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COMPUTER MODELS FOR TWO-DIMENSIONAL
STEADY-STATE HEAT CONDUCTION

M.R. Albert and G. Phetteplace

INTRODUCTION

Most major Army facilities are heated by central heat distribution systems. Heat losses from
these distribution systems are of interest, as are temperatures of soil surrounding the distribution
pipes, for several reasons. If we are to design efficient heat distribution systems we must be able
to accurately ascess the heat losses in order to determine the optimum trade-off between the cost
of insulation and the continuing cost of heat loss. In instances where portions of a system have
failed and require replacement, again we need to accurately assess potential heat losses to determine
the optimum insulation thickness for the areas that must be repfaced. In areas of scasonal frost
and permafrost, the temperature distribution in the soil around buried heat carrying pipes is of
primary importance. Significant thawing of permafrost can cause loss of support and subsequent
pipe settlement and possible pipe breakage. in areas of seasonal frost, piping systems should be
buried deep enough to prevent freezeup in the event of a system outage.

Several methods exist for analyzing heat transfer problems of this type. Some of the methods
which have been applied to conduction heat transfer include: 1) analytical methods, 2) approxi-
mate methods, 3) empirical methods, and 4) numerical methods.

Analytical methods are useful for a limited class of problems for which closed form analytical
solutions to the heat conduction equation have been found. They are limited because only the
simplest geometries may be treated with corresponding ideal boundary conditions. One such solu-
tion exists for a buried uninsulated single pipe in a semi-infinite medium with uniform and constant

! material properties and boundary conditions; this will be discussed later. Because of the very limited
’ class of problems for which closed form analytical solutions have been found, they have little appli-
i cation to real world enginecring problems, However, they can be used 1o find approximate solu-
i tions to actual problems,
Approximate methods are actually an extension of analytical methods. In some instances an
: exact solution to the heat conduction eguation cannot be found, yet by making some reasonablc
assumptions an approximate solution may become possible. Approximate solutions are limited to
certain problems, fike analytical solutions, except to a lesser extent. They can provide estimates
suitable for applications not requiring precise resuits.

Empirical methods are based on experimental results instead of on the solution of the governing
equation. With knowledge of the form of the governing equation and solution, experimental data
can be used to find empirical equations which approximate the physical process. A typical cxample




of this approach is the development of conduction shape factors by electrical analog experiments.
Again, empirical methods are limited to cases where empirical equations have been found. These
equations are usually only applicable to very specific problems and often cannot be accurately
extrapolated to describe similar problems.

Numerical methods have found many applications in heat transfer, In short, a numerical method
uses an approximation of the governing differential equation, or its solution, at a number of dis-
crete intervals of a region to find an approximate solution to the heat conduction equation over
that discretized region. The enormous advantage of numerical methads is their ability 10 model
nearly any problem, including ones without ideal boundary conditions. This is an advantage no
other method can claim. The disadvantage of numberical methods lies in their complexity. Cri-
teria governing the stability, convergence, consistency, and accuracy of a numerical method must
be established before the method may be considered valid, and for anything but the simplest prob-
fems a computer is required for solutions. Fortunately, however, the computer program can be
written to handlie a broad class of problems and the user need only be familiar with certain aspects
of the problem to accurately use the program to find the results.

The purpose of this report is to outline the finite difference and finite element numerical methods
as they apply to steady-state heat conduction, to compare the results of each method 1o analytical
results and also to the resuits of the other method, and to demonstraie the use of cach method’s
computer program to the potential user.

THE FINITE DIFFERENCE METHOD

Basic ideas of finite differences

The finite difference method is a numerical method used to approximate the solution of a par-
tial differential equation. Common partial differential equations for which finite differences have
been employed include the wave equation, the vorticity equation, Poisson’s cquation, and the heat
conduction equation,

D) (e 2)- 0, L
oy dy N ox ? ot
Often boundary conditions or nonlincaritics in a problem involving differential equations com-
plicate the problem so that analytical solutions are unavailable and numecrical solutions must be
used. The finite difference method approximates cach partial derivative in the differential cquation
by an algebraic finite difference representation.
Finite difference representations may be derived either from a Taylor serics expansion about 4
point or from physical considerations, such as an energy balance in the case of heat conduction.
‘ Let us bricfly review the Taylor serics procedure. Consider the forward Taylor expansion of a

; function f{x) about x:
4 flx + Ax) = flx) + Axf'(x) + LA;~)2 " (x) + (égx—)j- mx)y+ .. {1)
' where the primes denote differentiation with respect to x. This may be solved for £'{x) by trun-
: cating the higher-order derivatives to obtain

Fi = LB =100 iy, @

Ax

This is the forward finite difference expression for the first derivative of the function 7(x}. The
term O (Ax) indicates that the error due to truncation of the Taylor series is of the order Ax.




The representation is commonly used, for example, as an approximation of a7/dt in the heat con-
duction equation, where we let

AT _ Te+a4)-T() (3)
ot At
where
T(t) = temperature at time ¢
At = time step.

Similarly, we may find the backward finite difference expression for the first derivative

2 3
Flx - Ax) = F(x) - (AR)F' (x) + (A;)— £ (x) - (—AG—’"— () + . (@)
where
fix) = i(ﬁli{(_(x_'éﬂ + O(AX) .
To obtain a difference representation for the second derivative, eq 1 and 4 are added

flx + Ax) + f(x - Ax) = 20(x) + (Ax)2f" (x) + O|(Ax)?]

f(x + Ax) - 2f(x) + f(x - Ax) (5)

ix) = (ax)2

Equation 5 is the central difference representation for the second derivative. Note that it is accu-
rate to the order of (Ax)2. It is evident that the accuracy of a solution found using finite differ-
ences will be dependent upon our taking Ax sufficiently small.

When using the finite difference method, we set up a network of grid points, called “nodes,” in
the region of the spatial independent variables in which we are interested. The boundaries of the
grid should coincide with those of the problem. The partial derivatives of the original partial dif-
ferential equation are replaced by their corresponding difference representations, and an equation
is set up for cach point in the grid. The resulting set of algebraic equations may then be solved.

Finite difference computer program
A finite difference computer program was written to model steady-state two-dimensional heat
conduction. The program has been set up in a general form to allow many different conductivities
in the region of interest and to permit constant flux, convective, constant temperature, and semi-
infinite boundary conditions. The general form of the program allows new problems to be set up
¢ very easily.

Application of finite differences to steady-state heat conduction
For two-dimensional steady-state heat conduction, heat transfer obeys the clliptic partial differ-
cntial equation

" 2 (, T 3.(9.[):
, ox (k ax)+6ykay 0 (6)

wherc

T = temperature
k = thermal conductivity
x,y = spatial variables.




if the conductivity 2 were to be constant over the region, the finite difference form for
3/dx(kdT/0x) = k32T /dx2 would be immediately obtainable from eq 5,

a7 _ B Ti{x +Ax) - 2T{x) + T{x - Ax)

R
ax? (ax)2

However, the finite difference computer program was to be written so that conductivity could be
a function of location. Then the resultant conductivity must be used in regions of varying conduc-
tivity. The “resultant conductivity’ is easiest to understand by recalling that conductivity is the
reciprocal of resistance. The net resistance between any node x, y and node x +Ax, y is

dx d&+Ax
R=Rx+Rx+Ax= k—x_ +k

x+AX

where, for example, d, is the fraction of the distance along the heat flow path which is associated
with conductivity k,. In this program, space increments Ax and Ay are assumed to be uniform,
thend, =d,,,, = %. The resultant conductivity is the reciprocal of resistance R:

2

1
R

1 1
—
kx kx+Ax

Thus the finite difference formulation for each term in eq 6 is as follows:
] ar\ _ 2 Tix +Ax)~Tlx) 2 T(x-Ax) -T(x)
— k=)= + {7
ax \" ox 1 1 (Ax)? L (Ax)?
R ky

+
k

x+Ax x

x=-AXx

3 (k QI): 2 Ty+ay)-T) , 2 Ty-8y)-TW),  (3)
4 oy 1 + l (A,V)2 1 + L (AY)z
ky+AY ky y~Ay ky

Combining eq 7 and 8, we arrive at the finite difference formulation for eq 6

< 2 \ Tx+Ax,y"Tx,y + / 2 Tx-Ax,y'TxLy .
1 1 ) (ax)? ( 1 1 (Ax)2
+ - + —
kx+Ay kx kx-Ax kx
2 \ Txn*dv'rx,l + 2 TX.v-Av'Tx.y =0 (9)
1, L) (8)? A 1 (Ay)?
kv*Av b/ y-4ay kv

Here it is convenient to change the notation 1o a more commonly used form, Let Ti'i represent

the temperature of the node under consideration, where  is increased in the vertical direction and

J in the horizontal direction. The grid set up will appear as shown in Figure 1 (the length and width

of the grid are variable, and may be established when data are entered into the computer program).
Each node represents the area (enclosed in dotted lines in Fig. 1) around it. The most conven-

ient way to set up the computer program to enable it to handle many different cases is to use a

square grid, that is, let Ax = Ay = As. Now we multiply each term in eq 9 by (As)2, change to the

new notation, and rearrange the terms to arrive at the usual finite difference equation for a node

1,j not on a boundary,
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Figure 1. Finite difference grid (boundaries not yet specified).
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Note that each node represents a region of space, and will therefore have a specified thermal con-
ductivity. The above equation allows for a different conductivity for each node of the grid.

Boundary conditions

The finite difference equations used in heat transfer may be derived either by replacement of
a partial derivative by its difference representation, as above, or by calculating an energy balance
between a node and each of its surrounding nodes. The boundary conditions in the following
sections will be derived using energy balance considerations.

Constant flux boundary
For a node on a constant flux boundary, the condition dT/dx = C exists at the boundary. Con-

i sider a node on the right-hand boundary, The control volume is that which is associated with the
: node, as illustrated in Figure 2. Examine the heat flow between node /, j and its surrounding nodes.
. Between node 7, j and node /-1,/ we have, for unit depth,
2 Ax 1
Q=f—F""F\ 5 = (Ti;-7;)
1,1 2 Ay i=1,5.7 i,
kict,i Rij
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where 2
i 3 = resultami thermal conductivity between nodes /-1, and /, f
—A—zi = surface arca perpendicular to the direction of heat flow, for unit depth
Ay = distance between the nodes
T -7 = temperature difference between nodes.

Similarly, for the heat flow from node i+1,/ into node j,j we have

2 Ax )
Q; = T 2y (Tieq 5= Tiih

i+l

and the flow from node /, /-1 into node J, j is

2 A
Q= (",—"*r\ o (M-

+ ——

Riier Riil
The heat flow crossing the boundary into node J, j is given by
Q4=9¢"4s

where ¢ is the heat flux crossing the boundary per unit area. At steady state the sum of the heat
flows is zero. Then we have

Q;+Q,+Q3+Q,=0.

For Ax = Ay = As,

1 2 1

("""““"’"1 7 > Ticy,i *< 1 1> T "( T\ T
4+ — 4+ — +

ki R Riicr R kivr,i ki




1 2 1 )
(T R IR 7} Tii =94 (1)
R i

+o— 4

=i R R R R kg
This equation applies to the right-hand boundar ; the indices may be appropriately rearranged to
obtain the equation for other boundaries. Note that, for a boundary which is insulated or on a

line of symmetry, the zero heat flux condition holds and ¢ = 0.

Convective boundary

Again consider the boundary illustrated in Figure 2. When surface convection is present, the
heat flow at the boundary is Q = hAy(T, - Ti,i)' where T, is the ambient temperature outside the
grid, and 4 is the surface heat transfer coefficient. The heat flow between node /, j and the sur-
rounding three nodes will be the same as that given for the constant flux boundary. The steady-
state formulation for the right-hand boundary with Ax = Ay = As is

] 2

LT (Tii=Tih * (3~ i (Tiisi - T3 3)
Rioyi ki Rii-1  Rij
1 _
s ———— — (Tiaq,i-Tij) *+ hOS(TA-T, ;) = 0. (12)
Risa,i ki
and rearranging gives,
i 2
T, 1> T (T ) T
kisv,i o Ri kiji-r ki
1 1 1
N Tiwri - [ L T
Risti o ki -1 ki R ki
1
+ BT + hls Ti,iz“hASTA' (13)
.
Rivi i Ry

Again, the indices may be suitably rearranged for nodes on other boundaries.

Constant temperature boundary
For a constant temperature node on any boundary or inside the gride we have Ti,i = C, where
C is the temperature of the node.

Semi-infinite boundary

The semi-infinite boundary condition represents a continuous, uniform material extending ad
infinitum in one direction, with a known temperature at infinity. This boundary is approximated
in the finite difference computer program by specifying a large distance between the boundary
node and the node adjacent to it, and the condition requires a special heat balance for nodes ad-
jacent to the boundary as well as for the boundary nodes. For example, consider the right-hand
semi-infinite boundary illustrated in Figure 3, on the edge of a grid with uniform internodal

O NP " v U R L T LT




Figure 3. Semi-infinite boundary approximation.

distances. The temperature at infinity is represented by an imaginary node /, focated outside the
grid. D;-Ax is the distance from the internal node to the node on the boundary, and also the dis-
tance from the boundary node to the imaginary node at infinity. As previously stated, the accur-
acy of the calculated temperature distribution is dependent on the distance between nodes; thus
when choosing D;, we should choose the smalfest distance which may still be considered large in
terms of the grid size.

The heat flow between node /, j and each of the surrounding nodes is as follows:

Rict,i KRij
Q, = __2£L.__ Ay — (T -T
2 T . ) Y pax Viia T
+
ki,i—l ki,i
0 2 1
37 1 1 (ZDi-])Ax' A (Ti+|'j'ri'i),
+ ———
Rivi,i Ky
2D,
Q=) » bax "-Tui
kTR

For steady state, the heat balance yields @, + Q, + Q3 + Q4 = 0. Allowing Ax = 4y, we find

2(2D;-1) 2
—_—\ 7, [\ T .
1, 1 -1, ( 1, 2D,-1> hi-1

ki-],i k




L/ (14)

R 2(2Di—l) . 2 _

1, ] 1 2D WTT 2D
—t —— —_—+

ki ki Ry Ry k" Ry

Now consider the heat flow for the square node adjacent to the irregular semi-infinite node, as

illustrated in Figure 4.

