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I. Introduction

.., This report describes a two dimensional stochastic process

and a program for its simulation. The process can be considered

to describe a random track of predetermined length that origi-
nates and terminates at predetermined end points. The process

is a modification of a process that is without the length and

termination constraints.- This process, which is also described,
- o ‘7’_“\\‘—" ) -

PUNIPRSRPE

is a generalization of the random tour process described by

\ Washburn in Reference 1.

\\\——' A particular process is defined by the track length, the

maximum expected track segment length and the distance between
the end points. For motion at a constant speed, the track
length constraint is equivalent to a transit time constraint.
In Section~§f} the process and the unmodified process are
described and some of their characteristics are discussed. 1In
Section igkz the simulation program is described. By using
the program, graphs and data can be produced that represent

realizations of the process. The program, which is written in

BASIC, is for an HP-8S. \:;
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II. A Desacription of the Process

The process, as it is described here, generates a random

track of predetermined length that connects two predetermined .
% : end points. The track originates at a predetermined starting

point, the first point, and terminates at a predetermined stopping

. point, the final point. The track is continuous between these

two points and consists of a sequence of straight line track

segqments. Some representative tracks are shown in Figure 1.

A sequence of rectangular coordinate systems is used to
define the process. The first is a reference system for the

first track segment, the second is a reference system for the g

second track segment and so on. The x-axis of the first system

is coincident with the line joining the first and final points,

the origin is at the mid-point of the line and the system is
oriented so that the final point is on its positive x-axis. ﬁ
For each successive system, the x~axis is coincident with the

line joining the last point of the preceding track segment and

the final point, the origin is at the mid-point of the line

and the system is oriented so that the final point is on its

positive x-axis. Each track segment is determined by two quan-

tities: an angle 8 and a length r. The angle 6 is measured
clockwise from the direction of the positive y-axis of the
reference coordinate system of the track segment., It is the

relative course that will generate the track segment. The

length r determines the track segment length.
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The process is defined as follows: For each track segment
except the last a relative course 6 is chosen from a distribu-

tion with density function
fe(e) = (1/2n) b/(a - ¢ sin 8)

where 0 < 8 < 27, 2c is the distance between the first and
final points, 2a is the track length with a > c‘g 0 and
b = (a2 - cz)k. Next, a length r is chosen from a conditional

exponential distribution with density function
fRIe(rlG) = [(1/6(8) Jexp(- r/8(8)]

where 0 < r, §i{8) = (a ~ c)§/(a - ¢ sin 8) and § is the maximum
expected track segment length. Using the parameters'ak, bk and
¢, defined below, if r > 2a,, then r; = bkz/(ak-ck sin 6,). 1In
this case, the (k+l)st track segment is the line that joins the
last point of the kth track segment to the final point and the
process terminates. If r < Zak, then L = . In this case, the
last point of the kth track segment and the final voint deter-
mine the (k+1)st reference coordinate system and the process
continues. The parameters in the above expressions are defined
as follows: Zak is the remaining track length with 2al = 2a

and 2a, = 2a,_,-r,_, for k > 1; 2¢, is the distance from the
last point of the (k-1)st track segment to the final point with
2cl = 2¢c and bk = (akz-ckz)k. The program that is described in
Section III can be used to simulate this process.

Figure 2 illustrates the generation of a three segment

track. The ellipse on which the second segment terminates




. First Final
Point Point

) ' Figure 2. A three segment track and a focusing ellipse.

Figure 3. The first rectangular coordinate system, the

associated polar coordinate system and the

reference ellipse.
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and the third segment begins has one foas at the last point of
the first segment and the other at the final point. With 2c2
the distance between these two points, Zaz = 2a -~ r; the
remaining track length and bz2 = azz - c22, the ellipse is
defined through xz/az2 + yz/bz2 = 1 in the second reference
system. It is also defined by r = b22/(a2 - cy sin 6) in the
polar coordinate system with its origin at the last point of
the first segment and its polar axis parallel to the y-axis of
the second reference system.

As a basis for discussing the relative course and track
length distributions that are associated with the process,
consider the polar coordinate system with its origin at the
first point and its polar axis parallel to tﬂe y-axis of the
first reference system. Next, consider a reference ellipse
with one focus at the first point and the other at the final
point that is defined by r = bz/(a - ¢ s8in 9). The coordinate
system and the ellipse are illustrated in Figure 3.

