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SVFs and NZT
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For want of a complete anelysis of rultidi=m
vre-zsymTtotic days, it was natural to try to identify stecial character-

stics that play varticularly important roles in the understanding of flame

w8

oehavior. Flame speed and temperature ere examples of such characterist@cs
that have already been identified; a more subtle characteristic, introduced
by Xarlovitz, is flame stretch. We shall start by discussing this concept,

so 25 to have it available when the later analysis is reached.

1. Tlame Stretch

To define this (or for that matter flame speed) in an unamoiguous
fasnion, we must first define a flame surface, i.e. a surface character-
izing +the location of the reaction. For large activation energy the
raaction zone is such a surface when viewed on the scale of the preheat

zone, since it then collapses into the flame sheet. 1If the flame can

o'

2 viswed as a hydrodynamic discontinuity, as in section 3.1, then the

iiscontinuity itself is a flame surfece. In either case, a flow velocity

£

is defir=d on each side of the surface, such that YJ_ is continuous
ecross the surface.

Consider a point that remains on the (moving) flame surface but
travels along it with the velocity :L' The set of such points forming

surface element o area S will, in general, be deformed by the motion,

m

nat S will very with time (figure 1). If § increases, the flame

ct

2

(1]

is s2id to be stretched; if S decreases, the flame experiences negative
stretch and is said to be compressed. A measure of the stretch is the

Trovortionate rate of change

K = s_lds/dt, (1)

-b.1-




-b.2-

known as the Karlovitz streich. Yote that d4/d: - is not & materizl
darivative; the fluid particles in the surface elemant change. The points

a2dvance with the flame surface, i.e. at the speed V and not V.-

-

The defermation of the surface element consists of two parts correspond-

ing to the motions with speed V along the normal and with velocity v

1

tangentielly. The first, known as dilatational stretch, is found to
’

be «V, where « 1is the first (or mean) curvature of the surface, taken
positive when the surlace is concave towards the burnt gas; the other, known
as extensional stretch, is gJ:Yp’ where Yf is the tangential component

of velocity at neighborirng points projected onto the tangent plarne at the

voint of interest. Since

vy o= . +
Yl Ep Y! Yy Ky (2)
the Xarlovitz stretch is
= . i W Vv
K YI v + kW with W=V v (3)

Thickness is another concept characterizing a flame that can be treated
2s 2 hydrodynamic discontinuity. In section 3.1 the nominel thickness

5\/c_M was introduced, but here we need a local, instantaneous definition.

‘g

It is natural to replace Mr with M, .and this is found to be appropriate:
decay of the temperature in the preheat zone takes place over distances
to M~ (ef. eaquation (3.25)). In turn M = oW may be

replaced by W, sincs the flow is incompressible on either side of the

& = S/V. (L)
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Juss =8 changes in surface element l23 to the concezt of Xarlovitz stretch,

so chenzes in volume lead (o the voluminal stratch

3z 17laa/at = xwraw/at (5)

intraiucel Dy 3Buckmaster. The stretch 3 arises naturslly in our
consilZarztion of SVrs, to which we turn next.
2. ~ns Tasic Zauation for SVrs

The discussicn now focuses on the comtustion fi2ld, i.2. the internal
structure of the discontinuity. To confine attention to chances that occur

over times and distances C©(%8), we make the transformation
(Y,Z,t) = a(ﬂ,CaT)- (6)

-
Sorr=2t zo O(e 7)), the governing eguations (3.1L) reduce once more to
] . . L. 2,2 . 2,2

.21), since the sscond deriveiives 3 /5y and 3 /3z° becoxm
3{3 7] -inder this transfor—ation. As e consequence, the results (3.25,26)
2re 37111 velid provided ¢, 1is allowed to depend on n,; 25 well as T.
02 course vV does likewise {in spite of the aprarent contraction (3.37)).

ne relation bstween V and ¢, 1is given by the universal result
(2,27, The sescczd comes from the generalization (3.39) of the enthalpy

section 3.3. Comparison of the balances (3.28) and (3.39)

