AD-A127 790 A RAY THEORY FOR NOMNL m SHIP WAVES WITH ANPLITUDE
NTEIACTIN(U) DAVIO W TAYLOR NAVAL SHIP RESEARCH AND
DE ELOPMENT CENTER BETHESOA D 8 YI|

UNCLASSIFIED DTNSRDC-83/013




28 {125
L= =

A

fiis ¢

s g
2 s e

= lls

LR o -

MICROCOPY RESOLUTION TEST CHART
REAU OF STANDARDS - (963~ 4



wA127790

nn
L

DTl

A RAY THEORY FOR NONLINEAR SHIP WAVES WITH AMPLITUDE INTERACTION

NOW GINSHDC 9692 20 5 g

DTNSRDC 83/013

[T RO R L A P

[k

( N | -\
DAVID W. TAYLOR NAVAL SHIP  +\o /-
RESEARCH AND DEVELOPMENT CENTER 5%

Bethesda, Maryland 20084

A RAY THEORY FOR NONLINEAR SHIP WAVES
WITH AMPLITUDE INTERACTION

by

Bohyun Yim

SHIP PERFORMANCE DEPARTMENT
RESEARCH AND DEVELOPMENT REPCRT

L April 1983

" APPROVED FOR PUBLIC RELEASE: DISTRIBUTION UNLIMITED

DTNSRDC-83/013

83 05 6 005




e e . i gt

!
|
i
!
{
|
¢
t
[}

MAJOR DINSRDC ORGANIZATIONAL COMPONENTS

DTNSROC
COMMANDER 00
TECHNICAL DIRE (;TO%
! 1

e et e e

OFFICERINCHARGE | QFFICER IN-CHARGE
CARDEROCK ANNAFOLIS
o4
r —
SYSTEMS
DEVELOPMENT —
1 DEPARTMENT
!
SHIP PERFORMANCE AVIATION AND
DEPARTMENT SURFACE EFFECTS
DEPARTMENT
15
STRUCTURES COMPUTATION,
CEPARTMENT MATHEMA :CS AND
LOGISTICS DEPARTMENT
17 ( 18
SHIP ACOUSTICS AS?((I)LPL/J\‘;RSY"OS"‘V :;‘E(L
DEPARTMENT ' S
DEPARTMENT
19 27
1 r i
SHIP MATERIALS | CENTRAL |
ENGINEERING INSTRUMENTATION
DEPARTMENT DEPARTMENT

B s

—————

NDW DTNSROC 5602/21 (280)




UNCLASSIFIED

SECUMITY CLASSIFICATION OF THIS PAGE (When Data Entered)

READ INSTRUCTIONS
REPORT DOCUMENTATION PAGE BEF oD INSTRUCTIONS
t. REPORT NUMBER 2. GOVY ACCESSION NO.{ 3 RECIPIENT'S CATALOG NUMBER
DTNSRDC-83/013 f\D - A1) "Z? C
4. TITLE rand Subtitle) 5 TYPE OF REPORY & PERIOD COVERED
A RAY THEORY FOR NONLINEAR SHIP WAVES Final
WITH AMPLITUDE INTERACTION 6 PERFORMING ORG. REPORT NUMBER
7. AUTHOR'’s) 8 CONTRACT OR GRANT NUMBER(s)
Bohyun Yim
9. PERFORMING ORGANIZATION NAME AND ADDRESS 10 PROGRAM ELEMENT PROJECT, TASK

David W. Taylor Naval Ship Research AREA & WORK UNIT NUMBERS

and Development Center

Bethesda, Maryland 20084 (See reverse side)

11. CONVROLLING OFFICE NAME AND ADDRESS 12 REPORT DATE

Office of Naval Research (ONR-432) April 1983
Arlington, Virginia 22217 '3 NUMBER OF PAGES

39

S. SECURITY CLASS. (of thia report)

14, MONITORING AGENCY NAME & ADDRESS/i ditterent from Controlling Office)

UNCLASSIFIED

15a. DECLASSIFICATION. DOWNGRADING
SCHEDULE

16. DISTRIBUTION STATEMENT (of this Report)

APPROVED FOR PUBLIC RELEASE: DISTRIBUTION UNLIMITED

17. DISTRIBUTION STATEMENT (of the abstract entered In Block 20, if different from Report)

18. SUPPLEMENTARY NOTES

A

19. KEY WORDS (Continue on reverse aide if neceasary and identify by block number)

Ray Ship Waves Wave Reflection
Wave Number Second Caustic

Caustic Nonlinear Ship-Wave

Free-Surface Shock-Wave Amplitude Interaction

20. ABSTRACT (Continue on raverse side If necessary and identity by block number)

The effect on ship waves of the nonlinear free surface boundary
condition and nonuniform flow are considered. The wave number is
represented by a function of space and the wave slope, ak. The value of
ak turned out to be larger than the critical value (0.447) in the wide
area near the bow, except when the wave crest is nearly perpendicular to
the ship hull; fortunately, the latter is the most significant case.

