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1. Tntroc ool

Tnodts srtance s et Do e T e e it s
ment method 0o oy T b Tl P na bt i prceodare in
which the approxizmat:ing “inite-ilnonsional ! ioes are oom-
posez of Dilecewise Dolvnomiils fefined on oa partiticn of the
sgiven lomain inwo oonvew oo iomains. Tince the convergerce o7

auch methodes 12 odbraine 1 by lncreasing the dimension of these
subspaces in some manrer, one observes that there are basicallvw

TWwo wavs *his can be done. The first way 1s the traditional

r
2

®
[V
D

approach obtained by “ixing th gree p of the piecewise

polynomials at some value (p 1,2,3) and decreasing the mcsh
size h in order to achieve convergence; this is known as the
h-version of the finite element method. The second way, referred
to as the p-version of the finite element method, is to fix the
mesn and increase the degree p 1in order to reduce the abpproxi-
mation error. Clearly, a combination of the two is also pos-
sible. While the h-version has been extensively investigated

in the mathematical literature and has been widely used in engi-
neering applications for many years, the development of the p-
version has taken place only recently. Due largely to the inves-
tigations performed at the Center for Computational Mechanics at
Washington University in St. Louis, it 1s now recognized (e.g.

v

(], 123, [161) that for many problems of engineering and

n

cientific interest, the p-version offers a number of advantarc:
over the h-version both in the cuality of approximaticn ani in
the cost of computation.

In the mathematical analysis of either the h or p

" o - P D S P YU ; P S U U §
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versions, 1t ois woell=rnown that, 17 4 coopciuiss o "ins -
condition zan be estiblished for the given problem, tnen the

task o7 cbtaining error estimites reduces o~ 4 purely pproxi-

mation-theoretic question (see e.g. [2], [8]). Ter +the ©n-
version, tnis approximation theory is very well-develope:. 'im

che other hand, the approximation issues aricing in the p-vorsion
rejuire different technigues and have not been as tnoroughiw
investigated. In [u4], some direct encrgy norn estimates are
obtained which show that the rate of convergence for the
p-version can be no worse than that of the h-version with a
quasi-uniform sequence of mesh refinements. A combinetion of
the h and p versions is considered in [3]1 where it is de-
monstrated that particular couplings of refined meshes and in-
creasing polvnomial degree distributions yield arbitrarily high
rates of convergence in the energy norm with respect to the
number of degrees of freedom. However, both of these analyses
fail to predict the improved (by a factor of 2) rate of con-
vergence which is observed in applications of the p-version

to various problems of two-dimensional linear elasticitv where
singularities are commonly present in the solutions. By apply-
ing a separate analysic to the known singularities of such pro-
blems, the doubled rate of -onvergence is also proven in [4],

although the techniques are rather specialized and do not seem

to readily extend to the three-dimensionai case or to problems
in which the scolution is singular at more than just a finite

s3et of isolated points. Finally, a number of somewhat related

approximation results have been cobtained in the analvcie of an




pFoy T T ST T e v T Y vy Yy Ty Y ey oy s orL.E T T T e o "1
v 3

r

I's . - e s o~ e e S N

v alternative to finite elements and “inite Al Torences <Xnown As

-

» |

the spectral method (see e.g. [7] and the reforences containod

-

therein).

The purpose of this two-part paper is to dttempt to unioy

=N

the Dp-version approximation theory by establishing a framework
“rom which manv of the above and other results mav be dorived.
The present article addresses the icosue of piecewise polvnomial
approxim:tion on triangulated domains of R". The application

of results obtained here to problems of two- and three-dimensional

f

¥ ¥ v R Y YT YTy
L]

iinear elasticity, including some numerical computations, will
be given In *the second avrticle.

A key idea in the fecllowing development is the introduction
of certain weighted Sobolev spaces, which are identified in sec-
tion 2 as the domains of powers of the Legendre differential
operator. Their connection with polynomial approximation is

obtained by exploiting the fact that the eigenfunctions of the

Legendre operator are themselves polyncmials. This one-

r dimensional result is then readily extended via a tensor product
; construction to obtain approximation results on any triangulated
F". .. n ... ..

b domain in R, provided that no compatibility conditicns are

reguired across the common boundaries of adjacent simplicec:.

Tn many applications, however, one must use pilecewlise polync-
mials which possess a certain number of continuous :erivatives

across the common boundaries of adijacent simplices. Moreover.,

red to saticflw

b

the approximating functions will often be requ
2 set of boundary conditions associated with the underlyine j

problem. In the finite element literature, such piecewice i
|
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2. Approximation by non-contforming piecew
triangulated domains

n this section, pilecewisze polvnomial

—

. . . n
sldered on trliangularted dom~ins o IR, e

tions are not required to satisfy anv comp
across the common boundaries of adiicent
triangulation., and hence the centril isoue

approximation on an individuz. simplex.

Let I denote the intervar -1 < * <

£

able 7

b

t of all infinitely Jdifferent

-+
o2
o
6]
1)

{

the Legendre Jifferential operator

bl

jat)
Y3
[
}J »
o}
o

r

o] .

1 L2y 4
_5£[<1—L )dt

[

as a symmetric, unkounded operator in L _(
s e e s o, = . . . . - -
Jefinition C (I), it is shown in [15, Th
closure L =f L iz self-adjoint. In fa
negative, L coincides with the Friedrich
constructed, for example, in [17]1. It is

(and hence L) posc

D
4]
6]
@©
193]

the eigenvalues

g = m{m+1l),

znel that the corresponding eigenfunctions
nomials Pm. Assuming that the Pm have

thait |'P 1 for all m, the syst

|'
m'L_ (1)
ra
srtnonormal basis for LZ(I)'

Fiven any real s = 0, de:ine

ise polvnomnials on

approximation oo

atibility conditions

iimplices nf *he

Taothat of polvnonmial

1 and let C (1) te
snetisns on T, i~

I) with Qomain of
ecrem 7.4.1]1 that the
ct, since L 13 non-

s extension of L

e8]
n

well-known that L

m= 0,1,...

are the Legendre poly-
been normalized sc

em me} forms an
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s z7(1y = fur flal < w}
m~m 77(T)
tj“
-
E_~ where, if s = L an integer,
!:_'3
b-. 2 1/2
) 2 d 2\ K
full o = ( lu|"at + f 22 (-t at .
' 77(1) J1 T |at
;ll and i¥ s = k + 8 with k an integer and 0 < g < 1,
3
. 2 1
3 2,877 gk, 2,572 4%, "
{ (1--7) = - (1-17) S
: Jul Jup? [ e E3l
) julj = {|full — - tdTt
o z5(1) 72Xy JIxI | tor | 1H2F
[ /
t . =58/ 2 . e e . ~3/2 .
T Denoting by D(L )  the domain of definition of L in
L,(I) for each s = 0, one has the following result.
Lemma 2.1. (i) <C®(I) 1is dense in 2Z°(I) for all s > 0,
(1i) ZS(I) = D(ZS/”) Tor all s > {0 gsuch that s # % +
an integer, and
(iii) if S8, 2 0 are such that s. # % + an integer,
i =1,2, and if 0 <« 6 < 1 1is such that s = (1—6)5l + 982 #
1 . +
5 + an 1lnteger, then
i s s
g 1 2 - -S
e (Z ~(I),2 (I))6,2 = Z7(1).
Y "For 0 <8 <1 and 1 = q = o, (’,’)g,q denotes real inter-
; polation via t.e K-method (see e.g. [61).
°
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Ff: Part (i) is proved in [12] for integer ¢ and in [14] 7Tor

—~ -

non-integer s. Part (ii) is contiined in [15. Theorem 7.7.117.

i

By [15, Theorem 1.19.107, if T d¢ any non-nesative, oolf-

s, 2 0 and 0 < g < } Lt

adjoint operator, then for all s -
L

12
holds that

- +8ca
(1 6)51 6;?)

=N 5.
(o Hy,pr 4y, . = DT
Applying this to T = L , (iii) follows from (ii).

. - . 1
Remark. One observes that, except for the values s = 5 + an

integer, the spaces 7z°(I) form a Hilbert scale. Regarding

the values s = % + an integer, Triebel [15] modifies the spaces
2%(1) to identify D(ES/Q) in these special cases. More

specifically, it is shown that for s = % + k, D(ES/Z) is the

completion of C (I) in the norm

2
(l—tQ)S—l 1/2‘

K
g——l}-i— dt)
at

2
= (i +
ol iy fI

This anomaly is similar to that encountered in attempting to

as the domain of definition

o
identify the Sobolev space H
of a power of the negative Laplacian with homogeneous boundary
data.