The distribution of the relative course 0 and the condi-
tional exponential distribution of the length R are both deter-
mined by p(8) = (a=c)/(a - ¢ sin 8), the ratio of the value of
the radial coordinate of the ellipse at § to its maximum value
at 1/2, Note that when a track segment's relative course is
1/2 the segment is directed toward the final point. The dis-
tribution of the relative course O is determined by the require-

ment that the ratio of the probability that a relative course

is between 8 and 9 + A6 to A6 is proportional to p(9). The
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conditional exponential distribution of the length R is deter-

mined by the requirement that the ratio of §(8), the expected
track segment length for 0, to §, the expected track segment
length for 7/2, equals p(8).

If the first point and final point are coincident, then
c = 0 and the reference ellipse becomes a ci-cle. 1In this case,
the distribution of the relative course @ i 1niform with den-
sity function fe(e) = 1/2m where 0 < 6 < 27 -ne relative course
9 and the length R are independent and the + dibution of
R is exponential with density function fR(r) = (1/8)exp (-r/§)
where 0 < r.

Consider a process that is defined in the same way except
that the length of a track segment is always chosen to be equal
to the value determined for R. For this process, a is not the

track length, there is not a length constraint, and the final

point is not an end point, there is not a termination constraint.
The final point is a reference point of the process, literally, a
focal point of the process. If ¢ = 0, the process is identical
to the random tour process described by Washburn in Reference 1.
1f ¢ > 0, it is a generalization of that process.

By inspection of the density function, it can be seen that
both the mean and the mode of the relative course 2 are equal
to 7/2. For the constrained process, this implies that the
most likely next to last and last track segment relative course
values are 7/2 and -n/2. 1In Appendix 1, it is shown that the
expected value of the length R is aé/(a+c). For the uncon-
strained process, this implies that the average track segment

length is ad/(a+c).




A naw process could be generated by redefining the para-

i
meters a and c. For example, one could use the definition

a = 2c where c is again the distance between the first and final

points. In this case the degree of focusing of the process

would be constant. However, relative to the process described .

‘ here, it is conjectured that, for track lengths greater than 2a,
the process would concentrate track points about the final point,
for track lengths less than 2a, the process would concentrate
track points about the first point. In the simulation program,

| for a track of m segments where m > 2, the maximum length of

K the first m-2 track segments is computed. And, it is also con-~

{ jectured that, for a track length less than 2a, the probability
that the length of the last track segment would exceed this

statistic would be greater than that for the process described

here.
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I1I. The Simulation Program

The simulation program requires three inputs: The distance
D between the end points, the track length TL and the maximum
expected track segment length §. The program is for an HP-85
and is written in BASIC for that computer. The program listing
is in Appendix 2. After loading the program and initiating RUYN,
a user is prompted for these inputs and advised of their limits.

An example of the prompting with a set of inputs is shown below.

DISTRMCE (ai0s18:7?

18
;RHCK LENGTH (D<TL<Sa,"
=1

DELTA C1:3>7
1
Table 1. The input limits are based on display and memory

requirements.

As a simulation progresses, the developing track is displayed
on the HP-85 CRT. After a simulation is completed, a user is
given the option of displaying track data or printing the track
and the track data. In the CRT display of a track, the starting
point is on the left side and the stopping point is on the right
side. In the printed output, a track is rotated 90° so that the
starting point is at the top. Figure 4 shows sections of the
printed output. In the columned data, I is the track segment

number, ¢ is the track segment course for a starting point that

is due west of the stopping point,' R is the track segment length,




8 is the track segm~nt relative course and X and Y are the

coordinates of the last point of the track segment in the first
coordinate system. If the starting point is considered to be .
due west of the stopping point, then the positive x-axis of the

first coordinate system is directed east and the positive y-axis

R

is directed north. Recall the origin of the first coordinate system

I' is at the mid-point of the line joining the starting and stopping
: points.

For the track shown in Figure 4, the termination criterion
was satisfied at the simulation of the 49th track segment. 1In
the first line below the columned data, 9 is the average track

f segment relative course where -90°< 6 < 270°, R is the average

and RM is the maximum track segment length for the first 49

VI

track segments. 1In the second line, ¢®(51) is the relative course

of the 51lst and last track segment and R(51) is its length.

i | If a track simulation reaches 97 segments without termina-
' tion and the termination criterion is not satisfied for the 98th

o
; segment, the simulation is stopped. In this case, the values

on the first line below the columned data refer to all of the
!
! 98 track segments and "TRUNCATED" is on the second line. For

k ' both cases, the average relative course §, the average track

length R and the maximum track length RM relate to the uncon-
strained st-.chastic process.
Figures 5, 6 and 7 show sections of the printed output for

three additional simulated tracks. The plots illustrate the

{
' ? effect of the value of § on the plot scale. Doubling the value

This

‘ of § doubles the distance between points on the plot.