(Continued on reverse side)

D FORM EDITION OF 1 NOV 6515 OBSOLETE
D a5, W73 eormon o 1 wov 6 UNCLASSIFLED

SECURITY CLASSIFICATION OF THIS PARE  When Dan r orec,




UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered)

(Block 10)

Program Element 61153N
Task Area RR0140302
Work Units 1843-005 and 1542-018

(Block 20 continued)
Yim's previous work on ray theory is used to include the full nonlinear
effect; the ray and the wave phase of a Wigley hull are computed by the
present method and are compared with previous results. When compared
to the nonuniform flow effect, the nonlinear free surface effect in-
creases further both the Kelvin wedge angle near the bow and the
difference of wave phase from the predictions of linear theory.

UNCLASSIFIED

SECURITY CLASSIFICATION OF THIS PAGE(When Dete Entered)

e e et ¢ S—— - .




TABLE OF CONTENTS

LIST OF FIGURES . . . . . v v v v « vt v v v v e v e e e e e e e e

NOTATION . . & v v v v v v v e v v e e e e e e e e e e e e e e e e

ABSTRACT . . & & v v v v vt e s v v e e et e e e e e e e e e e e e

ADMINISTRATIVE INFORMATION . . . . ¢« v ¢ ¢« ¢ ¢ o o o o & &

INTRODUCTION . . v v ¢ v b v v e v v v e 6 e e e e e e e e e e e

BOUNDARY CONDITIONS FOR SHIP WAVE PROBLEMS . . . . . . . . . . . .
DISPERSION RELATION . . . . ¢ « + v ¢ v v v v v o v v v o v o w o
RAY EQUATION . . . . . . . « o« o« ¢

NONLINEAR RAYS . . . v v ¢ v v v v v v v v e e e e e e e e e o s

EXAMPLES AND DISCUSSION . . . ¢ ¢ ¢ ¢ v v v v v v o o e e o o o o o o

ACKNOWLEDGMENTS . . v ¢« ¢ v ¢ ¢ o o o 4 o s o a o o o s s o s o o o o o

APPENDIX A ~ LINEAR WAVE AMPLITUDE . . . . . . ¢ « ¢« ¢ ¢« « o o« o o« o«

APPENDIX B - FLOW FIELD OF A WIGLEY HULL . . . . . . « . « . « « « .+ &

REFERENCES . . . & v v 4 ¢ 4 v o o o o o « o o s v ot a o o o o s o

LIST OF FIGURES

Effects of Amplitude Interaction on Ray Paths of the Wigley Hull
(b=9.2, 1h=0.0625, Fn=0.25) e e e e e e e e e e e e s e e e

Effects of Amplitude Interaction on Ray Paths of the Wigley Hull
(b=0.2, h=0.0625, Fn=0.25); Figure 1 with an Expanded Vertical

Scale .« . v v i e e e e e e e e e e e e e e e e e e e e e e e e

Effects of Amplitude Interaction on Ray Paths of the Wigley Hull
(b=0.2, h=0.03, Fn=0'25) e e e e e e e e e e e e e e e e e e

Phase Difference, 52(6), between Linear and Nonlinear Theory of

the Wigley Hull (b=0.2, h=0.0625, Fn=0.25) at x=2 . .. . ...

Phase Difference, 52(6), between Linear and Nonlinear Theory of

the Wigley Hull (b=0.2, h=0.03, F =0.25) at x=2 . . . . .

iii

Page

iii

12
20
21
25

29

13

14

15

16

16



6 - Phase Difference, 52(9), between Linear and Nonlinear Theory of
the Wigley Hull (b=0.2, h=0.0625, Fn=0.28 and 0,25) at x=0.5 .

7 - Amplitude Interaction on Ray Reflections from the Wigley Hull
(b=0.2, h=0.0625, Fn=0.2)

iv

.

Page

17

18




NOTATION
Wave amplitude

='nbl

Constant defined in Equation (26)

Wave speed
Function for the free surface given as z = F(x,y)

Froude number

Ship shape function given as y = f(x,2)
Acceleration of gravity
Constant defined in Equation (26)

Wave number

g/(u cos 6 + v sin 8)2

gL/U2

Ship length

Source distribution for a ship

Unit normal vector to wave crest

Water particle speed on the free surface relative to a ship
Distance between a field point and the origin

Wave phase

Time

Uniform ship speed

The x component of flow relative to a ship

The x component of flow caused by a double model ship relative to
the space fixed coordinates

The y component of flow relative to a ship




vy The y components of flow caused by a double model ship relative to
the space fixed coordinates

X,¥s2 The rectangular Cartesian coordinates

o Value defined in Equation (11)

5,5, Function, related to wave height defined in Equation (7)
S Angle between n and the x axis