Figure 4. Node adjacent to semi-infinite boundary node,

The heat flow between the node and each of its adjacent nodes is

2 1
@ =<—_T—_—T—> Ax: Ay (Ticy,i - Tij)s
4 ——
Riot,i K
2 1
02 - < 1 1 Ay AXx (r|'|_1 r( ’)l
+ —
kij-1 o ki
2 1
Q3‘< 1 ] Ax-z; (T'H' T; ,),
4 —_—
Rivr,i ki
_ A | T
Q= 20, v pax T -Ti)
| j+1

The resulting equation for steady state, for Ax = Ay, is

2 2 2
<"T"—'—T‘> T, * (’T“"T) Tiji-r ¥ (;T—“‘T—> Tist,j
+ —— + — 4 —

Ri i k ki, j w1, Ri

ki_l o i,i-1
+ 2 T. i+1 2 + 2 +
201 b 1, N
4 — —_— —_—
kl,iﬂ “|,| k"‘-i kl,l kl,l—‘ ki,|
9
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+ 7 + D ] > Ti,i°0 | (15)

i
+ —_—
& B Rijer ki
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Constant flux corner
Consider the corner shown in Figure 5, subject to the constant flux condition on two sides,

2 Ay
("f‘""i‘) 2ax i1~ Tl

Q

_ 2 Ax
Qr(‘*"—fi) 2y iz Tl
Riv,i ki

Q3= Vilpr + ) As.

‘ @1 is the heat flux per unit area crossing the top boundary, ¢ is that crossing the side. For steady
2 state, Q, +Q, + Q3 = 0. Ingeneral, for Ax = Ay = As,

] 1

, <‘T 7 > Ti j-1 *(‘ T, 1 ) Tivy
3 4 — —-

, k k kier,i ki

-t i

1 1 T,
k-t Rio R ki

_( 1 N 1 ] > Ty ;= ~l6r +05) %ﬁ ) (16)
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Figure 5. Node on corner of finite difference grid.

Convective corner
For the corner shown in Figure 5, subject to convection on both sides, convection along the

i top surface yields

Ax
04 = h —2- (TA'Ti,i)-

and along the right side,

)\
Q= h T” (Ta-Ti))-




With Q, and Q, the same as for the previous corner, and for Ax = Ay = As, the equation for
steady state is as follows:

1 1
( T, ]> Tiin +( 1 1) Tivr)i
— 4 ——
Riic1 ki Riar,i R

1 -
-<] I +hAs) T, = -hasT, . (17)

Ri i1 i i+

-—

Semi-infinite corner

Consider the node pictured in Figure 6, on the corner between two semi-infinite boundaries.
T, is the temperature a large distance to the right of the grid, and Tl is the temperature away from
thc top of the grid.

2,

t

1
RUR T

DAy “‘!_ Tii)s

(2D;-1) Ax

2D; 1
Q) ®VA 5Er Ui T,

RE I T,

For steady state, the heat flows sum 1o zero. Summing the above, then multiplying cach term by
1/(2D;-1) and ailowing Ax = Ay, gives us the heat balance for this corner node

2 2 2

.._-—.-—~———‘ ) T Tija * -—-——-——-————-1 ) D Tisyi- K 201
kii-r o Ry Kiov,i ki ki ki
2 2 2
+ + + T. .
i, D LI 2 B
kijisr Rij Kir,i o Ki Ry ki
) 2
(T D) e M, - (18)
—_
By ks

In the computer program, it is assumed that k' k k
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Figure 6. Node on corner between two semi-infinite boundaries.

When this semi-infinite condition is used for a corner, a special heat balance for the interior
node labeled T in Figure 6 must be used. This balance will be the same as that given by ¢q 15,
except that @, will be replaced by

20, 1
-1 ax DAy (Tica = Ti, i)

Then the full heat balance is given by

2 2 2
D1y T“"i+< 1, 1> Ti-i-‘*( 1, 1') Tie i
b TR Rii-t Rij Rivv,i R,

2 2 2
+ .
DA -7 * 3 1
A Y e kR
Rijiv1 R kiv,i ki hi-t o Rij
2 2 _
+ T, + P , T,;=0. (19)
s , 1
ki”,i ki.i ki,i*l k(,',
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Corner with one side constant flux, the other side convective

It is possible to have a corner subject to convection on one side and constant flux on the other
side. For the corner in Figure S, subject to constant flux on the right side and convection on the
surface,

- 2 Ay
0:*(’“-]—‘“T> IAx (T jic = Tii)»

2 \ Ax
sz (T..I._T..),
( L, ) 7y et
Rier,i R
03- Va (DAS ,
Ax
04_ h ‘5‘ (TA'T|,|)

Let Ax = Ay = As,

1 1 1

! + L._ Ti'i-l ' ! + _L Ti”'j i ! + -1—
Riier Rij Risri Rijj kiji-t Kij
1
YT 4 % hAS| Ty = - hhAsT, - Y As. (20)
L :
Risr,i Rijj

Corner with one side constant flux, the other side semi-infinite

As iltustrated in Figure 7, let the top right-hand corner of the grid have a semi-infinite bouncary
on the right side and a constant flux boundary on the top. Allow the heat flow per unit area
crossing the top of the grid to be ¢, Then the heat flows for node J, / are given by

Q) =6(2D;- 1) Ax

ki, j -
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Figure 7. Node on a corner of semi-infinite boundary.

The total heat balance for steady state with Ax = Ay = As is given by

1 . 2(20,-1)
e R ey RN
+ ——
kij-1 - ki Rier,i ki
1 . 2(2D-1) . 1 .
B SRS 1,1 ;2D ) b
A &, —_—
ko Ry Reu R R kg
. 1
=-¢(2D;-1) As - pT T,. (21
—+
kR

As is the case with the other semi-infinite boundaries, the node adjacent to the semi-infinite
node must be given special consideration. Again, ¢ is the heat flux per unit area crossing the top

of the grid.
le ¢AX1
_ 2 Ay\ (1
Qz_( T, )(7) (&) Tir-Tip.
Rij-r Ry

Allow Ax = Ay = As. The heat balance equation for the node follows:
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i Again consider the corner iltustrated in Figure 7, but Alow convection 1o occur across the 1op
: of the grid. Let A represent the convedtive heat tanster coetficient, and let /4 be the ambient
femperature outside the top ot the grid; then the heat tiows Q5, Q. and Q4 will be the same as
i those given for eq 21 and

Q= 20D AU =10

}? The heat batance for the corner is given by
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For the node adjacent t the corner node, ilustrated in Figare 8, ()_,_ Qy, and Q; will be the

; adtte as those given tor eq 22, and
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1 Figure 8. Node adacent to semii-intinite corner node.
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The heat balance for that node is given by

L 2 1
C 1, ! ) Ti,j-1 +( 1, ) T|+l.l+(:p'-| "'1 ) RS
k. & ra + ~—
li"‘ |n| ':"1.' l,l l-l*‘ k':l

1 2 1 =
- ( 1 3 + 1 —-“—‘ + wr] ) +hA$> Tl,l = -hASTA . (24)
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Computer program development

In order to solve a particular problem, a grid whose boundaries coincide with those in the prob-
lem must be set up. The number of grid points used is largely a matter of trial and error; as pre-
viously stated, the smaller the As between the nodes {(and hence the more dense the grid), the
more accurate the solution. Once the grid is set up, each node in it is assigned the finite difference
equation which represents the heat balance between that node and its adjacent nodes. The resufting
system of equations may then be solved simultaneously to arrive at the steady-state temperature
distribution within the grid.

SSCONDUCT, the program developed to model two-dimensional steady-state heat conduction,
is made up of four parts: 1) a data gathering subroutine, 2) the main program, 3) a subroutine to
solve the system of equations, and 4} a subroutine to locate the isotherms in the resulting tempera-
ture distribution. The grid for the problem is represented by a three-dimensional array, RAY (I, ), K).
The first two dimensions designate the spatial focation in Cartesian coordinates. The third dimen-
sion, K, has three values. RAY (1, ), 1) contains the temperatures for each nodal location {, . RAY
(1, ], 2) describes the location type of each node. Examples of location types include a node on a
zero flux boundary, a constant temperature node, a variable interior node, etc. RAY (l,],3) isan
index of the material type of each node. This index is used to assign conductivities and convection
coefficients. It is possible to have a different material at each point in the grid.

Data subroutine

Subroutine SSDATA was written to provide a quick and easy way for the user to set up the
grid, without having to worry about formats in the data file. The user has only to edit SSDATA,
following directions in the comment statements in the computer program, to insert the desired
values of the variables. When SSDATA is run, the new values of the variables are put into the
formatted data file STSDAT. The main program then reads the data from STSDAT.

Main program

In the main part of SSCONDUCT, each node of the grid is examined. The conductivities are
figured between the node being examined and the adjacent nodes, and the coefficients for the
node’s difference equation are figured and stored. A grid whose dimensions are X by Y contains
XY nodes; hence there will by XY equations with XY unknowns. Since the matrix of coefficients
for this system of equations is banded, with all entries being zero outside the band, only the entries
of the band need to be stored. The bandwidth is 2X+1. Thus, instead of storing an XY by XY
array for the matrix of coefficients, an XY by 2X+1 array is stored. After each node in the grid
has been examined, subroutine BANDMX is called to solve the system of equations.

Subroutine BANDMX

The International Mathematical and Statistical Library’s subroutine LEQT 1B has been adopted
for solving the system of equations which has been stored in band form. Please consult Martin and
Williamson (1967) for a detailed discussion of the method.
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Subroutine ISOTHM

This subroutine cxamines the final temperature distribution in the grid, performing a linear in-
terpolation between grid point temperatures to determine the spatial coordinates of user-specified
isotherms. The coordinates are written into file POINTS which may then be plotted.

FINITE ELEMENT METHODS

Introduction

Finite element methods are a relatively recent addition to numerical methods. They can be used
to obtain approximate solutions to governing differential equations encountered in many disciplines.
They were first used by the acrospacc industry during the 1950's for structural analysis of complex
systems. By the 1960’s pcople found that the method could be applied to a broad class of problems.

Finite clement models use a piecewise approximation to the governing differential equations
over the region of interest; finite difference models usc a pointwise approximation. A major ad-
vantage of the finite clement approximation over a finite difference approximation is its ability to
model irregularly shaped boundaries more accurately. The size of the elements can also be casily
varied. The basic shape may also be varied. Figure 9 shows how an irrcgularfy shaped boundary

' would be modcled with both the finite element and finite difterence methods. Each of the models

approximates the circular boundary ; however, the finite difference model uses a rather crude approx-
imation in comparison. Another major advantage of the finite element method is apparent from
Figure 9, that is, we can casily vary the element size. The geometry here is a halt symmetry of a
buricd pipe. We expect the temperature gradients to be much greater in arcas nearer the pipe,
and by varying element sizc these areas can be modeled to any degree of accuracy, while surround-
ing arcas with smaller temperature gradients need not be.

The finite clement method does have several disadvantages. Since the grid is usually oddly
shaped, defining all the coordinates of cach node can be ¢ tedious job. Automatic-mesh-generation

C o

-....
+

|
{

ey

160 nodes 46 nodes
' . a. Finite difference model, b. Finite element model.

Figure 9. Finite ditlerence and linite element grids for a circular boundary.
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computer programs are available but not necessarily easy to use or inexpensive. Another disadvan-
tage of the finite element method is its complexity. The necessary equations cannot always be en-
tirely based on physical considerations, as can finite difference equations, Finite element computer
programs tend to be complex and very hard to modify. In spite of these disadvantages, the finite
element method is widely used in many disciplines of engineering today.

Before going into the development of a finite element model for heat conduction, we will first
consider the basic steps which must be followed when using the finite element method to solve
any problem,

The first step is to discretize the continuum, th2". is, divide the region to be modeled into ele-
ments. Many different shapes can be used for the eleinent. Here we will consider only the most
simple two-dimensional element, the triangle. The nodes and elements must now be numbered.

As we will see later, this must be done carefully in order to get the most economical sofution.

The next step is to select the type of interpolating function which will be used over the element
to represent the field variable. Normally, polynomials are chosen since they are easily differentiated
and integrated. Since we will be using a simple triangle with only three points our interpolation
functions will be linear,

Next we need to find the equations which express the properties of each element. These will
be in matrix form. Several approaches are possible. We will rely on the variational principal, which
is known for the heat conduction problem. This approach is most convenient, but in some cases
a variational principal does not exist for the problem. In these cases, either the direct approach,
the energy balance method, or the method of weighted residuals (Galerkin’s appraoch) may be
used (Huebner 1975).

Now the element equations can be assembled into the global equations describing the entire
region. This is a straightforward procedure easily handled by the computer. The system of equa-
tions must be modified to account for any boundary conditions present. The result is a system
of simultaneous equations.

The next step is to solve this system of equations. This is usually the most time consuming
step (computer time). With linear equations, as we will have, many methods exist for solution.
The solution is somewhat simplified because the resuiting matrix is banded and svmetrical. It is
also positive definite, Round-off errors are also reduced because of these properties.

Once we have the solution we may want to compute additional quantities, such as isotherms
or temperature gradients in the case of heat conduction.

In the next section we will discuss the procedure used at each of these steps by developing a
two-dimensional finite element model for heat conduction, Various types of boundary conditions
will be included in this model.

Application to two-dimensional steady-state heat transfer

In this section we will develop a finite element model for heat conduction in two dimensions.
The simplest two-dimensional element, the triangie, will be used exclusively. Linear interpolation
functions will be used within the elements and provisions for internal heat generation will be in-
cluded. In an attempt to make the method as clear as possible we will follow the sequence of
steps outlined in the last section.

