick shells, the tangent modulus and elastic
curves move closer together and only a small range is quasi-impulsive. At the
other extreme, if the shells are very thin, all buckling is elastic and only the elastic
branch exists.

As an example, for 6061-T6 aluminum alloy, c - 5000 m/s and i! -

(0.0045) 1/2 - 0.067. Then, for a/h - 100, TT - 0.30 ms per meter of radius.
Thus, even for a shell 2 meters in diameter, the pulse duration must be a fraction
of a millisecond in order to be impulsive. At the long duration extreme, TE - 6.0
ms per meter of length. If the shell is 2 meters long and 2 meters in diameter, a
load with T = STE - 5 x 12 - 60 ms appears quasi-static. The total pulse dura-
tion with sensible pressure for an exponential pulse is about ST. The corresponding
total sensible pulse duration is therefore 300 ms. Thus, pulses lasting only a frac-
tion of a second are essentially static even for a shell large enough to stand in.

The range of quasi-impulsive loads for this 3hell extends somewhat beyond
the range 0.30 < T < 6 ms. From the shape of the P.l curve in Figure 3.47 for
a/h - 100, this range, for which both peak pressure and impulse are important to
shell response, extends over more than two orders of magnitude, from about 0.1 to
20 ms. Because of this broad range of quasi-impulsive response, many experiments
are required to characterize khe complete dynamic buckling behavior of shells.

3.5.6 Experimental Results and Comparison with Theory

A limited number of experiments have been performed to demonstrate that
the essentials of the theory are correct. Experiments at the imnpulsive extreme are
given in earlier sections of the monograph Here we concentrate on mid- and
long-duration loads. Dynamic loading was applied by explosives, and static loading
was applied hydraulically. The explosive techniques are illustrated in Figure 3.52
for both asymmetric and symmetric loads. While the theory in the preceding sec-
tions is limited to symmetric loads, in application many loads are applied by blast
waves that impinge laterally from one side of the shell.

The techniques shown co~er load durations ranging from long (quasi-static),
provided by shock tubes as shown in the upper photographs, to intermediate
(quasi-impulsive), provided by free-standing spherical and imploding cylindrical
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charges as shown in the central photographs, to very short (impulsive), provided by
sheet explosive in direct contact with a rubber shock attenuator placed on the shell,
as shown in the lower photographs. Results of the direct contact experiments are
those given in Figures 3.30 and 3.33.

In all the experiments described here, the shells were made of 60614T6 alumi-
num alloy and had an outside diameter of 6 inches (152 mm). The shells were
held in place by clamping them to heavy end plugs with external straps, which can
be seen in the upper photographs in Figure 3.52. The plugs were I .5 inches (38
mm) thick, so for an unsupported length between plugs of 6 inches (152 mm) the
shells were cut 9 inches (229 mm) long.

For asymmetric blast loading, the shells were held with a central shaft running
through the end plugs, with the axis of the shell perpendicular to the direction of
motion of the impinging blast. The resulting diffracted load on the shell had an
approximately ccos 249 distribution of pressure over the exposed side of the shell, with
a peak pressure equal to the reflected pressure of the blast. The pressure on the
!eeward side of the shell was approximately equal to the incident pressure of the
blast wave. For the high shock strengths in the tests here, this pressure was small
(as small as one-seventh) compared with the reflected pressure. In the asymmetric
contact charges, the explosive was arranged to provide a cos; 0 distribution of peak
p'ressure over one side and no loading on the opposite side.

For symmetric loading with the shock tube, the shell and central shaft were
attached to an ogive nose tip (Figure 3.52b) and the assembly was pointed down
the axis of the shock tube. The rear end of the assembly was attached to a 3-inch-
thick (76 mm) steel plate that was capped over the shock tube. In this way the
maximum loading on the model was the reflected pressure traveling back down the
shock tube. Again, the incident pressure coming up the tube was always much
smaller than the reflected pressure. Also, the duration of the incident pressure
loading was very small compared with the total pulse duration. (The time between
incident and reflected shock arrival was very short because the model was very
short compared with the 6-in length of the shock tube.) The shock that was
reflected back up the tube from the explosive driver end was negligibly small,
because of shock decay through the length of the tube. A small opening around
the reflecting cap at the top of the tube allowed the spent gases to escape.

The explosive charges for both asymmetric and symmetric loading in the
shock tube were flat pancakes of primacord, which gave pressure pulses closely
approximating the exponential shape used in the buckling theory. The cylindrical
charges for imploding symmetric loading were also made of primacord, but strurIS
out to form a shell coaxially surrounding the shell model. Pulse shape wkis again
nearly exponential, as was also the shape for asymmetric loading from spherical
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rharges. Detailed descriptions of these techniques and further shell response
experiments are given in reference 9.

Figure 3.53 gives photographs of six shells buckled from asymmetric and sym-
metric long-duration loads obtained with the shock tube. All the shells have L/a -
2, with a/h - 100, 61, and 24. The asymmetrically loaded shells tend to be buck-
led in the same mode number as under symmetric loading but are buckled only
over the loaded side. The number of buckle lobes in the symmetrically loaded
shells agrees well with the theoretical mode numbers for long duration pulses,
given in Figure 3.49.

Three views arc given of each shell, arranged as in an engineering drawing.
The black line on the asymmetrically loaded shells faced the oncoming blast and
experienced the maximum pressr--, which is the pressure recorded for the test.
The numbers given with each shell art code numbers describing the shell, the peak
pressure and impulse, and a damage code and peak deformation as a percentage of
the radius. For example, the code 6(100)1-9 specifies that the shell is 6 inches
(152 mm) in diameter, has a/h - 100, L/2a - 1, and is the ninth shell of this
type that was tested. Peak loading pressure was Pm - 180 psi (1.24 MPa). impulse
was I - 15.7 ktaps (1570 Pa-s), and peak deformation was w/hA - 23%.

Table 3.7 summarizes the results of the long-duration tests and static uniform
radial pressure tests performed with a hydraulic chamber surrounding the lateral
surface of each test shell. Pressures P2A and P2s are the asymmetric and symmetric
blast pressures, respectively, that produce buckle deformation in the range from
0+ to 5%. Pressures POA and P0s are the highest pressures at which tests were
performed and no permanent deformation was observed. Thus, the threshold pres.
sures for deformation are between POA and P2A for asymmetric loading and
between P0s and P2s for symmetric loading. Under static loading the recorded
pressure is the average of two or three tests for each shell type. In these tests the
critical pressure is the value at which the hydraulic pressure dropped because of
buckling. There was very little scatter in the static tests. The final column under
symmetric loading gives the .heoretical static buckling pressure under static radial
pressure.

The buckling pressures for symmetric loading show that the measured static
pressure is essentially the same as the meas'ired pressure for long duration shock
loading. This result supports our theoretical procedure of neglecting autoparametric
vibration buckling that arises from oscillations of the hoop mode because of the
step pressure. Also, the theoretical static buckling pressure agrees reasonably well
with both the shock loading and static buckling pressures.

The buckling pressures under asymmetric loading are generally larger than for
symmetric loading. This result is expected, since with a cos29 distribution in pres-
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Table 3.7

CR1iTICAL LO,%DS UNDL. LONG D•Ut!%TIO:, _ND STATIC IAoD-*

Asymmetric Symmetric

Static Ratio
L/a a/h P01 P2A POs P2s Pstafic Theory P2s/P2A

1 100 110 115 40 45 62 46 0.4
1 61 270 280 1980 190 190 153 0.7
1 24 650 1100 1300 1500 1500 1630 1.4
2 61 130 140 90 95 - 79 0.7

Pressure entries are in psi; to convert to kPa, multiply by 6.9.

sure the hoop stress is near the maximum only over about one buckle wavelength.
Hence, the bending resistance from ,the adjacent region under lower load tends to
inhibit buckling until the overall level of pressure is increased. The exception is
the shell with a/h = 24. In this shell the symmetric buckling pressure is near the
yield pressure. The additional beam bending stresses under lateral loading probably
causes local yielding that triggers buckling at a lower pressure than for symmetric
loading.

Figure 3.54 gives results and photographs for quasi-impulsive symmetric loads
applied to shells with a/h - 61 and L/a = 2. Loading is increased from one shell
to the next with approximately constant pulse duration. First measurable deforma-
tion (1.2%) occurs at Pm -- 500 psi (3.45 MPa). At Pm - 590 psi (4.07 MPa)
buckling is well developed with permanent deformation in two lobes (w/a - 9.5%)
having wavelengths corresponding to N - 8 waves around the complete circumfer-
ence. At Pm = 800 psi (5.52 MPa), severe permanent buckles are formed com-
pletely round the shell, again with N = 8. At P,, - 1000 psi (6.90 MPa), buckling
is very severe, with N = 13.

The mode num'--r N - 8 is higher than the theoretical threshold number N
= 6 for elastic quasi-impulsive responsc, given for a/h - 61 in Figure 3.49. This

curve is presented in Figure 3.55b along with the experimental data. The difference
in mode number is attributed to the need for the experimental load to be high
ený-),gh to cause permanent buckles; no motion picture photographs were takern of
the shells to observe purely elastic buckling. At the actual threshold of buckling,
with pressure near Pm = 400 psi (2.76 MPO), the shells probably buckled into N =
6 or 7 but then returned to their undeformed shape. At Pm = 230 psi (1.59 MPa)
with a longer pulse duration, permanent buckles were formed with N - 6 complete



195

*A-[ (SC- 3!

P, 440psi P 590 psi
I a 4,3 ktops I :5.4ktop%

0O0.0%) 2(9.5%,

(b) A2-S-2 (Not Sho•) w|6(GI )I- I

SC-35
P 500 psi i

: 4.8 k ._s

(d) A24-4 (e) A2-S-5
(6)1)- 61601 4

SC-30 sc-3
Px 1000 pi49 ktOO . 1 '8.O titoa,

1 a,.9 ktqm topODomp:, D~ona":
3(29.0%) 4(46.7%)
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(psi x 8.9 = kPa, ktaps x 100 = Pa-s)

lobes around the circumference (Figure 3.53). An identical shell tested at the same
load buckled into N = 5, just as predicted by the theoretical results in Figure 3.49
for long-duration loading.

The increase in mode number to N - 13 at Pm =- 1000 psi (6.90 MPa) fol-

lows the trend of the theory, but results in hoop stresses beyond the range of the
elastic theory. This load is precisely in the region of the cusp in Figures 3.49 and
3.55b, where neither theoretical model is valid. The sudden jump in mode number
from 8 to 13, which is a value more than twice that of the elastic theory, strongly
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suggests that the N = 13 buckling was influenced by plastic fiow in the hoop mode.
However, this value is still much smaller than N :z 50 as predicted by the tangpnt
n~odulus theory. W,; zor.:.,e that strain rate reversal and complex elastic-plastic
interaction with the end supports also had a strong influence on the buckle motion.
Nevertheless, Figure 3.55 sh~ows that critical loads for buckling are reasonably well
predicted by extending a smooth curve below the cusp to connect the valid regions
of the tangent modulus and elastic theories.

Figure 3.56 gives load-danmage results and photographs of another group of
a/h = 61, L/a - 2 shells, but tested under asymmetric rather than symmetric
loads. The results and conclusions are similar to those for symmetric loading, but
the critical loads are higher and damage is limited to the loaded side of the shell.
Corresponding peak pressure-impulse data are plotted in Figure 3.55a. Inclusion of
the symmetric load buckling theoretical curve shows that the symmetric theory can
be used to obtain rough estimates of critical loads for asymmetric loading.

Figures 3.57 and 3.58 give similar photographs and pressure-impulse plots for
shells with a/h - 61 and L/a - 4, twice as long as in the previous examples.
Results and comparisons with the theory are analogous to those for the shorter
shells, giving support to the theoretical treatment of the effect of L/a in the preced-
ing sections.
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4. FLOW BUCKLING OF CYLINDRICAL SHELLS
FROMi UNIFTORM RADIAL IMPULSE

4.1 PLASTIC FLOW BUCKLING WITH HARDENING
AND DIRECTI$)NAL MOMENTS

In our treatment of plastic flow buckling of cylindrical shells contained in Sec-
tion 3.2 we represent the shell by a ring, and the moment resisting buckling is
assumed to be entirely due to strain hardening. Here, we take into account the
length of the shell so that axial stresses and strains are brought into the theory. As
we shall see, a consequence of yielding in a plastic biaxial state is the introduction
of what we shall call a 'directional' moment contribution to the resistive moment.

The directional moment was first introduced by Goodierl in his work on plas-
tic flow buckling of plates. The theory shows that the relative magnitudes of the
hardening and directional moments depend on the length of the shell, with the har-
dening moment dominating for long shells and the directional moment dominating
for short shells. This partitioning influences the predicted preferred mode of buck-
ling, the number of buckles increasing with shell length. The predicted mode
numbers agree with the experimental results presented in Section 4.1.15 for 6061-
T6 aluminum alloy shells of various lengths and radius-to-thickness ratios.

4.1.1 Theory of Plastic Cylindrical Shells

The shell material is assumed to be rigid-plastic, yielding according to the von
Mises conditions and the associated Levy-Mises flow law of incremental plasticity.
The strain hardening behavior is approximated by an isotropic linear relationship.
Figure 4.1 shows the coordinate system and shell dimensions.

With the strain rates in t:'v- longitudinal, circumferential, and radial directions
denoted by i ,, is, and i ,, the incompressibility condition is

ix + E" + E2 - 0 (4.1.1)

The generalized strain rate i and the generalized stress o are defined by

E2 _ 2(Q2 + 4' + i)13 (4.1.2)

and Cr2 
-[(0-x - 0-)2 + (0. - 0.z)2 + (a.r -- Ox)21/2

-3("'2 + .2 + o"2)/2 (4.1.3)

-mS TwSoJ rU"
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where ax,, ar, and a,. are the deviatoric stress components related to the actual
stress components a,, 0,,, and oa, by

-" 0 ax + p 0'- " (To + p -- a.z + P (4.1.4)

with p -(ax + ao + cr,)/3. In shell theory, the stress component perpen-
dicular M the midsurface is assumed to be negligible, so setting a, - 0 in Equa-
tions (4.1.4) gives

er.- 20a', + cr'@ Or " - 2er', + er'x (4.1.5)

Lsing the incompressibility condition (4.1.1), we can write the generalized strain
rate fo: mula as

.2 4(W + ixE, + i')/3 (4,1.6)

Th- Levy-Mises flow law is

i -/0.x i0/o"o - il/a', 1 (4.1,7)

wiiere A is the pioport~onality factor. In terms of generalized stress and strain rate
this factor, b:, (4.1.2), (4.1.3), and (4.1.7) is

i - 3 i/2cr (4.1.8)

Formulas (4.1.7) and (4.1.8) now allow Equations (4.1.5) to be written as stress-
strain rate relationships

x- 2(2i, + iq)0"/3i a@ 2(2i@ + ix)er/3i (4.1.9)
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Finally, the ... ,-ntion ,-f linear strain hardening gives

6- - Ehi cro , (r + EhE (4.1.10)

where Eh is the slope of the straight line approximating the strain-hardening portion
of the stress-strain curve obtained from a simple tension or compression test, and
0.o is the stress at zero plastic strain according to the straight line. The value of .o0
fixes the initial size of the von Mises yield ellipse in the (r, 0rp plane, and the value
of Eh governs the isotropic expansion of the ellipse.

4.1.2 Effect of Shell Length on Strain Rates

Short shells with no axial restraint from supports extend axially during the
radially inward motion. The midsurface axial stress is therefore negligible and we
may set O') - 0, which, along with the shell assumption o., - 0, leads to the mid-
surface results:,

o-•- -ar , p- a1/3 , a,,' - cr2' - (Y/3, and cr' "- -2a/3.

Hence the flow law (4.1.7) provides the strain-rate relationship

ix- i,- -ig/2

Shells with axial restraints from fixed supports have no axial strain, so iu - 0 and,
by Equations (4.1.9), 0o x - a.a/2.

Long shells, even without axial restraints from supports, have axial stresses
induced by axial inertial forces; for the shell to extend, material has to be displaced
in the axial directions away from the central cross section. For sufficiently long
shells, zero axial strain conditions are established near the central cross section,
whereas at each free end zero axial stress conditions prevail.

An experimental observation on imploded cylindrical shells is that the genera-
tors remain straight except in a narrow region at each end where the shell flares
outwards slightly. Consequently, it is assumed that the axial strain is constant
through the shell thickness; in other words, it is independent of the z coordinate.
Another observation is that, even in a severly buckled shell, plane sections perpen-
dicular to the shell axis remain plane; thus the axial strain is taken to be indepen-
dent of the 9 coordinate.

We assume that the effect of shell length on strain rates can be expressed by



the midsurface relationship.

ix = -k(x),g 0<k<½/ z - 0 (4111)

According to Equation (4.1.11), each cross section of a given cylindrical shell has a
value of k that is fixed throughout the motion and represents a measure of the axial
restraint. Here we are concerned only with axial restraint caused by axial inertia.
At the free ends of the shell, x -d ± L/2, we have k(± L/2) - 0. At the central
cross section, x - 0, the value of k(0) uepends on the shell length but approaches
k(0) - 0 for very long shells. A formula for k(x) is derived below by analyzing
the unperturbed motion,

4.1.3 The Unperturbed Motion

Shell motion consists of a dominant uniform radial motion with small flexural
motions that increase in amplitude with time. During the entire uniform inward
motion plastic loading occurs. The hoop motion dominates sufficiently to prevent
unloading of any surface element by flexural motion. Thus the theory is restricted
to describing small flexural motion amplitudes, that is, to threshold buckling.

Let the current inward displacement of a uniform shell caused by a uniform
impulse be w0(t). The circumferential component of strain rate is then

it - - (1 - z/a) (*O/a) (4.1.12)

Experiments show that the shell generators remain straight except for slight
outward flaring near the ends. Consequently, we assume that plane sections per-
pendicular to the axis remain plane; that is, i, is independent of z. This assump-
tion along with Equation (4.1.11) means that the axial strain rate is

ix - k(x) wo/a (4.1,13)

To simplify expressions to be derived, we let

K 1 - k + kI) K 2 - (3K 1 /2) K3 - (2 - k)/K 1  (41.14)

We substitute the strain rates (4.1.12) and (4.1.13) into Equation (4.1.6) to give
the generalized strain rate

i = (2K2/3) (1- K3z/a) (wo/a) (4.1.15)

I-
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We sbstitute the strain ratts (4.1.12), -4.1,13), and (4.1.1) into Equations (4.1.9)
and (4.1.10) to give the stresses

am M -(I - 2k) o-/k 2

+ (z/a) K3[3kO/(2 W k)K + 2(1 - 2k) Ehwo/3,I (4.1.16)

a# - - (2 - k)Wo-°/K 2

+ (z/a) K3 [3k2o'o/(2 - k) K 2 + 2(2 - k) Ehwo/3a] (4.1.17)

a - aro + (2EhK 2/3)(1 - K3z/a)(wo/a) (4.1.18)

a 0 0 + 2EhK 2wo/3a (4.1.19)

By comparing Equations (4.1.18) and (4.1.19), we see that ao required in Equations
(4.1.16) and (4.1.17) is the current generalized stress at the midsurface.

In the notation of F;gure 4.2, the equation of motion of an element of shell
subtending an angle d9 and of unit axial lei-gth is

No - aphw0  (4.1.20)

Integration of the circumferential component of stress through the shell thickness.
h, gives

N- -(2 - k) '°h/K 2  (4.1.21)

Hence substitution of Equation (4.1.19) in (4.1.21) and Equation (4.1.21) in
(4.1.20) yields

w'o + 2 (2 - k) Ehwo/3a 2p - - (2 - k) ao/K 2ap (4.1.22)

The solution of (4.1.22) with the initial conditions for the impulsive loading

w0(0) - 0 '0(0) - Vo (4.1.23)
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is

WO/a -(V 0/A Ch) sin OXCht /a)

- (3ao/2K2Eh) I1 - COS(kCht/a)I (4.1-24)

where

X2- 2(2 - 0)/3 Ch- Eh/P
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For many practical materials the variable work-hardening tmrm in Equation
(4.1.19) is small compared with o-0, the initial value of the generalized stress.
Hence, as an analytical simplification, a constant mean value _ is taken instead of
0.0. For shells of interest, buckling impulses produce final generalized strains of
about 5%, so 5 is estimated from the stress-strain curve over this range of strain.
This simplification reduces the equation of motion (4.1.22) to

w0 - -(2 - k)Wi/K~ap (4.1.25)

and the solution (4.1.24) becomes

wo/a r(2 - T/'rf) (4. 1.26)

where

T V0t/2a (4.1.27)

and

T f - pV02K 2/2(2 - k) • (4.1.28)

Because solution (4.1.26) approximately describes tI" unperturbed motion and
allows the derivation of an analytical solution of the perturbed motion, we use this
solution instead of Equation (4.1.24). The symbol r'f is the maximum midsurface
circumferential strain to which the shell is driven by the impulsivc load, from
Equation (4.1.26), when =- -rf, we have %'O = 0 and w0 /a = T'.

4.1.4 Axial Strain Distribution

We have assumed that the axial and circumferential strain rates are related by
Equation (4.1.11). We now use the unperturbed motion to derive an approximate
formula for k(x). Let u0 be the axial displacement during the unperturbed motion.
The equation governing motion in the axial direction is

N' = phiio (4.1.29)

where primes denote differentiation with respect to x. The kinematic relations
=0 --- ix and i0 --wO/a, when substituted in i = - ki 0 , give60' - k*'o/a.

Hence, the equations of motion (4.1.20) and (4.1.29) can be combined to give

Nx + (k/a2]N9 = 0 (4.1.30)
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We now substitute in Lquation (4.1.30) the membrane force expressions

N, - (2k- ()Yoh/K2  No-- -(2 - k)o-Yh/K 2  (4.1.31)

where ar° is given by Equation (4.1.19), which leads to the equation

S+ [9(1 - 2k) D 2/K2(2 - k)1k 2 - (IIL/D) 2k - 0 (4.1.32)

where primes now denote differentiation with respect to -- 2x/L. In Equation
(4.1.32) D = 2a is the shell diameter, L is the shell length, and

2 (2 - k) K/[K1  - (1 - 2k)2j (4.1.33)

As a simplification, the approximation or°= a0 was made in the derivation of Equa-
tion (4.1.32), which assumes again that the variable work-hardening term in Equa-
tion (4.1.19) is small compared with o"0. A further simplification is possible if we
observe that for 0 < k < 1/2 formula (4.!.33) gives 3/4 < Q12 < 4/3 and the
coefficient of k'2 lies in the range (0, 3/2), If, in addition, k' 2 is small enough to
allow us to neglect the ri'iddle term in Equation (4.1.32) the equation for k is

V - (f0L/D) 2k - 0 (4.1.34)

The solution of Equation (4.1.34) satisfying k'(0) 0 and k (1) - /2 is

k(x) = cosh (2 fl x/D) / 2 cosh ([1 L/D) - L/2 < x < L/2 (4.1.35)

where -J'/ 2 < f < 2/-f3'. Values of k(0) from Equation (4.1.35) are compared in
Section 4.1.16 with values obtained from experiments on impulsively loaded shells
of various length-to-diameter ratios.

4.1.5 Perturbed Motion

Because of imperfections, the shell cross section is not exactly circular, so the
uniform radial motion is perturbed. Let w(O. t) be the additional deflection caused
by imperfections. Then the total defl,ýction is w0 + w. In this theory, w(O, t) is
inextensional and small compared with w0 (t).

In the nomenclature of Figure 4,2, the curvature of the deformed shell is

ark/8X = K = 1/a + (w0 + w)/a 2 + w"/a 2 (4.1.36)
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where primes denote partial differentiation with respect to 0. The circumferential
strain rate is then

i, = -(1 - z/a) (wo + w)'/a + (z/a) (v"/a) (4.1.37)

We assume that the axial strain is unaffected by the perturbations and consequently
may continue to be described by Equation (4.1.13). During the process of deriving
expressions for the generalized strain and stress and for the components of stress,
we neglect all terms with products of perturbation quantities and, as before, all
terms in z/a of higher order than linear. A further simplification in the analysis is
that the perturbation displacement w(0, t) is small relative to the unperturbed dis-
placement w0 (t). This assertion is based on the requirement that strain rate rever-
sal should not occur and on our objective of determining threshold buckling
impulses. Thus we continue our formulation with

= -(1 - z/a)(6'O/a) + (z/a)(w" /a) (4.1.38)

instead of Equation (4.1.37).

Substitution of the strain rates (4.1.13) and (4.1.38) into Equation (4.1.6)
gives the generalized strain rate

-= (2K 2/3) [lo/a - K3 (z/a)(*o + '")/a (4.1.39)

Temporal integration of Equation (4.1.39) gives the generalized strain

E (2K 2/3) [wo/a - K3 (z/a)(wo + w" - f")/a] (4.1.40)

where *,(0,0) is the initial value of the displacement perturbation. Substitution of
Equation (4.1.40) in (4.1.10) gives the generalized stress

- (2K2K 3 Eh/3) (z/a) (wo + w" - iv") /a (4.1.41)

A two-term binomial approximation for i-1 from Equation (4.1.39), strain rates
(4.1.38) and (4.1.13), and the generalized stress Equation (4.1.41) substituted in
the stress formulas (4.1.9) lead to

o-C -- (1 - 2k) o-0 /K 2 + (z/a) K 3[3ko-(1 + *'"/*0o)/(2- k)K 2

+2(1 - 2k)Eh(Wo + w"- W')/3aI (4.1.42)
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= -(2 - k) a'/ K2 + (z/a)K3[3k2CrO(1 + 'V/)' (2 -- k)K 2

+2(2 - k)Eh(wO + w" - Cv")/3a] (4.1,43)

The stress distributions (4.1.42)A and (4.1.43) have the following membrane
forces and bending moments:

N =, -h(l - 2k)5/K 2

N9 = -h(2 - k)3/K 2  (4.1.44)

Mx= 3 [3k&(I + iv" /'I ) / (2 - k)K 2

+ 2(1 - 2k)Eh(wo + w" - V") / 3a]K 3(h3/12a)

-- 3k2-(1 + ,"1W0 ) / (2 - k)K 2

+ 2(2 - k)Eh(wo + w" - •")/3a]K3 (h3/12a) (4.1.45)

where we have again replaced the generalized strain at the midsurface with the con-
stant stress 5 approximating its mean value during the motion. Formulas (4.1.44)
and (4.1.46) for the circumferential membrane force and bending moment are used
in Section 4.1.7 in the derivation of the equation governing the dynamic buckling.

4.1.6 Directional Moments

The circumferential bending moment consists of two parts. As seen in for-
mula (4.1.45), the second term is the hardening moment, which is proportional to
the hardening modulus Eh. The first term ensures that a bending moment exists
even with no strain hardening present, providing k ; 0 (k = 0 corresponds to
infinitely long shells). This contribution is called the directional moment because
the strain vector at each location z through a shell cross section has a different
direction in the strain-rate plane, a state that corresponds to a stress distribution
through the thickness according to the von Mises yield criterion and the associated
flow rule.

To simplify the discussion of the directional moment, let the hardening
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modulus be zero. Then, according to (4.1.42) and (4.1.43), the stresses are

G",, - -(1 - 2k)cro/K 2

+ (z/a) 3kK 3o.0 (1 + w1*'/0) / (2 - k)K 2  (4,1.46)

o = -(2 - kco/K,

+ (z/a)3k 2K3 ro(1 + wv"/wo)/ (2 - k)K 2  (4.1.47)

At the midsurface

o'x/ o- (1 - 2k)/(2 - k) (4.1.48)

and, since k lies in the range 0 < k < V2, we have

0 < 'x/O'< V2

for the midsurface values. This stress state is represented by point M which lies on
the thickened portion of the yield ellipse as shown in Figure 4.3. From (4.1.46)
and (4.1.47), the difference between the outer fiber stresses (z = h/2) and the
midsurface stresses are

Ao-x = (h/2a)3kK3o.0(1 + *"/w0)/(2 -- k)K 2  (4.1.49)

Arr9 - kAOax (4.1.50)

which, if W' + *' > 0, means that the outer fiber stress state is represented by
some adjacent point 0 to the right of M. Similarly, for *" + wo > 0, the inner
fiber (z = - h/2) stress state is represented by an adjacent point I to the left of M.
If W' + *0 < 0. the points I and 0 lie to the right and left of M. The yield ellipse
has the equation

4 - 9 + -- (4.1.51)

Differentiation of Equation (4.1.51) with respect to z and substitution of the ratio
(4.1.48) lead to the result of Equation (4.1.50) for the tangent condition at M.

The associated flow rule provides strain rate vectors that are outward pointing
normals to the yield ellipse. Figure 4.3 shows the vectors at I, M, and 0. Each
vector has the same component ix" - kv 0I a, and by Equation (4A.38), has the
component



214

U 602 -Oo8 a x + U x 2 = O 02

'0.

S1 / / 1 , 0 ° a- x , i :x

YA.7IO4.•

FIGURE 4.3 PLASTIC REGIMES FOR INNER, MIDDLE, AND OUTER
FIBERS FOR NO S'RAIN HARDENING

= - (o/a) - (z/a) (1 + %V"/*o)I (4.1.38a)

with the appropriate value of z. At M, ig/iEx -I/k in agreement with the nor-
mality condition (because do'/ do', = k at M). At the outer fiber where z - h/2,
Equation (4.1.38a) shows that the magnitude of iq is less than that at the midsur-
face if *" + w0> 0, and since ix remains the same, the point 0 lies to the right of
M. Similarly, I representing the inner fiber, lies to the left of M whenever
w +w 0 > C.

The quantity (W' + W0) /a 2 is the rate of change of curvature, k , so that
k > 0 means that the plastic regimes shown in Figure 4.3 are for sections such as
92 in Figure 4.4 where the buckling is outward relative to the circle of the unper-
turbed motion. The relative compressive stresses at I, M, and 0 show that the
resulting moment is resistive. Section 01 in Figure 4.4 corresponds to a case of k
<0.
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FIGURE 4.4 SHELL SEGMENT

4.1.7 Governing Equation

With the aid of the lower part of Figure 4.2, which shows a unit element of

shell with its attendant forces and moments, the following two equilibrium equa-
tions can be derived:

L -ph (wo + w)Qa - N--k -p 2•

The curvature K - 04/OX is given by Equation (4.1.36). Eliminating Q and 0
leads to

Mo"/a 2 - N9(1 + wo/a + w"/a)/a + pbh(wo + w) = 0 (4.1.52)

Using the more accurate version of Equation (4.1.20), specifically
N9(0 + wo/a) - phwo, and substituting formulas (4.1.44) and (4.1.45) for N9
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and M9 , we find that (4.1.52) becomes

p hii + h&(2 - k)(w"/a)/K 2a + K3[3ka('"/wo) / (2 - k)K 2

+2(2 - k)Eh(w" - *")/3a] (h'/ 12a 3 ) - 0 (4.1.53)

Introducing the dimensionless variables

u-w/a , 6i-*/a , uo-wo/a , and •--I--./rf (4.1.54)

where r and rf are defined by (4.1.27) and (4.1.28), and integrating Equation
(4.1.25) to obtain *0 - Vf enables Equation (4.1.53) to be written in the form

U + 2 Tfu" - a 213k2K 3,i"/)/ (2- k) 2

-2(2 - k)'rfq(u" - ii")/K 2  - 0 (4.1.55)

where

a=2 h2/12a 2  Eh/& (4.1.56)

and now the dots denote differentiation with respect to •.