10
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increases the likelihood that the HP-85 CRT will display a com-
plete track. The plots illustrate, to some extent, the increased
focusing that occurs as the value of TL approaches the value of
, D.
! : A second simulation program to generate track data in a non-
graphical but more efficient manner was written. A preliminary
analysis of some data generated by the simulation has been made.

In Table 2 below, some estimates § with associated 95% confidence

intervals are given for p, the probability that the last track

e m——

segment length will exceed the maximum track segment length of

the preceding track segments.

‘ D TL § ) 95% confidence
_ — - _ interval
B
| f 10 50 1 .60 .57 < p < .63
: i 10 50 2 .55 .52 < p < .58
' 10 50 5 .53 .50 < p < .57
, ? 10 20 1 .44 .40 < p < .47
- 10 20 2 .43 .39 < p < .46
10 20 5 .45 .42 < p < .48

Table 2. Estimates p for P, the probability that the last

,“I

track segment length will exceed the maximum track

segment length of the preceding track segments.

Each estimate is based on a sample size of 900.
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DISTANCE= 35.08
TRACK LENGTH= 50.80
DELTA= 1 .00
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Figure 5. A program generated track.
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DISTANCE=10 .20
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DELTA= 2. .00
A
{ Y
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I # R 8 ; T
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26 983 2. 21 922 3.38 -.73
27 994 te @40 3.51 -.63
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A program generated track.
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Figure 7. A program generated track.
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Appendix 1 Some Mathematical Relationships

f In the simulation, values of O are generatad by using the
inverse transform method. This method requires the use of
the cumulative distribution function re(e) and it can be found

as follows: For =-m/2 < 6 < w/2 ,

8
Fg(®) = [ (1/2m)[b/(a-c sin 8)] 48
-1/2

= 2[b/(a+c)J{tan " [(a tan (8/2)~c)/b] - tan"1[-(a+c)/b]}

For n/2 < 8 < 3n/2, F@(O) =] - Fe(ﬂ-e).

The expected value of R for the unmodified process that is

given in Section II can be found as follows:

1/2
E(R) = 2 [ E(R|0=8) £,(8) ae

’ -n/2

n/2

= [ (/M bla~c)[1/(a-c sin8)?] ae
! -1/2
i
\ = (25/m) [a/(a+c) J{tan"1[b/ (a+c) ] + tan”l[(a+c)/b]}

ad/a+c

e If the termination criterion is satisfied on the first

] track segment, the track will consist of only two track segments.

S With r_(8) = b%/(a=c sin 8), the probability P, of this event

can be found as follows:

_————
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; P, =2 [ P(R> (68 |o = 8) £,(0) ae
i / -t/2
| ) /2
=2 [ expl-r (8)/5(8)] £4(0) dé
-n/2
. = exp[-(a+c)/$]
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Appendix 2.

The HP~85 Simulation Program

le
29
20
48
Se

88
7e
ae
%9
108
1ie
12e

13e

COM FC1PB). . RC1GBX. TLLRB >, ()
89>, r¢180>

DISP "QISTANCE“;" (@*;CHRS$(]
38); “D ;CHRS$C183);:"1A>";
INPUT 0@ CilsDr2

IF D19 OR D<@ THEN 20

DISP “TRACK LENGTH".," (D":CH
RE(BBY. "TL";CHRS(185),;"SD>";

INPUT

IF L>S9 OR L:=D THEMN 50O ELSE
Al=L2

GISP “DELTR",;" (1";:LHK¥(188>

sCHRS (1B ™DV ;

INPUT DI

IF D1<=@ THEN 29

RANDOMIZE

Xig)==-Ci B Y(B3)=8 @ F(Dd >=0 R
R{pr)=p @ T(o>=0

Bi=0 @ B82=9 @ B3=2 @ R1=a @

gaﬂl @2 C=C] @ S=9 8 V=P B U=
GCLERAR @ E=13%S4QR<(01>

SCALE -E.E.~7 7S%E>, .75xt
MOVE C1.2 @ LABEL "o*

MOVE ~-C1.9 R LABEL "o*

FOR I=1 TD 92

U=aRND & G1s=9

IF U= 5 THEN 2Z9

U=y~ .5 & G1=\
NI=SRQRC(AI+CLI-{A1=~CLls @ N2

25QRC1-CLXCL " CRLXRAL
Ta2XRATN(N2XTANC(PIXU-RATNINL) 3
+C 1R

I[F Gi=t THEN T=PI-T
Pe(R1-Cld RI-CIXSINCT
02=01%P

Re-(D2XLOGC1~RNDD> )