[33
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shows thzt we have o deal witn just one new term, namely
0+
2 =1y
[ v(T+L™7Y)én; (1)

end <7e continues —2lidity of the formulas (3.25,26) ensures that the
} avaiiztions of corvesponding terms in the two balances are the same.

ne termu (7) appears to be 0(6-2), and hence negligible,

Y S - - -
i Sirss zlance o

. It is important to reslize, however,
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second relation

wnich should be

Zlimination
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O
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are given by the formlas (3.25,28) only when n has its loezl

o -

urvature of the flarme sheet, from which n 1is measured,

P -1 2
s a contritution - 9 "k3/8n to V. , so ti2t the term (T)

-1)Yf; (8)

§-nultiplied first curvature of the flame sheet. The

osetween $, and V is therefore

0, = W2y 30 + bV—lK, (9)

comcared with the plane result (3.29).
of ¢, Detween the two relations now gives the basic equation

. 9
o(V-V"¢) = V31nV2+ vy (10)

7 shculd te compared with the plane resuit (3.31). It

.

2zn T2 recast in terms of ite siretch concepts introduceé in section 1

2y noting that

W=V, XK=V (11)

m

for <he stagnant flow (3.13) on which our analysis has been based. Thus;
L e fae ) = o 2 e
b(W ~4W/&t-X) = <03 = W enW + V¥, (12)
wnera ¥ and B, tx2 prosortionate rates of change in surface and volume
slemants, are measurei on the slow time scale 1(Jjust as « is measured

on the 0(3) di

stenc2 scale), and b has the definition (3.29a). 1In
eguztion is valid for an arbitrary flow field, not just the

we nave conziderei for the sake of simplicity. (The
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“hen the constant-dernsiiy

aprroximation is abandoned there are two modificatims or, rather, reinter-

-y

oretations. The parameter b Tbecomes z more complicated function of L,
Tut s3ill has the property (3.32). In =zi3dition, the eguation is only
valid for the hydronamic discontinuiiy, not for the flame sheet; here it

is valild for either, because the velocity Tield does not change through
the flam2. (When change in dersity is taken into account, W must be
2aliated ahead of the discontinuity, as is customary.)

7he basic equation (12) for SVPs does not, in general, determine the
wave sp2ed W directly; it is a (complicated) partial differential
ejuation for the shave of the moving surface. Cnly for L =1 (i.e. b = 0)
dces it reduce to an equation for W; in particulzr, ¥ =1 in the absence
o7 naat loss. For plane deflagrations, there is no superficial stretch

(¥ = 3) but there is voluminal stretch (3 = -V %)}, due to chanzes in fla=me

~»ickness, and equation {3.31) can be interpreted in terms of it,

T7ect or Stretch on SVTs

we nave introduced the concept of stretch because of the importance
gstzcned to it in the past thirty years. Far-reaching use has been made
T i% as an intuitive tool in the prediction and explanation of flanme
cenevior, particularly of guenching. In essence, the claim is that stretch-
ing a2 flame causes it to decelerate, and stretcning it too much will

PR
. WLl

t
chk

extinguisa i ne claim has matured with time, its essence persists.
Zywerer, until 3VTs were identified and their connection with stretch
discovered, the claim was no more than conjecture: now we can deduce the

effect o stretch on flame speed from the basic equation (12), at least

Tor 37Fs. lore about stretch, in the context of NEFs, will appear in




To be sure, the stretch involved in eguetion (12) is B and rot ¥
but, if <he tnhickness does not vary, there is rno distinetion. (in examnle
i3 <he stagrnation-point flow treated next.) Consider first adisbatic

e Y . 1, - ne - - ~ .9 .9
coniitions, i.e. ¥ = 0. TFrom figure 2, which skhows a plot of ¥ inW
versus ¥, it is clear that, for t > 0 (i.e. L > 1), zosisive valuss
27 3 corrasspond to valu=s of W less than 1, and that thers is no value

of W for
3>e vl s 0. (13)

~he effect of stretch is indeed as conjectured, provided the Lewis number
is Tigger than 1. But, for a Lewis number less than 1, this is not so:

“or 5 < 0 (L < 1), positive values of B correspond to values of W

]
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, and there is no limit; the flame =2cceslerates when stretched,

znd zan tolerate any stretch., In fact, deceleration is associzted with

nagzzive stratenr (compression), of waich the flame cannot tolerate too

B<e vt <o, (14)

tna2re is no solution.

