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A FORTRAN SUBROUTINE TO EVALUATE
SPHERICAL BESSEL FUNCTIONS OF THE FIRST, SECOND,

AND THIRD KINDS FOR COMPLEX ARGUMENTS

S- 1. INTRODUCTION

) To determine analytically the acoustic scattering from absorbing spheres, it is necessary to evalu-
ate spherical Bessel functions of the first, second, and third kinds for complex arguments, covering a
range of integer orders from zero to a value approximately equal to the absolute value of the argument.
A double-precision (G-format) FORTRAN subroutine, CSPJYD, has been written for the VAX-750
that will generate tablesqftj(z) and y(z) and/or h,,(J(z) for a given value of z and a range of n from
zero to a given maximum n-

2. METHODS OF COMPUTATION

For an absolute value of the argument less than or equal to 0.5, j,(z) and y,(z) are each gen-
erated by an alternating series; they are then used to generate the h,,(k)(z) values. For arguments of
absolute value greater than 0.5, when the absolute value of the coefficient of the imaginary part of the
argument is less than 5.0, j,(z) and y,(:) are always calculated, and conditional on the subroutine call,
only then is h,,1k)(z) derived. However, when the absolute value of the coefficient of the imaginary part
of the argument is greater than or equal to 5.0, j.(z) and h,k)() are always calculated, and y,(z) only
if requested in the subroutine call. The values for y.(z), or h.nk)(Z), will not be returned to the calling
program unless the user so requests, even though those functions were calculated. See Sec. 4, Instruc-
tions for Use, for further clarification.

In the following equations, z - u + iv was used in place of the more common notation
z - x + iy, to prevent confusing the coefficient of the imaginary part of the argument with the spheri-
cal Bessel function of the second kind. y.(:).
a. if ,Z, < 0.5,

n (Z/2) + (z2/2)1

35.(2n+) 1(2n + 3) 2!(2n + 3) (2n + 5)

V.(Z) - 3"5''..(2n- ) 1 (z2/2) + .2/2) 2

" n+I I ? (1 - 2n) 2!(1 - 2n) (3- 2n)

hln")(Z) = j,(z) + iYn(Z) nl ) (z) is calculated if v > 0
h"(2'(W) jz) - iY(W h12)(z) is calculated if v < 0

b. if Jz] > 0.5 and 1v1 < 5.0,

jo (z)- sin z
z

where:() sin z Cos z

j1 (z) 2 z

y()z) -- Cos Z sin z - sin u(e' + e-')1/2 + i cos u (ev - e-v)/21 and

z

y1(z) - cos z sin z cos z - cos u(e' + e-)/2 - ilsin u(e' - e-')/2]

z2  Z

Manuscript approved February 15, 1983.



J. P. MASON

j.(z) - (2n + 3)z-' j.+,(z) - ji+2(z) (backward recursion)

y.(z) - (2 - l)z-' y.,(z) - Y.-2(z) (forward recursion)

h4'1(z) - j,(z) + iyW(z)I h,,"(z) is calculated if v > 0

hg2)(z) - ,,(z) - iv,,(z)J h,2)(z) is calculated if v < 0

c. if z4 > 0.5 and 1v) > 5.0,
j0(z )  sin._Iz

z where sin z and cos z are

(z) sin z Cos z defined as in b., z) -2 zI

hot' (z)- e-v(sin u - icos u)/z h (z)and hI" (z) are
hj41 (z) - e-v(sin u - i cos u)/z 2- e-v (cos u + i sin u)/z calculated ifv > 0

h(2) (z) - ev(sin u + i cos u)/z 1d
h 21 (z) - e"(sin u + i cos u)/z2- ev(cos u - isin u)/z calculated 0i ( 0

calculated if v < 0

j.(z) - (2n + 3)z - 1 j.+(z) - j,+ 2 (z) (backward recursion)
h.(k)(z)- (2n - l)z-' hkj (z) - h(k (z) (forward recursion)

y.(z) - J&(z) - ih,"(z) or

y3(z) _ - ij (z) + ih.(2)(z)

3. VERIFICATION

Because published tables often are limited in range or lack precision, the accuracy of the derived
function values was checked with at least one of the following Wronskian relationships:

a. j.+1(Z) y.(Z) - j(Z) y+,+(Z) _ I/Z2

b. [ Wj,,(z)",,+I'( (z) - j.+,(z) h(I)(z)] iW lRz2

c. -1i,(z) h(+1 (z) - j,+(z) h2)(z)i - l/z2

The table below lists some of the arguments and orders for which runs were made, the degree of
accuracy in the resultant Bessel functions,* and their respective Wronskians. Note that these Wronski-
ans were calculated as functions of j.-(z), j.(z), h (,i (z), and h,,()(z', in every case.

Wronskian
Accuracy of Results Agreement at max n

Argument max n at max n (places) (figures, places)
0.01 - 0.OOli 20 10 14;10
1.0 - l00.Oi 100 10 14;19

100.0 :t 0.5i 100 10 13;17
100.0 - 100.0i 100 10 16;20

1000.0 - 10.Oi 100 10 11;18
1000.0 - 100.0i 100 10 15;21

0.0 t 0.4i 10 (a) 16;15
0.0 :± 0.6i 10 (a) 15;14
0.0 - 5.1i 10 (a) 15;16

(")No comparison was made.

