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COMPUTER MODELS FOR TWO-DIMENSIONAL
STEADY-STATE HEAT CONDUCTION

M.R. Albert and G. Phetteplace

INTRODUCTION

Most major Army facilities are heated by central heat distribution systems. Heat losses from
these distribution systems are of interest, as are temperatures of soil surrounding the distribution
pipes, for several reasons. If we are to design efficient heat distribution systems we must be able
to accurately assess the heat losses in order to determine the optimum trade-off between the cost
of insulation and the continuing cost of heat loss. In instances where portions of a system have
failed and require replacement, again we need to accurately assess potential heat losses to determine
the optimum insulation thickness for the areas that must be replaced. In areas of seasonal frost
and permafrost, the temperature distribution in the soil around buried heat carrying pipes is of
primary importance. Significant thawing of permafrost can cause loss of support and subsequent
pipe settlement and possible pipe breakage. In areas of seasonal frost, piping systems should be
buried deep enough to prevent freezeup in the event of a system outage.

Several methods exist for analyzing heat transfer problems of this type. Some of the methods
which have been applied to conduction heat transfer include: 1) analytical methods, 2) approxi-
mate methods, 3) empirical methods, and 4) numerical methods.

Analytical methods are useful for a limited class of problems for which closed form analytical
solutions to the heat conduction equation have been found. They are limited because only the
simplest geometries may be treated with corresponding ideal boundary conditions. One such solu-
tion exists for a buried uninsulated single pipe in a semi-infinite medium with uniform and constant
material properties and boundary conditions; this will be discussed later. Because of the very limited
class of problems for which closed form analytical solutions have been found, they have little appli-
cation to real world engineering problems. However, they can be used to find approximate solu-
tions to actual problems.

Approximate methods are actually an extension of analytical methods. In some instances an
exact solution to the heat conduction equation cannot be found, yet by making some reasonable
assumptions an approximate solution may become possible. Approximate solutions are limited to
certain problems, like analytical solutions, except to a lesser extent. They can provide estimates
suitable for applications not requiring precise results.

Empirical methods are based on experimental results instead of on the solution of the governing
equation. With knowledge of the form of the governing equation and solution, experimental data
can be used to find empirical equations which approximate the physical process. A typical example



of this approach is the development of conduction shape factors by electrical analog experiments.
Again, empirical methods are limited to cases where empirical equations have been found. These
equations are usually only applicable to very specific problems and often cannot be accurately
extrapolated to describe similar problems.

Numerical methods have found many applications in heat transfer. In short, a numerical method
uses an approximation of the governing differential equation, or its solution, at a number of dis-
crete intervals of a region to find an approximate solution to the heat conduction equation over
that discretized region. The enormous advantage of numerical methods is their ability to model
nearly any problem, including ones without ideal boundary conditions. This is an advantage no
other method can claim. The disadvantage of numberical methods lies in their complexity. Cri-
teria governing the stability, convergence, consistency, and accuracy of a numerical method must
be established before the method may be considered valid, and for anything but the simplest prob-
lems a computer is required for solutions. Fortunately, however, the computer program can be
written to handle a broad class of problems and the user need only be familiar with certain aspects
of the problem to accurately use the program to find the results.

The purpose of this report is to outline the finite difference and finite element numerical methods
as they apply to steady-state heat conduction, to compare the results of each method to analytical
results and also to the results of the other method, and to demonstrate the use ol each method's
computer program to the potential user.

THE FINITE DIFFERENCE METHOD

Basic ideas of finite differences
The finite difference method is a numerical method used to approximate the solution of a par-

tial differential equation. Common partial differential equations for which finite dillerences have
been employed include the wave equation, the vorticity equation, Poisson's equation, and the heat
conduction equation,

a(k aT) , a (k a,) = PC -L

Often boundary conditions or nonlinearities in a problem involving differential equations corn-
plicate the problem so that analytical solutions are unavailable and numerical solutions must be
used. The finite difference method approximates each partial derivative in the differential equation
by an algebraic finite difference representation.

Finite difference representations may be derived either from a Taylor series expansion about a
point or from physical considerations, such as an energy balance in the case ol heal conduction.
Let us briefly review the Taylor series procedure. Consider the forward Taylor expansion of a
function f(x) about x:

+x) + +( X) (z x)3  ' .. ()

f(x + & V) = f(x) + U f'(x) + 2 f'(x ) + -- -X

where the primes denote differentiation with respect to x. This may be solved for I'(A) by trun-
cating the higher-order derivatives to obtain

f'(x) = f(x+Ax) f(x) +O(Ax) (2)

AX

This is the forward finite difference expression for the first derivative of the function t(x). The
term O(Ax) indicates that the error due to truncation of the Taylor series is ol the order Ax.
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The representation is commonly used, for example, as an approximation of aT/at in the heat con-

duction equation, where we let

aT _ (t + At) -T(t) (3)
at At

where
T(t) temperature at time t
At = time step.

Similarly, we may find the backward finite difference expression for the first derivative

f(x - Ax)f(x) - (Ax)f'(x) + ) f"(_) (Ax3 f' (x) + ... (4)

where

f'(x) = f(x) - f(x-Ax) + O(Ax).
Ax

To obtain a difference representation for the second derivative, eq I and 4 are added

f(x + Ax) + f(x - Ax) = 2f(x) + (Ax)2f"(x) + O[(Ax) 2 ]

f" (x) = f(x + Ax) - 2f(x) + f(x - Ax) (5)
(Ax) 2

Equation 5 is the central difference representation for the second derivative. Note that it is accu-

rate to the order of (Ax) 2 . It is evident that the accuracy of a solution found using finite differ-

ences will be dependent upon our taking Ux sufficiently small.

When using the finite difference method, we set up a network of grid points, called "nodes," in

the region of the spatial independent variables in which we are interested. The boundaries of the

grid should coincide with those of the problem. The partial derivatives of the original partial dif-

ferential equation are replaced by their corresponding difference representations, and an equation

is set up for each point in the grid. The resulting set of algebraic equations may then be solved.

Finite difference computer program

A finite difference computer program was written to model steady-state two-dimensional heat

conduction. The program has been set up in a general form to allow many different conductivities

in the region of interest and to permit constant flux, convective, constant temperature, and semi-

infinite boundary conditions. The general form of the program allows new problems to be set up

very easily.

Application of finite differences to steady-state heat conduction
For two-dimensional steady-state heat conduction, heat transfer obeys the elliptic partial differ-

ential equation

where
T = temperature
k = thermal conductivity

x,y = spatial variables.

3

.1 - - ' - " _ _-" _, ____ --__ -__
= '

__



If the conductivity k were to be constant over the region, the finite difference form for
1/ax(kaTax) = k 2 T/Bx 2 would be immediately obtainable from eq 5,

ka2 T =_ T(x +Ax) -2T(x)_+T(x -Ax)
Bx2  (Ax) 2

However, the finite difference computer program was to be written so that conductivity could be
a function of location. Then the resultant conductivity must be used in regions of varying conduc-
tivity. The "resultant conductivity" is easiest to understand by recalling that conductivity is the
reciprocal of resistance. The net resistance between any node x, y and node x +Ax, y is

dx dx+AxR=Rx+Rx+"x=k x +

where, for example, dx is the fraction of the distance along the heat flow path which is associatec
with conductivity kx. In this program, space increments Ax and Ay arc assumed to be uniform,
then dx 

= dx+4x = 9. The resultant conductivity is the reciprocal of resistance R:

1 2
R I + 1

kx kx+&x

Thus the finite difference formulation for each term in eq 6 is as follows:

a =k _
2  T(x+Ax)-T(x) + 2 T(x-Ax)-T(x) (7)

YX T (4x)2  1 1 (Ax)2

aT 2 T(+y)-T() _2 + -Ay) - T(y) (8)

Fy~a l T _- (4y)2kYY k(,&y)2AkY

Combining eq 7 and 8, we arrive at the finite difference formulation for eq 6

2XAI - /XY 2 -Ax -x~ +

1 (A) 2  'W1 -+ I (Ay) 2

Here it is convenient to change the notation to a more commonly used form. Let T i represent
the temperature of the node under consideration, where I is increased in the vertical direction and
j in the horizontal direction. The grid set up will appear as shown in Figure I (the length and width
of the grid are variable, and may be established when data are entered into the computer program).

Each node represents the area (enclosed in dotted lines in Fig. 1) around it. The most conven-
ient way to set up the computer program to enable it to handle many different cases is to use a
square grid, that is, let Ax = Ay = As. Now we multiply each term in eq 9 by (As) 2 , change to the
new notation, and rearrange the terms to arrive at the usual finite difference equation for a node
Ii not on a boundary,

4
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Figure 1. Finite difference grid (boundaries not yet specified).

k,+ 1 ,1 + T 1  1 (10)

2 2

1 + 1 1 + 1 J
Wi- i ki, i i+, j ki, I) j =0

Note that each node represents a region of space, and will therefore have a specified thermal con-
ductivity. The above equation allows for a different conductivity for each node of the grid.

Boundary conditions
The finite difference equations used in heat transfer may be derived either by replacement of

a partial derivative by its difference representation, as above, or by calculating an energy balance
between a node and each of its surrounding nodes. The boundary conditions in the following
sections will be derived using energy balance considerations.

Constant flux boundary

For a node on a constant flux boundary, the condition dT/dx = C exists at the boundary. Con-

sider a node on the right-hand boundary. The control volume is that which is associated with the

node, as illustrated in Figure 2. Examine the heat flow between node ij and its surrounding nodes.

Between node i,i and node i-i ,j we have, for unit depth,

QI ( + -L (Til,j - TiJ)

+ i - 1 . ..



Figure 2. Node on boundary of finite difference grid.

where 2 =resultarnt thermal conductivity between nodes i1,/ and i, /

I I

AX =surface area perpendicular to the direction of heat flow, for unit depth

Ay =distance between the nodes

T -I i temperature difference between nodes.

Similarly, for the heat flow from node i+1,/ into node i,j we have

2 I A

• / 2,F,-7~i
I Tm-- ~ LI

The heat flow crossing the boundary into node i, is given by

Q4 A

where = is the heat flux crossing the houndary per unit area. At steady state the sum of the heat
flows is zero. Then we have

Q1+ Q2+ Q3+ Q4= 0.

For AK Ay as,

( V2 I___

and~ thTlw f o o e i , - int nod Tjj is

k (i, 1
! ( 2 +O + =0.' + k, 2 ,, .)

I-1,i i1,-

l _ i ._6



/ 1 ki, i ki 2- ki, i i+ i

This equation applies to the right-hand boundar% ; the indices may be appropriately rearranged to
obtain the equation for other boundaries. Note that, for a boundary which is insulated or on a

line of symmetry, the zero heat flux condition holds and 0 = 0.

Convective boundary
Again consider the boundary illustrated in Figure 2. When surface convection is present, the

heat flow at the boundary is Q = hAy(TA -Ti,j) , where TA is the ambient temperature outside the

grid, and h is the surface heat transfer coefficient. The heat flow between node i,j and the sur-
rounding three nodes will be the same as that given for the constant flux boundary. The steady-
state formulation for the right-hand boundary with Ax = Ay = As is

,(1- T1,1d +1 (Tij- 1 - Tij)

+ / 1 ._, (Ti+ -Ti, i) + hA(TA-Ti, j)0. (12)

i+1,

and rearranging gives,

-1 + 1 -i + 2 T ,i-I

, i,i ki, /

+Ti+ I
. _I + 1l i - 1 1 1

i_ i Tk, ki, i ki, i-I ki,j

+ + hAs) Ti, =-hAsTA . (13)

1i ' + TI.ki1 l11  ki~

Again, the indices may be suitably rearranged for nodes on other boundaries.

Constant temperature boundary
For a constant temperature node on any boundary or inside the gride we have Ti, = C, where

C is the temperature of the node.

Semi-infinite boundary
The semi-infinite boundary condition represents a continuous, uniform material extending ad

infinitum in one direction, with a known temperature at infinity. This boundary is approximated

in the finite difference computer program by specifying a large distance between the boundary

node and the node adjacent to it, and the condition requires a special heat balance for nodes ad-

jacent to the boundary as well as for the boundary nodes. For example, consider the right-hand

semi-infinite boundary illustrated in Figure 3, on the edge of a grid with uniform internodal

7
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Figure 3. Semi-infinite boundary approximation.

distances. The temperature at infinity is represented by an imaginary node I, located outside the
grid. Di ' x is the distance from the internal node to the node on the boundary, and also the dis-
tance from the boundary node to the imaginary node at infinity. As previously stated, the accur-
acy of the calculated temperature distribution is dependent on the distance between nodes; thus
when choosing D1, we should choose the smallest distance which may still be considered large in
terms of the grid size.

The heat flow between node J,j and each of the surrounding nodes is as follows:

Q1 =  2. " (2Di-1)Ax" (ri-li-ri,

(+7)

Q 2  ( - Ay.O - -A (Ti, i 1 -Ti,j),

2 K (2 -1) Ax 1(] 1, 1 /zTiij- i,)

iQ3, = 2 , (2 j-1 xi- T+1 i )

Q4 + 2Di_ 1  A Di Ax (1°liJ )

For steady state, the heat balance yields Q, + + Q3 + Q4  0. Allowing Ax Ay, we find

/2(2Di-1)~) + 2 )
{ + __ +' i +  1_ ,1 r,-

2(2Di-1) / 2(2Di-1) 2
I i+l, hh-l h I  1 i2Dj-1

8



2(2DI-1) 2 2T1+ 2D-1" TI1 2-1 (14)+ 1 1 T D_
k+1 ij " ki, j  /k i I

Now consider the heat flow for the square node adjacent to the irregular semi-infinite node, as

illustrated in Figure 4.

1 I i I•

1 TI"I " I-- 2-+ - - --- ------

A D i AX__

Figure 4. Node adjacent to semi-infinite boundary node.

The heat flow between the node and each of its adjacent nodes is

+ Ax. 1a

Q ( 2 A -\ A - (T 1i-1- Tij),

ki-l , iQ3 2" _ii A x 
" - +I - Ti, j),

Q4 2 1 + 1" - (Ti, +1 - .

2D- , ) Ax

, k k i' i+ I

The resulting equation for steady state, for Ax = Ay, is

2Dr2  2 + 2 +
+_ 1 1 + 12h~+ Tiij_ i, +I-I

+D_ + _ I

i+ I
9



+ 12 1 + (2D 11 2 1 Ti0(15)
1 1 i

Constant flux corner
Consider the corner shown in Figure 5, subject to the constant flux condition on two sides,

Q, = 2+ y ) (Ti i-1 - T)

Q2 = I  2 Ax (T+Ix i

I 2Ay
Q3 = (OT + O S) AS.

OT is the heat flux per unit area crossing the top boundary, OS is that crossing the side. For steady
state, Q1 + Q2 + Q3  0. In general, for Ax = Ay = As,

! ( 1 -1 ,i >1,i k1,i Ti lTi, 1 I ,

- k 1 1  + 1 T,= _( r+ s) AS (6

I r, Ir 2 "(6

i , - 1 ki i ki+ , i - ki, i

Ti Ti -(OT +, (6

i1 I A

All Figure 5. Node on corner of finite difference grid.

Convective corner
For the corner shown in Figure 5, subject to convection on both sides, convection along the

top surface yields

Q4 = h A- (TA-T i,I),

and along the right side,

Q3 = h -L (TA-Tii).

10



With Q, and Q2 the same as for the previous corner, and for Ax Ay = As, the equation for 1
steady state is as follows:

1 + 1 I1 I 1

Ti+tiJ

( + I + I h/A Ti, i -- s h/TA " (17)

k I, +- ki, i ki+],j ki, j

Semi-infinite corner
Consider the node pictured in Figure 6, on the corner between two semi-infinite boundaries.

T1 is the temperature a large distance to the right of the grid, and T1 is the temperature away from
the top of the grid.

Q, -D 1  (2Di-1) Ax, A (11t- i) ,

12D (2D-1),Ay (T T
kQ2 D 1) x C i, - d

k;, k

Q3 2Dii (2Di-1) Ax - D i ( it ,-Ti

i( ~ 2Dri -i

For steady state, the heat flows sum to zero. Summing the above, then multiplying each term by
1/(2Di-I) and allowing Ax = Ay, g-ves us the heat balance for this corner node

/ 22 /i+t T + 1  2 2Di_1

+ i+1 I,' + 2 ii + k

2 + 2 + 2 T,
I 2D- 1 2D-I 1 2D- I_

ki, j_ I ki, i ki+l,i /tili k"r

- 1 2 (1 2Di-1\ r (18)

kij

In the computer program, it is assumed that ki : i klr

*11
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T1

oi Ay I

I I I

I 

TI,Di AY I.'.'
I . I

I -I I

-A --, Di AX -D - it~x

Figure 6. Node on corner between two semi-infinite boundaries.

When this semi-infinite condition is used for a corner, a special heat balance for the interior
i node labeled Ts in Figure 6 must be used. This balance will be the same as that given by eq 15,

, except that Ql will be replaced by

Q, DAXi  (Ti-1, i -Ti, j).

\ k i- i ,_i

Then the full heat balance is given by

- 1  2 T i- i 'J +  1 " T ij - I +  2 + I " i j
-- ++ ++

+ i i + -ki-ikiki, j+ 1 ki. i- ki ,

+ 12 1 D 2 _ i i 0. (19)
1 + F 2i1 I

k i+ , j i iT I i, i+ 1  + i '

12
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Corner with one side constant flux, the other side convective
It is possible to have a corner subject to convection on one side and constant flux on the other

side. For the corner in Figure 5, subject to constant flux on the right side and convection on the
surface,

Q = 1 +-2A - (Ti, i_-I - Ti, j)

Q2 (= ~2 ) AX (T1+ I-Ti, ),2= 1 + 1 ( l -

Q3=2 O As ,

Q4 = h-" ( TA -Ti, j) .

Let Ax = A) = As,

1i- 
Ti+J

+ + V hA ri, - hAsTA -  As. (20)

ki+J1 i ki,i

Corner with one side constant flux, the other side semi-infinite
As illustrated in Figure 7, let the top right-hand corner of the grid have a semi-infinite bouneary

on the right side and a constant flux boundary on the top. Allow the heat flow per unit area

crossing the top of the grid to be 0. Then the heat flows for node J, j are given by

Q, = 0(2Dj - 1) Ax

Q2= _ _ l ( 2~'2Q3 
=  (2D 1) Ax ( Ti, 1  Ti, ) ,

2D i (D ]A

13



----- I
I I Oii TxOi,,

Figure 7. Node on a corner of semi-Infinite boundary.

The total heat balance for steady state with Ax = Ay = As is given by

+/ 2(2Oi-1)
2I -1 TI + I + 1 Ti+"i

/I\i -, k , .

- _& r, + 1 -- _ + 1 ,_l ',.J

i~i-1 ki,j" ki+ ,) /ki'i k1 I kiji

(i-1) As -I + T2Di_1 I . (21)

As is the case with the other semi-infinite boundaries, the node adjacent to the semi-infinite

node must be given special consideration. Again, 0 is the heat flux per unit area crossing the top
of the grid.

Q3 = 2AX,

2 y

Q2 = (D + 1 (') G() (T,1 1 -T,,).kki' l-+ -

Allow Ax = Ay = As. The heat balance equation for the node follows:

2J

14
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(. .i+ .i /1 it+ ( 2 li ) + - ]i_____
+I )

+ I2 + T 2-I -1s (22)

Cot 'r le it/l ( i .ll( 0 1 00/1 /l ' i.k', 'vl')j-jji I/llJ/I (l tilt' other

Again consider the k1or(ner illtul'i ated in I gurc 7, but allow convection to ocCUr ciuss th t()p
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The heat balance for that node is given by

I__ +_IT_,__ _ + +2 I T+I. I +  -TI, +1;i+) + 2 1 +
I i, I \TI,, kil

1 + 2 + + hAS T, -hAsTA. (24)

1 + 7 I + I 2Drl I

ki, j ;l+l5 ki, kl,j+ 1  kl, I

Computer program development
In order to solve a particular problem, a grid whose boundaries coincide with those in the prob-

lem must be set up. The number of grid points used is largely a matter of trial and error; as pre-
viously stated, the smaller the As between the nodes (and hence the more dense the grid), the
more accurate the solution. Once the grid is set up, each node in it is assigned the finite difference
equation which represents the heat balance between that node and its adjacent nodes. The resultinj
system of equations may then be solved simultaneously to arrive at the steady-state temperature
distribution within the grid.

SSCONDUCT, the program developed to model two-dimensional steady-state heat conduction,
is made up of four parts: 1) a data gathering subroutine, 2) the main program, 3) a subroutine to
solve the system of equations, and 4) a subroutine to locate the isotherms in the resulting tempera-
ture distribution. The grid for the problem is represented by a three-dimensional array, RAY (I, J, K).
The first two dimensions designate the spatial location in Cartesian coordinates. The third dimen-
sion, K, has three values. RAY (I, J, 1) contains the temperatures for each nodal location I, J. RAY
(I, J, 2) describes the location type of each node. Examples of location types include a node on a
zero flux boundary, a constant temperature node, a variable interior node, etc. RAY (I, J, 3) is an
index of the material type of each node. This index is used to assign conductivities and convection
coefficients. It is possible to have a different material at each point in the grid.

Data subroutine
Subroutine SSDATA was written to provide a quick and easy way for the user to set up the

grid, without having to worry about formats in the data file. The user has only to edit SSDATA,
following directions in the comment statements in the computer program, to insert the desired
values of the variables. When SSDATA is run, the new values of the variables are put into the
formatted data file STSDAT. The main program then reads the data from STSDAT.