The first step is to divide the region to be modeled into triangular elements. During this step
we should try to concentrate the smaller elements in the areas of the highest gradients. Larger
elements can be used in areas of smaller gradients. The triangles should be as close to equilateral
as possible in order to promote accuracy of the solution, As an example, consider a problem with
a geometry similar to that of Figure 9. The region can be divided into triangular elements in a
similar fashion as shown in Figure 10.

Now the nodes need to be numbered. Care must be taken here in order to reduce computational
requirements. As stated before, the simultaneous equations which result in a finite element
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Figure 10. A tinite element grid.

cquation are banded when tepresented in matrix form. The smaller the bandwidth, the casier the
cquations are 1o solve. Stotage requirements are also reduced since only the band need be stored.
The numbering of the nodes ditectly altects the bandwidth of the matrix. The bandwidth is equal
to one plus the largest ditterence between node numbers for any single clement (out of all the cle-
ments) tor a probiem with one degree ot freedom (temperature) at cach node. In Figure 10 the
nudes have been numbered in ¢ way that we hope will minimize the bandwidth.

The elements must also be numbered. They may be numbered in any sequence, however, with-
out aftecting the computational efficiency of the solution. The computational procedure will re-
quire that we know which node numbers are associated with vach element. We must afso be able
to identity what material a particular elements is in, it more than one material exists in the problem.
A table i1 the format of Table 1 will accomplish this purpose.
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Table 1. Typical element data.

Element Nodes Material
number 7 2 3 type

1 10 2 1 1
2 10 11 2 1
3 1 2 1
4 n 12 3 1
5 12 4 3 1

The local node numbers (1, 2, 3 in Table 1) for each element should always be consistently num-
bered with a particular convention, [n this case they are numbered counterclockwise around the
element.

We also need to define the spatial coordinates of each of the nodal points. A simple table like
Table 2 will accomplish this.

Table 2. Typical nodal point data.

Node X Y
1 0.0000 -0.3280
2 0.1256 -0,3031
3 0.2319 -0.2319
4 0.3031 -0.1286
5 0.3280 0.0000

The coordinates given are for the nodes in Figure 10. The origin in this case is located at the center
of the pipe.

Now we need to define the interpolation functions for the elements, Certain continuity require-
ments must be met by the element type and the interpolation functions, depending on the type of
problem being studied. {t is beyond the scope of this report to develop these requirements. In this
case, the requirements are met by triangular elements and the linear interpolation functions which
will be used.

The interpolation function must define the field variable, in this case temperature, over the en-
tire element. That is, given the position of any point within the element, the element interpolation
function gives an estimate of the temperature at that point. The form of the linear interpolating
polynomial is

T=a; ta;x+agy (25)
where 7 is the temperature, x and y are the coordinates and a;, &, and a4 are constants.
At local nodes 1, 2 and 3 of the element the following conditions must be satisfied by the inter-

polating polynomial:

T=Tyatx=X; and y=Y,

T=Ty,atx=X, and y=Y,
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f-lyaty =Ny and v =Yy (26)
Using cach of these conditions and solving tor 7 at cach node gives us the tollowing set of equdtions:
Iy -a) +a)y ra)
Iyt ap vaaNsragy,
Iyap+a,Ny+agy,. {(27)

Now we can sofve this set of equdtions tor the constants a, a,, a;, yielding

ap = 37 KO 5N I N Y X N Y= XY )
! o , ;
ay iy Y Y Ty (Y -y ) ;
] v , . , :
oy 5 LGN+ LAy e (A - VN (28)

wheee A is the area of the triangular clement and 21 is given by the determinant ol the following
33 matrin:

LRSS
20- Ty |

1 |

]]\s)wl (29)

Now we need to find the interpolation function in terms of the temperdatures at cach node and
the clement topography. We can do this by substituling out expression for the constants a Qs
ay into the origiaal interpolation tunction (eq 25). The result will be an equation for /

€) ' ' '
/1 Ny NG v NG T
or

1N ke (30)

Here the superseript (¢) means “within the element™ and Ny, Vaand Vg are the shape tunctions;

they are given by the folfowing cquations:
! + +
Ly lay e by + v

v, fuy thon v ooy

21
[
Vi [y + by +o] . (31)

Fhe constants i these equations are given by
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by=Yy-Y3
by= Y3-Y,
’ by=Y,-Y,
. G = X3-X,
€2 Xy = X3
4 37 Xy-X, . (32)
It is easily shown by substituting back into cq 31 that, for any particular node, the corresponding
S shape function takes on a value of unity at that node and zero 2t the other two nodes and the line
4 connecting them,
+ . . - . P .
3 Now we can use the information in Tables 1 and 2 to assemble the individual clement equations
) into a global system of cquations. The result is a set of piccewise continuous ¢quations 10 approxi- .

mate temperature over the entire region. Our next step is 1o refate this to the physical problem ot
heat conduction in a solid medium.
Several methods are available for finding the clement cquations, as mentioned carlier. ot this
‘ problem we will use the variational principal, which is known. A discussion of the calculus of
variations is beyond the scope of this report. The interested reader is referred 1o Pars (1962),
: Schechter (1967}, Huebner (1975), Segerlind (1976) and Zienkiewics (1977).
The calculus of variations simply states that, if we can find the so-called “tunctional” which
corresponds to the governing differential equation and boundary conditions ot the problem, the

: minimization of that functional requires that its corresponding difterential equation and bound-
ary conditions be satisfied. For isotropic two-dimensional steady-state heat transier, the governing
ditferential equation is

) ary. a or )
VAR A R )

gk

where Q, is the internal heat generation within the region. Constant temperature boundary con-
ditions are simply

» I=Tg on §, (34)
where
T'g = constant temperature of the boundary Sy
S, = segment of boundary at I'g.

Constant heat flux boundary conditions are given by

a7 ol - .
‘ A'-aTQx+k a—yQV-¢~O on S, (35)
: where
o : ¢ and Qy = direction cosines of a vector perpendicular 10 55,
i S, = surface subject to the constant heat flux ¢. *
: Finally, the conditions on a convective boundary arc
o7 al -
k E)—xq"+k 5}—Qy+h(7-f,\)'—'0 on S, (36)

where S5 is the boundary segment subject to convection,
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The entire boundary of the region is made up completely ot segments S, S, and S5, Radiative
boundary conditions are not considered here.

Now we need to use the variational principal to find the element equations. The functiona!
matching eq 33 with boundary conditions {eq 34, 35 and 36} is (Schechter 1967, Huebner 1975,
Segerlind 1976}

5T = f[k ) vk 5;)2 -2Q|T]dxdy+ f (67 + 12M(T-TA)2) S, (37)

>
where 3,4 is the union of surfaces S, and S;.

We can define 7 over the element by recalling eq 30
el = (N} {rfte) .

To minimize the functional /(T), which will in turn satisfy governing differential cquation and
boundary conditions, we can set its derivative with respect to temperature 7' equal to sero. Be-
cause our interpolation functions meet the continuity requirements as discussed carlier, the to1al
integral /{7) is the sum of the integral HTEehy for all the elements. If we have M clements,

M

nry= 3 W), (38)

e =1

Because the temperatures at cach node of an element are independent, the partial derivative of
the integral /{T1¢)) with respect to cach nodal temperature must be sero:

¥ (e _ar(rely arte)
ar, © T, TS 0. (39)

If node 1 is on the boundary of surface S, we have

(rie) —0- f a'r(v) L(ar'(e>) N kggy'_) 3 (an« )
BT, () x a7, \da - al, \ov
A
+ Q rm] aale) f ( AL B(T-T )¢ a7 )d5 {40)
@ Par Al ST TP

Similar equdtions apply to other nodes on boundary S4. For nodes not on boundary Sy, the
integral over S, is dropped. The derivatives in the above equation can be evaluated by considering
eq 30. After substituting these into cq 40, we find the result for node | on boundary Sy is

s [ BRI S B 5 e o
R L l¢N,+h|N|N, j'r-rA}' ds (¢! | 1)
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The element cquation for each element is now found by combining the resulting three nodal
equations,

3l |t =[a/(r(e)) Tl au(rte)
aTte) ar, ' al, ' i,

il transpose

= [K[te) {rhte) + {R}te) *[Ks4]("’ {r}te)

= Exl(e) + [KS4](€E| frier Rl =0, (42)

Both the (K| (¢} and [KS4 J{e} are 3x 3 matrices whilc*R}“') and {1}(") are 3x 1 vectors, Typical
terms within them are ;

N, BN, BN, AN,
Ku:f /e( +— ) dAY)
ale)

B o 9y o

R,=f QldeA("’+/ QN S, )
ale) ‘54“’)

Ks, ~ [ h N NdS e (43)
12 5. ()
4

Now each of these equations for an element can be assembled into the global sy stem of cqua-

tions. The procedure for doing so is straightforward. 1 we have 7 nodes in our problem, our te-
sufting matrix witl have dimensions of #x 7. Using the data in Table 1 we simply add all of the
entries ot each of the clement matrices into the corresponding global position in the mx s sy stem
matrix. The same basic procedure applies o finding the global R vector.

The assembled system of equations needs to be modified to account tor constant temperatute
boundary conditions, Although exact methods are available for this procedure, we will use an
approximate technique which is much simpler to program for computer execution, Before modi-
tication, eq 42 is rewritten into the form for sotution

INRUARR; (4)

where {l\* is now the sum of the global [A] and [A', | matrices and {/ }is simply - {R} oW owe
have a constant temperature boundary condition at a given node we simply multiply the corre-
sponding diagona! term in the |K | matrix by a relatively large number and abso replace the corre-
sponding term in the {/} vector by the product of the boundary temperature and this modified
diagonal term. In this case we have used 10'® as the Targe number. This is an approximate pro-
cedure but it will yield good results as long as the boundary temperature specitied is not very smuall
(Segertind 1976).

Now we are ready 1o solve tor the unknown tempetatures, 1 our problem has 1 nodes our [A]
matrix will be an nx 7 matrix and both {l‘dhd{l fwill be imx 1 vectors, 1 becomes obvious that
for large problems, often having hundreds of nodes, this is the most time consuming step. For
this reason it is imperative that our sofution method be efficient. The fact that our resulting |A)
matrix has some specidl chardcteristics, as mentioned carlier, greatly simplifies and speeds the
solution.

Many techniques are available tor solving lincar sets of equations such as we have here. The
interested reader may refer to one of the many texts on the subject, including Forsythe ¢t al.
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(1977) and Gerald (1978). The method used here is in the form of a computer program subroutine,
The subroutine is called MCHB and is part of the 1BM SSP (Scientific Subroutine Package), which
is available on many computer systems. The matrix which is provided to MCHB must be in com-
pressed form, consisting of only the main diagonal and the upper portion of the band, which is
symmetrical. The terms are stored in rows in successive storage locations. {t returns the tempera-
ture, after solution, in the same space that thc;F}vcclor was supplied in. The Cholesky decompo-
sition technique is used by MCHB 10 solve the matrix equations.

All the steps of solution for a two-dimensional steady-state heat transfer problem using the
finite element method have now been outlined. The only remaining step is to compute additional
quantities based on the resulting temperature distribution. Often, the location of 4 particular iso-
therm may be of interest. A simply method of finding the approximate location of an isotherm is
simply to interpolate linearly along the clement boundary between nodes whose temperatures
bound the isotherm of interest,

In the next section we will discuss the computer program based on the theory developed in
this section.

Finite element computer program

A finite clement computer program, called FEHEAT, has been developed to model two-dimen-
sional steady-state heat conduction. This program is based in part on a program presented by
Hucbner (1975). The following types of boundary conditions have been included:

1. Constant temperature

2. Specified heat flux (including, of course, zero flux insufated boundaries)

3. Convective heat transfer,
FEHEAT also has the capability to account for internal heat generation.

The program consists of a main program dand five subroutines. The main program is responsible
for the tollowing operations:

1. Providing dimensioned and common storage space for the necessary matrices, vectors, and
scalars
Initializing alf of the above to zero, ¢ required
Determining the size of the problem and 1ype of boundary conditions present
Reading in all input data and printing them out tor confirmation.
Determining the bandwidih of the | K| matrix
Calling the appropriate subroutine for solution and isotherm location

S kw9

7. Printing out resulting temperatures” and isotherms’ coordinates
The names and purposes of the five subroutines are:

1. TSM This subroutine forms the [K}(¢) matrix {element *“thermal stiffness” matrix). A
different type of material may be used in each clement, TSM computes the constants in the lincar
interpolation functions as well as the efement arca. The “thermal stiffness’ matrix is modificd
1o account tor convection and the internal heat generation at cach node is computed here for use
in subroutine FRHS,

2. FRHS This subroutine forms thc{F}vcctor {right hand side). It begins with the contribu-
tion of internal heat generation at the affected nodes and adds to that the effect of specified heat
fluxes and convective boundary segments. 1t is then modified for the constant temperature bound-
ary conditions by the procedures outlined in the previous section.

3. FORMK --This subroutine assembles the element [K|{¢) matrices to form the global [K|
matrix. Constant temperature boundary conditions are accounted for by modification of the
corresponding diagonal element as outlined earlier. The resulting matrix is stored, in rows first
then in columns, in consecutive storage locations, with only the diagonal and upper portion of
the band being stored, as required by MCHB, This procedure greatly reduces storage requirements
for banded matrices.
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4. MCHB-This subrouting solves the system of equations, The (K] matrix must be stored in the
form explained earlier. Double precision is used on several crucial guantities. This subroutine is
part of the IBM Scientific Subroutine Package available on many computers,

S. ISOTHM-This subroutine finds the location of any number of specified isotherms at any
temperature. 1t examines cach clement and performs linear interpolation between adjacent nodes
within an element which bounds the temperature of interest. lts results are sets of coordinates for
each temperature specified by the user. These results can be plotted with a simple plotting program.