4.1.8 Modal Solution

General displacement perturbations are represented by the sum of a Fourier
series in sinnO or cosnO, but because the differential equation governing the time
variation of the coefficients u. (/) for the cosine series is the same as that for the
sine series, we consider only the displacement perturbation

u(0, - lun(f) sinno (4.1.57)

having as initial displacement perturbations

60(,1) - lan sin 0 (4.1.58)

When we substitute Equations (4.1.57) and (4.1.58) in the governing Equa-
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tion (4.1.55) we obtain for each amplitude un the differential equation

Un- Qnun/f - Ru~n - Snan (4.1.59)

where

Qn- 3al2k2K 3n4/(2 - k) 2  (4.1.60)

Rn= 2rrn2[l - (2- k)cr213n2/K2] (4.1.61)

S- 2"r,(2 k)a 2p3n4/K 2  (4.1.62)

The representation

V = Vo(1 + Ybn sinnO) (4.1.63)

for initial velocity imperfections and Equation (4.1.58) for initial displacement
imperfections means that the coefficients un(f) in Equation (4.1.58) must satisfy
the initial conditions

Un(1) - an tin(l) - - 2 ?frbn (4.1.64)

Whenever Rn2 > 0, the solution of Equation (4.1.38) satisfying initial condi-
tions (4.1.64) is

un(A) - An(f)an + Bn(Q)bn (4.1.65)

where An and Bn are the amplification functions

An(f) - 2f' 1[,(Rnf)K,-,(Rn) + K,(Rnf )I, i(Rn)]n2/Rn- Sn/R• (4.1.66)

B() - 2Trf"[- 1,(Rf)K,(Rn) + K.(Rnf)l,(Rn)J (4.1.67)

in which

v = (1 + Qn)/2 (4.1.68)

In Equations (4.1.66) and (4.1.67), I, and K, are modified Bessel functions 2 of the
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first and second kinds of order P, For the case R 2 < 0, expressions similar to
(4.1.66) and (4.1.67) arise, but involving J, and Y, which are Bessel functions of
the first and second kinds of order P' the solution is therefore of a damped oscilla-
tory nature with J'J, and f'Y, approaching zero as f spproaches zero (i.e., as
motion terminates). Thus the growth of modes is possible only when Rn2 > 0 or,
from Equation (4.1.61), when n 2 < K/ (2 - k)O 2 . This transiion is analogous
to that occurring in very long shells (k - 0), in which only strain-hardening
moments are present, where hyperbolic and trigonometric functions occur instead
of modified Bessel and Bessel functions.

4.1.9 Amplification Functions

We illustrate the nature of amplifii:ation functions A, and B, by means of an
example that corresponds to one of the experiments described in Section 4.1.16 on
6061-T6 aluminum alloy shells. The data for this example are given below

shell radius a - 3.734 cm (1.47 inch)
shell thickness h •- 0.165 cm (0.065 inch)
shell length L - 10.160 cm (4.0 inch)
flow stress (average) 3 = 290 MPa (42,000 psi)
hardening modulus Eh = 2275 MPa (330,000 psi)
density p = 2.7 g/cm 3 (0.097 lb/in 3)

impulse I = 640 N-s/m 2 (0.095 psi-s)

According to Equation (4.1.35) with the choice fl -V -A12, the value of k at x
0 is k - 0.28. Figures 4.5 and 4.6 show the amplification functions A,(,) and
Bn(Q) from formulas (4.1.66) and (4.1.67) for n between 1 and 0/ that give R2 >
0 and at time intervals corresponding to C =- 0.2. The curves show that the
amplification spectra develop a strong prefererce for a narrow band of harmonics.
It is reasonable to select the most amplified harmonic to represent the predicted
mode of buckling. The variation of the preferred harmonic with f is shown by the
dashed line through the peaks. After ý - 0.4 (T - 0. 6 rf), the preferred mode
does not change appreciably. At ; - 0 (T = 7f), the preferred mode numbers
stemming from initial displacement and velocity perturbations are 16 and 14. The
amplification curves for the other sheils in the experiments exhibit the same
characteristics as those in Figure 4.5.
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4.1.10 Asymptotic Solutions for Terminal Motion

We can derive simple formulas that approximate the amplification functions at
the end of the motion, that is, when • - 0. It may be shown that

LtQIl(Re) - 0 Lte K,(Rn•) 2"-'r(v)/Rn
f -4 0 f --*0

where F(G) is the gamma function; from (4.1.60) and (4.1.68), v > 1/2. Let ii be
the value of n above which no amplification occurs so that R, - 0. Then

R- K2/(2- (4.1.69)

and

2 (<nii) 2/ 2-
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In general, mode numbers in the vicinity of the most amplified mode lie well below
Ri, In fact, n Rv r2 is , reasonable estimate. Consequently, the term Sn/RI, does
not contribute substantially to the amplification function An(o). Formulns (4.1.66)
and (4.1.67) thus reduce to

An(O) - 2"&-rF(5,)I,_j(R)n 2/R,•+I (4.1.70)

Bn(0) - 2"r'(P)I,(Rn)/R' (4.1.71)

Further simplification is possible for many practical cases in which
8Rn > 4v 2 - 1, allowing us to use the asymptotic form

IP(Rn) =ReR - (4,2- 1)/8Rn]/(2?rRn) '/2

in (4.1.70) and (4.1.71) to give

An(0) 2 2`rrr(v)eRnn2[1 - (4(v - 1)2- 1)/8RnJ/(2sr)1'2R.,+3/2 (4.1.72)

B,(0) • 2PrrIr(P)eRn[l - (45,2- 1)/8Rnl/(27r)1/ 2R-+1/2 (4.1.73)

We can see whether we are allowed to use the result 8Rn > 4&2 - 1 by estimating
the values of n near the peak of the amplification curves by n - fi '/2, where Ri is
the cutoff value determined by (4.1.69). In the example of Section 4.1.9, the cutoff
mode number is Ri 27 and the estimated number of the most amplified rrode is
N = fi/ =,2 19. Thus QN - 1.74, v - 1.37, and RN - 5.51, giving
8Rn > 41,2- 1.

4.1.11 Strain Hardening Moments Only

A simple special case is the very long shell for wnich k = 0 and the directional
moments are negligible. For this case, (4.1.60), (4.1.61), and (4.1.62) are

Qn a 0 Rn - 2Tfn 2(1 - 2a 2fAn 2/v'3) Sn , 4" / 2n4,

The solution of Equation (4.1.59) with Qn - 0 that satisfies initial conditions
(4.1.64) gives the amplification functions

An(f) - (2Tfn 2 /Rn2) cosh Rn(- - Sn/Rn (4.1.74)

BnQ) - (2,rf/Rn) sinh Rn(1- s) (4.1.75)
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which, at the end of motion (f - 0), are approximately

An(O) 2= .rte R n'/Rn' (4.1."76)

B, (0) -= r re It/R n (4,1.77)

Formulas (4.1.76) and (4.1.77) are also obtained if we set so - I/, corresponding
to Qn - 0, in formulas (4.1.72) and (4.1.73). Regarding A,(0) as a continuous
function of the variable n, so that we can differentiate with respect to n, and equat-
ing the first derivative to zero yield the preferred mode number

N - -Lf/4a2jI (4.1.78)

and the preferred mode amplification

AN(O) - e R RA - /rfN1 -11 Tf/4* 21 (4.1.79)

In (4.1.78), fi is again the cutoff mode. Treating the other amplification function
(4.1.77) in the same manner leads to the same preferred mode (4.1.78) with the
amplification

BN(O) - "ref /RN R A N2 -- "N rf/4aE2;] (4.1.80)

When k - 0, Equation (4.1,28) for Tr, the final circumferential strain, becomes

T( - f3/ pVý/4"7 - -vI3 12/4phl"- (4.1.81)

where I - phVO is the applied impulse. Thus (4.1.79) and (4.1.81) provide the
relationship between the impulse and the preferred mode amplification

I - r (2h 2/3a)QnAN (4.1.82)

An implicit expression is found for I if Bn is used. Formula (4.1.82) is useful for
determining the threshold impulse.

In the example of Section 4.1.9 with k - 0, the preferred mode number is N
-, 18, the displacement amplification is A, -- 228, and the impulse is 1 - 6500
dyne-s/cm 2 (650 N-s/rn).
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4.1.12 Directional Moments Only

The special case of negligible strain hardening is obtained by assuming that P
is small enough to give S,= 0 and R2 = 2Tfn 2; Qn remains the same as (4.1.60).
Note that Rn2 is always positive, so all modes are amplified. However, if n is large
enough to make 4v > R2, then An(0) in (4.1.70) reduces to

(Rn/2) 2  (Rn/2) 4  + (4.1.83)
l.v 1.2.v(v + 1)

which shows that substantial amplification is possible only for mode numbers satis-
fying 4 v < Rn2, that is, for

n2 < (2 - k)KIrf/3k 2a2  (4.1.84)

If k is a small number corresponding to a long shell, inequality (4.1.84) implies that
all modes are capable of being amplified substantially; let k-0 in (4.1.84)
(K -" 2). If k is small, the restoring directional moment is small and the buckling
is highly unstable. If k= 1/2, corresponding to a short shell, inequality (4.'1.84)
becomes

n 2 < 3Tf/oI2  (4.1.85)

For the example in Section 4.1.9, inequality (4.1.85) gives amplification ot modes
with n < 40. With strain-hardening moments only, (4.1.78) gives the cutoff mode
number _n = 26.

The amplification functions are again (4.1.70) and (4.1.71), which for cases
with 8R. > 4v 2 - 1, become (4.1.72) and (4.1.73). With Rn2 = 2rTn 2,
differentiation of (4.1.72) with respect to n shows that the maximum value of
A, (0) occurs when n is a solution of

Rn- 2Qn2n(Rn/2) - Qn/2 + 2Q011, - Qn(7Qn- 6)/8Rn-= 0 (4.1.86)

where V = q(A,) is the Psi or Digamma function. 2 Similarly the maximum valuc
of Bn(0) occurs when n is a solution of

Rn- 2Qnln(Rn/2) - Qn/2-1 + 2QnO$ - Qn(7Qn + 6)/8Rn = 0 (4.1.87)

The preferred modes determined by (4.1.86) and (4.1.87) can have substantial
amplification when 2(Qn + 1)< R2 and 2(Qn + 3)< Rn2, respectively. Also,
(4.1.86) and (4.1.87! are valid approximate equations for the preferred modes when
Qn(Qn - 2)< 8Rn and Qn(Qn + 2)< 8Rn, respectively; otherwise, n muvt be
found to maximize An(0) and Bn(0) in the forms (4.1.70) and (4.1.71).
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Figure 4.7 shows the two curves for the real values of Q, and R, that satisfy
(4.1.86) and (4.1.87). For numerical convenience, these curves may be approxi-
mated by the straight lines

2Qn 2Rn/3 + 1 (4.1.88)

16Q, --- 5(Rn - 1) (4.1,89)

These equations are of the form

n4- aln + ao 0  0 a, > 0 (4.1.90)

where the constants a0 and a, are readily determined froni (4.1.60) and (4.1.61),
with/3 - 0, for Qn and Rn.

5

From Eq. (4.1.86)
4

'8Rn = (Qn + 2)Qn J/

"3 8Rn = (or. 2'Qn

Qn From Eq. (4.1.87)

2

0
0 2 4 6 8 10 12 14

Rn

MA-7504-SA

FIGURE 4.7 On vs Rn FOR PREFERRED MODE NUMBER

(No Strain Hardet;ing)
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An adequate and simpler approximation for the preferred mode number is
obtained by letting the straight lines pass through the origin. Then, instead of
(4.1.88) and (4.1.89) we have

Qn = 5Rn/14 Qn - 5Rn/1 (4.1.91)

or

N3I c 'T'r (2 - k)K1/3k 2a 2  (4.1.92)

where
c = 5/14 for displacement imperfections
c - 5/17 for velocity imperfections.

In the example of Section 4.1.9, formula (4.1.92) predicts preferred mode numbers
of N - 22 and 21 for amplification of displacement and velocity imperfections. For
N - 22, we have O., = 3.3 and Rn = 9.2.

The above approximations for obtaining the explicit formula (4.1.92) for the
preferred mode allow us to derive an explicit relationship between the applied
impulse and the amplification of the preferred mode stemming from initial lack of
circularity. The procedure outlined below for obtaining this explicit relationship
leads to an implicit relationship between the impulse and the amplification of the
preferred mode stemming from initial velocity imperfections.

In (4.1.72) we shall first neglect the term [46, - 1)2 - 2]/8R,. Then, since
R 2Trn 2 , formula (4.1.72) becomes

An (0) - 2 Rn/(210 1/2R v- 1/2 (4.1.93)

With v > 1/2, an approximation adequate for our derivation is

F(,) = e-Pv -1 /2(2fr) 1/2  (4.1.94)

which reduces (4.1.93) to

vf2i An(0) = e R(2v/eRn)"- 1/2  (4.1,95)

After taking the logarithm of (4.1.95) and substituting the relationship Qn - CRn
from (4.1.91) with c - 5/14, we obtain

Qn/lt' An) R, 1 - (c/2)Qn eQn/c(Qn + 1) (4.1.96)

. ., -LIlk
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We now make. use of the observation that the second term in the square brackets in
(4.1.96) is a slowly varying function of Q,,. As Q, increases from I to 00, this
function increases from 0.24 to 0.36. A reasonable value is 0.3, corresponding to
value of Qn - 2.5, which is in a practical range of Qn values. This approximation
reduces (4.1.96) to

Rnt,2"e An] - coRn co 0.7 (4.1.97)

For the preferred mode, R• 2= 2-fN 2, where N is given by (4.1.92). The dimen-
sionless duration of motion or final hoop strain rf f is related to the initial uniform
velocity Vo and hence the impulse by (4.1.28). Consequently, (4.1.97) may be
manipulated into the form

I - kK 3/4ccK2d -" Pa a(h/a)31 [ n vf.e Ain11 (4.1.98)

In the example of Section 4.1.9, formula (4.1.97) predicts an amplification of
An - 270 and formula (4.1.98) predicts an impulse of I - 6320 dyne-s/cm 2 (632
N-s/in

2).

4.1.13 Directional and Hardening Moments

In the general case that includes directional and hardering moments, we must
retain the general forms (4.1.60), (4.1.61), and (4.1.62) for the coefficients Qn,
Rn, and Sn in the governing differential Equation (4.1.59). We recall that mode
growth is possible only if R 2 > 0, that is, if n < R where h is a cutoff mode
number given by (4.1.69). In this section we continue our discussion of the func-
tion (4.1.79) that amplifies the initial displacement imperfections. This function
reduces to the series (4.1.83) if n is large enough to make
Rn < 4 P - 2(Qn + 1), so substantial amplification occurs only if
R2n > 2(Qn + 1). The amplification function may be approximated by (4.1.72) if
8Rn > 4( - 1)2 - 1 - (Qn - 2)Qn.

If we substitute expressions (4.1.60) and (4.1.61) for Qr, and Rn in the ine-
quality Rn > 2(Qn + 1), we obtain an upper bound that is below h for the
numbers of the modes that are amplified. This substitution gives

Sn2 < fi i2 /(2q + 1) (4.1.99)

wh,.re

q - 3k 2K 2/2(2 - k) 2Kirfg3 (4.1.100)

4-n
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The value of n that maximizes A, (0) given by (4.1.72) is the solution of

Rn - 2QnQn(Rn/2) - Qn/2 + 2Qn#P

- QX(7Qn- 6)/8Rn- (Rn- Qn/2 - 2)Qn/qR2 (4.1.101)

where q is defined by (4.1.100) and tp -" (v) is again the Psi function. 2 When
hardening is negligible, Equation (4.1.101) is the same as Equation (4.1.87). Fig-
ure 4.8 s.iows solution curves that relate Qn and Rn for several values of the param-
eter q. These curves may be approximated by straight lines through the origin so
that

Q - C(q)R,, (4.1.102)

The function C(q) is satisfactorily represented by

C(q) - c1l - cj-_o') (4.1.103)

where c =- 0.36, cl = 0.85, q0 = 0.10, and 0.01 < q.

5~ I / 1 1 1 1 1 1 1 1 1
5!

n -=2(Qn~l '

4

o~~ - 1.0••

3 8Rn On-2 Rn

2

1 .0

0
0 2 4 6 a 10 12 14

MA-7504-A

FIGURE 4.8 n vs R FOR PREFERRED MODE NUMBER
(No Strain Hardening Moment: q =; No Direction Moment: q 0)



228

If we substitute expressions (4.1.60) and (4.1.61) for Qn and Rn in (4.1.102)
we obtain for the preferred mode number the formula

,j3 _ laC(qb -Tf (2 k)K 1f /I3k~ 0.01 < q (A.1.104)

where

f ,/2-(4.1.105)

and C(q) is determined by (4.1.103), q being the parameter in (4.1.100). Negligi-
ble strain hardening (P3 = 0) corresponds to large values of q for which C(q) = c
and N/h = 0. In these cases, (4.1.105) reduces to (4.1.92). Negligible directional
moments (k = 0) corresponds to small values of q for which C(q) =- c(l - cl).
In these cases, (4.1.105) does not reduce to the predictive formula (4.1.78). How-
ever, if curves of the type shown in Figure 4.8 are approximated by parabolas
whenever q < 0.01, that is, if

Q U n D(q)Rn + d(q) q < 0.01 (4.1.106)

Equation (4.1.78) can be obtained in the limit as q - 0. Suitable functions that
allow a fit of the curves in Figure 4.8 and ensure the correct limiting prediction of
N as q -- 0 are

D(q) - q(1 - 44q) d(q) = q2(1.08 - 80q)10 4  (4.1.107)

If we substitute expressions (4.1.60) and (4.1.61) for Q, and R, in Equation
(4.1.106), we obtain a quadratic equation for N2, the solution of which may be
expressed in the form

2 _ [I + (I + 2d(q/D + l)/Trih2D}1/2I/2(q/D + 1) q < 0.01(4.1.108)

Formulas (4.1.107) ensure that (N/i) 2 - 2 as q -- 0, in agreement with (4.1.78)
for the case of vanishing directional moments. The factor in (4.1.108) that strongly
influences N is ii, which according to its definition (4.1.69), is primarily a function
of 3. Thus the preferred mode number is determined by the hardening parameter
P3 whenever q < 0.01. In the upper part of the range of q, the slopes C(q) from
Figure 4.8 and from the approximating function (4.1.103) are within 20% of the
asymptotic value of c = 0.36 at q - co whenever q > 0.2. Inspection of (4.1.104)
shows that whenever q > 0.2, the preferred mode number is weakly dependent on
)3 through the function (4.1.105) and hence N is predominantly influenced by the
directional moments. In the range 0.01 < q < 0.2, the major influence on N
changes from hardening to directional as q increases.
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Figure 4.9 shows how the preferred mode number depends on the hardening
and directional parameters /3 and k for the shell of Section 4.1.9 with a/h - 22.6
and rr - 0.05. The full lines were obtained from (4.1.104) for 0.01 < q, and the
dashed lines were obtained from (4.1.108) for q < 0.01. The main feature is that
the mode number decreases as /3 or k increases, demonstrating the increase of
wavelength with resistive moment. For very short shells having 0.4 < k K, 0.5,
directional moments predominate. Even for very long shells having 0 < k < 0.1,
directional moments have a strong influence if /3 is small enough (say /3 < 5 in
Figure 4.9).
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We now use (4.1.104) and (4.1.108) to obtain formulas relating the final
amplification factor of the preferred mode to the applied impulse. In (4.1.72), we
neglect the term [4(v - 1)W - 11/8Rn and make use of the approximation (4.1.94)
to give

',f2i An(0) (1 + Sn/Rn2)eRn(2v/eRn) 1/2 (4.1.109)

Formula (4.1.109) reduces to (4.1.95) when 0 - 0. If we introduce (4.1.102) for
0.01 < q and (4.1.106) for 0 < q < 0.01, (4.1.109) becomes

2n(,N/"e An) Co(q)Rn + Qn(1 + Sn/Rn2) (4.1.110)

where

1- 1 n CRn + 0 0.01 < q

Co(q) [DR + dR i eRn q (4.1.111)

1 -l 2Rn jnIDR2 + d + I q<0"01

When 0.01 < q, C0 (q) does not depend strongly on Rn. When q < 0.01,
Co(q) =1 . In fact, Co(q) can be represented adequately by

1C0 + (1 - co)e- q/ 0.01 < q co - 0.71 q0 - 0.06Co(q) - 0 < q<o.ol (4.1,112)

Again, the term in (4.1.110) that includes Sn does not contribute substantially to
the amplification. The term is retained only for 0 < q < 0.01 but replaced by
2n-/4i.

Formulas (4.1.102) and (4.1.103) relating Qn and Rn for 0.01 < q, formulas
(4.1.106) and (4.1.107) reldting Q, and Rn for q < 0.01, formulas (4.1.104) and
(4.1.108) for the preferred mode number, and (4.1.28) relating the final strain Tf to
the irrrn-se are all used in (4.1.110) to derive the expressions

12 ) /4 'N h 32
V K3 11/4•f- A, 0.01 < q (4.1.113)

4KiCC 
I 

a12 - k F~ fpjE~h aj ~An q < 0.01 (4.1.114)

173K£i
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where [.J- i.F!J -. [•_ (4.1.115)

The impulse formula (4.1.114) approazhes (4.1.82) for vanishing directional
moments, as k (and hence q) approaches zero.

V'igure 4.10 shows the variation with k and P of the coefficient in the
impulse-amplification formula (4.1.113); for a given shell, Figure 4.10 therefore
shows how the impulse-amplification relationship depends on directional and har-
dening moments, represented by parameters k and ,8. For k > 0.2 (shell length
less than two diameters), the impulse is not sensitive to strain hardening; the
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FIGURE 4.10 INFLUENCE OF DIRECTIONAL AND HARDENING
MOMENTS ON THRESHOLD IMPULSE
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coefficient increases from about 0.45 and 0,70 as k increases from 0.2 to 0.5. Thus,
for a specified amplification A., an increase in k from 0.2 to 0.5 increases the
impulse required to produce this amplification by about 50%.

We have seen how hardening and directional moments influence the predicted
preferred mode number and the impulse-amplification relationship. For the
remainder of this section, we examine the moment components themselves.

From formula (4.1.45) the directional &nd harden'ng moments are

Md - [3k2K3/(2 - k)K 2IW(h3/12a)(1 + V'"/*0) (4.1.116)

Mh [2(2 - k)K3/3lEh(h3/12a2)(wo + w'- i'") (4.1.117)

In terms of the dimensionless quantities introduced in Section 4.1.7, Equations
(4.1.116) and (4.1.117) are

Md - -[3k2K,/2(2 - k)K 2 1(5haa2/Tr)(,"/e) (4.1.118)

Mh - [2(2 - k)K 3/3j(ahaa2f)(u - O) (4.1.119)

Substitution in Equations (4.1.118) and (4.1.119) of the Fourier representations

Md - •Mfn)(ý)sinnO Mh - YM n•(Q)sinnO (4.1.120)
I i

along with the similar representations of (4.1.57) and (4.1.58) for the current and
initial displacement perturbations provides the coefficients

MdQ) [ 13k2K3/2(2 - k)K 2 1(6;haa2/Tf)n~in/f (4.1.121)

-- [2(2 - k)K 3/3I(&haa2 )n2(u, - an) (4.1.122)

Displacement imperfections alone lead to

61n = -,00()a, un- an - [An(f) - IIan

where the amplification function is determined by (4.1.66). A measure of the rela-
tive magnitude of the directional and hardening moments may be obtained by the
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ratio

- fuMw()df - f (An' l)d (4.1.123)

where q is given by (4.1.100). Substitution of A, from (4.1.66) into (4.1.123) and
integration lead to

A ,.n - (qR,/Qn)/ 11 - RP/2'-irl/Ir( + /2)Lk,-_(R,) (4.1.124)

where L, is the modified Struve function2 of order P. If we treat the amplification
functions for the initial velocity perturbations in the same way, we can derive

(n) 2 (4.1.125)
(R/Qn)/[] + R '-/2'-ir'/2I'(P + '/2)L,(RI (412)

As an illustration of the magnitude of the ratio (4.1.124) let us take the prac-
tical value Q, - 2, which gives P - 3/2. If n is the preferred mode number,
Q, - C(q)Rn where C(q) is determined by (4.1.103) for 0.01 < q. When u
3/2, the ratio (4.1.124) becomes

Asn) '- (qRn,/Qn)/[1 - Rn/2(cosh Rn - 1)] (4.1.126)

The smallest value of A, is achieved by the smallest permissible value of Rn, which
in turn is obtained by the maximum permissible C(q). Now, by (4.1.103),
max.C(q) - 0.36 whenever q > 0.3 and, since Q% - 2, we have R, - 5.6. With
these values of q, Qn, and Rn, we obtain A(') - 5.3 for the ratio of directional to

hardening moments according to our definition (4.1.123). Again for Qn - 2 but
with q reduced to q - 0.1 we obtain a smaller ratio A(() -- 2.5. Fixing Q " fixes k,
so reducing q, given by (4.1.100), means increasing the hardening by increasing 3,
which accounts for a reduced moment ratio.

4.1.14 Displacement and Velocity Impeifections

The final shell buckling deformation w(G, 0) stems from the growth of initial
displacement of velocity imperfections. We would like to compare these initial
imperfections when they give rise to equal contributions to the final shape. We
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simplify the procedure for obtaining this comparison if we visualize the final shape
as consisting only of the preferred mode

u(9,o) - (ANaN + BNbN)sin NO (4.1.127)

The amplification functions AN and BN are given by (4.1.70) and (4.1.71). Thus
the amplitude of mode (4.1.127) is

max u(Oo) - 2"Trr(v)[l,_,(RN)N2aN + I(RN)RNbn]/RP+' (4.1.128)

For equal contributions to this amplitude stemming from the growth of initial dis-

placement and velocity imperfections, the imperfection ratio has to be

bN/aN - N2I,- i(RN)/RNI,(RN) (4.1.129)

Many practical cases have 8 RN > 42 - I so that Iv- I , 1 , which allows the
ratio (4.1.129) to be estimated by

bN/aN = N2/RN - N-(27r)121I - (NIh)2j (4.1.130)

Because the preferred mode number N is less than the cutoff mode number ii, we

have

bN/aN > N/(2T'f)/2 (4.1.131)

In the example of Section 4.1.9, the preferred mode number and the final unper-
turbed hoop strain are N - 19 and 7f - 0.0865, so (4.1.131) gives bN/aN > 46.
This result indicates that for equal contributions to the final amplitude the velocity
imperfection has to be a much larger percentage of the initial uniform velocity than
the displacement imperfection is of the initial uniform shell radius.

4.1.15 Threshold Impulse

In Section 4.1.13, we derived Equations (4.1.113) and (4.1.114) for the
impulse-amplification re•lationships. If the directional moment is negligible, the
impulse formula is (4.1.82), and if the strain hardening moment is negligible, the
impulse formula is (4.1.98). Figure 4.11 shows the impulse-amelification curves
constructed from formulas (4.1.113) and (4.1.114) for shell 1, chosen from the
experimental shells of Section 4.1.16. Each curve is associated with a fixed shell
length and hence a fixed value of k. The curves show the exponential rise of the
amplification with increasing impulse and, for a fixed amplification, the increase of
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impulse with decreasing shell length. The discontinuity in the curve L - 8 is

caused by mismatch of the two approximate predictive formulas (4.1.113) and
(4.1.114).
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FIGURE 4.11 IMPULSE-AMPLIFICATION CURVES
(Shell I in Table 4.1)

A reasonable and simple choice of a criterion for the threshold impulse is to

take as the amplification the value AN - 100. For this value, quantities required in

the impulse formulas are

[Qn(-V2 AN)I - 3.57 QnAN - 4.61

For long shells with k = 0 the threshold impulse, from (4.1.82), is

Ic - 3.07 pJ'h a(h/a) 2  (4.1.132)

For short shells with k - 0.5 and a strain-hardening value such that q > 0.5, the

threshold impulse, from (4.1.98), is

Ic - 2.46V75, a(h/a) 3/ 2 (4.1.133)
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If we consider again shell I with lengths L - 12 inches (30.5 cm) and L - I inch
(2.54 cm) (k == 0 and k == 0.5), formulas (4.1.132) and (4.1.133) give threshold
impulses of 5600 and 7600 dyne-s/cm 2 (560 and 760 N-s/cm2 ).

4.1.16 Comparison of Theory and Experiment

Table 4.1 contains the main experimental data. Each shell was impulsively
loaded with sheet explosive as described in Section 3.2.7. Profiles were taken at
½/-inch intervals along the shells, and the number of waves at each section was
recorded. The mode numbers were highly reproducible and the averages are listed
in the last column.

The experimental values of k were determined from the final strains e and
eq. The axial strains ex were found by scribing fine grid lines, approximately 1-cm
apart, along an outer generator. The distances between the grid lines were meas-
ured before and after loading by a traveling microscope accurate to one thousandth
of a millimeter. In each shell the strain distribution was regular except for
increases in the flared regions at the ends.

The circumferential strain was found by the following two methods. For the
short shells in which no flaring occurred, the end profiles of the outer and inner
surfaces were reproduced directly by standing the shells on a flat surface and tracing
around the contact circles. A circle representing an average of the outer and inner
traces was constructed to determine e & at the midsurface. For the larger shells, in
which flaring was noticeable at the ends, the outer circumference at several posi-
tions along the shell was found by measuring the length of a strip required to pass
around the shell. The midsurface strain was then found by adjustment for the shell
thickness. Again, the strain distribution was regular except for a slight. decrease
near the flared ends. An interesting observation was the slight decrease in mode
number near the ends of' the shells corresponding to the local increase in k because

of the adjacent free ends.

The values of the final strain ratio and the mode number given in Table 4.1
are those prevailing over the uniform region away from the ends. These values of
k are plotted in Figure 4.12. Also shown for comparison is the theoretical strain
ratio derived in Section 4.1.4; this function of the length-to-diameter ratio L/D is
formula (4.1.35) with x -0 and, for the best fit, with the parameter il /31~/2.
The experimental and theoretical k-values are in agreement.
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Table 4.1

EXPERIMENTAL DATA FOR CYLINDRICAL SHELLS

OF 6061-T6 ALUMINUM

Number Radius Thickness Length Impulse Strain

Sheit of a h L I a k - Mode

Number Sh-lls (cm) (cm) a/th (cm) (N-s/r 2) (%) "0 N

3 2.54 650 9.4 0.43 15

3 
5.0% 6S0 9.4 0.37 15

2 3.729 0.165 22.6 10.16 6S0 9.4 0.26 16

1 20.32 630 9.A 0.10 19

1 
30.48 630 9.4 D.04 2X'

3 
2,54 660 4.8 0.48 14

2 3 3.706 0.211 17.6 5.0% 660 4.8 0.38 15

2 
10.16 660 4.1 0.31 15

3 
2.54 690 5.3 0.45 I1

3 
5.08 690 5,3 0.45 11

3 2 3.691 0.241 15.3 10.16 690 5.3 0,31 12

1 
30.48 690 5.2 0,06 16

She-il data: 6061-T6 alumintumr.
- 2275 MPa (330,000 psi), a " 290 MPa (42,000 psi).

p - 2.7 g/cm 3 (0.097 lb/in3 ),

Table 4.1 (concludWd)

EX?ERIMV.NT&L DATA FOR CYLINDRICAL SHELLS

OF 6061-T6 ALUMINUM

Number Radius Thickness Length Impulse Strain

Shell of a h L I E* k Mode

Number Shells (inch) (inch) a/h (inch) (dyne-s/cm 
2 ) N A N

3 
1 6500 9.4 0.43 is

3 
2 6500 9.4 0.37 15

1 2 1.468 0.065 22.6 4 6500 9.4 0.26 16

1 
6300 9.4 0.10 19

1 12 6300 9.4 0.04 20

3 
1 6600 4.8 0.48 14

2 3 1.459 0.083 11.6 2 6600 4.8 0.3% 15

2 
4 6600 4.8 0.31 15

3 
1 6900 5.3 0.45 11

3 
2 6900 5.3 0.45 It

3 2 1.453 0.095 15.3 4 6900 5.3 0.31 1)

1 12 6900 5.2 0.06 16

Shell data. 6061-T6 aluminum.
Ev - 2215 MPa (330,000 psi), F - 290 MPa (42,000 psi),

p 2 7 5/cm3 (0.097 lb/in3).
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FIGURE 4.12 COMPARISON OF THEORETICAL AND EXPERIMENTAL
DIRECTIONAL PARAMETERS

The mode numbers were obtained from profiles such as the two samples
shown in Figure 4.13 for shell I of Table 4.1. As shown, the samples are for shell
lengths of L - 2 inches and L = 12 inches. The average count from all profiles at
'/2-inch spacing, and from repeat tests in the case of the 2-inch-long shells, resulted
in preferred mode numbers of N - 15 and N = 20, respectively. The experimen-
tal mode numbers for all the shells are listed in Table 4.1 and, for comparison with
predictions, in Table 4.2.