Main program
In the main part of SSCONDUCT, each node of the grid is examined. The conductivities are

figured between the node being examined and the adjacent nodes, and the coefficients for the
node's difference equation are figured and stored. A grid whose dimensions are X by Y contains
XY nodes; hence there will by XY equations with XY unknowns. Since the matrix of coefficients
for this system of equations is banded, with all entries being zero outside the band, only the entries
of the band need to be stored. The bandwidth is 2X+1. Thus, instead of storing an XY by XY

* array for the matrix of coefficients, an XY by 2X+1 array is stored. After each node in the grid
has been examined, subroutine BANDMX is called to solve the system of equations.

Subroutine BANDMX
The International Mathematical and Statistical Library's subroutine LEQT1B has been adopted

for solving the system of equations which has been stored in band form. Please consult Martin and
Williamson (1967) for a detailed discussion of the method.
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Subroutine ISO THM
This subroutine examines the final temperature distribution in the grid, performing a linear in-

terpolation between grid point temperatures to determine the spatial coordinates of user-specified
isotherms. The coordinates are written into file POINTS which may then be plotted.

FINITE ELEMENT METHODS

Introduction
Finite element methods are a relatively recent addition to numerical methods. They can be used

to obtain approximate solutions to governing differential equations encountered in many disciplines.
They were first used by the aerospace industry during the 1950's for structural analysis of complex
systems. By the 1960's people found that the method could be applied to a broad class of problems.

Finite element models use a piecewise approximation to the governing differential equations
over the region of interest; finite difference models use a pointwise approximation. A major ad-
vantage of the finite element approximation over a finite difference approximation is its ability to
model irregularly shaped boundaries more accurately. The size of the elements can also be easily
varied. The basic shape may also be varied. Figure 9 shows how an irregularly shaped boundary

would be modeled with both the finite element and finite difference methods. Each of the models
approximates the circular boundary; however, the finite difference model uses a rather crude approx-
imation in comparison. Another major advantage of the finite element method is apparent from
Figure 9, that is, we can easily vary the element size. The geometr here is a haill symmetry ol a
buried pipe. We expect the temperature gradients to be much greater in areas nearer the pipe,
and by varying element si/e these areas can be modeled to any degree of accurac', while surround-
ing areas with smaller temperature gradients need not be.

The finite clement method does have several disadvantages. Since the grid is usuall oddly
shaped, defining all the cootdinateis of each node can he a tedious job. Automatic-mesh-generation

+ 4/

160 nodes 46 nodes

a. Finite difference model. b. Finite element model.

fiqurt"). ittite dit letence and finite el,nent grids &r a circular boundary.
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computer programs are available but not necessarily easy to use or inexpensive. Another disadvan-
tage of the finite element method is its complexity. The necessary equations cannot always be en-
tirely based on physical considerations, as can finite difference equations. Finite element computer
programs tend to be complex and very hard to modify. In spite of these disadvantages, the finite
element method is widely used in many disciplines of engineering today.

Before going into the development of a finite element model for heat conduction, we will first
consider the basic steps which must be followed when using the finite element method to solve
any problem.

The first step is to discretize the continuum, th?. is, divide the region to be modeled into ele-
ments. Many different shapes can be used for the e!einent. Here we will consider only the most
simple two-dimensional element, the triangle. The nodes and elements must now be numbered.

As we will see later, this must be done carefully in order to get the most economical solution.
The next step is to select the type of interpolating function which will be used over the element

to represent the field variable. Normally, polynomials are chosen since they are easily differentiated
and integrated. Since we will be using a simple triangle with only three points our interpolation
functions will be linear.

Next we need to find the equations which express the properties of each element. These will
be in matrix form. Several approaches are possible. We will rely on the variational principal, which
is known for the heat conduction problem. This approach is most convenient, but in some cases
a variational principal does not exist for the problem. In these cases, either the direct approach,
the energy balance method, or the method of weighted residuals (Galerkin's appraoch) may be
used (Huebner 1975).

Now the element equations can be assembled into the global equations describing the entire
region. This is a straightforward procedure easily handled by the computer. The system of equa-
tions must be modified to account for any boundary conditions present. The result is a system
of simultaneous equations.

The next step is to solve this system of equations. This is usually the most time consuming
step (computer time). With linear equations, as we will have, many methods exist for solution.
The solution is somewhat simplified because the resulting matrix is banded and ivmetrical. It is
also positive definite. Round-off errors are also reduced because of these properties.

Once we have the solution we may want to compute additional quantities, such as isotherms
or temperature gradients in the case of heat conduction.

In the next section we will discuss the procedure used at each of these steps by developing a
two-dimensional finite element model for heat conduction. Various types of boundary conditions
will be included in this model.

Application to two-dimensional steady-state heat transfer,
In this section we will develop a finite element model for heat conduction in two dimensions.

The simplest two-dimensional element, the triangle, will be used exclusively. Linear interpolation
functions will be used within the elements and provisions for internal heat generation will be in-
cluded. In an attempt to make the method as clear as possible we will follow the sequence of
steps outlined in the last section.

The first step is to divide the region to be modeled into triangular elements. During this step
we should try to concentrate the smaller elements in the areas of the highest gradients Larger
elements can be used in areas of smaller gradients. The triangles should be as close to equilateral
as possible in order to promote accuracy of the solution. As an example, consider a problem with
a geometry similar to that of Figure 9. The region can be divided into triangular elements in a
similar fashion as shown in Figure 10.

Now the nodes need to be numbered. Care must be taken here in order to reduce computational
requirements. As stated before, the simultaneous equations which result in a finite element
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Table 1. Typical element data.
Element Nodes Mfateril
number 7 2- 3 type

1 10 2 1 1
2 10 11 2 1
3 11 3 2 1
4 11 12 3 1
5 12 4 3 1

The local node numbers (1, 2, 3 in Table 1) for each element should always be consistently num-

* bered with a particular convention. In this case they are numbered counterclockwise around the
element.

We also need to define the spatial coordinates of each of the nodal points. A simple table like

Table 2 will accomplish this.

Table 2. Typical nodal point data.

Node X Y

1 0.0000 -0.3280
2 0.1 2S6 -0.3031
3 0.2319 -0.2319
4 0.3031 -0.1286
5 0.3280 0.0000

The coordinates given are for the nodes in Figure 10. The origin in this case is located at the center
of the pipe.

Now we need to define the interpolation functions for the elements. Certain continuity require-

ments must be met by the element type and the interpolation functions, depending on the type of
problem being studied. It is beyond the scope of this report to develop these requirements. In this
case, the requirements are met by triangular elements and the linear interpolation functions which

will be used.
The interpolation function must define the field variable, in this case temperature, over the en-

tire element. That is, given the position of any point within the element, the element interpolation
function gives an estimate of the temperature at that point. The form of the linear interpolating
polynomial is

T= a, + C2 x +a 3 y (25)

where T is the temperature, x andy are the coordinates and ol, 02 and Q3 are constants.
At local nodes 1, 2 and 3 of the element the following conditions must be satisfied by the inter-

polating polynomial:

T =T, at x X, and y =Y1

T =T 2 atx =X2  and y =Y2
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1- 3 t N md Y3'1  (26)

Using eatch of theVSC LOnditiC~n, mld solving tot /'t eanch node gives us the following %et of qumtions:

+ a,\ + Q; (7
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Where I is the MCil of thle tI idtngUim clement .ind 2.1 is gi~en h\ the deICIC Minmrt1"t of 11h0 1011\% ig

3' 3 nlati i\:

IA, Yt I

(29)
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b = Y2 - Y3

b2 = Y3 - Y1
h3 = Y I - Y2

( -- X3 -X2

C2  X " -X 3

C3 =X 2 - X 1  (32)

It is easily shown by substituting back into eq 31 that, for any particular node, the corresponding

shape function takes on a value of unity at that node and /ero it the other two nodes and the line

connecting them.
Now we can use the information in Tables I and 2 to assemble the individual element equations

into a global system of equations. The result i' a set of piecewisc continuous equations to appioxi-
mate temperature over the entire region. Our next step is to relate this to the physical problem of

heat conduction in a solid medium.
Seseral methods are available for finding the element equations, as mentioned earlier. I ot this

problem we will use the variational principal, which is known. A discussion of the calculus of

.ariations is beyond the scope of this report. The interested reader is refeired to Pars (1962),
Schechter (1967), luebner (1975), Segerlind (1976) and Zienkiewic/ ( 1977).

The Calculus Of variations simply states that, if we can find the so-called "luntional" which

korresponds to the governing differential equation and boundary conditions of the problem, the

minimi/ation of that functional requires that its corresponding differential equation and hound-

ary conditions be satisfied. Fo, isotropic two-dimensional steady-state heat transler, the govet;ning

differential equation is

a-;- a(A' Q, z 0 (1.3)

where Q, is the internal heat generation within the region. Constant temperature boundary con-

ditions ire simply

I I B on S1  (31)

where
TB  constant temperature of the boundary S 1

51 segment of boundary at /B"

Constant heat flux boundary conditions are given by

k V, +k a - - 0 on S (35)

where

V, and V = direction cosines of a vector perpendicular to %2.
S2 = surface subject to the constant heat flux ¢.

Finally, the conditions on a convective boundary ire

k a Q, +k -V +h(f-TA)0 on 53 (36)

where 53 is the boundary segment subject to convection.
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The entire boundary of the region is made up completely 01 segments S I, S2 and S3. Radiative
boundary conditions are not considered here.

Now we need to use the variational principal to find the element equations. The functional
matching eq 33 with boundary conditions (eq 34, 35 and 36) is (Schechter 1967, Huebner 1975,
Segerlind 1976)

AT) f fk(" +(O - 2Q l, J d, + f JOT 1f2h(T-T,) 2 dS4  (37)2( f) 119 Tt )a
A S4

where 54 is the union of surfaces S2 and S3+

We ean define Tover the element by recalling eq 30

71e) = [NJI Tle)

To minimize the functional I(T), which will in turn satisfy governing differential equation and
boundary conditions, we can set its derivative with respect to temperature I equal to zero. Be-
cause our interpolation functions meet the continuity requirements as discussed earlier, the total
integral I(T) is the sum of the integral I(T(eO) for all the elements. II we have At elements,

M

(7(r= /(TF')). (38)
e= 1

Because the temperatures at each node of an element are independent, the partial derisatise ol
the integral I(T((')) with respect to each nodal temperature must be /ero:

a (/-10) = 8 (()) 0.(e) (39)
al-I 37-2 )/3

If node I is on the boundary of surface S4 , we have

81 (F~e)) ar akg Te ~

ar- a(el l /s ( a TIC) at1 ') _
A+ Q, Id 0+h(I-IdS. (40)

+Ol- dAle) + (4;-- + h(l-l -)(" 1

Similar equations apply to other nodes on boundary 54. F or nodes not on boundary 54, the
integral over 54 is dropped. The derivatives in the above equation can be evaluated by considering
eq 30. After substituting these into eq 40, we find the result for node I on houndarY S4 iS

O=Tl) f [k!Ie i+kN -!J +QNld
a -)0= [ Tax ax layI ky +, dAl')

+T I (eJTt

+ IO +hjNJ N, jr-Ajj dS4 (') (41)
S4
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The element equation for each clement is now found by combining the resulting threc nodal
equations,

a/___ e (e)) 8I(T(e)) aI(Tl tranpos

K I (e) 11- (e Iar ' R (1) a' transpos11 e

[K! (e (e + R(" =0. (42)~Ic

EI -+ KS4](31 }~ R~c .(2

Both the IKI1(1) and JKS 4 I (e) are 3x 3 matrices whilejRjltl and 111(") are 3), vector s. Tvpical
terms within them are

K1 2= f k aNl aN2 _N o±N ) ,

A

R2 f QIN 2 dA (C) + f O'N2 d.S4 l
A (e) . (r)

KS f h N1lN IdS4 (e (43)
S 4It

Now each of these equations fot anl element can be assembled into the global ss stem) of equar.

tions. The procedure for doing so is straightforward. If we have ii nodes in Out problem, Our I C

sIting matrix will have dimensions of nx n. Using the datia in Table I we simiplv add all1 of the
en tres otf each of the element ma tr ices into the corresponding globarl posit ion in the ii 1i S% stemn

mnatrix. The same basic procedure applies to finding the global R vector.
The assembled system of equations needs to be modified to accou~nt lor constant temperture11

boundary conditions. Although exact methods are available for this procedlure, We Will use an1

approximate technique which is much simpler to program for computer execution. Before mo1di-

f iiation, eq 42 is rewritten into the form for solution

Id I(4=4f)

Where jfK is now the sum of the global JK I and KS1 I mar~itices and I/Iis simnply - R1.If %%c

have a constant temperature boundary condition at a given nodle we simply multiply theC cotre-

sponding diagonal term in the JK Imatrix byr a relafisel large number and also feplace the (otic
spondling term in thelf vector by the prodoct of1 the boundlary temrr iatutiand tis inodil ied

diagonal term. In thi xcase we have used 1 0 1S as tbe largc number. Ibhis is arn approximiate pitt.

LCedut but it will yield good results as long irs the bou ndat% i tmper ,rtur e specified is not vets smnall
(Segerlind 1976).

Now we are ready~ tor solve for the unknown temperatur es. If out probhlem has ,r nodes our I&A I
matrix will be an n xn matrix and both i'andi I $will he n I vectors. It becimesobvious thatl

for large problems, of ten having hundreds (f nodes, this is the most time consuming step. I or

this reason it is imperative that our solution methutd be ef 1k ient. The fact that our resulting It\ I
matrix tias some Special characteristics, as mentioned eat lie,, greatly simplifiesand speeds the

soloution.

Many techniques are, available ftrt solving I inevr sets of equations such ars we have here. I he
interested reader may refer to rune of the many text, oin the subject, including I orsythe et t

24



(1977) and Gerald (1978). The method used here is in the form of a computer program subroutine.
The subroutine is called MCHB and is part of the IBM SSP (Scientific Subroutine Package), which
is available on many computer systems. The matrix which is provided to MCHB must be in com-
pressed form, consisting of only the main diagonal and the upper portion of the band, which is
symmetrical. The terms are stored in rows in successive storage locations. It returns the tempera-

ture, after solution, in the same space that the IFtvector was supplied in. The Cholesky decompo-
sition technique is used by MCHB to solve the matrix equations.

All the steps of solution for a two-dimensional steady-state heat transfer problem using the
finite element method have now been outlined. The only remaining step is to compute additional
quantities based on the resulting temperature distribution. Often, the location of a particular iso-

therm ma be of interest. A simply method of finding the approximate location of an isotherm is
simply to interpolate linearly along the element boundary between nodes whose temperatures

bound the isotherm of interest.
In the next section we will discuss the computer program based on the theory developed in

this section.

Finite element computer program
A finite element computer program, called FEHEAT, has been developed to model two-dimen-

sional steady-state heat conduction. This program is based in part on a program presented by
Huehner (1975). The following types of boundary conditions have been included:

1. Constant temperature
2. Specified heat flux (including, of course, iero flux insulated boundaries)
3. Convective heat transfer.

FEHEAT also has the capabilitv to account for internal heat generation.

The program consists of a mainp togram and five subroutines. The main program is responsible
for the tfollowing operations:

I. Providing dimensioned and common storage space for the necessary matrices, vectors, and
scalars

2. Initiali/ing all of the above to icro, a,, required
3. Determining the si/e of the problem and type of boundary conditions present
4. Reading in all input data and printing them out for confirmation.
5. Determining the bandwidth of the 1K) matrix
6. Calling the appropriate subroutine for solution and isotherm location
7. Printing out resulting tempelatures' and isotherms' coordinates

The namc-s and purposes of the five subroutines are:
1, ISM This subroutine forms the IK f1 1 matrix (element "thermal stiffness" matrix). A

dillerent type of material may be used in each element, TSM computes the constints in the linear
interpolation functions as well as the element area. The "thermal stiffness" matrix is modified
to account for convection and the internal heat generation at each node is computed here for use

in subroutine FRIS.
2. FRHS This subroutine forms the Ffvector (right hand side). It begins with the contribu-

tion of internal heat generation at the affected nodes and adds to that the effect of specified heat
fluxes and convective boundary segments. It is then modified for the constant temperature bound-
ary conditions by the procedures outlined in the previous section.

3. FORMK This subroutine assembles the element I KI (1) matrices to form the global IK I
matrix. Constant temperature boundary conditions are accounted for by modification of the

corresponding diagonal element as outlined earlier. The resulting matrix is stored, in rows first
then in columns, in consecutive storage locations, with only the diagonal and upper portion of
the hand being stored, as required by MCHB. This procedure greatly reduces storage requirements
for banded matrices.
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4. MCHB--This subroutine solves the system of equations. The (KI matrix must be stored in the
form explained earlier. Double precision is used on several crucial quantities. This subroutine is

part of the IBM Scientific Subroutine Package available on many computers.
5. ISOTHM-This subroutine finds the location of any number of specified isotherms at any

temperature. It examines each element and performs linear interpolation between adjacent nodes
within an element which bounds the temperature of interest. Its results are sets of coordinates for

each temperature specified by the user. These results can be plotted with a simple plotling program.
More will be said on the computer program and the preparation of input data in the next section

where we examine its application and results for a classical problem. A listing of the computer pro-
gram, including all the subroutines and sample input files and output data, is given in Appendix B.

PROGRAM VERIFICATIONS AND COMPARISONS

Each computer program was run modeling two steady-state two-dimensional problems: the

case ol a rectangular plate subject to a uniform temperature on three sides and a sinusoidal temper-

ature distribution across the fourth side, and the case of a buried pipe. Anal\ itical solutions exist
for both of these problems. In the Rctanyqu/ar p/ale section, the rectangular plate problem is

solved analytically, and the results are compared to the results of each program. In the Buried
pipe section, the analytical solution of the buried pipe is presented, along with compatisons of the

computer-generated solutions. In theSemi-/nf in/C eondlion section, a one-dimensional problem
is solved by the finite difference program to illustrate the use ol the semi-intinite boundary.

Rectangular plate
Consider a rectangular plate that has three of its sides at a I ixed tempia.tuIc and has a sint-

soidal temperature distribution across the fou th side. The following well-known analytical solu-

tion exists to find the steady -state tempCrature, distribution within the plate.
Assume the plate is suflicientll thick so that the end ellects may be neglected. 1 he thermal

conductiity is constant throughout the plate. We examine a cross section ol the plate, and usea

shifted temperature0 = I - 10. The heat Ilow obeys Laplace's equation

a 2  _ 20
o

-= 0.
as 2  a ,2

The boundary condition on the top sut face is 0 - sm sin 7Ir/li'; 0 - 0 lot the three other st -

faces. This gives us tie following boundary conditions:

(1) 0 (OY) 0

(2) 0 (W, y) 0

(3) o(A,o) 0

(4) 0 (v, I/) Om sin - 5)

We begin by assuming a solution of the form

0(X, A = X(X)YOV).

Then, from Laplace's equation

1 a2 X y

X ax2  Y )y2
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We then proceed as usual with the method of separation of variables, where the separation constant
is N2:

I a-2X 2 I a2 y :X

dX 2),2 32

X C I C os \ + C, sin X\, Y = C 3ek- +

0 (C1 cos X\ + C, sin X) (C3 e(-N + C4
' .

Apply the boundary conditions, from eq 451,

C, (C; -X ' + C'tcX1)x 0

I rom eq 45,

(C, Cos X\ + C, sin X\) (C3 +C4) 0

Q z 4

f rom eq 45 , with results of eq 45, and 45,.

(.2( sin Xl (ex l - ed' : 0

2C,(' sin XIt' sinh X, 0

I h is fcqies CS I l it i X I' - 0 )t A n/f' (n is an integer). BeLtause of the linear itv of Laplace's

equaLtion. 0 can he wrillen as J sum of an infinite series

- n si i h|
It,)

where the LOIStdntS, , have been combined.
Now apply the boundary condition from eq 454:

0 1r\ 1 7T/lt

I) sin - Cn sin- sinh
n: I

This hold, only if

0m
Om

sinh -- /

lIl'
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and it C2  C3  Cn 0, then the final temperature distribution in the plate is given by

sinh Y
0 = sin --X

nirH W

or,

T o rm sinh rf sin - (46)
sinh14-

For the computer comparisons, let I, 1000C, Im 50C, / 1 8 m, and 14' 2 m. The results
were calculated for every I m increment of space in the rectangle, and the results arc shown in
Table 3.

Table 3. The rectangular plate solution.

0 °  2 3 5 6 7 S 9 10 11 12

0 100.004 100.00 100.00 100.00 10000 100.00 100.00 100.00 100.00 100.00 100.00 1O0.UO 100.00
1 100.00 100.80 101.66 102.34 102.87 103.20 103.31 103.20 102.8" 102. ;.1 101.O 100.86 100.00
2 100.00 101.77 103.43 104.84 105.93 106.62 106.85 106.62 105.93 104.8,4 103.43 101.77 100.00
3 100.00 102.81 105.43 107,68 109.41 110.49 t 10.86 t 0.49 109.-1 107.68 105.41 102.81 100.00
4 t00.00 104.04 107.81 11 1.05 113.53 115.09 I1tS,2 I 1.09 1 13.51 111.05 107.81 104.04 100.00

100.00 105.55 110.73 115.17 118.58 120.73 121.46 120.73 118.58 115.17 110.73 1 O .s5 100.00
6 100.00 107.45 11.4.39 120.35 124.92 127.80 128.78 127.80 124.92 120. 4 i 11.1.39 107.45 110.00
7 100.00 109.85 119.04 126.92 132.97 136.78 138.08 136.78 1 2.97 126.92 119.01 109.8 ,  100.910
8 100.00 112.94 125.00 135.36 143.30 148.30 15 0.00 148.30 1-13.10 135.36 125.00 112.94 100.00

*Increments in mTneris.
+Values in 'C.