The following technical lemma will be of use in obtaining

subsequent results,

Lemma 2.2. Tor o # 1,

D -
(2.1) ( luCt)-al’t% %at = C(a) [ I%%»2 % ae
r

)1
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where a = u(0) if o < 1, a = u(l) if o > 1.
1
Pf: Suppose that o < 1 and let w(s) = w(a1TY Zul) . Then
since w(0) = 0, one has by [9, Theorem 254] that
el 1
-2 2 ]
J [w(s)|2s "ds = C J |lw'(s)|“ds + [w(1)]|°].
0 0
1
Since w(l) = f w'(s)ds, 1t follows that
0
1 1
f |w(s)[25-2ds = C f |w'(s)|2ds
0 0
and (2.1) follows by making the change of variable s = £
Now suppose that a > 1 and let
L
ju(sl_a) - u(l) if 1 =85 < ®
w(s) =
LO if 0 =5s5 =1
Then, since w(0) = 0, one obtains by [ 9, Theorem 253] that

[ |w(s){23-2ds = C J |w'(s){2ds
0

0

which yields (2.1) after again making the change of variable

5 = t17%
For any non-negative real number s, let H®(I) denote
the usual Sobolev space of order s on I which, for integer

values of s, is defined as the completion of C (I) in the

noirm
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1
L
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L

and for non-integer s is Jdefined by real

= DO Y

tween the integer-ordered spaces. The next lemna gives
relationship between the unwelghtea spaces H'(I)

-

. S
weilghted spaces Z (1).

Lemma 2.3, If s 1s arv non-negative real number such That
=S, - . . 1 . s sy s
Z7(1) is continuously imbeddel in

s # % + an integer, then

Pf:  Consider first the case in which s = k, k & positive

integer. It suffices to prove that for any u ¢ C (I),

(2.2) ] k = C“u“,72k

H (D) (D

X. € C(I) be such

with C independent of u. Hence, let 1

that
1
.| < L
1 1 =t = 3
Xl(t) = .
0 '3-E‘t<]
and let u, = uX By Leibniz' rule together with repeated

1 17
application of Lemma 2.2 (with the appropriate scaling) one

obtains that
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~N - - b
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~ IS ' i i1 1
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[ WA IS S l -1 ettty
Applving a standars inierpolairion ineqguaticy (sea oo T101),
1t follows that
K 2 I ~
Pl BV IRVe , i IR
L R A GE N Lol it o+ ;:—ﬁg 1t
‘T hde ] RS VE Jovra fact®|
WA \
A s
. IL»Q; (1+t)77 4t
J o1 ‘dt”‘ :
| ~
= Clhul”
~2R e
and hence,
(2.3) Dy X < ofalt o, .
Ly en - KD
Letting X, = 1 - X,, one similarly shows that
L 4
fax, I = Cllufi 5y
©H (I 75T

which, together with (2.2) implie< (2.7). Cince ® (1) = 7 (1)
= L2(I), the result for all o gsatisfying *he hvpothes = oo

the lemma follows via iInterpolation (sec «.o. [£1).

I'nr each positive inlteger 1o, =2onsiicr» *Ye oube 100 =
. . . o . N ..
{# = (xl,xz,...,xn). -1 < e < b, 11 ompoin LA
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denotes the i1depntitv ~peratorn
negative real number, Jdefline
. -1
L,(1I") by

B :"S/:} .

A = L QoM e

s
(2.1)

+ ..+ SV

where each ©f the tenscr pr

Tors. The following result
Thecrem VITII.33] applied to t
. _S/'?
adjoint operators L .
Temma 2.4. (1) AS is a
. . n n
in ;_.ﬁ(I ) = .® L. (I)
. =1 £
- ~ :'S/z
“(n_ ) = D(L ) @ (D)

L, () 0 e 0 L,(1) @ L (D) w e @ D(ES

(@]
H
O
P

:

(2

Ll
in " ,0D) in.
a i Terent ol
s/

(’3

L)

iz one part of [11

~

. ¢

2ontains n

with domaln of definition

& e @ LQ(I) D LQ(I) & (L

Gyreeat e

5 in

s/

4 ner.-

A

. Corollary to

sed, non-negative, self-

non-negative and self-adijoint operatcr

~

“)

).

. DPnssesses the eigenvalues
n r
(s) © s/2 - 5/2
) = © o= [m.(m.+1)1] n o= (moye..,m ).
mn ié“ Zm{ iéj T K - 1’ >'n
- T 1 =
(111) The eigenfunctions of A_ are
D
n
¢m(x) = [ Pm (xi), mo= (ml,...,m ),
- .
- 1=1 1
. R . ~ el
and the svstem {@m; i an ovthonormal basis for L (T7).

——— e —
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integer, dofine

STy = DD e LIy @ e w L(D) L, (D) w T

@ @ L (I) N o 0L (T) ® L (1) 9 - ®© Z7(1).

The following is a spec’al case of [ 11, Theorem TI.10(H)].
Lemma 2.5. Let H I'2 a separable Hilbert space. If L_(I:H)
denctes the Hilbert space of measurable functione = on I with

values in H such that

then there exists a unique isomorphism from L (I) w H onto

LZ(I;H) such that u(x) ® ¢ > u(x)g.

As a consecuence of Lemma 2.5 and Fubini's theorem,it follows

55, .n . .
that the space 72 (™ may be eguivalently defined as

[S\]
9]
~
H
3
~r
n
——
o)
£
A
8
—

r
;. 7 - />
7 o a7 2k
i ) 0 = J fe]%dx + ) f -:jf (1-x2)7 ixy .
= (I) n i=i N 1xi /

v
j )
J
Q
[N
T
n

i
==

+
fo~]
o
b
[
(nd
joy
=

an integer and N < 3 < 1, then

PP S U WU U D W ety SR W B SR SRR e R
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n oo K, 0 ey
77(I) (I =2 n-1
T
f 2.5/72 3"y
o (i-t7)° L = (. x t,x. .
<JIXT ‘ an .L‘ ? l"l’L, 1+1 ’
4
1
.
N
PN AT B Y 2
- (7_* ) ;‘;I (Xl’ ’Xl-—l’T’\i*‘l’ ,Xn)'
it
l//:)
-1-23 . P
o | + - ~ < ; 3 A
T| dtdt dxy Axl_loxi+1 an
/
- =
et 2701

Tanctlions

Theorem 2.1. (1)

(ii) 7S¢ =

an integer, and

)

(iii) 1f s.
Ly,

and if

.

= 1,2,

+ an integer, th

| k-

S
(z ¢

F£f: Parts (i) and

and from Lemmas

2.1 and 2.4,

The following generalizes Lemma 2.1.

c®(1™)  is dense in z5(1™

D(AS) for all s = 0 such that

> 0 are such that s. #
2 1

0 <0 <1

|

is such that

0
1

en

In) ﬂSZ n - ~5S, N
g (I ))e = 7 (I )-

32

(i1) follow from the cdefinition of

S

for all

#

-5

P

0

TN

(l-e)s1 + 8s

(I

IV

+ an integer,

2

M

observes that, for o = 0,
DCA ) = D(AD)
o 1
(although AU # A?). Hence, since L1 iz non-negative and
self-adjoint, it follows that for 5128, 2 0 and 0 <8 <1

#

In order to prove (iii), one fir

denote the space of all infinitely differentiable

>

t
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14
, 3 Sy g, 02
G, 3,00 D)y o= (TR D),
s,(1-a)+s,n
= D(/\1 )
= D(A).