The mode numbers were predicted in three ways. In the first way, each
number in the column headed by A, (0) is the mode number at the peak of the
amplification curve at the end of motion (Q - 0, T - rf), the growth of the
mode amplitude stemming from initial displacement imperfections. The preferred
mode number is therefore the value of N that maximizes An,(0) given by form,'ia
(4.1.70). An example of the curve An(0) versus n is shown in Figure 4.5. In the
second way, each number in the column headed by B, (0) is similarly determined,
the growth now stemming from initial velocity imperfections. An example of the
curve B,(0) versus n obtained from formula (4.1.71) is shown in Figure 4.6. In
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SHELL PROFILES
L =2 in.,n= 15

-7 gL =12 in., n 19

-180 -90 0 +90 +180

6061-T6 Aluminum a = 1.47 in., h = 65 mils, a/h = 22.6
MA-7504-11A

FIGURE 4.13 PROFILES OF SHORT AND LONG SHELLS
(Shell 1 of Table 4.1)

Table 4.2

THEORETICAL AND EXPERIMENTAL MODE NUMBERS
FOR CYLINDRICAL SHELLS OF 6061-T6 ALUMINUM

Preferred Mode Number N

Strain
Shell Impulse T- Experiment

Number (N-s/rn2) (%) k(0) Am (0) Bm(0) Formulas N

9.5 0.48 13 11 13 i5
9.2 0.42 14 12 14 15

1 6400 8.6 0.28 16 14 16 16
8.4 0.09 20 18 22 19
8.3 0.03 20 18 19 20

6.2 0.48 11 8 11 14
2 6600 6.0 0.42 12 9 12 15

5.6 0.28 14 11 14 15

5.2 0.48 10 7 10 11
3 6900 5.0 0.42 11 7 10 12

4.7 0.28 13 9 12 12
4.5 0.03 16 12 15 16

* Average impulse.
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the third way, the column headed "Formulas" refers to prediction of N by (4.1.104)
or (4.1.108). The comparison of the predicted and experimental mode numbers in
Table 4.2 shows general agreement.

4.2 VISCOPLASTIC FLOW BUCKLING
WITH DIRECTIONAL MOMENTS

Figure 4.14 demonstrates that cylindrical shells made of strain-rate sensitive
material such as fully annealed 1015 steel also experience dynamic plastic buckling
when they are subjected to large enough uniform radially inward impulses. The
buckling is reproducible and exhibits a predominant wavelength. A theory to
describe this buckling is postulated here based on the resistive moments having a
viscoplastic and a directional component. For simplicity of analysis, a linear visco-
plastic constitutive relation is adopted. The preferred mode numbers compare
favorably with mode numbers obtained from experiments on fully annealed 1015
steel cylinders with a length-to-diameter ratio of two (L/D 2) and radius-to-
thickness ratios of 10.5, 16.7, 22.8, and 35.6.

FIGURE 4.14 TYPICAL BUCKLED SHAPE OF A 1015 STEEL CYLINDRICAL
SHELL SUBJECTED TO AN INWARD RADIAL IMPULSE
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4.2.1 Viscoplastic Moments

Figure 4.15 illustrates how a resistive moment arises during flow buckling
because of the viscoplastic material property. It is assumed that the compressive
circumferential strain is increasing at every fiber of the shell. At two points A and
B, on the outside and inside of a cross section where an outward portion of a wave
exists, the strain rate is greater at B than at A. On the linearized stress, strain-rate
curve the corresponding states are shown by 'he points A' and B'. The higher
strain rate at B given by the point B' on the strain-rate line is associated with a
higher compressive stress than at A. Thus a moment exists on the cross section,
which is resisting the curvature increase. As deformation proceeds, the points A'
and B' move to the left, as indicated in Figure 4.15, which is consistent with the
shell coming to rest. The points separate because of curvature increase, so the
moment increases with deformation.

= AA

w N

BI Ii

0,
STRAIN RATE, ct

GA-4999-32

FIGURE 4 15 FIBER STRESSES ACCORDING TO THE LINEARIZED
STRESS, STRAIN-RATE LAW

4.2.2 Theory of Viscoplastic Cylindrical Shells

The first portion of the theoretical treatment of Section 4.1.1 providing Equa-
tions (4.2.1) through (4.2.9) introduces incompressibility, generalized strain rate
and stress, deviatoric stresses, and the flow law. Constitutive equations consistent
with the flow law are taken in the form3

OFF OFYiX = o'F--- rE9 G1F--- ye,, cr== (4.2.1)
8crx =r, o'oFO'
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where F - '/cr0 - I > 0, o'0 being the generalized stress at infinitesimally small
strain rates and -y the viscosity constant of the material. Equations (4.2.1)
represent a special case of the constitutive equations of Perzyna,3 and they provide
the following relationship between the generalized strain rate (4.1.2) and the gen-
eralized stress (4.1.3)

i = /(r00 - 1 (4.2.2)

The viscosity constant y is the slope of the straight line approximating the results
of uniaxial stress experiments (Figure 4.16).

=. I------------A•.

0 i (0)
STRAIN RATE

MA-7504-12A

FIGURE 4.16 LINEARiZED STRESS, STRAIN-RATE LAW

Tha discussion in Section 4.1.2 on the effect of shell length on the strain rates
also applies to viscoplastic shells. Consequently, we again employ Equation
(4.1.11) in which the axial strain rate at any cross section perpendicular to the shell
axis is proportional to the midsurface circumferential strain of the unperturbed
motion. The proportionality parameter k(x) lies in the range 0 < k < 1/2 covering
very long to very short shells.

4.2.3 The Unperturbed Motion

If the shell cross section remains perfectly circular during its inward motion,
the circumferential and axial strain rates are given by (4.1.12) and (4.1.13). Also,
the generalized strain rate is given by (4.1.15). We substitute these strain rates into

=2
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(4.1.9) and (4.2.2) to give the stresses

-(, -0 2k)o0O/K2 + (z/a)(3k 2 /K1 K2 + 2vy*o/3a)cro (4.2.3)

0. -(2 - k)(r0 /K2 + (z/a)(3k2 /KIK 2 + 4y*'o/3a)c0 o (4.2.4)

a- al. + 2K2( - K3z/a)-,*o/3a] (4.2.5)

TO" -- r0(1 + 2K2 ,yo/3a) (4.2.6)

By comparing (4.2.5) and (4.2.6), we see that 0.o is the current generalized stress at
the midsurface.

Equation (4.1.20) is again the equation of motion in which the circumferential
membrane force, by integration of (4.2.4) through the shell thickness h is again
(4.1.21), where now ar° is defined by (4.2.6). Hence, the equation of motion may
be written as

i'n + 2(2 - k)o-0Iyo/3a 2p - (2 - k)ocro/K 2ap (4.2.7)

The solution of (4.2.7) with initial conditions

we(0) 0 • 0 (0) V0  (4.2.8)

is

3a 11,~ 2(2- k)cotI3&2l ___________

wo- V0 + - e 2( 2- - (4.2.9)
2yK 2 2L (OP2( - k) cr oy 2-yK 2

Solution (4.2.9) is useful if a numerical approach is taken to solve the buckling
problem. Our approach is to continue the analysis as far as possible with the objec-
tive of obtaining useful design formulas. Our approach requires approximations.
One approximation that allows analysis to proceed is based on the observation that
for many practical materials the generalized stress does not vary greatly over a wide
range of strain rates. Thus we take the unperturbed generalized stress 0r to be the
constant stress 5: averaged over the strain-rate range of the problem, that is,
Za- [lr(0) - a'o0/2. This assumption reduces the equation of motion to

)0- -(2 - k)&/K 2 ap (4.2.10)
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which, with initial conditions (4.2.8) has the solution

wo/a T- (2 - -/,r) (4.2.11)

where

7 - Vot/2a Tr - pV0
2K 2/2(2 k)- (4.2.12)

The unperturbed motion is similar to that described in Section 4.2.3 for
strain-hardening materials except for the obvious difference in the manner of
selecting the average generalized stress. Again, i'f is the maximum midsurface cir-
cumferential strain to which the shell is driven by the impulsive load.

4.2.4 Perturbed Motion

Following the initial treatment in Section 4.1.5 provides formulas (4.1.13),
(4.1.38), and (4.1.39) for the axial, circumferential, and generalized strain rates.
Substitution of the generalized strain rate in the constitutive Equation (4.2.2) gives
the generalized stress

o- o1 + 2K 2{ - K 3(z/a)(iVo + y")Iv/3a1 (4.2.13)

Substitution of the strain rates and the generalized stress (4.2.13) in the stress for-
mulas (4.1.9) gives the stresses

o-x - -(1 - 2k)o'°/K 2

+ (z/a)(3k 2/K1 K 2 + 2yW0 /3a](l + *"/*O)ao' (4.2.14)

s -(2 - k)(r°/K2

+ (z/a)(3k 2 /K1 K2 + 4,y*o/'3a](l + w"/W'o)cro (4.2.15)

The membrane forces and bending moments resulting from stress distribu-
tions (4.2.14) and (4.2.15) through the shell thickness h are

N, -h( - 2k)3/K 2

Ny - -h(2 - k)&/K 2 (4.2.16)
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M, - (3k2/KIK 2 + 2yw 0/3a)(i + wv"/Wo)oh'3 /12a

M9 - (3k2 /KIK 2 + 4yv*o/3a)(l + 1"/*o)croh3/12a (4.2.17)

where we have again replaced the getieralized stress at the midsurface with a
constant aver&ge value.

The circumferential bending moment (4.2.17) that resists buckling may be
considered as comprising two components, one a directional moment Md and the
other a viscoplastic moment, M,. The directional moment is described in Section
4.1.6. From (4.2.17) we obtain the ratio

Ms/Md - (4yKIK 2/9k 2)wo/a (4.2.18)
I

which we use in Section 4.2.11 to investigate the relative importance of directional
and viscoplastic moments for resisting buckling.

4.2.5 Governing Equation

In Section 4.1.7 we derived the equation of motion (4.1.52). We now elim-
inate from this equaton the circumferential membrane force and bending moment
by using the results (4.2.16) and (4.2.17). We also note that
N9(0 + wo/a) - phi'0 . Thus we obtain

phW + 5h(2 - k)(w"/a)/K 2a

+ (3k 2/KIK 2*0 + 4y/3a)w"".ooh 3/12a 3 - 0 (4.2.19)

which, in terms of the dimensionless variables u, T, 7r, and Ct introduced in Sec-
tion4.1.7 by (4.1.54) and (4.1.56), is

U - a 2(3k 2/K 1j + 4,Vo/3a)u."./(2 -- k) + 2r fu" - 0 (4.2.20)

In the conversion from (4.2.19) to (4.2.20) we have assumed for simplicity that the
coefficient oa0/ - of the second term in (4.2.2) is approximately unity. By compar-
ing (4.1.55) and (4.2.20), we see that, in addition to the inertial and buckling thrust
terms, the terms having ý-' are the same because they both stem from the dirc-
tional part of the restoring moment.

4.2.6 Modal Solution

Following the procedure of Section 4.1.8 by substituting the displacement

i. . i u ,i - I I
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representation (4.1.57) in the governing Equation (4.2.20) leads to

Un- (Pn +Qn/f)4n- Rn~un 0 (4.2.21)

where

Pn" 4a&yVoK 2n4/3(2 - k)a (4.2.22)

Q- 3a 2k2n4/(2 - k)KI (4.2.23)

- 2,rrn 2  (4.2.24)

The solution of (4.2.21) that satisfies the initially perturbed displacements and velo-
cities (4.1.58) end (4.1.63) is

Un(f) - An(f)an + B,(f)bn (4.2.25)

in which the amplification functions are

A n (0 r- (I +an - bn)((anf) I- bn e - 'n+ Wd +x

[- 1(xk + I - b,)U, + } )M,(f)

+ 1(X, + 1 - bn)Mn + OMnM,'Un(f) I /r(2 - bn) (4.2.26)

B (f) - FO( + an - b,,)(6n) I - b e-(,\ +..W + \.n

UnM,(f) + MO'n(f l)2TC/r(2 - bn) (4.2.27)

In (4.2,26) and (4.2.27), the following shorttand notation is used to represent
Kunimer functionsi (confluen: hypergeometric functions) of the first and second
kind

Mn(f) - M(O an - bn,2 -bnwn)

U (f) - U(I -+ an- bn,2 -- bn,o n )

Mn -- M(1 + an- b,,2 - 00 n)

Un - U(I + an- bn,2 - bn,&) (4.2.28)
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In Equation (4.2.26) the primes over M and U denote differentiation with respect
to wn; the result is then evaluated at f - 1. The remaining symbols are

a. - - Qn Q - PQ/coa)/2 bn -- Qn

n (P2 + 4Rn) 1/2 "- (a, - Pn)/2 (4.2.29)

When the strain rate contribution to the restoring moment is small relative to
the directional contribution, the viscosity constant may be set equal to zero, Then
according to (4.2.22) we have Pn - 0, which leads to An- -Qn/2, bn- -QnI
W n -2Rn, and Xn - -Rn. These special values allow the amplification functions
to be written in terms of modified Bessel functions, resulting in Equations (4.1.66)
and (4.1.67), with S. " 0 (P3 - 0) , describing amplification against resistive direc-
tional moments only.

When the directional contribution to the restoring moment is small relative to
the strain rate contribution, we may set k - 0 (long shell) so that, by (4.2.23), Qn
" 0. Thus A, - 0 and b, - 0, which give the amplification functions the special
forms

An(:) ' 1(c, + Pn)e("" POO - f)/2 + (aw - P,)e- (n + Pn)t -f/21 /2w,,(4.2. 3 0)

l[e(wn n-)(I j)/2_ e-(tun + O(I - f,/12,Tr/Wn (4.2.31)

The above amplification functions are generally more easily obtained by direct solu-
tion of differential Equation (4.2.21) with Q " 0.

4.2.7 Amplification Functions

We again illustrate the nature of the amplification functions (4.2.26) and
(4.2.27) by an example from a set of experiments on impulsively loaded cylindrical
shells nf fully annealed 10i5 steel. The data for this example, shell 3a are given
below

shell radius a - 3.785 cm (1.49 inches)
shell thickness h - 0.226 cm (0.089 inch)"
shell length L - 15.24 cm (6.0 inches)
flow stress ao - 600 MFa (87,020 psi)
viscosity - 53.5 X 106 s-1
density p - 7.8 g/cm3 (0.28 lb/in3 )
impulse I •- 2038 N-s/cm2 (0.296 psi-s)
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Equation (4.1.35) gives k(0) - 0.17 and (4.2.12) with V0 - I/ph - 116 m/s (4550

in./s) gives Fr - 0.078, so the duration of motion is tr- 51 M5s.

Instead of using Equations (4.2.26) and (4.2.27) for An(C) and Bn(Q), we

numerically integrated Equation (4.2.21) to obtain the amplification curves in Fig-

ures 4.17 and 4.18. Again these curves show how a strong preference develops for

amplifying a narrow band of harmonics. The p, eferred modes are centered on n -

16 for An and n - 14 for Bn. The variation of the preferred modes with f are

shown by the dashed lines through the peaks of the spectral curves. They show

50 F

40 0

30

An

20 
0.2

100.

0 10 20 30
MODE NUMBER n

MA,.?S-toA

FIGURE 4.17 AMPLIFICATION FUNCTION FROM INITIAL
DISPLACEMENTS (Shell 3a in Table 4.3)
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1.0

0,'- s - 0

0.6 - -
0.6I

B8, I

0,2 --.
0.46

02
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MODE NUMBER n

MA-7504-14A

FIGURE 4.18 AMPLIFICATION FUNCTION FROM INITIAL
VELOCITIES (Shell 3a in Table 4.3)

that the preferred mode numbers do not change substantially after -0.4

(7- O.6-rr). Thus the choice appears to be made halfway through the duration of
motion and held until motion ceases.

The amnplification curves are typical representatives of the curves for all the
steel shells of the experiments. The results are presented in Section 4.2.12, where
the preferred mode numbers are compared with those predicted by our theory.

4.2.8 Approximate Solutions for Terminal Motion

Although it is simpler to generate the amplification curves in Figures 4.17 and
4.18 by numerical integration rather than by formulas (4.2.26) and (4.2.27) for
AQ() and en (Q) the formulas provide invaluable information. To determine the

• / 0,
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preferred mode number and the amplification caused by the impulsive loading, only
the terminal amplification term is required. If in formulas (4.2.26) and (4.2,27) we
let •-'=0 and employ the limiting values of the confluent hypergeometric functions,
after removing derivatives by recurrence relations, we obtain

An(0) - e -" + n )[M(I + an - bn,1 - bn,(&n)

+ M(0 4- an - b,,2 - bn,bJn)Xf/(l - bn)J (4.2.32)

Bn(0) - 22're- ( +"+)M(1 + an - b,2 - bn,w,)/( -bn) (4.2.33)

From the relations (4.2.29) we see that the parameters and arguments for the func-
tions M are positive. Whenever n is large enough, the functions become approxi.

mately M(Qn,Qn,P,) eP) , and Xn P 0, Wn = P., and (I - bn)=Qn, so
An(0) -" I and Bn(0) '"0 as n - co, which shows that amplification of high
modes is negligible.

When the viscoplastic moments are negligible the terminal amplification func-
tionis (4.2.32) and (4.2.33) become (4.1.70) and (4.1.71), formulas that were
derived for the case of hardening moments being neglected in comparison with
directional moments.

When the directional moments are negligible, the terminal amplification func-
tions (4.2.32) and (4.2.33) reduce to

An(0) - [(cn + Pn)e•" '2 + (,- Pn)e (Wn+ Pn)/2o/2Or (4.2.34)

B,(0)- 2r[e(on-Pd)/2-e-(mn+P)/21ic, (4.2.35)

in agreement with formulas (4.2.30) and (4.2.31) after setting f - 0. Formulas
(4.2.34) and (4.2.35) may be. simplified by noting that con and Pn are always posi-
tive, that wn > Pn, and that in general the magnitudes thus make the first term
dominant. Hence

An(0) -(w + P)2/2W ne (Wn-Pn)/2 (4.2.36)

Bn(O) -- (2rr/wn)e (own- Pd/2 (4.2.37)
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4.2.9 Preferred Modes and Threshold Impulses

We do not derive here the formulas for the preferred modes and threshold
impulses when viscoplastic and directional moments have comparable contributions
to the resistive moment. However, they may be obtained numerically for a
specified shell from formulas (4.2.32) or (4.2.33). Instead, we consider the two
extremes of predominant viscoDlastic or directional moment. In fact, we need treat
only the case of a predominant viscoplastic moment because the case of a predom-
inant directional moment is treated in Section 4.1.12 where we derived formula
(4.1.92) for the preferred mode and formula (4.1.98) for the impulse-amplification
function relationship; the threshold impulse depends on our choice of An, which in
Section 4.1.U4 was suggested is An - 100.

To obtain comparable preferred mode and threshold impulse formulas when
the viscoplastic moment is dominant, we start with the terminal amplification func-
tion formulas (4.1.36) and (4.2.37). The preferred mode and threshold impulse
can again be obtained numerically for each specified shell, but a large class of cases
exists for which (Pn/2Rn) is sufficiently less than unity to allow us to find the sim-
ple approximate relation

RN - 2PN (4.2.38)

that maximizcs A,(0) and Bn(0) with respect to the mode number n. According to
(4.2.38) these maxima are

AN - (5/8)e 3Rn,/4 BN - (rf/Rn)e3JR/ 4  (4.2.39)

After substituting expressions (4.2.22) and (4.2.24) for Pn and Rn in formula
(4.2.38), we obtain the preferred mode formula

N3 - (3a/8a•y)[(2 - k)p/K2] 1 /2  (4.2.40)

In the derivation of (4.2.40) we eliminate Tr by using (4.2.12). Within the restric-
tions imposed by our approximations, the result (4.2.40) shows that the preferred
mode rumber is independeilt of the applied impulse, except through the choice of
.y

We again base our threshold impulse on the amplification of the initial dis-
placement imperfections. When Rn is eliminated from A, given by (4.2.39), and
T f is eliminated from the result by using (4.2.12), we obtain

I - (4/3)[2(2 - k)/9K2] 1/3(-&2h 2py) /3(h/a)ln(gAN/5) (4.2.41)
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Figure 4.19 shows the impulse-amplification curves obtained from formula
(4.2.41) for the four shells listed in Table 4.3. If again we choose an amplification
of A, - 100 to determine the critical impulse, we obtain 7400, 14800, 23800, and
48600 dyne-s/cm 2 for shells 1, 2, 3, and 4, respectively.

100 1

Shell 2 3 4

80

Z4
z 60
2

40I'

h0.

20

0 -
0 10.000 20,000 30.000 40,000 50,000

IMPULSE I - dyne-s/cm
2

MA.7504-ISA

FIGURE 4.19 IMPULSE-AMPLIFICATION CURVES
(Shells of Table 4.3)

4.2.10 Dispiacement and Velocity Imperfections

It is of interest to determine the relative importance of displacement and
velocity imperfections with regard to their influence on the final displacement
amplitude. If we visualize the final shape as consisting only of the preferred mode

u(O,0) - (ANaN + BNbN)sinNO (4.2.42)

where, for viscoplastic resistive moments only, the amplifications AN and BN are
given by (4.2.39). Formulas (4.2.39) and (4.2.42) give

max. - [(5/8)aN + (T-f/2)'/2/NhbN]e3RN/4 (4.2.43)

For equal contributions to the final buckled amplitude, (4.2.43) shows that

bN/aN = (5/8)(2/fr)l/"N (4.2.44)
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In the case of the steel shells la and 4f of Table 4.3 the imperfection ratios in
(4.2.44) are 91 and 56, respectively, indicating that for equal contributions to the
final amplitude the velocity imperfection has to be a much larger percentage of the
initial uniform velocity than the displacement imperfection is of the initial uniform
shell radius.

4.2.11 Viscoplastic and Directional Moments

The relative contributions to the restoring moment of the viscoplastic and
directicrnal moments M, and Md can be assessed with the help of formula (4.2.18)
for the ratio Ms/Md. Because w0 - V0 (1 - t/tr), we have

Ms/Md - (4yVoKIK 2/9ak 2)(1 - t/tr) (4.2.45)

where k = k(0) is given by (4.1.35) with fl -//2. Thus the moment ratio is a
linear function of time and directional moments always dominate at the end of
motion.

For the steel shells of Table 4.3, of Section 4.2.12, the products of the viscos-
ity constant y and the initial strain rate V0 /a lie in the narrow range 0.153 < YV0/a
< 0.163, so for illustrative purposes an average value of 0.158 is chosen in
(4.2.45). Figure 4.20 shows the moment ratio (4.2.45) as a linear function of the
time ratio t/tr for various values of the parameter k. By examining the positions of
these lines relative to the line Ms/Md - 1, we see that for the steel shells of Table
4.3, the viscoplastic moments dominate for 0 < k >_ 0.3 (LID >_ 1.27) and that
for 0.4 < k < 0.5 the directional moments dominate. The experimental shells
have L/D - 2, which corresponds to k(0) - 0.17; thus the restoring moments
were primarily viscoplastic.

4.2.12 Comparison of Theory and Experiment

Table 4.3 contains the main experimental data for 16 fully annealed 1015 steel
shells, 6 inches long.

Figure 4.21 is a stress-strain diagram obtained from a static tensile test on one
of several specimens cut from the cylinders. It shows negligible strain hardening
below about 3% strain. According to the experimental results of Manjoine,4 the
material is extremely sensitive to rate of strain; both the yield stress and the length
of the horizontal or ideally plastic portion of the stress-strain curve increase with
strain rate.
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FIGURE 4.20 TIME VARIATION OF STRAIN RATE/DIRECTIONAL
MOMENT RATIO FOR FIVE LENGTH/DIAMETER
RATIOS, EQUATION (4.2A5)
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Table 4.3

EXPERIMENTAL DATA FOR CYLINDRICAL SHELLS OF 101i STEEL

Initial
Radius Thickness Impulse Velocity Final strain

Shell a h I Vo ac(tr) Mode
Number (cm) (cm) a/h (N-s/mi) (m/s) (%) N

Ia 3.795 0.107 3S.6 708.9 85.2 9.9 26
Ia 3.795 0.107 35.6 607.6 73.0 6.0 26

2a 3.815 0.168 22.8 1382.3 105.7 9.5 19
2b 3.815 0.168 22.8 744.3 56.9 4.5 19
2c 3.815 0.168 22.8 744 3 56.9 4.5 19
2d 3.815 0.168 22.8 638.0 48.8 3.1 22
2e 3 315 0.168 22.8 638.0 48.8 2.7 22

3a 3.78! 0.213 16.7 2038.2 115.6 9.3 13
3b 3.780 0.214 16.7 1514.2 85.9 5.0 14
3c 3.780 0.214 16.7 1456.0 82.6 5.5 14

4a 3.835 0.366 10.5 3319.6 116.4 8.7 9
4b 3.835 0.366 10 5 2096.4 73.5 4.7 9
4c 3.835 0.36t 10.5 2038.4 71.5 4.3 9
4d 3.835 0.365 10.5 1747.1 61.2 3.5 9
4e 3.835 0.366 10.5 1513.8 53.1 3.5 9
4f 3.835 0.366 10.5 1513.8 53.1 2.4 9

Shell data: 1015 steel, fully annealed, n - 7.8 gicnt 3, length 6 inches, k(0) - 0.17.

Table 4.3 (concluded)

EXPERIMENTAL DATA FOR CYLINDRICAL SHELLS OF 1015 STEEL

Initial
Radius Thickneass Impulse Velocity Final strain

Sheli a h I V. ae(tr) Mode
Number (inch) (inch) a/h (dyne.s/cm 2 ) inch/s (%) N

I a 1.494 0.042 3S.6 7,089 3,354 9.9 26
I b i.494 0.042 35.6 6,076 2,P75 6.0 26

2a 1.502 0.066 22.8 13,823 4,162 9.5 19
2b 1.502 0.066 22.8 7,443 2,241 4.5 19
2c 1.502 0.066 22.8 7,443 2,241 4.5 19
2d 1.502 0.066 22.8 6,380 1,921 3.1 22
2e 1.502 0.066 22.8 6,380 1,921 2.7 22

3a 1.488 0.089 16.7 20,382 4,551 9.3 13
3b 1.488 0.089 1.7 15,142 3,381 5.0 14
3c 1.488 0.089 16.7 14,560 3,251 5.5 14

4a 1.510 0,144 10.5 33,196 4,581 8.7 9
4b 1.510 0.144 10.5 20,964 2,893 4.7 9
4c 1.510 0.144 10.5 20,384 2,813 4.3 9
4d 1.510 0.144 10.5 17,471 2,411 3.5 9
4e 1.510 0.144 10.5 15,138 2,0;9 3.5 9
4f 1.510 0.144 10.3 15,138 2,089 2.4 9

Shell data: 1015 steel, fully annealed, p - 7.8 g/cm 3, length 6 inches, k(0) - G.17.
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FIGURE 4.21 STRESS-STRAIN RELATIONSHIP FOR
FULLY ANNEALED 1015 STEEL

Based on these results, an empirical relation between yield stress and strain
rate has been suggested by Symonds and Bodner5 in the form

0./cr•y 1 + (E/D)1 / (4.2.46)

where cry is the static yield stress, and p and D are empirical constants. For mild
steel with O-y -M 30,000 psi (207 MPa), these constants are p - 5 and D - 40.4
s-1. The stress strain-rate relationship (4.2.46) is shown in Figure 4.22. In the

theory, the linear strain-rate law (4.2.2) is used. We have chosen this line to be
the tangent to the curve (4.2.46) at the point with itc abscissa equal to the initial
strain rate. The slope of this line is

s - 0"Y0Cro -cr/pDI/Pjl-'/P (4.2.46a)
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where eo - i(0) = V0/a 1/pha. The intersection of the line with the stress
axis is

o [I + (Qo/D)I/P0(- l/p)Jcry (4.2.47)
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FIGURE 4.22 STRESS, STRAIN-RATE RELATIONSHIP FOR FULLY
ANNEALED 1015 STEEL

The experimental technique is that described in Section 3.2.7, and the data are
listed in Table 4.3. Theoretical results are listed in Table 4.4, and compared with
experimental mode numbers; the predictions are given by formula (4.2.40). Gen-
erally, the theoretical and experimental mode numbers agree. We recall that
formula (4.2.40) assumes predominance of the viscoplastic contribution to the res-
toring moment and that PN/ 2 RN is sufficiently less than unity to allow us to obtain
(4.2.40) without much error. All the shells have L/D - 2 giving k - 0.17, and
this low value was seen in Section 412.10 (Figure 4.20) to justify the assumption of
viscoplastic predominance. As for the ratio FN/2RN, each case must be verified;
for the shells in Table 4.3, the assumption is satisfactory.

Figures 4.23 and 4.24 show the developed final shapes of shells 3a and 4a.
The shapes represent two examples of the experimental data from which the
number of waves are obtained. Figure 4.25 shows the result of a harmonic analysis
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Table 4,4

THEORETICAL AND EXPERIMENTAL MODE NUMBERS
FOR CYLINDRICAL SHELLS OF lIoS STEEL

Strain-Rate Law Parameters

Final
Strain Theoretical Experimental

Shell Impulse 4(o) No) ea A I Mode Mode
NumlAr (N-sim

2
) (s-1) (MPa) (MPa) (N-s/im) (js) (%) N N

Ia 708.9 2245 669 576 41,157 71.4 4t.9 23 26
ib 607.6 1924 6S5 565 46,535 32.3 3.7 22 26

2a 1382.3 2771 639 592 35,366 59.7 7.4 Is 19
2b 744.3 1492 632 547 57,082 104.3 2.3 Is 19
2c 744.3 1492 632 547 57,082 104.3 2.3 IS 22
2d (38.0 1279 620 537 64,528 120.2 1.7 14 22
2. 633.0 1279 620 537 64,528 120.2 1.7 14 22

3a 2038.2 3058 698 600 32,126 53.6 8.7 Is 13
3b 1514.2 2272 670 577 40,744 70.6 5.0 14 14
3c 1456.0 2185 666 574 42.053 73.2 4.6 14 14

4a 3319.6 3034 697 599 32,333 53.9 8.9 I1 9
4b 2096.4 1916 654 565 46,741 82.8 37 ID 9
4c 2038.4 1830 6S2 5S3 47,775 84.9 3.6 t0 9
4d 1747.1 1597 638 5S2 54.049 97.9 2.7 9 9
4e 1513.8 1384 626 542 60,598 111. 2.0 9 9
4f 1513.8 1394 626 542 60,598 111.3 2.0 9 0

Eouation (4.2.40).