This problem was run on SSCONDUCT, the finite difference program, using a 17, 25 grid (425
nodes) with an inte nodal spacing of 0.25 rn. The results compare to withi it 0.01 'Col the analyti-
cal solution.

FEHEAT, the finite element program, also used 425 nodes. The elements werc isosceles tight
triangles with sides 0.25 m long. The total number (o elements used was 768. The results from this
model predicLed the lempeature to within 0.02'C of the analytical solution throughout the region.

Buried pipe
The solution to the steady,-state problem of a buried pipe may be found from vctor f ield theory

by superposition of the potentials of two line sources with equal and opposite strength.
In general, the gradient of a scalar field is a vector. In the case of a line source, we assume that

the source is of uniform strength all along its length. Then the radial veclors are those which are
of interest. In the case of heat flow, allow the radial vectors to be denoted by q. The scalar poten-
tial field is the temperature distribution

q -kV I (47)

where k is the thermal conductivity, and q is given by q : W/21rr(r), where W is the source strength
per unit length (W/m), r is the distance from the line source to the point under consideration, and
,r is the unit vector in the radial direction pointing from the line source towards the point under
consideration, as shown in Figure 11.
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Line Source-~$

Fig'ure I1. Simple line source.

Figure 12. Superposition of two line sources (s-heat source belowA the ground, - heat
source above the ground)J.

Upon substitution into eq 47i

K, - al -

ffr r - r

f~ikr dr~ fdT r

T Wk r

-y-In 7- -T (48)
ao

Now consider the situation illustrated in Figure 12. W is the heat source strength below the
ground we also imagine a source of equal and opposite strength an equal distance above the

ground. The field lines are the dotted lines, the isotherms are represented by continuous lines.
For the bottom source

29



-21,k r0

and, for the top source,

WIn

The resultant field (temperature distribution) mav be obtained by superpomrng the potentials from
these two fields,

w r2
(In In

2ff r2

1_ 10 k In (49)

Isotherms are Ilines of constant 0. When i r the str iih I l ine hem~ eni thc two I iels is gi% en hv

-~ In 1 0(

Thus the reference temperature is given at the grounfd surface.
Now put the problem on a s~ stern of Ciar tesidr] (,(?fl d111 It's, as ilUsti ,ted in I iguI I i.

r2

I t4)U1t, 1.3. Caltil (o?1ofl(IIlnt('s (0?

voutt' prohk',n.

The source of strength It' is located at the point (0I, -(1). 11 om I igore 13, the distant es '2 and
r, are given by

r2 I (,Iy 1) 2



r /, + (d+y) 2

Substitute these results into eq 49

i(T-To w x/ + (d-yl)2

0 21rk T_

n In

1$' x2 +(d+y 1 )2

2 + ( 2y

exp 1(4 i (T-r )) (s0)

xi + (d+y1 )2

This gives a general equation for the temperature at any point, given the ground surface temper-
ature T., the conductivity, and the source strength. It will be shown below that the resulting iso-
therms have a circular shape. We will let the pipe be represented by one of the isotherms. Given
the temperature of that isotherm, we may calculate the resulting temperature distribution, with the
temperature of the pipe and the temperature of the ground surface also given.

For a given isotherm, the left-hand side of eq 50 is constant. Let

C. ,-;37-r (T- T)

then

2 + (d+y 1 ) 2

After the fraction is cleared in this equation, we complete the square to arrive at

S2 +[Y, +dc-) 1 2

Thus each isotherm is a circle with center c and radius r, as given below:

c =(o,d)/+

r-2d ---Cc-I

For comparison with the computer models, consider the problem of a pipe with a 0.1-m radius at

100'C buried at a depth of 1 m (center of pipe); the ground surface is at 100C.
The pipe is the I 00°C isotherm whose center is at I = d (c + 1/cc- 1)

r 0. 1 2d
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Substitute for d to obtain

0.1 = 2(c'j C'-i

co -398c. + I=0

co  397.9975
co - Id= - 1 = 0.995.

CO+1

Then
397.9975 = expl41rk/W(100-10)1

5.986 = 360 nk/it'

it' = 360 irk/5.986.

For any isotherm,

C exp (47rk(T-T 0oW/f = expl41rk(7- TO) (5.986)/360 ikj

C exp 10.0665 (T- To)l

Thus, given a point (A, y) of interest, its temperature may be calculated from the lollowing equa-
tion:

_ie O 6 6 5 ( T - 1 ) = x ' 2  +  ( 0 .9 9 5 - .Y , ) 2

xI + (0.995 + )1) 2

- 2 + (0"995-,1)2

T= 10+15.033961n X1 + (0.995())2

A 2 + (0.995 + y1 )2

The region modeled by the computer programs was a rectangular area extending from the ground
surface to 3 m below the surface, and 2 m to each side of the pipe. Because there is a vertical line
of symmetr\ , ,tending from the ground surface down through the center of the pipe, the com-
puter progrI: modeled only half of the area, and used a iero flux boundary along the right side,
which passes through the center of the pipe.

The finite difference program used a 31x 21 grid (651 nodes), with an internodal distance of
0. 1 meters. The pipe was represented by lour constant temperature nodes. The left side ind
bottom boundaries were assigned the semi-infinite boundary condition. See Appendix A for the
input and output for the program; the grid is labeled and printed in the output file, STDOUT.
This problem required 88 CPU-seconds (Central Processing Unit) on CRREL's PRIME 400 com-
puter, a cost of $3.08.

The finite element program used 104 nodes ( 166 elements). The elements were triangles with
sides of varying lengths, as shown in Figure 14. The left side and bottom boundaries were assigned
a constant temperature boundary condition. The finite element problem required 26 CPU-scconds
on the same computer, and cost $0.91.

The three solutions- analytical, finite difference, and finite element are graphed in Iigure 15
for the 300, 50' and 700 C isotherms. Also shown are the finite difference and finite element
I0 0 C nodes, which represent the pipe. Note that the finite element method is better able to
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Figure 15. Comparison of finite differcnce (0) and finite ele-
ment ()results for buried pipe problem (the solid line is the
analYticul so lut ion).
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model the circular surface of the pipe, while the finite difference method used only a four-node
representation. Both methods represent the temperatures above the pipe very well, but the finite
difference method is slightly more accurate. For regions to the left of the pipe and below the pipe,
there are inaccuracies in both of the computed solutions, mainly due to the effect of the semi-
infinite boundaries. The finite difference solution overpredicts the distance of the various isotherms
from the pipe, but is the more accurate solution in this case. The finite element method underpre-
dicts the isotherm locations. The internodal spacing used could be reduced in both cases should a
more accurate solution be necessary.

The semi-infinite condition
The semi-infinite boundary condition in the finite difference program is modeled by use of a

long rectangular node at the boundary. The temperature at infinity is known. To verify this
approach, consider the one-dimunsional problem of a semi-infinite plane. The temperature at the
edge is I I 5C, and the temperature at infinity is O°C. If we allow "infinity" to be a large but
finite distance, then a linear temperature distribution between 00 and 11 5C would be expected
at steady state.

A grid 17 nodes long was used to model this situation (Fig. 16). 1here are 16 nodes of regulat
shape in the grid, and one semi-infinite boundary node. Let DS be the internodal distance for the
interior of the grid, and I 00.DS be the distance from the last square node ito The node at infinity.
Listed in Table 4 are the expected temperatures for each node and those ca(lulated by SSCONI)UCT.

115* Table 4. One-dimensional semi-
02 infinite comparison.
03_ 0'tnpO U", etrlperuturt

e4t sPet it'd caft iled
05 Node (0( ____ (C)
.6 1 115 11.00

7 2 114 114.00

08 115 DS 3 113 113.00
... . 4 112 11).99
09 5 1I 1 110.99
.10 6 110 109.qq

711 109 108.99

-1 8 108 107.98
- I9 107 106.98
.13 10 106 105.98
014 11 105 104.98

1 2 104 101.97
*15 13 103 102.97

016 14 102 101.97
15 101 100.97

16 100 99.97
50 DS 17 50 49.88

*17

50 CS

Vigure 16. Semi-infi-
nite verification problem.

34



The error at node 1 7 is small, considering that the distance modeled by the one rectangular node
is almost seven times the size of the rest of the grid. Errors encountered when using the semi-infin-
ite condition in two dimensions, however, may be much larger, as may be seen from the buried
pipe example. In general the semi-infinite condition should be used in two-dimensional problems
only in regions where the temperature gradient is small and precise knowledge of the temperature
distribution is not critical.

INSTRUCTIONS FOR USE OF COMPUTER PROGRAMS

This section is provided for those who wish to use either one of the two heat conduction pro-
grams. SSCONDUCT is the finite difference program, and FEHr.AT is the finite element program.

Instructions for SSCONDUCT
SSCONDUCT was set up to be easily modified to handle new problems. Running a new prob-

lem simply involves editing subroutine SSDATA by following instructions provided by comment
statements in the program to adjust the variables and arrays. The variables are defined at the be-

ginning of SSDATA.
However, before attempting to alter the data subroutine, the user should make a drawing of

the problem. For a problem with more than one thermal conductivity, a number should be assigned

to each different material in the problem, starting with 1. Let A be the number of different mater-
ials in the problem. Assign the number A to the material which appears the most in the problem.
For each material, obtain the thermal conductivity in W/m K. If a material is located on a con-

vective boundary, obtain the convection coefficient in W/m2 K.
Now the finite difference grid for the problem should be drawn. The boundaries of the grid

should match with those in the problem as closely as possible. Except for semi-infinite bound-

aries, the nodes should be equally spaced. At this point, a decision must be made on a reasonable
nodal spacing. To date, there is no general way of determining the optimum nodal spacing, but
there are the following guidelines:

1. The nodes should represent the materials in the grid as accurately as possible, i.e. no node
should be composed partly of material I and partly of material 2.

2. Regions with a steep temperature gradient are best represented by a dense grid.
3. In general, accuracy decreases as internodal spacing increases.

4. The more nodes used, the more computer storage space is required, and the more computer
time will be needed to solve the problem.

Bear in mind that the use of semi-infinite nodes introduces an error that is proportional to
the area of the semi-infinite node. Therefore, the semi-infinite condition should be used only in

regions of small temperature gradients when knowledge of the temperature distribution is not
critical.

Let y be the number of rows in the grid, and let x equal the number of columns in the grid.

The grid is represented in SSCONDUCT by RAY (I, J, K), where I is increased from 1 toy,
* from I to x, and K from 1 to 3.

It may be desirable to make three drawings of the grid. The first time, label each node with

temperatures where they are known. This will represent RAY (I, J, 1). The second time, label

each node with its location type, as defined at the beginning of subroutine SSDATA. For example,
if the top left-hand corner of the grid is at constant temperature, label it "11 " (RAY 1I, 1, 21 = 11 ).
The grid labeled in this fashion represents RAY (I, 1, 2). These labels are used in the main program

to assign the proper equation to each node. The third time the grid is drawn, label each node with

its material number, as determined above. This will represent RAY (I, 1,3).
A copy of the program, including SSDATA, is listed in Appendix A. Editing SSDATA to agree

with the new problem will set up the data file when SSDATA is run.
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When locating isotherms in the final temperature distribution, subroutine ISOTHM assumes a
uniform internodal spacing. Thus if semi-infinite boundaries are used, edit ISOTHM as directed
in the comment statements at the beginning of the subroutine to avoid error in interpolations.

When SSCONDUCT is run, it asks two questions of the user. The first is whether or not sub-
routine SSDATA should be run (it should be run if the formatted data file, STSDAT, is empty or
if the user desires a change in that file). The second question is whether or not the user wants sub-
routine ISOTHM to be called to locate isotherms in the final temperature distribution. File STDOUT
is the output file which lists the initial data and boundary conditions along with the final temper-
ature distribution.

At the time of publication of this report, all boundary conditions are operational on all sides
of the grid, except for the semi-infinitc conditions, which are operational on the left edge, bottom,
and right edge of the grid only.

Instructions for FEHEAT
The first step in using program FEHEAT is to divide the region to be modeled into triangular

elements. Care must be taken here in order to obtain an accurate and economical solution. Points
which will help are:

1. Use the smallest elements in the areas where you would expect the highest temperature
gradients.

2. Use large elements where small gradients are suspected in order to minimize the number of
elements and minimize computer core requirements and running time (i.e. cost).

3. Avoid the use of triangles with high aspect ratios, that is, triangles with sides varying greatly
in length.

4. When several materials are present, approximate their boundaries as closely as possible with
the element boundaries. Each element can only consist of one material in the model.

The next step is to assign numbers to all of the nodes. Great care must be taken here to ensure

computational efficiency. The form of the matrix of equations which yields the solution is directly
affected by the numbering of the nodes. The smaller the bandwidth of this matrix, the lower the
computational effort required to solve it. To minimize the bandwidth, number the nodes such that,
for the entire region, the maximum difference between any two node numbers of any element is
as small as possible. For instance, it's better to have a maximum difference of 10 among the node
numbers of several elements than to have one element be 15 greater than the smallest element and
have a less than 10 difference among the remaining elements. The element or elements with the
largest difference between node numbers determines the bandwidth which must be carried for the
entire solution.

Once the nodes have been numbered the elements themselves may be numbered. They may be
numbered in any sequence without affecting computation efficiency. Now we can construct the

input data files. They are
ED = element data file

NPD = nodal point data file
BCT = constant temperature boundary conditions file
IHG = internal heat generation file
SHF = specified heat flux file
CBS = convective boundary segments file

QUAN = control data file
TIOT = desired isotherm temperatures.

Of these eight input data files only ED, NPD and QUAN are necessary unless the boundary
conditions require the use of BCT, IHG, SHF or CBS and the desire for isotherms requires the use
of TIOT.

The input data for ED, the element data file, is shown for a sample problem in Table 1. The
node numbers for a particular element must be entered in counterclockwise order around the
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element. The material type must be assigned to each element and the material thermal conductivity
defined in the program. Any consistent set of units may be used for the thermal conductivity,
temperature, and position variables. The numbers in this file must be in the format (15, 416).

NPD, the nodal point data file, is constructed exactly as shown in Table 2. The X and Y coordi-
nates of each node must be determined from the drawing of the region. These are entered in the
format (15, 2FI0.4).

Constant temperature boundary conditions are input in file BCT. The format of this file is
(boundary condition number, node number, assigned temperature). These may be listed in any
order of node numbers, although the boundary condition numbers must be consecutive. A typical
BCT file might appear as:

I 3 50.0000
2 7 100.0000

3 10 125.0000
4 2 150.0000
5 39 20.0000
6 8 75.0000

SThus, for instance, boundary condition 3 would be on node 10 and it would have an assigned
temperature of 125. Again, the units of temperature need only be consistent with their use else-
where. Headings on the printout indicate temperatures are in 'F, but this may be ignored if 'C
are used for input throughout. The format for input in file BCT is (15, 16, 10.4).

File IH;G contains the boundary conditions for internal heat generation. The format of this
file is (boundar, condition number, element number, assigned heat generation rate). Similar to
file BCT, these may be listed in any order of element numbers, but the boundary condition num-
hers must be consecutive. A typical file could appear as:

1 5 20.0000
2 II 10.0000
3 6 17.5000
4 22 3.3333
5 16 20.0000
6 4 35.0000

For instance, boundary condition 5 would be on element 16 where the rate of internal heat
generation would be 20. Consistent units must be used for heat generation rate. The format for
the input in file IHG is identical to that for file BCT; it is (15, 16, F 10.4).

File SHF contains the boundary conditions of specified heat flux. An ideally insulated boundary
has a heat flux of zero. If no heat flux is specified for a node on a physical boundary of the sys-
tem, it becomes a zero heat flux boundary, provided, of course, that no other boundary condition
is specified there. The format of this file is (boundary condition number, node number, specified
heat flux). Again, the nodes may be listed in any order but the boundary condition numbers
must be consecutive. Consistent units must be used. A typical SH f ile is:

1 6 5.0000
2 17 27.0000
3 24 6.6667
4 4 32.S000
S 5 50.0000
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6 87 9.5000

For example, boundary condition 2 would be on node 17 where the specified heat flux would
be 27. Again, the format for input into file SHF is (15, 16, F10.4).

File CBS contains boundary conditions for segments of the boundary where convection occurs.
A boundary segment subject to convection is defined by the nodes at its end. The format of this
file is (boundary condition number, node number at one end, node number at the other end, con-
vective heat transfer coefficient, ambient temperature). The boundary segments may be listed in
any order but the boundary condition number must be consecutive. Consistent units must be used
for the convective heat coefficient and the ambient temperature. A typical CBS file is:

1 6 7 1.0000 20.0000
2 27 3 1.2500 25.0000
3 12 20 2.3750 55.2750
4 21 20 1.0000 20.0000

In this case, for example, convective boundary segment 3 would have node 12 at one end and
node 20 at the other. The convective heat transfer coefficient there would be 2.375 and the
ambient temperature 55.275. The format for file CBS is (315, 2F8.4).

The QUAN file contains control data for the problem. The format of the file is (NN, NE, MC,
MIC, MCI, MC2, NIT), where

NN = total number of nodes
NE = total number of elements

MC = total number of fixed temperature boundary conditions
MJC = total number of elements with internal heat generation

MCI = total number of nodes with specified heat flux
MC2 total number of boundary segments subject to convection
NIT = number of isotherms desired.

A typical QUAN file is:
104 166 26 0 0 0 6.

Thus, this problem would have 104 nodes, 166 elements and 26 constant temperature boundary

conditions, and 6 isotherms would be desired. The format of this file is (716).
The final file used is TIOT. This file contains the temperature of the isotherms which the user

wishes to locate. The format is (IT,, IT2. IT3, IT4 ..., ITNIT), where ITi is the temperature of the ith
isotherm desired, I < i < NIT. A typical TIOT file is:

10.00
30.00
50.00
70.00
90.00

100.00
The format for file TIOT is (F8.2)
With the necessary files ready, program FEHEAT can be executed. The output is self explan-

atory, giving the resultant temperatures at each node. If isotherms are requested, a set of coordi-
nate pairs which will form the isothermal line will also be output. Input data are printed out
along with results as a means of checking to see that all data are pioperly read in.
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If problems occur in the use of this program two likely areas should be checked first. These are:

1. All dimension and common statements must be made large enough for the problem. Cur-

rently, the dimensions are set for a maximum of 175 nodes, 300 elements and a bandwidth of 30.

2. Most often, mistakes are made in the input data, particularly in files ED and NPD. A very

easy way to check these files is to write a short plotting program which would read first the coor-
dinates of all the nodes from the NPD file and store them. Then the program would read in the

nodes for each of the elements from the ED file and, using the coordinates of these nodes as ob-

tained from NPD, plot each element individually on a composite plot. After all the elements are

plotted it should be exactly as the original discretization of the region was. If any stray lines are

found, element sides missing, or incorrect boundaries drawn, the problem in the input data should

be easily located.

CONCLUSIONS

Two computer programs have been developed to solve the steady-state heat conduction equation

under a variety of boundary conditions. The accuracy is the same for each when modeling problems
with rectangular boundaries and no semi-infinite boundary conditions are modeled.

SSCONDUCT, the finite difference program, is by far the e,i lest to set up and run for a new

problem.
FEHEAT, the finite element program, has the advantage of being able to use elements of varying

size throughout the problem. This provides for a better definition of curved boundaries, and makes

the problem cheaper to run (less computer time) if large elements are used where the temperature
gradient is small.
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APPENDIX A: FINITE DIFFERENCE PROGRAM -DOCUMENTATION AND
SAMPLE INPUT AND OUTPUT

Program SSCONDLCT

SSCONJUCT
c TH1IS F3TTA PkOSRAM !OLVLS F3Fk STEADY SIAli_ 2-) TEMPERATURE fISTRI9JTIOV
C RESULTlilG FROM4 CONDUCIION HEAT TRANSFtK. tLOUNDAIY CONDITIONS MAY INCLUJDE

CQ'.ONSTrAti TFMPERA7Ui4F~q CONVECTIVE '-URFACFS9 SFMI-INFIITE* AND CONSTANT
CFLjX '4JJARIES. THE G;NID MAY CONTAIJ MANY DIFFElENT CON.)UCTIVITlES.