More will be said on the computer program and the preparation of input data in the next section
where we examine its application and results for a classical problem, A listing of the computer pro-
gram, including all the subroutines and sample input files and output data, is given in Appendix B,

PROGRAM VERIFICATIONS AND COMPARISONS

Each computer program was run modeling two steady-state two-dimensionaf problems: the
case of a rectangular plate subject to a uniform temperature on three sides and a sinusoidal temper-
ature distribution across the fourth side, and the case of a buried pipe. Anaiytical solutions exist
for both of these probiems. In the Rectangulor plate section, the rectangular plate problem is
solved analytically, and the results are compared to the results of cach program. In the Buried
pipe section, the analyticat solution of the buried pipe is presented, along with comparisons of the
computer-generated solutions. {n the Semii-infinite condition section, a one-dimensional problem
1 sulved by the finite difference program 1o illustrate the use of the semi-infinite boundary.

Rectangular plate

Consider a rectangular plate that has three of its sides at a fixed tempetature and has a sinu-
soidal temperature distribution across the fourth side. The tollowing well-known analy tical solu-
tion exists 1o find the steady-state temperature distribution within the plate.

Assume the plate is sufficiently thick so that the end effects may be neglected. The thermal
conductivity is constant throughout the plate. We examine a cross section of the plate, and use a
shitted temperature 0 = 1 - 7. The heat flow obeys Laplace’s equation

320 920
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The boundary condition on the top sutface is 0 = 6 sin an /W0 = 0 tor the three other sa-
faces. This gives us the following boundary conditions:

1) 0(0,,)=0
(2) 0(W,y)=0
(3) 0(x,00=0
(4) 00 H) =0, win T (45)

We begin by assuming a solution ot the form

0lx, y) = X(x)Y(y) .

Then, from Laplace’s equation
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We then proceed as usual with the method of separation of variables, where the separation constant

is A°:
Y v 2
JLaX e LAy oy
Naw2 Vo2
g2 2
kb + A2X = 0, Yy -
dx- dy?

X=Cieoo+Crsinhy, Y= Cjc")‘»‘ + (;4(»’\,\

¢ = (C) cos X+ 0y sin ) (Cye™™ + Cpery)
Apply the boundary conditions, trom eq 45,

CplCye™™t + Cyerr) -0

From eq 455,
{Cy cos AN+ Chsin M) (C3+C4) 7 0
Cy -Gy
Fromeq 455, with results of eq 457 and 455,
CyCy sin AW (e —e™At) = 0
20,0, sin AW sinh Ay = 0

This requires that «in X - O or X = oa/i (17 s an integer). Because of the linearity of Laplace’s

cqudtion, & can be written as a sum of an infinite series

oooonmy nwy
0 Z €, sin W sinh —ﬁ%

n -t

where the constants have been combined.
Now apply the boundary condition from eq 45,

h . .onmx . onnll
0 sin "-; = Z C o sin 22 ginh 250

m " n w W
n=1
This holds only it
0.,
C, = —"-r
inh il
o i
AT
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and if Cy = C5 = ... = C,, = 0, then the final temperature distribution in the plate is given by
. ay
beo W m
=9, ——=5 sin o
sinh —ﬁ w
”F
or,
Loy
h —=—
=T +r W sin (46)
™ nh T W
u!

For the computer comparisons, let /' = 100°C, I'm = 50°C, H=8m, and W= 12m. The results
were calculated for every 1 m increment of space in the rectangle, and the results are shown in
Table 3.

Tabte 3. The rectangular plate solution.

0° ! 2 3 L] 5 & 7 ki Y 10 1 12
0 100,00+ 100.00 100.00 100.00 100,060 100.00 100.00 100.00 100,00 100.00 100,00 100.C0 100.00
1 100,00 100.86 101.66 102,34 102,87 103.20 103.31 103.20 102.87 102,34 101.66 100.86 10000
2 100,00 101.77 i103.43 104.84 10593 106.62 106.85 106.62 105.93 104,84 103,43 [01.77 100.00
3 100,00 102.81 105,43 107,68 109.41 11049 11086 110.49 10941 107.08 10543 1028} 100,00
4 100,00 104.04 107.81 111,05 113.53 115,09 115,62 115,09 113,53 111.05 107,81 104,04 100,00
5 100,00 105.55 110.73 115,17 118.58 120,73 12i.46 120.73 11858 115,17 110,73 105.55 100.00
6 100,00 107.45 114,39 120.35 124,92 127,80 128.78 127.80 124.92 120.35 114,39 10745 100.00
7 100.00 109.85 119.04 126.92 132.97 136.78 138.08 136.78 132,97 120.92 119.04 109.85 100.90
8 100,00 11294 125,00 135,36 143.30 148,30 150.00 148.30 143,30 135.36 12500 112.94 j00.00

*Increments in melers,
+Valuesin "C.

This problem was run on SSCONDUCT, the finite ditference program, using a 17+« 25 grid (425
nodes) with an internodal spacing of 0.25 m. The results compare 1o within 0.01°C of the analyti-
cal solution,

FEHEAT, the tinite clement program, also used 425 nodes. The clements were isoscefes right
triangles with sides 0.25 m long. The total number of elements used was 768. The results trom this
model predicted the temperature to within 0.02°C ot the analytictl solution throughout the region.

Buried pipe

The solution to the steady-state problem of a buried pipe may be tound from vector ticld theory
by superposition of the potentials of two line sources with cqual and opposite strength.

In general, the gradient of a scalar field is a vector. In the case of a fine source, we assume that
the source is of uniform strength all along its length, Then the radial vectors are those which are
of interest. In the case of heat flow, allow the radial vectors 10 be denoted by g. The scalar poten-
tial field is the temperature distribution

g=-kV/ (47)

where £ is the therma) conductivity, and g is given by g = W/an((-_), where W is the source strength
per unit length (W/mj}, r is the distance from the line source to the point under consideration, and
r_is the unit vector in the radial direction pointing from the line source towards the point under
consideration, as shown in Figure 11,
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Figure 11. Simple line source.

Figure 12. Superposition of two line sources (8—heat source below the ground; = - heat
source above the ground).

Upon substitution into ¢q 47:

W - al -
2nr =7 -k FYA
r’ Ml N _ N -
- f'mid"‘f"’i
4 r ]
- — —_— = - = 48
2k In ro T-Tg=0. (48)

Now consider the situation iffustrated in Figure 12. W is the heat source strength below the
ground; we also imagine a4 source of equal and opposite strength an equal distance above the
ground. The ficld lines are the dotted lines, the isotherms are represented by continuous lines.
For the bottom source
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i
1
" w "
i, ¢l = - 5—-/; in —
» m To
3 | and, for the top source,
3 | w 7y
T =
, 2= 2k I
: |
y The resuttant field (temperature distribution) may be obtained by superposing the potentials from
these two fields,
W " g
G v 5 6n — -in —-)
2nk o o
: W "2
3 = ee—— |n ——
. ¢ 2ak n
X . W i
~To= 5= In—=-. 9
: F-To= 5 In o (49)
- Isotherms arc lines of constant ¢. Whenty 1y, the sttaght line between the two tields is given by
W
L =z Inl=0
1 © mk "
4 r-r,=0
'.-‘ I = ,'0 .
g Thus the reference temperature is given at the ground surtace.

Now put the problem on a system of Cartesian coordinates, as ilustrated in § igure 13,

o

£ —p—
=

. i
g ——
(x,, y, )
¢ rl
y=-a
) w
; ‘ Figtne 13, Carlesian coordinates for
. source problem.
A 4
- The source of strength B is located at the point (0, =d). From Figure 13, the distancesry and

ry are given by

[_.v- AY
ry = \,N% + (d~y1)2
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r= U e laa)?

Substitute these results into eq 49

[2
w Vi +{d-y,)?

T- To = m In > .

A +(d+,V|)‘

mk(T-T,) | I+ (d-y)?
——————— =1n

1% x% +(d+y|)2

(50)

This gives a general equation for the temperature at any point, given the ground surface temper-
ature T, the conductivity, and the source strength. 1t will be shown below that the resulting iso-
therms have a circular shape. We will Iet the pipe be represented by one of the isotherms. Given
the temperature of that isotherm, we may calculate the resulting temperature distribution, with the
temperature of the pipe and the temperature of the ground surface also given.

For a given isotherm, the lett-hand side of eq 50 is constant. Let

dnk
€ = exp (TT;— (T- To))

then
‘% + ‘d‘}'i)z

W+ deyy)?

After the fraction is cleared in this equation, we complete the square to arrive at

SR R s (= A

Thus each isotherm is a circle with center ¢ and radius r, as given below:

¢ = (o, d)(c—+l—>

c-~1

5

r=2

~
[}
—_—

For comparison with the computer models, consider the problem of a pipe with a 0.1-m radius at
100°C buried at a depth of 1 m (center of pipe); the ground surface is at 10°C.
The pipe is the 100°C isotherm whose center is at 1 =d (¢, +1/cy-1)
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Substitute for d to obtain

0.1 =2<c°4) (\/c:

co-1)

o+l

2 -398¢, +1=0

¢, = 397.9975
c,-1
d= = = 0.995 .
co+1
Then
397.9975 = exp|4nk/W(100-10)|
5.986 = 360 nk/W
W =360 nk/5.986 .

For any isotherm,
C=exp [4nk(T-T,/W}| = expl4nk(7 - T,) (5.986)/360 nk|
C=exp [0.0665 (T-7,)] .

Thus, given a point (x, ) of interest, its temperature may be calculated from the following cqua-
tion:

2 . \2
0.0665(7-10) = ! + (0995 - )

x} (0,995 +y,)?

T=10+15.03396 in (st)

x3 +(0.995-y,)2
2
M

+(0.995 +y,)2

The region modeled by the computer programs wds a rectangular arca extending from the ground
surface 10 3 m below the surface, and 2 m to cach side of the pipe. Because there is a vertical line
of symmetry «xtending from the ground surface down through the center of the pipe, the com-
puter progra: . modeled only half of the area, and used a zero flux boundary along the right side,
which passes through the center of the pipe.

The finite difference program used a 31x 21 grid (651 nodes), with an internodal distance of
0.1 meters. The pipe was represented by four constant temperature nodes. The left side and
bottom boundaries were assigned the semi-infinite boundary condition, Sec Appendix A for the
input and output for the program; the grid is labeled and printed in the output file, STOOUT.
This problem required 88 CPU-seconds (Central Processing Unit) on CRREL's PRIME 400 com-
puter, a cost of $3.08.

The finite element program uscd 104 nodes (166 clements). The clements were triangles with
sides of varying lengths, as shown in Figure 14, The left side and bottom boundarics were assigned
a constant temperature boundary condition. The finite element problem required 26 CPU-seconds
on the same computer, and cost $0.91.

The three solutions—analytical, finite difference, and finite ciement are graphed in Figure 15
for the 30°, 50° and 70°C isotherms. Also shown are the finite difference and finite clement
100°C nodes, which represent the pipe. Note that the finite clement method is better able to
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Figure 14. Finite element grid for burd

L L . pipe problem.
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Figure 15. Comparison of finite difference (®) and finite ele-
ment () results for buricd pipe problem (the solid line is the
analytical solution).
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model the circular surface of the pipe, while the finite difference method used only a four-node
representation. Both methods represent the temperatures above the pipe very well, but the finite
difference method is slightly more accurate. For regions to the left of the pipe and below the pipe,
there are inaccuracies in both of the computed solutions, mainly due to the effect of the semi-
infinite boundaries. The finite difference solution overpredicts the distance of the various isotherms
from the pipe, but is the more accurate solution in this case. The finite element method underpre-
dicts the isotherm locations. The internodal spacing used could be reduced in both cases should a
more accurate solution be necessary.

The semi-infinite condition

The semi-infinite boundary condition in the finite difference program is modeled by use of a
long rectangular node at the boundary. The temperature at infinity is known. To verify this
approach, consider the one-dimensional problem of a semi-infinite plane. The temperature at the
edge is 115°C, and the temperature at infinity is 0°C. If we allow “infinity " to be a large but
finite distance, then a linear temperature distribution between 0° and 115°C would be expected
at steady state.

A grid 17 nodes long was used to model this situation (Fig. 16). There are 16 nodes of regular
shape in the grid, and one semi-infinite boundary node. Let DS be the internodal distance for the
interior of the grid, and 100-DS be the distance from the last square node to 1the node at infinity,
Listed in Table 4 are the expected temperatures for each node and those calculated by SSCONDUCT.

115°—= . . .
- — - ]‘ Table 4. One-dimensional semi-
__'_Zﬂ [ infinite comparison.

_—is_ f Jemperature  Temperature
4 J evpected calculated
— - o
.5—4 i Node (0(2' {C)
- —
.l f 1 s 115.00
o7 ! 2 14 114.00
= — 1
e8| 115 DS 3 113 113.00
- | 4 112 111.99
| *9 5 1 110.99
.10 6 110 109.99
— -
o ,’ 7 109 108.99
] 1 8 108 107.98
el2
I J 9 107 106.98
.3 | 10 106 105.98
14l 1" 105 104.98
- -- 12 104 103.97
| *15) 13 103 102.97
.6 4 102 101.97
- 15 101 100.97
’ 16 100 99.97
50 DS 17 50 4988
.7 ‘+
50 0S
O‘—-. . ‘l

Figure 16. Semi-infi-
nite verification problem.
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The error at node 17 is small, considering that the distance modeled by the one rectangular node

is almost seven times the size of the rest of the grid. Errors encountered when using the semi-infin-
ite condition in two dimensions, however, may be much larger, as may be seen from the buried
pipe example. In general the semi-infinite condition should be used in two-dimensional problems
only in regions where the temperature gradient is small and precise knowledge of the temperature
distribution is not critical.