Table 4.4 (concluded)

THEORETICAL AND EXPERIMENTAL MODE NUMBERS
FOR CYLINDRICAL SHELLS OF 1015 STEEL

Strain-Rate Law Parameters

Firnl
Strain Theoretc l Experimental

Shell Impulse i (0) &W~o Tr . Y , Mode mode

Number (dyne-s/cm 2) (3-1l (pai) (psil (lb-s/in
2

) (Mas) (%) N N

Ia 7,089 2,245 97,0(00 83,602 5.97 71.4 4.9 23 26
lb 6,076 1,924 94,968 81,974 6.75 82.3 3.7 22 26

20 13,823 2,771 99,883 85,906 5.13 59.7 7.4 Is 19
2b 7.443 1,492 91,745 79.3% 18.28 104.3 2.3 IS 19
2c 7,443 1,492 91.745 79,396 8.28 104.3 2.3 IS 22
2d 6,310 1,279 89,871 77,897 9.36 120.2 1.7 14 22
2e 6,380 1,279 89,71 77,897 9.36 120.2 1.7 14 22

34 20,382 3,058 101.276 87,021 4.66 53.6 8.7 IS 13
3b 15,142 2,272 97,163 83,730 5.91 70.6 5.0 14 14
3c 14,560 2,185 %,639 13,311 6.10 73.2 4.6 14 14

4& 33,196 3,034 101,161 86,929 4.69 53.9 3.8 II 9
4b 20.964 1,916 94,911 81,929 6.78 82.8 3.7 10 9
4c 20,384 1,863 94,548 81,638 6.93 84.9 3,6 t0 9
4Q 15,138 1,384 92,583 80,070 7.34 97.9 2.7 9 9
4e 15.138 1,384 90,8)9 78,655 8.79 111.8 2.0 9 9
4r 15,138 1,384 90,819 78,655 8.79 111.8 2.0 9 0

"Equation (4.2.401.

m3 mm



259

of the profile of Figure 4.24 for shell 4a. The representation was taken in the form

u(O,T"r) - . c('rr)cos(no - On) (4.2.48)
2

with data recorded every degree, and the coefficients c, were plotted against the
mode number, n. Peaks occur at n - 7 and 10, and harmonics above n - 16 are
negligible. Excluding the ovalling imperfection of n - 2, the largest value of cn is
at n - 7, which may be taken as the preferred mode. This number compares with
n - 9 obtained by counting crests; the experimental mode numbers in Tables 4.3
and 4.4 were obtained from crest counts.
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FIGURE 4.25 RESULT OF HARMONIC ANALYS!S ON SHELL 4

4.3 CRITICAL VELOCITY FOR COLLAPSE OF CYLINDRICAL
SHELLS WITHOUT BUCKLINiG

High speed collapse of shells of circular cross section occurs in. many practical
devices. -Such devices are used in explosive closure for obtaining gas-tight pipe
seals, in magnetic field constriction for producing intense transient magnetic fields,
in shock tubes driven by rapidly collapsing a cylindrical reservoir to produce high-
pressure and high-velocity gas flows, and in armor-piercing and oil -well perforation
by metallic jets produced by ra.pidly collapsing conical shells. In these devices, per-
formance is optimized whenever plastic buckling is absent during the collapse
motion.

The new feature in the treatment of dynamic buckling is that the inward
unperturbed displacement is large, which results in an appreciabie thickening of the
shell. Because of this thickening the thrust and the resistive motion of the per-
turbed state increase, the dependence on the thickness being, respectively, linear
and cubic. This dependence on thickness means that the stability improves as
motion proceeds s'n thiat it is possible for departures from the circular form to be
held within acceptable values. Also, growth of departures requires time, which
again suggests that they may be held within acceptable values, in this case by
sufficiently high collapse velocities.
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A critical collapse velocity will be defined for a specific amplification factor
(say, 100) and a specified shell (both geometry and properties specified). Collapse
velocities above critical will result in acceptable departures from circularity; those
below critical will not.

In the theoretical treatment to follow, we ignore the directional contribution
to the restoring moment or we consider the shells long enough to allow us to
neglect this contribution. Also, we take the collapse velocity to be constant; in
other words, we assume that only a small part of the initial kinetic energy is
absorbed as plastic work. We shall treat the two special cases of a linear strain-
hardening la% and a linear strain-rate law.

Let the initial and current average radii of the cylindrical shell be r, and r(t),
and let the initial and current wall thickness be h. and h(t). Because we are consid-
ering departures from the circular form that are small compared with the radius,
these radii and thicknesses are related approximately by the plastic incompressibility
condition.

h(t) - hro/r(t) (4.3.1)

Let the initial departure of shell cross section from the circular form be wi(O)
measured radially inward, and let additional radially inward deflections that arise
during collapse be w(O.t). The total inward departure from a circle of radius r(t) is
therefore v". + wi. Then, the current curvature is

s - lir + (w + w" + wi + w') /r 2  (4.3.2)

where primes denote differentiation with respect to the angular coordinate 0.

The equation of motion for an element of the collapsing shell is readily found
with the aid of Figure 4.26. Neglecting rotary inertia we have

Q M. a.8 + N - p - ph(r - w)'" (4.3.3)
ax ax ax

where dots denote differentiation with respect to time. In (4.3.3), dX is the arc
length corresponding to do and subtending an angle do at the instantaneous center
of curvature so

K •(4.3.4)

Because the displacements w and w, are small., we make the approximation dU
rdO.
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FIGURE 4.26 NOTATION OF RING ELEMENT IN MOTION

We now combine (4.3.2), (4.3.3), and (4.3.4) by eliminating j, 8, and Q to

obtain

M"/r 2 + N[1/r + (w + w" + wi + w!') /r 2] - ph(r - w)" + p (4.3.5)

Again, because the displacements w and w, are small the thrust N i3 the same as
the thrust in the equation governing unperturbed motion

N/r - phi: + p (4.3.6)

Equation (4.3.6) allows us to simplify (4.3.5) to give

M"/r 2 + N(w + w" + wi + w!")/r 2 - -ph* (4.3.7)

It remains for us to establish expressions for the bending moment and thrust
to convert Equation (4.3.7) into a partial differential equation governing the per-
turbed displacement, w. These expressions are derived below for linear strain har-
dening alone and for a linear stress-strain rate law.

4.3.1 Strain-Hardening Moments Only

if no strain-rate reversal occurs over a cross section of the shell, the
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moment-curvatu'e relationship is

M - EhI (K -- ic) (4.3.8)

where Eh is the hardening modulus, I - h3/12, and ec is the initial curvature. The
current curvature P is given by (4.3.2). Let the compressive stress at the midsur-
face of the shell be F. Then the thrust is simply

N - &h (4.3.9)

Considerable simplification is introduced if we restrict our theory to materials with
stress-strain curves that permit the hardening portion to be approximated by a
str-i*ht line with a slope that does not cause the flow stress to rise substantially
above the yield stress in the strain range of interest. Then in (4.3.8), Eh is a con-
stant and in (4.3.9) we may take 5 to be a constant, chosen as an average stress
over the strain range. In this way, we linearize the problem.

Substitution of M and N given by (4.3.8) and (4.3.9) into (4.3.7) and the use
of the curvature expression (4.3,2) and the incompressibility relation (4.3.1) lead to
the equation

Ehhor (w + w")"/12r 6 + : (w + w" + wi + w!')/r 2 + p* - 0 (4.3.10)

If we introduce the dimensionless quantities

u - w/ro ui - wi/ro . - r/ro " - acht/ro

cl - Eh/p '2 - h1/12ro2 8 - El 1/a (4.3.11)

Equation (4.3.10) becomes

f 6ji + U1"1 + (1 + S2f4) U" + S2fU -s $ 2e4(u, (U + u) (4.3.12)

where

f ro - I - Vt/ro I - V-'/Qch - I q- (4.3.13)

q V/ch (4.3.14)

s2 "/a2f- 12(ro/ho) 2 ( /Eh) (4.3.15)
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The buckling displacement and initial departure from circularity may be
represented by

u(o,r) - . n(r) cos no + Gn('r) sin no] (4.3.16)
n-2

u1(0) I[An cos no + Bn sin nO] (4.3.17)
n-2

the first mode being omitted because it does not contribute to buckling. Substitut-
ing (4.3.16) and (4.3.17) into (4.3.12) yields

f6fn + (n2- _ )n 2 - S24f, s~ 2 4(n 2 - 1) (4.3.18)

where

f,, = Fn(T) /An (4.3.19)

is the amplification function. As long as the coefficient of fn in (4.3.18) remains
positive, the amplification function will not experience substantial growth; that is,
collapse will remain stable whenever

n > sf -f c/a-.1# (4.3.20)

The minimum vaiue of f occurs when the inner radius is zero and hence total col-
lapse has occurred. From geometrical considerations, we then have minf -v -f cr,
so according to (4.3.20) modes that are stabie at the termination of collapsw have

mode numbers that satisfy the inequality

n > 3a/../ = (hJ/r.) i/Eh)/2 (4.3.21)

This result shows that in practical cases almost all modes ire stable at the -nd of
collapse.

For negative values of the coefficient of fn in (4.3.18), the amplification func-
tion can grow substantially. Initially, when 1 1, modes with iumbers satisfying

rn < s = 8 /a,/' (4.3.22)

are unstable. Howevel, • r/re decreases from unity to " which is generally a
small vatue; thus (4.3.21) 3r (4.3.22) implies tnat many modes may be initially
unstable, but almost all modes are eventually stable.
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For each mode, it is of interest to determine ft, when n - s•f 2, that is, at the
value of f when the types of growth change from being exponential in character to
being trigonometrical. These values of f,, obtained by numerical integration of
(4.3.12) are given in Figure 4.27, for the choice s - 30, as a function of q. This
parameter, according to (4.3.14), represents the collapse velocity V. For each n, f,
decreases with increasing q because the growth duration decreases with increasing
collapse velocity. At each q, the value of n for which fn is maximum is n - 10.
This value is achieved when v" R -s, which for s = 30 and n - 10, results in

r/ro - 0.58.
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FIGURE 4.27 FINAL MAGNITUDE OF f FOR s 30

11

Critical mode is n = 10.

Curves such as those in Figure 4.27 were generated for 15 < s < 200. From
these curves, the values of q for f, = WO and fn, - 100 were deterrained and are
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shown in Figure 4.28. For a particular value of s, the critical velocity represented
by q is greater for f, - 10 than for f, - 100 because of the shorter durations
required to restrict the amplification. The critical mode numbers increase with s,
but are nearly the same for both curves; an increase in s can he the result of
decreasing the shell thickness or reducing the hardening modulus, as can be seen in
(4.3.15), so higher mode numbers should be expected with increasing s.
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To determine the initial collapse velocity of a specific cylindrical shell, we first
calculate the value of s by substituting r., h., F, and Eh in formula (4.3.15). For
example, if the radius-to-thickness ratio r./ h. - 30 and the hardening modulus,
average flow stress ratio is Eh/i- == 4, we obtain s - 52. If the critical collapse
velocity criterion is f, - 10, the curve in Figure 4.28 gives q - 130. If the plastic
wave speed in our example is Ch - (Eh/P)1/ 2 - 5 x 104 cm/s, we can now obtain
V from Equation (4.3.14) as V - 6.2 x 104 cm/s - 0.6 mm/Jss - 1800 ft/sec.

Direct experimental evidence is lacking to check the results of the preceding
analysis. However, collapse velocities for copper shaped-charge liners are about 1
mm/pzs (3300 ft/sec), which is in qualitative agreement with the foregoing result.

4.3.2 Strain Rate Moments Only

We assume here that the constitutive equation can be adequately represented
by the linear stress/strain-rate law

0r - (* + 1ki (4.3.23)

where o. is the flow stress extrapolated linearly to static strain rates, and j" is the
viscosity parameter. At a material point in an elemental sector of the cylindrical
shell located a distance z measured radially inward from the center or midsurface
area of the sector, the circumferential strain rate is approximately

i(O,z,t) - i(1 + 2z/r)/r- - Zib (4.3.24)

where L is the angular coordinate, t is time, and Kb is the curvature rate of the ele-

mental sector caused by departure from circularity. Time differentiation of the
current curvature (4.3.2) gives

K - - P/r2 - (w + w" + wi + w! )2r/r3 + (w + w") "/r 2  (4.3.25a)

- -i/r2 + t b

so

Kb-- - (w + w" + wi + wi')2ith3 + (w + w") /r 2  (4.3.26)

The circumferential bending moment on a shell element of unit width is

M T- o(z) dz - AI(- 2/r 2 + kb)
-h/2

- pI(k - Ur 2) (4.3.27)



268

where we have used (4.3.23) and (4.3.24) for the stress and strain rate, and
(4.3.25b) to introduce the curvature rate k. Also I - h3/12 is again the second
moment of area oý^ the cross section.

Substituting M from (4.3.27), using (4.3.25a) for k and N -o-°h ini the equa-
tion of motion (4.3.7), and setting i -V lead to

iAh 1(w + w") + (w + w" + wi + w"') 2V/r]"/12r4

+ o-(w + w" + wi + w,")/r 2 = - p* (4.3.28)

In (4.3.28), o,* is the midsurface compressive stress where the compressive strain
rate is V/r, so the law (4.2.23) gives

0o M o-, + A.V/r (4.3.29)

We now introduce the dimensionless quantities

u - w/ro ui - wi/r -r/ro T -= AOt/pro

-2 - hy/12ro2 P - -A/IA. 16 pVr./jAo , = pro 0 /1 2 (4.3.30)

where ao is a reference viscosity parameter. After substituting (4.3.29) in (4.3.28)
and converting to the dimensioniess quantities (4.3.30), we obtain

flu + vct'[(u + u") + (2p/f) (u + u" + u1 + u,")

+ f4y(Q + Vp//yf)(u + u" + u, + u!,) - 0 (4.3.31)

where

i - 8u/8T u' - Ou/O0

In (4.3.31), we can replace f - r/ro - 1 -Vt I - PT with the variable e
through the relation f = e-'. When this is done, (4.3.31) becomes

Ui + u + (Qe 5f/P) [(u + u") + 2(u + u" + ui + u,")

+ (y/,32)(I + vp3e/ly)(u + u" + ui + ui') - 0 (4.3.32)

where

a /a1/e U, ' 8
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The variable E - 2n(l/ý) - Qn(ro/r) is the average true circumferential strain.

We now solve (4.3.32) for the initial conditions

u(O,0) - 0 u(O,0) - V1 (0) (4.3.33)

the initial displacement imperfections being represented by uj(0) in the equation
itself.

Let us represent the initial displacements and velocities by

uJ(O) 1. (An cos nO + Bn sin nO) (4.3.34)
n--

u(0,o) - , (C, cos nO + Dn sin nO) (4.3.35)
n-I

In physical teims, An and Bn are fractions of the initial radius re, and C, and Dn are
fractions of the initial velocity V.

Let us represent the buckling displacement similarly by

u(0,o) IFn(e) cos no + Gn(e) sin nOj (4.3.36)
n-I

in which the coefficients Fn and Gn are to be determined. Substituting the series
representations (4.3.34) and (4.3.36) into the governing equation (4.3.32) and set-
ting to zero the coefficients of cos n 0 and sin n 0 lead to

F, + an(e)ln + bn(E)Fn - -bn(e)An (4.3.37)

Gn + an(E)O n + bn(E)Gn - -bn(E)Bn (4.3.38)

an(e) 1 + (W2 v/p)e 56 n2 (n2 - 1) (4.3.39)

[2(av(e)e~ n' - Qv~)( + vgfet/y) J(n, - 1) (4.3.40)
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The initial conditions for Fn and Gn from (4.3.33) and (4.3.35) are

Fn(o) - 0 tn(O) - Cn Gn(o) - 0 Gn(o) - Dn (4.3.41)

By introducing the function H, defined by Hr,(e) Fn(E) + An into Equa-
tion (4.3.37) we obtain the set of homogeneous equations

an + an(O)fn + bn(e)Hn = 0 (4.3.42)

where an(f) and bn(E) are given by (4.3.39) and (4.3.40). A fundamental pair of
solutions Hn(1) and Hn(2) to each equation of the set (4.3.42) exists if the initial
conditions are

Hn(1) () -1 Il (o) - 0 (4.3.43)

Hn(2) (o) 0 (2) (o) 11 (4.3.44)

Consequently, the solution of (4.3.42) with initial conditions

Hn(o) - An A~n(o) - Cn (4.3.45)

is

Hn(E) = AnH'l)(e) + CnHn(2)(e) (4.3.46)

If we start with Hn(e) = Gn(e) + Bn, the foregoing procedure leads to

Hn(E) =i BnHn 1(e) + DnHn21 (E) (4.3.47)

Because the current departure from circularity is the sum of the initial displacement
(4.3.34) and the buckling displacement (4.3.36), the required solution is

ui(o) +u(Oe) - • [H(1')(e)(Ancosno+Bnsinno0
n-I

+ H { (Cn cos no + Dn sin n0}] (4.3.48)

The advantage of introducing function Hn is that the fundamental set of equa-
tion (4.3.42) with initial conditions (4.3.43) and (4.3.44) need be solved only once
for all initial displacements and velocities. Note that solution (4.3.48) brings out
clearly the amplification effects of the functions H(,') W and Hn(2) (e); the former
amplifies the initial shape and the latter amplifies the initial velocity needed to pro-
duce the current departure from a circular shape.
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The character of the amplification functions can be illustrated by solving
numerically the fundamental set of Equations (4.3.42) with initial conditions
(4.3.43) and (4.3.44). For this purpose the dimensional and material properties
chosen are as follows;

shell radius r. = 2.517 inches (6.393 cm)
shell thickness ho = 0.141 inch (0.358 cm)
copper density p 0.321 lb/in^ (8.9 g/cm3)
flow stress =• 45,000 psi (310 MPa)
viscosity p.o 3.625 psi-s (1724 N-s/m 2)
collapse velocity V 3,281 ft/s (1000 m/s)

Corresponding to these physical quantities are the dimensionless parameters defined
in (4.3.30).

a - 0.0162 j3 22.76 y - 17.46 P - 0.01 (and 1.0)

The values of A. and v 1 correspond to OFHC copper properties for a strain rate
of l03 s. Because the compressive circumferential strain rate is initially V/ro -
15.6 x 103 sec-, v is less than unity. Unfortunately, data are not available in the
literature for estimating v, so a suitably small valuL of z, 0.01 was chosen to
obtain the influence on the amplification functions.

For mathematical convenience, the amplification functions have been
expressed in terms of the average compressive circumferential strain, E. To assist
physical interpretation, it is recalled that the average radius r and the time t
corresponding to the strain e are determined by r - frt, f = e-1, t - (r. - r)/V
= (1 - ý)ro/V. Collapse is complete when the inner radius of the shell is zero and

= (h0 /2ro) 1/2 from simple geometric considerations. Thus, for the foregoing
data, min = 0.168, max E = 1.78, and max t - 53 As.

For brevity, the remaining discussions is confined to the amplification func-
tion H` W(E); the overall behavior of H 12) (e) is similar.

Figure 4.29 shows the amplification function H (' E) plotted against strain or
dimensionless time for several mode numbers, all for v - 0.01. The maximum
value reached is HP" 55 when the strain is E 0.85 in mode n - 48. Figure
4.30 shows H(,') plotted against mode number with strain as a paramr, ter. At a
given time (or e value), certain modes are being preferred in the buckling process;
these modes are grouped about a central preferred mode where the peak
amplification occurs. The preferred mode numbers decrease with time. For exam-
pie, the central preferred mode number decreases from 75 to 42 as the strain
increases from 0.4 to 1.2, the greatest amplification being 55 when e 0.8 (Q
r/r" 0.45) in mode 52.
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Figures 4.31 and 4.32 show how the curves in Figure 4.29 and 4.30 change
when the viscosity parameter is increased by a factor of 100 to become v - 1.0.
Qualitative similarities exist, but the amplification factors are drastically reduced
because of the increased bending resistance to buckling. For Figure 4.31 the max-
imum value of Hý') is now 3.3 in mode 12, when the strain is 0.8 (c.f., H(I) - 55,
n - 48, e - 0.85 for P - 0.01). From Figure 4.32, the central preferred mode
number decreases from 24 to 7 as E increases from 0.2 to 1.2.

The maximum value of the amplification function in the sense just described
is the value chosen to define the critical collapse velocity. This maximum is desig-
nated HO)¶J, N being the preferred mode determined by the location of the peak of
the envelope of the curves shown in Figure 4.30 for P' - 0.01.

Figure 4.33 shows three curves that relate the maximum amplification factor
HýI) to the constant imploding velocity V represented by the dimensionless parame-
ter P3 - pVro/A,, each curve being for a specific value of the parameter a -
h./ -J-1 r., or radius-to-thickness ratio r./ h. as labelled. The remaining parame-
ters have the values v, - 0.01 and -y - 17.46. The curves may be considered as an
illustration of the effect of shell thickness on the relationship between H•') and P
or V. The value of N attached to each curve is the preferred mode number for
buckling. Although no obvious theoretical reason exists for the mode number
being the same along each curve, calculations showed that this was the case. The
central curve corresponds to the previously illustrated example, in that ro/ho -

17.85 gives a - 0.0162 and a point on the curve is 0 22.76 and H1 l'- 55.

The curves show how the amplification factor decreases as the velocity
increases. They also show how instability increases with radius-to-thickness ratio.
For example, when P - 22.76, the amplification factor increases from 1I to 470 as
ro/h,, increases from 10 to 30.

Figure 4.34 shows the relationship between the amplification factor and the
collapse velocity when the viscosity parameter has been increased by an order of
magnitude to P - 0.1. The stability has essentially doubled throughout in that the
critical velocity associated with a specific amplification has halved.

Figure 4.35 shows three curves that relate the radius-to-thickness ratio of a
cylindrical shell to the collap;e velocity, each curve being for a specific amplification
factor and all curves being for P - 0.01 and y - 17.46. The curves were obtained
from cross plots from Figure 4.33 at amplification factors of 10, 100, and 1000.
Figure 4.36 shows a similar set of curves obtained from Figure 4.34 for a viscosity
parameter value of s, - 0.1.
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Curves such as those constructed for Figure 4.35 and 4.36 for OFHC copper
may be used for stability design of devises that involve high-spetxd collapse of shells
of circular cross section. For example, a trial design with the values of the numeri-

cal example just discussed, having a radius-to-thickness ratio of re/he - 17.85 (,v
- 0.0162) and manufactured with enough precision to allow an amplification of
Hn(11- 1000, has a critical velocity parameter of about 3 = 15, according to Figure

4.35. With a copper density of p - 8.9 g/cm3 , an initial radius of r) - 6.393 cm
(2.517 inches), and a reference viscosity of IA,, - 0.25 x 106 dyne-s/cm , the value
p - 15 gives a critical collapse velocity of 0.67 mm/ls. Higher collapse velocities

should therefore result in stable collapse.
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5. DYNAMIC BUCKLING OF CYLINDRICAL SHELLS
UNDER AXIAL IMPACT

A great deal of work has been done on buckling of cylindrical shells under
dynamic axial loads. The motivation for much of this work stems from the design
of missiles to sustain the sudden application of thrust from rocket engine; ignition.
The thrust-time history is idealized as a step or a linear ramp increase to a constant
operating thrust. The concern is that the dynamic buckling load may be smaller
than the buckling load for a slowly applied thrust. Other applications occur in
transportation accidents, where the loading is from impact and often exceeds the
static buckling load.

In this chapter, as in the rest of the monograph, we are concerned mainly
with buckling in which the axial load is higher than the static buckling load. We
also include the classical theory for static buckling (perfect shells) anui the essentials
of Budiansky and Hutchinson's' theory for dynamic buckling under step loads,
which can occur at loads lower than the static buckling load of even imperfect
shells. But emphasis is on impact buckling at high Icads. Final buckles in shells
under these loads are similar in form to the familiar diamond pattern of static buck-
ling, but the wavelengths are much shorter and their aspect ratio is much larger
(they are flatter, with a circumferential wavelength several times the axial
wavelength). Thicker shells buckle in symmetric modes during plastic axial flow.

We consider impact at both rolustic (Section 5.1) and plastic (Section 5.2) axial 4
stress levels. In each case, we determine the modes of buckling and the time at the
onset of large deformation. These results can be used for design to avoid threshold
buckling and also to provide the initial conditions for analysis of plastic collapse
buckling (Section 5.3) in modes determined by the threshold buckling theory. The
experiments discussed in Sections 5.1 and 5.2 were designed to limit the load dura-
tion so that terminal observations could be made of threshold buckling not
obscured by the complex folding and stretching of collapse. The buckling experi-
ments discussed in Section 5.3 were allowed to continue through collapse. A sim-
ple kinematic theory is used to calculate average collapse forces, which are much
lower than the impact forces that initiate buckling.

5.1 DYNAMIC BUCKLING OF CYLINDRICAL SHELLS
UNDER ELAETIC AXIAL IMPACT

5.1.1 Analytical Formulation

In exneriments described in Section 1.2, Figure 1.3, a~id discussed in more
detail in Section 5.1.5, cylindrical shells are impacted at one end by a massive ring,
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which sends a step axial stress wave up the shell. The shell buckles before any sig-
nal is received from the opposite end (free in these experiments), so in the theory
the shell is taken arbitrarily long. Also, as in the elastic buckling of bars in Section
2.2, the thrust is assumed uniform throughout the length of the shell, thus neglect-
ing any effects of the moving axial stress front. As will be shown, this is a reason-
able assumption for the shell for the same reason as for the bar: the buckle
wavelen~gths are very short compared with the distance the stress wave travels while
the buckles form. Thus, in the analytical formulation we consider a long, thin
cylindrical shell subjected to a suddenly applied, constant compressive force uni-
form throughout the shell.2

For studying the early displacements, a small-deflection linear theory suffices.
The experiments show that the wavelengths of buckling established by this early
motion carry over to large deflection buckling and even to the permanent plastic
buckle pattern. Also, the dominant buckle wave numbers in the circumferential
direction are n > 4, so the Donnell equations derived in Section 3.5.2 for buckling
under radial loads apply here also, with the applied in-plane force being R,, rather
than Ng. With time denoted by t, axial force N,, per unit length taken positive in
compression, and coordinates taken as in Figure 3.37, the appropriate Donnell
equations for axial loading are obtained from Equations (3.5.37) and (3.5.40) as
follows:

DV 4 w + N, -- 2- (w + w 1) + p h 82W 1 2F 0 (5.1.1)

V 4 F -Ehi 82W (5.1.2)
a ax 2

where

102 12
ax2 + a209

In these equations, x is axial coordinate, 0 is circumferential coordinate, w is posi-
tive inward displacement measured from an unstressed initial imperfection displace-
ment wl, p -is material density, E is Youitg's modulus, h is wall thickness, a is
radius, and F is Airy's stress function for in-plane force resultants produced by the
buckling deformation [see Equations (3.5.36)1.

It is convenient to use dimensionless variables

i~a(1~j ,~-(h)
1 (5.1.3)
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Then Equations (5.1.1) and (5.1.2) become

w4w + _ (W + Wi) + 1 -F 0 (5.1.4)0,2 a X, •

V74F EhD 02w (5.1.5)

in which

V4 2 + 2 22w (5.1.6)W a9 2 1 8'r.2

To simplify the mathematics, the ends of the shell are taken to be simply sup-
ported. The boundary conditions, from Equations (3.5.41), are therefore

W - a 2 W/0X 2  0 at x - O,L (5.1.7)

As already discussed, L is taken arbitrarily large. The condition at the impacted
end of the shells in the experiments is more closely approximated by a clamped
boundary (zero rotation), but the experiments show that this boundary condition
does not affect the buckling significantly because buckling extends over many axial
waves. The conditions of simple support are satisfied by

Z W(f 71,)" --0 Wnre ") sinatmf sinPn1q (5.1.8)

-F(, 7) Finn(T) sinamn sinln'1j (5.1.9)

rn-I n-I

: in which
C9 M r /2 On n /2

The initial displacement is also expanded into a Fourier series:

W.(,1) Q' I' Stu n sinamfn sinpn, 5..'q
mn-I l- t

inwhc ~ n L ~I/ ,~ -A 51.0

Th nta ipaeeti lo xaddit ore eis
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Equation (5.1.9) is now substituted into Equation (5.1.5), and the result is
substituted, with Equations (5.1.8) and (5.1.11), into Equation (5.1.4) to give the
following equation for the amplitudes Wren of the normal modes:

of 4
m+ I(a 2+ P ) 2 -C2+ EhD'mn M ( n_ M2)22 (CI + p 2)1 Wmn m amamn (5.1.12)

5.1.2 Static Buckling

For static buckling, the inertia terms Wnn are zero and, with finite amn, the

modal amplitudes Wmn grow without bound at eigenvalues for which the coefficient
of Wren vanishes. Setting the coefficient equal to zero gives for the eigenvalues:

N, Eh 1

S- + 2D Q
in which

Q- •- .+ -j ---•-j - w21in! + .2 (5.1.14)

The static buckling load is the lowest of these eigenvalues. The quantities

L/m and i'a/n are the half-wavelengths of the buckles in the axial and circum-

ferential directions, respectively. Thus, the value of Q that minimizes NR remains

nearly fixed as the shell length is increased; the wavelengths L/m and ira/n stay
nearly the same and m increases to compensate for the increase in L. For long
shells m is therefore large and L/m and hence Q can be treated as continuous vari-
ables. To find the minimum buckling load, we therefore set d(N,/D)/dQ 0,
which yields

2 / (5.1.15)

and hence

2(EhD) 1/2 Eh 2  1 (5.1.16)

(5.1.14) and (5.1.15) show that this same eigenvalue results for a large set of criti-

cal wavelength combinations specified by Equation (5.1.15). For symmetric buck-
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ling (accordian fashion, n - 0), the resulting axial half-wavelength is

v-" " [ ( - 1.728 -,i/ (5.1.17)

Ia 112(0 - v2)]'14

in which v - 0.3 in the numerical result. The general relationship (5.1.15)
between axial and circumferential wavelengths now becomes simply

go Q - 1/2
- - 1j (5.1.18)

in which Q. - L/m and Q*, -• wa/n.

Equation (5.1.18) shows that the axial half-wavelength of nonsymmetric
buckling is always greater than the symmetric half-wavelength 9,. As R,/Qo" 1,
the aspect ratio 2,/ x approaches infinity. For an aspect ratio of unity, the axial
wavelength is twice the symmetric axial wavelength. To obtain aspect ratios
significantly less than unity, the axial wavelength must be very large. For example,
when the circumferential wavelength is half the axial wavelength, the axial
wavelength is five times its symmetric value.

These wavelength expressions also show one reason why critical loads for thin
cylindrical shells are very sensitive to initial imperfections, For example, with a/h

500, Equation (5.1.17) gives a symmetric half-wavellength 2. - 0.077 a. For a
square buckle pattern (unity aspect ratio), the axial and circumferential half-
wavelengths are R, - Q, - 2Qo - 0.155 a. The c6rresponding arc length is 40 -
8.90. Thus, even a very localized imperfection encompasses a buckle and could
affect the critical load. Furthermore, Equation (5.1.16) shows that the critical load
is inversely proportional to a. A small inward dent would greatly increase a and
hence decrease the critical load for the section of shell near the dent.

3I
A large-deflection analysis by von Kirman, Dunn, and Tsien3 shows that,

once buckling has started, the critical load drops even further. rhus, the local
buckling quickly spreads throughout the shell, and equilibrium eventually bifurc.1tes
to a large deflection post-buckled shape. Typically, this shape is a diamond pattern
with an aspect ratio near unity and a half-wavelength several times the value 2 2. of
the small-deflection theory. Another reason for the sensitivity to imperfections is
the large-deformation nonlinear behavior of the shell even in a fixed buckle pat-
tern. This is discussed further in Section 5.1.7.

Almroth, Holmes, and Brush4 performed experiments on carefully prepared
nickel shells that demonstrate this sequence of events. They found that, when
these shells were loaded to about 75% of their experimental buckling loads, a small
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perturbation int:oduced by a mouth-blown puff of air or a slight touch of a finger
would cause the shell to b Je suddenly. They took high-speed motion pictures
(8000 frames/s) of such buckling, triggered by an electromagnet to allow timing of
the photography. An example is shown in Figure 5.1. Buckling starts in a local
area and spreads over the shell in a wedge-sheped front. This initial buckling is in a
short-wavelength pattern. Latei, the motion becomes very complex, and the shell
eventually comes to rest in a large-deflection pattern of longer wavelengths, about
twice the wavelength of the initial buckling.

.......~~• --- ---

l.,a

.m4
-. :777ý

FIGURE 5.1 BUCKLE INITIATION AND PROGRESSION FOR "STATIC" BUCKLING

These shells were 6 inches (152 ram) in diameter with a 0.0036-inch-thick
(91 Mum) wall. The theoretical small-deflection half-wavelength for unity aspect
ratio buckling is therefore 2R. - 2(1.728)(3 x 0.0036)1/2 0.36 inch (9.1 mm).

i
i



287

The observed half-wavelengths of the initial buckling ranged from 0.3 to 0.4 inch
(7.6 to 10 mm). By the time the buckles were large enough to be visible, they
were approaching a diamond pattern rather than the rectangula,' pattern of Equation
(5.1.8). Nevertheless, the agreement with the theoretical buckle size is significant.