C DATA FuR S ,CONDUC1 IL. uAIHERL') bY DATAv WHICH PJTS IT INTO FILE STSDAT.
SFE S ;OATA F3I At. F XPLt'NA1 IOt OF VARI AiiLES.
FOR !MNIO N MAI(Y~x,2X41),6VC1(Y*X,1),fkXL(Y*X,(XI))

IMOL IC17 I T~fiE I(AqL.,..,.J,~qyq/)
COMPi&.fN/M1 1/ A. Y~

CJ),ION/N!3/ F.T(~~.~j.'C(D ~~,x(~LA1~
'ALL C', 'T ~. ,~
CALLC5TL(2,,.Oj'6

I FOhl'47IX991F Y Lj --- I.)~ Th,- 1,TA uRJ SIN~CE YOU LAST 99

L: T.) " "0

v ) T r(

3 FJ4PiT'X9~lRP-< (11 1%PUJT dTjK Y'J% ~'~~~
61' T:j -;r

~ CY~TI7)

CALL S3'ATA

4. C 341 )T I'J

2- F:- 3 o AT I I A21'.'

r~ ~ Sq31) (F I(I) , I I ,4)

ME i -(bq., b) ( (KAY( (I ,d, )qJ= 1qX) I z 1 *Y )

31, F~)!,MAT( xlXIIF 7.21
6 CO 47IJUF

C W-iITE DATA F,0k kU 1!410 ST.)OUT *'

W I TE (I t3 )
13 FOMKA4TIX, j4T. ;Cik THI., RLI'J OF ISCU')DUCI:9.//

51 FOR MAT (IX, 'X=09,13)
WdnITE(6,52) Y
,RITE(19,52) Y

52 FORMfAT( 1X9*Y=9*I13)
WRIIE(t6*5') A
WRITE419b4) A

h4 FORMAT (1 X, 'A= 13)

IwRITF(1956) N4ISO

,WRlTE(I*8) US
8 FORI'AT(IXq9(Ps=0qF7.3)
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WRITE~b*58) 01
WRITE(1958) 01

58 FORMIAT(lX. .01 =9%F9.4?
WRITE(6953)
.RITE(1953)

53 FORMAT(1X,'TIsO(B3,t =1NISO: ')
4RUTE(6959) (T1SO(I8 ,B=lNISO)
WRITE(1959) (TISO(is)98=19NISO)

59 FORMAT( IXPF7.2)
WR ITE(6bbS
hRITE(1955)

55 FORMAT(lX**THK(L)9L=19A: ')
WRITE(6*30) (THK((L)* .1 A)
w1TE( 1,303 4T'(L) ,L=1 A)
wRI TE(b,57)
WRI TE( 1,57)

57 FORPAT(IXv*H(L)*L=1vA 9)

WRI TE(i .30) (31(L) .Lz ,A)
DO 15 1=194
iRITE(6,16) 19I F(I)
WR ITEl 1,16) 1 F 1(1)

16 F0RlMAT(lX99FI ( 9
9 11,'):',F9.4)15 CONTINJE

.IiTE(b9892)

wRITE(b6)

6RITE(t6,692)
bS WRIT(/,1X,'tKAY( IJq3 9J=8XII

wRITE(6*9b83

'A F3RIlAr (/91X,' lUN0ARY CONDITI ONS: 9)

C It~wvADwIDlTH

- 00 63 K=1,QNT
00 Mt Lzl3

03 COTINJL
00 b4 K=194

b4 CONTINJUE

c. CUFPI T7!T-T2T-Tu ru mcu-rrFs-rmt-rToS FOR FACH NODE
c FORM MA.TRIX RMAT TO C"'NTAIN uIAGOPJAL FLTS ONLY

KOU\T=D
00 2'?l1 I=1.9Y
ci0 2,0 JZ1,A

INLJLXZRAY(I ,J93)
IF(1.EQ.l) GO TO 11
IND1:RAY( (1-1 ),j3)
T'(1=2./(l./IiK(INDh.1I./THK((1N2EX33

11 CONTINUE
IF(J.EGI.1) GO TO 12

TK2:2./(1./THK(1N02).1./THK(INOELX)I

12 COA4TINJE

T'(3=2./(l./T,1'((N0)33,1./T.4K(JNOEX))
13 CONTINUE

IF(J*E,).X) GO TO 14

14 CONTINUE

X1=x~l
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X~4t(2*K)*l
GO0 TO (ICI *102,1D3,I0q,105,l0b.107,108,109,110,111,b

& 112,113,114, Ilcl) lf,l 7 llRql 9 vl 2 0vI 2 l-P1 229123 9 12 4 9
L & 1269?b12 7* 2t', I ?',1309 1319 13;e,133),YKKK

C 14TERIOR N30ES
101 CONT114UE

RMAT(e(OUNT. 1) :TK.1
RMA4T(KOUNiToX)=T1(P

fRMAT(KOUNTqX'VT'(4 RIT2*K?*Y4

tMAI(KOUNT*XN )=Ti3
RVCT(e(OUNT*1)=j.
GO TO 200

C CONSTA'4T TEMP LOJNL)AR Y,
102 COfNTIN.JE

SET IFLAG FOR CON17 dOUND
IF (1*N.I~.) &O 70 2'2
IFLAGLI )=2
GO 10) 23G

202 CONjTl'd[

60 TO 2,U~'
213 LONJTINJE

IF(J.Nt.l) (,j TO 2-!4
IFLAG(2)=2
GU D 133

20'. CONTINJL

GO r)j T i
C :O\VECTIVE SJ.iFACE

104 CO.ATINJE

1 FL 4G( I )=4
CO = .* H ( I N JE X)

4AT ("KOiT 9 X' )z. *T<

r; J T 05

LFFT :ADE

Ir-(J.' I ) k,) 1) 1

rMAT(Ki'uL%To)2 1~ K*f

GO T0 2a
144 CO', CTI O'

IF(l.NL.Y) GO1,, 1.4 1

t-if T W OJUN T 9 1) '* 1. I

R PA I T i r,0 U N T , I K 1'

GO T0 2 ,u
141 C UhiT I NU L

R 4 A T ( K UN T 1T K I
PA M r. K 30N %T X I Z - 1 .' 7K2.T v

k"Ar T K ) U NT o Y 1 z S

GO to ?%

1235 CIONITlNJ
W~ilE(6b~t>D ) I J~kAY(l .01)
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CCONSTANT H-EAT F-LUX~~O~i~~
103 CONI1NUE

IFtI.NF-l) CD21,
liFLAG(U)zh
sMAT(KjL,%TtX)=T'K2 (K + *451 IK )

161 I CNI~ KONvlr

*A 2 £ K

1 K) Q Y N I I * I -,

I[ (K3J
T, 9 I

q,( j T K

f -
Lr~ AFTI

IF( ) 1 T " 
t

c

-- 
*-' 1 ( T

T 4I wj. I a7".

YF. 1 'U*%t

L?3

I JL/ 1 *1 ) "