INSTRUCTIONS FOR USE OF COMPUTER PROGRAMS

This section is provided for those who wish to use either one of the two heat conduction pro-
grams. SSCONDUCT is the finite difference program, and FEHT.AT is the finite element program,

Instructions for SSCONDUCT

SSCONDUCT was set up to be easily modified to handle new problems. Running a new prob-
lem simply involves editing subroutine SSDATA by following instructions provided by comment
statements in the program to adjust the variables and arrays. The variables are defined at the be-
ginning of SSDATA,

However, before attempting to alter the data subroutine, the user should make a drawing of
the problem. For a problem with more than one thermal conductivity, a number should be assigned
10 cach different material in the problem, starting with 1. Let 4 be the number of different mater-
ials in the problem. Assign the number A to the material which appears the most in the problem.
For each material, obtain the thermal conductivity in W/m K. If a material is located on a con-
vective boundary, obtain the convection coefficient in W/m2 K,

Now the finite difference grid for the problem should be drawn. The boundaries of the grid
should match with those in the problem as closely as possible. Except for semi-infinite bound-
aries, the nodes should be equally spaced. At this point, a decision must be made on a reasonable
nodal spacing. To date, there is no general way of determining the optimum nodal spacing, but
there are the following guidelines:

1. The nodes should represent the materials in the grid as accurately as possible, i.e. no node
should be composed partly of material 1 and partly of material 2.

2. Regions with a steep temperature gradient are best represented by a dense grid.

3. In general, accuracy decreases as internodal spacing increases.

4. The more nodes used, the more computer storage space is required, and the more computer
time will be nceded to solve the problem.

Bear in mind that the use of semi-infinite nodes introduces an error that is proportional to
the arca of the semi-infinite node. Therefore, the semi-infinite condition should be used only in
regions of small temperature gradients when knowledge of the temperature distribution is not
critical.

Let y be the number of rows in the grid, and let x equal the number of columns in the grid.
The grid is represented in SSCONDUCT by RAY (I, J, K), where | is increased from 1 toy, )
from 1 to x, and K from 1 to 3.

It may be desirable to make three drawings of the grid. The first time, label each node with
temperatures where they are known. This will represent RAY (1, ], 1). The second time, label
each node with its location type, as defined at the beginning of subroutine SSDATA. For example,

if the top left-hand corner of the grid is at constant temperature, label it “11" (RAY [1,1,2] = 11),

The grid labeled in this fashion represents RAY (1, ], 2). These labels are used in the main program
to assign the proper equation to each node. The third time the grid is drawn, label each node with
its material number, as determined above. This will represent RAY (1, J, 3).

A copy of the program, including SSDATA, is listed in Appendix A. Editing SSDATA to agree
with the new problem will set up the data file when SSDATA is run.
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When locating isotherms in the final temperature distribution, subroutine ISOTHM assumes a
uniform internodal spacing. Thus if semi-infinite boundaries are used, edit ISOTHM as directed
in the comment statements at the beginning of the subroutine to avoid error in interpolations,

When SSCONDUCT is run, it asks two questions of the user. The first is whether or not sub-
routine SSDATA should be run (it should be run if the formatted data file, STSDAT, is empty or
if the user desires a change in that file). The second guestion is whether or not the user wants sub-
routine ISOTHM to be called to locate isotherms in the final temperature distribution. File STDOUT
is the output file which lists the initial data and boundary conditions along with the final temper-
ature distribution,

At the time of publication of this report, all boundary conditions are operational on all sides
of the grid, except for the semi-infinitc conditions, which are operational on the left edge, bottom,
and right edge of the grid only.

Instructions for FEHEAT

The first step in using program FEHEAT is 10 divide the region to be modeled into triangular
elements. Care must be taken here in order to obtain an accurate and economical solution. Points
which will help are:

1. Use the smallest elements in the areas where you would expect the highest temperature
gradients.

2. Use large elements where small gradients are suspected in order to minimize the number of
elements and minimize computer core requirements and running time (i.e. cost).

3. Avoid the use of triangles with high aspect ratios, that is, triangles with sides varying greatly
in length,

4. When several materials are present, approximate their boundaries as closely as possibie with
the element boundaries. Each element can oniy consist of one material in the model.

The next step is to assign numbers to all of the nodes. Great care must be taken here to ensure
computational efficiency. The form of the matrix of equations which yields the solution is directly
affected by the numbering of the nodes. The smaller the bandwidth of this matrix, the lower the
computational effort required to solve it. To minimize the bandwidth, number the nodes such that,
for the entire region, the maximum difference between any two node numbers of any element is
as small as possible. For instance, it’s better to have a maximum difference of 10 among the node
numbers of several elements than to have one element be 15 greater than the smallest element and
have a less than 10 difference among the remaining elements. The element or efements with the
largest difference between node numbers determines the bandwidth which must be carried for the
entire solution.

Once the nodes have been numbered the elements themselves may be numbered. They may be
numbered in any sequence without affecting computation efficiency. Now we can construct the
input data files. They are

ED = element data file
NPD = riodal point data file
BCT = constant temperature boundary conditions file
IHG = internal heat generation file
SHF = specified heat flux fife
CBS = convective boundary segments file
QUAN = control data file
TIOT = desired isotherm temperatures.

Of these eight input data files only ED, NPD and QUAN are necessary unless the boundary
conditions require the use of BCT, IHG, SHF or CBS and the desire for isotherms requires the use
of TIOT.

The input data for ED, the element data fife, is shown for a sample problem in Table 1. The
node numbers for a particular element must be entered in counterclockwise order around the
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element. The material type must be assigned to cach element and the material thermal conductivity
K defined in the program, Any consistent set of units may be used for the thermal conductivity,
) temperature, and position variables. The numbers in this file must be in the format (15, 416).
> NPD, the nodal point data file, is constructed exactly as shown in Table 2. The X and Y coordi-
4 nates of each node must be determined from the drawing of the region. These are entered in the
4 format (15, 2F10.4),
Constant temperature boundary conditions are input in file BCT. The format of this file is
(boundary condition number, node number, assigned temperature). These may be listed in any
order of node numbers, although the boundary condition numbers must be consecutive. A typical
BCT file might appear as:
i 13 50.0000
. 2 7 100.0000
‘ 3 10 125.0000
E 4 2 150.0000
. 5 39 20.0000
2 6 8  75.0000
. Thus, for instance, boundary condition 3 would be on node 10 and it would have an assigned
; temperature of 125, Again, the units of temperature need only be consistent with their use else-
where. Headings on the printout indicate temperatures are in °F, but this may be ignored if °C
are used tor input throughout. The format for input in file BCT is (15, 16, F10.4).
File IHG contains the boundary conditions for internal heat generation. The format of this
B file is (boundary condition number, element number, assigned heat generation rate). Similar to
f file BCT, these may be listed in any order of element numbers, but the boundary condition num-
. bers must be consecutive. A typical file could appear as:
1 5 20.0000
3 2 0t 10.0600
- 3 6 17.5000
422 33333
5 16 20.0000
6 4 35.0000
For instance, boundary condition 5 would be on element 16 where the rate of internal heat
generation would be 20. Consistent units must be used for heat generation rate. The format for
. the input in file IHG is identical to that for file BCT: it is (15, 16, F 10.4).
: File SHF contains the boundary conditions of specified heat flux. An ideally insulated boundary
4 has 4 heat tlux of zero. If no heat flux is specified for a node on a physical boundary of the sys-
A b tem, it becomes a zero heat flux boundary, provided, of course, that no other boundary condition
) is specificd there. The format of this file is (boundary condition number, node number, specificd
‘ heat flux). Again, the nodes may be listed in any order but the boundary candition numbers
4 must be consecutive. Consistent units must be used. A typical SHE file is:
] 1 6 50000
] 2 17 27.0000
f 3 24 6.6667
3 4 4 325000
f f‘ S 5  50.0000
’ E
. @
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6 87 95000

For example, boundary condition 2 would be on node 17 where the specified heat flux would
be 27. Again, the format for input into file SHF is (15, 16, F10.4).

File CBS contains boundary conditions for segments of the boundary where convection occurs.
A boundary segment subject to convection is defined by the nodes at its end. The format of this
fite is {(boundary condition number, node number at one end, node number at the other end, con-
vective heat transfer coefficient, ambient temperature). The boundary segments may be listed in
any order but the boundary condition number must be consecutive. Consistent units must be used
for the convective heat coefficient and the ambient temperature. A typical CBS file is:

6 7  1.0000 20.0000

27 3 1.2500 25.0000
12 20 23750 55.2750
21 20 1.0000 20.0000

W -

In this case, for example, convective boundary segment 3 would have node 12 at one end and
node 20 at the other. The convective heat transfer coefficient there would be 2.375 and the
ambient temperature 55.275. The format for file CBS is (315, 2F8.4).

The QUAN file contains control data for the problem. The format of the file is (NN, NE, MC,
MJC, MC1, MC2, NIT), where

NN = total number of nodes

NE = total number of elements

MC = total number of fixed temperature boundary conditions
M]C = total number of elements with internal heat generation

MC1 = total number of nodes with specified heat flux

MC?2 = total number of boundary segments subject to convection

NIT = number of isotherms desired.

A typical QUAN file is:

104 166 26 0 0 O 6.

Thus, this problem would have 104 nodes, 166 elements and 26 constant temperature boundary
conditions, and 6 isotherms would be desired. The format of this file is (716).

The final file used is TIOT. This file contains the temperature of the isotherms which the user
wishes to tocate. The format is (IT,, 1T, T3, IT,..., [Ty q), where [T, is the temperature of the /th
isotherm desired, 1 < 7 < NIT. A typical TIOT filc is:

10.00
30.00
50.00
70.00
90.00

100.00

The format for file TIOT is (F8.2}

With the necessary files ready, program FEHEAT can be executed. The output is self explan-
atory, giving the resultant temperatures at each node. If isotherms are requested, a set of coordi-
nate pairs which will form the isothermal line will afso be output {nput data are printed out
along with results as a means of checking to see that all data are properly read in.
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If problems occur in the use of this program two likely areas should be checked first. These are:

1. All dimension and comman statements must be made large enough for the problem. Cur-
rently, the dimensions are set for a maximum of 175 nodes, 300 elements and a bandwidth of 30.

2. Most often, mistakes are made in the input data, particularly in files ED and NPD. A very
easy way to check these files is to write a short plotting program which would read first the coor-
dinates of all the nodes from the NPD file and store them. Then the program would read in the
nodes for each of the elements from the ED file and, using the coordinates of these nodes as ob-
tained from NPD, plot each element individually on a composite plot. After all the elements are
plotted it should be exactly as the original discretization of the region was. If any stray lines are _
found, element sides missing, or incorrect boundaries drawn, the problem in the input data should ‘
be easily located. \

CONCLUSIONS

Two computer programs have been developed to solve the steady-state heat conduction cquation
under a variety of boundary conditions. The accuracy is the same for each when modeling problems
with rectangular boundarics and no semi-infinite boundary conditions are modeled.

SSCONDUCT, the finite difference program, is by far the ea .est 10 sel up and run for a new
problem.

FEHEAT, the finite element program, has the advantage of being able to use elements of varying
size throughout the problem. This provides for a better definition of curved boundarics, and makes
the problem cheaper to run (less computer time} if large elements are used where the temperature

gradient is smail.
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FINITE DIFFERENCE PROGRAM —DOCUMENTATION AND

SAMPLE INPUT AND OUTPUT

APPENDIX A

Program SSCONDUCT
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Table A2. Sample output from SSCONDUCT —

isotherm locations.
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Table A3. Sample input to SSCONDUCT — file generated by SSDATA (subroutine of SSCONDUCT).
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APPENDIX B: FINITEELEMENT PROGRAM — DOCUMENTATION AND SAMPLE INPUT AND OUTPUT

Program FEHEATY

-~

(=]

[N ]
nen
>
tat
wdlad
mo W .
o (L] [ ]
x> « 5.3
ax o <

xr © a
- 4 - (=]
W v -
[T g (%]
nE 2
W O x
<E X (%3
W X [~}
- O -

w L o
'S
<x 2 E 4
Wi o o
- o | x

2 a x
[P YT W] [~} .
-2 o [S) o
<€ O ~ o
| i o X (-] Lo di )
N N 2 © -~ N

| d L4 g 4
> Wl wd -~ - * O
Q> @& o 2] N -
-« J L T Q
w2 - o ~ x X un
-0 O - - e v o
Nw = 2 Wi~ -~ W

[ond Ll 2 (SN

] P} < 1o o T w
< o g « Wtet > ¥
2Q = [ oww [SR" 4
O © Ll o a . N x
T — oI v} < [%2] X <«
- T o ol < (W) - Qa
2id O Lt ~n2o © - ©
WX L Ow s o 2 = r o
x X~ X ~AOTLirn L4 'S > 2
- RO oM sNO W —~mm bl &
Qz O W Owado ~N Lo g N

W m Z noNnOn [} O OQC it ¢
NE WY = wORSwn Z2 ~ PE XY X E XXX N SN

W WO 2 s Zes oL » M NDesvsvreosssseT O
Nad talal = I SwRp~ L~ O b3 2 3 & 3 & b Lo ]
el X2 qAnom>Z ormt OHOMARXN X XWX XIXMOH X
> b EOMO @ SawmPM=Om 3 X X K20 P =
) A WOOOANI N Grit) P QAX I O U NI=OO «
O FOAXMOMNUNDRNZ swnNn OOT IL DDy X
[ L OU NN TEZNUOWYANZILITNL IOF N

Z W LUb e tw P ENMICLKS s s o 4
Lrd TwrTEIUwnhOm ewOEO oees oo *Z2
QUL T Y ZXUOTECWE Z ettty o
@ T P NN EDNNZrN\Zvwwwwwwww &
Vw Z20ZNNHENSNENN P R 0 O S P |y Y
O o Or NNMEMMNNEMNOLIE ZXXXZXXED N

Qe et 22 22 et ot et =t =t O\ O N OO P 0t o T o e oo o o e o e e L 0t
o NOONSLEEXLXSFIEIN~ZZZXZ22Z22 D

@ PRMZNNNUNNNNUNNNNNN OO0OONOO0OOO AT
NZ WOMWZZZZZZ2ZZZ2ZTF2000LVLLVLOV -
—_— T2ZT000000Q00D000W

1001) JoeNODECJ91)eNODELJ+2) oNODE (U932 oIMATLY)

FIXED TEMPERATURE BOUNDARY CONDITIONS.