*The accuracy was determined by comparing these results with a 10-place table of spherical Bessel functions of the first and
second kinds.

2
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4. INSTRUCTIONS FOR USE

The subroutine call is:

CALL CSPJYD (AR, Al, N, SJR, SJI, SYR, SYI, SHR, SHI, NAK)

input: AR - the real part of the argument z
Al - the imaginary part of the argument z
N - the maximum order.
NAK - 2, if J.(z) and y.(z) are to be calculated.
NAK - 3, if J,(z) and h.(k)(z) are to be calculated.
NAK - 5, if all three are to be calculated.

output: SJR - a table, from n - 0 to n - N, of the real part of j,(z).
SJI - a table, from n - 0 to n - N, of the imaginary part of .4(z).
SYR - a table, from n - 0 to n N, of the real part of y.(z) if NA( 2 2orS5.
SYR - a table, from n - 0 to n - N, of the real part of h.k)(z) if NAK - 3.
SYI - a table, from n - 0 to n- N, of the imaginary part of yn,(z) if NAK - 2 or 5.
SYI - a table, from n - 0 to n - N, of the imaginary part of hM(z) if NAK - 3.
SHR - a table, from n - 0 to n - N, of the real part of ,{k)() if NAK -5.
SHI - a table, from n - 0 to n- N, of the imaginary prt of k)(Z) if NAK - 5.

If NAK - 2 or 3, for SHR and SHI use dummy parameters, which do not have to be dimen-
sioned. All parameters except N and NAK must be REAL8. The routine calculates h. t ) (u + iv) for
positive v and h (2)(u + iv) for negative v. SJR and SJI should be dimensioned by at least
(U2 + V2)1/2 + 30 or N + 30, whichever is the larger. SYR and SY) should be dimensioned by at least
N + 1. If NAK - 2 or 3, SHR and S s d require no dimensioning, but if NAK - 5, they also should
be dimensioned by at least N + 1.

Subroutine CSPJYD calls two other subroutines, DVDD and MLTD; they perform complex divi-

sion and multiplication, respectively.

5. PORTABILITY

Generally speaking, CSPJYD can be adapted for use on many other computers. It works with
integers and double-precision real values only, so there is no problem in using it on a computer, such
as the PDP- II, which permits no higher precision for its complex numbers than COMPLEXB8. The
checks for -irflow, divide by zero, and underflow, which are located in subroutines CSPJYD and
DVDD, would have to be changed for non-DEC machines, but this should not prove difficult.

6. LISINGS AND OUTPUT'

Following are source listings of subroutines CSPJYD, DVDD, and MLTD; a listing of the test
program TSPHBF; and output from two sample runs of program TSPHBF. One note here: if both
y(z) and THB)(z) are printed, as in examples 3 and 4, it is /4'l(z) that is used with j(z) to determine
the Wronskian check.

1'M. Abramowitz and L.A. Stegun, eds., 1965. Handbook of Aathenoical Functions, U.S. Department of Commerce,

National Bureau of Standards, Washington, DC 20402.
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SUBROUTINE CSPJYD(AR.AI ,N,SJR,SJI ,SYR,SYI 1 SHR,SHI ,NAK)
C AS OF 30 AUGUST 1982
C DOUBLE-PRECISION SPHERICAL BESSEL FUNCTIONS FOR COMPLEX ARGUMENTS
C WRITTEN BY J.P.MASON, ACOUSTICS DIVISION, NRL

IMPLICIT REAL*8 (A-H,O-Z)
DIMENSION SJR( 1) SJI (1) SYR 1) ,SYI (1),SHR( 1) SHI (1)
LOGICAL LT,LF
DATA LT/.TRUE./,LF/.FALSE./
CALL ERRSET(72,LF,LFPLFYLT,)
CALL ERRSET(73,LF,LF,LF,LTP)
CALL ERRSET(74,LF,LF,LFoLT,)

C WRITE(5,104)
104 FORMAT(' SPHERICAL BESSEL FUNCTIONS FOR COMPLEX ARO')

ZEROw0.ODO
ONE=1 .ODO
TWO-2.ODO
THREE =3. ODO
Izzo
DR=AR*AR-AI*AI
DI =TWO*AR*AI
CC= TWO
EPS=1 .OD-16
WUNRzONE
WUN I=ZERO
CALL DVDD(WUNR,WUNI,DR,DIT1,T2)
SRARG=DSORT(AR*AR+AI*AI)
IF(SRARG.GT.0.5D0)GO TO 29
NP=N+1
CALL MLTD(AR,AI ,AR,AI ,ZRZI)
ZR=ZR/TWO
ZI=ZI/TWO
FDNM= THREE
HDN-ONE
HDNM= ONE
HDNI =ZERO
DO 14 I=1,NP
NN=I-1
EN=NN