I'I Vi T L

A I

T T

~~~~ T KtUJ~ I a



$1.VCT ('(OUiNTI ) :-*( IKK/UI) *RA Y(I,JI)
GO TO 2CO

1000 FORMAT(1X9'NAY(0,12,',',129l) HAS N~O EQUATION')
107 CONTINUF

C NODE ADJACENT TO LEFT SIOE SEMI-ItlF E40UNDARY
RMAT(KDIJNT*1)=TKI
KMAT(KOUNTX)=TK2/j1
RP4AT(K3UNIXIV=-.(TK+T(?/O17K3lKt)
RMAT(KOUNT9X2)=TK4
KAT(K(3UNTvxJ ):T(

RVCTC(UNT91 )=.
GO TO ?%,

10i CONJTINUEF
1: %OGE AUJJCENT TO 170TTOM S CvMIIF UN~CRY

RMAT (KOJNI, 1) =TK1

Nt'AT( JT9X2TK4

c %.O)L A)UACLv\ 70 RI F(1A7 St M I-IF P4ITE RONDARY
T C Krj J'T q 1) =T,0

?'A 1 T K )JU Na I vX'4 ) =T K

1 1Ll - 1 'JC F'I P) TOP' SEU'1-i.INI

- l~~<L ~T A I ) -Tl/fTK+k3T4

C) V.

~'F(Cj'. i $1) ~' Y I .J 9

I .. 1) r 2Y

112

Ir6P LffI C ti C C'1.' T L J

( ( vU ' v A,,X j I K

C T (K 6 ~T I~l I. (I I

2 )7 11 IF C , W t7)N'T

1121 11 V i
I b I C~ L --F T C 3. . .Jj . F L JA

T M:. % T (I JL\1 ) T I.
r (K , iJT X It )- TK + Ti X)

NT (K,)J *T 1): t' I ()F It

u~ I f 01

112. Cj T 1 js
J I *;.Jr . y , i- i, I

3 I I' KIG-41 ZL-N Z3 7 . I ~L uA

I C K)JNT9 I~ T-. K 1l I

C I T I~ 3u F, 1) -S, I C)F 1C' (4

112 COvTI'JUE
T(oP RIL~HT C Rf( Crn\ T FLY*x

xVCT (K0'J,*aT , )=-9 CIIC 1') FIC (4
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210 FORMAT(lXv9TOP RIGHT CORNER CONST FLUX*)
GO TO 200

113 CONTINUE
IF(J.NEI1) GO TO 1130
IF4I.NE.1) GO TO 1131

C TOP LEFT CORNER CONVECTIVE
CONS=2.*OS*H( INDEX)
R MA T(CKOUNT, Xl) =-1.*(CTK 3.TK4*CONS)
R MAT CKOUNTqXN )TK3
RMAI (K3UNT9X2 )=TK4
RVCT(KOUNT,1)=-1.*COJS*RAY(IJ,1)

211 FOH.MAT(IX,'TOP LEFT CORNER CONVICTIVE')
GO TO 20

1131 CONTINJUE
c 'ROTTOM LEFT CORNER CONVECTIVE

COiS=2 .*JS*H( I%)E X)
RMAT (KOUNT91)=TKI
RMAT(KOU).T.Xl)=-l.*(TK1,T'(44CONS)
RMAT (KOUNT ,X2 ):TK4
iZVCT C(OUNT, 1):-l. *C iNS* AY( I, JI)
wRI Tt(6, 212)

212 FOR.MAT(1X,'bOTT0Ml L FT CORNER CONJVECTIVEO)
GO TO 'V0

1130 CONTINUE
IF(I.'IE7.Y) GO 7TO 11;2

C MiTTOM RIGHT CO~k\LR CONVECTIVL
CON" = 2 . * * H (IN - LX)
Rm .~T(KCUNT., )=TK1
,MT('OUNTsX)=TK2

HiVCT(,(OJNT,1)=-I.*C:.NS*RAY(il,J.1)

213 FO"TI90 T3 kIGHI1 CORNER CONVECTIVE')
G3 TO 2Xu

1132 CO~vTINJE
c TuP FIGHT CGANER CON~VECTIVE

CON';r2(.*JS.H(PJJEX

kMAI((UTvTX).*(TK,*TK.3+CO ;,)I
,i M it(K0 UNT ,XN I TK 5

214 FOR"ATIWTOF KIGHT CORNER CONVECTIVE*)
GO TO 2,iC

116 COIJ7vifJ
c CORNEaN VERTzCONVECTHORIZ=CONST FLUX

IF( I.E..Y) P~F 1

GU TO 1160
117 CO' TINJF

z ~ CORNER: HRl2zCOVEC1,vVRT=CONST FLUX

Ir(J.Ei.X) PHI=II(4)

IF(J.NLE.1) GO T) 11"1l

TOP LLFT COrtA,[k 'ONVECT, o LJ
C04 2zOS*H( I NEX )

t(MAT I C uNT9,X2 ) :TK4
RMATCK%)UNTA1)=-l.*(TK6.TK4*CO)JS3)
H VL I(f(oUNT ,l) -l.* 'C V'S*R A UIJ, I) -PH I'P)S

215 F3N(MAT(IX,'TOP LEFT CORNER CONVECTIV[ Is 3 FLUJX')
GO TOi 2^0

C uOTl)PA LLFT CORNFN% CONVECT, ; FLUX
Co'..S=DS*H( INDLX)
RM!T (PC OJNT. I)=TK1
f4MAT(KOJNTvX~):T(4
HM4T(fK3jNTX1)=-l.*CTKl*TK44CON'-)
NdvCT(KUNT1)-1.C.NSRAY(IJ,1)-PHI*DS
.RITV16t236)

216 FOkNltT(lX99'iOTTOM Lt.FT CORNER CONVECTIVE &CONST FLUX')
GO TO 2,10

Ilib CONTINUL
IFI I.N[.Y) GO TO Ilt 3

c BOTTOM RIGH$T CORNER CO'JVECT9 C FLUX
LONISZuS*H(ICJDEXJI
R MAT(CMOUNT,1) =7K1
HMAT (KOUNT ,X):Ti,2
RMAT C 'OUNT ,Xl I -1.*(CT( 1.TK 'OCONS)
RVCTC(OuNT,1):-1..CCNS.RAY(IJI)
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WR1TLlfiv217)
217 FORMAT(jK,'OTTO4 NIGHT COkNR CONVECT FLUX*)

GO TO 200
116,1 CONTINYUL

C TOP RIGHT CORNER CCNVECT90 -LJX
CONS=DS*H( INDLX)
RAT(K(0UNTX)zTM2

K MAT (KOJNT v X4 )=74 3
RMAT(CKOUNT, xl) =-1.* C TKZsTK +OYS)

218 FOMTIX*O KlGHr cuRNE CO'iVLCT, CONST FLJXt'
GO TO 230

114 CO%.TINU7
IF(J.NE.1) GO TO 1140
IFCI.NL.1) GO TO 11'41

C TOP LETI CdrmNfi st.A1i-irINITF 0%~ 2-OTH SIDE'

CD 103 -79I
1141 CO'%TINJLE

H 0T T'~ L iF I C OR % F fr P s'- I FI V04F 1~ 'T*H S I E
K< 'A T ( KJuuNT 9 1 ) = T
R A I( K )UN T 9X2 IK 4
T KI =T KI
TKL=TK I
TK. =TtK I
TLF TRAY( I J. 1)
T 61 =k~ A Y ( 1 9 J I)

(M-A 1 i % T , ) )= I * Tw; T 1eL T ,

60 TO 2'u
114 J C Oi T I '.J

U T10 R I LHT C,R L E M I - I NP IIT ON1 T -T

T K- " K 1
TK :-TK I

R t TI ~oUNT p,\ 1) :-l * * <!~+ TK-I+ TKH~<+TK** J

AtI T (69Z, )

o ) T0 L)

C., To L#,
115 L3'%TINJ..

SiJARII I'.TfklO- '.uE %1EXT TJ T40 !StwlI-NF Sl ES,
IFU.J.NC.?) i,O TU 11 0
IF( I.PNE.2) Go 7i' 1121

TOP LIFT
w:li 11(1 ,1C(l) 191O
GO TO *'110

1151 C3%TINUF
C BO3TTOM1 LEFT

K M A I t(K00?T * 1)=TJ~
RMAT (KU'T*X)z=r(2/11
,fMAT(KOUNTX1)=-1.*(TKI+TK,/lI+T*3/I1r'4)
RMA1(KJUNT9X?)=TK4
H'A T(KOUNT*XN4)=TK3/u;I

RVCT(KOUNT*lIzO.
C WkIIT(69226) 19J

60 TO 2f0C
1150 CONTINUF

YY:Y-i
IF(I.NE*YY) u~ TO 1152

RAT (OUNT91)=TKI

RM AT (KOUNT *X2 = 7 K 4 J I
R M AT ( KO JN4T , XN=:T K 5 /jI!
RVCT(KOUNT1)=G.
GO TO 200
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1152 CONTINJE.
c TOP RIGHiT

GO T0 998
118 CONTIJJE

C bOTTOM RIGHT CORNER HORIZ SEMI-INNFiVERT CONST FLX
D12=2. *01-1.
TKOL'TK 1
RMA~t KQUNT91)=TKI/(0l*2.)
RMAT(KOUNTqX)=TA2*D12
RMAT(KOUNT,Xl)=-l.*(TK1/(DI*2.)*TK?*DI24TKHI(DI*2.))

GJ TO 200
119 CONTINJE

BOTTOM KIGH-T S(dAkF NEXT TO SLMI-INF*RT SIDE CONST FLX

4MAT(K)JNTv1)=TKI/2.
KMAT(K0UNT, X) :T,~

RMAT (K3jNT sX'N )=T<3/01 *2.)

GO TO c
123 CO'jTINJE

0 O4TTOi LEFT S(UUARE '%ET TO SFMT14J9LEFT SIDE CONST FLX

RMT(KO)UNT,1)=TKj/2.
R 4 A T(K 'JL %Tv I X )=-I .* (TYK I/ 2. +I K 4 T K3 / C C I* 2

3'1 AT (KDJNT , X4 )=<L/0
'RVCT(KGUNT1)=-FIC7).D'
G1 TO 2 '

122 C0% T INJE
c -OTTOjM LEFT COCtIK4R~ -1RIZ SE11I'1:vFyVET CONST FLX

D I2 I?. *PCI -I1

R';T (K JU941', I) =TI/( I 2

i A A ((C3giT o X2 )=TK4*L: 12

GO TO 2.0
130 cj'.1I'4JE

c.'I-N NbDi A~i'oVE SiMI-INF COR-NERk NO1DE
IF(J.Nr.1) ,.n TO. ji'0

LEFT 3 l['

RMA-T(KGUNT1)=TK1*b12
KAAT (K Cd ; ,X P)=IK 4V/
RY4.T(KJTX%OT(*(D1/01)

G'l T 0 2 0
1300 C3%TlJl

R~~~t IGH CKLN,)~*19

t~m T(KOUNT0 )=-I/U
RVAT (KJ\TA)z-1(.(DI2/3I Wv.ZI l )RY ,'

GC TO 23u
1.352 CQON T I NJ - ONkNDSEMI-IJ NO ' E TC- NIGHT OF SE-MI -I NF ONR O

I F I.'VL) GO TD 150~
T -',

GO TO <,

1330 CONTINUEL

7 Kq IA T H K 1 NT X T HK ( I Iv I

.MAT(KOUNTX1)=-l..(TKI/DI.TK*'I2/01.TAflI2THK(INlE)/lI1
m4TCK3UTsX2)z:TK4*.:I2

R VC T ( K JN T 1) z1 .. TlK I N~ Xl 1) *IA Y( 4 1 Ji I)
Gt) TO 2';0

120 CO'.T I'Jt
121 CONT INUE
124 CONTINUE
125 CI% 14JE
126 CO! T 1-%L
127 C01 UaJ
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129 CO'JTINhE
129 CONT1IJF
132 CONTINJE
131 CONTINUE

GO TO 096'
230 COrNrlNJE
201 COJNTINUJE

ZLOOP 70 W'RITL li0J%)ANY TYPES 9NJTO !rT)OOT

IF (K.N4F.1) GO~ TO v
W I T ( 6,,9 C C'

4005 F2-C AT X9 ITOP :Ok)JjA<Yi
fjO Tu '2 09

62,I C 'TINU

IF ir(. * T) ').UC2

-. 37 F\AA(193J(1 v .J 0i

IF (K ,

'iI T~ ' -9i )

0. -,I Tt :

-I TL~ 9

~Tj
I F L K

S3t I rL A K TA

I T 9 b

.: 1 .4

I T I + F

I T t 76 1

Al m I MT 1X, iI5
CAL2 F 1-0 NDMqX* $i ,NC* JIzvolI~,I 3~

SOLUL EU,,7R A RA

00 -- 1y0 x:,

4RAT(IJ,1)VIK)

10 CORMTNJ N~ NC Nq1
*RITE(bol 6,891)%]A~l 91~~s

a I FHMAT(X9849



'491 FORM4AT( lX9 *FINAL TEM4PERATURL DISTR!BtJTION:V)

IR ITE(69692)
W'd TLIb,893) I (RAY I9Jvj) ,jz18qX),I=1,YI

8I90 FORMAT C X*17F7.?)
6i92 FOK'iA7(/*1X9*..TME REST OF THE COLUMNtS:9j

93FOR'IAT(IX94F7.2)
CALL ISOTHM
GO TO q198

99 CONTINUF
4RITE(1, 9999)

9999 FOR4ATf( .'E~kD INJ ASSIGNING NODAL LOCATIONS')
q~ CONTINUEl

CALL CONTPL (49'TS[JAT$,5)
CALL CONTRiL (4#0T0T ',6)
CALL EXIT

c --R -T -~ -rU? -- - - -----
SJ'ROUJTlNE ISOTH?'
IMPLICIT I'JTLGER IA9'-vu9hwXWZ)

cRAY(12391OC93)

CALL CnNTRL(?,'I'OINTS' 97)
CNTPT=O

C 'i U T CL)=0
SCOfirINJE
CH4ANG- THE N.<I 7%J ST"TS TO ASRE WITHi OI"Lf4SON:

DO u K=1940
DO 7 r =199

7 COITINJL

c TMAX=TVMP OF N1OTTE ST ISOTHEP0H
Z TMIN=TEMP OF COLDLST ISOTHE44'

NISO: NO 3F ITH~kMO
LET I= HOjTTcST 1I,07HERM

CO U ' T(r)=COU%-TFR FOR O. ELT:, IN LACH ISC.THFRII
C TI(j): TEMP OF t.ACH ISOTHE4M?

EXkY(.r.,.)=ARqAY FOR X-COCHDINATE,
tINDICATLS oHICH$ 1SOTHWRM

C O=COJ!.(CJ) & IN7)ICATES POSIT ION OF PT Vi ISCTHEPAO LIST
C LOOP TO LOCATF ISjTHELMS

z O LEFT SL"I-1\,NF9LET XL=
FOR -OTTOM --MI-INF *LE T YF':Y-3

- r<I(,HT t Y,-1'IF*LET )t~,S AD COMMENT OUT LOOP P'-
FO1' TOP SL'1-I'4.LLT YT:3# A43I COMMENT OUT LOOP 86V
IF ,,,nT J Iu EwI-1NgFA(L:1,At -1,YT=2,YF=Y

C.A-I
Y-,i:Y-3

DO 1(oTZ7V

EXA?'IC TEM PS -HUk.INTALLY
HJ=AY(IgJl1)
kl=RAY( I,(J. 1)91)

C 1C JtT.IO))LOCJ.1iS())GO TO r)00
c If(J*LT*T ISO(NI ib)).AND. 01J1.LT.IISO(NIISO)) GO TO 5EC

IFT~~r).T.~J.0.T1~oI~).T .P1))GO TO 'iCO
IF(CT13C~ .L.~J.AN.CTsO() .T .J1 60G TO 400

IF(TISOC~o)%EcGdJ) GO TO 402
GO TO t5(1C

420 C~f4TINU1

EXCO=Os*(EXCO)-1
COU'4T(3):COUNT(:1)+I
K=COUNT (I)
EXRY(b*K)=EXCO

CNTPT:CNTP7*1
GO TO ; GO

402 CONTINUC
COUNT('R):CUUNT ( 4).
K=COU4T (8)

so



CJT PT =C4TPT *

C EXAMINE~ TETMPS'VEkTICALLY
RI=RAYCI9J9I)

IF (RI.GT.1 1SO(1)).ANJ.CRII.GT.TISOC 1))) GO TO 0
1 F (RI.LT .TI.>CCRISOJ A%0~. (R I ILT. TI SO( %ISO) )) rbO To
JO 02 j" -. lNIS)
I F C(TI',") GT. I 1.NU V( TI NOC().LT R 11) G-1 73 r -
I FC(TISO~h).LT.rI)AJ.TO 1 .G.J) GO TO W
Go TO :..b

iT C ". 1 C 14 1 t C ),J,1 IS '))IC~AV ( -1 ,I 1~J ) I

f Y-- ,f:= :: ,CEYCL11-1

K:12 2JT (,-)
E Y Y (v vK K) E YC 0

C Ni T r'T I = ' N P 7 .1
5 '5 C 3. T 1 4JL

C i2' L C k I S F GR AI,HT 7 iA~j SI

0 C L; I = Y T 9 Y ti1

I I (~ ( (i T I i '1 1.1 TIS O 7n

1, F U I CT I' UT

Yi ) (I 11)+C'<1Il-TIS )C)) /(.<Il -AY( I*XoI)
[Yt =L" (F YC-.)

z2u'T~j2UJT)4
Kzl J,14T( 3

f-Yl(3 ,( =F yc)UTC3

, 0 ' I ( T ) C I % T + I

5J1 C 0%T 114jJL
3o C 0 , 1.14 i
c '; LOUP 1 S'' rcF 7 0

JO 'J J=)CL t)t
RJ:,.AYCItJo1)
DO l.j1 :z1IsJ1)1

D 3 n.F..lC 3) = I2 q 1Sb'

I FC T:C~AV( ,II-1 2 I L) L T f N UC T I T o I IJ I T

I:jUV F Cu) .. TI

86E V3,T' V(3K
C X ., T 9 PT * T T (CD1

i65CONVTN)=lljT1
CjNT ()CUT

CNTPT=ZfqTPTIl

860O CO%TINJL
W'4I TE lC 72) CNTPT
Do tb6b V=19N15j
L=COUNT C l)
WRIIElo3l) 's9L
WFRlTEC7,'91) bL
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q~l FORMATflX,'ISOTHM 90,129' HAS',IA,' POINTS')
IF(L.E3.0) GO TO C)6b
WRITE(7*90) (EXRY(13.K) ,EYRYUbqK),'(=lL)

908 FOR'4AT C X,2FI5.3)
n66 CONTINUE

WRITE(1993) CNTPT
9,3 FORMAT(lX,'TOTAL NO. POINTS FOUND=9915)
92 FOR'MAT(1XI5)

CALL CONTRL (49'POINTS',7)
RE T LRN
c NO)

C SSDATAv DATA FOR SSCONDUCT
SUI~mUTINE SSDATA
IMPLI:IT INTEGERCA, ),Q*JqXqY, 1)
COIMMON/'iiI/ A9XvYvNTSO

C ALL UNITS ARE IN MET2IqStHDJRStCELSIUS. :,JT
C IF YOUk USE ENGLI2A U\IT.S,MAKE SURE THAT

c THEY ARL CONSISTENT.
CDS:OISTA'vcE [IETWEFN NLDE' (M)

TSRF=SURFAUE TEMP COUTIU,E GRID) (INFINITE DIST AWAY)
TOT~z--OTTOM TEMP (JNULR GRID) (INFINITE CIST AWAY)

C TRIT=TEMP TO R16HT OF GRID (INFI4ITE P1ST)
C TLFT=TEMP TO LEFT OF t,klIO (INFINITE DIST AWAY)

X= 14O. 0-- GRID NObES HOIZO)NTALLY
C Yz %O. OF G;RZD NODES .'RTICALLLY
C A= NO. 0OF UIFFERENT MATEIkIALS IN THE GPID
C Olz DISTANCE HALFwAY TO INFINJITY C01 IS THE MULTIPL[ OF DS)

C T4KL)TERMAL COJLIIY( /M§K)
C HCL)=CDNVECTION COEFFICIENT
c FItl)= HEAT FLJX FROM TOP OF GRID
C FI(2)z HEAT FLUX FROM LEFT SIDE OF Gl~lu
c FI(3)= HEAT FLUX FROM BOTTOM OF GRID

c F(4): HEAT FLUX FROM RIGH4T ClUE
C RAY(IJ,1)=PRFSt.NT NODjAL TEMP
c RAY(l*,U,') L0CATIrON TYPE:
C 1I INTERIOR N3;JEo FLJCTiIATl'JG TEMP

1 =2~ NO;)[ ON LON 3TANT Tf'- 30uti"DA~y
C = ) CDNSTftNT FLUX 1FCU'4DARY

=4 ON COANVE'TIVE Su FA.Cf- L'OUNPA- Y
C=5 IN7ERIDR NOSE, 2CNSTA*T TEMP

= f SLMI-INFINITE tL7LJ%bA'RY
=7 'JUDE A&JACCAJT la LEFTI SE-l-F tSLRY

- 'AJCE,1 T 0 DT 7O 5k MI - INF I'NDRY
'UJE ADJACENJT TO ieI3HT SLEII-INF B%ORY

c 1~ SiCt iAJACLNT TOl TO' LI-N e4DRY
C z11 CU..TA%7 CCRNER N ('

c = ~12 CLDNsLT FLUX (ON 'DfTHt SliZES) CO;NFjR NODE
C =1 cO'&vEclIVECON r-OlH SIDES,) C,?PNR NODE

14 SLYI-114F (ON hlTH ~IDEI C5O04LR NODE
C t; S)UA,.E 1.001 AUJ'ACENTi TO TWO SEMI-INF SIPES

C 3c, SEI-SI OjE A :, uV[ ,FmI-PF CORNER 140DE
C =31 SEMI-1,YF NODE 7b LEFT OF SEM~I-114F CORNER NO1'T

1: =1 2 ! *- 'I - I t- NOuCE tELLd '-LMI-114F CORNER %ODE
c - 3 ,f,'I -I.F NODE TO RIu-iT OF SLMI-INF CORNER NODf

c =If, LfroF-t .17TH VERTICAL S1fF CD)NVECToHDRIZ SIDE) CONST FLUX
c =17 COkWEFR -ITH HU ,IZ SIDE CtlrafCToVFRT SIDE CONST FLUX

= I i OTTOM SIG6HT Cl'RNEK. VV;(T=C3NSt FLUX9FH'RIZ=SEMI-INF
1~ SI~h!SIDE CUNSi FLUE NODE ADJACENT TO ROTTOM SFMI-INF

OP LEF CORNEk. Vf iT=S~ml-INFtfORI=COJST FLUX
c =~21 TOP C01ST FLUX NODE ADJACENT TO LEFT SEMI-111P

C =',2 T3OTTCk' LEFT COENE, . VERY=CDNST FLJXHORIZ:SEMI-INP
C- LFT7 SiJE CUNST FLUX ADJACENT TO BOTTOM SEMI-INF
c zi4 L;TTU?,'; * oH7 CGjRR. VFRI=CONVEC7, HOEIZ=SEmlITNF
C ?:. r IFiT SIDE CONVECT NODE ADJAC TO BOTTOM SEMI-INF
C 22~6 TOP LEFT CGRNEko VrT=fMI-INF9ORIZCNVECT
C =,) TCP CONVECT NODE AD.JAC TO LFFT SEMI-INF
C z2 -OTTOM6, LEFT COK'4Ef\. VEkT=CONVECT9H.ORlZzSEMI-INF
C -24 LEFT Sl.2C CCONVECT NOOE ADJACENT TO .'!OTTOM SF41-INF
C RAY(IJ,,3)z INDEX OF MATERIAL (RANGES FROW I TO A)
C r41SO= 1.D. OF ISOTHERMS, TO HE PLOTTED
C- TMA(= TEMP OF HOTTEST ISOTHERM ('C)

z TMINz TEMP OF COLDEST ISOTHEKM ('C)
C TISO(L,)= ARRAY CONTAININfG ISOTHERM TEMPS
C TI.SO(I) HAS THE HOTTLST ISOTHERM
1. COUNTC%3)ZCOUNTER FOR '4O.ELTS IN EACH ISOTHERM

CIVITIALILL VARIAbLfES

AzI

Y=51
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c Ts~r...TIJTN ONLY MATTFR FOk CDN.rT OP~ COIJVEUTJVF ON SEMI -INF k.f vOARY.
C FOtK CDIJVEC71VL 'NJDHYqTSRF.#.IPIM I~uijCATV.4 ILMV AWiAY FROMA 5001)~
c FUH LOUL~TANT i6OiNi)RYV KF.#.TilTip, Id,1CATE 1H1 lItMP OF THE rlIIJtqAy.
C IGR SU.MI-INF s60%DI4YTSRF .. T1M INtICATU Tmf Tf PP AT 1'.FlIY1'Y.

1 Li N 1 10 .)

C THI FJLLOWIN, VALULS lAT71-h "NLY IF Y~lU V.1 *4 TO LOCATL
C AN.) tLOl THL ISOItt~l' 3 F 1-fl If !ULT IN' T[PEkATJRC
C DIsINI:JUION. IV YOJU 0 NOT 4I1t-i To kJU4 'UROJTI'INF.
c ISUTHMv L- AVf Ti-F FOLLOWING L \A'- THEYV AT F.

TMINz:2)

N ,IIIL SO:4K 714'
c LNJ ')ik)EN, .1" UO1)-4lI

*F I

TjI A A L)LI .)* .
UF I I )

'0 *~'1 1~W. 1 M~ F3Y)IJ iL':

NAYf IJ9AOz.
7 C 0,4 1 NUL

j -.

e- I~ ljo

C FI Lit' ' I s J ') CS ~ fl A I A L
O T"L : Au A LL.. T % On 4 C, WG, I4

-ATF I L* L T 4 Lt

1 -1l'1 L3 iSI.1 THE Ti '1 'A 1 1L T;
I "AI , J:1,' Tf.

I F (t-.AY I 9J, ) .\L. TOG
k t Y I I . J , S ) = A

10 CO 1: 1IN.JL

c SET UP RAY (IJv,.) %'),),L Li)CATV)% IVPF
%. ;,'OjNDAR Vl

r: C-4ANGF ONLY THf Y' ~( '~,) l17 'H1
vr Y-

C TDP SCJVDARY
00 43I J:1,x

1, 4, v~2)=-

40 CO'.TIN~JI
c BOUTTUM FOUUNDARY

00 50 1J = qX
RAY4Y*Jo2) zb
RAY(Y9J,1)zTolA

5') CONIINUF
C LEFT ;M2UVaPARY

00 6;0 I:2,YY
RAY(19192)Z6
RAYlI,1,1)=TLFI

60 CO'N IJ1
C RIGHT1 Ib0JOARY
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C~~ ly (NUl)