=]
O
Ll
L ] -
o -
- >
-t >
o = .
- -
[ [ o
Z = <
— e o
(=T
a [
- £
- O |N] ['q]
<t O £
[ =T =] W o
[~ -4 -
2 W Ww o
-t o = o
-~ . Wi > w2 (WL}
g ol I el I ow p o
wnZ a 2z WeZ e Litide b
amzZ Q0 W e D Zewmldd 20N o
2« * OO e 6D Dwe O OZ2 e0DIZIZ *QDWI S

T a0 SNOONZ OO ¢ IO SrmetmEratrtdm Z D=
-Z N e ONOA Hmm= Il 6DAlOk H ot (| &=F W
NS At CIO o H it ~AO R DIANZODINNZ2Om D=0

ettt el H A it w Z 0D DVNAwDIAOL w20< w2Zra

TV =—uWW~EIrIFTIIrSIEYa dJdJdadddasQ22010 1] SF:\?_\I)‘IF((EOZI\()JT(JCESDOCE.DONE"

D OIEOEEXSYXLEITNEEENOIIAddAdAIAO
- QOQAOOCO00Q00Q dddSddad il
00 LVLLVLLLLLLVVLY WLLLLLULUUX

1065

LOOU [*] (8]

PLANTE rtbew T N0 ~NDwgDw o 9 o qCUO ™
VOLVNXOwwDr-NTITO OLLUwCEI ~ Ol oW ©
ZZZZrrOX>ZIZ0OXL OFTIr-=IZC Qax o« L

o
o
©
-t

1001

~ oo Mol G-

1

© it dinad bt

i fampo s ke TR P AT S




L]
o
o
o
L
-
(5] o
[ ] [ ] -
- a [*S]
-4 (72} [- 4
ad
x [ %] [ 4
(W} (] (W] [ ] .
- (79 ”~ -~
[W] » (7] ~ -
2 2 o [3%)
x o | - E A -
(%) w o« bt hd
« - [ -~ (8]
[ - DY) L = (9]
L3 - 2 hd Z
o d <> et [d -
[~ b o = x < T
[’ IT=x [ 4 4 -
(9] o ~ — ”~
%] - 4 it -~ . -~
e e >0 o -~ O
o X —~T x » -
- » [ad™] - [d -
< Ly (=] =2 (& i
-~ b3 e Wi [N L -d w
-~ w e 2 Lo b Lo
} 2 [~} 2> bt [} -~ - 2
- o o -~ Ow ~ [« ~ o L
- - 2 - e (&) P - [&) 2
I [ - 0 - L4 -~ 3 2 -
> < - o F O L ~ -~ - > -
- e -~ 0 - - - o~ b [T - tad
— ) - w - » -~ ¥ I -
o) = ¥ T Cu = - - . v x
- [ - L o @ A d A 2 2 x <
-~ 4] D W £ lia Ad W A ¥ - - -
z s D - e (] [ - z w (8] ]
- (=S 2 o w 7T L [y N ~ x - G}
[ < - T De Z =z P4 - [»4 Z >
Pel [ -t ™ o~ (%] - > - [y - - X
=2 b of 3 - [75] — ~ - [l - ~ — ]
o e X -~ Nagtr L — — i -~ - (5] r'd
x -d?t A DO et b= 2 - . » - ° 2z —
< - J ¥ 2O . > - - > ~ .
- O T wC - PO - - - s -~ U -~ -
o~ X - - ¥ = N ~ o Cd el = ~d <
o Wi e B T Gy = % - T [l F b b3 [ve
(&) _0 F "AO WO - td -~ fo] r Pod =z L d
- PO O e A (D) . »” . -~ o -~ . ~ - » -t g bl
1] — ®e T e o} "L > - Ld ~ - Ty Ted TR M) e 3L ey -
- - LYB T S Na¥ g g A ) L Y. @ NN -t Y [ank SV A VP4 P
-g? WOIE WIITE I I dal=1%) A P G T Gm LIS PN ® il jom L TR PN —
[S] W} I oXE T ee ) T Dot Tt Y a"d LI SR, T eV PR N ¥ L o3 [~
2 e b B Pom e Bedm TN 2 0D e U Tt A LGN S VYN LTI LT N sl NS e 1T N ety D
*) ) W) Wl ) U 2w e tITy D Drded Pt et St I N0 A et T Bt Sk D) Sedrdrd )T Pt (LD DS

EODUZ sHOTDZ 0mOIDDr SHAFT .7 7 ¢ 0:4 0" 04 07 owrid o7 PP wed 07w || 0220w || ¢E 773
et el D2 it Qe T O NS @nrmaomt Ny N Dm0 Cmt™ 1 dmmt i Tl 1] N et 0t 1 et I e 7T 0 (N S ete [
E o DY et US 0rl (T T ettt v e et Y ot e D b T o b P ot el P B e T o e o e K g D e
Pt D I O R F a P UF P D & T wAmemr e P P e T Tt e PP (N w70
e Ty WP Aw wZ L AT TOL L HALCIINUTLEM NS LrID00 LU I LTSS
Il B e il -

LOOL ™Dl (1P e et i S bl e T T R P )] R A=Y R

U JCr . =L DI Lol e LT et N4 wq e W — - -— hd - b —_. -~
Qw O [N ] Ol fe- TP [ I S - T S Ve 1Y w 27 w Or w e
(&% Dex i 4 D X &3 4R ~~ D# — B LB I 3 — TR
< =
o~
o
~ -t -~ — Wy - < T r~ S T £Lour
Dt )0 Pt )ed [ P18 1a o] — el S o T ) rm o~ nr O

1w v e 30,7003 7
NS K TIF

N S a4l 21
LT LI 0= Vi

o Lackan i L K tPLd 1 R

ERLI Y PO Y Y o\ g

-
&~
- o
* it @
. Ll =]
(o X _WTO
- Sy
= \ON
T o o

ENS(T)

60 T0 228
M5 NODL o X e YeNEGNID)

eTMaNSZF el oMUV IOP 0o SE=69]1ER9IO)
1
.

[ N N B

o~ e Zom D Dt

b TP D e o e et et )

L LN SR Jwe e w

Y w wodotet P @ T 7 pe e e

2Tl e et I gL

T LTINS WWOrL I FET

D Elyes A oD XYY ¥

WA FeOwOE~OOO000

el W e e W
d

LU T TRTIE S N T I s I O T B
KDt NI S 1y DOOA1a (DX ud

Fladd

- T R e U0 R

il

a T omt O\ 9 O -
o NOG 2 ™
(o} N et ol o=t gt

70




.
L k3 .
> e X " (%]
[ ] * N [ J > >
x [} * XK o N c
L] ] *» ¥ X L J —
L4 [} ¢« & N ® ~
ko 1 © * o
D e} T e e T Fd
* x| [ ] (=] ¢ a9
LA e 2 O - “ -~
e So X o 2 o )
O & e W e » X 4 -
Z WX & x & ™ o o
® Ot & M X e . — x
s Oe [ ] *e N o 7] - * 3
X Zw O s I %] L4 ~ 1
I o & Z o ° @ - -4 -~
> o0 & O o < ra) -
* W xW e 2 O X 4 a. -
» *® NO. X Z «on — x (8]
L2 I ] *>» &« o o oo o '] Ps
® 4 ®p= * * om® o - fi
W @ e N N X Wue o -4 -~
- T O & & N Dwm o — » .
e O OX & ~ * OQu [5) - L
* J 2 O * N ZTv - x v o
il Vmeo ¢ X o o oy U - < >
> o s i =~ » S ™~ T o -
) eixM = O W Xea - @ 2 «
W XiINe & e T N eD - c [ -~ x
O g1 e eme o L3 ™ e - Y N wd
~D efe X xXeX & onNg — IO - o
OZme LT NI O X L ex (¢ ] (W] w X
- DJI0 e el s 0 Qs w > x i -
slLral | O o le e OaAanLe ] P * - N
eOMI2ZN Wil » Zunx ! ~ Q -
VN eDjee CIC W &l [=] Pid U -~
- - ee SIO O eme) o Lo ¢ (=) M o
WHO I XX 212 O X2 ) ~ ~ -
TM ® fettNone l® 2 wmed (= Y » 17,3 <O [ Y S . -
—_rNel ove o » o LI ] & M - i XMEINN NN (7]
O3 Xlee IXIX & oot ~ " amne L - [ Xl —e2P2 Z2Z 4
mZZM (et FNIN X e es) AnaAamATANNN w Qs o L. qm TaOOO OO o
B Weli2e ) o) e Ny Zxe | ANOMNCHRedriote w N [’S] Q (] N =m,QOOV VUL o
OJAdTe buele | o * LiNWIiNersssvese - wUf~m~ g o 2 —— A Je e s Na *
ZKWIWIIFX) o) & » EeQl svovoosovvees * raZetN) X 2 L 20V Twmeamam oo -
G DI We 1O IO O Qe O MXMXX XXX X ~ Bewe D [ (W) QNN N N
QMO ot ¢ ¢ @ LN ) T KX T Voo o e em P [ n Fow &I &L «e
- 20 ® NI D Ve e XXX X2Ar O DN 2 - -t VD eess e -
wele jeo ste il L ® o0l OXIIDIYU NAI-O OIS gham " el o P Srtpdem N L] =l O\ ) ot O\ )
T e ol eoQl ¢l ¢ @ XX I VANV IT T IDIDr IO ) 2 - x [ d WEALUSVOUARLDLANDO TN IN NN ]
3 XEXZ I X)X X KON =D LG IO X Pl s %) ANl S OTIC ViGN et (NN O
® XNt [MIN N el voossseeea o v o oot (D )T - L3 dlIon SN CINT ONNT & BN YYXVvYYX
ool e o) o) . [ o oI X or o e FMNLAE IV OFT wik= ad Lommmmmem T Cmad 2 e @ (DedNO O
MU O IO N NN IDIFFIITEITITIT N T Y22 J< Mt NOAN e w (NP 8 S S w i §wwaNly mmammmn
NENNNN N O N NS\ v wwwww v ww eIt e NN NN E -y Lwwwwww & wmarrdamtlONNWWete =Nt
W w ow Sl wKwawaw o Vw4 S S b S A N el A el b e ) TOLULLUWDILU YXYIODNELOEFNMa ZITIFF22
P Z e | Pt ® f=® X XXX ETX LY Wl M ONCIMMNIUL & 8 S NNV ) eI M M2 P wwwhwarhparalln ¢ 6 608 60
AL AL 0|  CL AL AT P LS oL e s o b b e P o P ZZ AT E LYY TP2T27 11§ ITXENRDNBHNHNAF yICIOOD
EEIUT 06X I TNXNFTNE 06X 0L 2IZ2ZZ 2722w MO F S FIY www lwwwwww Ladom o o o 3 P e B g S S o g, O S Y () e ad W bl el Wd )
PEXIX® X 0| ¥ O Y-S XX LCOCOOOOOMN X et N NSNS Wt 2 K 3 K= Z NNt NE Nt et (Nt N et (NN (N ¢ ¢ 6 & 0 @
OQOOFO>»0Udil 00 OrmOmO sONOLULOULLLLOW MZPZZ2Z7VNOADP NI NI NI Omwwwowww JDwE || ©0 0606 6 ¢ 6 tri)UedmiemiNNN
WLOue Wil u sl ZuZuOourie 2000000 AODOLAArm~mAanD ILOLVUVWUOUFEFCUX =t driNNNNIMNOY P Y XYY XX
| . LK - QR S U YR A D DU U U Y | FWEFTEILIY 2220 temtliON 0 mli> > > XX XKW > OVvwwwowwwew? HIXXYeXX
". [ »x X! Lo I T YR S DU DU U U5 S (U O 1 e SEERTFETTFYYH NN wwwwwwed ({0 HUENND D s Zelldlainlididabls N oo ww
! N ee & o & EE S £ ¢ 3 -8 - ¢ &4 D=OOOMNOD YN LULDLOUNE NN Lie OZYTYIFITIW Yuuulbuwih
QLLOLOLOOLOLUOLLIW NAVQOIVOY =227 X>X>rXNrdgd CACJIVO O QO fom e o e fon o o Bt T it 9 g g St 20
X O» XHK X o X X >

560

Qo 1) ty (8] (8] (8]

—— e ame




NCI(KDIDI=XINC2(KDI)) %22+ (Y(NCI(K) )~

LXK X B J
_ e SN e
I
Xwx¥
Ow eseee
hofre  edod NV

2P 4°3 "4 4

315
x{N

OV AW www
BN W W
weESTX
- 1)
NNy
WL Mmoo

ENCE MATRIX FOR INTERNAL HEAT GENERATION.

>
-
o

Z>2Z
3o
*>e
o~ -~
Det NV
-2z
N -
NZ L
) QO et 9=t 04
SNIAO
-l

O ArtCNIN I T oyl 1) 1) 1
LW W XX P dat XE L 0t 0 om0 40 €7 e T 0ot
W 000 02 w (| BetONN) rmtit 1 =

HINSMMNNOEmOA>II>Z xXxO2Z
I EIE B swvwwORULOX
YWNFPwwww OWNTLIW &

wZwldidiaited U dZ Y rormar=

wWoOrXIxxx
ld e
»

[~
"
"

(%4

—-OZOIOO
DBOOU D

*x2Atsf RROR e A sant)

D R A R N L P . e T R Y T P P P Y T PR L L L L e L g

)
WRHSEIL0)

3
)
}

OIwv

[ # J¢E of
~nZor
D & o
oo s SR VLY
") N0
X {~)
N
I D
e oI

LI -4
L AT et
) & Gmwr
DA
- IO D~
DO E A Z
V1P fod Owr & wr i
TNt QQwrilf et &m

neiaod

o

-
-
©

-~
o~

—

-

[T

T

e
x >
D w
- L.
w I
T

- |
< -~
ad o~
Z e
-

> uw
X e T
< o
DT 2
20w
~DF W
*C oT
© Tied X

EwwXQOITIEXZr~ = 1l

W TN ANTONNZ o L Ll rim U DC i 82 = m il
DNt gD e L ADAu

bl N L ) ) emtima 22 0 P O 0t 22 0N

D22t AN Trtod D gt (= NI Y ) bt = "0f et o Pt >y

NC2C¢1)))aed)

~
<

-~ ) [ [N
~t ot
Ll R T )
F o T

Cust s e {joma’ )
OXw Ok &=
D ) I
- ® GO0 b~
P el N N PN
€ ot 1 Ot m oo
- 2 CD o et o e et O\
A LI AN it o L) )

ON AT THE 30UNDARY,
*
)
I

o) P w et TP
ODNws JT Lw i)
FZOANDE TP
O3 G mswi)w
*) e Am AT
DO M TN XI X
Y H Xt eIy Na )

YR e DT
CoOPm B @ o bty et 2 P e o

ERATURE .