C CALCULATE Z**N/(1X3X5... (ZN+1)) FOR J
IF(NN-1 )2,6,3

6 FNR=AR/THREE
FNIzAI/THREE
0O TO 5

2 FNR-ONE
FNI=ZERO
GO TO 5

3 CALL MLTD(FNR,FNI 1AR,AI ,FNRFNI)
FDNM=FDNM+TWO
FNR=FNR/FDNM
FNI =FNI /FDNM

5 ANSR=ONE
ANSI =ZERO
PANSR ONE
PANS I=ZERO
TRM=-ONE
TIM rZERO

4
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AB=ONE
BAa THREE

7 GNU=AB*( TWO*EN+BA)
ZRS%-ZR/GNU
ZISa-ZI /GNU
CALL MLTD(TRMTIM1 ZRSZIS, TRMoTIM)
ANSR=ANSFr-TRfI
ANSI SANSI-TIM
IF(ANSR.EG.ZERO)GO TO 15
IF(ANSI.EG.ZERO)GO TO 16
IF(DABS((PANSR-ANSR)/ANSR).LE..EPS.AND.DABS((PANSI-ANSI)/ANSI)
I .LE.EPS)GO TO 8
GO TO 17

15 IF(DASUPANSI-ANSI)/ANSI).LE.EPS)GO TO 8
GO TO 17

16 IF(DABS((PANSR-ANSR)/ANSR).LE.EPS)GO TO 8
17 PAI4SR=ANSR

PANSIzANSI
AB=AB.ONE
BAmBA.TWO
GO TO 7

a CALL MLTD(FNRFNI1 ANSRANSI1 SJR(I)1 SJI(I))
C CALCULATE (-IX3X5... (2N-1))/Z**(N+1) FOR Y

IF(NN-1 )4. 10,9
4 GDRu-ONE

GD! uZERO
CALL DVDD(GDR,GDI,AR1 AX,HR,HX)
GO TO I1

10 HDR-AR
HDIuAI

S CALL (LTD(NDRHDZARAIPHDRHDX)
HDNM=HDNM*HDN
HD'4uHDN+TW0
CALL DVDD(HDNM.HDNI,HDRHDI,HRPHI)
NRw-HR
HI a-HI

i1 ALSRaONE
ALSI uZERG
PALSR-ONE
PALS! UZERO
TRN--ONE
TINwZERO
AC-ONE
CAw=ONE

12 HNU-AC*(CA-TIO*EN)
XRS--ZR/HNU
XIS=-ZI/HNU
CALL MLTD(TRNTINXRSXISTRN1 TIN)
ALSR=ALSR-TRN
ALSI*ALSI-TIN
XF(ALSR.EQ.ZERO)GO TO 18
IF(ALSI.ES.ZERO)GO TO 19
IF(DABS((PALSR-ALSR)/ALSR).LE.EPS.AND.DABS((PALS!-ALSI)/ALS)

I LE.EPS)GO TO 13
GO TO 20

1s IF(DASS((PALSI-ALSI)/ALSI).LE.EPS)GO TO 13
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GO TO 20
is IF(DABS((PALSR-ALSR)/ALSR).LE.EPS)GO TO 13
20 PALSR=ALSR

PALSI=ALSI
AC =AC+ ONE
CA =CA. T O
GO TO 12

13 CALL MLTD(HR.HIALSRALSISYR(I).SYIUl))
C WRITE(5,200)1,SYR(I),SYI(I)
CZOO FORMAT(15,2(1XvDZ3.16))
C IF NAK=2, PUT Y'S IN SYR AND SYI.
C IF NAK=3, STORE Y'5; PUT HIS INTO SYR AND SYI.
C IF NAK=5, PUT Y'S INTO SYR AND SYI; PUT H'S INTO SHR AND SHI.

IF(NAK.EG.2)GO TO 14
IF(NAK.EG.5)GO TO 50
YRR=SYR( I)
YIX=SYI(I)
IF(AI.LT.ZERJ)GO TO 51
SYR( I) =SJR( I)-YI I
SYI (1)=SJI (I )+YRR
GO TO 14

51 SYR(I)=SJR(I),YII
SYI (I)=SJ1 (I)-YRR
GO TO 14

s0 IF(AI.LT.ZERO)GO TO 48
SHR( I )SJR(lI)-SYI (I)
SHI (1 )=J1(I )+SYR( 1)
GO TO 14

48 SHR(I)=SJR(I)+SYI(I)
581 CI) =SJICI )-SYRC I)

14 CONTINUE
RETURN

25 DSN=DSIN(AR)
DCS=DCOS CAR)
EXYLxDEXPC AI)
EXYS=DEXP( -AK)
XSN=AR*DSN
XCO*AR*DCS
YSN=AI*DSN
YCO=AI*DCS
ZXY=AR*AR+AI*AI
TZXY-TWO*ZXY
SJZRLsIXSN+YCO) /TZXY
SJZRS=(CXSN-YCO) /TZXY
SJZIL= CXCO-YSN) /TZXY
SJZIS=(~-XCO-YSN) /TZXY
SYZRLzEXVL*(-SJZ IL)
SYZRSoEXYS*SJZIS
SYZILzEXYL*SJZRL
SYZIS=EXYS*C -SJZRS)
SJZRL2EXYL*SJZRL
SJZRSeEXYS*SJZRS
SJZILaEXYL*SJZIL
SJZISzEXYS*SJZIS
SJR( I )SJZRL+SJZRS
SJI (1 )SJZIL+SJZIS
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SJR(Z)=((AR*SJZRL.AI*SJZIL)/ZXY.SYZRL)+
1 (UAR*SJZRS+AI*SJZIS)/ZXY+SYZRS)