C NLL - JM[jLR OF LC'Eh CODIAGJNALS IN MATRIX A.

C 
(INPUT)

C UC - NJ H 01 UF'PEK COfDIA60NALS IN ATFIX A.
C ( I NPJ1 )

C IA - ROs DI'EN ION OF MATRIX A EXACTLY AS

C SPLCIF1DV IN THI DIMENSION STATEMFNT IN THE

C CALLING PROGRhM. (INPUT)

C INPUTIOUTPUT MATRIA OF 3IMENSION N kY M.
C ON INPJTI Ti CONTAINS THE M RIGHT-HANO !IDFS

OF THE FaUATIUh AX n n. ON OUTPUT. THk

CC 3OLUIION MATRIX X REPLACES R. IF IJO:' = Is
C t IS NO1 USED.
C M - NJMbER OF IGHI HANtD SIDES (COLUMNS IN H).

(INPUT)

clb - ROw DIMENSION OF MATRIX B EXACTLY AS
C SPECIFIED IN THE JZMEISION STATEMENT IN THE

CALLING PROGRAM. (INPUT)

C IJOb - INPUT OPTION PARAMEIER. IJOt = I IMPLIES WHEN

c I = q FACTOR THE MATRIX A AND SOLVF T7E

C EQUATION AX = i. ON INPUT9 A CONTAINS THE

C COEFFICIENT MATRIX OF THE E6UATION AX = do

C WHERE A IS ASSUMED TO [f AN N SY N RANO

MATRIX. A IS STORED IN bAND STORAGE MCODE
C AND THEREFORE HAS DIMENSION N BY

C (NLC.NUC*I). ON OUTPUTs A IS REPLACED

C BY THE U MATRIX OF THE L-U DECOMPOS1TION
c OF A MOrtISE PERMUTATION OF MATRIX A. U

IS STORED IN SANU STORAGE vODE.
C I = !9 FACTOR THE MATRIX A. A CONTAINS THE

C SAME INPUT/OUTPUT INFORMATION AS IF

C IjO= 0.
I = 29 SOLVE THE EQUATION AX = B. THIS

COPTION IMPLIES THAT DANOMX HAS ALREADY

C CEEM CALLED USING IJOB = 5 OR I SO THAT

C THE MATRIX A HAS ALREADY BEEN FACTORED.

C IN THIS CASE4 OUTPUT MATRICES A ANr) XL

C MUsT HAVE BEEN SAVED FOR REUSE IN THE

C CALL TO BANOMX.

C XL - WORK AREA OF DIMENSION N*(NLC4I). THE FIRST

C NLC*N LOCATIONS OF XL CONTAIN COMPONENTS OF

C THE L MATRIX OF THE L-U DECOMPOSITION OF A

C ROWWISE PERMUTATION OF A. THE LAST N

C LOCATIONS CONTAIN THE PIVOT INDICES.
IEN - ERROR PARAMETER. (OUTPUT)

C TERMINAL ERROR
C IER = 129 INDICATES THAT MATRIX A IS

C ALGORITHMICALLY SINGULAR. (SEE THE
C CHAPTER L PRELUDE).

C REWUIRED SUbROUTINES-SUBISUu2

SUHROUTINE RANDMX (N9NLC9NUCIA,M,I9,IJ0H,IFR'
COMMON/M3/ A(IOCO420)* ,b( 34l'5),XL(ILGUOII05)

C DIMENSION AIY*X.NUC+NLC+I) 2-D

C XL(Y*X,(NLCI)) 1-U

C B(Y*XoI) 2-1
DATA ZERO/O./9ONF/I.O/

C FIRST EXECUTA4LE STATEMENT

IER 0
JOEG NLC#I
NLCI JBEG
IF (IJOB *EQ. 2) GO TO FO
RN N .STRUCTURL THE MATRIX

C FIND RECIPROCAL OF THE LARGEST

C AUSOLUTE VALUE IN ROW I

~NC = J13EG+NUC
NN = NC
JEND = NC

IF (N EU. I .OR. NLC .EQ. 0) GO TO 5

I 555

IP = ZERO
A(19X) = A(l9J)

0 AB S (A ( I qK ))

IF (co G7. P) P =

,10 CONTINUE
IF (P ,E[g, ZERO) Go TO 135

XL(I*NLCI) = ONF/P
IF (K *GT, NC) GO T0 20

00 is J = KvNC
Alloi) :ZERO
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1 CONTINUE
20 I = 1+1

JtsEG = JBEG-1
IF (JEND-JBEG .EQ. N) JEND - JEND-1
IF (I .LE. NLC) GO TO 5
JbE3 = I

NN = JEND
25 JEND = N-NUC

DO 4.C I = JOEG9N
P = ZERO
DO 30 J = lNN

Q ABS(A(I.J))
IF (, .GT* P) P = U

30 CONTINUE
IF (P ,Eo. ZERO) GO TO 135
XL(INLCl) = ONE/P
IF (I ,Eu. JEND) GO TO 37
IF (I oLT. JEND) GO TO 40
K = NN41
UO 35 J = KoNC

A(IlJ) = ZERO
35 CONTINUE
37 NN = NN-l
40 CONTINUL

L NLC L-U DECOMPOSITION

UO 75 K = IoN
P ABS(A (Kel))*XL(KtNLCI)
I1K
IF (L *LT* N) L = L+1
<1 = K I
IF (Ki .GT. L) GO TO 5b
"'O 45 J = K1Lt

a ABS(A(Joi))*XL(JiNLC1)
IF (Q *LE. P) GO TO 45
P=
I=J

45 CONTINUE
50 XL(I1NLC1) XL(KtNLCI)

xL(KiNLCI) zI cINGULAKITY FOUND

0I7 (G .EQ. R%) 53 TO 13-1 INTERCHANGE ROWS I AND K

IF (K .EG. 1) GO TO bO
ro b5 J = l(Kc

P = A(K*J)
A(IKoJ)

55 tONTI NU;

S k IF (KI 'GI. L) G) TO 75
jo 7) I = K 1L

P A(I1)/A(Kl)
IK I-K
XL(KI9K) = P
u;D 65 J = 2oNC

A(IlJ-I) = A(.IoJ)-P*A(K,J)
66' CCNT1lNUE

A(INC) ZERO
7C CONTINUE
71 CONTINUf

IF (IJOii .f - I) GO TO 90O. FORWdAR[! SJr'STI TUT I O

80 L = NLC
DO 1Z5 K :IN

I : XL(K*NLCI)
IF (I .EQ. K) GO TO 90
Do 85 J = Igm

P = 8(KoJ)?( K : J ) : i 1 9 0o d

t3 (IJ) P
S8 CONTINUE
90 IF (L .LT. N) L = L+I

Al = K*l
IF (Ki .GT. L) G TO 10

" DO 10 I = KIL
IK = I-K
P : XL(KIIK)
J0 95 J = Iom

u(I.J) f HIIOJ)-PB(K*J)
91) CONTINUE
100 CONTINUE

105 CONIINUE HACK4ARO SuBSTITJTION
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JBE( NuC+NLC
00 12b j = 19M

L I

DO 120 1 19N
K = KI-I
P = 3(K,J)
IF (L .LQ. 1) GO 7O 115
00 110 KK =2L

P P-ACK,,(K)*b(IK-1,J)
110 CONTINUE
115 B(KgJ) = P/(Kl

IF (L. LE. JBIG) L = .1
120 CONTINJE
125 CONTINUE

GO TO 909
155 H = 129)

9~000 COT1'JJE
a Ri T E (6, )98)

1498 FORMAT(1Xv9CALL SUHI')
CALL SU!E1(1FR91LE.Tli ')

900', RLT.JRN

c SUPI

SPJRPOSF -PRINT A M SSAGE RFFLLTIN&~ AV ERROR rOND]TIONI
CUSAGE - CALL SUI (1FRqNAw)

C AiU t!lNTS viV - r R~rm PAHAML-TLr. (INPUT)

I1 126 IMPL1LSO 7[RPI4AL FRR"kg
CI = " b4 0rLIfS iAK',1146 PITV FIX* A~r,

J =ERR.)R Cl)JE RfLZVhN7 13 CALLING

%,L - 1 X CHARACTER LITLPAL 'STRINjL rV,lv:u TH
NA ' E OF THE C ALLI % V RT'lE . ( I NPUT

CREu.UIRL0 J sjTINr= SUi,Z REmARK THE LRRQ. MESSAGE P'RODQCEr 'JY ' UoA IS dRITTEV
c JNT0 THF lT A%,ARb OUTPJT UNIT. THC t'UTPUT UNIT
c ,JMu'LR CA, if -;EEMIlJE1' -Y CALLIX:G ',U- to-

C cGLLO&S.. CALL SUeL(1,'9NNNUT).
T14L %TuPJT U4T .JzE CA'4 t3f CHA'iGCJI :Y CALL["G

c FVuUj AS F6LLCOaS..
NINO=
)NOUT 1J4 _ OUTPUT U141T %IUM-3Et

C CALL SUi2 (69NIN*'VUT)
-FL TH GTuDOCUMENT FOR MORL 'jETAILS-

sd, ROJTI:4E SU-31(IERsNA!4E)
CSPFC1F1CATIONS FAj iJv~ENJT

1 '7 -GLR E

C SPECIFICAIION. FOR~ LOCtL VARIe. LF.
KEAL*4 NAMsEr*Namu)
OATA %AMSET/fHUFN.SET /
DATA NAMCF/ H/

c FIRST .XECU1A-3LF TTFtVr\T

IF (IER.GT.ql9) GO TO P5
IF (IE'R.LTe-32) GO TO '5
IF (IER.LE.12d) GO 10 !_
IF (LEVEL.LT.1) GO TO .5D

c ~PRINT ILRMlNAL NL':':AAG!
CALL SUH2C 1 NIN9IOUNIT)
IF (IE~iJFsEQ.1) WRITECIOUNIT, )) IfRNA~E ~,ICwsAM[4
IF (IIC.UF.EGO) WRITE (IOUNIT,,;:) lf,'oNAI&
bO TO ir

5 IF (IEKc.LE*64) GO TO IC
IF fLEVELeLT.2) Go TO 30

C PrmIN~T '.AR',.ING %ITH FIX ME[S'AGC
CALL SUb2(1%NV-'qqOUNiIT
IF WR(O.~il iiIT(IOUNIT,'C ) IFf9t~,tvIF: :,AMF
IF (IE40F.EQ*0) i.ITE(OUNIT94D) IkNAF
GO TO 3c

10 IF IIER.Lle32) UO TO lb
C I-RP.T wARING ME:;SAGF

IF (LEVEL.LT.3) GO TO .5)
CALL SUb2 (1 ,%N %1. IOU~I T)
IF (ILj OFo[(i.1) WRITE(IOUNIT94n) II R*NAMV '91,io,'.AMi
IF fIEiADF*ErG.O) iWRITL(IOUN1T9,')) 1EF.-AVE
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GO TO 30
15 CONTINUE

C CHECK FOR UERSFT CALL
IF (NAME*NE.NAMSET) GO TO 25
LEVOLD LEVEL
LLVEL IER
IE' = LEVOLD
IF (LEVEL.LT.O) LEVEL = 4
IF (LEVEL.GT.4) LEVEL = 4
GO TO 30

25 CONTINUE
IF (LEVEL.LT.4) GO TO 3C

C PRINT NO-UEFINED MESSAGECALL SJd2(1INIgIOUNIT)

IF (IEiOF*LQ.I) WRITE(IOUNIT95) IFRsNAM1QIEQ*NAME
IF (IEDF.EG.') .vIiEIICUNIT95C) IEkNAME

30 IEQOF --
GO TO 65

35 FORMAT(IOH *** TERMINAL LRRORsI3X,7H(IER = 913v
&2OH) FROM IMSL kOUTINE ,A6Alq1A6)

40 FORMAT(36H *** wARNING iITH FIX ERROR ([ER = -013
&20H) FROM IMSL KOUTINE 9A6A1,Ab)

45 FORMAT(18H *** ARNING ERRURIIK7H(IEK *13*
&200) FROM IMSL ROUTINE 9A69AlA61

o FORMAT(20H *** UNDEFINED ERRORv9Xv7H(IER itlb
&20H) FROM IMSL ROUTINE 9A6*Al9A6)

C SAVE P FOR P R CASE
P IS THE PAGE NAME
R IS THE ROUTINE NAVE

55 It)OF = I
NAMEQ = NAME

b5 CONGTINUE
RETURN
END

C
C

C SU.2
C--------------------------------------------------------------------------------
C PURPOSE - TO RETRIEVE CURRENT VALUES AND TO SET NEW
C VALUES FOR INPUT AND OUTPUT UNIT
c IDENTIFIERS.
C

C USAGE - CALL SUB2(IOPT*NIN9NOUT)

c ARGUMLNIS IOPT - OPTION PARAMETLR. (INPUT)
IF Ir3PT:Io THE CURRENT INPUT AND OUTPUT
UNIT IPENTIFIER VALUES ARF RETURNED IN NIN
AND '4OJT% 4ESPECTIVELY.
IF I';PTz., (3) THL INTERYAL VALUE IF
NIN (NOUT) IS RESET FOR SUBSEQUENI USF.

141IN - INPUT UNIT InENTIFIER.
OUTPJT IF I3PT=Io INPUT IF IOPT=2.

NOUI - OUTPUT UNIT IOENTIFIER.
OUTPUT IF IOPT=1I INPUT IF IOPT3.

kL4ARKS EACh IMSL ROUTINE THAT PFRFORMS INPUT ANO/Ok OUTPUT
OPERATIONS CALLS SU:t2 TO ORTAIN TXE CURRENT UNIT
IOLNTIFIER VALUES. IF SU'C It CALLED WITH IOPT=n OH 3

CNEW UNIT IDENTIFIER VALUES ARE FSTA4LISHEn. SUBSEOUFNT
c INPUIIOUTPUT IS PERFORME0 ON THr NEW UNITS.

SU13OUTINE SUB2(IOPI,'IN940UT)
SPECIFICATIONS FOR ARGUMENTS

IMPLICII ITEGER*4( I-N)
IMPLICIT UOUbLV PRECISION(A-4,O-Z)

C INTF(ER IOPTNINNOUT
SFFCZFICATIOVS FOR LOCAL VARIA9LES

C INItGER N1 V jNOUT3
DATA \ IN P/5 ,NOUT 0/6

c FIFST EXECUTA8LE STATEMENT
IF (IOPT.Ei.3) 'iO TO 1,
IF (IOPT*EQ.2) O T3 5
IF (IORT*NE.I) 6O TU 9'Cb
NIN NIND
NOUT NOUTU
GO 10 9305

5 NIN!O %1
GO TO 9C05

IC NOUTD NOUT
90 0t RETURN

END
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Table A2. Sample output from SSCONDUCT-
isotherm locations.

72 J
ISOTHM 4 1 HAS 4 POINTS

1*900 I.GO0
2.000 0.900
2.000 1.000
2*000 1.100

ISOTHM # 2 HAS 12 POINTS
1.864 008001.900 0.779

1.757 0.900
1.800 0.852
1.71A 1.000
1.726 1.100
1.775 1.200
1.898 1.300
1.600 1.231
1.900 1.301
2.000 0.752
2.000 1.326

ISOTHM a 3 HAS 27 POINT'2
1.854 0.600
1.900 0.587
1.645 0.700
1.700 0.664
• oo0 0.615
1.537 0.600
1.600 0.739
1.468 0.900
1.50C 0.55
1.424 1.000
1.401 1.100
1.393 1.200
1.400 1.119
1.402 1.300
1.400 1.276
1.427 1.400
1.472 1.500
1.542 1.bco
1.500 1.346
1.fit1 1.700
1.600 1.f 62
1.700 1.7351.874 1 Ci

I . P,1.7111.-100 1.7-07

2. 20 0.,77
2.000 .I

ISOTHM 4 HAS 2 PJ INT:
1.b15 0.4 0

1.700 0.J'
1. Q 0.321

1 47L
1 123 0.489
1.43G 0.444
1.1G CO0.4OO

1 2~ 0.h040

0. too1.22 O.90 t 0

0--42 0.tOo1 .1OU 0.7431
0.703

0.5-34 1.300o
0.600o 0.999
0.700 0.406
0.484 1.100
0.500 1.087
0.575 1.200
0.400 1.180
0.2b4 1.300
0.300 1.271
0.200 1.361
2.000 0.317
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Table A3. Sample input to SSCONDUCT- file generated by SSDATA (subroutine of SSCONDUCT).

0.1000 50.0000
1 21 31 4
16446
0.0000

100.0000
70.0003
50.00G0
30.0000
0.0i30 3.00ed 0.000 0.00C
1.00 1.00 1.00 1.OC 1.00 1.0 1.00 1.C 1.00 1.00 1.00
1.00 L.00 1.C0 1.00 1.00 1.00 1.!0 1.1C 1.00 1.00 1.00
1.00 1.00 1.D3 1.00 .00 1.00 1.00 1.00 o00 1.00 1.00
1.0) 1.00 1.3000 1.0 0 1.00 1.00 1.$0 1.3 . 3 1.001.00 1000 l.O I .O l.O .I. . 3 1. . "0 1. 1o 1.00 1I . 0
1.00 1.00 1.UO 1.0c 1.00 1.oC 1.-3 1.. 1.00 1.00 1.0
1.00 1.03 1.03 1.00 1.00 .O 1.00 i lc .o0 l.On l. O0 1.3O
1.00 1.03 1.00 1.00 1.30 1.00 1.00 100 0 1.00 1.00
1.00 100 1.0. 1.00 1.00 1.1 1.J i.:. 1.0c l.13 1.0
1.00 1.00 1.OG 1.0c 1.0., 1.1r 1.3 I.N 1.03 1.10 1.0c
L.OO 100 1.OL l.o 1.1c I D . I.C 1.0 1.15 1.00
1.00 1000 1.0C I.G 1.30 1.0C I.. 1.00 '.co l.0 1.00
1.00 1.00 1.00 1.00 1.0 1.0 i.. 1.30 I.cC 1.3 1.00
1.00 1.00 I.3 i.30 . 1.0 .$ l.00 1.03 1.00 1.OO
1.00 1.O0 I.oo 1.0: 1.0 l 1.00 l. 0 1..0 1. 00 1.00 1.GC
1.00 1.00 1. 3 C .I . j 1 1.0 1.o) 1.20 1.00 1. 00 1.00

1.00 1.00 1.3. 1.0k. 1.00 1.0C 1. C .00 1.00 1. 0
1.03 1.00 1.00 i. oZ I .c I 5 1.0.0 1.0 1.00 1.00
1.000 1.c0 1.o 1. 1. 1.u3 1.30 1. c 1.00 1.0o 1.00
1.00 1.0 1.33 1.0 1.00 1., r  1.50 1.'0 1.00 1.00 1.0U
1. 13 .000 3 1..3 1.0. i. 0 * (.0 1.. 1.00 I.0 I.0
10 00 1.3, . j 1.03 1 .f 1. 1.00 1. l00o 1..03 1..0
1.00 1.00 1.00 1.0 0 1.00 1.0 1 .3 1.0C 1.30 1.0 1.00
1.00 1.03 1.30 1.0C 1.0 1.30 1.50 110 1.00 1..0 1.03
1.0. 103 1.o0 1.C 10 0 1..C 1.3I 1.0 1.f3 1.03
1.03 1.10 1.00 1.0c 1.00 1.L0 1.j I.C3 1.00 l.oo l.O

1.03 1.00 1.00 1.Ou 1.00 1.00 1.30 1.00 1.00 1.0O0 1.00

1.00 1.00 1. C 1 3 1..S 1.C 1.00 1.00 1.00
1.00 1.00 1.30 i.00 1.001 1.00 1.30 1.00 1.co I.00 1.3
1.00 1o0 1.03 l.o oco0 1.O0 1. 1.00 1.00 1. 0 1.30
1.00 1.00 1.00 1.00 1.030 1.00 1.03 1.00 1.00 1.00 1.00
1.00 0 1 1.0 1.00 1.00 1loO 1.00 1.0 lc.0 l.O0 1.OO
1.00 100 1.00 1.00 1.00 1. 0 1.0 1.00 1.00 1.00 1.00
1.00 1.30 1.c0 1.0U 1.00 1.00 1.1j I.c 1..0 I.r0 1.00
1.00 1.00 1.00 1.00 1.00 1.00 1.03 1.00 1.00 1.00 1.03
1.00 1.00 1.Gu 1.00 1.00 1.30 1.00 1. 3 1,00 1.00 1.00
1.00 1.00 1.00 1.03 1.00 1 .O 1.30 1.00 1.00 1.v0 1.00
1.00 1.00 1.0 1.00 1.O10 1.0 1.00 1.0c 1.00 1.00 1.030
1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.03 1000 1.00 1.00
1.00 1.00 1.00 1.00 1.03 1.3OO 1. .1.C0 1.oo 1.00 1.00
1.00 100 1.00 1.0c 1.00 1030 1.00 1.00 o.0 1.00 1.0
1.000 1.00 100 1.0 1.*0 1.0 L G I 1. 0 . 0 1.00
1.00 1.00 1.00 1.00 1.00 1.00 1.00 L.OG 1.00 1.00 1.00
l.oo 100 1.00 1.0U 1.00 1.c0 100 1.00 100 1.0 1.00
1.000 1.00 100 10C 103 1.3w 1.0 100 100 1.00 1.0
1.0 0 1.00 1.00 1.00 1.00 1.0z 1.0G 1.00 1.00 1.0 1 .OO
1.00 10 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.00 1.00 1.0 1.00 100 1..j 1.0 1.30 1.03 1.o 1.00
1.00 1.000 10 1.00 1.00 1.00 1.0 1.00 1.00 1.00 1.0o
1.00 1.00 1.00 1.00 1.00 1.IG 1.00 1.0 1.00 1.00 1.00
1.00 1*00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.00 1.00 1.00 1.0'. 1.30 105 1.00 1.00 1.00 1.00 1.061.00 1*00 1.00 1.00 1.00 l.ao 1.00 l.oco 1.00 1.00 L.O
1000 loco 1*00 1.006 1.000 l.o 1. loco.0 1100 loco 1.00
1*00 1000 1*00 1*00 1400 1.00 1*00 1.00 1000 1.00 1*00

1 00 1 000 O O 1.30 1 000 1.0 0a 1 .o .0 1.00 loco 1 .IO.C 1 0
1.00 1.00 1000 1.00 1.00 1.00 1.00 1000 1.00 1600 1.00

1.00 .0 1.00 1.00 to 1000 1.00 loco 1000 1000 1400 1.000
1.00 1.00 1.Oc 1.00 1.00 1.00 1.00 1.00 1.00 loco 1000
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1.03 1.0.2
11.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00
2.03 2.-0 2.00 2.00 2.00 2.00 2.00 2.00 2.00 11.00 6.00
7.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 .co 1.00
1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 3.00 6.00 7.00
1.0G 1.00 1.00 100 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.00 1.00 1.3c 1.00 1.00 1.00 1.00 3.00 6.00 7.00 1.00
.00 1.00 1.00 1.30 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.00 1.o 1.00 1.00 1.00 1.00 3.00 6.00 7.00 1.00 1.00
1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.a0 1.03 1.0.0 i.00 1.0:2 3.00 6.00 7.05 1.00 1.00 1.00
1.00 1.00 1.00 1.00 1.00 1.o 1.00 1.00 1.00 00 0 1.00

.3: 1.03 1.00 1.o 3.00 6.O0 7.00 1.00 1.00 1.00 1.00
1.00 1.00 1. 1.0 1.00 1.0 1.00 1.00 1.00 1.00 1.00
1.00 1.0 1.03 -.00 6.00 7.0 1.00 1.00 100 1.00 1.00
1.G0 1.03 1.90 1.01 1.00 1.o 1.00 1.00 1.00 1.00 1.00
1.03 1.1 3013 .0^ 1.00 1 0 1.00 1.0 0 10 100 1.00
1.00 1.03 1.0 j 1.02 1.00 1.,0 1.G0 1.0 1.00 1.00 1.00
1.03 3.33 .Co 7.uiJ i.00 1.0 1.00 1.00 1.00 1.00 1.00
1.00 1.00 1.C 1.01 10c1 1.00 1.00 1.00
5.01 b.J3 7.° 1.0k 1.32 1.00 1.00 I.OG 1.00 100 1.00

L.03 7.0 3 loco 1.01 1.013 1.20 1.00 1.00 1.00 1.00
1.03 1.3L 1.6. i.aj 1. 1. .1.00 1.00 1.00 5.00 6.03
7.02 1.0 1.1% io.DY 1.33 1.00 1.00 1.00 1.00 I.00 1.00
l.o 1.3J 1.0 2.CL 1.oO 1.00 1.00 1.G 3.00 6.00 7.00
1.C3 1.31 . ].On 1.00 I.O l.0 1.00 1.00 1.00 IOG
1.00 1 .30 1.u 1.00L .0C 1.u0 1.G( 3.0C 6.00 7.(0 1.00
1.03 1.13 1.1.3 i.0 1.00 1.o0 1.00 1.00 1.00 1.00 1.00