.FaT+S

GOsSUuB 399

IF R2>C2 THEM 349

Re(AXRA-CXC)/r R~CEXSINCT >
LQ5UB 3@9

Be=y

ORRMW XCI2,YCL>

AeRZ B (=CZ @ Ss=-ATN2.Y.x" @
R(Il =R

H=T @ GOSUE 778

Tolimu

HsF & Q0SB Tre

F(lrmn

IF B2=1 THEN 43¢
RIsMRX(R.R!)>

Yuaye Ty 1] @ WeW+(R=W>»-]
NEXT I

DISP @ DISP “TRUNCATED" @ k=
1 @ B3al @ GOSUE 2%8 @ GOTO

439

DRAW 7

' ? Tik: =3y

TTe ® Foxd




478 GOSUB 250
430 PISP ® QISP “DISP DARTR (v N>

499 INPLT AS
. S@0 IF Ass"r" THEN Sz2@
L s18 GOTD 5389
, , %520 ODISP USING S38 ,; CHRS$<15).CH
| ; R${15) _
! 538 IMAGE ,37.:X,"Iv,.3%,R,9X,"R",
) . SX,H-SX.“X"SX;"Y" ‘
- %48 FOR I=] TO K-1 ;
j €S9 DISP USING 580 ; I.Fuly.R(I? !
' JT(I)JK‘«I)IY‘I" ‘,
. S58 IMAGE ,-,20,2%X.32.%X.20 20, 2% ;
; 2 32,%,30.20,%,30.2D0 :
' K798 NEXT I
i S38 OISP USING 598 : CHR$«1447,%
LCHR$C210) ., W.R1
IMARGE ., 7,R,"*=3%,32,2X,A,%=x",
20.2D.2%. "RM=" .20 2D
IF 83=1 THEN 548
: DISP USING 529 ; CHR$.15),K.
4 FiKr. K, (K>
IMRGE .-,A."(",20, *3=*.32, 2%
SR, 20, 2=, 20 .20 5
53TD sea
DISP USING 654 ; "TRUNCATED"
IMAGE ,-.9R.9-,
IF Bi=9 THEN 529
CRT IS | ® GOTQ 714
DISF @ OISP “PRINT PLOT 2 DA
TR LY oNG";
INPUT BS
IF Bs="y" THEN 720
RLPHR & £MO
FRINT USING 730 ; D.L.0j
IMRGE .3~ . “DISTANCE=", 00
e, *TRACK LENGTH=2",DL0C.D
. "DELTA=".0D.00.3~
CRT IS 2 @ Bl=1
IRAPH 2 Q0PY

A
O
&

g L
- &
[ X

J
o

QW TR $a )

LR AR T X IR )
BRI JPIPOILO

~ “M‘-t" P

.OG.
.-

= e N T s
“f =g f Ty
W - DO

NRERER R
ORI F A D
PSR

A
L]
L]
Y
(]
~ ]
(1]
T
[}
D
X
o
T
[N]
[ )
9

RETURN

i lr=2XCl~1  *RESINCF

el 810 Yl aYi[=11+RXCOSF

; ,~) 229 xX=C(-X<Iv @ vmRey(]:

) ailiat 83 CZ=3PRXEX+Y¥IY 2 ® RZ3A-R-E
3423 RETURN
: M=y B H=RTD(H) B u=n
RETUFN

F"
PO |
[+

D g
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Arlington, VA 22209

D. H. Wagner, Associates
Attn: B. Belkin

Station Square One
Paoli, PA 19301

D. C. Bossard Inc.
1107 Montgomery Ave.
Rosemont, PA 19010
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Corwin Analysis
2609 Crum Creek Dr.
Berwyn, PA 19312

ORINCON, Inc.

Attn: D. Alspach

3366 North Torrey Pines Crt.
Suite 320

La Jolla, CA 92037

R. N. Forrest, Code 71
Naval Postgraduate School
Monterey, CA 93940
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