T{v:

N

LOUNDARY CONDITIONS

W MCo]

YT

e
-
el
Ll )

A OOFF ETE T U b= TH=D U b= & T30 TN Wt O b e 4 i

Lodan et B e e i)

WPy T wD

(D A P s
A wud =N LS
<4 Tu~I LT
L Ere DX LA X

™o OO O

WD 1XLIUS TLSETFTcw T 7 -
A CETXITXETIT S we A
W2 DO CONDICT W T
XK NOAVOLOLVOLUCK = x
no
-ONO ool
W39 it o

et Y

O~ oo

a3
340

DiItQa Ted IS 2 2107
I DNNZI2ZP220A0mMWOCCULOON~AVNOZUZO0LIOwAD?
1OZZ00Q0000LmOLNNZLAHOMN PR 2w P wlw ICEmOY

L iesYoal 2 g4

-

P

aonT
i LoV 4

o
(=]
-~

- L e e e S - D - L P R e P A R D S e P R Y R e L R A S e D D A W S W WD W R ) P e ST AR e SRR Y SRS s Rl W e e

RDUTINE FORMK

SJu

=g

—

b4
T
[ 30 &
-3
<4
k3
4
vl
©Yad
wd
T
- 7
w
ot bt
-
S -~
O
et
oLt
PP ekl dad= Lot ]
DA e e
WD ewnNO~
Z VDT au N

eNSZF g VI AND

)
vTMC1413)

L2, R T T
O 0w O O
X WLNE T
MWW 2NN

L 4 S Nk gV, 1N
Ym0 O
O DN W) et 2 2
SXFSFTETOM
L G S ]
22222 ZNX
OONODOO2>
FLFFTEX 1l
2 ELFTEEITD
OQOOOO~T
LLLLLOLOW

oo

MATRI L

ZERU STIFFNEES

=
—
['4
[
L
&
w
Pz
[=)
z
7%
1*
—
-
(23 4
(%23
N
<z
>
v ¥
- E
& e ke
[W] [l 1%
k2 =R
98] D
- 1. 4
) >
@ i
& e Ty V4
L4 -0
w Lui =
e [+ £700 P
w2
T
N Lt
2N <
L T L
—tod T -
Hu e I~
g B 8 2
- o
OO O
CVED = [
L Lo T 4
~d
oo o<
an co
(]
(o]
nOLL [S1815

72




gés

N
]

JJ)=1)«NDF
¢305

THEN COLUMNS

K)=1)=*NDF
=NROW3

CN
oK
F
K
1

SKIP STORING IF BELOW BAND

[S1SIR ]

TMCNCOLyNROWB) + TME(I.L)
INSERT S0JNDARY CONODITIONS

[*¥]
>
L]
[
]
(&)
(]
%]
&
(]
(%]
(%]
o2
-0
—
2 b=
—
xS
-0
- _J
z
wd
no
<
Wi
20
-~
wwv
-
o
N
'e}
-t )
") (%]
. Z
- - <
- N o I
- O o
- * e
(8] o= e
E o emrmidN e
* w DN TRL
~ EAZZO0ALS
M mwre SN
ZallErmee w2
Ty
Qe st H O D=L ==
Qe oml) <SEFA2
NMedr~ ~AEXTO
Zww xXDAW
QIE OCLO
Qsp=tx Ou
0
[ 03 - Lol
© Ned
© e e
n -OOOO

~
[y
-~
D & -
20 e )
u O3 —
N O L
V) P ex >
v e U0
ChP O @
- i~ >0

~NO - OoaZ

~NOTINTUX @
Lald-4 g =]
oo Q-G

o Cu Wi &
EOX O 47}

- 2]
norgn
OO~
~p—p~

- S S W D G D S Y T e M S N P AR S P G R L D R S T SR AP T AP D R e S WS R R S S AR D e

USED TO SOLVE MATRIX

S SYMMETRIC2ANDEDsAND POSITIVE

*

VVLL VL

.

-
L4 L3
(=2 W]a]
O Tw
o ¥
x -
wa »nd
- O
*1 N
N e
ar
W xag
O bout fumt o
a oxa
Swr=—-0
—t e
ez 2 od
v o
D1 wa
Eraz2
SL) Lo
ZE D
e OXF
F s O
oz
Lo 2
o WO
xD T2
-O®
Ter .
IND2w
UOoOom
B -ty

-

Lt <o
ZT Du
—tpmt (Blod
=R 1]
2
o
ax
2
2
%)

>

—

o

L d
~Z
0D
[Tal”%1 2]
nN ey
Wil e
-Oet
ar o

L
~Z N Q -
OO~ @ - & -
ity N ~1 Vid  »
"Ny e d L 4 D o = 0 @
w3 M) > [=] rxn Ol &
xa ¥ Ld L 4 x 232 [= X =] o .- i d
WO “o0 e *mE NZVUO O -~ @
ZXrim d D @ Qeddd Cum D w=E =rt =
OQAwAQllAaE (NVODHIDM O ® 4 NHON
DIV ANTEYZN S OHDr~OX

NUNT XL Ll 02 DO D) I X H -
Zidw | HOOZIMmIEAZvAd |l ~dQLENOX
d Lt QE X NN § DWW JTODTFm NG

EDwriEwF X oD poZwretrt vl J Fw
—0y L Wi a0t i (=1 =01
GO - [ T B To LY by T 11 [ o2 =17 151
o
-ty L 4 [TaX¥ {0 o] e

73

——




P R U

4 > TSP AR,
(=] - - -«
o x -t x ~
o > * >
i [7¢] N (7
(-] ] -~ ]
- - -
th o -~ -~ - -~
x - — [8] A=
) b o ] > o~ - 2. -
-l oM %] L - F 4 1 ek 4
-4 [Z 1] I V=™ T,Y] - = - 4.4
e | [ d AD e Gt - 3 (W] * LWL
- -~ ~ON o~ X Y] Y = ~ - T Tl TE > €0 ~JdT
L3 oY et — oM D > o e 1IN D N o e E X P M O Jdaoe
b - Ll widerd 0N ~ S N m o [3V7- % > ‘e e X A £ e 2 _UONe
- -~ o Lt O _j» w» > g ™) e AW *eN e O < -~ -ty G My e N0 - [ o O b wwedr O
x - Wirded w SO = = & NX & Om Lo M = Nt ™ T D ™D g OO 0O & = <& ox )
b -4 OASLWILWINE =~ o QA T edlue ™ e E IO e - dmtu>e ¢ elruLeX —-E 0 = » v ¢>Ng o
L g - ODODUriAl m / DMED e wn e e e © - DD = F e DD Neadm o0 » O LeadE @«
Lodotad=l=h:d HIIZBAZTEC IO NENAZSENN Oeit= 0 X O P r IO IZ2ANMNXEN MNGOZN e )t~ YOUH :1UP -
NADNrsd o~ -HLIOTUUEKDVDI:D):]ZtB)l DHUNNAHEAY AHA $TXdeeilm =t Srd Jeand NENAMt UOA e NIl ol
O 4 IEE D=L = 1NNV ~O NI X =aZ2CD N FUNANaOIX= D QAT ) Al St =2 QAZrtmiletOX il d I @H
Nd 1 AdD w IQOOZErtwwwxy>»Q ¢ =il | SZ0 I=Fr-O (| wD>> et ) 3 ) ADOOZIdr MEIIZ2Zr0 Zuww>>¢ ki IE-EQXETC
A S DTN 0 IOD I UL U L | ="M OwAMNEOO T HLUN N F Lt OO E _Jt AN JIN D IO VENAANOWNN Wttt OO SN fDw | LAl
DU AN N DD S d O D bttt et (. o | $m o ot S I eA It St it TN S AN U IH NI dHH I AT Jr1 e Ve NSt It HAQANT WIS SRKLKKI
O HadENCww - [ ~ - Zw I e Fw U0 VIS w - e Ml e AGF e = Ew - -
dO DD I w - O 'S W Wu T 4O~ ODW JdJd0JddD. W HNae J @ T =u 10w Ou S F
0 ) SO D st — <0 o ot [ e I T W e R = 17, L B O F S YY, T - Dt D e Y O DV O L -
-4 NMe INV~TOM O NN & [Ty ] -0 ~ [« ghea¥ ~ B K1) " & un <90 ~ x e eatN ™M
- gt e vl e et et [V 1Y I A VI VIR oV [4V] o~ o~ IOy D Lo 2T o "y [ 2] L2l e eo@ @

- . . e~ 8wy - ~




0024YS(100)

2=

[T O]

1903) TIs0t1)

ENY
Bel2)

L]
F
-Tt)ob'.col’

049

]

e T R X YL 2 R

lmxainsia

HelOae on=— ~ed DNy oy

LR AR AN IWINT LT ol g g S g4
O DOUDT P, wwwrteg (e V)
Ut OOOww s IO ™ DI et 3 1 1 Ot p U O et el O HU Dt Nt IO T ==, HONHNOX
D) D22 e XY M3 1 1 ()T @ mon® mmpe I i) et D ompe T ] ot ™) et o A g L P o P S o (] o T v N e
MM HA NNt ew w3 DIVTD euw
Dttt O N Ot C Mt Nt NNV, N DNl v w ilow D O
NOODIE =mOZZZrr o P 2P 3P b e et o4 I P DD (D e

Wi QWO WY

200

-~
[*lele]
v
-~ b o
*  eeelal
C.oa X xor
L Koo BN gt BN )
> @ - g~
73X et
—~ N e
o~ =t}
PVI 2 )
Lol B¢
-~ 1 -
et T

[ Dl B IS

b B OO P
ot b =48 X

e
L lal

-

-

g - (3
R T L ]

o
o
<
-
(&}
9
-
—
~

Tt b (=
—— et
HS w30 X ()

=20 eIV
Lorw Yllvwe|llwewD Ou
K> I TIRID v

-~
Ciom o
(ol =Te]
[ pedanl ol
e
Nl -
ITxo
—e
-~
- -t o
- >
-t
-y
[
N o
T ww

QX1 | =
=t NN
XKy I ONet § w11 >

-

Cwwd
[ 4.3 4%}

o=
oy

15



01» GO0 70 30

Ot~ | OF
o o b o ot e
N 1w INXKI v

-~
W) on -
LOoO
]
L d ot
na<a
T oo
[l I
-~
ooy
a2 ad
-1
—0 N
X >
")
Tww

LOXvire ) L Ok
Ll et adatiiilig Al

-2

qdwwd OL
XD =t

v
[ o]

”~

’Yn—~
LOOo
[l
§ -
gt
T
% x
- o~ o~
)y
o~
-1
L3

[ d Y IW)
M e D
TwwZ>»
(55 LT W A R T
= OO\ =
W M NN wDIUX> M eI NXZTZ
el O UL Ded 1 et 1) QT b=l HON NOoOTrr=Lhilon oo
..7110!))1‘0))0))11!...’I.Jvl),f..l:'I-.IJI.))CC
= wTTTIVDD
Cww Lilwwlewd LW
X IRV e

27

ol -~
x>

«<Oo
FARent

oo
-

oo
0Y

lalal
lndand
oo
LI ]
.0
|l
VLW
* 0
-~
-~
vty
=
-
> 3=

~ 1
o~
x NN
[ 200
o~
" nn
O 2
e rti—
NN Z e

i A e

PR

|
W
i
i
M
_w
w
|
!