1.50 l. 1.15 i.00  1.00 1.03 3.Df b.D 7.00 1.0 1.30
1.0 1. 1 .0 1.00 1. 1.00 1.0 1.C0 1.00 1o0 1.00
1.00 1.00 1.0. 1.00 1.00 3.00 6.0D 7.0C 1.c0 1.Co 1.30
1.03 1.00 1.30 1.10 1.00 1.00 1.02 1.00 1.00 1.00 1.00
1.03 1.00 1.OjU 1.0, ,'.0 b.0 7.00 1.30 1. 0 1.00 1.00
1.03 1.5 1.6E 1.E 1.03 1.00 1.00 1.co 1.00 1.00 1.00
1.06 1.0z 1.CO 3.. t,.00 7.C. I .0 1.0r 1 .00 1.C0 1.00
1.00 1.51 1.00 1.30 1.00 loco 1.00 .0 .00 1.00 1.00
1.00 1.02 3.0. 0.00 7.0 1.G 1.3 1.00 1.00 1.00 1.00
1.00 l.C3 1.00 1.00 1.00 1.o0 1.00 1.00 1.00 1.0 1.001.00 6.o0 b.. 7.30 1.00 1.00 1.00 1.3 10 .00 1.0 1.00
1.3 o 1.. 1.0 1.00 1.0 1.00 1.00 1.00 1.00 1.20
3.03 6.02 7.03 1. 1.IV 1.00 1.00 1.C0 1.00 1.00 1.00
1.00 1. ,J I.0C, i . C1 1.00 1.30 1.30 1.00 1.00 l.CO 3.00
6.00 7.30 1.02 1.3j 1.0 1.0 I.C0 1.0c 1.00 1.00 1.30
1.00 1.10 1.03 1.31 1.03 1.00 1.00 1.00 1.00 3.00 6.00
7.30 1.00 1.Q i.v 1.-0 1.:0 1.03 1.00 1.00 lco 1.00
1.00 1.03 1.10 1.00 1.0 1.0 1.00 1.00 3.00 6.00 7.00
1.00 1.00 1.00 1.0 1. 0 1. 1.00 1 .ID 1.00 1.00 1.03
1.03 1.30 1.00 1.00 1.00 1.00 1.00 3.00 6.00 7.00 1.00
1.03 1.30 i.Ou 1.0 O 1.00 1.P0 1.0 1.00 1.00 1.00 1.00
1.00 1.01 1.00 1.30 1.00. 1.30 3.GC (.0C 7.0C 1.00 1.00
1.11. 0.00 .0 1.00 1.3 1.10 1.00 1.00 1.Co 1.0 1.00
1.00 1.03 1.0C i.00 1.00 3. C 6.00 7.03 1.00 1.00 1.00
1.03 1.00 1.00 1.00 i150 1.- 1.00 1.00 1.00 1.00 1.00
1.00 1.00 1.o 1,00 .30 6.00 7.00 1C.0 1.00 1.o 1.30
1.00 1.03 1.00 1.00 1.0o 1.D 1.00 loo 1.o 1.00 1.00
1.03 1.00 1.00 3.33 E.03 15.00 8.00 9.00 8.00 8.00 8.00
8.00 d.3 G 81.33 0.O 0.0 8.I C 8.00 8.00 8.00 8.o 8.00
M.OOD t".G0 Iq.C C 1*01 6 .00 6.00 .00 6.0 6.00 6.0 6.00
6.CO 6.03 6.3.- t-.C2 6.00 6.00 6.00 6.00 6.00 6.00 6.00
6.03 18 . G

10.0 100.00 10.0C I 1.2. 10.CO 10.00 10.00 10.00 10.00 10.00
I0.00 10.00 10.03 1000 1000 10.0 10.00 20.0!i 10.00 10.00 10.00

0.3G u..o 0.0C v.00 3.00 0.10 0.00 5.00 %.O0 0.0 0.00
0.0 0 0.00 000 .00 0.00 0.00 0.00 0.00 10.00 10.00 0.00
0.00 30.0a 0. loO .O0 0.00 0.00 O.C 0.00 C.o0 0.00
u. O 0.00 O.CC .03 0.00 0.00 0.00 lO.C 10.C0 0.00 0.00
3030 0.0C 0.00 r,006 0.0 0.00 0.00 o.o 0.00 0.00 0.00
i.03 0.00 3.00 ,o.0 0.00 0.00 10.00 10.00 0.00 0.00 0.00
0.01 0.03 3.C 0.00 U000 000 00.0b c.0t C.00 0.00 0.00
0.00 0.00 3.00 V.00 .06 IO.C 10.0c 0.00 0.00 0.00 0.00
0.c0 0.Ou 0.3w 0.00 000 0.00 0.00 .00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 10.00 10.00 0.00 0.00 0.00 0.00 0.00
O.GO 0.00 O.03 .00C 0.00 0.00 0.00 0.00 0.00 Oco 0.00
0.00 0.00 0.00 10.00 10.00 0.00 0.00 000 0.00 0.00 0.00
0.33 0.00 0.00 0.00 0.00 0000.0 0.00 0 0 0 0000 000
3000 0.00 10.00 oC 1 0.00 0.00 0.00 0.00 00 0.00 0.00
0.00 0.00 3.0 0. 0 00.00 0.00 0.00 0.00 0.00 0.00
0.00 10.00 10.00 0.00 0.00 0.00 0.00 00 0.00 0.00 0.00
0.00 0.00 0.0 0 0.00 0.00 0.00 0.00 000 0.00 c00 0.00

108:. 10.00 0.00 0.00 0.oo 0.OO 0.00 0.00 0.00 0.00 0.00
0.00 O.ud 3.00 0.00 0.Do 0000 0.00 0.00 100o00 100.00

10.003 G.od 0900 3.00 .00 0.0 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.0 0.00 3.00 0.00 0.00 0.00 0.00 100.0 10.00
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0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.O0 0.00 0.00 0.00 0.00 0.00 10.00 10.00 0.00
0.00 0.00 0.00 0.00G 000 0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00 10.00 10.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 10.00 10.00 0.00 0.00 0.00
0.00 0.00 0.00 u.00 0.00 000 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 10.00 10.00 0.00 0.00 0.00 0.00
0.00 000 0.00 3.00 0.00 0.00 0.00 0.00 0.03 0.c
0.00 0.00 0.00 0.00 10.00 10.00 0.00 0.00 0.00 0O00 0.00
0.00 0.00 0.00 3.00 0.00 0.00 0.00 3.00 0.00 C.O0 0.00
0.00 0.00 0.00 13.00 10.00 0.00 0.00 0.00 0.00 0.00 0.00
0.03 0.00 0.30 0.00 3.00 0. 000 0.00 0100 0 .OD
0.00 0.00 10.00 10.00 0.00 0.00 0.00 0.00 C.00 0.00 0.00
0.00 0.00 3.30 0.00 0.00 0.00 000 0.00 0.00 0.00 0.00
0.00 10.00 10.00 3.00 0.00 0.00 0.00 0.00 0.00 O 0.00
0.00 0.00 0.00 0.OC 6.00 0.00 0.00 0.06 0.00 0.00 0.030

10.00 10.00 0.00 3.00 0.00 0.00 0.00 C.00 0.00 G.03 0.00
0.00 0.00 3. 00 3.00 0.00 0.00 0.00 0.00 0.00 10.00
10.00 0.00 0.00 '°03 0.00 0.00 C.O 0.00 0.00 0.00 0.00

0.03 0.00 3.00 C .00 3.00 0.30 0.aC 0.0C 0.00 10.00 10.00
0.03 0.00 0.00 3.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.03 0.00 3.0 3.00 0.00 0.00 0.00 0.0 10.00 10.00 0.00
0.03 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.03 0.00
0.03 a.00 0.00 .O0 0.00 0.00 O.E 1.00CO 10.00 0.00 0.00
3,03 0.03 0.00 0.00 3.00 0.30 0.00 0.00 0.00 C00 0.00
3.0. 0.00 0.03 5.C0 0.00 O.00 10.00 10.30 0.00 0.DO 0.30
0.03 0.00 0.00 o00 0.00 0.03 0.30 3.00 I.00 C.00 0.03
3.00 .03 0.01 0.0 0.00 10.: 10.00 0.30 0.00 0.0 3.CC
0.00 0.00 0.00 J°0( 3.00 0.30 0.00 0.o00 0.00 0.00 0.00
0o03 0.00 3.a 3D06 10.00 10. G 00 0.00 0.0 0.00 .0 .OL
3.00 0.03 0.00 .0C 0.00 0. 03 0 0 Oc .G0 6.00 0.00
3. 0 0.00 0.00 11J03 1u.00 0.1j0 C.0 a .G 0 .03 0a 0.00
0.00 0.00 0.UO 1.00 Q.O 0.50 0.00 0.00 0.00 0.0e 0.00
0.00 0.00 13.01, 10.OC 13.03 10.0C 10.a0 1a.30 10.00 10.30 10.00

10.03 10.00 16.00 10.3t 13.00 10.00 1.00 1.0 10.03 10.00 10.^0
I L. a3 10.00
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APPENDIX B: FINITE ELEMENT PROGRAM- DOCUMENTATION AND SAMPLE INPUT AND OUTPUT

Program FEHEAT

C THIS PROGRAM SOLVES 2 DIMENSIONAL STEADY STATE HEAT TRANSFER PROBLEMS
C USING THE FINITE ELEMENT METHOOs (ONLY TRIANGULAR ELEMENTS MAY BE USED)
C
C DIMENSION THE MATRICES WHICH WILL NOT BE STORED IN COMMON STORAGE

DIMENSION NMjj300)qNEC(300)
DIMENSION BY(175)

c DIMENSION THE REMAINING MATRICES INTO BLANK COMMON BLOCK STORAGE*
COMMON/#911/1MA? (300)
COMMON/AlR/TKM(3Q0),OI (300)
COMMON/M121/NC1 (300)9NC2(300)
COMMON/FM12R/X(175),Y(175).H(300),FQIE(175)
COMMON/M2/MCI.MC2;NNNCASE.NE3HF(175)
COM,4ON/M2RIBHFI 175 vTAI300)qRHST(175),RHS(300)
COMMON/M231/MC*NBT( 175)
CO!MON/M23R/R1( 175)
COMMON/N 3!/NE ,NCN .NDF ,NSZF INB AND
COMMON/M3R/7M(30, 115)
COMMON/M31/NODE( 30093)
CO"MONd/M13R/TME0(33)

C OPEN THE NECESSARY DATA FILES.
CALL CONTRL(1,'NPDXXX*95)
CALL CONTI(L(19*EDXXXXI*6)
CALL C3NTRL (1 ,'CTXXX '.:7)
CALL C3NTRL(lip*1HGKXX 8)
CALL CONTRL(1 ,SHFAAA.9q)
CALL CONTRL (1 9CESXXXt9I4)
CALL CONTRL (l.'iwUANX'11)
CALL CDNTRL(2990JTPUT , 12)
CALL CONTRL(1 ,'TIOTXX',13)
READ(11,107,ENOZIO3b)NN.NEMC.M4C.MCIqMC2*NIT

1005 CONTINUE
C INITILIZE ALL MATRICES AND PARA4ETERS 73 ZERO.

NCN=3

NCASE:I
NSZF=NN*NDF
TKM(1)=.833
00 2 I11NN9I
XII )=O.O

NST( I)=G.
NBHF(I 1:0
BHF(I)0C.O
RHSCI):0.O
FOIE(I 1:. 0

2 CO7NTINUE
DO 28 J=19NE,1
NCI(J)=O
NC2(J)=D

TA(J):IJ.O
IMAT(J)=0
NMJ(J)=o
QI(j)=0.0

28 CONTINUE
C READ IN THE NODAL POINT DATA.

00 3 J=2*NN91
REAUM51019END=1000) Ix(iIy(I)

3 CONT INUE
1000 CONTINUE
C READ IN THL ELEMENT DATA.

READ46.1 02.EN=1 001) J.NODEIJ,1),NOOE(J,2),NOOE (J,3),IMAT(J)
4 CONTINUE
1001 CONTINUE
C READ IN THE FIXED TEMPERATURE 83UNDARY CONDITIONS.

IFIMC*EQ*C) GO TO 5
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KE4A! 703%ENU1,-C023 MsNbiT(M) ,bT(NH4T(M) )
LONT11UE

1302 C3%TI,4uE
C rLA 11 THE I:NTER. AL HEAT GEATION VALUES FOR EACH ELEMENT.

i I(MJ'.E~m*0) !oO T.) I
t
.JO 7 1J=J:1MJC,1

- FAD IN THE lILAT FLUX~ VALUES FOR NODES WHERE HEAT FLUX IS SPECIFIED*
iTF(MCI.E ..5) GO TO 5

cCoh ;OuN.iARY 'NcSU"JECT TO CONVECTIVE HEAT TRANSFER READ
1 'j C5!ESFJNJJN 'JD)ES *N.AN.1 A4blENT TEMPERATURE*

'3 F CMC2*k,.0) &0 TO If'
U0 11 M~219MC291

Am TA1C) )
11 10J1T I '%J

I Ct7 1Ut

L 1 1%.\'j,

iif 70 1 -*:

')i J .5

I F I "C) * * *

W, I.) 4, 1 ' )M %4 j m 1 4)m

14 (:() T 1IcJ

)4 0 h, I 1 4

I F c , C 1 ) -- r, . c

.1 -3 %J T I N

I F I C F )4 G 'x1

0U 0 2 P

kloA 4 927

JO IA-S(v ',t- I v I,- DO 193
L dlL141 S( S46) It~S I

C>ALL Ff.N 4H',ND ,,YNEN T

I 2 FOVC0 NT t'~,I6

1,)3 F0RMAT(I5,iq6vF1l'.4
1 1~6 FO4iAT(j3b.#LF1O.#)
137 FOmMAT171b)
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109 FOl4ATf5X*OTHE BANDWIDTH IS*916)
120 FORMAT(//.b~i,'TDTAL NUMBER OF NODES '.1l6o3X,

X *TOTAL NUM9ER OF ILEMENTS = 0916)
121 FOttMAT(// ,2X, NODE',3X,'GLOBAL',4Xe'6LOBAL',/,3X,'N0.'.6X,'Xe,

X 9X,'Y',Ixt/oo--------------------------- 0
122 FORMATI/i ,3X, 'ELEM4ENT' ,lXof'NODE',2X,'N0DE',2X,'NODE',2X,

X 'MATL. './.3X,'NO.',4X,'1',5X,'2',5X,'3'.4X,'TYPE9,/,1X,'-------- t
X 0-------------------------------- 9)

123 FOR 4A7 (// 93X. Ots.C.' 2X9 0NODE 992X9 ITEMPO 9/94X9ONO *95X9 ONO* 902X0
X O(F)Ov/,IX.*------------------------- 9)

129 FORf4AT(//-2'[L.C.',2X,'NODE',6X,'QI',/,2X,'NO.',3X,'NO.',)X.
X 'UJNITS)')

125 FORMATU//,aX, 'b.C',2X,'NODE',6iX,'HF',/,2X,'NO.'.3X,'NO.'.SX,
X '(UNITS)$)

126 FOeMAT(//,1X, 'SE&MENT',1X,'NODE',2X,'NODE',4X,'H',3X,'AMB',/,3X,

127 FORMAT (//913X* N DEOP ,XvOTEMPERATURE (F)',
X /912X99--------------------------90)

1.50 FORMATf1JX, 169F13.2)
CALL C3NT,(L ('.,NPDXXXl95)
CALL CJNTRL(4v9LDXAX'6)
CALL CONTRL (499'LCTXAXl*7)
CALL CDNTRL(4 * 'HGXXX.8)
CALL CJNTRL (4q9SHFKXkX',9)
CALL CJNT*ZL (4 9'CE3SAXXA*',14)
CALL C3JTRL (4*9'YUANXX'11)
CALL C3JlTKL (499OUTPUT'. 1?)
CALL CJTRL 4q0TIOrxXX',3)
CALL ExIT
E NO

SU.,ROJTINL tSM(K)
DIMENSION XC(3),YC(3)sTK((300)
COMMON/Mil/ IMAT (300)
COf04O%/41q/TKM(3O01),QI(300)
COMMON/M1/NCI(300)9N2(3 j0)
COMiMON/M12R /A (175), Y( 175) ,H(30 ) ,FO1E (175)
CO MMON/Mi 31/NO GE(3 309 3)
COMMO4NfM 13R~/T4E f3q3)

Z: IS THE ELLMENr \J4MuERe

N6=%ODE((,1

c .LFINE THE ELLMENT NODAL X A%.Q Y GLOBAL COODINATES*
XC (1) = x( !1)
YC (I.)=Y(141)
YC(2)XY(N2)
KC(6)=x(Nj3)
Y C ( ) = Y(43)
A1= .U
AA=1.O

C b!:FINE THE A9S~filS9ANO COS OF2 THE LINEAR INTERPOLA71ON FUNCTIONS.
B1:YC(2)-YC(3)
b2=YC(3)-YC(1 )
R3=YC( I)-YC (2)

C2=xc(1)-XC(3)
C3zXC(2) -XC (1)

C DETERMINE TH'L ELLMENT ARFA

X *(YC(1)-YC(2) )))
C FORM THE INFLJENC. MATRIX FOR TEMP'ERATURE.

CONST(fTK(K)*Al(*.3OEL))*AA
TI4E( 1.1)=(b * ' VCl1' 2) 'CONST
TtE(I92)z(Bl1. sCl*C2)*CO4ST
TME(I93)(=J1.U3.C1'C3)*CONSt
TME( 2,1) :TME( 192)
TP E( 2q2)=4i2**2#C2.*2) *CONsT
TME(293):(t32*B3#C2*C.S)*CONST
TME(391)=TME( 1,3)
TMf (32):TM4L(2v1)
TME(3,3):(63**2#C3*.2)*CONST
IF('CI(K))3Ib93309340

K,(2=NC2 (w)
IFfKKl.EQ9N1) '(1:1
IF(KK1.EQeN2) K1=2

IF(KK2*EQ942) K2=1
IFI(K2.Efg.N2) K2=2
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IFI(1.sEQoK2) GO To 315
CONSTC=H(KJ.(SOiRT(lXt4lC(Il)-X(NC2(K)))**2.lYlNC1lK))-

X Y('C2(K)))**2))
TME(KI9K13:TME(K19K13.CONSTC/3.
TM4EIK1.K2)=TME(K1,K2),CPESTC/6.
TME 1K29K2)=TME(K2sK2)+CONSTC/3.
TME(K29K1)=TMFlK2%KlJ.CONSTC/6.

530 CONTINUE
C FORM INFLUENCE MATRIX FOR INTERNAL HEAT GENERATION*

QIL:Q (31)
CONSTQ=DEL/12.
QN=4.*UIE*CDNSTw
FOJE (Vl1)=FQIE (V41)*14N

GO TO 10
515 WRITE(129320)
320 FOR'IAT (2OX.'*******AKROR****.*t)
10 CONTINUL

RlETUR.N
EN)

SU qROUTINE FRHS(BT)
DIMENSION FL(3C0) ,fv.L(,600)
COMiNON/RM1/NC2 L30')vNC2l3J0J)
COMMON/Nl2R/X(175),Yll75)oH(3Cti).F:AIE(lb)
COFM FON/M2Ij MC I* MC?.9NN*NC AS FI FNF(l ))
COM" O'/M2R/BHF(175),TA(30)*iHST(17tI~dS(3,jO1
COMMONIM231 /MCNbT(11Th)

DO 7iiO I=1,NN,1
HHS(1)zF.JIEUI

780~ COVT1i'4UE

1% sE'(T IliE :;O'NDARY IiEAT FLUX.
799 DO S5)0 I11 ,1o

9co ~ a 835TNU

IF (vCA.L.Q.2) LI)hl1''(I

C117vF=H II )*TJAll) *;iL 6.) i'P.0

RHS(*JCl(I ) )RHSI'SCl(I) ).CT.INF

R.5^ CTIWC
440 CO1*TI14UL

1 ~sERT THE L-CUU'JP)AIY CONJII10% ON~D~ ~ E1

3 00 C 0 14 7 1 ly.
RLI JRN'
ENO

SJ.>iOUIIPJF FDR4I(
C FORM'S SYIFIE"S MATRIX 1'%
c UJPP' R TR I ANGJLR F 0,m

COMWN/M23/KlCN(17)

COV43'4 /M 3 /Nf *NC ,DN'jF ,\ S IF 9'iN
COMNO'/M3/TM(J,17.)
COMMON/M13 1/140oL 4 30 n,93)
CovMoN /! tI31i/T m. ( ~3 3)

* DIMENSION SI(5230)
EUUIVALLNCE (sill)v1MHIIJ1)

c If LR0 ST IF FNE SS M AT7RI A
C

DO LIG 1=10,SLF
uo 3G50 A'19NIAPJ;

330 TM(Mvi)=0
C 'SCAN ELEMENT'S

DO no41 N=19NE

C CL SN RETURN EST1 %4 AS STIFFNESS MATRIX
C !STORE ESTIFM IN SK1
C PIRIST RUWS
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00 350 JJ1,*NCN
NROW8 =INOOE(NvJJ)-1)*NDF
D0 350 J=19NOF
IF (NROwB) 350,3059305

305 NROWf3 =NROWYf +1
I:(JJ-1)*NDF.J

C THEN COLUMNS
C

DO 33C KK=1#NCN
NCOLB=(N0OE (NgKK)-1 )*NDF
DO 320 K=1,NDF
L=(KK-1)*NDF*K
NCOL=NCOLI3*K.1-NkOW6

C SKIP STORING IF BELOW 8AND
C
C

IF(NCOL) 3209320931
310 TM(NCOL*NROWB) =TM(NCOLqNROWf3I + TME(I*L)
320 CONTINUE
330 CONTINUE
350 CONTINUE
400 CONTINUE
C INSERT OOJNDAiY CONDITIONS
C

DO 500 N1,qMC
I N97T(N)
TM(1,I)=TM(191)*1.E15
R 1( )=TM(l1. I

500 CONTINUE
DO 1 J=19NSZF

169 FORMAT(ORDw 0912)
166 FORMAT(lOF10923

167 FORMNAT(//)
1 CON71NUJE
C
C CHANGE STIFFNESS MATRIX TO CONSECUTIVE
C S7ORAGE LOCATIONS

M =1
DO 717 IrlNSZF
K :NSZF-I +1
DO 700 J =19NEJAND
IF (J-K) 705976b9777

735 ST(M) =TM(Jol)
700 M =ri 41
717 CONJTINULE
198 FORMAT11696XIt)

RETURN
END

C
C

SUUROU71INE ROCHH(H.AMN.MUJIO0PEPSIERIO)
C loI& SUB3ROUTINE MC-IS(S-rE li4 SSP HOOK). USED TO SOLVE MATRIX

c EQUATION WdHEN -SQUARE MATRIX IS SY"METRIC98ANOE09AND POSITIVE
C DEFINITE. NO NEW INPUT DATA REQUIRED*

DIMLNSION R f330)qA(525C)
DOUBLE PRECISION TOLvSUM9PlV
1Ff IAtS( QP )-3) 191943

1 IF(MJD) 45929?
2 MC=MJU~l

1Ff M-4C )469393

4 JFND=o
LLOST:MUD
DO 23 K:1,M
IST=IEO.1
IEND=IST#MUD
J=K-MR
IF (J)69695

5 IENO=IEND-J
6IF(U-11J8.R;

7 LLDST= O
8 LM4AX=MUD

J:M C-K
IFf J)10, 10o

9 L4AX=L'9AX-J
10 1D0

TOL=A(IST)*EPS
DO 23 I=ISTIEND
SUN :0.*00
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I1I LL=IST
LLD=LLOST
DO 13 L=19LHAX
LL=LL-LLO
LLL=LL*10
SUM=SUM*A(LL) *ACLLL)
B=SUM
B=ABS(b)
IF(e.LT*1.OE-35) SUM 0.000
JF(LLD-MUD) 12,13,13

12 LLO:LLD*1
13 CONTINUE

14 SUM=OBLE(A(I))-SUM
IF(I-IST)15,15920

15 rISUM)47947#16
16 IF(StM-TOL)l7sl7t19
17 IF(IER)18918919
1id IER=K-l
19 PIV=DSQRT(SUM)

A (Ii PI V
PIv=1.DOPIV
GO TO 21

20 AtlIVSUM*PIV
21 [O=1D41

IF( IQ-J)23923922
22 LMAX=LMAX-1
23 CDNTINUE

IFI IOP)24,4424
24 II)=N*M

IENO0IAI3S(I0P)-2
IF(IEa4D)25,35925

25 IST=1
LMAX=O
J=-MH
LLJST=4UD

PIV=A( 1ST)
IF(OI1V)26946926

26 PIV:1.000/PIV
00 30 1=KtIDM

IFtL,4AX)30,3L 27
27 LL=ISI

LLL:I
LLi=LLOST
U~0 19 L=1LMAX
LL=LL-LL)
LLLzLLL-1
SUm=SU4A(LL) *R (LLL)
IFC LLO-MUO) 28 24,29

23t LLO=LLJ*1
2:J CONTINUE

IF(MC-h32932#31
31 LMAX=K
32 IiT=IST~llC

J=J~l
IP-(J)34934933

33 IST=IST-J
L LiST=L LD0ST-I

34 ZON711UE
Iz (IENO)35,35,44

35 lS7=M*(MUO*(M+M-MC) )/2*1

K=~M
a36 IENO=IS7-1

ISTzlEND)-LMAX
aPIy-Al 14T)

rF(PIV)378')3

a L=IST,1

SUm=0.300
IF(LMAX)4O,40938

38 LLL:I
DO 39 LL=L#IENO
LLL=LLL41

39 SUM=SUM+A(LL)'R(LLL)
#40 RII)=PIV*(OBL.E(R( 1))-SUM)

IF(K-MR) 42942,41
41 LMAX=LMAX*1

IER=-1