SJI(2)=((-AI*SJZRL+AR*SJZIL)/ZXY+SYZIL)+
1 ((-AI*SJZRS+AR*SJZIS)/ZXY+SYZIS)

NHO=0
IF(DABS(AI).LT.5.000)GO TO 43

C CALCULATE HANKEL FUNCTIONS A~ND THEN THE NEUMANN FUNCTIONS.
NHD~l
YEX=DEXP( -DABS(CAI))
ANUR=YEX*DSN
ANUI =YEX*DCS
IF(AZ .GE.ZERO)ANUI=-ANUI
CALL DVDD(ANUR,ANUI.AR,AI.HRZ.HIZ)
CALL MLTD(ARAIARAIZSRZSI)
CALL DVDD(ANUR,ANUILZSRZSZ.HRW.HZW)
IF(AZ )38,39,38

38 ANUR=-ANUR
00 TO 40

39 ANUI=-ANUI
40 CALL DVDD(ANUIANURYARAILHCAHOB)
C IF NAK=2, STORE H'S; PUT Y'S INTO SYR AND SYZ.
C IF NAK=3, PUT HIS INTO SYR AND SYI
C IF NAK=5, PUT Y'S INTO SYR AND SYI; PUT H'S INTO SHR AND SHI.

IF(NAK.LT.5)GO TO 54
SHR( 1) HRZ
SHZ (1)=HIZ
SHR( 2) =HRW-HOA
SHI (2) =HIbd-HOS
GO TO 55

54 IF(NAK.EG.Z)GO TO 56
SYR (1) HRZ
SYI (1) HIZ
SYR (2) =HRW-HOA
SYI (2) 2HIW..HOB
GO TO 36

56 HRW=HRW-HOA
HIkd=HIW-HOB
SYR(1) =-SJI (I)+HIZ
SYI (1) SJR(lI)-HRZ
SYR(2)=-SJI (2)+HIW
SYIZ )=SJR(2)-HRW
GO TO 57

55 SYR( I )-SJI( I)+SHI (1)
SYZII )wSJR(lI)-SHR( 1)
SYR(Z)=-SJI(2)4SHI(2)
SYI (2)=SJR(Z)-SHRC2)

57 IF(AI.GE.ZERO)GO TO 36
SYR( I)=-SYR( I)
SYZ (1) -SYI (1)
SYR(2)=-SYR(2)
SY 1(2) =-SYI (2)
GO TO 36

C CALCULATE NEUMANN FUNCTIONS AND THEN THE HANKEL FUNCTIONS.
43 SYR 1 =SYZRL+SYZRS

SY! (1 ) SYZIL+SYI'IS
SYR(2;=((AR*SYZRL+AI*SYZIL)/ZXY-SJZRL)+
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((AR*SYZRS.AI*SYZIS)/ZXY-SJZRS)
SYI(2)z( (-AI*SYZRL4.AR*SYZIL)/ZXY.-SJZIL)+

((-AI*SYZRS+AR*SYZIS)/ZXY-SJZIS)
C IF NAK-2, PUT Y'S INTO SYR AND SYI.
C IF NAKz3, STORE Y'S; PUT H'S INTO SYR AND SYI.
C IF NAK=S, PUT Y'S INTO SYR AND SYVU PUT H'S INTO SHR AND SHZ.
42 IF(NAK.EG.2)GO TO 36

IF(NAK.EQ.3)GO TO 52
YRZaSYR( 1)
YIZUSYI (1)
YRW=SYR (2)
YI~riSYI (2)
IF(AI.LT.ZERO)GO TO 53
SYR(lI)zSJR( I)-YIZ
SYI(1)=SJI(1 )4YRZ
SYR(2)=SJR(2)-YIW
SYI (2)-SJI (2)4YRW~
GO TO 36

53 SYR(1)=SJR(1).YIZ
SYI(1)'SJI(1)-YRZ
SYR(2)-SJR(2)4YIW
SYI (2)nSJI(2)-YR4
0O TO 36

52 IF(AI.LT.ZERO)OO TO 41
SHR(1)*SJR(I)-SYI(1)
SHI(1)-SJI(1)+SYR(l)
SHR(2)*SJR(Z)-SYI(2)
SHI(2)-SJI(Z)eSYR(Z)
00 TO 36

41 SHR(l)uSJR(1)+SYI(1)
SHI(1)uSJI(1 )-SYR(l)
SHR(2)USJR(2)+SYICZ)
SHI (2)-SJI(2)-SYR(2)

36 IF(N.LE.1)RETURN
C THE J'S, Y'S, AND H'S FOR N20 AND N=1 HAVE BEEN GENERATED.

MNN.
C FIND REMIAINING J'S.