“man there is heat loss, i.e. for ¥ # 0, the conditions (13,14) are

)t accordingly as L 2 1; (15)

e neat loss halps to extinguish the stretched or compressed flame. In
. - . -1 ;
when the loss is large enougn (namely for Y > e ) no stretch or

szmpression is required at all, a result in accord with that for steady

5

sizne deflagrations in section 3.3. Moreover,the extinction speed e ?

stnined there is now seen to have general validity for SVFs.




Tnes2 conclusions about extinetion are only of interest if it is knowm
ten of the reguired amount (positive or negative) can be apvlied

<2 & flgma., It is conceivabtle that, when there is insufficient heat leoss

w2 24d
Y = x/9 (16)
o0 me slowly varvinz cocrdinates (6), and now take axes as sho K
Tizur2 3. The stagnstion-goint flow is then
4
v = <{x,-n), (27)
wwara £ > O is thes rate of strain. (Ho confusion will result from
rzving us2d € in e differaatway in section 3.1.) While thers is a whole

fzmily of solutions of ithe basic equation (12), we shall concentrate on

Zn2 $3s53i%ility of 2 stationary flzt flarme, located at
n = n, (say). (18)
lame exists, we have

-1

7= en,, k =0, Ylj'ax, (19)

s - At S Al - 3 P
{ 2 £nzt it3 thickness is constant and

m

3=¥=23(ex)/3x = € (20)

g2cowiing e the definition (3). The streich, whether voluminal or super-

Is lust the strain rate. We conclude from the result (15) that,




ns, 2 stationery flat flame exists Tor all

12ss than one, but not for

e >e v~ (21)

mar2 is no ctraciiczl difficulty To Increasing €3 just the speead of
tne incidant stirsam has to b2 raised. As the strain rate is gradually

1

inzreasad up to the values (21), we mz2y expect the Tlame to ve extingvished.

ey

Tore thess values are reached the flame will lie at the position (18),

, wnera n, is given oy
1 s .
2en,tn(en,) + b = 0. (22)
Tndar carizin conditions, a rear stagnaticn-point flow can be established

2ri 2 flame o mads to lie in it (of. section T7.6). The analogous conditions

czzzin2d oy chernzging the sizn of € above.
-. _rne Zzsic Zzuations for NITs

The IIT is characterized by the requirements (3.34) and (3.41), the

sz2ond of which corresconis to using the expansions

-1
P 5 —m = =T H. = ceee
D= Ty AT A, Y = (H ST 8T (H ST )4 (23)

“nen these assuzpiicns are usad, the basic quations (3.14) becom

P

27/3% =777 on either side of the flame sheet, (2)
. .2,

35/37 =777 +;0°T everywhere, (25)

ible; here T stands for TO, and Hl has

- n. 3oundary and initial conditions must be consistent

‘ with the azssumrtion that ¥ is constant to leading order, emphasizing
‘ onze more “hat TEZFs are 2 restricted class of solutiens.
i . = - i ISR ISR e PO K AN, -
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2

in22i of the flame sheet the full eguztions (24,25) hold; but in tha

= £zs the assumption of equilibrium l=ads %o

] Trnere, the temperature rerturbation accounting for the whole of h. Tre
solu-ions on the two sides must be linked oy jump conditions, to be ‘
Zerived next.
These conditions are deduced by analysis of the reaction-zone
struzture, a2 question that was addressed in sections 2.4,5. Tirst, the

2 -rars 2xistence of a structure requires

6(T) =0 with &( ) =( ). -{ ), 3 (27)

2+ o=

<2er, whean 37/5n =0 for n = O+ (as hera2), the strulture zives

3T/an| = Y.e , . (23)
0-

L
ls Ta2

ey

lame~zenperature periurtztion, i.e. the value of

=~ 2% the flame sheet. The remaining Jump conditions

§(a) = 0, &(3n/3n) zar/anlo_ (29)