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60 TO '44
ILR:-2

GO TO 44i

GO TO 44

IER = -5
GO 10 4*

49 IER=-6

SU-ROUT INE ISOTHM(1 ,NODEqXC9YC9NE9NIT)
DIMENS13N NODE(3O0, ) .(300), XC(175) ,YCC1751
DIMENtSION 4((13) ,T130(1O) ,X(l1u ),Y(100),XS(100),YS(I00)
00 350 1iINIr9i
J=C
RfAJIC4392J00ENJ=100A) 71 OI 1)

230 F044ATIUs.2)
T T =Tr 1S ( I )
DO 57 K=19Nr,1

N 5=i0Dtc(X43)
T1 =T (N I )

T3:T (N )

y I VC( N I'

Y2=YC(4J2)

7M11-12
TJ2=71-TS
SJ 3:7 2- T2

Y (J) :Y

XI(J) X?
YIJ) 'V
uiJ T3 -

ICI TTCI)211'

11 J J41 "9191

6. TO

TCI zT2

112 1F(TVII-TT)2,,31
13 J:J.1

R ATIU=(T IM-TT )/( T4 I-TI

4 Y(J)=YI-(4IYl-Y2)*4A1 IO)

28 I):Ji 1 9,l~l

Y (J)=Y1

X(J)=X3

X(J):X-(E-1)RT C
G~O TO 29

1.5 TH2=T3

TC2=75



TC,?T3
18 IF(jT-TC2)29q18t18
18 IF(TH2-TT)29tl9tl9

19 J=J.1
RATIO=(7H2-TT )/(TH2-TC2)
xtJ)=X1-( (Xl-X3)*RAI 10)
Ytj)=Y1-(CV1-y3)*RATIO)

29 IF(TD3)20962t2l
62 IF(ABS(T2-TT)*GT*.01) GO TO 30

J:J*1
X (J):)(2
Y(J)=Y2
J:J.1
K(J)=x3
V (J):YS
GO TO 3D

20 IH3=T3
IC3=T2
IF(TT-TC3)30922922

22 IF(TH3-TT) 30,23v,3
23 J=J.1

RAT 1O=(TH3-TT)/(TH3-TC3)
x (U )X3-( (X 3- XZ ) RAT ID)
Y(J)=V3-((Y3-Y2)*RATIO)
GO TO 30

21 1H3=T2
TC3=T3
IF(TT-TC3)30924924

24 IF( TH3-TT)30v25#.25
25 =l

RAIIO=(TH3-TT)/(TH43-TC3)
X(J)=X2-( (x2-X3)*RAI 13)
Y(J)=Y2-E (Y2-Y3)*RATIO)

3U CONTINUE
i7 CON T I UE

K:1

V,31l):V( 1)

DO 40 M"=1,Ktl
IF(AtlS(X ,Vl2)-X(Ml)).GT..0I) GO TO v
IF(AuS(YS(%-.)-Y(MI)).GT..01) GO TO 930

49 CONTINUE
IF(KI.%r.J3 GO TO

i CONTIUr
KK (I )=4

211 FORMAT(/oX,'COORINATES FOR THE9F8.2*9 F ISOTHERM/,4X*

220 FORMAI (1 X92F 10.4)
350 CONJTINUE
1009 CO'.TINUL

RETUW\%
END)
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Table B1. Sample output from FEHEAT- provides initial conditions and final temperature distribution.

b8 1.0000 .00
69 J.9239 0.382770 0.7071 0.7071

TOTAL NUMBER OF ELEMENTS 166 71 C.3s27 0.9239
72 0.000O 1.e009

TOTAL NJMtER OF NUDES = 4 73 0.4142 -1.000
74 3.7071 -1.&000
75 1.0300 -1.1000
76 1.000 -0.7071

NODE OLO3AL GLUBAL 77 1.0030 -0.4142
40. X Y 7 1.00000 0.4142

79 1.3300 C.7071
1 3.0003 -0.100C 90 1.0030 1.0000
2 C.3-13 -0.6924 91 6.7071 1.G000

3.0707 -0.370T 82 3.41.2 1.00
4 0.3924 -0.3383 a3 J.OUCa -1.4C0O
5 C.1910 O.0300 34 0.4200 -1.4000
6 3.0-24 u.0333 8b 3.8000 -1.4030
7 0.7017 0.u737 86 1.4300 -1.4000
S ;).03b3 0.09%4 97 1.4300 -1.3CO0

C.0000 0.1000 38 1.4003 -0.(GOC
IL 0.30 -C.Ib00 89 1.4J30 -0.2C D
II 3.0,74 -Z.1386 93 1.4303 0.2003
12 .13b1 -0.1061 91 1.4u00 0.6L30
13 .138 6 -0.1574 92 1.4300 1. 300
14 C.Ii03 C.OOU 93 2.003 -2.00%J
i) .L-3b 0.C574 94 3.4300 -2.0000
16 .10 b1 Z.1t A 95 '.0O -0 -2.,0 02
17 C.0-74 6.138f 9) 1.403 -2.,00u
is .3030 3.1500 97 2.0a00 -2.0003
19 3.0303 -3.2 03 9P 2.0300 -1.1403
20 .0765 -0.1848 94 ?.O0CC -1.0003
21 5.1414 -3.1414 100 ".0300 -0.6000
22 3.14d .L/b 101 2.04363 -3.23
23 L.23u3 0.U03 102 2.03% 0.2000
24 3.194 0.076b 133 2.0360 C.t330
25 .1414 3.1414 I04 %.0033 1.00 D
2b 3.076t C.Ie4.
27 1.003 0. 303m 3.KOO -3.3003 LLEML T O2E DuLE 'OSE 4ATL.
2? t 114b - . 772 0. 1 3 TYPE
31 .2121 -3b2121
31 . 772 -3.114 ' 1 13 1 1
32e 0 .30 )3 0. . 2 13 C 1 2
33 3.2772 0.iI- 11 5 2 1
34 .2121 3 .,121 4 11 1 3 1
3: 211, . ?77? t 12 4 3 1
.36 3.0U03 C 6 12 13 4 137 3.0333 -L.233 7 13 4 1
3e .16 7 -3.. '1 9 13 14 b 1
3.) 3. 170 - C .1,3 9 14 1 t) 1
40 .3 83 -V.16ha 10 14 1 6 1
41 .2C 3.00C3 11 15 7 6 1
4. .3 L 001637 12 1 1b 7 i
43 -2-00 3..970 13 1o 6 7 1
44 .I 7 1.38 14 16 17 8 1
41 .U0.0 0.4200 1n 17 9 8 1
46 I.C000 -3.Sd3C 16 17 1; 1 1
47 2225 ;0.3q 17 19 1I 10 1
48 L.41J1 -0.4131 18 19 2 11 1
q -.53' 9 -3.2220 19 2u 12 11 1

C ..5 0 . o0 20 23 21 12 1
51 '535? 0.2220 21 21 13 12 1
i52 J.4131 0.4101 22 21 2 13 1
53 .2220 .-359 23 22 14 i3 1
54 0.003C ^.'2iDC 24 22 23 14 1
55 0.0o00 -0.7800 25 23 15 14 1
56 0.2985 -0.7206 26 23 24 it I
57 3.515 -0*N515 27 24 16 15 1
514 0.7236 -0.29b5 28 )4 25 16 1
59 0.7d00 0.0003 29 ;15 17 16 1
60 6.7236 0.9B5 30 25 26 17 1
61 C.5)15 0.5515 31 26 18 17 1
62 3.24b 0.7236 32 ?6 27 18 1
63 3.0030 0.7800 33 26 20 Iq 1
64 3.0003 -1.0000 34 2d 29 0 1
65 3.3R27 -0 23q 35 29 21 20 1
66 0.7%71 -3.7071 3 b 29 30 :I I
67 3.9239 -0.3827 37 30 22 21 1

38 30 31 22 1

77
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3 9 61 23 2 1 123 7b 76 66 1

13 311 s2 '3 1 124 76 77 b6 1

41 12 14 , 3 1 12h 78 79 70 1

41 33 4 1 126 7I 80' 70 1
4;7 4O 61 70

4, It .4 bt. 81 82 70 1

45', .A .54 5 1 12q H 3 84 b4 1

46 5 3b I 13Z b4 73 64 I

i7 , .7 " 1 151 9A 74 73 1
" '~ 31. 132 84 85 74 1
'7 2- , 1133 85 75 74 1

1 134 ob h6 7t 1
-69 1 135 86 87 75 1

1 5 =0 1 156 75 87 76 1
5 3 10 137 i7 88 76 1

D 1 1 76 hd 77 1
9 . 139 8 89 77 1

140 77 89 68 1
5 4 . v.= 1 141 e9 90 68 1

" 1 142 6h 93 76 1
5,~ '., ' 143 -0 91 78 1

4 144 78 91 79 1

4 15 '1 92 79 1

5.1 4. ~ 14b 79 9? 60 1
t 147 93 94 s3 1

6' .4 1 ii 94 A 4 83 1

1. 7 1 149 'i4 95 i 1

41 7 151~ ' 3 1S -
4?'7 *11 9 i 5 1

152 9t 85 E5 1
' '.1 .'' ' 1 153 "b 97 i'6 1
7-' .q, 4. O 11 154 .7 9., c6 14 155 7 9 p 7

7 ' '. . I 156 F3 99 b 7
7 -. *, '. I ]157 '7 1
1 .4 4, ,..9 . i 5 o t os
7 '4 e5~ 9"12 t
, 1 . 16C 1c 101 +9 1

7 , -, 161 30 131 C2 1

7, " 4,1 162u2 1

71 1 0 12 153 1.. , , 1164 9 133 1 ,1

71 1 'o 165 1 135 154 L

3 . , 4 47 1

9 t 73.0 %ODE I E~7 4, j . ,0. (F)
7 4-, 1 1-0-- -

C 1 130.0300

1 13 3 100.0000
1 4 4 10o.0 U03

• 1 - 1 5 100.0003
-1b 130.0300

31 .,3 1 7 7 100.0003.-. 
&1'2 5 200.0000

, , . 9Q 9 100.3000
70 50 10.0000

,411 1 10.0O00

7 1 12 s,2 10.C33C
13r 7 1 13 72 10.0003

151 - 1 14 )3 10.0000
1I2 7 b 15 94 10.0000

133 .7 , 1 16 9b 10.0000

12' 7 . , 17 96 10.0001
1 ~ ' , " 1 18 37 10.0000
1>~a .- 51 1, 19 98 10.0003

20 98 10.00001 7 '- 61 60, 1 20 q9 10,00000

10' " 7 ' 1 1 21 100 10.0000

13 7 7 1 1 22 131 10.0000

I f 71 12 1 23 102 10.0000

111 71 63 t2 1 24 103 10.0000

112 71 7 63 1 25 104 10.0000

113 1 4 7' ;5 1 26 92 10.0000

114 16 r 65 1 THE 6ANDjIDTH IS '3

11% 77 7 1
711 77 6 6 67 1

117 ,6h 7m '9 1 NODE TEMPERATURE (F)

I I' i- 1 , 9 1 
--0 -. - -

119 7 82 71 1 1 100.00

123 P 7z 71 1 2 100.00

121 73 74 f,6 1 3 100.00

122 74 75 66 1 4 100.00
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5 10.00 89 1 Y.37
6 103.00 90 13.02
7 10C.00 91 14.66
8 10j.00 92 10.00
9 100.00 93 10.00

10 87.52 94 10.00
11 7. 4P 9b 10.003
12 h7.36 96 10.00
13 t17.17 97 10.0014 86.92 98 l .00

15 4,61 99 10.00
16 PA.31 100 10.00
17 78.10 101 10.00
18 86.02 102 10.0019 7S .66 103 19.00

21 104 10.00
217.0

22 7b.05
23 77.59 COORDINATES FOR THL 10.00 F ISOTHERM
24 77.05
25 7b.51 0.0030 1.0000
26 7b. 0 8 0.4142 1.0000

77b.2 1.0000 1.0000
28 bG.3p 0.7071 1.0000
29 68.27 1.4000 1.0000
30 65.97 3.c0oo -2.0000
31 65.41 0.4000 -2.000GO
32 64.63 0.6&00 -2.000033 63.65 1.4300 -2.0000
34 b2.64 2.0300 -2.0000
5 hl.G 2.0000 -1.7000

36 61.47 2.C000 -1.0000
37 5%.31 2.0000 -0.6000
38 5i. 1 q 2.0000 -0.20C
39 5. 7 

p. 0 30 0.2000
40 58.08 2.030 0.6000
41 5!.97 2.0300 1.0000
42 5L.54
43 5.91
44 4,.50 COOiJINATES FOR THE 34.00 F ISOTHLRM
45 4M.91 .......................... .
46 4:.61 0.5373 3.4 3 .0
47 4,.6a 0.5363 0.5353
4 b 4 0 .2 f, 0 . 5 11 0 .5 6
49 4-.37 0.2666 0.64 '6
5, 43.97 0.1618 0.6562
51 42.00 . 00G0 0.6714
52 3.53 0.5944 -0.42(-S
5. 37.10 0.0198 -3.3810
54 30.02 0.13389 0.0000
It 1,-.21 1.h8 6 0.1276

!6 3 .16 0.7931 0.32 5
57 37.77 0.2018 -1.00G0
5s 3. 7 8C.),90 -0.9653

33.12 0.736 -0.84 6
60 1,.b3 0.7 H3 -0.6249
61 2,.02 0.7071 -0.7558
b2 24.92 0.73,4 -0.7354
63 2>?.8 3.7516 -0.7071
64 31.01 0.0000 -1.0415
65 31.15 3.0380 -1.03k0
o7 2 .dh

68 1 03 COO DINATES FOR THE 50.00 F ISOTHERMh9 2 : . 2 .) -. . . . . . . . . . . .- -...---.. ..--....--...--- --- - -- - --
70 2 t.40 0.2086 0.3559
71 13.17 0.1588 0.3835
72 i,.Ob 0.0000 0.40q6
73 2,.t O.Cb4 7  -0.5146
74 2:.52 0.0000 -0.5262
7 21.63 0.2006 -0.4844
76 2.,.03 0.2493 -0. q4'O
77 27.71 0.3657 -0.3657
78 23.35 3.4007 -0.3041
79 1.1.86 3.4652 -0.1927
81 l .OO 0.4735 -0.1025
81 1.0o 3.4e35 0.0030
82 11.03 0.4450 0.1130
63 21.24 0.4237 0.1755
84 2 5 0.3215 0.2893
85 lo.13 .3061 0.3061
Bb 14 .li
87 1b.72
88 18.72
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COORDINATES FOR THE 70.00 F ISOTHERM

0.0227 -0.2658
0.0000 -0.27G5
0.1032 -0.2493
0.1230 -0.2355
0.1892 -0.1892
0.2030 -0.1668
0.2436 -0.1009
0.2481 -0.0715
0.2586 3.0000
0.2502 0.0331
0.2334 0.0967
0.2101 0.1279
0.1746 0.1746
0.1378 0.1971
0.0928 0.2241
0.0481 0.2324
0.0000 0.2410

COORDINATES FUR THF 40.00 F ISOTHEkM

0.0376 -0.1386
0.3536 -0.1293
0.0987 -.. 0987
0.1284 -0.0532
0.1.82 0.000
0.126 Q  0.0526
3.C566 O.C9i6

, 0.0520 0.1256
0.0413 0.1278
0.c 00 01358

COOR )INATES FUR THE 10j.00 F ISOTHERM

0.0383 -0.0 24
0.0707 -L.07u7
0.0°24 -0.03 .3
0.0924 3.C3 .3
0.0707 0.07:7
0.03H3 3.0924
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Table 82. Sample input to FEHEAT-all files must be typed in by user.

a. File ED. 84 56 57 48

t IQ 2 1 1 85 57 49 48 1

2 10 11 2 1 86 57 58 49 1

3 11 3 2 1 S7 58 50 49 1

4 11 12 3 1 B 58 59 50 1

5 12 4 1 99 59 51 50

6 12 13 4 1 90 59 60 51 1

8 13 1 4 1 91 60 52 51 1

14 14 5 1 92 60 61 52 1

0 14 5 1 93 61 53 52 1

1O 14 Is 6 1 94 61 62 53 1

11 15 7 6 1 95 b2 54 53

12 15 16 7 1 96 62 63 54 1

13 16 t 7 1 97 64 56 55 1

14 lb 17 8 1 98 64 65 bb 1
14 17 9 8 1 98 65 57 56 1
1b 17 Id 9 1 100 65 66 57 1

17 19 11 10 1 101 66 5S 57 I

18 19 20 11 1 102 (6 67 bb 1

19 20 12 11 1 103 61 59 58 1

20 23 21 12 1 104 67 68 59 1

21 21 13 12 1 105 6R 60 59

22 21 22 13 1 lob 68 69 b 1

23 22 14 13 1 107 69 61 b0 1

24 22 23 14 1 108 b9 73 61 1

25 23 15 1' 1 109 72 62 61 1

26 23 24 15 1 110 70 71 62 1

27 24 16 15 ii 71 63 62 1

28 24 25 16 1 112 71 72 63 1

29 5 17 16 1 113 64 73 65 1

30 25 26 17 1 114 73 66 h5 1

31 26 18 1 5 66 77 67 1

32 26 27 18 1 116 77 68 67 1

33 28 20 19 1 117 bg 7B 69 1

34 2a 29 20 1 118 78 70 b9 I

35 9 21 20 1 119 76 a2 71 I

56 9 30 21 1 120 B2 72 71 1

37 30 22 21 1 121 73 74 (-6 1

38 30 31 22 1 122 74 7F (6 1

39 31 23 22 1 123 75 7 b b I

40 2 3 1 124 76 77 (16

41 52 24 23 1 125 76 79 70 1

42 32 3 24 1 126 79 h? 70 1

3 33 25 24 1 127 C 1 70 1

44 33 4 25 1 128 1 82 7D 1

45 3 26 25 1 129 114 4, 4

46 34 5 26 1 130 4 76 b4 1

47 3t 27 ?6 1 131 94 74 13 1

48 35 St ?7 1 132 R3 8b 74 1

4 57 2) 28 1 133 . 7b 74

5 7 3S 1 134 1

51 6 3C 29 1 135 !i6 87 75
57 K0 1 1 6 7 .97 76

53 31 32 137 7 .P lb 7

54 43J 1 76 H '  77 1

55 1 31 139 1 4 1 1

56 4 41 32 140 77 89 68

57 1 4 3 32 ] 141 o '8 1

58 41 42 13 1 142 C t, 8

4 2 34 3 1 143 0: 91 78 1

6c '2 43 34 1 144 78 qi 79 1

t 
13 35 34 1 145 q1 I 2 79

62 4.3 146 7q 92 80 1

63 44 15 35 1 147 '3 94 83 1

64 44 45 36 1 148 P4 84 83 1

65 46 i 37 1 149 G4 A 5 4 1

66 46 47 38 1 150 95 85 8 I

67 47 31 S8 1 151 95 96 65 1

68 47 48 39 1 152 96 86 85 1

69 4 4 1 153 96 97 86 1

70 48 49 40 1 154 97 98 86 1

71 49 41 40 1 155 86 98 t 7 I

72 49 50 41 1 156 98 99 87 1

73 nc 42 41 1 157 87 99 88 1

74 0 1 42 1 158 99 100 88 1

75 51 43 42 1 159 88 100 89 1

7b 51 52 43 1 160 100 101 ti I

77 52 43 43 1 161 89 101 102 1

78 52 53 4 1 162 R0 102 90 1

79 53 1# 5 I 163 90 102 103 1
Be 53 54 4b 1 164 9D 103 91

at 55 47 46 1 165 91 103 104 1

82 55 5'6 47 1 166 q1 104 U2 1

83 56 48 47 1

81
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Table B2 (cont'd).

b. file NPD.

1 3 0.2220 ~ 5

2 C .063! -C.(1924 54 0.OcZ 0 -070

3 -.1,717 -O.C.7^7 56 C.IC -E.7200

S 0.10 32 '5"'c 57 G .5 15 - 0. .5 15
'6 C.C14~ C . 310 58 .7 J6 -C.?985

6 1)2 59 3.79 10 C.00CO

h7 3. C30 j o L;4L1 60 C .7 2 '3b 0.29A5

9 C.C3'o j42 61 0.5515 O.tr515

9 0J2 0 0 .150 62 ^,.,e I8b 0 .72 2w
11 0054 -. 1?663 C.0333 O.7800

12 1.1371 -o 10 b 164 C .5 20 - I. c 0 0

12 0.13b6 -2~.10b17 65 O3327 -D.1239

13 0.153~ -2.0574 66 ".7G71 -0.7071

14 315 voI3 3 0 -- 67 ^.9239 - 33.9R2 7

16 C.15 61 C.057'. 6 1.0c00 3.0000

16 £. a1 4 3 3.10f1 69 3o.1239 0. 5827

178 .07 0.1388 70 Ji.7C71 0.7071
18 .000 .10071 Z*3P27 O.Q?39

19 0.30 -0.20CE 72 3.03C0 lo0030
20 U.376b - I. 18 4,1 73 3.4142 -1.0000
21 n.1414 -6.1414 74 U0071 -1.0000

22 Z.1848 --.. (17(31'j003 -. 00

23 3.2 OC 2.(,000 75 ioc 1.0030 -. 0

25 31.141'* 0.1414 77 100;5 -3.4142
25 .144 .1h4 78 1. o0 0.4142

26 0.0765b 7l1' 1.0 .07
27 M.0003 0.20009 I.U0 o77
28 .003 3 -050 80 1 .0320 1.000

29 v 77 11 0.7'71 1 .c0 0 0
29 0'* 311 -0.212772 0 .4 142 1.ou0 0 0

31 3.*2772 -q.114q 83 c.0200 -1.4030,
32 30 3.00 84 "1.4 L.3 -1.4000

33 0.2i72 0.114A 35 ~. $312 0 -1I. 4 0 C

34 Dv2 12 1 a . ,12 1 86 1 .4 5 C -1o40G0

35 301148 0 . 7 71 87 1 .4 0 0 -1 .0000
36 Z.0000 0.330 88 1.4C00 -0.60LI3
37 0.00 -0 42 89 z.00 -. 20009350 200C .20
38 0 .16 27 -0.!8 91 1.o4 DC9 0.2000
39 Z .2970 ' 92 1.00 1.201
4C c [.3 i0 - c.160j7 932 0.40 0 1 -. 000c
41 '-4203 0. 0029 .03 2.0

42 .Ieb2 C.16C? 94 3.4320O -2.1000
43 0 .2 '7^C c L 70 95 o.8300 -2.10000
44 2.1607 96. 1 .4 ~0 2. 0C00
45 0.030C 0.420L 97 2.D0C,, -2.(000c

46 G0. 0 30 o . tB 83C 98 2 .G0 0a -1.4000
47 C .22?2 I 99 ?.0000 -1 .0 00

4b C.41L1 -0.4101 100 2.0000 -C.6000
49 0.t5359 -0 o.2 20 101 2.0000 -0.2000
50 3.5i830 o2003 102 2.0520 0.2000
51 C.5359 3. 2?0 103 2.1000C 0.6000
52 0.4101 0.4101 104 2.300 liOC
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c. File BCT.

2 2 130a 0 c0
3 5 1 c3 u o o
4 4 1C1 2.O0 c

6 103.00C2
7 6 13c 00

73 72 1.0.0003
14 9 1c0.0000

12 42 10.0000
14 9 1..0003
1.7 -16 1.0.0000

19 PH 10.9,003
2C 97' 10.11000
21 1 10.9000
22 I'll 10.00000

23 1 y2 1 r.0 00 0
24 103 16.00
25 134 10.0000
26 )2 10.0 0 0

d. File QUAN.

104 1E't 2 6 0 0 u 6

e. File TIOT.

10.00
30.00
50.00
70.00
90.000

100.00
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A facsimile catalog card in Library of Congress MARC

format is reproduced below.

Albert, M.R.
Computer models for two-dimensional steady-state

heat conduction / by M.R. Albert and C. Phetteplace.
Hanover, N.H.: Cold Regions Research and Engineering

Laboratory. Springfield, Va.: available from Nation-
al Technical Information Service, 1983.

iv, 90 p., illus.; 28 cm. (CRREL Report 83-10.)

Prepared for Office of the Chief of Engineers by

Corps of Engineers, U.S. Army Cold Regions Research

and Engineering Laboratory under DA Project 4A762730
AT42.
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