S The value of 6 at x » «

¢ Potential

¢',¢r Functions related to potential defined in Equation (6)
w Wave frequency

vi




ABSTRACT

N

" The effect on ship waves of the nonlinear free
surface boundary condition and nonuniform flow are
considered. The wave number is represented by a
function of space and the wave slope, ak. The value
of ak turned out to be larger than the critical value
(0.447) in the wide area near the bow, except when the
wave crest is mearly perpendicular to the ship hullj;
fortunately, the latter is the most significant case.
Yim's previous work on ray theory is used to include
the full nonlinear effect; the ray and the wave phase
of a Wigley hull are computed by the present method
and are compared with previous results. When compared
to the nonuniform flow effect, the nonlinear free
surface effect increases further both the Kelvin wedge
angle near the bow and the difference of wave phase from
the predictions of linear theory.rfr

ADMINISTRATIVE INFORMATION
The work reported herein was supported by the Numerical Ship Hydrodynamics Pro-
gram at the David Taylor Naval Ship Research and Development Center (DTNSRDC). This
program is jointly sponsored by the Office of Naval Research and the David Taylor
Naval Ship Research and Development Center under Task Area RR0140302, and Work Units
1843-045 and 1542-018.

INTRODUCTION

Researchers have advanced two-dimensional nonlinear wave theory considerably
since Stokesl* represented the wave height by a series of products of wave-amplitudes
and wave numbers. Lonquet—Higgins,2 Schwatz,3 Cokelet,a and many others have
contributed to developing accurate numerical predictions of two-dimensional wave
forms up to the breaking stage. Having assumed that the wave number was slowly
varying in time and space compared with the wavelength, Whitham5 analyzed three-
dimensional waves using the two-dimensional theory of nonlinear waves. Using
Whitham's idea, Lighthill6 also contributed significantly to an understanding of
three-dimensional water waves.

In a discussion of a paper by Gadd7 on ship waves, Lighthill suggested that the
Whitham concept could be used to find a nonlinear correction to ship waves. When

Hogben8 used nonlinear theory to determine phase relations for ship waves, which

*A complete listing of references is given on page 29.




were quite different from the results of linear theory, he encountered difficulties
in following Lighthill's advice. Following a different approach, Hogben applied
two-dimensional Fourier expansions with a large number of Fourier coefficients to
represent water waves caused by a simple submerged source. The Fourier coefficients
were determined so as to satisfy the exact free surface boundary conditions. Hogben
then obtained wave phases for various submergences, source strengths, and Froude
numbers.

Yim9 recently applied a ray theory of ship waves and found the predicted wave
phase to differ from the linear theory. The difference was caused by the nonuniform
flow created by the ship itself. 1In ray theory a ray is the path of a wave energy
packet from the wave source such as the ship bow. In the conventional linear ship-
wave theory a ray is a straight line so that, in relation to wave propagation, linear
theory neglects the flow perturbation created by an advancing ship. However, if the
flow perturbation is considered using even a double model hull representation, the
ray is curved, and some rays that pass near the ship have to reflect from the ship
boundary. The Yim analysis considered the linear free surface condition as modified
by the nonuniform flow. The dispersion relation was linear but modified to account
for the nonuniform flow, as done by Ursell10 in 1960. A fully nonlinear free-surface
condition includes not only the nonuniform flow effect but also the interaction be-
tween wave numbers and wave amplitudes.1

The present paper considers both the effect of the nonlinear free surface
condition on ship waves and the effect of the nonuniform flow. The method is similar
to that suggested by Lighthill.6 The wave number is represented by a function of
space and the wave slope, ak. The value of ak turns out to be larger than the
critical value (0.447) in a wide region near the bow, except when the wave crest is
nearly perpendicular to the ship hull; fortunately, the latter is the most signifi-
cant case. Because of Yim's previous work on ray theory, it was not difficult to
include the full nonlinear effect. The ray and the wave phase of the Wigley ship
hull9 are computed by the present method and are compared with the previous results.
For the first time, the Whitham5 nonlinear wave theory is applied to the actual ship

model.




BOUNDARY CONDITIONS FOR SHIP WAVE PROBLEMS
A right-handed rectangular coordinate system is used, with z upward, x and y on
the mean free surface with the origin fixed in space. At any time the fluid is
considered to be homogeneous, inviscid, irrotational, and infinitely deep. When a
ship advances with a uniform speed -U in the negative x direction, there exists a

velocity potential ¢ that satisfies
726 = 0 (1)
with velocity -Vé;
-V = ui + vj + wk and -V$ = 0 at infinity
The boundary conditions for ¢ on the free surface, z=F(x,y,t), are:

Ft - d’xe - q>yFy + ¢>z =0 (2)

1 2,, 2,2 _
FG,y) + 27 (0,749,740, %20 ) = 0 (3

w .e g is the acceleration of gravity.