The circumferential arc length of a buckle half-wavelength in the initial pat-
tern is 0.36 inch/3 inch - 0.12 r-adians. The rise of the shell above a chord span-
ning this length is 3 inch x [I - cos(0.06)) - 0.0054 inch (0.137 mm). Similarly,
the rise above a full-wavelength chord is 0.0216 inch (0.55 mm). It is apparent that
local imperfections or perturbations much smaller than the wall thickness could
change the radius of curvature enough to substantially reduce the local critical
buckling load.

In the Almroth, Holmes, and Brush tests, critical buckling loads for nine
shells ranged from 45% to 73% of the classical buckling load. Shells with lower
loads were judged before the test to have small but visible imperfections. In tests
reported in the literature on actual prototype shells, not made with the exacting
care in these tests, critical loads typically range from about 20% to 40% of the clas-
sical load. The load sustained in the post-buckled state is about 10% of the classical
buckling load, as in the Almroth, Holmes, and Brush experiments.

5.1.3 Amplblctatim Functims for Dynamic Badckling

We return now to Equation (5.1.12) for dynamic motion. In the finit as L
o, am becomes a continuous variable. Because the wuvelengths of buckhing are

small compared with the shell circumference, it is convenient to also treat j9 as a
continuous variable. In the dynamic analysis, W,,(r) is then denoted by W(a,t,r.)
and the subscripts on a and P are dropped. We observe further that, from the
static analysis, the shell parameter coefficient in Equation (5.1.2) can be expressed
by

EhD
i- ¥(5.1.19)

in which o- is the unperturbed axial stress and ow1 is the axial static buckling stress
from Equation (5.1.16), which gives

Eh I
a 37(1 - ,,2) (5.1.20)

Ar
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Equation (M.1. 12) for dynamic motion is now written

S+ k(a,R)g - a2 (5.1.21)

in which

2- (@ + #2)2 - a2 + (2 +2 0 ) (5.1.22)

and

8(a,,r)- (5.1.23)
g~a,6T) - a(o ,/3

is the amplification function, which gives the growth of initial imperfections a(a,p)
under a given axial stress a, - N9/h.

By proceeding just as for the elastic bar in Section 2.2, we find that the solu-

tion to Equation (5.1.21) subject to initial conditions g(aP,O,) - tlaPeO) - 0 is

ga,,T M2 1 cosh pT 1 5.1.24), ) - k(a,) I - cosprj

in which

p-

The hyperbolic form is taken for k(at,/) < 0 and the trigonometric form is taken
for k(a,p) > 0. The equation k(a,fi) - 0 gives the static solution.

Figure 5.2 gives example plots of g(a,P,r) for r - 4 and r - 8. The depen-
dence of these amplitudes on the axial wave number a is similar to that in the
buckling bar, exhibiting a pronounced hump of "preferred" modes near a - I/ r2.
The circumferential wave number of the most amplified mode is p -0 , i.e., a sym-
metric mode, but there is an appreciable bandwidth of amplified modes in both the
axial and circumferential directions.

Comparing the curves for " - 4 and i" - 8, we see that as the motion
proceeds, the bandwidth in both directions decreases, tending in the limit to pro-
duce a fixed axial wavelength corresponding to wave number a - I/ J2, but
tending toward longer wavelengths in the circumferential direction, ultimately
approaching a simple symmetric pattern corresponding to P - 0 (i.e., n - 0). If
the imperfections are large enough, however, nonlinear effects would dominate
before the symmetric mode is attained, producing final buckles with a finite
wavelength ,t- .ooth directions. Buckling of both types wis observed in the experi-
ments described in the following text.
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From the definition of k(a,p) in Equation (5.1.22), we see that the normal-
ized amplification curves g(a,,r) depend only on the ratio cr/ao, of the applied
axial stress to the classical static buckling stress. Larger values give faster growth
and narrower bandwidths, but the general shape of the amplification curves remains
about the same for any oa/o', > 1. In the next section, it will be shown that the
expected values of the buckle wavelengths sre very nearly proportional to
(D/N,) "2 - r/ 1i 2, where r - h/112(1 - ,2) ]1/2, and a - alE is the strain from
the axial thrust.

Figure 5.3 gives plots of the maximum value of g (at the peak of the hump in
Figure 5.2) against time for several values of o'l. As a/h -c c, we see from

a 400

y-4 360

D
1.0 2.0

300

a/0 -a 2W0- C

2.0 o0%, -4.0

60 f200
,- M 2.0

30- r olC, 15,

S10(0 W-oeoi 1,12

!.0 10

1.0

2.0 0
0 2 4 6 8 10 12

NORMALIZED TIME, 7

GC-4999-2 CA-4999-36

FIGURE 5.2 AMPLIFICATION FUNCTION FIGURE 5.3 GROWTH OF MAXIMUM
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Equation (5.1.20) that 0ci -" 0, so the curve for r/o*€, "- 0 is that for a buckling
plate (or rectangular bar if the factor I - P2 is omitted). For o./oc, > 2, the time
required for Iage amplification is only slightly greater than for the plate or bar.

5.1.4 Duckling from Random ImPerfecthdl

To compare theory with experiment, it is necessary to assume some form of
imperfections in order to spec;y a(ot,) and hence to compute W(a,p,,) from
Equation (5.1.23). The experiments on impact buckling of bars described in Sec.
tion 2.2 demonstrated that a good description of the observed buckles was obtained
by assuming imperfections in the form of white noise. These allow the buckle
wavelengths to be dictated by the magnitude of the thrust, giving a random scatter
of wavelengths with a mean and standard deviation both inversely proportional to
the square root of the thrust, in agreement with experimental observations. It is
expected that such an assumption will also be reasonable in the present problem.
Thus we assume that a(aP) are random normal with zero mean and constant vari-
ance over all a and P in the amplified band of interest. With this assumption, the
power spectral density of the modal amplitudes W(a,,,r) is proportional to

Having the power spectral density, we can compute the statistics of the buck-
led shape. For the bar, complete statistics of the wavelengths were computed using
a Monte Carlo technique. The simpler problem of determining the mean
wavelengths can be solved analytically and will be undertaken here for the shell.
From Rice 5, the expected number of zeros in an interval (se, s2) of a random
function f - F(s) is

f ds jf kP(f,q;s)dq (5.1.25)
SI -- o

where P(fq; s) is the probability density function for the variables

f- F(s)

dFq T ds

For our problem, we have then that the expected number of ,.eros in the •-
direction in the interval (0,P) for a specified value of Yj and v is

R -od Pljw.z; f,'9,r)dz (5.1.26)
0
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where V - L(NRfD) 1it and P(w.z, C,,t) is the probability density function of the
variables

w -w(f',qT)

Ow

and f, ,9, v are carried along as parameters. Since it has been assumed that the ini-
tial imperfections have a Gaussian probability distribution (or, alternately, if we
apply the central limit theorem for more general imperfection statistics), then the
final buckled form will also have a Gaussian distribution. Thus, the distribution
function has the form

P(wz; fC,'),) - 21r(JA I A 2 - $ IA

X ex 111w $L2z-#2 (5.1.27)1 x 2($tll 022 - ft•)

where
$ A l l ,, , W 2 >

14 22 <Wz>
<wz>

and < > indicates ensemble average,

The results are simplified if it is assumed that the imperfections and final
buckled form are stationary (in space) so that in place of Equation (5.1.8) we can
write

W(fq,) f , W,,(v) sin(am - •n) sin (P. q-- 09n) (S.1.28)
rn-I n-I

where the #m and 0. are each uniformly distributed over the interval (0,2w). With
this assumption, the statistics of the buckled '-.m are independent of f and -,,
which we would expect to be justifiable for waves at a sufficient distance from the
ends of the cylinder. In fact, the results of a Monte Carlo computation including
end effects for the bar, which is similar in form to the cylinder, indicate satisfactory
agreement with the stationary process assumption even for the ftrst wave from the
simple support.

° a



292

Using Equation (5.1.28), we find that

All= <W2> = f f W 2(a, P,r)dadp3
0 0

a = g2f f &g2(a,O,,)dadf3 (5.1.29a)
0 0

A•22 ' <Z 2> " f f at2W2(a rl) da dfl

0 0

0 0

AL12 <wz> - 0 (5.1.29c)

where
4.2 = <a 2(a,p3) > - constant

and the sums have been replaced by integrals.

Making use of I12 - 0 from Equation (5.1.29c0 in Equation (5.1.27) and sub-
stituting the resulting expression into Equation (5.1.26) gives the expected number
of zeros in the length 9:

R _ . t1/221!/2

R = - (5.1.30)

The mean wavelength, as measured between alternate zero crossings, is
simply

1•;,,t it 11/
i2Q" (5.1.31)

1R 22

or, i, ,)n using Equations (5.1.29),

00 C*1/2

0 £ g 2(a , P,)dckd0 d#

2-r 02,, (5.1.32)

o aog 2 (a 43,T)dadi
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The mean wavelength in the circumferential direction can similarly be shown to be

112

27r 00 g0(003,rdad( (5.1.33)
f fp 2g2(C, ji,,Oda d13

Equations (5,1.32) and (5.1.33) were integrated numerically over the area
o K, a K, 2, 0 <~ A 5 2 of significant amplification, and the results are presented in
Figure 5.4. Figure 5.4A) shows the variation of Xf and X ,, with T. Bands have
been drawn that contain the curves for abr/o in the range from 1.12 to 4.0. The
narrowness of these bands indicates that the most significant p~rameters affecting
wavelength are those given in the normalization in Equation (5.1.3).

Also from Figure 5.4A), we see that the mean axial wavelength increases
only slightly with r for T > 4 and quickly approaches a "preferred" wavelength. For
ratios of 7/a-cI nearing unity, the preferred wavelength becomes the classical static
wavelength Xý = 2 r27r The mean circumferential wavelength, however,
increases with T without approaching an asymptotic value. Thus, as discussed in
the preceding section, the mean circumferential waveleiigths actually observed in
large-deflection buckling will probably depend on the magnitude of the initial
imperfections, which determines the duration for which this small-deflection theory
is applicable. Smaller imperfections can grow for a longer time, and from Figure
5.4(a), we would expect to see longer circumferential wavelengths.

Figure 5.4(b) gives a plot of the aspect ratio XIX.If nonlinear effects begin
to dominate -.t, say, T - 7, and subsequent buckling proceeds with a fixed pattern
(one would expect a fixed pattern to be established eventually, as confirmed in the
experiments), Figure 5.4(b) indicates that the aspect ratio would be about 3.3.
This is discussed again in reference to the experiments.

5.1.5 Impact Experiments

A small-deflection linear theory applied to the static buckling of cylindrical
shells under end loads is notoriously inadequate for predicting experimental buck-
ling loads except for very nearly perfect shells. Also, the shells ultimately buckle
into a form very different from the buckling mode of the small-deflection theory.
It is not obvious, then, that the simple linear theory given here should reasonably
predict the large-deflection dynamic buckling of such a shell. It was thought, how-
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ever, thoit the small-deflection theory would give promise for the dynamic problem
because, once started in the linear theory pattern, the shell would continue to
deform in this pattern and not have time to convert to another pattern. The exper-
iments described here were run simultaneously with the theoretical investigation to
determine whether such a theory should be pursued at all.

Early experimenters reported only the final shapes (diamond buckles) after
very severe and prolonged buckling and showed high-speed (about 15,000
frames/s) motion pictures, which were nevertheless at a speed too slow to show the
early buckling process. To record the early motion, the experimental arrangement
shown in Figure 5.5 incorporated three unique features:

(1) The shells were free at the end opposite the impact so that the compres-
sive impact stress -would have a duration (at the impacted end), at most,
equal to the transit time 2L/c of the longitudinal stress wave up and
down the shell. This allowed terminal observation of early permanent
buckling nc'* obliterated by later folding.

(2) The impacted end was bonded with epoxy cement to a relatively massive
inside ring and to a thin outside ring to provide a clamped boundary to
the shell. Without these rings, severe crimping at the end rapidly
lowered the thrust and made comparison with theory impossible.

(3) The massive end ring was accelerated explosively so that the time and
simultaneity of impact could be controlled to within about 2 jus. This
allowed the use of a Beckman-Whitley framing camera running at
240,000 frames/s, fast enough to see the details of early wave
formation.

Test shells were made from 0.0027 -inch- thick (69 jsm) 5052-HI9 aluminum
sheet rolled to a 3-inch (76-mm) diameter with a lapped seam held with cloth tape.
The steel ring at the lower end of each shell served as the "impacting" mass and
weighed 12 times the weight of the shell so that its change in velocity during the
impact, and hence the change in impact stress, was small. The ring was accelerated
by placing it on the heavy steel anvil bar and detonating a sheet explosive charge on
the opposite end of the anvil. The explosive sent a step-fronted shock into the
anvil. This shock entered the ring and bounced it off in much the same, way as end
pellets are bounced from a Hopkiunson bar. The pressure gradient behind the shock
was shallow enough that the reverberating stresses in the ring were small, so to a
good approximation the ring was stress-free when it "impacted" the cylinder. To
ensure good transmission of the shock from the anvil to the ring, the contact sur-
faces were lapped.

The ring velocity from various thicknesses of sheet explosive was determined
in a separate series of experiments. Since the ring is very massive compared with
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the shell, the impact stress in the shell is assumed to be pcv, where pc is the acous-
tic impedance of aluminum shell and v is the velocity of the steel ring. The axial
strain corresponding to this stress is

pCV _ v
E c

where c is the axial wave speed in the shell.

Figure 1.3 shows a sequence of framing camera pictures taken in an experi-
ment in which v - 340 inch/s (8600 mim/s), which, with c - 200,000 inch/s (5
mm/As), gives E - 0.0017. Substituting a/h - 1.50/0.0027 - 555 into Equation
(5.1.20) yields edl - 0.00109 so that e/e•l - 1.56. Thus the impact stress is 1.56
times the classical static buckling stress. Only alternate frames from the original
record are shown, giving 8.33 As between frames. Exposure time was about 1.4/Ms
per frame.

Normalized time r can be computed from Equation (5.1.3), which yields T
(ce/r)t - 0.38t, with t in As. On the original record, very tiny displacements could
be discerned at t - 7 Ats (r = 2.6). At t - 11.2 A~s (T = 4.2) in Figure 1.3, small
wrinkles near the bottom of the shell are clearly visible. By t - 27.8 As (r

10.6), these wrinkles are definitely taking on the diamond pattern, indicating that
nonlinear effects are predominating.

Thus, from T - 2.6 to " - 10.6, the displacements grow from being just visi-
ble to amplitudes so large that nonlinear effects dominate. This agrees very well
with the period of first rapid growth given by the theory. From Figure 5.3 at cr/oCr,
- 1.5, we see that the amplification grows from g,.,, - 3 at v - 2.6 to g,,, - 100
at r - 10.6. It is probable, as discussed later, that nonlinear effects begin to dom-
inate at an intermediate time of about r - 7.

At frame t - 27.8 As, the beginning of buckling farther up the shell is evi-
dent. In the following frames, these buckles stay fixed in position and grow in
amplitude. Other buckles appear at areas in between, at which initial imperfections
were probably smaller. The tiny ripples just above the buckles at the lower end
characteristically appeared in all the experiments. They are most visible at
t - 4 4 .5 As.

To compare the wavelengths in Figure 1.3 with theory, the expected value of
the axial wavelength is determined by substituting XC - 8.9 from Figure 5.4 into
Equation (5.1.3), which yields

A
- l /2 r 8 8.9 r (5.1.34)1/2 1/
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With e 0.0017 and h 0.0027 inch (0.069 mm), this gives X,, - 0.18 inch (4.6
mm). From Figure 1.3, the average length from 15 waves is X,, -0.20 inch (5.1
mm), only 10% greater than the theoretical mean.

The permanent buckles remaining in several shells after impact are shown in
Figure 5.6. By comparison with Figure 1.3, it is evident that most of the buckling
observed in Figure 1.3 is elastic. In general, most of the permanent buckles were
confined to the area closest to the impacted end. The most striking feature of these
buckles is their very small size and large aspect ratio as compared with static buck-
les. Figure 5.7 shows a statically buckled shell of the same material, wall thickness,
and diameter as those in Figures 1.3 and 5.6. The aspect ratio of these buckles is
near unity, and the wavelength is about 1.3 inch (33 mm), seven times the axial
wavelength of the dynamic buckles.

The dynamic buckles in Figure 5.6 have a mean aspect ratio of 3.3 and axial
wavelengths of 0.18 inch (4.6 mm). Several shells are shown to illustrate the range
of observed aspect ratio. There is little doubt that the shape of the permanent
buckles was strongly influenced by large elastic and plastic deformation, but it is
significant that the large aspect ratio is suggested by the linear theory of the preced-
ing sections.

Circumferential wavelengths from these and two other shells are summarized
in Figure 5.8. Aspect ratio is plotted rather than wavelength to emphasize the
difference between these buckled forms and static buckles. The values range from
2.2 to 7.1 with a mean of 3.3. These are much larger than the static ratio of about
1. It is difficult to compare these wavelengths with the linear theory because, as
shown in Figure 5.4, the theoretical wavelengths continually increase with time. I
However, from Figure 5S4(b, the ratio of the theoretical average circumferential
wavelength to the average axial wavelength is 3 3 at 7 - 7. Also, the photographs
in Figure 1.3 show that this is about the time at which the buckle amplitudes first
become distinct.

5.1.6 Formula for Threshold Buckling

The value T - 7 corresponds to a peak amplification of g,,,, - 25 for cT/ET~I

- 1.5, obtained from the cuarve in Figure 5.3. Thus, as in the buckling of shells
under lateral pressure in Chapter 3, a critical condition for buckling can be taken as
an amplification near this value. Figure 5.3 also shows that for 0o/aTc ranging from
1.12 to infinity, the value of r for gnmax - 25 ranges only from 6 to 8. Threshold
buckling can therefore be calculated with the critical condition 7cr -7, which, from
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Wal*A WWI* **f a*

(oppositee andwafee

Equation (5.1.3) gives the formula

-7(phD) 1/2

or

7or~t - pch 2pch (5.1.35)
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This is the same formula as for a bar of thickness h except here c2 - E/p(1 - V')
rather than E/p, as can be confirmed by comparison with, Equation (2.2.28), with r
- 7 and r - h/4-2'. The only significant differencs is that, for the cylindrical
shell, buckling will not occur unless o- is greater than the static buckling stress.
The curves in Figure 5.3 show that L- does not have to be much greater than the
static buckling stress, since the curves rapidly approach the curve o/-cr, - oo for
the bar as a. increases.

Because of the extreme sensitivity of the cylindrical shell to initial imperfec-
tions, this stipulation on cr should be applied to the local static buckling stress, not
to the classical buckling stress of the perfect shell as given by Equation (5.1.20).
The experiments of Almroth, Holmes, and Brush 4 described in Section 5.1.2
demonstrate why this is so. In experiments of the type in Figure 5.1, the axial
stress ranged from about 35% to 60% of o,; for the perfect shell, and yet the shells
buckled dynamically in a manner similar to that shown in Figure 1.3. The
difference is that the buckling in Figure 5.1 propagates outward from a local region
rather than appearing nearly simultaneously throughout the shell as in Figure 1.3.
As discussed in Section 5.1.2, this behavior is attributed to the local classical buck-
ling stress in the Figure 5.1 shell being about half that of the perfect shell. The
theory here can be applied if this reduction is caused by small imperfections
increasing the local radius of curvature to twice that of the perfect shell.

In any event, Equation (5.1.35) is conservative because it is essentially the
same result as for a long plate, for which a - co. It provides a conservative esti-
mate for loading in which cr > o-, where crs is the static buckling stress of the
imperfect shell. For smaller a., it is not applicable and gives unduly conservative I
results. These values correspond to large t, so loading is essentially a step to a
stress that is maintained indefinitely. Critical loads in this range are discussed in
the next section.

5.1.7 Dynamic Buckling Under Step Loads

In addition to increasing the local radius of curvature, imperfections trigger
buckling because of their contribution to the modal imperfection coefficients amn in
Equation (5.1.11). When these imperfections are coupled with the nonlinear
behavior of the shell for large deflections, the result can be i decrease in the
dynamic buckling load below the static buckling load of even the imperfect shell.
This occurs when the load is suddenly applied and then maintained for a long time,
as in a step load. In this section we present the essentials of Budiansky and
Hutchinson's theory for such buckling. 1,6

t1I-
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Their theory makes use of the simple one-degree-of-freedom model for
nonlinear buckling used by von Kirman, Dunn, and Tsien. 3 This model is the
three-hinge, rigid-rod column shown in r"igure 5.9. The spring is taken as a cubic-
softening spring havinv, the force-displicement characteristic

F - KL(Q - bC3) , b > 0 (5.1.36)

in which • - x/L, with x measured from an unloaded initial position i as shown in
the figure.

P

/L

t. >.

lx

P

FIGURE 5.9 SINGLE-UEGREE-OF-FREEDOM RIGID-ROD
COLMN IT IMERECTONAND

NONLINEAR SPRING

For small rotations, static equilibrium relates P and the displacement by

(I - /Pc) f - be 3 -(p/pC)C (5.1.37)
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in which PC - KL. This terminology for KL follows from the limiting behavior of
the perfect column (j - 0), for which the load can increase to PC without
deflection but cannot exceed Pc. The graph of Equation (5.1.37) for f - 0 in
Figure, 5.10 shows that the equilibrium load for a finite deflection is less than Pc,
and the load continues to decrease with increasing deflection •. Thus, motion is
unstable and '0c is the buckling load for the perfect column.

Load P

PC S • .,,,,•.• -0 (perfect)

PS

P-ti r> 0 (imperfect)

Deflection
MA-7504-35

FIGURE S.10 LOAD-DEFLECTION CURVES FOR RIGID-ROD
COLUMN WITH CUBIC SOFTENING SPRING

I

The imperfect column (; • 0) begins to deflect as soon as the load begins to
incr~ease and hence the column has a range of stable equilibrium. As the graph in
Figure 5.10 shows, the deflection curve eventually hcs a horizontal tangent and
,urihez dellection iH uastqble. Furthermore, the buckling load, Ps, at this tangent
point in less than that of the perfect column.

This behavior represents the essentials of static axial buckling of a cylindrical
'hell (and other imperfection-sensitive structures). The load Pr represents the clas-

sical buckling load of the perfect shell, and Ps represents the actual static buckling
load of the imperfect shell. The details for the shell are much more complicated, as
we have seen. For example, the rigid-rod column model does not 9ccount directly
for the decrease in buckling load simply because an imperfection can increase the
radius of curvature over a buckle wavelength. Also, as shown in Figure 5.1, the
mode of final buckling for a step load is different from the mode in the initial
motion, sc a single-degree-of-freedom model is an oversimplification. Neverthe-
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less, by making the spring and imperfection parameters b and i large enough (in
fact, simply the parameter bi 2 , as we will see.), we can make the buckling reduc-
tion iactor Ps/Pc low enough to account for the cumulative effect of several types
of imperfection.

Budiansky and Hutchinson's idea was to see whether these difficulties in static
buckling analysis can be circumvented for dynamic buckling analysis by taking
Ps/Pc as known. Their objective was to express the dynamic buckling load by an
expression beiween PD/PS and Ps/Pr, with no explicit reference to the shell
imperfections. Then the study of imperfections can be confined to the static prob-
lem, which is simpler both theoretically and experimentally. It turns out that such
expressions can indeed be found.

To find Ps, z 4- is introduced into Equation (5.1.37) to obtain

(Q - P/Pc) z - (b 2 ) z3 - P/Pc (5.1.38)

from which it is evident that Ps/Pc depends only on W•. Setting dP/dz 0 yields
the desired equation for Ps/Pc:

(Q - Ps/Pc)" 2 - 3.__ b" 2 • (Ps/Pc) (5.1.39)
2

To find Po, consider a time-dependent load P(t) and introduce inertia into

the system by a mass M at the central hinge. Then Equation (5.1.38) becomes

z + (0 - P/Pc)z- (i C2)z 3 - P/Pc (5.1.40)

in which the dot indicates differentiation with respect to t V--/m7. For step loading,
z - - 0 at t - 0. Then, with the identity i - .di/dz, the equation can be

* integrated once to obtain

i2 + (I - P/PC) z j(,2) z4 2(P/Pc) z (5.1.41)
2

At loads below the dynamic buckling load, the steady-state motion is periodic and
Equation (5.1.41) defines its limit cycle in phase space z, L. The maximum value,
z. 1 , of this limit cycle occurs when i - 0, which gives

(I - P/Pc) Zrmnx - j"( ) z4,, 2 (P/Pc) Zm&X (5.1.42)

2

* The critical dynamic load, PD, is defined as the load for which the amplitude (and
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period) of this limit cycle is infinite, so the motion diverges rather than approaching
a limit cycle. This occurs under the condition dP/dzm., - 0 applied to Equation
(5.1.42), with the result

( - PD/PC)3/2 - 16- b I (PD/pc) (5.1.43)2

The key feature of this simple model is that the imperfection parameter bi2

can be eliminated between Equations (5.1.39) and (5.1.43), giving the desired rela-
tionship between the static and dynamic loads with no explicit dependence on the
imperfections. The result is

po/ps ,r•2 I Pc- PDI'

PD,/PS~ M (P D (5.1.44)2 PC-P

This function is plotted in Figure 5.11 (solid curve) along with a similar result
(dashed curve) for a quadratic-softening spring, which by an analogous derivation

1.00

0.0 00
Quadratic -

Sprmg

0 -, j Cubic Spring

o.,-
0.7 p

0.6

0.5 I
0 0.2 OA 0.6 0.8 1.0

MA-?I0-3S

FIGURE 5.11 DYNAMIC BUCKLING LOADS FOR RIGID-
ROD COLUMN MODELS

I



304

gives the expression

S3Pc - Ps 2

The two curves give essentially the same result, within the accuracy of an assumed
single-degree-of-freedom representation of the actual complex buckling process. As
the static buckling load becomes a smaller fraction of the buckling load of the per-
fect structure (as Ps/Pc - 0), the dynamic load also becomes a smaller fraction of
the imperfect structure static buckling load. However, no matter how small Ps/Pc
is, the further reduction because of dynamics is never below -%5/2 - 0.707 for the
cubic spring and 3/4 - 0.75 for the quadratic spring.

Budiansky and Hutchinson derived an analogous expression for the cylindrical
shell under sudden axial compression. They used the Donnell equations as in Sec-
tion 5.1.1 here, but with the addition of second-order terms to introduce the non-
linear effects of large deformations. Motion was assumed to take place with two
degrees of freedom, one being f in the symmetric pattern with axial wavelength
2V,, and the other being f2 in the square nonsymmetric pattern with axial and cir-
cumferential wavelengths each 4k,. These modes and wavelengths are as described
in Section 5.1.2.

Curves of the type shown in Figure 5.11 were found by numerical integration
of the coupled dynamic equations of motion for f _and f I and are repeated here in
Figure 5.12. For initial imperfections with ratio fl/f2 - 2, there is very little
reduction in dynamic load below the static buckling load. When imperfections are
taken to be entirely in the nonsymmetric load, i.e., jI/j2 - 0, they find an explicit
solution by the same method used to solve Equation (5.1.40), with the result

PC/Ps-- PC PD (5.1.46)

This is the same result as for the quadratic-softening spring, in Equation (5.1.45),
but with the coefficient 1/2 found for the cubic-softening spring in Equation
(5.1.44).

The resulting curve in Figure 5.12 is nearly the same as the solid curve in
Figure 5.11 for the cubic-softening spring. The curves in Figure 5.12 show that the
dynamic load reduction is greater for imperfections in the nonsymmetric mode than
for imperfections in the symmetric mode. For prudent design, the curve for non-
symmetric imperfections is therefore recommended. Furthermore, comparison of
Figures 5.11 and 5.12 shows that the simple rigid-rod column model in Figure 5.9
with a cubic-softening spring gives a good representation of the celculated dynamic
buckling in the shell.

i i
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FIGURE 5.12 DYNAMIC BUCKLING LOADS FOR AXIAL
STEP LOAD ON CYLINDRICAL SHELL

Budiansky and Hutchinson integrated the equations of motion for the rigid-
rod column model for rectangular and triangular loading pulses of finite duration.6
Their results for the rectangular pulse are summarized in Figure 5.13, in which T.
- 2r/w is the free vibration period of the unloaded structure. For the rigid-rod

column, w - V/U"F, but the comparison above for the cylindrical shell suggested
that Figure 5.13 could be applied more generally. The curves in Figure 5.13 are for
the limiting case in which Ps/Pc - 0 aný give a generalization of the conservative
eesult in Figure 5.10 at Ps/Pc - 0. Since typically Ps/Pc = 0.25, the curves refer
to practical cases of interest.

For the cylindrical shell, the natural period of the square nonsymmetric buck-
ling mode, from Equation (5.1.12) with Nx - 0 and L/m - va/n , 4Q. from
Equation (5.1.17), is

To- 2V/o 2 - 2v2-l a/c (5.1.47)

To obtain a simple formula for critical loads in which T,/T > 3, observe that in
this range the curves in Figure 5.13 are nearly straight lines that project from theorigin. For the cubic model in this range, this line is PD/Ps " T./3T. With T.
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FIGURE 5.13 DYNAMIC BUCKLING LOADS FOR RIGID-ROD
COLUMN UNDER RECTANGULAR PULSES
(FOR P /Pc C 0)

from Equation (5.1.47) and oc, = Eh/a''3(l - &2), this gives for the critical
dynamic axial stress

-D = 7 3/2) pch. _.s

3 T T c

or

O-DT = 1.710 pch ('rs/o'C) (5.1.48)

If one uses the symmetr.;. mode period T, -- ý./~ra/c, from Equation (5.1.12)
with n = 0, Lir -- , the same formula results but with a more conservative
coefficient, namely, 1.710/2 = 0.855.

Equation (5.1.48) has the same form as o'DT = 2 pch, given as Equation
(5.1.35) in Section 5.1.6 and found by using a critical amplification buckling cri-
terion. However, Equation (5.1.48) contains the static load reduction factor
-s/O-c, which is typically near 6.25 in common shells. With this value, Equation
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(5.1.48) becomes ODT - 0.43 pch. The corresponding equation for the symmetric
mode becomes mrrT - 0.21 pch. The response mode for this last equation is close
to the critical mode found in Section 5.1.6; the aspect ratio of the most amplified
mode is about Q@/2, - 3 [see Figure 5.4(b) for T = 7] and o/I-2. < Qs < 9,,
ut•iending on CrO.

Thus, for common shells, the critical load estimated by Equation (5.1.48) is a
factor of 10 lower than the critical load given by Equation (5.1.35) derived with a
critical amplification criterion. The value of T corresponding to o-DT - 0.21 pch is
7- 0.7, which from Figure 5.3 gives virtually no amplification. Furthermore, as
pointed out in Section 5.1.6, the formula o'DT - 2pch is also the critical load for-
mula for a bar, or plate, which corresponds to a -oo. Thus, there is no reason to
suspect that the critical amplification formula is unconservative because of any
peculiarity of complex nonlinear shell response; the finite radius of the shell makes
the shell stronger than the plate.

For pulse loads, it therefore seems more reasonable to use the critical
amplification criterion and not express the dynamic buckling load in terms of the
imperfect shell static buckling load. Thus, in place of Figure 5.13, we suggest use
of the plot in Figure 5.14. For large PD/Ps, the plot is the straight line

5

4

3

""P T - 2pch
-. (Critical amplification

2 criterion, gax 25) -
PD/Ps= 0.70

(Nonlinear Model)

0 I
1 2 3 4 5 6

ToPc/TPs

MA-a04-ý3

FIGURE 5.14 DYNAMIC BUCKLING LOADS FOR CYLINDRICAL
SHELL UNDER RECTANGULAR PULSE LOADS OF
DURATION T (FREE VIBRATION PERIOD OF
SYMMETRIC BUCKLING LOAD IS TO)

I
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P D ( TIL f (5.1.49)

which is Equation (5.1.35) with T. taken as the free vibration period Nr ira/c of the
symmetric buckling mode. This formula is taken to hold for PD greater than the
reduced buckling load PD/PS - ,12/2 given by Equation (5.1.46) for Ps/Pc - 0.
For longer pulse durations (smaller T0 /T), this straight line is terminated and the
critical load is taken as the conservative value PD/PS - v42/2 from the step-load
theory. For common shells in which Ps/Pc = 0.25, the corner of the resulting
plot in Figure 5.12 occurs at a pulse duration T = 4T.. For a one-meter-diameter
shell, T = 4,J 7(1 m)/5000 m/s - 0.00355 s.