NN*SRARG+30
IF( (N.30) .GT.NN)NN-N+30
GDRuSJR(2)
GDI=SJI (2)

30 SJR(NN)zZERO
SJI(NN) =ZERO
SJR(NN-1 )u1.OD-20
SJZ (NN-1 al .OD-20

DO 31 K-2,NI
KKaNN-K
CALL DVDD(SJR(KK~),SJI(Ki.,- !tKK),SJI(KK))
CALL ERRSET(72,LT,LFPLF.LFP)
CALL ERRSNS
SJR(KK )2(CC*KKeONE)*SJR(KK)-SJR(KK+Z)
CALL ERRSNS(NUNp,)
IF(NUM.EO.72)GO TO 24
CALL ERRSNS
SJI(KK)=(CC*KK*ONE)*SJI(KK)-SJI(KK+2)
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CALL ERRSET(72,LF.LFLFLT.)
CALL ERRSNS(NUM... )
IF(NUM.EQ.7?2N30 TO 24

31 CONTINUE
CALL DVDD(GDR,GDI ,SJR(2) ,SJI (2 ),RAR.RAI)

C IF THERE WAS AN UNDERFLOW IN THE DVDD SUBROUTINE AND EITHER RAR
C OR RAI WAS MADE EQUAL TO ZERO, NN SHOULD BE REDUCED.

IF(RAR.NE.Z'ERO.AND.RAI .NE.ZERO)GO TO 67
IF(DABS(SJR(2)).LT.DABS(SJI(2)))GO TO 68
IF(RAR.NE.ZERO)GO TO 69
IF(GDR.EO.ZERO.AND.SJI (2) .EG.ZERO)GO TO G9
GO TO 24

G9 IF(RAI.NE.ZERO)GO TO 67
IF(GDI.EQ.ZERO.AND.SJI(2).EQ.ZERO)GO TO 67
GO TO 24

68 IF(RAR.NE.ZERO)GO TO 70
IF(GDI.EG.ZERO.AND.SJR(2).EO.ZERO)GO TO 70
GO TO 24

70 IF(RAI.NE.ZERO)GO TO 67
IF(GDR.ED.ZERO.AND.SJR(2) .EO.ZERO)GO TO 67
GO TO 24

67 DO 32 K=3,M
TR=SJR (K)
TI=SJI (K)

32 CALL MLTD(TR,TIRAR.RAISJR(K).SJI(K))
SJR(2) =GDR
SJI (2)=GDI

C FIND REMAINING Y''S AND H'S.
IF(NHO.EG.1)6O TO 44

C IF NAK=2, PUT Y'S INTO SYR AND SYI.
C IF NAK=3, STORE Y'S; PUT H'S INTO SYR AND SYI.

C IF NAK=5, PUT Y'S INTO SYR AND SYI; PUT H'S INTO SHR AND SHI.
IF(NAK.EQ.3)GO TO 66

22 DO 23 K=3.M
CALL DVIDD(SYR(K-l) .SYI (K-I) ,AR,AI ,SYR(K) ,SYI (K))
SYR (K) =(CC*K-THREE )*SYR (K )-SYR (K-2)
SYI(K)=(CC*K-THREE)*SYI(K)-SYI(K-24)
IF(NAK.EG.Z)GO TO 23
IF(AI.LT.ZERO)GO TO 45

47 SHR (K) =SJR (K) -SYI (K)
SHl(K)=SJI(K)+SYR(K)
GO TO 23

45 SHR(K) -SJR(K )+SYI (K)
SHI(K)=SJI (K)-SYR(K)

23 CONTINUE
RETURN

66 DO 60 K=3,M
CALL DY.DD(YRW,YIWAR,AI ,YRT,YIT)
YRT= (CC*K-THREE)*YRT-YRZ
YIT= (CC*K-THREE)*YI T-YIZ
IF(AI.LT.ZERO)GO TO 59
SY'R(K )=SJR(K )-YIT
SYI (K) =SJ I ) +YFR7
G0 TO 59

58 SYR(K) -SjR(K )+',IT
SY! (K)=SJI (K)-YRT

9
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59 YRZ=YRW
YIZ=YIW
YRW=YRT
YIW=YIT

so CONTINUE
RETURN

C IF NAK=2, STORE HIS; PUT Y'S INTO SYR AND SYI.
C IF NAK=3, PUT H'S INTO SYR AND SYI.
C IF NAK=5, PUT Y'S INTO SYR AND SYI; PUT H'S INTO SHR AND SHI.
44 IF(NAK.NE.5)GO TO 61

DO 46 Kx3,M
CALL DVDD(SHR(K-1),SHX(K-1),AR,AX,SHR(K),SHI(K))
SHR(K)=(CC*K-THREE)*SHR(K)-SHR(K-2)