As a simple approximation, all the quantities perturbed by the presence of a ship in
otherwise uniform flow are considered sufficiently small so that the second-order
terms of Equations (2) and (3) are negligible. Then Michell's linear boundary
conditions are obtained. When F is eliminated between Equations (2) and (3), the

well-known linear free-surface condition is obtained,

+ g¢z =0 (4-1)

(btt

If the coordinate is fixed at the ship bow, Equation (4-1) becomes

o6 +B8-¢ =0 (4-2)




The boundary condition on the ship surface y = f(x,2) is:

(U=, £, + 6 =9, £, =0 (5)

The Michell thin ship approximation has been studied extensively for ship waves and
wave resistance and has helped promote an understanding of the related physics.
However, the Michell theory can predict neither wave heights nor the wave resistance
accurately, except when the ship is thin. The Michell solution indicates that the
effects of beam-length ratio B/L and Froude number Fn = U//gf are important and
complex, such that problems involving high-speed ships should be treated separately
from those for slow-speed ships. Also, the shape of the ship near the free surface
affects the solution more than it does near the bottom of the ship, especially for
slow-speed ships.

For a steady slow-ship theory, the perturbation potential ¢ and the free surface

elevation F are written as

<
]

¢+ o (6)
F=0r +2 )]

where ¢r and Cr = (U2—¢3x—¢3y)/(2g) are caused by a double model representation of
the hull.

Using the order of magnitude assumptions:

' = o(v), ¢ = ou™
and for ¢' and ¢,
3 03 3\ a2
(527 537 32 )= 0@™ ®
4




3_ 3 3.\ . - - 2
and for ¢r and Cr (Bx’ 5y Bz) = 0Q1); ¢r = o), Cr = 0(UY).

The lowest-order free-surface condition for slow ships to 0(U3) has been derived by

Ogilvie11 as

o P ys0) 32 44 (3,00 %;i t oy + 8" (x,y,2) = D(x,y)
on z =g (9
where
DY) = 55 (0,663,008, Go) + 5 (8, (x,y,008, (x,y)) (10)

DISPERSION RELATION
The Laplace equation is satisfied by the potential for an elementary wave whose

normal to the crest makes an angle 8 with the x axis,

ekz+ia - ekz+ik(x cos O+y sin 9)-iwt (11)

where w is the frequency and k is the wave number.
Substituting Equation (11) in the free surface boundary condition, Equation

(4-1), the well-known dispersion relation,

w -~ gk =0 (12)

can be obtained.
Because the wave form relative to a ship moving at constant velocity -U is station-
ary, the wave speed ¢, with respect to the calm water surface, should be ¢ = U cos ©

so that

w = ck = Ur cos 8 (13)

e T am




This relation is not a result of linearization but an exact relation. From
Equations (12) and (13) the wave number is given by, k = g/(U cos 8)2.

When the local flow field at a point is considered using a local coordinate
system for which the local velocity at the point is zero, the relative frequency w.
is not necessarily the same as w. In Equation (11), Whitham5 assumed that k and w

are slowly varying compared to the local wavelength, and showed that

k =K1+ k,J (14)
- da V i 3) Teo
W = + (u11+v1J) 7ot
= W + ulk1 + vlk2 = k{(U+ul)cos 6+vlsin 8} (15)
k| =k

where (ul,vl) are the local flow field assumed to be caused by a double model with
respect to the original coordinate system fixed in space. The values of Yy and vy
also vary slowly. Equation (12) is the well-known linear dispersion relation in the
absence of a ship. When ship singularities are present the linear dispersion re-
lation should hold6 for the relative frequency w - That is, from Equations (12) and

(15)

w_=vkg = k {(U+u1) cos § + v, sin 8} (16)
from which the wave number is given by

r . 2
k = g/{(U+u;)cos 04v, sin 8} a7)

This is a slowly varying wave number that satisfies the linear dispersion relation
but includes the effect of nonuniform flow. This dispersion relation can also be

obtained from the slow-ship free surface condition, Equation (9).

T L SRt e e ————— s -




1 . . .
Stokes™ considered nonlinear two-dimensional water waves and represented the
. . 2 , .
frequency as a series in (ak)” where a is the wave amplitude and k is the wave

number. Lighthill12 suggested using a closed form

wrz - gk(1+a’k) (18)

as a good approximation for a nonlinear dispersion relation because this is almost
o 2
exact for both critical wave slope at (ak)” = 0.2 and a very small wave slope. The

wave number may be obtained from Equations (15) and (18) and is given by

=~
tt

4
[l+azg2/{(U+ul)cos f+v,sin 8} ]g/{(U+ul)cos 6+v sin 6}2

2, 2
kQ(l+a k2 )

(19)

with k2 = g/(u cos +v sin)z, u="U+ Uy, v = vy accurate up to the order of a2k22.