2omz from integrating the equation (25) through the reaction zone and
mazaning the result with ithe combustion fields outside.
The 2guations governing NEFs have beern develicpzd under the assumption

232}, i.2. 2 quisscent mixture. When the mixture is in motion they must

2 2 2?'\ ~
DT/Dt = V°T, Dh/Dt = V' h + AV T (32)

( zne5i 0F “he “lame sheet, and

— st AR M i~ TR
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T="T Dh/Tt = ¥Th (31)

tenind. The system (27-31) defines an elliptic “res-boundery zrodblem of
the fourtn order, with the [les.: sheet as the movinsg deouniary. Soluticn is

a2 formidadle question, tacklad in three ways that may be listed as folliows:

_\
=
n
{
wl
[
'

erturbations,

Stebility consiierations fall under (i); NZFs are rrcminent in the stebility
lectures 5, 5, and 7. (Unlike SVFs they are statle for certain values of
the ZLawis number. The numerical work under (ii) has dealt orly with a
varabolic 1limit of the elliptic problem; some resulting Stefan droblexs

are zonsiders in lecture 10. An example of (iii), stagnation-voint flow,

is Ziscussed in the next section, where the effect of stretch will be

2xzmined once mnore.

4 in lecture 2 with a

ct
[0
vy
ct
o

re discussion of general defiagrations s
ccnsideration of hydrodynamic discontinuities, i.e. waves whose length
scale is larze compared to their thickness (as represented by the parameter

ection 3.1). The need to know the wave speed then led to an

[¢]
12
»

'
n

exarmination of <he Tlame structure, 2nd the uncovering of SVFs and NETs
25 classes o7 scilutions that could bte handled by the asymptotics. The
SYF is an accertabls structure for the interior of the hydrodynanic

discontinuizy i
-1
8 =0( "), (32)

sinc2 then the undulations of the Tlame sheet follow those of discontinuity.
e type (32) is made of NEFs; the activation energy is

indecandently lergz. In other words, HEFs exist whether hydrodynamic
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discontinuitias do or not. If an IZT can be viewed =g 2 hydrodynamic

diszcontinuits it corresponds to a solution with variations on the
scz2l2 ¢ ~ {other then in the n-direcstion). To lesiing order it must,

Therelore, be a siteady, vlarne deflagraticn traveling at the =adiavatic
speed: ¥ =1 in the jump conditions (3.2,10,12).

WZrs are most useful whan they cannot be viewed 2s nydroiynamic
iiscontinuitiss, witness wnat we shall hevs tc say ztcut them from now on.

“neir power is evident in the stability consideraticns of lecture 5. As

73]
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o
el
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o
&3
n
'Jn
(=]
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<
o

asic research, a2 coacept born 9 one question
rhas reached its full power in circumstances where thatl question is

—eaningless. Such unpredicizbility is not easily understcod by those who

2ontrol research funds.

S. WZTs liear a Staznation Point

The troblem is sketched in figure 3. The velocity fie2ld is

v = e(x,-y¥), (33)

is the rate of strain, so that equations (30,31) have solutions

:
B
1]
"
1))
™
1

or wrich T and n  are fuactions of ¥ only. The combustion fieid

v T2 stratified with the flame flat, as For an SVF. £ the flame sheet

¥ = :”* ? (3h)

W=er,, k=0, tl.= EX, (35)
2n3 tre Xerlovritz stretch

-y

K= 3(ex)/3x = ¢ (36)

1
[
$o
W
<k
[
)
[+
n
cf
4]
£
[
o }
al
o
ct
(5]
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I2 e wall y =0 is a thermal insulator, or there is an identiczal

orrosing Jet in y < 0, the boundary ccndition
3h/3y =0 at y =0 (37)

must e errzliisd. (The le2ding-order temperature (3la) satisfies the
eorresponding condition automatically.) The requirement (37) is also
zetisTied when the flow is uniform, the flame being then plane with

reaction zone at y = y,. The only role of the wall is to change the
unifor= Tlow into one that stretches the flame; heat-loss effects because of

tais geometrical role are drevented by the condition (37).