5.2 AXIAL PLASTIC FLOW BUCKLING OF CYLINDRICAL SHELLS 7

5.2.1 Introduction

Cylindrical shells with low radius-to-thickness ratios buckle axisymmetrically
when subjected to axial impact at velocities sufficient to cause moderate plastic
strains. Figure 5.15 shows this flow buckling in the final axisymmetric shapes of
tubes of 6061-T6 aluminum alloy, which before impact (left-hand tube) were 4
inches long (102 mm), 1 inch outside diameter (25 mm), and 1/10 inch (2.5 mm)
thick (radius/thickness - 5). Each of the three plastically deformed tubes was
impacted at 342 ft/s (104 m/s); the shortening in each case is 0.55 inch, giving an
average longitudinal strain of about 14%. The wavelengths are fairly uniform along
the length of each tube, and they are reproducible.

In the development of the theory, it is assumed that during deformation the
shell is contained between a flat rigid target and a heavy mass that approaches the
target as depicted in Figure 5.16. Solution of the governing equation is given for
the case of a constant mass velocity to provide simple formulas for the preferred
mode and for numerical comparisons with experimental results. Justification for
assuming a constant velocity is based on high-speed camera observations of several
impacting tubes. It was observed that the mode of buckling was selected early in
the deformation process. We also assume that unperturbed motion has the diame-
ter and the wall thickness increasing at a rate proportional to the rate of tube shor-
tening. The buckling is treated as a perturbation of this motion stemming from
axisymmetric imperfections of the uniform initial radial displacements and
velocities



309

MP-7604-17

FIGURE 5.15 PLASTICALLY BUCKLED TUBES CAUSED
BY AXIAL IMPACT (Tubes 13, 14, & 15)

Ix Tube hi

Block > wo(t) + w(x,t)

K-V
- - - - - - - - - - - - - - -

L =
MA-M5O4-10

FIGURE 6.16 TUBE COMPRESSED BETWEEN RIGID WALL AND RIGID MASS

It is supposed that the strain rates associated with the unperturbed motion
dominate the strain rates introduced by the perturbed motion so that no strain-rate
reversal occurs until the buckling is well developed. This supposition ensures that
the stress states at every material point remain on the yield surface and therefore
have amsociated strain-rate vectors as outward normals to the yield surface at the
stress state The yieldin* criterion is that of von Mises and the strain hardening is
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isotropic. To keep the theory simple, the strain hardening portion of the stress-
strain curve from static compression tests is approximated by a straight line. The
static data for 6061-T6 and 2024-T3 aluminum alloys, the materials used in the
impact experiments, are satisfactory because the stress-strain curves for these
materials are insensitive to strain rate. Finally, elastic strains are neglected and the
materials are regardea as incompressible.

5.2.2 Unperturbed Motion

Figure 5.16 shows a cylindrical shell of length L, mean radius a, and thickness

h, about to undergo compression between a rigid slab and a rigid9 -eavy mass,
which initially approaches the slab with a velocity V0. The inward di-7p.acement of
the midsurface during the ensuing unperturbed motion is w0(t), assumed to be
independent of the length coordinate x. The outward radial coordinate measured
trom the midsurface is z. We again adopt the plasticity Equations (4.1.1) through
(4.1.10).

On the midsurface the axial and circumferential strains are

i, - -V/L io - -Wo/a (5.2.1)

where V - V(t) is the current mass velocity. Our assumption that these strain
components are proportional to one another may be expressed as

io - -kix (5.2.2) i

where k is the proportionality constant to be determined. If we neglect the effect of
strain hardening on the unperturbed motion we may set a,= - r0 in (4.1.9), the
relations giving the stresses in terms of the strain rates. Then, after substituting
(5.2.2) in (4.1.9), making use of (4.1.6) for the generalized strain rate, we obtain
the constant midsurface stresses

- -(2 - k)oo V (2k - )rro (5.2.3)

[3(1 - k + k1) 3(1 - k + OF)

The equations governing the motion of the rigid mass, of magnitude M, and

the tube expansion, are

MV, - 2rahorx , pa*0 - a" (5.2.4)

in which the stresses are the midsurface values (5.2.3). Integration of Equation,
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(5.2.4) to obtain velocities, use of the relation Wo/a - - kV/L from (5.2.1) and
(5.2.2), and substitution of the stress formulas (5.2.3) show that k must satisfy the
quadratic equation

(2k - 1)/(2 - k)k - ma2/ML 2  (5.2.5)

where m - 2'rahLp is the mass of the shell. The right-hand side of (5.2.5) is gen-

erally small enough to allow the solution to be approximated by

k- (1 + ma2/ML 2)/2 (5.2.6)

After we substitute (5.2.6) into the stress formulas (5.2.3), we have

ax- -(I - 2ma 2/3ML 2)0r0 we - (2ma 2/3ML 2 )o 0  (5.2.7)

We proceed by assuming that the right hand side of (5.2.5) is small enough to let k
i/2, which is the case in the experiments. Thus we have the midsurface stress

values or, = -o 0 and as == 0.

With k - 1/2 the strain rates are

i, - -V/L i = (1 - z/a)(V/2L) i - V/L (5.2.8)
I

and i, is determined by the incompressibility condition (4.1.1). In obtaining the
generalized strain rate in (5.2.8), we neglected powers of (z/a) higher than one. I
Substitution of the strain rates (5.2.8) and the approximation o- - cro into the
stress formulas (4.1.9) leads to

-on -(1 + z/3a)oao o-g- -(2z/3a)oao (5.2.9)

A refinement of the approximate generalized stress can be made by letting
o- - &, a value averaged over the generalized strain, as was done in Section 4.1

Again with k - !/2, integration of the equation of motion of the mass M,

given by (5.2.4) with o,, - -o0, gives

V - V0(1 - t/td) tr - (M/m)(LpV0 /cr 0 ) (5.2.10)

where tf is the duration of motion.

......
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5.2.3 Perturbed Motion

Let the axisymmetric perturbation of wo(t) be w(x, t0 so that the total inward
displacement is wo + w. The strain rates become

ix - V/L + z*" ig 0 - z/a)(V/2L - */a) (5.2.11)

where primes denote partial differentiation with respect to x. In the results that fol-
low, terms with powers of (z/a) higher than one and terms with products of pertur-
bation quantities are neglected. Thus, by substituting (5.2.11) into (4.1.6) we
obtain

i V/L + (2*/3a - aw")(z/a) (5.2.12)

which can be integrated to give the generalized strain

E X/L + [(2/3a)(w - )-a(w -*Y'J(zla) (5.2.13)

where

X d (5.2.14)

is the mass displacement and ' -w(x, 0) are the initial displacement
imperfectionts.

Substitution of the generalized strain (5.2.13) in the hardening law (4.1.10)
gives the generalized stress

ar - a'o + E4l(2/3a)(w O )-aw - C)"j(z/a) (5.2.15)

where we have used the approximation oo + EhX/ L ==cr. Substitution of
(5.2.15) and the strain rates (5.2.11) and (5.2.12) into the stress formulas (4.1.9)
results in

or (I + 2*L/3 Va) cro - [ao(1 - 4wL/Va - *wLa/V)/3

+ Ehf2(w - fv)/3a - a(w - v)"il(Z/a) (5.2.16)

a.# -(4*L/3Va)ao

-(2ao/3)(Q - 2wL/Va - *wLa/V) (z/a) (5.2.17)
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According to the sign convention of Figure 5.17, stresses (5.2.16) and
(5.2.17) have the following resultant membrane forces and moments

N, - - (1 + 2*L/3Va)ooh (5.2.18)

N# - - (4wL/3Va)woh (5.2.19)

MR - [oro(l - 4wLiVa - w"La/V)

+Eh12(w- *)/a - 3a(w - *)"11(h /36a) (5.2.20)

M- 1 - 2,L/Va - *"La/V)o,0 (h3/18a) (5,2.21)

ph~wo + W)*"

X No//\/ /

* / 1 /
aI/ I /

// I/.
/ I

/,loll

FIGURE 5.17 UNIT SHELL ELEMENT WITH
FORCES AND MOMENTS
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The restoring moment M, given by (5.2.20), comprises two groups of terms. The
first group is the directional moment that occurs because the stress state on the
yield ellipse is linearly dependent on the distance z of the fiber from the midsur-
face. The second group is the strain-hardening moment. Also resisting the buck-
ling is the circumferential membrane force (5.2.19).

5.2.4 Governing Equation

With the aid of Figure 5.17, which shows a unit shell element with its atten-
dant forces and moments, we can derive the following equations of motion or
equilibrium:

Q - M', - Nw' - 0 (5.2.22)

Q' + N,/a - ph* (5.2.23)

The unperturbed displacement w0 does not appear in (5.2.22) and (5.2.23) because
Wo - 0 and the unperturbed equation of radial motion (5.2.4) cancels in (5.2.23).
Combining (5.2.22) and (5.2.23) by eliminating the shear force Q and noting that
(N nw')' N .W" (neglect of product of perturbation terms) gives the equation

MgX + Nw" + N#/a - ph* (5.2.24)

Substitution of expressions (5.2.18), (5.2.19), and (5.2.20) in (5.2.24) gives the
governing equation in terms or the perturbed displacements:

(c-oL/V)(4w + a~w")' + Eh 3a2(w - - 2(w - %)I (h0'36aW)

+croW" + (4o 0L/ 3Va 2)* + pw - 0 (5.2.25)

The four terms, in order, represent effects of longitudinal bending, axial thrust,
hoop force, and inertia.

By letting the radius become infinitely large in (5.2.25), we obtain the
corresponding flat plate equation:

[(aoL/3V)w + Eh(w- ,)I(h2/ 12) + crow" + pw - 0 (5.2.26)

Equation (5.2.26) governs perturbations that are independent of the lateral y coor-
dinate in a plate with the unperturbed stress condition cry - 0. By omitting the

I

1i
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directional longitudinal bending term in (5.2.26), we obtain the rod equation:

(Ehh 2/12)(w - )"' + ao'w" + p* - 0 (5.2.27)

Equation (5.2.25) governing flow buckling of a tube can be made dimension-
less by the quantities

u - w/a - xIL ? -VM t/2L q -I -p/f

a 2 - h2/12a 2  = Eh/Cro y -- alL - M/m (5.2.28)

so that, with the dots and primes now denoting partial differentiation with respect
to -q and • we have

i - (u 37) [a2(4u + y 2u")'' + (4/v,2)uj"

+2$rr a2PIv 2(u - Q)"- (2/ 3)(u - Q) + u 0 (5.2.29)

In (5.2.29),

-M Votr/2L - (pVJ/2ao4)(M/m) (5.2.30)

which is the energy equation, where " r is the final axial strain.

For the case of sustained axial flow caused by the ,mass M compressing the

tube at a constant velocity Vo, let

" - Vot/L s - Cro/pV1 (5.2.31)

Then (5.2.25) can be converted into the dimensionless form

U + (s/3) [of2(4u + -yluPD)h + (4/v2l)uI

+sja•IY2(u- Q)"- (2/3)(u -f) + U 0 (5.2.32)

where the dots denote differentiation with respect to ?.

ii
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5.2.5 Modal Slutions

We consider two cases depending on the mass velocity. In the first case, the
mass is brought to rest at constant deceleration according to (5.2.10). The equation
governing the plastic buckling is (5.2.29). In the second case, the mass velocity is
assumed to be constant and the governing equation is (5.2.32).

Let the dimensionless perturbations and Initial imperfections be represented
by

u(, - 7; Un(,)sinnwf (5.2.33)

id(V) - u(QJ) &. asinnvr (5.2.34)
n- I

and substitute into (5.2.29). Each mode amplitude is then found to be governed by
the equation

u. - Qr./,l - R.u, - snan (5.2.35)

where

Q - (I,/3) [a W2n2(y2•.2n2 _ 4) + 4/.y' (5.2.36)

R2- 2prfw2n2 [1 - alp (yuAil + 2/3)J (5.2.37)

S- 2pArTa r9wn(y2 w2n2 + 2/3) (5.2.38)

Eqaation (5.2.35) has the same form as (4.1.59), which describes the plastic buck-
ling of an imploded shell. Amplification occurs only when R.2 > 0. Formula
(5.2.37) therefore gives the maximum value ii of the mode number for which
amplification is possible as

R - l/a'f-Yvw (5.2.39)

The solution of (5.2.35) is analogous to the solution given by (4.1.65) through
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(4.1.68). In particular, the amplification function for initial displacement imperfec-
tions is

An(C) - + K,(R,-q0I,-.(Rn)J

x (2g1.rrw2 n2/R,) - Sn/R1 (5.2.40)

which is analogous to (4.1.66); again , - (Qn + 0)/2. The terminal value of
the amplification factor is

An(0) - g,-Tf wI2 r(v)l,,(R,)/R'- (5.2.41)

which is analogous to (4.1.70). The preferred mode number may be taken as the
value N that maximizes (5.2.41).

In the second case, where we assume that V - VO throughout the axial
compression, we represent the dimensionless perturbations and initial imperfections
by

u(er) I un(T)sinnlwr (5.2,42)
n-I 1

() - ,( )- • asinnw' (5.2.43)

Substitution of (5.2.42) and (5.2.43) in (5.2.32) shows that each mode amplitude is
governed by the eclurition

e U + Wi- Rnun - Snan (5.2.44)
Swhere

Q n- (s/3) 1 '2 2n'(-yw'r2n - 4) + 4/y (5.2.45)

R2 _ ~vrn +r (5.2.46)

I

Sn - sacl 2 n2 (v-Yrn 2 + 2/3) (5.2.47)

Growth of initial imperfections occurs when R2 > 0, a condition that is satisfied
when the mode number is less than fi, again given approximately by (5.2.39).
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The solution of (5.2.44) satisfying the initial values of displacemeat aWn
velocity perturbations

uO(O) - an 4.(0) - b. (5.2.48)

is

u,(r) - A.(r)a. + B.(?)b, (5.2.49)

whom

A. -(),te•" t - "eMt)(! + Sn/R2) /(x+ - ;) - S/R2 (5.2.50)

Bn .(e•,_ (X;, /(+ _ XW) (5.2.51)

n IQ + 4R2) Qo]/2 (S.2.52)

The functions A. and B. given by (5.2.50) and (5.2.51) are the required
amplification functions when the velocity of the mass M is taken as the constant V0
in the governing Equation (5.2.32), and hence in the modal Equation (5.2.44).
The duration of the sustained axial plastic flow, however, is calculated by assuming
that the initial velocity decreases linearly with time according to (5.2.10). Investi-
gations that include this variable velocity in the governing equation are made with
formula (5.2.41). The remainder of the analysis in this section treats the velocity
as a constant in the governing equation.

5.2.6 Amplifcatien Functions

We again illustrate the nature of the amplification functions (5.2.50) and
(5.2.51) by an example from a set of experiments in which tubes of 6061-T6 alumi-
num alloy were subjected to axial impact; the experiments are treated in Sections
5.2.9 and 5.2.10. The example is designated tube 20 and has the following data:

midsurface radius a - 0.45 inch (1.145 cm)
thickness h - 0.10 inch (0.254 cm)
length L - 4.0 inch (10.16 cm)
density p - 0.097 lb/in 3 (2.7 g/cm3 )
tube mass m - 2wahLp - 0.112 lb (51 g)
compressing mass M - 0.264 lb ( 20 g)
impact velocity Vo - 411 ft/s (125 m/s)
yield stress O0o - 44,500 psi (307 MPa)
hardening modulus Eh - 105,000 psi (724 MPa)
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These data provide the following values for the dimensionless parameters:

a' -hl/12a--0.00411S EBFh/oe0- 2.34 •,-a/L.-0. 113

.- I/m - 2.353 s - o/pVJ - 7.24 - 2s- 0162

The value of the last parameter yr is a prediction of 16.2% for the final axial strain.
These parameters are substituted into formulas (5.2.45), (5.2.46), and (5.2.47),
leaving only n as the parameter in Q4, Re, and S.. Formulas (S.2.S0), (5.2.51),
and (5.2.52) now give the relationship between each amplification function and the
mode number n.

These relationships are shown in Figures S.18 and 5.19. The development

51.0v-

S'fOt'''

4.0 0,6 v-

3.0

20

10 -

0 4 8 12 16 20 24 28

MODE NUMBER - n

FIGURE 5.111 AMPLIFICATION FUNCTIONS FROM INITIAL
DISPLACEMENTS (Tube 20 in Tale 5.11

I
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FIGURE 5.19 AMPLIFiCATION FUNCTIONS FROM INITIAL
VELOCITIES (Tube 20 in Table 5.1)

and shape of the curves are typical of plastic flow buckling, the main feature being
the development of a narrow band of harmonics that are eventually amplified much

more than is any other harmonic. The dashed lines through the maxima of each
constant-time curve give a reasonable prediction of the development of the pre-

ferred harmonic.

Figures 5.18 and 5.19 show that the preferred mode is selected during the first

half of the motion. This behavior indicates that the assumption of a uniform veloc-
ity in the governing equation is probably satisfactory for predicting the preferred
mode number.

According to formula (5.2.29), tube 20 has a cutoff mode number of ii - 29.
Thus, the preferred mode number N is less than fi. Figures 5.18 and 5.19 show

most amplified mode numbers of 15 and 12 stemming from initial displacements

and velocities, respectively. The experimental value was 12.
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5.2.7 Preferred Mode and Critical Velocity Formulas

In many cases of axial impact of tubes, the properties and conditions are such
that Q, > > 2Rn and R2 > > S, when n is near the preferred mode number N. In
these cases we may approximate the final value of the displacement amplification
function by

An (Tf) - e"r (5.2.53)

Differentiating (5.2.53) with respect to n2 and equating the result to zero then leads
to

N2  2 (1 - 2aft) / 7r2ay 2  (5.2.54)

provided we made the reasonable approximations 2a2p3/3 and 2,,fy 2 < < 1. In the
example of tube 20 in Section 5.2.6, formula (5.2.54) gives N - 13, which com-
pares favorably with the prediction of N - 15 from (5.2.50). Two physical conse-
quences of the assumptions are that the ratio of the hardening modulus to the yield
stress should not be larg and that the length should be several times the radius. It
is interesting to note that for many practical cases formula (5.2.54) is independent
of the impact velocity V and does not depend strongly on the hardening parameter
,8. This observation is in agreement with the experimental results of Section
5.2.10.

The maximum value of An is found by substituting in (5.2.53) the preferred
mode number N from (5.2.54), where, according to our approximations,

n R "/Qn. The impact velocity is introduced through
T, Y,-/2s - ,pVý/2cro (energy equation). This process leads to

(2c- 0/p/&)4od[ - a(l - 2a,8)(2#l + 1)lQnAn
311 - 4af + 8a2p2(l - 2aft)] (5.2.55)

where, a, P, and A are defined in (5.2.28). Formula (5.2.55) may be regarded as a
formula for the critical impact velocity that corresponds to an acceptable
amplification factor. For tube 20, if we take An - 10 the critical velocity is V" =
535 ft/s (163 m). The experimental impact velocity was 411 ft/s (125 m/s), and it
caused moderately large amplitudes (twice the wall thickness).

Figure 5.20 shows the variation of amplification A, ("r) with the impact veloc-
ity Vo for tube 20. One of the two curves shown gives the variation according to
formula (5.2.50), with - r•r, and the other curve gives the variation according to
the explicit formula (5.2.55). The comparison provides confidence in the use of
(5.2.55) for determining critical velocities.

I
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FIGURE 5.20 IMPACT VELOCITY-AMPLIFICATION CURVES
FOR TUBE 20

5.2.8 Directional and Hardening Moments

From formula (5.2.20), we see that the directional and hardening contribu-
tions to the restoring moment Mx are

M(d) I - (o0L/a)(4w/a + w"a) (h3/36a) (5.2.56)

M(h) - Eh[2(w - *)/a - 3a(w *- )"](h 3 /36a) (5.2.57)

If we convert formulas (5.2.56) and (5.2.57) to our dimensionless quantities (u,
7, ca,/3, and y), select the perferred mode N, and compare the relative magni-
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tudes in a time-integrated manner by means of the ratio

AS - M~h)(r)d7r/ Mid)lr) d" (5.2.58)
0 0

we obtain the approximate formula

A 4aS. 3(1 - 2af) + a 1 - a(2,6 + 1)(1 - 2aB) (5.2.59)3 (1 - 2oct) - 2a 1 - 4ap + 8a 2gp2(l - 2ai3)

In the derivation of (5.2.59), only growth from initial displacement imperfections is
considered and the preferred mode number is assumed to be adequately predicted
by formula (5.2.54). We recall that the strain hardening is represented by the
parameter 18, so the ratio A. tends to zero as Eh tends to zero. For tube 20, the
ratio is At - 1.06, which implies that for the typical experimental tube the contri-
butions of the directional and hardening moments to the restoring moment are
comparable. Comparisons for other tubes can be made by using formula (5.2.59).
The ratio of the time-integrated moments depends only on the parameters a and ,8,
that is, on the radius-to-thickness ratio and the hardening modulus-to-yield stress
ratio.

According to (5.2.54), the preferred mode number increases with decreasing
hardening modulus. If fact, when S - 0,

N2 - 2/ir2cly 2 - 4 /3 L2/ir 2ah (5.2.60)

For tube 20, formula (5.2.60) predicts an increase of the mode number from N
13, from (5.2.54), to N - 16 an the hardening modulus is reduced to zero.

According to (5.2.55), the relationship between the impact velocity and the
amplification factor when • 0 is

- (2o0/pfL)14a(l - a)/3IQnAN (5.2.61)

For tube 20, formula (5.2.61) predicts a critical impact velocity of Vo 437 ft/s
(133 m/s) based on am~plification factor of AN - 10, which is a reduction from V0
- 535 ft/s (163 m/s) predicted by (5.2.55).

5.2.9 Description of Experiments

A smooth-bore rifle of 0.46-inch I.D. (1.17 cm) was used to project the tubes
against a machined and polished flat face of a heavy steel slab 12 inches long and

........
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12 inches in diameter (30.5 by 30.5 cm). The steel slab and the carriage assembly
for the rifle were supported on the same 1-beam, and the rifle barrel was aligned
optically to be perpendicular to the flat face of the slab. The tubes were attached by
adaptor plugs to push rods, as shown in Figure 5.21. Each push rod was a close fit
in the barrel and, just before firing, the end of the rod rested against a cartridge.
After firing, the tube-plug-rod assemblage traveled along aligned Teflon tracks that
ended short of the slab. Installed in the track were accurately spaced electrical con-
tact pins for measuring the tube velocity.

MP-7504-23

FIGURE 5.21 PLASTICALLY BUCKLED TUBES CAUSED BY AXIAL IMPACT
AND TWO PUSH ROD-ADAPTER ASSEMBLIES

Along with the rod-plug assemblies, Figure 5.21 shows a series of 6061-T6
aluminum alloy tubes, originally 4 inches (10.2 cm) long (impacted ends shown
upwards). From such specimens magnified tube profiles of the type shown in Fig-
ure 5.22 were drawn by passing a pointer along a generator, the pointer being an
extension of a linear differential transformer, which sent a signal to activate a
plotter. This device magnified many inperceptible buckles sufficiently to allow
wavelength measurements.

Photographs of six of the tubes were taken during impact using an image con-
verter camera (one photograph per test) to observe the development of plastic
buckling. The technique consisted of performing three identical impact tests and
taking the photograph at a different time in each test.

Static compression tests were performed on six tubes to provide a comparison
of the static and dynamic buckling mode numbers. The ends of the tubes were
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FIGURE 5.22 TUBE PROFILES

lubricated to allow expansion along the flat heavy steel plattens of the compression
machine.

Yield stress and strain-hardening values were obtained from bilinear fits of I
stress-strain curves from compression tests on 3/8-inch-long (9.5 mm) tube speci-
mens. Again, the ends were lubricated, and little barreling was observed to 10%

strain.

5.2.10 Comparison of Theory and Experiment

Table 5.1 lists the main experimental data. Tubes of 6061-T6 or 2024-T3
aluminum alloy of 1-inch O.D. (2.54 cm), 0.1 or 0.095 inch thick (0.254 or 0.241
cm), and 3, 4, or 6 inches long (7.62, 10.16, or 15.24 cm) were impacted axially at
velocities ranging from 130 to 411 ft/s (40 to 125 m/s). The resulting number of
half-waves, listed in the final column were obtained from the magnified profiles,
examples of which are shown in Figure 5.22.

Table 5.2 lists the preferred mode numbers predicted in three ways, all assum-
ing a constant velocity in the governing equation. The first column of mode
numbers headed An('r), was obtained by substituting yr into formula (5.2.50) and
numerically finding the value of n that maximized the amplification function. The
second column of mode numbers, headed B,, ( r), was obtained similarly using for-

I
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Table !.1

EXPERIMENTAL DATA FOR TUBES

Rod-Plu Tube Length VelWty Shortening Strain
Tube Tube Weight (M) Weigh Irm) L V. X X/L Hal-waves

Material Number (grams) (grams) (cml (m/sil (cm) (%) N

1,2,3 127 36 7.62 101 1.283 16,8 a
4 127 36 7.62 l01 1.397 48.3 a
? 120 si 10.16 53 0.437 4.4 12
6l 120 51 10.16 58 0.516 $.2 12
70 120 51 10.16 63 0.63s 6.3 12

Aluminum I 120 49 10.16 73 0.333 3.3 12
120 sI 10.16 87 0.914 9.2 12

6061-T6 t0o 120 s5 (0.16 t 0,965 9.5 12
I(* 120 51 10.16 99 1,189 11.7 12
12 120 SI 10.16 100 1(194 11.9 12

13,1j.15 127 48 10.16 (04 1.397 13. 3
16 120 s1 10.16 ((5 I.S7? (5.5 I I

(7e 120 S1 10.16 120 1.727 17,2 1Ila
1 120 51 10.16 121 1(740 17.4 12
(9 120 sI 10.16 (22 (.803 (7.8 11
20! 120 31 10.16 (2 1,91111 19.5 12
21 30W 76 (5.24 40 0518 3.4 t
22 300 76 15.24 73 (,349 10.2 14

23,24 300 76 15.24 94 2235 14.7 Is
Aluminum 25 127 51 10.16 (17 1.143 11.3 1I
2024-T3 26 127 51 10.16 (17 1.041 10.3 11

27 127 sI 10.16 117 1.194 11.2 1I

9 Tubes of thickness 0.234 cm (0.1 in.) (ai/ - 4,30); remaining tubes of thicknes 0.241 cm (0,095 in.) (ah - 4.76).

t Insufficient growth of buckling for measurement.

Table 5S1 (concluded)

EXPERIMENTAL DATA FOR TUBES

Rod-Plug Tube Length Velocity Shormnning Susine
Tube Tube Weight (M) Weight (mW L V. X XIL Hal-waves

Material Number (grams) (graIms) (inches) (fits) (inches) (%) N ¶
1.2.3 127 36 3 332 0.505 I6.8 a

4 127 36 3 332 0.550 18.3 8
120 S( 4 17$ 0.172 4.4 12
120 SI 4 (90 0.203 5.2 12

7 120 SI 4 208 0.250 6.3 12
Aluminum 8 120 49 4 256 0.328 8.3 12

120 31 4 23S 0.360 9.2 12
6061-T6 100 120 !1 4 288 0.380 9.5 12

ie (20 51 4 324 0.48 11.7 12
12. 120 s1 4 327 0.470 1(.9 12

3(,1j,15 127 48 4 342 0.550 13.8 12
120 SI 4 371 0.620 (S.S I I
1 120 S 4 39s 0.600 17.2 1I

120 $1 4 397 0.685 17.4 12
19 120 MI 4 400 0.710 17.1 II

120 sI 4 411 0,780 (9.5 12
21 300 76 6 130 0.204 3.4
22 300 76 6 246 0,610 10.2 14

23.,24 300 76 6 310 0.380 14.7 (5
Aluminum 25 127 S1 4 385 0.430 11.3 ! I
2024-T3 26 127 31 4 385 0,410 10.3 I1

27 127 s1 4 385 0.470 ((.8 I I

Tubes of thlckMes 0.& I. (tah - 4.301; remaini8g tubes o" thickness.095 in. (./h - 4.76).

SIadmlelant gmowk of buckling for measuement.
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Table 5.2

THEORETICAL AND EXPERIMENTAL MODE NUMBERS

Preferred Mode Number N

Tube Tube Sr Formula Experiment
Material Number (%) Afl(Tf) B,(Tr) (5.2.54) N

1,2,3,4 15.89 11 9 10 8
5 2.94 15 9 13 12
6 3.47 15 9 13 12
7 4.16 15 9 13 12
8 6.56 16 11 13 12

Aluminum 9 7.18 15 11 13 12
6061-T6 10 7.98 15 11 13 12

11 10.09 15 11 13 12
12 10.28 15 11 13 12

13,14,15 12.65 15 12 14 12
16 13.74 15 12 13 11
17 15.00 15 12 13 11
18 15.16 15 12 13 12
19 15.38 15 12 13 11
20 16.24 15 12 13 12
21 2.73 24 13 21 -
22 9.76 23 17 21 14

23,24 15.50 23 18 21 15
2024-T3 25,26,27 12.67 14 11 10 11

I
I
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mula (5.2.51). The third column of mode numbers, headed 'Formula,' was
obtained by (5.2.54), which was derived from formula (5.2.50) with r - rr under
the conditions Qn > > 2R,2 and R2 > > S, for n near the preferred number N.
The experimental values are listed in the final column. Overall, the predictions are
satisfactory, espncially when they are based on initial velocity imperfections.

In Figure 5.23 there are six photographs of six different tubes taken during
impact with an image converter camera. Figures 5.23 (a, b, c) are photographs of
the identical tubes 13, 14, and 15 taken 65, 100, and 150 js after impact, which
occurred at a velocity of 342 ft/s (104 m/s). The longitudinal strains at these times
were approximately 5.9%, 7.9%, and 10.5% compared with 5.5%, 7.8%, and 10.3%
calculated by assuming a constant force resisting the rod and plug. At 65 /As, the
preferred mode of buckling is under way. At this time the longitudinal strain is
5.9% and since the final strain is rr = 13.75%, the preferred mode is evident at
about 0.4 rr.

4-.~ V '.

MP-7504-25

FIGURE 5.23 IMAGE CONVERTER CAMERA PHOTOGRAPHS OF TUBE IMPACT;
(a), (b), and (c) are tubes 13, 14, and 15;
(d), (W), and Mf) are tubes 1, 2. and 3.
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A similar behavior is seen in Figures 5.23 (c, d, e) for the identical tubes I,
2, and 3 subjected to an impact of 332 ft/s (101 mls). Again, the measured and
calculated longitudin,.l strains agree assuming a constant resistive force: At 65 Js

the preferred buckling is under way. The longitudinal strain is 7.2%, and since the
final strain is 16.83%, the preferred mode is evident at about 0.4 rr. In both cases
the mode numbers observed in Figure 5.23 are the same as those obtained from
the final profiles of the type shown in Figure 5.22.

If we examine Figures 5.18 and 5.19 showing the amplification spectra at fixed
times or longitudinal strains, we see that the theory predicts a preferred mode
number at about 0.4 rr, with little change thereafter (dashed lines in the figures),
which is in agreement with the photographic observation. This result and the gen-
eral overall agreement of the experimental and theoretical mode numbers suggest
that the assumption of a constant axil velocity is reasonable for predicting mode
numbers.

Measurements of radius and thickness increases on several tubes showed that
final average hoop and radial strains were within a few percent .,. each other. This
observation reinforces our assumption of Section 5.2.2 that our strain rate propor-
tionality constant may be taken as k - V2.