In Equation (19), k is the slowly varying wave number that satisfies the non-
linear dispersion relation in nonuniform flow. Although the exact free-surface
condition should be satisfied on the free surface and not on the mean free surface,
it is noteworthy that the wave number in Equation (19) is represented by the double
model velocity field and the amplitude relative to the mean free surface, 2=0.

As can be seen by taking the gradient of the potential of an elementary wave,
identity Equation (11), derivatives with respect to x, y and z involve a multipli-
cation factor kL = O(QL/UZ) =0 (F;z), which is a large number for slow ships.
Therefore, the derivatives of flow quantities with respect to x, y or z change the
order of magnitude. This is the main reason for treating slow ships separately from
fast ships. Eggers13 treated the free-surface condition for fast ships and derived
a higher-order, free-surface condition on z=0, which is quite different from
Equation (9). Then he obtained a different dispersion relation which indicated a

region that does not allow waves near the bow.
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RAY EQUATION
When the wave number k is known as a function of space, the solenoidal nature

of the wave number vector given in Equation (14) leads to the ray equation
Vxk=0 (20)

where k = k cos 8 1 + k sin 6 3.

Rays for the wave number that satisfies the linear dispersion relation, and includes
the effect of nonuniform flow, have been investigated in detail by Yim.9 The non-
uniform flow effect curves rays near the ship. This is especially marked when the
wave crest is nearly perpendicular to the ship surface. The ray refracts toward the
ship and reflects from the ship surface to form the second caustic.

When Adach114 analyzed experimental wave height spectra, he found that the
measured amplitude spectra were lower in value than predicted by linear theory, over
the whole range of 6, and much lower at values of ¢ less than 20 degrees. The
sheltering effect15 has been shown to reduce wave resistance 15-25% below that pre-
dicted by linear theory, which is consistent with reduced wave amplitudes. However,
it was not known why the amplitudes were particularly reduced at values of 8 less
than 20 degrees. 1If the wave reflection of elementary waves for 20 degrees is
considered, the experimental phenomena can be understood. Although the flow field
near the ship may be further jilluminated experimentally by comparing a long wedge
type of ship bow, which does not allow ray reflection, and a rounded bow which in-
duces multiple ray reflections.9 A bow bulb reduces the nonuniform flow and also
prevents reflection if a proper size bulb is used.16

When only the conventional linear dispersion relation in regard to wave number
is considered without the nonuniform flow effect, all the rays will be straightlines,
and the ray theory adds no useful information to that obtained bv applying the
linear wave theory. To obtain useful information, researchers must consider non-
uniform flow and/or a nonlinear dispersion relation. Although ray theory with a
nonlinear dispersion relation has never been considered for ray paths, it may not be
too difficult to include the effects of both nonlinear dispersion and nonuniform

flow.




NONLINEAR RAYS
From Equation (20)

Skl ak

- 523 =0 (21)
where kl = k cos 9, k2 = k sin ©
or
ky cos 6 -k sin 6 -k sin 8 ey -k cos 8 ex =0 (22)
Differentiation of Equation (19) yields
kx = (1+3a2k2) klx + 2 a kQ3 a_
(23)
k, = (1+3a%?) Ry, +2 8 K, 2

and substituting k, and kly from Equation (19) into Equation (22), we have

Lx
2, 2 2, 2 .
{(1+a kl )sin 6(u cos 8+4v sin 9)+2(1+3a kl Ycos B(-u sin B+4v sin 0)

-2ak 2a

g 3g cos 8(u cos B+v sin 6)} %% + {(1+a2k12) cos B(u cos 64v sin 9)

30

—2(1+332k12) sin 6(~u sin 64v cos B8)+2ak 2 sin 6(u cos 84v sin 8)]

% % ax
(14302 2 du ay
=2(1+3a%k,)®) sin 0 (cos 6 32 + sin © Bx)
2.2 Ju v 2 da da
-2(143a kl ) cos 6 <cos 6-§§ + sin 8 By) '2akg (sin 8 3y - cos @ 9y>

* (u cos 9+v sin 0)

L e . e —
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This first order partial differential equation for 6 is equivalent to the simulta-

neous ordinary differential equations

%% = (l+azk22) cos 0(u cos O+v sin 6) ~2(1+3azk22) sin 8(-u sin 8+v cos 9)

+2 a kQ2 ag sin 8(u cos B+v sin 0)
%% = (1+azk12) sin 8(u cos B+v sin 6)

2, 2 . 2 . oA
+ 2(1+3a kQ ) cos 8(-u sin B8+4v cos 8) -2 a k2 ag cos 8(u cos B4v sin %)
(24)

40 _ 2. 2 . du . Vv )
T 2(1+3a kg ) sin 0 (cos 6 o + sin 6 8x)

2, 2 Ju R v
2(1+3a kl ) cos 9 (cos 6 Sy + sin 6 By)

2 . Ja da ,
-2 a kg (s1n 6 "e ~ COS 0 Ey) (u cos B4v sin 8)

with initial conditions placed on %, y, and 9.