Senind the flame sheet

é h/:i;:2 + gy &h/dy = 0, (38)

n=-T"8, for 0 <y <y, (39)

ix isw of the 2ondition (37). Anezd of the flame sheet

2
det/ay‘ + eydT/éy = 0, d"2/dy” + eydh/dy = 2edT/dy for y, <y<= (L0)
T+ 00 as y e (L1)

it iha flzma shes: itsel’, the Jump conditions (27-29) require

v]
n
]
)
|
i
>
f
-]
“~
(o))

- = -27tan/ay =-Y_e at y =y, + 0. (42)

tlam is trneraore reduced to solving the differential equations (LO)

ynier th2 boundsyry conditions (L1,42). Since there are six boundary
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conditicns on this fourth-order system, we may expect the parameters ¢,

ané . <To be deternmined zs functions o €.
Indarendent solutions of the T-equation (4l2) are 1 and erf(8y), where

§ = (5/2)%; (43)

the boundary conditions (kla), (%22} then show that
T = Tf + Yferfc(dy)/erfc(d) with 4 = 8y,. (uk)
A particular solution of the h-equation (40b) is now found proportional to

2 2 . .
y exz(-8"y"), from which we construct the solution

o= _T§¢*erfc(5y)/erf0(d)

-s%5° - ] 2
+ 2Y _[8ye Y erfcl(a)-de  ertelsy)l/=?(erfe &) (4s)
satiszfying the boundary conditions (L1lb),(22b). The relstion
h! 2
¢, = 2{en[r?erfc(a)/28] + a7} (16)

and, finzlly, the equation

2

3 _ ] > — _
5 = (ﬂ2/2)erfc(d)exp{d2+[de d /n’erfc(i)-%-d 12 }with 2=Yfl/2T§,(h7)

Tor the standoff distance y, as a function of €, follow from the
Zounidary conditions (L2c,d).
£e greatest interest is the flame speed (352) as a function of stretch

(36), 2=d this is plotted in figure 4 for various values of L. As € - O,

' tends to the value 1 (that for an adiabatic plane flame). As ¢
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increases Jrom zero, W initially decreases for 1 > -1, but inersases for
i < -1, in zgreement with SVrs for [ 2 1. This behavior is dascrided

2w the formula
W= 1-¢(1+7) + 0(e?), (L8)

which can be shown to hold gquite generally for flows with small streain.
(The for=uls has implications for sta2bility, see section 5. .) Further
increase in € leads to two possivilities: for 2 < 2, the flame sheet
eventually moves to the wall and is extinzuished; for 27> 2, extinction
tz2kes place in the interior of the Tlow.

In short, stretch usually decelerates the flame and always extinguishes
it. Acceleration will occur for weak stretcn iIf the Lewis number is
suflicientl; far below 1.

Success in trezting staznation-zoint flow 1is due to the reduction
“rom parzizl to (tractable) ordinary differentizl eguations that is
2{72cted by the velocity field (33); changingthe boundary conditions
~akas no difference, provided they are independent of x. For example,
Suckmaster and Mikolaitis have replaced the wall by an inert counterflow
2t a textarzture close to Tb, end Taneshyar, Ludford, & Mendes-Lopes
(1983) have considered loss of heat to the wall. Daneshyar, Ludforg,
Loves, & Tromans (1983) have even taken account of expansion
+arough the flame by modifying the velocity Tield without losing

tractebilit-s, Tinally, Mikoalitis & Buckmaster (1981) have considered

raar staznation-point flow (i.e. € < 0); see section 7.6.
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Figure Captions

Flame stretch.

Graph determining effect of voluminal stretch on
flame speed.

Notation for SVF and NEF in a stagnation-point flow.

Variation of flame speed W with straining rate ¢
in stagnation-point flow.
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", For want of a complete analysis of multidimensional flows in pre-
asymptotic days, it was natural to try to identify special character-

istics that play particularly important roles in the understanding of

flame behavior. Flame speed and temperature are examples of such
characteristics that have already been identified; a more subtle
characteristic, introduced by Karlovitz, is flame ‘stretch. i SN
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=1 start by discussing this concept, so as to
have it available when-we come to discussing general slowly varying and
near-equidiffusional flamesw e
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