This together with (ii) vields (iii).
Letting HZ(I™) denote the usual Sobolev space of order

n

on I, the following is a consequence of Lemma 2.3 and the

. . 3 ~ o
definition of the spaces 751y,

Lemma 2.6. If s 1s any non-negative real number such that

s # % + an integer, then Z°(I™) 1is continuously imbedded in

ns/ 21y,

From the above results, one observes that if FE denotes
the identity in LQ(I), then (T+E)™! exists in LQ(I) and
(T+E)71: L,(I) » D(D) = 2°(I). By Lemma 2.3, it holds that
ZQ(I) is continuously Imbedded in Hl(I), which in turn is

compactly imbedded in LQ(I). Hence, it follows that (L+E)™"

is compact as well as self-adjoint in LZ(I)' Consequently,
the spectrum of L consists only of the eigenvalues Rm, and
o« —
moreover, for each u = ] a P € D(L),
m m
m=0
_ 00
Lu = z e a_ P
m=0 mmm

Since L is self-adjoint and non-negative, one obtains that

for each real s 2 0, if u= | a P ¢ D(ﬁS/2
m m

m=0

), then

Py b e PR Tt DR SO Sy

o
s}
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_—a /" g o/
L = ) Tt oa T,
o Tm m' m
m=0
3y Lemma 2.t and Theorem oL, thin viellls thao I
o
. -~ -3 T 1
u = a e € L, (1), ~then u € 77(I") for s # 5+ a
|m{=0 ==
integer if and oniwv i
A 2 (s).2)\ "
(2.%) / Z a‘[1+(x_""H"] <
r _~ T m
\lm;~A - =
I
o (s)
e 1D £ 3 = N y = . ~ =
where, for m (ml....,mn), [m| .Z m, . Since A
i 1=1 =
it 2/ 72 . . .
¥ [mi(mi+l)] , (2.5) is easily shown to be equivalent to
-?:1
” 5 n 7 1/2
(2.5) a fr+ Fomi7qd < o,
[m{=0 = 1=1 !
T 2 R I ; : 3 -5 n e
In fact, (2.8) defin-es an equivalent norm in Z°(I7) ~or
1 .
s # 5 * an integer.
. . n
For each non-nerative 1lnteger p, let Pp(I ) denote the
. n ~
space of all polynomial:z on I of degree at mos P
Theorem 2.2. Let - and 3' be such that s > s' = 0 and
1 1 HE -~ -5,
5,5'" # 5 *+ an integer. I7 w € Z7°(I") then for each non-
. . . . n
negative integer p there oxizts ¢ € PP(I ) such that
| AR
=0 ' : Cp ‘ 5}
v | ’rl i [
oo™ A G
where C = C( ,53') 135 independent of u and p.

7




:.
;
}C
' 16
L Pt Let o = Z a b and for each non-negative intever >
i b _ mm
t( ml=0 = =
b “
4 :
* let ¢ = a & “ince @ ¢ P_(IT)  fer 0 I .
: one has that ¢_ € Pp(In) and
I 1
u-9_ I, C 1+ ) o]
Pro5 (1™ |m[>p T i=1l ¢
N
“2(s-s") 5 2 T 2s
< ¢p2(s-s") Do lie ot
‘D >p L ‘l:l
—_ —at )
< Cp 2(8 3 )” ”L‘_, N )
77(T)

which completes the proof.

The following result is the inverse of Theorem 2.2, up to

an arbitrarily small ¢ > O,

Theorem 2.3. Let s and s' be zuch that s > s' =2 0 and

1 . -5
s,s' # 5 + an integer. If u € Z° (I") Thas the property that

for each positive integer p there exists ¢, € Pp(In) satis-
r

fying

P +S’
(2.7) fu-o_II _, < CFpT®
AN G

A
(@)

. I S~t,.n .
with <C% independent of p, then u € Z°7 (1") for arbitrar-

ily small ¢ > 0.

. Pf: The main part of *he proof consists of showing *hat if u

$ satisfies the hypothesis of the theovrem, then u belongs to

" " " S S PR P P T ) . P S Y N
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. s . . N Ny ~io, 0 R
the retl interpoalation space (27 (1), 77 C07))y Tor o

o> o and a1l suTficiently small o o > . The »ogalt thern fol-

ows frompart {(11:1) of Theorem 2.1
Le* u = % A ¢ ¢ L (T satisfv (2.7) I+ follows
Im[=0 -
that for each p > 0,
Z —ata!
ha - a & Chn © 7
Hi r L‘ 1 - z
0<|Iml=p RS ™
Let k > s and for each 1§ = 1,2,... 3set . = ) a d .
i . “mTm
Os|mf=2" 77
Since each Uy with 1 = 2 may be written as Us T oUg +
i
2 (u.-u. ,), one obtains that
. £ J 3-1
7=2
i
fjus |l = fugdl ) Jugmus ol .
AN GRS ViokerMy 520 03 T3-107K g
Now ,
[hus i C ) a-[1+ m. ]j
AN G \O§|g|52 n i=1 /
. I
f T St 1/72
< cf § alli+ Imitd
\ m . i
\O<[m|=2 = i=1
CoCpul
75 (1™
and
n \ 1/2
lu. -1 ! C ) all1 + ) mer )
BRI A e N i-1 meT 2 j
2] A<|m|—<21 1= /
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\
[P I 5 ]
SEALELARE SRR
27—](l-l i - 1=1 /
o Ches T |
RIS 1
Therefore,
T (F=s')
flus | = CQfup o + 2 lu.~ua. Sl _, )
k™ SRR G Aib W= R G
Since
; \ . (-s5+
flas-u. 4 1 < U -ul ' ilu-u. o ez
33 1Ts g IS ™ =108 )
it follows that
i
(k-35)]
Jus | s ol . v ]2 ~
gk 28 (1 §%2
s cu) , o+ 2,
27 (I')
For t > 0, consider
K(u,t) = inf (vl .. +tlw] ).
u=v+w 7S (1™ AN QS
Taking v = u - uy and w = u., one obtaine that
KCu,t) = c(er2CS¥SDLgyg ep(kesddy
77 (I)
-_— 1 — ‘ 3
coCCul o rem (g RTdhy plesre i,y
z7 (1)
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_Tik
- . N ; . i k=g’ N .
for U < t < 1, c¢heoose 1 30 that 27 <t <7 . Thon
=t ( 0y - et
2(—S+S')i < 2(5-3')ti:57 A ?(k-s)i - h- )‘(I—K;;')
s-3' .
== -1
ot
tk s . Therefore., for 0 < t < 1,
5-5'
! 0 }2_‘{—'
K(u,t) = c(flul _, +CH)t
~.s',.n
(1)
Fer + 21, take v = u and w = 0 +to obtain
K(u,t) = Clull _, .
7% (1™
s-s'
Suppose that 0 < e < g—Zv . Then
s-g'!
o - T+ t€ 1 "
J (¢t K-S ‘r:(u,t))2 dt cClhull _, +C )2 J t2F- 1 a
t s',.n
0 Zz7 (I7) 0
) w  =2(Zp)+2e-1
+ Cllull s' _n J t art
Z7 (I 71
N
< CCe) (Jlull s'_n + C*)
Z7 (I)
75' n ~k n K
and thus u € (Z° (I'), 727 (I ))s-s' , wWhich completes the
PRELEE
proof. =

Let Q be a domain in R" such that there exists a trian-
gulation A of Q into open n-simplices Qi, 1 < 1 = M.
Let o, v =1,...,N, denote the vertices of A. Since it

will be convenient to be able to refer to the vertices of a

Ry




P

DDA st s o

v

b
’
I

-rv—vvvr

pirticular simplex

denote the vertices of

alse a vorbtex of Q..

s

n+l. It will also be u

b-:

{Ci,3): 1 = 1 = M,

Consider a simplex

1 = 3 = n+l. Lletting
and terminating at the
R"  the parallelepiped
Q. . = (x € R": x
151

Clearly, Q. ¢ §. 5 fo

i i,
(i,3) € SA’ choose an
Q. . onto ™ and o.
1,7 1
Let {n }N be a
vov=1 -

that for each v = 1,..
and supp n, intersect
have Gv as a vertex.

define on ..

i,
un o in
(2.8) u. . =
1,7
0 in

3y the assumptions on

neighborhond of 95 s
> |

1 of o. ; such that

20
for 1 21 M let J . . Lo n+l,
1,
Qi' Henoce, 10 1 veriex o ol A o
" Voo - . . N L .
then S N oy somoe T |

1 1
dog

seful to define the index setv o5, =

[

T on+l}.