At present, there is no other choice of wave amplitude, a, except that of linear
theory or that of the linear theory modified by the sheltering effect.lS Because in
the ray equation the amplitude, a, appears only as az, the linear amplitude may be
acceptable, except near the first caustic at the Kelvin wedge, where a is singular.
The linear wave number k2 is very large near the ship bow where the stagnation point
is located. Thus, the region where (ak)2 > 0.2 will be near the bow and near the
first caustic. Because there is no two~dimensional wave with values of (ak)2 larger
than the critical value of 0.2 with the present theory, it is impossible to consider
nonlinear ship waves with (ak)2 > 0.2,

The linear wave amplitude far from the wave source can be obtained by the method

of stationary phase,17 where the amplitude is a function of 9 and proportional to

10




r *; r represents the distance between the field point and the wave source. Because
the wave action contained in a ray tube is unchanged, when the far field wave energy
and the ray paths are known the wave energy can be obtained. Wave action is the
wave energy divided by the relative frequency, and the wave energy is a function of
wave amplitude.

The wave phase s can be obtained in the same way as for only the nonuniform flow

effect by

ds = k * dr = k, (l+azk12) cos 8 dx + k, (1+a2kQ2) sin 6 dy (25)

However, when (ak)2 > 0.2, the wave breaks and the physics of the wave propagation
and the energy relation may change. Nevertheless, the maximum phase change can be
obtained by simply using a value of 0.2 for (ak)2 in Equation (25), which yields 1.2
times the value of the phase obtained when only the nonuniform flow is considered.

When the linear wave amplitude is used to solve Equation (24), the choice of
initial values of (x,y,8) poses a serious problem. Previous experience has shown
that, given the nonuniform flow effect, many rays are outside of the first caustic
predicted by linear theory, where no linear wave is supposed to exist. In addition,
the value of linear wave amplitude is infinite at the first caustic. In both linear
and nonlinear theories the wave amplitudes at x * « for the same value of §_may be
assumed to be about the same for the present approximation. However, in the present
nonlinear theory rays at x = « can be obtained only when the approximate amplitude
is known all the way to x - ® from the initial point near the origin. Therefore,
rays due to nonuniform flow only, without amplitude interaction, were computed first
together with the value of €_.

The 6 _ value was then used to compute linear wave amplitudes by the stationary
phase method. Because rays are assumed to start from a point wave source, their
amplitudes, as obtained by either the energy method or the stationary phase method,
are singular at the initial point or at the wave source. The stationary phase
method is used for the asymptotic value of the amplitude at large x values. How-
ever, if rays are considered to be straight lines, the same value of amplitude near
the wave source results from either the stationary phase method or the energy method

for a constant wave number. Therefore, in the present analysis the stationary phase

11




method was applied in all cases to obtain the amplitudes and their derivatives for
use in computing nonlinear ray paths and 6. The final 0 value at x + © for the non-
linear ray paths may be different from 6 _ which is used for the linear wave ampli-
tude. However, the linear amplitude changes slowly at points not too near the wave
source for small Gw values where the present calculation of nonlinear ray paths is
meaningful. Therefore, errors of higher order may be induced by using the approxi-
mate values of wave amplitude. Some numerical results given below for a Wigley hull

seem to indicate that this conjecture is valid.

EXAMPLES AND DISCUSSION
Using Equation (24), nonlinear rays are computed for a Wigley hull whose source

distribution is represented by

2
m=b1(1-2x)[1—(§) ]on0<x<l,-h<z<h (26)

Appendix A contains equations for the wave amplitudes and their derivatives for the
Wigley hull. Equations for the flow field to be used in the ray equation are given
in Appendix B. These equations are exactly the same as those in Reference 9 when
several misprints in Reference 9 have been corrected.

In Figures 1 through 3, ray paths computed according to Equation (24) are
compared with earlier results derived by Yim9 in which only the nonuniform flow
effect was considered without the effect of amplitude interaction. Inclusion of the
amplitude interaction seems to push the ray away from the ship when O |6w| < 35 deg
(0.61 radians) just as the nonuniform flow effect did to the conventional linear ray
theory. When Iﬁw[ > 35 deg (0.61 radians), the amplitude interaction effect pulls
the ray toward the ship.

In Figure 3 the ray paths for 6 = ~0.307 and -0.292 radians are almost
identical, although the linear amplitudes are used for 8 = -0.246 and -0.0909
radians, respectively. This means that the linear amplitudes for computation of the
nonlinear ray theory are reasonably insensitive to O_ for small 6 values.