5.2.11 Slow Buckling

When the impact velocity V0 is small, the inertia terms in Equations (5.2.44)
* governing the amplitudes un can be neglected to give

Qn - Run. -- Sn an (5.2.62)

where the coefficients are given by (5.2.45), (5.2.46), and (5.2.47). For the case of
initial displacement imperfections unly, the solution of (5.2.62) is

uJ(r - A0(r)a. 1(1Q + sn/Rn~e~Q Sn/Rn ]an (5.2.63)

Growth of initial imperfections occurs when R. > 0, a condition that is satisfied
when the mode number is less than R given approximately by (5.2.39). As in the
dynamic case, each tube has a family of spectral curves like those in Figure 5.18.
According to (5.2.63), the amplification grows exponentially with time or the
imposed axial strain. The exponential term in (5.2.63) depends on the mode
number, and the preferred mode number is approximately that which maximizes
the exponential. Consequently, we have the same situation as that occurring in
axial impact where maximizing (5.2.53) leads to the preferred mode number for-
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mula (5.2.54), again with the reasonable provisos that 2a 2l/3 and 2acy 2 < I.
This result means that the inertial forces do not influence the preferred mode selec-
tion. Also, the mode is not strongly dependent on the strain hardening.

Because the theory predicts negligible influence of the inertial forces on the
preferred mode selection, static buckliig tests were performed on two 3-inch-long
(7.62 cm) tubes of 6061-T6 aluminum (Tubes 1-4), two 4-inch-long (10.16 cm)
tubes of 6061-T6 aluminum (Tubes 5-20), and two 4-inch-long (10.16 cm) tubes of
2024-T3 aluminum (Tubes 25-27). These tests produced preferred mode numbers
of 8, 10, and 10, respectively, as compared with 8, 12, and II from the correspond-
ing impact tests. Thus, experimentally, the changes in the number of halfwaves are
small.

Figure 5.24 shows the profiles of the two 3-inch-long' (7.62 cm) tubes of
6061-T6 aluminum caused by static axial compression to about 0.7% axial strain.
Figure 5.25 shows a comparison of one of the profiles from the static test and the
profile of Tube 4 caused by axial impact. The preferred mode numbers are
identical.

d

I!

0 2 3

LENGTH •i~

FIGURE 5.24 TUBE PROFILES FROM STATIC COMPRESSION
TESTS (Spedfifatwom at Tuba 1-4)
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FIGURE 5.25 COMPARISON OF TUBE PROFILES FROM STATIC AND IMPACT
TESTS (Tube 4)

5.2.12 Axial Impact of Plates

The dynamic buckling of plates is treated here as a special ease of the preced-
ing tube theory. A more general treatment can be found in Section 6.

In Section 5.2.4 we obtained the Equation (5.2.26) which governs the flow
buckling of plates compressed uniaxially in a manner similar to !he tubes (Figure
5.16). By introducing the dimension quantities

u -w/h x "xlL " -V 0 t/2L q- - i-/-Vfr

C2_ h2/12L 2  p- Eh/O0 gt - M/m s - ao/pVj (5.2.64)

in Equation (5.2.26) we obtain

ii - (e2#&/3,)6'#"' + 2,rg, I2zp(u - r)" + u - 0 (5.2.65)

In (5.2.64), M is the mass per unit width of plate that is compressing the plate and

m - phL is the mass of a unit width of plate. With these modified definitions of
the masses M and m, the symbol 7f is again given by (5.2.30) and is the final axial
strain; thus Tf - I1/2s. In (5.2.66), the dots and primes denote partial
differentiation with respect to q and •.
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The set of equations governing the modal amplitudes is obtained by substitut-
ing the Fourier representations (5.2.33) and (5.2.34) into Equation (5.2.65). Thus
for each mode we have

n- Qnn/i - R,?u - Sn (5.2.66)

where

Qn (IuC2/3)(wn) 4  (5.2.67)

R- 2rrM('n)2 1 - C2,S(#n)2 (5.2.68)

S0 - 2vrgsC2•(wn)4 (5.2.69)

Because significant amplification occurs only if R.2 > 0, only modes with
numbers less than Ri are amplified, where

R - 1/CV/ r (5.2.70)

The solution can proceed by the method outlined in Section 4.1.8 for
imploded cylindrical shells. However, here we shall retain our simplifying assump-
tion that the velocity of the compressing mass remains equal to the impact velocity
V0 for the duration of compression, given by r r,

After omitting -q and replacing r by

- Vot/L (5.2.71)

the dimensionless quantities allow the governing Equation (5.2.26) to be written in
the form

ii + (sC2/3)6i"" + s j2P(u - 6)" + uJ - 0 (5.2.72)

where the dots and primes denote partial differentiation with respect to r and f.
Substitution in (5.2.72) of the Fourier representations (5.2.33) and (5.2.34) leads
to

Un + Qnu0 - R~un - Sn (5.2.73))
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where

Qft (s( 2/3)(urn)4 (5.2.74)

R s(un)'[ 2~n2 (5.2.75)

S- s 24(wpn) 4  (5.2.76)

The solution of (5.2.73) satisfying the initial conditions (S.2.48) is (5.2.49), where

An, Bn, and yn are given by (5.2.50), (5.2.51), and (5.2.52).

Figures 5.26 and 5.27 show the amplification curves for Plate 20, a designa-

15-0 " I "

M 0.106

1.0 Vq

1000 - i

I

0.8 0

0 2 4 6 a 1 1 7104-MODE NUMBER n

FIGURE 5.26 AMPLIFICATION FUNCTIONS FROM INITIAL
DISPLACEMENTS (Plato 20)
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FIGURE 5.27 AMPLIFICATION FUNCTIONS FROM INITIAL
VELOCITIES (Plate 20)

tion meaning a plate with the specifications of Tube 20 (Eh, o'0, p, h, L, V0 , and
appropriately modified m and M). The curves are typical of flow buckling. Growth
is possible only if R2 > 0, which affects only mod',s with a number less than ii
given by (5.2.75) as

ii - l/rp- (5.2.77)

A formula can be derived from the amplification function (5.2.50) for A,
with the Qn, R n, and Sn of (5.2.74), (5.2.75), and (5.2.76), that provides an
approximate prediction for the preferred mode number. If we notice that the
predominant qintity in (5.2.50) affecting the variation of A. with n is the factor

e n?, the value of n maximizing A, is given approximately by 8X+/8(n 2) - 0.
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With ne further approximations this maximization leads to the equation

(irN) 6 - (18p 2/s)(7'N)4 + (18P/s)(NwN) 2 - (9/2sC4) - 0 (5.2.78)

For negligible strain hardening (S :- 0), (5.2.78) reduces to

N3 - 3/37r 3I42 C2

- (18N/lr)(L/h)21Vo/.cr"o7 (5.2.79)

For Plate 20, (5.2.79) predicts N - 7, which is consistent with the maximum
An('r) in Figure 5.26. Predictions for all the plates given by the numerically
obtained maximum of An, by the solution of (5.2.78), and by (5.2.79), are identi-
cal. For 6061-T6 aluminum, the 3-, 4-, and 6-inch-long (7.62, 10.16, and 15.24
cm) plates have N - 6, 7, and 10 and for the 2024-T3 aluminum plates N - 7.
Because (5.2.78) and (5.2.79) predict the same values of N, the strain hardening
does not influence the selection of the preferred mode number.

The trend from rapid to slow buckling behavior in plates is completely
different from that in tubes. Equation (5.2.78) shows that as we consider smaller
impact velocities we regard s -" o, so N -- 1, the lowest integer possible in the
representation. This decrease in mode number represents a large change, whereas,
for tubes the change is small.

A formula giving the amplification resulting from plate impact can be derived
if we first made the approximation*

AN(Tdr X N+/()• ^Nle "(5.2.80)

This approximation requires that J21(frN)2 is small enough to make Sn/R2 small.
If we now employ (5.2.74) and (5.2.75) for Qn and Rn, the result (5.2.78), and

7'f _= )pV20/2o-0, we can convert (5.2.80) into

V - (4 ao/ 3p#&) f(N) 2n (3 AN/4) (5.2.81)

where

f(N)- C2(wN) 2 / [1- (5.2.82)

As an initial prediction for Vo, the preferred mode may be approximated by
(5.2.79), that is,

C2(wrN) - (9c2/2s)l/3 (5.2.79)
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Because s - ao/pVj appears in the right-hand side of (5.2.81), iteration is needed
to determine V0. However, for many cases we may neglect the term 2PC 2(wN) 2 so
that (5.2.81) becomes

Vo- 2(2/3)14 en (3AN/4)] 3 /4

[(co,/p)(h/L)I"121A 2n (3 A,,/4)J13 /4  (5.2.83)

Formula (5.2.83) provides a critical impact velocity for the criterion of a
specific value of A,.

5.3 FORCES AND ENERGY ABSORPTION
DURING AXIAL PLASTIC COLLAPSE OF TUBES

5.3.1 Axial Collapse Experiments

Axial collapse experiments were performed with the apparatus shown in Fig-
ure 5.28. The shell to be tested is 4 inches (102 mm) in diameter and 6 inches

(152 mm) long. A steel aft mass weighing 3.5 pounds (1.59 kg) in the form of a
thick, stepped plate is seen at the left end of the shell. The smaller diameter is a
slip fit into the shell, and the larger diameter extends outside the shell diameter to
provide a flat bearing surface at the step. The front end of the shell is similarly
supported by a thin plate that extends up to a guide bushing. The aft mass is con-
nected to the. same bushing to form a stiff carriage for accelerating the mass and
shell. This is a peg-in-hole connection so that on impact the mass moves forward
freely.

The carriage bushing slides on a steel bar to maintain alignment of the
cylinder as it moves. The assembly is accelerated by another peg-in-hole connec-
tion to a pusher bar, seen at the left of the photograph with its peg not yet inserted
"into the carriage. The pusher bar is accelerated by a pneumatic piston below the
track that supports the pusher carriage and guide bar (not seen in the photograph).
Impact is against a 6-inch-thick (152 mm) by 12-inch-square (305 mm) steel target
block. The guide bar is secured to the target block by a press fit into a hole in the
block accurately machined at a right angle to the impact surface. This arrangement
gives impact simultanously around the circumference of the shell to within 5 gts at
impact velocities near 100 ft/s (30 m/s).
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FIGURE 5.28 SHELL. END MASS, AND GUIDE APPARATUS FOR AXIAL
COLLAPSE EXPERIMENTS

Figure 5.29 gives post-test photographs of an aluminum 6061-T6 shell with a
wall thickness of 0.035 inch (0.89 mm, a/h - 57) tested at an impact velocity of
102 ft/s (31 m/s). It buckled at the ends, where the stress was highest for the
longest time. The total crush (change in length) was 1.55 inches (39.4 mm). Four
half-buckles (two inward, two outward) collapsed at the front end, and one (out-
ward) collapsed at the aft end. The average half-wavelength, referred to the unde-
formed state, was 0.308 inch (7.82 mm). The first two half-buckles at the front
end were in the symmetric mode and the second two were in the third mode
(triangular).

Figure 5.30 gives photographs of an ogival cone of the same wall thickness,
length, and aft diameter as in the cylinder, impacted at the same velocity. Its
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FIGURE 5.29 PLASTIC COLLAPSE BUCKLING IN 0.035-INCH-THICK (0.89 mm)
ALUMINUM CYLINDRICAL SHELL IN 102 ft/sec (31 m/s) IMPACT

(a 2 inches 51 mm, L 56 inches 152 mm)
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i 9-

SFIGURE 5.30 PLASTIC COLLAPSE BUCKLING IN 0.035-INCH-THICK (0.89 mrm)
TAPERED ALUMINUM CONE IN 102 ft/sec (31 m/s) IMPACT

(Ogival cone, front radius 0.5 inch (12.7 mm), aft radius 2 inches
(51 mm), length 6 inches (152 mm)

front-end diameter is 1 inch (25 mm), so its radius-to-thickness ratio ranged from
"14 at the forward end to 57 at the aft end. Total crush was 2.68 inches (68.1 mm),
entirely at the front end where axial stress and strain were highest. Seven buckles
formed, the first in the symmetric mode, the second in the fourth mode, and the
remaining five in the third mode.
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Figure 5.31 gives the record from an accelerometer mounted on the aft mass,
and a tabular summary of observations made from motion pictures taken at 10,000
frames/s. The overall character of the acceleration is that it gradually increases as
the buckles form, because each buckle is at a larger diameter of the cone and
requires a larger force to crush. The numbers on the curve correspond to the times
at which each buckle was first visible in the motion pictures, as given in the inset.
As each buckle begins to form, the acceleratu)n increases, and as each nears com-
plete collapse the acceleration decreases.

A similar observation was made for the cylindrical shell, but the pattern was
not as apparent because only a few buckles formed and the effects of the forward
and aft buckles were intermingled. A third experiment, on a cylindrical shell with a
0.060-inch-thick wall (1.5 mm, alh - 33), showed similar collapse but entirely in
the symmetric mode.

(D
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_.4000.

o TIME FIRST SEEN
BUCKLE NUMBER IN MOVIE Imuc)

1 0.1
IM2 0.5

3 0.3
4 1.2

8 1.8
6 2.7
7 3,6

L;-oo oI I I p.

S2 3 4 5
TIME - mA-

FIGURE 5.31 ACCELERATION OF AFT MASS IN CONE TEST

5.3.2 Theeretlcal Estimates of Collapse Forces

Shell crushing as in these experiments takes place in two distinct stages, buck-
ling and collapse. In the initial stage, a buckling pattern is established by axial
compression, nearly uniform along the shell length, that amplifies some of the
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small imperfections in the shell. This stage is the subject of Sections 5.1 (thin
shells) and 5.2 (thicker shells, as in the tests here) and lasts only a few transit
times of an elastic wave along the shell length. During this time, buckles are
formed throughout the shell length, sometimes too small to be seen but much
larger than the imperfections, so they determine the buckle wavelengths for the
second stage. In the second stage, the buckling pattern undergoes the large defor-
mation collapse that was observed in the motion pictures here. This collapse stage
can last orders of magnitude longer than the buckling stage and, except for very
thick shells, absorbs most of the impact energy.

For shells of intermediate radius-to-thickness ratio, as in Figures 5.29 and
5.30, the buckling modes of the first stage pass reasonably unaltered into the col-
lapse modes of the second stage. For very thin shells, the buckling modes of the
first stage are altered by large deformation elastic buckling which, as seen in Figure
5.1, can increase the buckle wavelengths by factors of two to six. This process is
extremely complex. The buckle pattern for a collapse analysis of these thin shells
is probably best determined by a heuristic argument for patterns that minimize
stretching and the length of plastic hinges that form during collapse. These are the
Yoshimura8 diamond patterns.

S hells in which the transfer from buckling to collapse takes place in essentially
the same pattern are those in which buckling is initiated by axial plastic flow, as in
Section 5.2. Thus, for the shells of Figures 5.29 and 5.30, we use buckle modes A

determined by the analysis of Section 5.2 as initial conditions for a collapse analysis.

Equations (5.2.51), (5.2.52), and (5.2.54) were used to calculate the theoreti-
cal half-wavelengths in Table 5.2. These agree well with the observed half-
wavelengths of collapse in the two cylindrical shells. Calculated wavelengths for
shells in the range 30 < a/h < 100 are given to an accuracy of 2% by the formula

X,- 5.6 h + a/20 (5.3.1)

To calculate collapse force, we use the simple symmetric mode shape shown
in Figure 5.32 and calculate the energy required to collapse a buckle from zero dis-
placement to the nearly completely folded form in Figure 5.32(b). Approximate
extension to polygonal buckles is described later. The simple buckle shape is sug-
gested by the two prinlcipal mechanisms of energy absorption, membrane plastic
flow and plastic bending. In this idealized buckle shape, membrane stretching and
compression take place as hoop strain in the straight sections, and plastic bending
takes place as plastic hinge rotation at the apex of each half-buckle.

In this model, the force at the beginning of collapse is infinite, but the energy
is finite. A large initial force has a counterpart in the experiments, as seen in Fig-
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FIGURE 5.32 BUCKLING SHAPE USED IN THEORY TO PREDICT
PLASTIC COLLAPSE FORCE I

ure 5.31, but the model is not expected to reproduce the detailed force history.
Instead, we calculate the energy U for complete collapse and divide by the axial dis-placement to determine an average value for F. Thus, we use

Fav- U/(X, - 3h) (5.3.2)

in which 3h is the typical final value X, of instantaneous half-wavelength X as
observed in the experiments. For complete folding to a solid form, x, - h.

During crush, the instantaneous energy absorbed by hoop strain is

?,0/2

Uh 2wahcr.o2 f e(Xs) (5.3.3)
0

in which ro, is flow stress, and

s) 2As/A.,a (5.3.4)

is circumferential strain. The instantaneous buckle amplitude, from the geometry
in Figure 5.32, is

A(X) - x 2)1 2/2 (5.3.5) 1
Substitution of Equation (5.3.5) into Equation (5.3.3) and integration as indicated
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gives for the instantaneous hoop energy

wrho-. X. "
Uh - 2 ho '°2 - K 2 )'1 2

2

The total hoop strain energy absorbed by each half buckle is found by substitution
of the final value Kr - 3h, which gives

Uh(3h) 2 (K, _ 9h 2 )W (5.3.6)S~2

The instantaneous energy absorbed by a plastic hinge is

Ub(X) - 2,raMoO (5.3.7)

where the piastic moment* per unit of circumference is

MO- o'h 2 A

and, from the geometry in Figure 5.32, the hinge rotation 0 is

0 - 2cos-'(X/.o)

The total energy absorbed by each plastic hinge is

Ub(3h) rao'h 2 cos-1(3h/K,0 ) (5.3.8)

The strain energies from Equations (5.3.6) and (5.3.8) are added and then
equated to the work done by the average axial force as indicated in Equation (5.3.1)
to obtain finally

ir hcr 21/Fave - 3h (X° - 9h 2)' 12 + ah cos- (3h/.), (5.3.9)

With Equations (5.3.1) and (5.3.9), a graph was constructed of the average
collapse force versus radius-to-thickn-ss ratio. The result is shown in Figure 5.33.
The collapse force is normalized witii respect to F. - 2wraho-,0 the force that pro-

Bending strain dominates at the hinges, and hoop strain dominates away from the hinges. Therefore,
the interaction of hoop and bending deformation is neglected.

I.. .. .. ... ..... .. ..
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FIGURE 5.33 PREDICTED AVERAGE PLASTIC COLLAPSE FORCE VERSUS
RADIUS-TO-THICKNESS RATIO IN 6061-T6 ALUMINUM
CYLINDRICAL SHELLS

duces yielding of the shell in axial compression. Also shown are the separate con-
tributions from hoop strain and from bending at the plastic hinges. The contribu-
tions from the two mechanisms are comparable.

5.3.3 Comparison of Theory and Experiment

Equation (5.3.9) was evaluated for the two cylindrical shells in the experi-
ments. For both cases, a,. - 45,000 psi (310 MPa) and a - 2 inches (51 mm).
For the first shell, h - 0.035 inch (0.89 mm), a/h - 57, and A. - 5.6h + a/20 -
0.296 inch (6.83 mm). The calculated average collapse force is F." - 3250 pounds
(1483 kg), and the calculated acceleration of the 3.5-pound (1.60 kg) aft mass is
930 g. This is in excellent agreement with the average acceleration measured dur-
ing postbuckling collapse, as shown in Figure 5.34(a)" For this case 33% of the
energy was absorbed in hoop strain and 67% in bendir4 strain.

"The measured acceleration versus time histories have been converted to acceleration versus crush for
comparison with the theory. This conversion is particularly useful for the cone discussed later.
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FIGURE 5.34 MEASURED AND PREDICTED AVERAGE ACCELERATIONS
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For the second shell, h - 0.06 inch (1.52 mm), a/h - 33, and X. - 5.6h +
a/20 - 0.436 inch (11.1 mm). The calculated average collapse force is F."
7420 pounds (3386 kg), and the predicted acceleration of the 3.5-pound (1.60 kg)
aft mass is 2120 g. This is also in good agreement with the average acceleration
measured during the postbuckling collapse of a single buckle. For this case, 40% of
the energy was absorbed in hoop strain and 60% in bending strain.

Thus, this simple theory can predict the average postbuckling collapse force,even though the assumed axisymmetric buckling modes are not the only ones

observed in the experiments. [Recall that, in the plastic collapse test of the 0.035-
inch-thick (0-89 mm) shell, the first two buckles formed were axisymmetric, but
the other two buckles were in the third (triangular) model This is reasonableI I
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because the average hoop strain energy depends primarily on the axial buckle
wavelength, and the bending strain energy depends only on the shell circumfer-
ence, both of which are independent of the circumferential buckling mode. This
result also suggests that the theory can predict the collapse force in the tapered
cone, in which most of the buckles produced were asymmetric. Therefore, the
theory was applied to the cone.

As for a cylinder, the theory applied to a cone can be used to predict the aver-
age force for the collapse of each buckle. Thus, for the collapse of more than one
buckle, the theory would predict the force-crush function to be a series of steps
corresponding to the collapse of buckles at increasing diameters and buckle
wavelengths. Since this stepped function is an approAimation to the smooth and
continuous force-crush function shown in Figure 5.31, no loss in accuracy is intro-
duced by approximating this stepped function by a smooth and continuouts function.
Specifically, it is assumed that the strain energy density is a continuous function of
the coordinate x along the cone axis. Thus, in Equations (5.3.1) and (5.3.9), the
wavelength X., as well as the radius a, are taken as continuous functions of x.

The force-versus-crush relutionship for the cone test was then calculated from
Equation (5.3.9). For comparison with experimental data, two conversions were
made. First, the crush force was converted to acceleration of the aft mass by divid-
ing it by the weight of the 3.5-pound (1.60 kg) mass. Second, the axial coordinate
x was converted to crush distance by multiplying it by the factor (,o - 3h)/.\,,
where this factor is also considered a continuous function of x.

The predicted and measured curves of acceleration versus crush distance are
shown in Figure 5.34(b). As for the cylinders, good agreement is obtained between
the predicted and measured average acceleration versus crush.
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6. PLASTIC FLOW BUCKLING OF RECTANGULAR PLATES

6.1 INTRODUCTION

Figure 6.1 c.hows the plastic buckling that occurs when tubing of square cross
section is subjected to axial impact at velocities sufficient to cause moderate plastic
strains.' Each side of the tube is a laterally supported rectangular plate under uniax-
ial compression. In the experiments to be discussed later, it was found that the
wavelengths of the buckles like those shown in Figure 6.1 were fairly uniform along
the length of each plate and that they were reproducible.

too

FIGURE 6.1 PLASTIC BUCKLINI,%'; OF SQUARE TUBES CAUSED
BY AXIAL IMPACT

Rather thatn develop a theory to address the experimental observations
directly, we consider first a more general case of imposed in-plane loading.
Specifically, we apply as part of the unperturbed state the proportional loading
Nx, NY., and N.Y (see Figure 3.41 for plate nomenclature and coordinates) along
the edges of the rectangular plate to create a uniform stress field
(T-x°, cry°, and •-ry° independent of the depth coordinate z. Buckling is again

Jt~OUO~IE&

-*IIt"m



350

defined as the growth of plate deflections stemming from initial transverse
deflections or velocities. Derivation of the equation governing plate deflections
uses rigid-plastic theory with the von Mises yield condition, the associated flow
rule, and linear strain hardening. We assume that no strain-rate reversal occurs and
that the strain hardening allows us to approximate the unperturbed driving stresses
with constant values; that is, the strain hardening should not be
excessive.

The governing equation is specialized to treat uniaxial compression and is
solved by modal analysis. The solution predicts preferred buckling mode numbers
in reasonably good agreement with experimental mode numbers. The solution is
also used to derive formulas for preferred mode numbers and the relationship
between the plate impact velocity and the amplification of the initial deflections.

6.2 PERTURBATIONAL FLEXURE

The nomenclature, sign convention, and coordinate system are shown in Fig-
ures 3.39, 3.40, and 3.41. Let ,x, iy*, and ,. be the midsurface strain rates
associated with the stresses ar*, a, *, and r'yo, caused by the external in-plane
loading Ng, Ny, and Nxy. Then, as flexure develops because of initial transverse
displacements, wo(x,y) and *•, (x,y), the strain rates are

fi mq
0 + zic X i ,- + zioy ix- - x + zixy (6.2.1)

assuming that plane sections remain plane. In (6.2.1), the changes of curvature
and twist are

81w 82W 82W
Px -- ax2 fty 8y-2 -XY " x•y (6.2.2)

where w - w(x,y,t) is the deflection added to the initial lack of planarity
Wo- w0(x,y).

After eliminating i,, by means of the plastic incompressibility condition

ix + iY + Ez- 0

the equivalent strain rate becomes

i2 4(i + i2 + EiE + i2)/ (6.2.3)
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which, according to (6.2.1), is approximately

i2_ +(8z/3) 1i xA+ iy" +(ixky+ ;kx)/2 + x;-xy] (6.2.4)

In (6.2.4), io is the equivalent strain rate at the midsurface.

An approximation to the equivalent strain rate is obtained by noting that the
perturbation term in (6.2.4) is small relative to the unperturbated term, 4o. Thus,
approximately

i -- i + (4z/3) k; kx + i; ky + (4x'ky + i'ykx)/2 + ixy kxy]o (6.2.5)

We now restrict our problem to cases of proportional loading. In other words, we
consider cases in which oax, cry, and i-y* are maintained in constant ratio
throughout the motion. With the usual assumption of plate theory that oa' - 0,
the equivalent stress is given by

o.2 .2 + -2 o*xO.2 + 372y (6.2.6)

and the proportional loading leads to constant values of the ratios
o.0/o.°, o-y°/o.°, and r~xy/o-°, where o.0 is the midsurface value of the equivalent

stress. Because of the flow rule

i- X Ocx' I EY- A oy' Exy- -•xy i - 2X•o/3 (6.2.7)

associated with the von Mises yield condition, we have the midsurface strain rate
ratios

ix/io- (2o.; - o.,°)/2o.° iO/io - (2o.* - o.; 0)/ 2 °

ix /t" 3Txy/2o." (6.2.8)

aid proportional loading keeps these ratios constant. In (6.2.7)
i

cro' - (2a,, - oad)/3 and ocr' - ( 2 0"y - crT)/3 (6.2.9)

are the deviatoric stresses when o,, - 0. We can now integrate (6.2.5) to give the
equivalent strain

f t-o+ (4z/3) [itX +EyOKY+ (i 0 Ky+E y K,)/2 +ixo;Kxy J/i (6.2.10)

t _
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The flow rule in the form (6.2.8) allows us to express (6.2,10) as

E = E+ - z(a, PK, + a- 0 iy + 2v'xY* Cxy)/O&° (6.2.11)

which we can introduce in the linear strain-hardening law

a-= a + Ehe (6.2.12)

to give

a- o" + z(O-. 0 Kx + o-yoKy + 2-x;Kxy)Eh/O-° (6.2.13)

From the flow rule (6.2.7) and the deviatoric stress (6.2.9), we have

x (2x + i,) (2o-/30) cr, - (2My + ix) (2oa/30)

T XY = -xy(2or/30) (6.2.14)

If we substitute in (6.2.14) the strain rates (6.2.1) and (6.2.5) and the stress
(6.2.13), we obtain the stress formulas

or -, + z[ (2 - 3(12/2)kx + (I - 3 afl/ 2)icy - 3cz),cxy}/io

+ Eh a(xKx + "91y + 2VKxy)J (6.2.15)

a+ z {(1 - 3 aj/2)kx + (2 - 3p/2)i - 3Miixc)/xo

+ Eh #("), + #Ky + 2vKxy)J (6.2.16)

T - Ty° + zI -(3acy/2)k, - (3/y/2)ky + (1 - 3. 2)k,}/.

+ Eh y(,aK + 3•KY + 2YKxy)] (6.2.17)

where
ad- 0°/o'° - T-0 /o° V - Txy;/o"° (6.2.18) 1

and

io 3 0/2o-° (6.2.19) 1



I

353

From the yield surface relation (6.2.6) the constants are related by

a2 + #2_ Ca + 3Y2 - 1 (6.2.20)

which means that only two of the three possible loading forces Nx, NY, and Nxy
are independent when plastic straining is occurring in all three components. The
loading is specified by two of the constants a•, P, and y of (6.2.18) and the flow
rule (6.2.8) requires the corresponding strain rate ratios to be

i21/o - ( 2a - P)/2 -/io- (2Up- a)/2

io/io= 3y/ 2  (6.2.21)

We still have to specify the loading rate through the midsurface equivalent strain
rate, i., before the loading specification is complete. Another way of looking at
loading rate specification is to specify one of the strain rate components while keep-
ing their ratios constant, in accordance with (6.2.21). This procedure determines
the equivalent strain rate, i.. Time integration determines eo and hence, by
(6.2.12), the equivalent stress cr". Thus the io of (6.2.19) is determined.

The forces and moments in a plate of thickness, h, resulting from the stress i
distribution (6.2.15), (6.2.16), and (6.2.17) are

cr.*= h NY - Orh N -,y~h (6.2.22)

M '11(2 - 3a 2/2)kx + (1 - 3ap/ 2 )iy 3aiyx,/y/io

+ Eh a(aK, + Picy + 2vKxy)Jh3/12 (6.2.23)

[1(1 - 3ap/2)kx- + (2 - 3p 2/2)ky- 3viy/xo

S+ Eh a(ac + I3 acy + 2vcxy,)1h 3/12 (6.2.24)

Mxy 1-(3ay/2)kx - (3p-y/2)ky + (I - 3y2)iCxY}/iO

+ Eh y(aKx + P3icy + 2yxxy) h'/12 (6.2.25)
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Once again we see that each moment has two components, one directional and the
other hardening.

6.3 GOVERNING EQUATION

6.3.1 General Loading

The equation of motion of a plate was derived in Section 3.5. Allowing for
the deflection being the sum of the initial and buckling deflections, we have

a2M, 8 +6M 7+x 2  +y"--

1 82 82 ph 2w
+ N, + 2N a2 +N, -L (w+wo) ph= w (6.3.1)

After substituting expressions (6.2.22) through (6.2.25) for the forces and
moments, with (6.2.2) giving the curvature and twist changes, (6.3.1) becomes

(4 - 3a) 12 ay x38y + 2(4 - 3ap - 6y 2) 8x28y2

a 1 h2

8 6w•6w 8'w ___ •26' h2Eh
+ + 4., aw + 2(P+2y) 84x2 + 4g COyW + 2 12CX3ay aX28y2 axay3 ey 4 12•

c- a' + 2,r, + " - -L (w + W.) + P* -0 (6.3.2)

The constants a, P, and y are given by the midsurface stress ratios (6.2.18).

6.3.2 UnlaxIal Compression

To represent uniaxial compression, we take

Or - - o(. 0 > 0), a•* T,y7 - 0
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so that from (6.2.18)

a~-- g-0 vy 0

Consequently, the flow rule formulas (6.2.21) give the strain rates

ix' - -io Q. > 0) , iry - i0/2 , E'xy -0

and (6.2.19) gives the plastic flow parameter

- 3ix*/2or'x

We specify ix, and hence i., from which we obtain e.. The linear strain-
hardening law (6.2.12) then gives cr°, and hence o'•. Thus ?o is determined.

The governing equation (6.3.2) now reduces to

urx.h 2  4w 4 1
h2h 4w oX2  0 2 0Wo J

+ 2+ P (6.3.3)

As an approximation we let the uniaxial stress o-X* be a constant equal to the aver-
age value from the stress-strain curve up to the strain at which the deflections are
to be evaluated. Also, we shall restrict our solutions to cases of constant strain
rate. Thus, we let

o- -x - (i > 0) ix- -V/a (6.3.4)

where V is rate of decrease of a plate of length a.