Q. € A and one of i*s vertices o, ..

i i,]
I be vectors based at o. .
1 n 1]
other n vertices of Qi’ define in
¢
= Oi,j + é tmem, ¢ < tm < 1}.

r all j§ = 1.,....ntl, For each

. . . . n .
affine mapping T in R which marps

"1,]

; onto the point (1,...,1).
b

smooth partition of unity on § such

.M supp n, contains the vertex oV

s only those clecsed simplices Q3 which
€

For any u ¢ LQ(Q) and  (1,71)

/\ bl
.y )
Q. where v 1s such that o . = o\
1 )
0. A\Q. .
1471 1

n . onne observes that u. . = u in A3

v 1,1
and Loy T N outside of a neignbarhont
L
Jo0ouT XD = 0.
]s]\ 4
> 7 coh * f’A + Ty T
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75(0sa) = {ur ul o

2700 5A)
where
\1/?
. -1 .2
fall g = J Tu, LoTimLll
z27(250) (i.1)€s, R RUE R A G
Tor each real s 2 0, let HS(Qi), 1 < 1 M, denote the
usual Sobolev space of order s on Qi and set
Seo. - .
H (@A) = {u: {hul < < m}
HT(2:A)
where
M 5 1/2
hall N MU
H(R:4) i=1 H (8. )

For each non-negative integer p, let PD(Qi), 1 £ 1 %M,

denote the space of all polynomials on Qi

p. Firnally, let

P (2;08) = {u: ul € P (Q.),
o) Qi p 1

—
=
[
Q
]
()
3
[}

. =5,
+ an integer. If u € Z7(&340)

|

negative integer ©p there exists wp €

-3+2s’
(2.9) ha-o_ 1l o < Cp Sl
ST (R A)

where C = C(s,s') 1s independent of u

.4, Let s and s' Dbe such that = » 2s' Z 0 and

of degree at most

1 <« i = M}

then for each non-

P ($2;A) such that
P

S0 n)

and D.
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ity.

b
}
3
L
i ~ .. N . 1.7 .
b Df Tor eactt (1.%) ¢ S, Theorem 0.0 yvicl P € P (I
’ — r P
- o -
S satisfying
p = % _.‘+~.v _ .
2 2.10) du. Lot —olT n T LeoLoTL L
] LT B I S e 25t n - O B L
b - h i (J. ) ! ' Z (L )
.
o
o . -
t Setting
-
’ ntl oo, .
. ¢ (x) = ) @:’]oT: L) for x € Q.. 1% 1%,
1 P :]:l I3 DO -
(2.9) follows from Lemma 2.6 2.10), and the triangle inecual-

4

For the special case s' =

inverse of

Thecrem 2.5

Theorem

s #

) 1=

+ an integer.

2.4,

If

be any non-negative real number cuch that

each non-«negative integer p,

fying

with C independent of p, then u ¢ 7 (;A)  for arbitrar-

ily small

£ >

fu-¢ i =
o) LZ(Q)

0.

[ .
PEEILE

nomial oo

oolynorial

-~ f

Here an i Troaien
{ maie

lepree

I3
leFren

up to an arbitrarily small ¢ > 0.

u ¢ L2

“he romgincer of the Daay T
Y

an afine mapnine 1o oaraly

0, the following result is the

N
(2) has the property that, for

there exists wp € PP(Q;A) satis-

that the componidior




PP

i = v N
; v
R such that y
ko=
Cree o oub o rc
o7 Tho o Torm
Qk = {xX ¢
For each kK = 1..
R’ such thar F
Fix (1,5} ¢

e . Y L ! £ 7
| n
), = DAY et ot
N
Dedrl g v B T '
. 1
n. . N L
I -1 o a7 < % < b T 1, 1
L m m

denote an at

oo e DN

srall so that if T.7.(0,) (L supp n # ¢ for
1S \
N LI
L C —~ < . r
. .(\L) ¢ &,. Given any such ¥, 1t follow:
P . L

for e

2y Theorem 7.2, t
arhbitrarily small

obhtaine that 1f

Cun Yo7l on7l ¢

v PP e

Tflz(Qp) N1 =upp n

1,y i )
N
k}k=l

open cover {

s

ting {%

the

denote a

aclhi non-regative inteser o

et cpT3
3 - ¥ . _ I
Ly . o b’y(ln)
Z
Ris implies that ue™, 7 oR -

rfence,

k 1s such that -

Furthermore, 17

=1 -
(un o™y ".oR,

-9 4

then

Ps

s not difficult to

e

20}, it

since n ia
AV

smooth,

is =such

0 “n

show that

=ann on o # 0,

rin

4!

Tne mapping In
W -

T by 1 \n,f
o icien Ly
some k., T

from the hvpo-

aviata

. et -

v
smooth partitien of unity subordinate to

4
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P.0 Approwimation b contorming plecowlise ol onoamioa T on

triangulatad domains

In the present and following sectione, Theorem= 20h 4

are extended to obtalin similar reaulta Jew oanrrnwimation oo -

forming piecewise polvromials »n trianFulited fomains i

The 2ssence of these resul¥e is that., up *o an articrariis ool

g > 0 one can cbtain conforming riecewine mnlynomiale ol

the same degree of aprroximaticn as the nen-conforming plecawi

et ]
polynomials of Theorem 2.4 provided *ha* the “unction beinrg

same compatibility conditions azros:s

0
‘-
-
6]
J)
+
)
D

approximated sati

the common boundaries of adlacent zimplices,

. . - .n ) .
et @ denote a domain »f R such that there exists A

triangulation A of @ into simplices

o)
-
b
1]
}__l
.
s

Recalling the spaces 7°(Q:4) and Pn(Q;A) defined in secti~n

2, for each non-negative integer ¢ and bp set

zi(a;m = 725%¢q:a) 0 ot @)
(3.1)

Prlaimy = P (aim) n oMD

2 D

where Cg(ﬁ) denotes the set of all functions which along wiTh
their first £ derivatvives are continuous on &. It is clear
that Pé(Q;A) is preciselyv the set of all functiong in P (on
t
which along with their first 2 derivatives are continiuuus

across the common boundaries of adjacent simplices of A. As

a consequence o7 *he following lemma, if ¢ 13 any integer

. . 5-n . . . = ,
satisfying 0 = 2 < QZ » then it similarly holds that J2(Qun)

[l
D

(0:A) which along with

is the subspace of all functions in 7

their first § derivatives 1are continuous across the conmon

R P S N S

A
s




~ v = v =~y ey -

- - T T T T T < v e e w = v - -
®
o Tosataeent Somnlioen o AL
-y
]
emma 2.1, Let 5 s ron it e v vt phonhaan T 4
o ntoger, ard o oLer e amv gt eoasr a0 e N . -
= Teon . P o kT
. (I7) is continanuizly emboldica in 25(77)
[
) [ ,
' v s Oobholey laren P10 ], i Tois o eh gt et v
g mrelt iy onbels in DU opocidesn Hhat - 77 > on Tre
1
[g . result Then rollows Trom Laomme Z2.re
!
r
1 In adaition ~o ne definitions (3.1). i+t is convenient ¢
|
} cet (hsn) = 214D,
[e
'
; Theorem . Lot s oand s' e such that s > zs' 2 0 ana
L 1 . o
5,25 # 3 + an integer Let 1% Dbe the largeszt integer strictlv
. ; 3-1 - -S, - .
r Lecg than  “5— . I+ u ¢ *c(“:A> for some integer 3%,
i T < 2%, then for each non-negative integer p theve exists
! 2
! op € (1:4)  such *hat For arbitrarilyv small ¢ > 3,
| - \
e )
; ~ I -3+2s'+c
. (2.2) pu=-g b, ~ Cp 7 Tl
% TOET (o) 7 (Qn)
L. where = 2(s,3"'.2) is dindependent of u and p. HMoreover,
3
b - . .
g it o ¢ »20)  thon Toroany non-negative integers ¢ and ¢
b
: . v, ) -
, there exiss @ € p (0:2) =uch that (3.2) holds.
X
The feollnwing inverse result sayvs that in the case &' = 7|
Theorem 3.1 is *he beot resuit podasible, up to an arbitrarite
small > 0,
®
“hecrem 2.7, Tt heoapy pealtive roesl nmher Soaeh
1 . . . .
s # = + oan integeyr and 1o P he tThe laveoot Snteoyer oy
L
- A A i aa . " Pt 2w ’ P S Sy e a O PP Y ad
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i 2
: lesz than . Surpose tnat  w oang S i ko
Lo each non-nefative integer » there exist: ¢1 e prloun) -
' fving
'
b
'

(3.3) IRTC N < Cp

TR (D) T :
72
tor some constant (€  1ndependent o v, Ther

Mdn il 20 e S e S g 0 o 4

~S-€

g Lay (Q34)  for arbitrarily small ¢ - C.
min(g,2%) -

"he basic idea behind the nrcof! of Theorew 7.1 15 1o ~oen-
fully modily the piecewise pclynomials proiuced Lv Theorem ..
in such a way as to achieve the required amcunt oi repuiari
acrosc the common boundaries of adjacent simplicesz of 4 wini.-
out degrading the degree of approximation by more than ar arhi-
trarily small amount €. The technique is most clearly obzervea:d
in the case n = 1 which is treated separately in section 4.
The proofs for the cases n > 1 involve some additional teah-
nicalities, the nature of which is exemplified bv the proof for
n = 2 in section 5. Although the procfs for n > 2 are not
given here, it will be clear from the cases considered that these
may be obtained by similar arguments.