In Figures 4 through 6, 52(6) denotes the radian phase difference9 divided by
ko of waves as predicted by the ray theory and linear theory. At far down stream

the wave number is constant, and for 6 ~ 0 the wave number equals k. Therefore,
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Figure 2 - Effects of Amplitude Interaction on Ray Paths of the Wigley Hull
(b=0.2, h=0.0625, Fn=0.25); Figure 1 with an Expanded Vertical Scale
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16




| 1 T
o2 L. ——— NONUNIFORM FLOW EFFECT ONLY |
- NONUNIFORM FLOW AND AMPLITUDE
INTERACTION EFFECTS
5,(0)
0.1 —

0(x=2}

Figure 6 - Phase Difference, 52(6), between Linear and Nonlinear

Theory of the Wigley Hull (b=0.2, h=0.0625, Fn=0.28 and 0.25)
at x=0.5

32(6) may be considered to be the fractional wavelength nondimensionalized by the
ship length converted from the wave phase difference because the wavelength is
2ﬂ/k0. As Figures 4-6 show, the effect of amplitude interaction on the wave phase
is considerably larger than the effect of nonuniform flow. However, the total
magnitude of the phase differences from the linear theory seems to be quite close to
experimental resultsls showing phase differences of 3~5% of the ship's length (L)
along the ship hull.

Hogben8 calculated the phase difference between the nonlinear and linear waves
caused by a submerged point source. Because the case involved a submerged body, he
was able to demonstrate the phase advancement in the nonlinear theory without having
to consider the sheltering effect. In the present theory the phase advancement was
clarified further by separating it into contributions caused by amplitude interaction
and by nonuniform flow. In Figure 6, the values of phase differences normalized by
the wave number change little in the Froude number range 0.20 < Fn < 0.27 although,
as Hogben shows, these phase differences are slightly less for higher Froude numbers.

In the nonlinear theory the principle of superposition does not work, as is well

known. The present results, however, derive from a nonlinear analysis of each
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clementary wave. The elementary waves form the bow or stern wave by superposition.
When the regular wave integral is evaluated by the stationary phase method, the wave
usually is taken to be the superposition of two wave systems, transverse and
divergent. However, because the divergent waves are known to be of almost zero
amplitude near the ship hull, only transverse waves are significant. In this sense,
the present evaluation of rays near the hull surface is meaningful. At some distance
from the hull, the predicted approximate behavior of ray paths and phase differences
help one to understand discrepancies between the predictions of linear theory and

the experimental results.

The effect of nonlinear amplitude interaction on reflecting rays has been tested
numericallv as shown in Figure 7. The amplitude interaction cannot obstruct the
reflection of rays from the ship surface. Reflecting rays are pushed outboard due
to the amplitude interaction, causing the shape of the second caustic to change
considerably. The paths of rays and reflected rays are highly dependent on the hull
form through the nonuniform flow and wave amplitude interaction effects. In
addition, near the caustic even the wave-induced flow field interacts with the wave
propagation. Therefore, it may be quite difficult to verify quantitatively the
location of the second caustic observed in the towing tank. Nevertheless, the in-
fluence of the wave-induced velocity near the second caustic can be considered in the

following way.
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Figure 7 ~ Amplitude Interaction on Ray Reflections from the Wigley Hull
(b=0.2, h=0.0625, Fn=0.2)
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The ray equations which include the amplitude interaction can be obtained from

Equation (24) by neglecting the quadratic amplitude terms:

s _, Bu, g v du, v
at - 2 sin O (cos ) ™ + sin 6 Sx) - 2<cos B 3y + sin 9 9y>
%% = 2 sin 6 (u sin 6-v cos B) + cos B (u cos B+v sin 6)

The first equation can be written in a vector form

48 _ oz . 3¢ (27)

where B/Rtl is along the tangent to the crest of the wave, and the vectors are given

by
t, =1sin 8 - 3§ cos 8
n=1cos 8+ 3 sin 8
and
a = ui + vj

Because the reflecting wave crest is almost perpendicular to the ship hull9 and q
near the ship is almost parallel to the ship hull, n and q are almost parallel, i.e.,
n e+ q->/q/. 1f the wave height increases, /q/ will decrease according to linear
wave theory. Therefore, if the ray crosses the second caustic into the large
amplitude wave region, d8/dt will be negative and 6 will decrease according to
Equation (27). Conversely, if the reflected ray crosses the second caustic out of
the large amplitude wave region, d%/dt will be positive and & will increase. Then
the reflected ray will go farther from the ship hull. This will cause the second

caustic to occur farther from the ship hull, thus leaving a wider region of breaking
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waves near the ship. Therefore, the actual breaking wave region will be larger than
that predicted by the nonuniform flow effect only. The energy flux of the elementary
bow waves near 8 _ = 0 that can reflect from a ship hull is limited to a certain range
of the initial value of 6. The range depends upon the bow shape. If the bow shape
is a wedge, there will be no reflection.9 1f it is a large round bow, there may be