SYR(K)=-SJI (K)+SHI (K)
SYI(K)=SJR(K)-SHR(K)
IF(AI.GE.ZERO)GO TO 46
SYR(K ) -SYR(K)
SVI(K)=-SYI(K)

46 CONTINUE
RETURN

61 IF(NAK.EG.3)GO TO 62
DO 63 K=3,M
CALL DVDD(HRW7 HIWARAI ,HRT,HIT)
HRT= (CC*K-THREE )*HRT-HRZ
HIT= (CC*K-THREE)*HIT-HIZ
SYR(K)=-SJI (K)+HIT
SYI (K) =SJR(K )-HRT
IF(AI.GE.ZERO)GO TO 64
SYR(K)=-SYR(K)
SYI (K) =-SYI (K)

64 HRZ=HRW
HIZ=HIW
HRW =HRT
HIW=HIT

63 CONTINUE
RETURN

62 DO 65 K=3,M
CALL DVDD(SYR(K-I),SYI(K-1),AR,AI,SYR(K),SYI(K))
SYR(K )=(CC*K-THREE)*SYR(K )-SYR(K-2)
SYI(K)=(CC*K- T HREE)*SYI(K)-SYI(K-2)

65 CONTINUE
RETURN

24 NN=NN-I
WRITE(5,26)NN

26 FORMAT (IX,' NN REDUCED TO ',IS)
IZ= IZ+1
IF( IZ.GT.25)RETURN
GO TO 30
END

10
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SUBROUTINE DVDD(XA.YA.XB.YBXC,YC)
C AS OF 11 JANUARY 1983
C WRITTEN BY JANET P. MASON

IMPLICIT REAL*S (A-H, -Z)
LOGICAL LTLF
DATA LT/.TRUE./,LF/.FALSE./
ZERO=0 . DO
IF( XB.NE. ZERO.OR.YB.NE.ZERO)GO TO 3
WRITE(5, 100)
WRITE(6. 100)

100 FORMIAT (' BOTH REAL AND IMAGINARY PARTS OF DENOMINATOR ARE ZERO')
RETURN

3 CALL ERRSET(72,LT.LF,LF.LF.)
CALL ERRSET(73.LT.LF.LF.LF.)
CALL ERRSET(74.LTPLFLF,LF,)
DENOM= XB X B+YVB'YB
IF(DENOM.EG.ZERO)GO TO I
XX= (XA*XB' VA'YB) /DENOM
IF(XX.EG.ZERO)GO TO 1
V C=(YA*XB-XA* YB) /DENOM
IF(YC.EG.ZERO)GO TO 1
xc =XX
RETURN

I-CALL ERRSET(72,LF,LFLF,LTY)
CALL ERRSET(73,LFLF.LFLT.)
CALL ERRSET(74.LF'.LFLF.LT,)
IF(DABS(XB).LT.DABS(YB))GO TO 2

8 DCzYB/XB
AC=XA/XB
BC=YA/XB
CALL ERRSET(747 LT.LF,LFLF.)
DENOM= 1. ODO'DC*DC

C IF DC*DC UNDERFLOWS. DENOM WILL EGUAL 1.ODO
XC= (ACsBC 'DC) /DENOM
YC (BC-AC*DC) /DENOM
CALL ERRSET(74.LFPLFPLFLT,)
RETURN

2 AD=XA/YB
CD=XB/YB
BD=VA/YB
CALL ERRSET(74,LTLFLF.LF,)
DENOM= 1. ODO+CD*CD

C IF CD*CD UNDERFLOWS, DENOM HILL EGUAL 1.ODO
XC=(BD+AD*CD) /DENOM
YC=(-AD+BD'CD) /DENOM
CALL ERRSET(74.LF.LF.LFLT,)
RETURN
END

SUBROUTINE MLTD(XAYA,XB,VB ,XCYC)
C AS OF 31 JULY 1978
C WRITTEN BY JANET P. MASON

IMPLICIT REAL'S (A-H,O-Z)
XX=XA*XB-VA*YB
VC X A' YB' VA'XB

RETURN
END
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PROGRAM TSPHBF
C AS OF 11 JANUARY 1983
C WRITTEN BY JANET P. MASON

IMPLICIT REAL*8 (A-H,0-Z)
PARAMETER NA=2, NB= 1202
DIMENSION X(NA),Y(NA),MAX(NA),NAF(3)
DIMENSION A(NB),B(NB),C(NB),D(NB)rE(NB),F(NB)
DATA X/I0OOD01 1000.ODO/
DATA Y/600.0D01 600.ODO/
DATA MAX/4,1167/
DATA NAF/2,3,5/
ZERO=O.OD0
ONE=1 .ODO
EXD=1 .OD+153
DO 5 L=3,3
DO 1 I=lNA
AR= ZERO
A! =ZERO
NMAX=flAX( I)+1
IF(NAF(L).NE.5)GO TO 8
CALL CSPJYD(X(I),Y(I),NMAXA,B,C,D,E,F,NAF(L))
GO TO S