In order to help simplify the exposition, the important
igcue of boundary conditions has been neglected. However, it
will be easily seen that the same techniques which allow one *to
construtt piecewise polvnomials with 2 continuouc derivatives
across the common boundaries of adjacent simplices may also be
used to enforce any homogeneous boundary conditions satisfied by

the approximated function and its first ¢ derivatives on ‘the
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< v ———7 A ad - ~ woow s 77'1
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4
_( oani iyl Ay the nevepsion o e R O

' e ' reovesulie in the Sobolo Yige

1 ~ 1
(o . . o Moiecowilse” Dobolow spaces T (oia).

n' ol . > ow nhow such results are obtained. he
' X st NG
[ ;
L‘ S . S iny s siive real nuaber such that
I CF s+t an intopger, I8 s e gueh that s> 2s' 2 00 and
)
' . z Z=-n
" I 4 Zg oan intever cuch that s' - 3 < 1 < =5, then
' ¢ I4

— - . . N :'
» 2,(2:4)  continvouslv imbeds In HT (Q).

Py it Is 2 simple conseguence of the Sobclev trace theory
L . - L 2= ; 13
_ 10T that 1if u € HY (93a) and if u € C"(R). then u ¢ H” (Q)
.' . . 3 .
M provided that ¢ > s' - = . The resuit then follows from

&

Lemma 3.1.

"

Theorem 3.1 together with Lemma 3.2

yields the following:

2

ct
.-

vy Ty v = e ey
-
™ rho
: g < D
H 0
=} 0
ma
+
o
0 L
- 3

3. Let s and s' be such that s » 2s' =0 and
+ an integer. Let 2% Dbe the largest integer strictly

s:n' If u «¢ Z%(Q;A) for some integer £ satis-
L
2
- 5 < % < &% then for each non-negative integer p
ts o € Pé(Q;A) such that for arbitrarily small

+’

—5+23 0+
fu=p 1 _, = cpttae i
= : S
PrT o) 75(Q0)
C(s,3',8) 1s indevnenlent of u and b»p. Morensver,
. 2
*(M;A) then for any integer ¢ > ' - 5 and ‘o,
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L. Approximation by

contforming plecewise polynomials continuei:

L).
the case n = 1

The proofs of Theorems

follow a number of “ecohnicas

Lemma b.l.

is independent of

for any ¢ ¢

P (I,
P

and (4.1) follows by induction for s an

interpolation argument yield= (4,1)

As in section 2, let <P

n

polvnomials on I

Lemma 4.72.

5.1 and 3.2 1in

By 3Schmidt's inequality (see e.g.

normalized so thatr |IP

the case

lemmas.

Let s be a non-negative real nurmbaer.

L and o .
D

[s1). 1t

for non-integer

b denote the svstem o

n”L2(1>

For each non-necgative integer n,

K . 20k
i‘? P (:1) = D)7 i;ﬂi%l— TT (n+i), K
ox AR pEok+l

? .

This follows

n = 1 wili
Ther B4 -
holds *hat

A standaru

1

f Legendre

1 for alil

Lrmediately frow equations 22,2016 720001,

.

272.5.27, and 22.5.37 ot ‘1], takins into aaccunt the normalicatil
s = 1
n L,(I) )
s
PRI ey G PG . e |
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Lemma 4.3, Let Kk be a non-negative integer and let = bhe
. ) 1 ) . ‘
anv non-negative real number such that ¢ £ = +  an intesor,
For each infeger o > K + 1 there exists 5 € p (1) S IR A
(1 if m = k

(m) {
(4.2) p (1) =

v L0 i€ 0 < m !
and

ISR

(L.3) dp il < Cp " -

where C 1is independent of p.

ix p = k + 1 and consider the following optimization

b ~
problem: 1inimize the quadratic objective function ) a’
n=k
over all (p-k+l)-tuples (ak,...,ap) satistying the linear
constraints
[ 1, m= X
L (m) J
‘ m
Y oa P (1) =
nSk non
o 0, D= m< k.

If it can be shown that there exists a solutiocn (ak,...,ap)

such that

-

N

L =2(2k+1)
Cp

A

(L.uw) % a

where i3 independent of p, then by setting ¢ _ = } a

i1t tollows that




YTy

YTy TTY v v v

=

Pl ~ A e - ”
e 7L 2 ! a% n < D Vooal
7D n=r n=k
-7 +1)+0
= Cp Cokrldeis .
and ¢ satisfies (4.2) and (4.?).

n

Applving the method of Larrance multirlier:, one scek 0

stationary peint of the func+tion

@(ak,...,a 5 A ,...,xk

p°Q

X

)

o] - v ' A
= ) oap = Loat] anpém)(l)] -] a ISP RN
n=k m=0 n=k n=k 0
- . 3¢ . . , :
Yetting i 0 for n = k,...,p, arplying Lemma 4.2, and
n

Furthermore, setting

applving Lemma 4.2,

Yy ooa (“n+l)l
n=k
(4.8) )
; a (:;1"’1)1
L. Tn
n=i

The =ubrctitution of

s K
) 2 TT (n+u), I

follows that

LA
3
th
J

SR 0 for ¢ = 0,...,k and again
one obtains

2

2 TT ()

H=-2+1

'
=
~
o]
]
)
A
~
-

~
+
ST

/2 K :
TT (n+u) = N Ko
pz-kt+l

(u4,5) into (".8) then vields
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x \
m
) , () T =
i
ERRY .
=l * D!
(.

\

F. A

v ¢ 4t -

N TR ) - r - -
T S 5

- s o

when
It
P GID B o0 L (ot
A nzk pHz-m+]

) 1 D 04mtl

T f4m+l
~t derre> legs
Regardins (4.7) 12 a lincar svaten to

~iancities N 2ml, ) < omoe- k.

i3 the determinant of

K+l

of degree less than
vhere é“+l ‘- the determinant of the
rinoy o7 thae Hilbert matrix.  -ince

solverd for the xm/zmml

Nt oLk,
PR
f
- RE
Y1 n+l) il (nt)
;,A:-—f*’l

+ 3 volynemial in

J(C8+m+l) .

be solved for the
shserves that 1f D(p)

matrix (v, m(p)), then

3

+ a polynomial in p

2
2(k+1)

T

s ..
(k+1) principal

By * 0,

provided that p 1is

(h,7)

>
3 creiter than the largest root of D(p) (which depends only on
p
r -
b Py . Arplving Cramer's rule, it follows that for m = 0,....k,
@
b ht

m - -1 . . .
; - D) * (1 polvnomial in p of Jderree
, Jm! "
: (h.2) 2(k+1)"=2(m+k+1))
,
' -2(m+k+1)

2 (m

' ® = I(p ) as p T o=,
P lence, for m = J.....x 4and T not op, one obhtalns Tron (W09
) 1l (5,8) that
' @
[y
!
i L L o . L o L . R
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N k. -
i . /0 =7(k+1) W -'m o
va = ( n+1) r " )oop T (n+i)
o m=" jiz-m¥1
i :
TR

I
)

Since thiz implies (L.4), the proof is complete.

Lemid b.Lk. o Let § beo @ non-negative integer and let a2

A

k = 0y...52, be veal numbers. Let s ©be any non-negative real

D

H

number such that s = *+ an integer. Than, for any integer

o> 22 4+ 7 there exists W
"

€ PP(I) such tha

(o)
lﬁ
-
A
.

(4.9)

and for arbitrarilv zmall ¢ > 0,

) ~ ) ' ~ —(2P+1)+S
.10y 0oy = Sy Cag el DT

-1
+ Co(e) 7 Cla, [*18. 0P
2 TR

-(2k+1)+s+¢

wherae Cl znd C, are independent of p. I{ & = 0 <the

seonond term in the rigsht-hand side of (4.10) is omitted.