By introducing in Equation (6.3.3) the dimensionless quantities

u -w/h Uo - wo/h e -x/a ) -y/b

r -Vt/a a' - h2/12a 2  -Eh/5 v " a/b

s 2pV2  (6.3.5)

in which b is the width of the plate, we obtain the equation governing uniaxial
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compression in the form

4 8•8-v42 1 aq4 44 8 ofu 6 2u &Uo

( ) 8/ (6.3.6)

The first term represents inertial resistance to buckling, the second group involving
6 represents the directional moment resistance, the third term represents the
strain-hardening moment resistance, the fourth term represents the axial thrust
causing buckling, and the final term represents the influence of the initial deflection
imperfections.

6.4 UNIAXIAL COMPRESSION OF SIMPLY SUPPORTED PLATES

6.4.1 Modal Solution

In terms of the dimensionless space variables f, q, u (replacing x, y, w) the
boundary conditions for a simply supported rectangular plate are

u =0 0 -- ol

u 0 AM2 -0 -0,1 (6.4.1)

The initial plate deflection and transverse velocity may be represented by

uo(-,7) a., sinmwf.sinnwrj (6.4.2)
m n

f) (Q,,, 0) " brn sin m•rf. sin nirq (6.4.3)
m n

Physically, according to the dimensionless groups (6.3.5), the amplitudes amn and
bran are fractions of the thickness h and the quantity hV/a, respectively.

For the deflection representation, we let

u(f,,") -- ,mn(,r).sinmvr' sinnwrq (6.4.4)
m n
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in which the coefficients satisfy the initial conditions

Um)(O) 0 (0) - b.n. (6.4.5)

Substitution of (6.4.2) and (6.4.4) in the governing equation (6.3.6) leads to

the requirement that

Urmn + Urn+ -- Umn ,, Sm ama (6.4.6)

* where the coefficients are

Qm, "a21(roW)4 + 8' 2(mv)2 (nir) 2 + 4y4(nw) 4  (6.4.7)

R - 2s(mwr)2 1 - a0(mwr) (6.4.8)

S. 2s(mw) 2  (6.4.9)

The solution of (6.4.6) satisfying initial conditions (6.4.5) is

U "-- Amn(T) amn + BmR(T) brns (6.4.10)

. where

whr ^o + el e + (a - 1 0 + Sm/R 2) (6.4.11)

BM. -(e %.+0- et,)/(-+- ) (6.4.12)

] ~M MR• " 1±(~.+4t)/-Q /2 (6.4.13)

The solution (6.4.10) shows that each coefficient in the modal representation
(6.4.4) is obtained by an amplification of the corresponding initial displacement and
velocity :oefficients. The magnification factors or amplification functions Am. and
BMO, given by (6.4.11) and (6.4.12), contain exponential terms that suggest growth
with time. From (6.4.13). only ,+ can be positive to provide exponential
amplification and + is positive if R 2> 0, that is, if m < 1/ warp/. Thus 1B-
I/wm,/i may be considered as a cutoff mode number in that only modes with m <

Wi am amplified.
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The partial derivative of X. +, with respect to (nw) 2 is negative for all positive
values of n. Hence the value of n that maximizes Xm+n is n - 1, and we may
rewrite the solution in the form

u (f, o,) - sinvq • urn("r) sinmwr (6.4.14)

m

where the coefficients satisfy the equation

Um + QmUm-Ri Um Sm (6.4.15)

with

Qm O2r(mr)4 + 8(ywP)(mw) 2 + 4(vw')4 (6.4.16)

RI 2s(Mi)2[ 2p (MV) 1 (6.4.17)

Smi- 2s(m7T) 2  (6.4.18)

The solution of (6.4.15) satisfying the initial conditions

"uM(0) - 0 6 m(O) -bm (6.4.19)

is

"Um(7) - Am') am + Bm(T) bm (6.4.20)

where

Am -I[(Xg+ ex- n;, Ae +T)/(X+- X,) - 1J(I + Sm/Rm) (6.4.21)

Bm - (exrn- e o•+)!O(4- X,) (6.4.22)

I (Q2+ 4RI)1/2Q /2 (6.4.23)

4.4.2 AmdU'tion Functions

The dependence on the mode number m at a given time of the amplification
functions (6.4.21) and (6.4.22) is illustrated by plate LAC-2 of the experiments
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described in Section 6.6. The data for LAC-2 are as follows.

length a - 5 inches (12.70 cm)
width b - 3A inch (1.91 cm)
thickness h - 1/16 inch (0.16 cm)
density p - 0.097 lb/in.3 (2.7 S/cm 3)

impact velocity V - 310 ft/s (94.45 m/s)
yield stress - 30,000 psi (207 MPa)
hardening modulus Et - 48,300 psi (333 MPa)

The corresponding values of the dimensionless parameters are

02 - h2/12a 2 - 1/76800 # Eh/& - 1.61 ,- a/b -6.67

s - &/2pV2 -4.29 'r" 0.16

in which T r is the fractional shortening of the plate caused by uniaxial compression.
The parameter values are substituted in (6.4.16-1 through (6.4.18), leaving
Qm, Rm, and Sm,, and hence X+ andX-, as functions only of the mode number
m. The resulting amplification functions are' shown in Figures 6.2 and 6.3. The
development and shape of the curves are typical of plastic flow buckling showing
the band of harmonics with the largest amplification. The value of the preferred

mode number, corresponding to the maximum amplification, remains the same
during the second half of the motion.

6.4.3 Preferred Mode and Critical Velocity Fersulas

In many cases, including the experiments discussed in Section 6.6, the proper-
ties and conditions are such that Q. >> 2Rm when m is near the preferred mode
number. In these cases we may approximate the final value of the amplification
function by

A.(T r) - e M'flQ. (6.4.24)

Differentiation of (6.4.24) with respect to m2 and equating the result to zero leads
to the equation

[1 + 8a 2p (vw)21 (mW) 4 + Sa2p (),W) 2 (mVr) 2 - 4(ywa) 4 - 0 (6.4.25)

for the preferred mode. This result may be simplified even further for cases in
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which av(v.W) 2 < 2 or, with physical quantities, Eh/5 < 2(b/h) 2. in these
cons,

m2 - 2,y[(1 + 8a•(,,r)1)"/2 - 2-2P(,yw)2 (6.4.26)

Finally, if 8a, (vw) 2 is small enough to allow binomial approximations, we have

m2 = 2v[11 + 2.,c2()w)2 ? (6.4.27)

Let us examine briefly the conditions we have introduced,. The condition

Q~m>> 4R•, assuming that the preferred mode is comparable to the value of y

140 1
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MOE E NUMBER - m

FIGURE 6.2 AMPLIFICATION FUNCTIONS FROM INITIAL
DEFLECTIONS
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S•bis stidiedif 4(5:/pV2) (hk/b)4( ~)2 > > I. I ecnie lt ewe
a/b, is satisfied if aproah h (a/b » If we consider a plate between
two rigid walls that approach each other at velocity V satisfying V/c « <
i 2(h/b) 2 (d/b)/ptV, where c - (EpA p)'12, the preferred mode by (6.4.25), is
independent of V. For plate SAC-4 of the experiments, we require V <« 5600
ft/s (1707 m/s). In the experiment, V - 578 ft/s (176 m/s) produced a shorten-
ing of 29%, so we predict that the preferred mode is independent of impact velocity
for this plate geometry and material.

The next condition, Eh/5 < 2(b/h) 2, also applies to the experimental plates.
For SAC-4, we have b/h - 4 and 5 - 30,000 psi (207 MPa), so if the average
hardening modulus is such that Eh < 960,000 psi (6614 MPa), we can employ
(6.4.26) to predict the preferred mode. The final condition in physical terms is that
(2•2/3) (h/b)P, should be small enough compared with unity to allow binomial
approximations. For plate SAC-4, which has the highest value of the thickness-to-
width ratio of all the plates tested, we obtain 0.66. Formula (6.4.26) cives m -
1,06,fy, - 15, whereas (6.4.27) gives m - 14.

If we approximate the preferred mode number by m - 4y and substitute
this value in (6.4.16) and (6.4.17) for Q. and RM, we obtain from (6.4.24) the

It
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corresponding amplification function

A,('rr) " (6.4.28)

where r• - Vtr/a. We are now in a position to obtain an approximate relationship
between V, the constant rate of plate shortening, and the amplification function for
the preferred mode, at time tr.

Let the physical event correspond to the experiments of Section 6.6, as
depicted in Figure 6.4. The plate with a mass M at the rear impacts a rigid surface
at normal incidence with a velocity V. Because for simplicity the theory assumes a
constant velocity throughout the shortening Aa, we take the duration of shortening
to be tr - Aa/V; therefore, Tf - Aa/a is the final value of the strain 6,. We now
equate the plastic work to the initial kinetic energy of hie mass to obtain

abhir-r MV2/2 (6.4.29)

AA - a

Rigid Rigid
Wall Mm

h
MA-7•04-40

FIGURE 6.4 PIATE UNDERGOING COMPRESSION

Introducing in (6.4.29) the plate mass and the mass ratio

m - pabh g - M/m (6.4.30)

gives

.r - plAV 2/27 (6.4.31)

Substitution of rf from (6.4.31) into (6.4.28) then leads to the required relationship

between impact velocity and amplification function

V 2  (2I/pgs)6ac(.yW) 2QnAm

- VwI/pj) (h/b) 2QnA, (6.4.32)
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Formula (6.4.32) may be regarded as a formula for the critical impact velocity that
produces the maximum acceptable amplification factor. For plate SAC-4, if we
choose Am - 10 the critical velocity is Vc - 670 ft/s (204 m/s). In the experi-
ment, an impact velocity of 578 ft/s (176 m/s) caused moderately large buckling
amplitudes.

6.4.4 Directional and Hardening Moments

When formula (6.2.23) for MK is specialized for application of uniaxial
compression of simply supported plates, it becomes

M, - [(kx/2 + ik,)/I 0 + Ehgxjh3/12 (6.4.33)

where X, = 3V/2ai, and the curvature changes are the derivatives (6.2.2). In
terms of the dimensioniess "ariables (6.3.5) the moment expression (6.4.33) is

M a- 2 ., +2 3+ a ,2/3 (6.4.34)

where M - Mx/5h 2.

in Section 6.4.1 we showed that the preferred lateral mode number is n - 1,
so we represent u by (6.4.14) and M by

M - sinlrr 71 Mm sin mwf (6.4.35)
m

Thus, Equation (6.4.34) gives

M - [((m-r)2 + 2(y 7r) 2 )lm + 3p(mi')2umIa2/3 (6.4.36)

The amplification function is Am given by (6.4.28) when we approximate the pre-
ferred mode number by m -- -2.f For displacement imp,-fections alone,
Um R mam so (6.4.36) becomes

Mm - 12/3a2 + 6p3(VYI)2]1 Amam/3 (6.4.37)

givii,,j as the ratio of the directional and hardening moments

A Mmd)/M (h)- 1/9a 2 (yjr)- (4/31T2) (b/h)2/Eh (6.4,38)
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Among the simply supported plates of the experiments, SAC-4 gives the lowest
value of the ratio A (1.34), which indicates that for this plate the directional
moment is more important than the hardening moment. For SAC-I, 2, and 3,
which have half the thickness of SAC-4, we obtain A - 5.36, so in these plates the
directional moment dominates.

6.5 UNIAXIAL COMPRESSION OF UNSUPPORTED PLATES

In the CSC series of experiments, the plates were not supported along the
edges. It was observed that the plate buckling deformations were independent of
the transverse coordinate. Consequently, we eliminate the y coordinate from our
theory to predict the preferred buckling mode and to obtain a critical velocity
formula.

6.5.1 GoTerning Equation, Modal Solution, and Ampllfatlon Functioms

If the dimensionless deflection u is taken to be a function of dimensionless
length and time, f and -r, the governing equation (6.3.6) becomes

ii + sa 2u'jl- + 2sa 2igu"" + 2su" - -2su." (6.5.1)

where the dimensionless quantities are those of (6.3.5). The boundary conditions
are

u-'0 and u"-O at f- 0,1 (6.5.2)

The initial plate deflection and transverse velocity may be represented by

u - am sinm-r" (6.5.3)

u(CO) - bm sin mTv (6.5.4)
m
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The buckling deflection may be represented by

u(J, - u .(T) sinmwf (6.5.5)
m

in which the coefficients satisfy the initial conditions

ur(0) - 0 um(0) - bm (6.5.6)

Substitution of (6.5.3) and (6.5.5) in the governing equation (6.5.1) leads to

the requirement that

Urm + Qmtm - R 2um - Smam (6.5.7)

where the coefficients are

Q m M sot I(MV) 4 (65)

m- 2s(mr) 2 [1 - a 2P(m~r)2 ] (6.5.9)

Sm- 2s(mw ) 2  (6.5.10)

The solution of (6.5.7) satisfying the initial conditions (6.5.6) is

Un(T) Am(7") am + Bm("r)bm (6.5.11)

where the amplification functions are given by

Am - I(•-m -e•'4' / (X+ -X?)- (1 + Sr/R 1) (6.5.12)

S(53

)t [(Q2m + 4R2)- Qm /2 (6.5.14)

V
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6.5.2 Preferred Mode and Critical Velocity Formulas

In formulas (6.5.12) and (6.5.13) for the amplification functions, the dom-
inant factor is the exponential term with the positive power X ',+. We can there-
fore base a prediction for the preferred mode on the value of m that maximizes

+. From (6.5.14), (6.5.8), and (6.5.9), X+ is maximized by the value of m
satisfying

sa 4 (mn'r) 6 - [1 - 2a2W(mwr)2I = 0 (6.5.15)

In many cases, as in the CSC series of experiments, we may neglect 2a 2 / (mw) 2 in
(6.5.15) to obtain

m _ l/i(sa4)'1 6  (6.5.16)

for the preferred mode number.

If (6.5.16) is substituted in formula (6.5.12) for the amplification function Am
we obtain

Am(Tf) = (4/3) e(3/' 2)1/3,r (6.5.17)

for its value at the final compressive strain r-f.

We again consider the plate being compressed between a rigid wall and a mass
M that approaches the wall at a constant velocity V, as shown in Figure 6.4. Substi-
tution of the relationship (6.4.31) for the final strain in (6.5.17) leads to the rela-
tionship between the impact velocity and the amplification function

V 2 _ (4&/p1A3 / 2 ) a [en(4Am/3) ]3/2 (6.5.18)

Formula (6.5.18) may be regarded as a formula for the critical impact velocity that
produces the maximum acceptable amplification factor. For plates 4CSC-1, 2, if we
choose Am - 10 the critical velocity is Vc - 70 ft/s (21 m/s). In the experiments,
the results of Figure 6.5 show that distinct amplitudes occurred at V - 59 ft/s (18
m/s) and that excessively large amplitudes occured at V - 100 ft/s (30 m/s), indi-
cating that the critical velocity formula provides reasonable predictions.

6.5.3 Directional and Hardening Moments

If we follow the procedure of Section 6.4.4 for comparing the magnitudes of
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FIGURE 6.5 PLASTIC BUCKLING OF RECTANriULAR PLATES CAUSED

BY INPLANE IMPACT

the directional and hardening moments, we find that the dimensionless moment is

M -Wi + 3p9u)"al/3 (6.5.19)

which is (6.4.34) when u is independent of q?. When M is represented by

M - M. sinmirf (6.5.20)
In

and u is represented by (6.5.5) we have

Mm W,, + 3#3umn) (Mir) 2C,2 /3 (6.5.21)

If we let m be the preferred mode number given approximatt ly by (6.5.16) and
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confine our investigation to the amplification function Am given approximately by
(6.5.17), we obtain from (6.5.21)

Mm - [(s/a2)1/3 + 3p Um(mMr)2a2/3 (6.5.22)

Hence (6.5.22) gives ihe ratio of the directional and hardening moments as

A - Mmd)/M- h) . (S/aC2)I/3/3P (6.5.23)

For plate 4CSC-3 this ratio is A - 5.9, which indicates that the directional
moment is more important than the hardening moment. The values of A for
4CSC-2 and 4CSC-1 are 9.8 and 8.9.

6.6 COMPARISON OF THEORETICAL AND EXPERIMENTAL RESULTS

Square tubes of aluminum alloy 6063-T5 were projected against a massive
steel target slab as described in Section 5.2.9 for circular tubes. Figure 6.1 shows
an undeformed tube and three specimens designated LAC-1, -2, and -3 that were
subjected to axial impact at velocities of 184, 310, and 344 ft/s (56, 94, and 105
m/s). Buckling is evident in LAC-2 and LAC-3. Each side of the tube is regarded
as a rectangular plate. In the theory, the edges are regarded as simply supported
because rotation occurred there. The transverse mode is a single halfwave (n -
1), and several waves appeared along the length. The stress-strain relationship was
obtained from standard tensile tests, the results from which are shown in Figure 6.6

Table 6.1 lists the data for 12 plate experiments. The last three specimens
listed (4CSC-3, -2, -1) were from tubes of square cross section but with cuts along
the edges to provide free supports. Figure 6.5 shows the buckled state of these
plates caused by impact.

Table 6.2 compares the predicted and experimentally obtained preferred mode
of buckling. The numbers refer to the number of halfwaves along the length of the
plate. In the column under Am(,'f), the numbers were obtained from the maxima
of formula (6.4.21) when T - rf. These are the mode numbers based on the
growth of the initial deflection imperfections. Similarly, the numbers in the column
headed Bmt("f) were obtained from the maxima of formula (6.4.22) when T - -r.
These predictions are based on buckling arising from initial velocity distribution.
The column headed formulas gives the preferred mode numbers predicted by
(6.4.27) for simply supported plates or by ((,.5.16) for plates with free edges, both
for initial deflection imperfections. The final column gives the numbers obtained in
the experiments.
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A comparison of the predicted and experimental mode numbers in Table .,2

indicates that the theory employing the growth of initial deflection imperfections
leads to satisfactory predictions. For the simply supported plates, the predictions
based on the influence of the initial transverse velocity distribution are low, espe-cially for the plates in which the buckling is not well developed. In these cases the

Bm vs m curves are still fairly flat over a wide range of m; therefore, selecting the
maximum to give the preferred mode is not necessarily realistic. The predictions
improve for plates with well developed buckling (for example, see the trend for
SAC-3, -2, and -1). For the free supported plates (4CSC-3, -2, -1), the predictions
based on the influence of the initial transverse velocity distribution are satisfactory.

6.7 SLOW BUCKLING

When the impact velocity is small the inertia terms in Equation (6.3.6) can be
neglected; the parameter s, which contains the velocity, then cancels throughout.
Equation (6.4.15) for the modal amplitudes becomes

Qm.m - RmUm - Smam
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Table 6.1

EXPERIMENTAL DATA FOR RECTANGULAR PLATES

Width Thickness Yield Modulusi Velocity Shortening
b h & Eh V la/a Mode*

Specimen* (cm) (cm) (MPa)f (MPa) (m/s) (%) m

SAC-3 1.27 0.159 207 333 61 10 19
SAC-2 1.27 0.159 207 333 91 23 19
SAC-i 1.27 0.159 207 333 122 36 16

LAC-1 1.91 0.159 199 404 56 7 13
LAC-2 1,91 0.159 207 333 94 16 12
LAC-3 1.91 0,159 207 333 10S 30 14

LAC-4 1.91 0.318 207 333 Its 15 14
LAC-5 1.91 0.318 207 333 140 20 10

SAC-4 1.27 0,318 207 333 176 29 13

4CSC-3 1.91 0.159 164 1792 18 I 8
4CSC-2 1.91 0,159 177 339 30 3 10
4CSC-1 1.91 0,159 177 839 35 3 10

All plates of length a - 12.7 cm (5 inches).

' Value at a - 10% when a > 10%.
5 Number of halfwaves.

00.1 MPs -14.5 psi - I bar,

Table 6.1 (concluded)

EXPERIMENTAL DATA FOR RECTANGULAR PLATES

Width Thickness Yield Modulust Velocity Shortening
b h 5 E6 V ha/a Mode4

Specimen* (inch) (inch) (psi) (psi) (ft/s) (M) m

SAC-3 1/2 1/16 30,000 48,300 199 10 19
SAC-2 112 1/16 30,000 48,300 300 23 19
SAC-I 1/2 1/16 30,000 43,300 400 36 16

LAC-1 3/4 1/16 28,700 58,600 184 7 13
LAC-2 3/4 1/16 30,000 48,300 310 16 12
LAC-3 3/4 1/16 30,000 48,300 344 30 14

LAC-4 3/4 1/8 30,000 48,300 377 15 14
LAC-5 3/4 1/8 30,000 48,300 460 20 10

SAC-4 1/2 1/3 30,000 48,300 578 29 13

4CSC-3 3/4 1/16 23,800 260,000 59 1 9
4CSC-2 3/4 1/16 25,700 121,700 100 3 10
4CSC-1 3/4 1/16 25,700 121,700 115 3 10

'All plates or length a - 5 inches.

t Value at e - 10% when >/ 10%.

SNumber of halfwaves,
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Table 6.2

THEORETICAL AND EXPERIMENTAL MODES

Preferred Mode Numbers

Specimen Am(Tr) B,(rr) Formulas Experiment

SAC-3 14 6 14 19
SAC-2 14 9 14 19
SAC-I 14 11 14 16

LAC-1 10 5 9 13
LAC-2 11 8 9 12
LAC-3 11 9 9 14

LAC-4 9 3 9 14
LAC-5 9 4 9 10

SAC-4 12 4 14 13

4CSC-3 7 5 6 8
4CSC-2 8 6 7 10
4CSC-1 8 7 8 10

where

Qm -a2I(mW.)4 + 8(YW) 2(mr) 2 -+ 4(.yw)41R 2 a
SR --2(m~lr)2[1 - a2.8(mwr)2I

S. - 2 (mw) 2

which determines the amplification factor of the initial deflection imperfections

Am(.) - (eat' /Qm - 1) (Sm/R2)

If we choose the preferred mode number as the value of m that maximizes
the ratio R,'/Qm, we obtain formulas (6.4.25), (6.4.26), and (6.4.27) according to

relative magnitudes of properties occurring in the formulas. Thus we obtain the

same buckling modes as those for a large class of dynamic cases, that is, for cases

where Qn > > 2R,., the Qm and R2 being (6.4.16) and (6.4.17).
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INDEX

AmplificAtion function, I1I Critical impulse for buckling
bar, elastic impact, 25 bar, 31
bar, plastic impact, 65-67 ring, elastic, 133-135
plate, plastic impact, 333, 358-361, 365 ring, elastic-plastic, 149.151
ring, elastic, 130-132 ring, plastic flow, 143-149
ring, plastic, 66 shell, plastic flow, 230, 234-236, 251
shell, elastic axial impact, 287-289 Critical load for buckling
shell, plastic axial impact, 318-320 eccentric impact, 30
shell, radial plastic impulse, 218-220, 247-249 random imperfections, 40
shell, transient radial pressure, 180 shell, axial elastic loads, 297-299, 307-308

Amplification, stress, 119.127 Critical load-impulse for buckling
Asymptotic solutions, shell, 220, 249 bar, 33, 56
Autopearmetric instability, 114 shell, radial pressure, 182-189
Autoparametric vibrations, 116
Axial plastic strains, shell, 209 Differential displacment, middle
Axial wave front, 48 surface, 107

Directional moment, 9, 212-214
Bar buckling, elastic impact plate, impact, 331, 354, 364

aluminum experiments, 44 shell, axial impact, 314
amplification function, 25 shell, radial impulse, 223-233. 253
dynamic equations, 20, 23 Donnell equations, 159-171
eccentric impact, 27-33
equations of motion, 13 Eccentric impact, 27-33
experiment, 4, 44, 45, 49, 53, 57 Eccentric load, 18
mean wavelength, 38 Energy absorption, axial collapse, 342-343
preferred mode, 26 Energy transfer to buckling, 117-124
static buckling, 15 complete trantsfer, 119
static wavelength, 22 partial, maximum buckling, 123

Bar buckling, plastic impact Equations of motion
amplification function, 65-67 bar, elastic impact, 13
buckling times. 72 bar, plastic impact, 61-63
equation of motion, 63 plate, plastic impact, 331, 354, 364
experimental wavelengths, 70-71 ring, shell-, elastic radial impulse, 105-111
experiments, 57-61, 67.72 ring, shell-, elastic-plastic radial, 138-140
preferred mode, 65 shell, elastic. axial load, 28 1-284
shape imperfection, 65 shell, elasticý radial pressure, 17 1-173, 178-179
velocity perturbations, 64 shell, plastic axial impact, 314

Bending waves. 48 shell, plastic radial impulse, S0.. 138, 215, 245
Buckling modes, 11, 21, 83, 85 Experim~ents
Buckling parameter, 115 bar, elastic impact, 44, 53

bar, plastic impact, 57, 68
Compatibility, 169 ogive shell, axial collapse, 33P

Critcalcollpseveloity 260279plate, impact, 368-371

plate, plastic 3,j 359-36336sel cosine rZ.adia impulse, 152
shel, eastc axal,299shel, eastc aialimpact, 293-297
shel, paitc axal,321shel, pastc aialimpact, 323-329
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shell, radial impulse, 77, 93, 146, 236-239, plate, impact, 3-,9

253-260 
rins, elastic-plastic, 140-151

shell, radial pressure pulses, 189-200 ring, rigid-plastic. "8

shell, static radial pressure, 194 shell, axial impact, 308

streak cannera, 4- nhell, radial impulse, 203
Plasticity, 203-205

Fourier series versus transform solutions Plastic material properties, 68, 97-98, 136-132

Plate buckling, plastic
series, ) 6 amplification functions, 333, 358-361, 365

transform, 64 critical impact velocity, 335, 359-363, 366

Higher order equations, need for, 120 directional moment, 363, 366

equation of motion, 331, 354, 364

expetiments, 368-371

Impact flexure, 350-354

bar, elastic, 44 imperfections, 350

bar, plastic, 57 modal solution, 332, 356-358, 364

elastic stress wave, 43 preferred mode, 334, 359-363, 366

plate, 349 static buckling, 369. 371

shell, axial elastic, 281 strain hardening monumt, 363, 366

shtil, aAisl plastic, 308 uniaxiAl compression, 331, 354-356

[mperfections Plate theory

equivalent, 40 bending, 161-166

equivalent measured, alumirnum bar, 56 is-plane stresses, 166-168

local velocity, 87-91 plastic flexure, 349

plate, im•pact, 350 Preferred mode

random mathematical, 33 bar, elastic, 26

random, measured buckling, 37, 50, 53 bar, plastic, 65-67

random phase, 92 plate, impact, 334, 359-363, 366

rigid-rod ce'lumn model, 300-304 ring, elastic, 132

sensitivity to- shell, axial load, 285 shell, elastic axial impact, 287-293

shape verstus velocity, 141 shell, plastic axial impact, 321

shell, axial impact, 290, 316 shell, plastic radial impulse, 92, 228, 251

shell, radial impulse, 233, 252 Pressure pulses, 178

static buckling, 18 Pulse buckling, 1-3
elastic ring, onset, 128

Mathieu diagram, 113, 114, 128

Mathieu equation, 112 Random imperfections

Mean wavelength bkr, 33

bar, 38, 50, 53 critical load with, 40

shtll, axial elastic impact, 292-293 mathematical djefinition, 33

Middle surface strain, 107 noise analogy, 33

Modal versus asymptotic solutions shell, axial elastic impact, 290-293

%symptotic, 220, 249 Rubber strip experiments, 49

modal, 216, 245, 316, 332, 356, 364

Monte Carlo buckle statistics, 37 Shallow shell theory, 160

Shape versus velocity imperfections, 14X

N'4oio, stationay, white, 34, 38 Shell buckling, axial colhpee
collapse force, averae, 343

Olive shell, axial impact, 339 collapse force, hoop and bending parts, 344

energy absorption, 342-343

Parametric loading, I experiments, 336-340
Parametric resonance, I ogive experiment, 339-340

Perturbed motion, 210-212, 244, 312-314 theoretical collapse pattern, 341-342

Plastic flow buckling Shell buckling, axial elastic impact A

bar, 57 
amplification function, 288-290
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buckling pattern, dynamic, 292, 293, 298 asymptotic solutions, 220, 249
buckling patterns, static, 234-285 axial strains, 209
critical impact load for buckling, 297-279, 307 critical collapse velocity, 260-278
experiments, impact, 293-297 critical impulse, 230, 234.236, 251
experimert, static, 285-287 directional moment, 212-214, 223-233, 253
equations of motion, 282-284, 288 equations of motion, 80-81, 215, 245
random imperfections, 290-293 experimental wavelengths, 99-100
static buckling, 284-287 experiments, 93-102, 236-239, 253.260
step loads, simple nonlinear model, 299.304 imperfections, 233, 252

Shell buckling, axial plastic impact length effect, 205
amplification functions, 318-320 modal nolution, 2'6-218, 245-247
critical impact velocity, 321 perturbed motion, 210-212, 244
directional moment, 322 plasticity, 203-205
equation of motion, 314 preferred mode, 92, 228, 251
experiments, 323-329 random velocity perturbations, 91-92
imperfections, 316 strain hardening moment, 79, 221, 226-233,
modal solution, 316-318 262
perturbed motion, 312-314 strain-rate reversal, 85-86
preferred mode, 321 unperturbed motion, 206.209, 242-244
static buckling, 329-331 velocity perturbations, 82.85, 87.92
strain hardening moment, 322 viscoplasticity, 240-242
tube compression, 308 viscoplastic moment, 241, 253, 267
unperturbed motion, 310 Shell buckling, transient radial pressure

Shell buckling, elastic-plastic radial impulst amplification functions, 180
critical impulse, constant hardening modulus, approach, 158-159

142-143 compltibilitv, A69
critical impulse, cose impulse distribution, critical pressure-impulse curves for buckling,

IS2-155 182-189
critical impulse, decreasing hardening modulus, Donnell equations of motion. 159-171

143-149 experiments, 1899-00
critical impulse, elastic-plastic flow, 149-1 S' modal equations of motion, 179
equations of motion, 138-140 plate theory, bending, 161.166
equivalent imperfections, 148 plate theory. in-plane stresses, 166-168
experiments, 145-148 prossure pulses, 178
imperfections, shape versus velocity, 141-142 static buckling, 171-177, 192, 194
rilid-plastic flow buckling, 140-141 stretching from flexure motion, 168-170
strain hardening properties, 136-138 Southwell plot, 17
strain-rate reversal effects, 156-157 Static buckling

Shell buckling, elastic radial impulse bar, 15-19
amplification function, 130-132 dynamic derivation, 22
autoparametric vibration, 114-118 plate, 369-371
buckling parameter, 115-116 shell, axial elastic load. 284-287
critical velocity for buckling, 132-135 shell, axial plastic load, 329-331
energy transfer to buckling, 118-12i shell, radial pressure, 171-177, 192, 194
equations of motion, 105-111 Stationary noise, 34
Mathieu diagram 113-114, 128 Statistics, measured waves, 37, 50, 53
Mathieu equation, 112 Step load, axial, shell. 299-304
middle surface strain, 107-109 Strain hardening moment
onset of pulse buckling, 120-127 plate, impact, 363, 366
preferred mode, 132 shell, axial impact, 322
pulse buckling, 128-135 shell, radial impulse, 68, 221, 226-233, 262
small initial velocity, 112-119 Strain hardening parameters, 138
strain energy, 109 Strain-rate reversal, 85, 157
stress amplication, 118-127 Streak camera experiments, 45

Shell buckling, plastic radial impulse Stress buildup, autopaiametric oscillations, 117,
amplification functions, 218-220, 247-249 124
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Stress-strain curves, 68, 98, 137
Stress-straIn equation, 136, 369
Stress-strain.rate equation, 256-257
SUetching from flexure, 168-170

Tube axial compression, 308

Uniaxial plate compression, 331, 354.356
Unperturbed motion

shell, axial impact, 310
shell, radial impi, lse, 206-209, 242-244

Velocity perturbations, 64
Vis.opluticfty, 240-242
Viscoplastic moment, 241, 253, 267

Wavelengths, experimental
bar, elastic impact, 37
ber, plastic impact, 70-71
plate, impact, 370
rubber strips, elastic impact, 51
shell, elastic axial impact, 296-298
shell, plastic axial impact, 326
shell, plastic radial impulse, 95-100, 146, 239,

258
shell, transient radial pressure, 193-199

White noise, 34
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