“Xe*COORDINATES FOR THE®9FB842¢* F ISOTHERM®y /44 Xe
76

DA . AR PP Ry §

1
XKS5(N)I o YS(N)
Xe2F10.4)

W217) 77
ATC// o

KMyt | X =22

HHZHw D OO0~
o N Ot A O Mg | O LW
U T AAY SN
- 14
WA DU U WD Xa
XM DIELIrdeaX Y XK X B

29
47




v O 0o o ] ot e 4 g vl ) oot pd 0 ¢t od g 4l gt P el el v 4= g 04 ol ol et 9=l P | u] N g g 4 oy

c
L
-

2
L

-
-
2
°

@

-

-]
-

~
-
@
a
]
[
-
]

=
2
-]

[

L. ]

"

[
]
>

-

[ -4

Q

(%)

"
=
= N

[]
B

>

e
-
a

|
(=
<
bl
-
i
[*%Y

£

[=]

-
L 4
=

(-8
-

a2

(<]

2
a
g
[ ]
(7]
-
[- -]
2
F-1
~N
-~

Orer PO OO NI O MDININIO DI DI DI DT O DIN (W]
ONMMNOQUOOMPIFOIOOOMOOONIIIOMNDONAOANOD IO &
OCRNONDOOQODIMNOOOOWMNOIIOVOIIOODOOOVOODMNIONY O
OMPFOOVVIFTFINOVOITIITOLNNNIODDGI IIITO DN UID e
S 9 6 0% & ¢ 00 5 ¢ 0 5 9SS 20 s PSP GO NS 009V &0
DOOD et rd e DI D Qv et et el b et e =4 O (DD D e OV N VU N 1 C3 I DL et

L2 I B I | LI I R I I | LI I T I T I B 79}

HNAUNE, I T D HDC DL T OdeANNMINT & DO O D0 DO ey
P hmla e ke Lo R T R e e L L L e B Ko’ R R4VESY)

il i oo 5 i Vit SN

N SO DO T LM ONMNINEVINS SO DO 1O N

-~ e et N O e O OV o TN o O od Nt N O SO Oy
DR QNHOOODOWOMNOOOOMIIOVOIOONOMDMDDCIINDTDOD
QMNP=NMF OO ANMIFOOOOoMOQOOMODIOCALODCISD
ONOTAMOCIOMOMNEI DM DO DI IO IODIICTHINIMDIW w!
QOMVIOE ™ OOOVONOIVINITITIITIIOS DFIOOAVOD. I ]
8 06068 000000000000 ED BSOS SOETIEIONEOTOE [T
Ll Y= ) YT a R P P R e T i Y R e e e e R R e P Yk o S PR VLY SVESS T (VY SRR Pd

ODARNNMIMN T EONN SOOIV A AN T NN LD BTRECCSHD
b et ok et et ¢ gt o e el e st e e o e C N YT N O TIAN A T2 N NN

ENNE ADPSDEOSOAM S N BT RN ST N O DO T O

ANt N PN DML DDt O FH L DM Dt N DT I I T
Aot ot et et et ) ot = O O OO N SO VDN NN W) 1) 06 IO 0 95 W) 985

o

>

Wt

-

NIVt ol ol ol el d ol ol e oT - o35 ofo of2 o¥0 o Ko o g1¢ o ls oo o a¥ o 000 AW a¥8 173 0 Xs AX o A¥0 AT Y o X o X\o T b tad
vttt et -4

[

166
174

OFMOVIRTOOPHT IFT A SODTL LIS LTI L DL r 4l  3OMOI D IO T mMOIONMIT OO DNIONN O T —i~
CINOTD LONDDIGROM ULODT IO SetdIOUNNNESODINMCN? LDAOIRLCAOTDINONONDUNOOOC SO DOm0
CEPMNOMMSRONNONGNIMNOUIORT DOOM At d drmmt P ON CN L OMUN UM et (NN TONMINO N NNDOND 0

MDD (DD et et ead rd - I It A (ot oy D DIt VPNt DA T RS NG e D YN LD OO LM L N NN D T e F

; J
]

* ® O 0 8 0 & 0 0 0 8D O S G PSSP 0P SN 0O DO PN S0 P e O et R0 60T 0SSP e eSO el et e
DOODPIOOOSCIIDIOOIITIIOMCDDCMNIEOODDIILMDIIMD ST IOTODBOTIOINIDDOELCAHIIODODDIVO~NOOQ
L I | LI A | LI ] LI | 11 LI L | 1 [N B ]

GLUBAL

]
[}
>\
[]
1
[ ]
!
!
]
[}

O DI MNOOLR LD DT DONG TONTNHMAO DN YO~ T O OOODIIN OO OMemOOONN VOO IO
1O DBONGOND IO DA LD LmE DIt DI E NG T IR ECD LD NNOINTID Dot I DD e XL ICINP= )
XK I OWPREDTMOO COMARNS ACGMIME COXNIM D et P DM et ed DN BN T RWD O N NN O DIN DL T OO OIN
P OCIOBAD IO It rt rt e ¢ D I DD e A Nt 1 D DD+t N NN Nt DD A (M TN DO N FONDNDEND O NN =N OO N
] I EEEEEEERENEFEFEXE NN NI NI I NS NN N BN SN S N R CEE S NN N RS I T I Y B I R N B B B R R B IR AN
OIS MO DRI 1 a G OCICIMINDI DT IO DOIMICT BCIOND 0T 3733 0 1 3D Ll DA DAOGOICDINORO0

NUMBER OF ELEMENTS
GLOBAL

SN PUONEC DedNMI T DO NODANM F LA T T =N DO LT O MES O XC 2NN T DO L ROHA NSO
et vt od = o vt vl ot A NNV N U N ANV I NN I A NN g T S & S & & ONMONNINLIMNIA O O NN DO D

NODE
|

TOTAL NJMBER OF NODES
0

Tov AL




11111\;111111111111&1111‘1111]1111l\llql111111111

[

) -4

' w !

C [ Dl o] E3MIT (=14 (o]
POOOOOTINTFNNDD DT ODONDMNT TN DO LL ORI TN “NMNNNMNMWNDWONDOOMNDDNMWOMB ~i
. < . s2 - S 3

R R R R O N N e N N L 0 HWEL L DD L T LTI T T L T2 e 108350805 00500000000000003a w
2~ 3000000OnuoocoonoooooooooooH x it oo
F_F.oooo-o.-noo..oooaooooo.-ocvl Stoocoo
—— Ooc300000000000000000000000 i o000

(=] 4l -t -
OO Gt N EM F DD DDADOD AN T $ O L= 2 w00 DDA NDT T 1onResengIsTT T L e inlataialat el Doo=pidd
7778583778759885989999999996989999...«,LOAJU..UruQUrU L e o o gy
Pl L Lo L L K R Ko

Qo 2 al

A3 1 v O~ RO -“ANM T AO-T O NG T

P | L2 LROOOMICIOQOSMT wi

el ot -yt

N OCIOANT TN LA OOT TOTAONTI O SL~ BLT DO TS 3007 ! e, T

P LD OAOXL X DT oL S PR N Y e Y, S e TR0 A D AR VR e CMane T .ot T '

- SN - Wi
...‘_1234Db78901234567890123456 Ot oy &

m ] ot et ot ot ook et 4 =t el = VN NN VNI DN o1

] 48 |

' ?

i g DI OIS DI DO QAN T D OO 2N T OB LT O 2D
2222?~c23553333353““““qq““““55555.35r)5.3656,3566

ot ll.l11111111]11\.\111111111111111\‘1111111

11]1‘111\51\;111111\‘11.11..Ai.l.tlll..‘ll].\l1.1111.111.1..x111111111\)]l.ll.l11\..111\.\.1\[1\11.11lll‘q&llllllll

[P PPYTIE LTI I BVSTE AP oLkl 1 o DI et VD O I P DD et 0D

NN T T LD DO SRR OO A TINNIF S O 0Lr 200 DD e Uy MR e ) O LN

PV TIN U'L Z P e e R S mai=L . T F TTLITTLIIITTII LTSI LTS AR . RN IRV SRR R O R R G o g

I T AN LN I T T e LTS SV SR SUe I SEL S BN o A Rt PR S N G S o TR o LR VR R R BRSNS IR o e Sl NIVE o 1.5):-!.3.:...UTQJ..M’:...;._ZQ.VJ
A L R M o £CND DI S L O ot

2.&5.34.‘..325"/;5"(5145.095“,\.0' AFIVI TN, IV INITITILTILSIONTIDNT Y FURC SN SR YIRS W RNV AN IS LI o el

-t (PN DR X LT TS e REIRE o U N e BT o L JR R A g R D I N Rl o A e el PR ST WOl Ll o GV N U!ul.lhﬂua
N T .3.3..;‘...1.3:\7;1‘.1,“#4&uh.ﬂu,wu/ﬂ.wu&b#..wi ey T P - Dot B RIS Nl VR

17
)
e

bt e T

P N I B i R T A i et LD LGSy

[ RS T TR Vo R o Lt N OIS S UL WY Y DTSN RN I S Lo 0381 oy Sl o LA N L .
haNa sy A B e A 7»J,JW:JD.UWJUU.bll\;]lllll\azn/_u{

— .
PP TR TSV SR I VRC VRS L S bk el et e S e A1 10 U ol PR T M ¢ i

METaeIITTE T I AODDSMINNS
111.11111111A11111]1.‘1111

78

P




oty v ey

1 L] []
X E A x ¢
x|l x xod
(Wi ) - Wt
X Tt b}
-1 -t -1
(>3 | ot (=N ]
«nit w (20 ]
- - —1
] ] )
! ey | w {
NANNOOOEOOOO00O00 ! ! ' ki
NOVOOOCOONOO000S o o) o) i
00 o0 00000008 eo 0 o SR o ol 1
FrPEODONOOLONCICO "1l DOCO0OOOVOOODOWLRD I OMBIUNT TLOOINOAMLINOT NS I T NUVIONTOM =N QO N e v
P Y P N ) QORI ODRIRODOIIDLA 3NN DO D Lt I~ DD IF NPt X QIO TSI DFNNINNTL ;
~ | OO00LOOOVDNODOBOLANO M LMMIPIONFNDONNDIINNINOFY) G INDOANTLIODIO0~H~DO i
1 OO0O0O00OODOOMROYVNNIYOD 1 TNNOOVIDITNO~MIOP D PO I MO NNT TN et O ot et NN i
I € 6 ¢ 00 0606660 00090 ¢ I ¢ @ 0606 6 00 0 ¢ v 006 92 02 0902900 I © & 50 086 0 006 0 50 8 5 % 13
| et At A NN N Ot = I D O D 1 O00LOUO0ONOVONAIITIIDD D i 1 OOCOOIDODDEQIMINC 4
-1 L2 I I T I B ) wl " LI T I T I O I I | w L I I I I A
b=} i s
-0 [ ] -
] ] ] ©
ZIONDOOOOOOOAOOOOVOY xiIMmMOIVIOTOT Vet DOIMHI VOO 0§ VOO DMIP NN O M N
MWNQNN%%W%”WNMNM O1IOFOro00O0ODOAOMOIMIIC OIS VNP OI PR IOMATIIMS N OD Ot VOOTOOMIDNNNNMND
P UL IOMODOOHOIONDOODODIIND W TGOt M OO T T OMNON “w | oo NORI SOOI LIFINNND
1O0FOFTOTDVDICQLOT GO DD ONMHOOO ™ UM OIRSNNOO ITONAOQOONNNITEIIT TSI
NI © 6 606060 60608 06000 00 NE @0 00 060 06 80600 8¢ 00 g0 VIl ©® ¢ 6 4 at ¢ 8 08 s s e e
W OOt O Dt NN I W1 OO0OOOoODEOOMOOAWNIDOOOMN LI OOODODDOMIMHONODAOIO
-4 -1 -0
<0 < ) < §
2} P | 21
~ vl -
o) ol ) [N )
axl ) a b
ol ol [~ ]
o\ o o3 |
ot ot (S ]
] ' ]

79

OCIHE O DNt O E S OO ONT PP et ISP O T DL F ot QA C L UM OO L ML ANMINN QWL 0 LMD C.DH MmN 0OC D g0 NN
NOMODS‘Sl%GleGSQOSOSOq NP IOD LT ORNC NN D OENMPONHONA et JOND DL VONT O NI INOT O Ietem P
l...‘......‘..........‘.C.......'........OQC.......O.......O....I'lll..l.....’.“....l.
03530777766AbﬁSij77bbbbbﬁSQb?llbhijIﬁh335035277334753?042211_anjLuﬁlQ75%L3[thQbﬂ
000008,\5h888368777777777666666bh,b:qerrJrJrJrD““hﬁ“hh'.““,JS‘...\;\V353527&7;351,\7.../_?21‘1\;«(ﬂ-.v();?llllﬁgﬁsllll
4 ol

Va4 AR moteid SR

~ = s, . L X OO N D0
MR ANMIE N QN VNN F DO TOOQed NP N DT O TN O DT iGN T NLE MO N @D O CT et (NN T SO
oo 1111”111112&52222452&«‘33535!,..J.J\;.-\.““““qhkb““5555'3 AN HADNDDOODOVOL L 0L Lttt DTDOOTDDD

P

L




70400 F ISOTHERM

- W - - - - e P WA

COORDINATES FOR THE

CTUOMNNDONO et D vt T O
LMD IOEMOMEMg M Clem
DN VOO S
AN Nt et OO OOt md O
608 0608 8008 0%
O0OO0NHOOONOoCODROOR
Lt s b

ONONOU OGNS =0 DT~O
NOMM MM OVONTF~NTO
NOONLOFENNMm~-MNOITO
OO it e NO N NN =D DO
O & @9 00 60 0 09 ¢ 00 9 o0
OO0 OOOOOOODONOOA

90400 F ISOTHERM

COORGINATES FOUR THF

i Ao

NSO LSO DD
WC LV NLOMD
N DN O M NN
O OO OO et
8 0 0 ¢ 000 20
AOVOOD0O0ODO
LB B |

OO~ g NG DOMQ
O LR L L OO
OQOCCIMNTEN SO
OOt OO
LRC IR BRI IR
DODOOOOIOMO

1SOTHERM

1C0.00 F

- - - - - AR ENE e EE—.——-—-- .-

COOR JINATES FOR THE

IO
oD N0
MR~ O
OOV OOm
* 8 20 0 0 0
o cOamn
LU |

22 i 2 g 1)
LPDNNO XD
IS0 DM
OOOIOM.)
LRI T I Y
ODODOOWN




Table 82. Sample input to FEHEAT — all files must be typed in by user.

a. File ED.
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Table B2 (cont'd).
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c. File BCT.
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A facsimile catalog card in Library of Congress MARC
format is reproduced below.

Albert, M.R.
Computer models for two-dimensional steady-state

heat conduction / by M.R. Albert and G. Phetteplace.

Hanover, N.H.: Cold Regions Research and Engineering

Laboratory. Springfield, Va.: available from Nation~-
al Technical Information Service, 1983.

iv, 90 p., illus.; 28 cm. (CRREL Report 83-10.)
Prepared for Office of the Chief of Engineers by
Corps of Engineers, U.S. Army Cold Regions Research
and Engineering Laboratory under DA Project 4A762730

AT4 2,
Bibliography: p. 39.
1. Computer program documentation. 2. Computer pro- :
grams. 3. Heat conduction. 4. Heat transfer.
5. Mathematical models. I. Phetteplace, G. II., United
States. Army. Corps of Engineers. III. Cold Regions
Research and Engineering Laboratory, Hanover, N.H.
Series: CRREL Report 83-10.