It suffices to prove the result for & 0, 0 = k = U,

’,A: D 1(

since the rseneral result may then be obtalned via superpcsition.
y js

Bv Lemma 4.3,for each %k, 0 < k < ¢, and each inteser

'3 l
v
-+
(=]

, rhere exists € PE(I) such that

wg,k
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arhitrarily smail € > 0,
(%) .
o )i = CCe)dy i
'Vy~k‘1( s ‘e Vo, x-1 K+ dae
H ? (1)

-z C(i)ka+l+2Ei

35
‘ I if m = k
o ,
q)é }1(1) '—'<l
o0 \ 0 1f D < m < },
(4.11)
N ‘ —=(2k+ +g!
a— - P ( 1)+s
RPN kﬁ (I)
_ 1 i
for anv real s' =2 0 such that s' # ? + an integer. Set
¢t = p+ 2+ 1 and deline
' W - ~ X+1 2+1
.t:}“s’](“) = Afng’g(‘\)(—z—) 5 x € 1
f 2 > 0 then for ¥k = 1,...,2 vrecursively define
(x) x+1,0+1
o W = s -l D Y + ?
Jp’k( ) (xk Vp,k—l(l))np,k(X)( 5 ) bp’k_l(x), X €
Setting 9y = . cne checks that ) satisfies (4.9), and
3 Py A
L0 = 0, (%.11) inmplies that
T ol —-l+s 1 "l"'S
LT o = Clagp < Claglp
A ‘ ‘
which escablishes (4.10) for ¢ = 0. If ¢ > 0, then the
Sobolev Lemta [17] together with Lemma L.l yields that for

I~




oy ooy

Iakian 20

T
M - .o N - i B N e P
cence, tor o= o007t and any s 2 0 such that o st
Al rnterer,
—(kELY4S! Jr AL D
.. K - o ~ . NN L o
< i + (/(';)T,‘

o U + ‘11 !
(.10 Coak=1 LD “pak-1 LD
. R G \&"+‘\( \_‘r;'{-?;:', T
= 1 [ (R k 111.
P> Lo
Svoarpiving (5010) withao 3! o= 50 foe v o= 4 and then success-
Ively witt 5= 0 for Moo= 0 o= 1,...,0, (4.10) follows.
TF. of Theorem ¥.1. Recalling the notation oi section 2, fix
(i.5) ¢ & and consider u, . € Z27(I). E=pand wu. . 1in its
A on 1] L 1,
r
lLegendre series ) arp and set &_ = 1} aP for each
) n=g " 1° 2 n=g 718

(4.12) ”u; = sy <= Tn

3v Lemma 3.1 torether with (4.13), it fellews that, for
s-1 T et e : -
i = k ¢« == and arbitrarily small & > 0,

- 2

GO s ety =5

>

(L,.14%)
—“‘+‘2]‘("’1"‘€,,J .”

| .
AN G

1A

Clelp

[f 2% <k £, then lemma 3.1 implies that again for
irbitrarily small « - 0,
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A

S ST R i
D D .k+7+#<1)
. - 2 25 =2s+Uk+2+2e,1/
< (0] an nfS pTisthkyzrie, L
= n
n=0
< o(eypSERELREL

Tar eac ~ v+
exists up € p_(I)

!

oL .
1,381

7, one obtains from Lemma 4.4 that there
such tha+
G - s PG e oos ko« 55
y P Z
—E(K)(il) if Sz o< g,
D 2

L

AN

and such that for arbitrarily small

(45.19)
o ‘I <
T 2! =
LS
Pros® (D
=
SY-R ) = £
Psisd P
{ i
u. =D |
1y Psyls]]
and

~

“

(e)

- 1 o
Cleyp 3728y

wp Then by (4.13), (4.1%5), and Lemma 2.3,
= lu, .- | + e b e
! i 1] H
(T) 3 P y® (D Prgs (1)
< CMu, .-¢§ i ' e b oo )
1,3 7P 4287 (1) Prges (1)
— .’ '
< C(el)p 5+2s +€Hu. o >
>3 75T

e > 0,

(k) k) -(2k+1)+23"+¢

(w

(- ])p
o P

(
(L] + |
RN

I e~10

x

fu. . o .
EERVAIGD)
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Assumine that the arove has Leen carricd own Tor <ach

7
{ 2 — 1 o ) - . . -

(1,3) <= 2., he Jdeosiced | &P i3 siven b

~ -

2 ~

B
O = ) n . N . 1 = 31 < M.
Do ];1 Pals 1.,
i

3.2. Lt follows immediately from Theorem 2.5

. _5-€, . S . . . .
*hat u € D70 (i) (2:4) for arbitrarily cmall € > €,

.;_l“

3

50 it only remains to check the regularitvy of wu at the necdal

Ql and Q2 be adjacent intervals of

A with common endpoint o, and let u, = uj
- 1
Since u € 77 T(23A), it folilows as in (&.13),(4.1%) that I-21 ecach
non-negative integer p there exists wp . € Pp(@i) such that

. L

(4,16) fuL-w L, (o) = Cledp

and for 0 < ¥ = &%,

(H,.l'?) -O‘+2}'+l+5w!”j1

~
G
~—
A

[ugk) C(edp
i

(G)—w;

vdo .
i s,
i TU(LA)
Letting o . = o |, . 1 = 1.2, it tollows trom the hypothesis
p.i P, -
4
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29

~ . ! -S .
4. ! Pl . = C -
(4.18) M Op,lnLo(Qi) = P +

B the Sobolev Lemma *togfether with Lemma 4.1,

one obtains that for any %k, 1 = 1,2, and

small,
1 k) ‘
|®ék;(0)—wi o) = Clenlip PR
D, P>l N S
H 2 (2.)
i
2k+1+2¢, ,
=0 . B .= L
~le)p Tp, bp,l'LQ(Qi)
{(4.19)
< o~ 2k+l1+2¢ i _
C(edp Cllus pp,iuhz(ﬂi)
+1l - |
SRS NI
< c(g)p'5+2k+l+3€,
Hence, (L,17), (4.19), and the fact that ¢(k)(o) = @(k)(o),
p’l pa2
3 < k= %, imply that, for 0 < k < min(2,8%),
I TN S P S I A C IR PO
1 2 . & 1 p,1
1=1
2
v oy, (K) (k) ‘ ,(k) _ (k)
< 421('di (o) Uo,i‘O)l lpp,i(o) wp,i(O)l)
-_— 2
< C(2)p SHAHITE L 0 as p > @

provided that € > 0 has been chosen small ¢nough that

J(k)
1

which completes the proof.

(o) ugk)

-5+ 2kt 1+ % <20, Thus

(o) for 0 < k < min(Q,2%),

TN o —y — Wy c W W W —w —w ———

(4.1C) and (4.12),

£ > 0 arbitrarily




MA A g

B 0 Shutrit am AunBupragy o

—p———p—p—

DA S S ) Ry T T W *

=

piecewise polvnemials continued:

5. Approximation bv coniormin
the case n = 2

As 1n the previous section, a number of technical lemmas

precec2 the proofs of Theorems 3.1 and 3.2 for the case n = 2.
emma 5.1. Let s  be a non-negative real nunbeo. 103 o

any triansle, then for each p_ ¢ PP(S),

Rl

~ 23,
(5.1) J{A“' < J(s)p !MPPI!L (<)

o
L

where C 1is independent of p and o _.

Pfs  For each Xy € I, it follows from (L.1) that
“ 5
2 43 2
(5.2) 1t (x o ) < Cp N (e )0 .
i fp 71070 g = P 1T LD
; HP(D) k 2
Similarlyv, for X, € 1,
2 I = >
(5.7) Lo (e x )07 < Cp ¢ (eyM_ )% .
+ b 2 dvs B = .0,3 bl 2 L,\(L)
: H7(1) :
Tntegrating (5.2) and (5.3) with recpect to " ndox,,

respectively, one obtains that tor 0 = I

3

(5.4) o Il s Cp Mo d, (-
P S v Pl ()

sing an affine mapping, one Turther obtains tnat (L.4) heolds

for anv parallelogram 7. Since S = U ]% for some. collection
k=1 .
of parallelosramc 0 (5.4) implies that

4}(*




- ——— Shdnd A Ml Junt e et e g ™ T -t o " e A
l¥;
b ‘ o oy o . 9
» g I - T i « e BTy - =5y "
T H‘i\\‘lt s = / “‘5'34 s s Lo PR Tt (o ) = Up ""PF‘ e o
i Pru®(sy  x=1 Py (9,) k=1 P =2t pon, )
which completes the preoof.
Lemma 5.2 Let 5 he a triancle with sides {L' You Y Lt
¢ and ¢ Dbe non-nejarvive Integers, and for Py 0 N
(}:2)
. 2, € P (yl) be such that 2z vanishes at the endpointo
,‘_'q_ J_ 8 r’l\l
of Y1 for 0 = k2 < ¢, Let n and 1 be unit vectors normal
4 and tangent to y,, respectively. Then there exists
F-. -
¢ H - I
‘l'?D ¢ Pzp(S) such that, for 0 < jkl = £,
1
, il ()
] = Z on Y
WR k1 k2 2p p,kl 1
f N ot
‘ (5.5)
(k)
o= = 0 on and -
#QP Y2 ¢ Y3
and
| o (04 |
: (5.6) b Gy f 0T (2041) 7 I v
! 2p gt + Ps2 Loty
\
He 2-1
> -(2k+1)+r
j + C,(e) ) P (Zk+li+ey, i (y.)
: k=0 PoR bty
J. whiere Cl and O, are independent of p. TIf 2 = 0§ the

se~ond tern in the risht-hand side of (5.€)

. P Without loss of cfenerality, it may be
)