8 CALL CSPJYD(X(I)PY(I),,NMAX,AB,C,D,G,H,NAF(L))
9 CALL MLTD(X( I) ,Y( I) ,X( I) 'Y( I) ZSRZSI)

CALL DVDD(ONEYZEROZSR,ZSI .ZSRrZSI)
WRITE(5,6)X(I) ,Y( I) ,ZSR7 ZSI

G FORMAT(7X,'Z = '72(1X1D23.1S),/.' 1/(Z*Z) = ',2(lXD23.1S)
I . //,29X,'REAL PART',14X,'IMAGINARY PART',/)
NNMAX=NMAX+l
DO 4 J=1,NNMAX
NN=J-2
IF(J.EQ.1)GO TO 4
IF(NAFCL)-3)7,1 j,12

7 IF(DABS(A(J)).GT.EXD.OR.DABS(B(J)).GT.EXD.
1 OR.DABS(C(J-1)).GT.EXD.OR.DABS(D(J--Ifl.GT.EXD.

2 OR.DA8S(A(J-1)).GT.EXD.OR.DABS(B(J-1)).GT.EXD.
3 OR.DABS(C(J)).GT.EXD.OR.DABS(D(J)).GT.EXD)GO TO 13

CALL MLTD(A(J),B(J) ,C(J-1) 1D(J-1)1 RRRRRI)
CALL tLTD(ACJ-1) ,B(J-1) 1C(J),D(J),SRRSRI)
AR-LRRR-SRR
AX =RRI-SRI
GO TO 13

12 BR=B(J)*E(J-1 )+A(J)*F(J-1 )-BCJ-1)*E(J)-AJ-1)*F(J)
81=-A(J)*E(J-1)+B(J)*F(J-1)+A(J-1)*E(J)-B(J-1)*F(J)
IF(Y(I).GE.ZERO)GO TO 13
BR= -BR
81=-B'
GO TO 13

10 AR=B(J)*C(J-1 )+A(J)*D(J-1 )-B(J-1 )*C(J)-ACJ-1)*D(J)

IF(Y(I).GE.ZERO)GO TO 13
AR =-AR

AI=-Al
13 IF(MAX(I).GT.ZO.AND.NN.LT.lIAX(X)-4)GO TO 4

IFCNAF(L)-3) 14, 15618
14 WRITE(5,15)NN,A(J-1hB(J-1),C(J-1).D(J-1),ARPAI

12
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15 FORMAT(' N =',14.2X,ISPHJ(Z) = 1 (1XrD23.16),/#
1 IIX,'SPHY(Z) = '12(1X,D23.16)t /,
2 8X8 'WRONSKIAN = .2(1X,D23.16))

GO TO 4
16 WRITE(5,17)NN,A(J-1) 1B(J-1) ,C(J-1),D(J-1),ARAI
17 FORMAT(' N =',14,2X,'SPHJ(Z) =' 1 2(1XD23.16),/,

1 LIX,'SPHH(Z) = ',2(1X7 D23.16),/.
2 SX,'WRONSKIAN =',2(1XD23.16))

GO TO 4
is WRITE(5,19)NNA(J-1),B(J-1).C(J-)D(J-1),E(J-1),F(J-1),BRBI
Is FORMAT(' N ='.I4,2X,'SPHJ(Z) = ',2(1XDZ3.16)./.

1 11X,1 SPHY(Z) =',2(1X,D23.16),/1
2 11X,'SPHH(Z) =' 1Z(IXD23.1G),/,
3 9X,'WRONSKIAN =',2(1XDZ3.16))

4 CONTINUE
WRITE(5,2)

2 FORMIAT(///)
1 CONTINUE
5 CONTINUE

STOP
END

Example I
Z =-0. 1000000000000000D-02 -0. 1000000000000000D-03

l/(Z*Z) = 0.9704930889128516D+06 -0. 1960592098813842D+06

REAL PART IMAGINARY PART

N = 0 SPHJ(Z) = 0.999998350000079D+00 -0.3333333003333344D-07
SPHY(Z) = O.95009850990103060+03 -0.SS0099509900B657D.02

WRONSKIAN = 0.97046308e128519D+06 -0. 1960592096913842D+06
N 1 SPHJ(Z) =-0.333333301000001ID-03 -0.3333332336666725D-04

SPHY(Z) =-0.9704935889127281D+06 0.1960592098814092D+06
WRONSKIAN = 0.9704930889128518D+06 -0. 1960592098813842D+06

N = 2 SPHJ(Z) = 0.659999552333345D-07 0.1333333144761912D-07
SPHY(Z) 0.2824417825519075D+10,-0.8706194121960350D+O9

WRONSKIAN = 0.9704930889128513D+06 -0. 1960592098813841D+06
N = 3 SPHJ(Z) = -0.S238064761640223D-11 -0.284761B788354505D-11

SPHY(Z) -- 0.1355126578346419D+14 0.5708223540316741D+13
WRONSK IAN = 0.9704930889128516D+06 -0. 19605S2098813843D+06

Example 2
Z = -0. 1000000000000000D-02 -0. 1000000000000000D-03

l/(Z*Z) = .S704930B651Z8516D+06 -0.1l960592098313842D+06

REAL PART IMAGINARY PART

N = 0 SPHJ(Z) = 0.99999S35000007SD400 -0.3333333003333344D-07
SPHH(Z) = -0.9800995115508655D+02 -0.9900985099343640D+03

k4RONSK(IAN = 0.5704S30889128519D406 -0. 196059209813942D+06
N = I SP94J(Z) =-0-333333301000001ID-03 -0.3333332336666725D-04

SPHH(Z) = 0. 19605S2095480759D+06 0.67045358887S394BD+06
WRONSK IAN = 0.9704930889128318D+06 -0. 1960592098813842D+06

N= 2 SPHJ(Z) = O.65S9999552333345D-07 0.1333333144761912D-07
SPHI4(Z) = -o.87os194121960349D+09 -0.ZB24417BZ5519075D+10

WRONSK IAN = Q.970493088S1285140+06 -0. 1960592098813841D+06
N = 3 SPHJ(Z) = -0.9238094761640e"23D-II -0.2847618788354505D-11

SPHH(Z) = 0.570BZ23540316741D+13 0.1355126578346419D+14
WRONSK IAN a 0.9704930889128516D+06 -0. 1960592098813843D+06

13



J. P. MASON

Example 3
Z a 0.1000000000000000D+04 0.6000000000000000D 03

1/(Z*Z) = 0.3460207612456747D-06 -0.6487889273356401D-06

REAL PART IMAGINARY PART

N = 0 SPHJ(Z) a 0.1615056579356138+258 0.9189988821784188+256
SPHY(Z) = -0.9189988821784188+256 0.1615056579356138+258
SPHH(Z) = 0.9538545182398760-264 -0.2062840276226553-263

WRONSKIAN = 0.3460207612456747D-06 -0.6487889273356401D-06
N = 1 SPHJ(Z) = -0.9067180254704272+256 0.1614411627841877+258

SPHY(Z) = -0.1614411627841877+258 -0.9067180254704272+256
SPHH(Z) = -0.2063048989202653-263 -0.9557921307304426-264

WRONSKIAN = 0.3460207612456748D-06 -0.6487889273356402D-06
N = 2 SPHJ(Z) = -0.1613119869413142+258 -0.8821867930011386+256

SPHY(Z) = 0.8821867930011386+256 -0.1613119869413142+258
SPHH(Z) = -0.9596703805949663-264 0.2063462417247416-263

WRONSKIAN = 0.3460207612456748D-06 -0.6487889273356401D-06
N = 3 SPHJ(Z) = 0.8454661476397939+256 -0.1611177608568539+258

SPHY(Z) = 0.1611177608568539+258 0.8454661476397939+256
SPHH(Z) = 0.2064072544606159-263 0.9654953095745764-264

WRONSKIAN = 0.3460207612456748D-06 -0.6487889273356401D-06
N = 4 SPHJ(Z) = 0.1608579340256789+259 0.7966475353394592+256

SPHY(Z) = -0.7966475353394592+256 0.1608579340256789+258
SPHH(Z) = 0.9732759600894194-264 -0.2064867297777066-263

WRONSKIAN = 0.3460207612456747D-06 -0.6487889273356401D-06

Example 4

Z = 0.1000000000000000D+04 0.6000000000000000D+03
1/(Z*Z) = 0.3460207612456747D-06 -0.6487889273356401D-06

REAL PART IMAGINARY PART

N = 1163 SPHJ(Z) = -0.376014488599847+107 0.4750248660846224+107
SPHY(Z) = -0.4750248660846224+107 -0.3760144898599847+107
SPHH(Z) = -0.4608145843562346-113 0.3825673442412044-113

WRONSKIAN = 0.3460207612456768D-06 -0.6487889273356398D-06
N = 1164 SPHJ(Z) = -0.3098693455489950+107 0.3133046845640833+106

SPHY(Z) = -0.3133046845640833+106 -0.3098693455489950+107
SPHH(Z) = -0.8928271566952981-114 0.1161106000839288-112

WRONSKIAN = 0.3460207612456769D-06 -0.6487889273356398D-06
N = 1165 SPHJ(Z) = -0.1224447080537097+107 -0.1029806863014308+107

SPHY(Z) = 0.1029806863014308+107 -0.1224447080537097+107
SPHH(Z) = 0.1500954349634534-112 0.1697564672546519-112

WRONSKIAN = 0.3460207612456768D-06 -0.6487889273356397D-06
N - 1166 SPHJ(Z) = -0.5900803226283226+105 -0.8191635895987654+106

SPHY(Z) r 0.8191635895987654+106 -0.5900803226283226+105
SPHH(Z) = 0.4407619877450161-112 0.2049149537982679-113

WRONSKIAN = 0.3460207612456768D-06 -0.6487889273356397D-06
N = 1167 SPHJ(Z) = 0.2800861011330237+106 -0.3146852038771679+106

SPHY(Z) = 0.3146952038771679+106 0.2800861011330237+106
SPHH(Z) = 0.6270970008025791-112 -0.5882652699931355-112

WRONSKIAN x 0.3460207812456767D-06 -0.64878892733563989D-06
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