4

1 3 = Wl -—1‘_5 = N B M- - = _E%
: 5 {x Xy 1 1(\1 1)-1 X, B(
' @

PR

is omitted.
assumed that

xl-l)+l}




42
for some numbers w~, 3 and that
= . - _‘\\ < i
Y {x Xy 1, -1 x2_11
2v Lemma 4.3, for each k = 0,...,¢ and each integer p = 0 +
There exists ¢ L € P (1) satisfying (L.11) (witi = ;).
oy IS ’ ’
—a(xl—l)+xﬁ+l B(xl—l)—x2+l L+1
W () = o (x.)z (x.) =
"2p.0 “p,0 17 %p,0 "2 x2+l -x,*1

and recursively Jdefine

sz’k(x) =

(2

P,k "2pyk-1

Yop k-1t

Setting pr T YopL,eo

and it 2 = 0, (4,11

' - — - +
|3(x1 1) x2 li
] -3 +l

%2

!

which establishes (5.
well-known embe:idins

follows that

T Q = C
20 L2(a) 3

2 1 2

—u(xl—l)+x +1 B(x,-1)-% +1]Q+l

(%,0) )
(x2)—w (l,xQ))@p’k(Xl)[ ¥ T % 1

2 2

x).

one checks that ¢, satisfies (5§.5),

.—G(Xl-l)+X2+l
) and the ract that | T | and

Z

are bounded on S imply that

< “Lyz

l
p,OJL?(yl)

6) far L = 0. If ¢ >0, then by a

result [10] tosether with Lemma .1, 1t




r.

P -

b 4

L (ky0) .

- ol on, Ly s e,

°* 2p,x-1 uz(yl) 2n, k-1 . +1’+C(S)

. N-+1+2 ! .

- - C(C)pﬁ.k 1 (cztg) -1 ]

2 L, ()

1 ?

- Hence, for k = 1, W

3 ' ‘_(L‘]f'*':‘l) : ?F\

: i 3 < C e ! +C T o I -

1 TU2pL,kTL, (3) ¢ F p,k“'L,\(Yj) Cledp ”2}»,}<-1‘ L, ()

E» < <l e o~

q -

‘ from which (5.6) fcollows.

[ Now let

@

< Q) - - . - I - . 1

’ S {x (xl,xQ) : 1<xl<l, xl<x2<l,

] and let qv, 1 = v =3, and Yv’ 1% v = 3, denote the

T“ vertices and sides of S%, respectivelv.

- Lemma 5.2. Let ¢ be a non-negative integer and let
a0 = kiWk, <= 2, v = 1,2,3, be real numbers. Then for any
LAY 1 2

! integer p=4(2+1), there exists wp € PP(S*) such that

: (x)

. 5. 1 —_ = = # = <
(5.7) @p (qv) QE’V’ 0 < kl’kZ %, 1 v 3,

& 4

;‘ and for arbitrarily small ¢ > 0,

le

X

L 3 2

i -2 -7+

: (5.8) 44 qny = CGe) ) y | o [p [kl-2+e

‘o p'L, (8% VEl Kk, k=0 X0V

‘~ 1072

(), 2 ! -2 |k|+2im]-1+¢

, (5.9) w70y T ote) ) N 1;1}( le - ,

- ¥ Ty v=1l k,,k, =0 =?

\ 1772

o

r 0 < |Im| = 2, 1= v s 14,

‘o
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Ly by
where C 1is independent of p. IFf & = 0, +ther (5.8) and
(5.9) hold with € = 0,
7f: It sufiices to prove the result for &y = 0, 9 < kl’kQ AN
— L)
v = 2,3, since the general result may then be obtained via a

surermosition argument., Moreover, 1t mav also be assumed that

= (1,1).

1 1

.

Fix k = (¥_..k,) =o that 0 < k.,,%, < 2. Ffor 1= 1,2,
u Z
it follows from Lemma 4.4 that for each integer 7 z» 28 + 2

there exists = K ¢ P (I) such that
'r*'i P

1 if m = k

e if OSm:sQ,m#ki,

and., for arbitrarily small e > 0 (or e = 0 if k, = 2),

—(ij+l)+€

5 U < C
(5.10) Lp’ki”Lz(I) < (e)p
Setting p = 2p and
9
w3 = d c o) = SEa
(%) ) e vﬁ,kw(kl)”ﬁ,kq(xﬁ)’ X (xl,x2) € ,
kl,k2—0 - 1 2

one obtains that W _ satisfies (5.7) and (5.8). To prove (5.9),
14

cne beginz bv cbservine that, »v (5.10) and Lemma 4.1, for any

real s 2 0 and € > 0,
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(5.10) = sep = oSG
Paky 1) oty by ()
ence, for O < fg; (AN
2
o (m) ; . "
Py =T (1, 000 s ) a i
P L. (D) _ (m.,x.),] Tk m.,
2 }'\?—0 172 2 )
2 -2k +i2m -1t¢
= Cle) ) | ) i P '
k=0 (ml,k?),l

T+ is similarly shown that. for 0 < Iml| = &,

I3 -2k +2m_ ~1+¢€
g (m) . 1 1
Hp =" (e, 10! = C l L
er ( 3 )!LZ(I) C(E) kX:Ola(kl,mz),ilp

17"

Applying the Sobolev Lemrma together with Lemma 4.1 and (5.1%),

l/‘\
3
IA
=

it follows that for x, € I, ¢ > 0, and 0

1
¢ (m.)
(m) 1
by ="« -x.)] = ¢C Yo | | v= (= )|ity— I
Ly X X, ) o 7 Y h
p 1° 1 KPKQ:O k,l p,kl 1 p,k2 m2+«—+ ¢
H m
2 -2k +*2m, +2¢ (m,)
2 2 1
= C | o D W (x,)
kl’;7=0 ko1l | kL |
which then vields that
L 2 -4k +Um +he
[~ (m) 2 2 2 2
[9 2 (x, ,-x ) [%dx, = C 7 ol .p Tp— i
J P 1 1 1 - .5 ksl P,k 1
1 ky»k,=0 1"
i 2 —u kel by m] —246e
= C Z o p - - -
K.,k =0 Kl
1772
2 =2 k[+2|m|-1+2e,2
< C( ) Iak lp 1= - )
kl,k2—0 =
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This completes the proof.

Lemma 5.4%. Let s
s » 2g¢'" = 0 and s, 7s' #

negative interger. I u ¢

p > 4(2+1) there exists 2

1
2
7S

Ml SRS an Sk o ek s

un

ve real numbers

+ an 1integer.
2
(1T

€ P _(S*®) such
b

U(EEQ ) if 0 o< k|
(k) ’
(5.12) =" ) =
Dp q
g
0 e Jki = 3
and for arbitrarily small € > 0,
, -g+2s'+c,
(5.13)  lu-¢_} _, < Clerp TS Ty
H” (S#%)
Moreover, if s = 1, then

pum_(m),

(5.14) oo iy

The constants C
and p.
Pf: Expand u

negative integer p set £

has that

tA

(5.15) du=5_i o,

T

such that

Let 2 be a non-

), then for each integer

that for v = 1,2,3,

S
o
|
[}

25¢1%)

for 0 = |m| < E%L and v = 1,2,3,

in the series

P

~
L

< C(e)p_5+ m|

1
El
no
o
44
13
(S
I3

ey oo,
Z°(1I7)

in (5.13) and (5.14) are independent of u

o] and for each non-

By Theorem 2.4, one

P o a o e A A A s e A a- = a s . - - - . -
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by Lemma 3.1 and (5.15), it follows that for v = 1.2,3 and
arbitrarily small ¢ > 0, if 0 < [k]| < ; - 1, then
(x) (k) P . .
ld (qv)"c)p—‘ (Q\)). = L'(E)llu—;p”:?!E‘+2+2€(I?)
(5.16)
-+ D 2 o
< C(2)p “+“§E’+Z+2°”uu o 9
2719
and 1f  [k| = % - 1, then
(k) .
g ="(q )< Ccled)lg I 4
{ P v | Lo ZL[E|+2+2€(12)
P 2 -7q £
(5.17) < cle a?|m| %8 || 2ot [kl rurhe, 1/2
m =0 =
< C(e)p_8+2|E|+L+2EHu“ s o
Z2°(17)

Furthermore, a well-known embedding result [10] together with
Lemma 2.6 and (5.15) implies that if 0 < |m| = E%l, then for

v = 1,2,3 and arbitrarily small € > 0,

(m) _(m) ‘

u —="-g ="} < C(e)jlu-¢
fl £o ,LQ(Yv) p lm‘+‘£+ c

R 2 -2
i (17

CCe) lu-§

A

(5.18) p“72lg‘+l+2€

(1%)

T(C)p_g+?,m(+1+2g_nun

25(1%)

By Lemma 5.3, for each intecer p ~ L(2+1) there exists

v_ € P (12) such that, for v = 1.7,23,
P P

g

T
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PRy

RO L

y|p-2lki+2inl-1+e

:
L.
f
i
. . < .
- ; u(b)(q ) - i(— (q ) it 0 s k| <
b ) \Y D V -
. - ,
9 (5.19) v;'fi)(q) = 4
3 t ) ' (k) . - S
A GV i ik l= 2 - <
q T (G ) if k] 5 -1, 0 = kpHk,
..
and for arbitrarily small - > 0,
| - (5.200 gyt (gey 5 20 iR gy e el
1 2 VIl kK =00 v
1
2 ?
Y - k-
(5.21) E)NL (~ ) oy F ) \4&4)(q ,
P. o YV v'=1 kjvquﬂ o Y
b L <
[ 0 < 'ml <= 2, 1 <
ﬁt. Set @p = gq + oy Then o satisfies (5.12),and (5.14) follows
I3 5 t

{ from (5.18), (5.19), (5.21). By Lemmas 2.6 and 5.1 together with
. (5.15)-(5.17), (5.19) and (5.20), it follows that
}
r

; ju=-yp |l t < flu=g il 1 + |l '
F Pry® (s%) P s i1? PTH® (%)
{
L 2s'!

= C(lu-¢g_1 + |
: 1225'(12) 3 | p]L2(S")
E;..
-s+2s'+e,
= Cp fhail .

: 7710
E. which proves (5.13).
f
) Pf, of Theorem 3.1. Tt follows from Lemma 5.4 that for each
3
i integer p > 4(2+1) and each 1 = 1,...,M, there exists
L ® s+ . €P_(9.) such that, for 3§ = 1,2,3,
A D,y1 p i
.
L.

B
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(£.22) o =l(o. ) =
P, Ly !
\ J i oF
ant {or arbitrarily snall > R
. -5+23'+c
(5.23)  fu-o g o < C(e)p : ST
Pol y® (o) 77y a)
i
m m -g+ 4+ + -
(5.24) ”"J(—)-@i%”b (v, .y = CCelp s+2|m|+1 Thull ,
Pot b0ty g 7S (Q3A)

Suppose that Ql and QZ are adjacent triangles of A, and let

y denote their common side. Let n and 1 denote unit vectors

normal and tangent to vy, respectively. TFor 0 < my s 2, set

m m

5 1 5 1
(5.25 zZ = - — .
N T fp,ly e Op,2ly
b 1 N 1 1
L an an
a
b
f . 2, = L% . .
o Since u ¢ C(3) and ulQ ¢ C (Qi), i=1,2, it follows
t + (m,)
- from (5.22) that, for 0 = m,,m, = &, 2 vanishes at the
- 12 paml
b
\ endpoints of y. By Lemma 5.2 there exists sz € P?p(Ql)
E. such that for 0 < |m| < %,
4
3
‘ D[m[ (mz)
Y = % on Yo

i my, m, 2p p,my
' 9 AS
° n
s (5.26)
:  (m)
:. Vzﬁ = @ on BQl\Y,
L and
C
3
b
e . A
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X
¥
p.
o , —(28+1) 7=l -(fmytl)+e
t( Wl gy T o T T D gy H ) D -
i SP Loty R A . =0
b
: oz H (y)
\ D, L? Y
Y ‘
[
‘! Trom (5.24%) and the fact that u ¢ CQ(Q), one obtains that for 1
my = 0, AN
] )ﬂl dml
- : ‘ SR - )| + i S——(u-a_ )l
L' ,miLo(y) ! ml(u QD,l L2(y) ! Jl(u >, )“Lq(y)
{ “ n an “
f —s+2m, +1l+e
» < C(e)p hal
;1 Z2%C;0)
b
Hence,
b
: ot
3 (5.27) 1y i < Cle)n Tl .
3 2p L2 R s
R 2p Ly(y) 78¢5, 0)
4
Replacing «_ -, on 2 by ¢ = - it follows from
P > Up,1 1 (vm)np,l( , Pl "2p’
(5.25) and (5.26) that 9,=, = @pﬂz, 0 < Iml =9, on ¥y
L) 3
e () _  (m) - | . N
and that wlﬁ,i. = (p];‘:l’ Jos !:_( = b, on dQl\Y-

Moreover, (5.23) and (5.27) together with Lemma 5.1 yield that

Hu-o il ' = Ju=¢ i ' + iy !
o2l g (o) AR G 7P HS'(Ql)
. 251,
[’U-'f,ﬁ I + CD ! ,
r’llhs'(:zl) szpybz(gl)
- ERE X
< C(<)p 5425 +'!uH

The proof i¢ completed by repeating the above procedure for all

remaining pairs of adjacent triangles in 3.
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4 S0 0f Theorem .7, 'ne proo! 13 ainalogsous to that for the case

L =
n = 1. Bv Theorem 2.%, it holds that u € 777 (Q3A) = Zfit(”;A)

Svoarbitrart iy osmill © N, 5o 1t onlv remiins to estahlish

k’ “he vepularity of u  acrnss the common side v of two adjacent

X - les 07 . 3.3 . and Doy

! ety o= ] = LLr. Tince u o€ TT7TE(0in), it follow.s

S - 1

4 -~ . . - B .

L' from Lemma .4 that for < -:ch non-negavive lnteger p there
exists ;€ PT( ) sach that for ¢ > 0 arbitrarily small,

i P 1

. .

4 (5.28)  Pu.=,_ 1. .. - Clelp 7 Tl i=1,2
4 PHIT s g L, () E el s5-¢ )’ 1,2,
3 £ 271 A (Q,40
. and for 0 = |kl = &%,

( (x) | (k) -s+2] k| +1+e, :
Tt (5.29) -vD—iML (v) = C(elp l—‘ fful] a—g s, 1=21,2.
r- Dy ) Y 7 (Q,A)

& Let R oplo » 1 = 1,2. One obtains from (3.3), (5.28),
I i P
; and Lemma 5.1 that for 0 = |k| < %, i =1,2, and € > 0
3
N arbitrarily small,
k) (k) !
L. N A | cClelllv -0 i
}. Yy p,lle(y) Pl 1 lkl +%+€
[ H - (9.
{ 1
1 +1+2¢
- e T ey TP
E. p-1 Dp,1 L2\
: (5.30) .
} § AN NSL G S S
» c cleypt B hug=v_ o gy *
. BoOoPslomotiy
b
- | ' )
4 W] & =t .
1 € i rp,11L7(7 )
:
i v, =o¥2lk]+1+ 3
: < C(f)p -
:'

|
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Aence, by (5.249) and (5H.30) tosether with the fact that

(L') (") . . by . o PR L. I's
Ty T LT = ! ' ‘5.‘ Y. o rollnws thit for
[ I (]
- R -
R neinls T E )
LY () o (k) G
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-1
-
~—~
L
s
t
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=,
-
~
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+
L
4
fre
SN
i
©
)~
—
e
r

P2 < N W1 . 2(Y)
-, - +-Il’§+j+3
< (e Lt S as p o

A i I el Mt s e

~rovided twat &€ > 0 has been chesen small enough that
u(}3) _ u(k)
1 -2

Y2 Ikl o< min(2,2%) which completes the proof.

-2 + 2wl + 3% s < 0. Thus en y for

— e, = PR
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The Laboratory for Numerical Analysis is an integral part of the
Institute for Physical Science and Technology of the University of
Maryland, under the general administration of the Director, Institute for
Physical Science and Technology. It has the following goals:

d
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To conduct research in the mathematical theory and computational
implementation of numerical analysis and related topics, with
emphasis on the numerical treatment of linear and nonlinear
differential equations and problems in linear and nonlinear
algebra.

To help bridge gaps between computational directions in engineering,
physics, etc. and those in the mathematical community.

To provide a limited consulting service in all areas of numerical
mathematics to the University as a whole, and also to government
agencies and industries in the State of Maryland and the Washington
Metropolitan area.

To assist with the education of numerical analysts, especially at

the postdoctoral level, in conjunction with the Interdisciplinary
Applied Mathematics Program and the programs of the Mathematics

and Computer Science Departments. This includes active collaboration
with government agencies as the National Bureau of Standards.

To be an international center of study and research for foreign
students in numerical mathematics who are supported by foreign
governments or exchange agencies (Fulbright, etc.).

Further informaticn may be obtained from Professor I. Babu¥®ka, Chairman,
Laboratory for Numerical Analysis, Institute for Physical Science and
Technology, Upiversity of Maryland, College Park, Maryland 20742.