a large range of 0 whose rays will reflect from the ship hull. However, near the
stagnation point and the boundary layer the flow does not vary slowly enough for the
present theory to be applied. Therefore, ships of large beam length ratio have a
large curvature near the bow and show in the towing tank a few of the distinctive
phenomena predicted here. However, for a thin model in a towing tank, the reflected
wave energy may be too weak, and the second caustic be too close to the ship hull to
overcome the boundary layer effect. In this case linear theory may predict rather
well. To conclude, the nonlinear effects of amplitude interaction on ray paths and
phases of ship waves have been investigated using the St:okesl nonlinear wave formula
and the WhithamS nonlinear wave theory in conjunction with ray theory. For the ray
path the nonuniform flow effect is greater than the effect of the amplitude inter-

action, but for the phase the latter effect is greater than the former.
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APPENDIX A
LINEAR WAVE AMPLITUDE

In the ray equation the computed value of the linear wave amplitude a is used.

The height of the regular bow wave caused by the source distribution m for the

Wigley hull is

/2 0 1

koz1 sec2 B+ i ko secze{(x-xl)cos 6+y sin 8}
3
¢ =4 m(xl,zl) e ko sec” © dx1 dz1 de
-n/2 -h O
where
_ 2 _ -2
k = gL/U” = Fo
z 2
2 1
m(xl,zl) = bl(l-x1 ) j1- (E_>
then
/2 i ko(x sec G+y sec28 sin 8)
z=45bD E -———il——-+i e 40
1 1 k sec2 0
~1/2 (o)
—k,0 h sec2 8
1 2 2 e 1
E, =+~ - + 1+ —
1 ko h2 ko3 secA 0 h koz sec2 ) ( koh secze)

Using the method of stationary phase, the amplitude can be obtained as

a=4b B (__2__&_,2__ +1>(____2.L__)
"
k © sec 81 korlF (el)l
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where

x=rcos 8§, y=r sin §

F(B8) = cos § sec 8 + sin § sec2 8 sin 6

81 satisfies the equation
2 tan2 81 + cot § tan 61 +1=0
or
2
tan § = ~ tan 81/(2 tan 61+1)
and
3 2 2 2 712
F"(el) = gec 61(1—2 tan 81) {(2 tan 61+1)+ tan 61}
oF, 4 H2 4 -1/2 21
ag = 4 55“(*‘2“—2‘" +1) YR\ *1) ("’“‘")
1 ko sec 61 ko sec 81 kor[F (61)‘
-2 [t Y e e o )'~3/2 F"'(8,)
1 2 2 k r 1 1
k “sec”® o
o 1
where

sec? 81(2 tan®6+1) (3 tan 8+41)=4 tan 6(3 tan’B+sec>0))

F"'(G) =

V?; tan26+1)2 + tan2 8

22

1/2



-k h seczﬁ
(o)

2
3 El - 8 tan 9 4 e tan 0 1+ cosze)
39 hZ k03 secb 5 ko koh
-k h sec’®
+~§—Sﬁ——§—7?———-cos 0 tan ©
k h
o
_, 30,0
e ” 35 3x + 9x
a =a, 28,22

where only r is considered to be a function of x or y in da/dx and da/dy.
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APPENDIX B
FLOW FIELD OF A WIGLEY HULL

For the computation of ray paths of a Wigley hull, the flow velocity and its
derivatives u, v, U, vy, uy are needed on (x,y,0). A Wigley hull has the double

model source distribution

21)2
m = bl(—2xl+l) 1- Y

in

0 < Xy <1, vy = 0, h>z, >-nh

1
Thus,
h .1
- u (x,y,o0) = Zj. j m %;-(%) dx dz, -
0 0
h 1
= -2 Jma (l)dx dz, -
9 X \r
0 0
z 2
h l- — h 1- —%—
h
- r(x -1) dz +¥[ r(x,=0) -1
0
h 2
(x -X) y
h log {x ~x+r(z,=m)} - I S A
2. 2 1
0o (ZpH)r
x,=1
" (xymx) N P R B S T PR !
+ dz, - —— y - dz
1 3 h2 (2 2+ 2) . r 1
0 0 1Y x,=0
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1

2
z a z
1 1 1
+ 2 ,(E—-+ —Z—->log ]zl+r(rl=l)]— i r(xl=1){

2
a
x (1 - 0 =
;—E-(E-zlr(xl—O)— 2 log ‘zl+r(x1 0)|)
0

2 2
z a z
1 0 1
-2 ‘(—E— + —Z_) log |zl+r(xl=0)|—‘z— r(x1=0)

]h
zl=0

where

2

a,” = (x~1)2 + y2

a 2 = x2 + y2

0
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h 1
3 (1
- v (x,y,0) = 2 n 3 (2) ax; az,
070
s h 2 2 2 2
2x°-3x+1 ¥y 2x " -3x+1 (2x"-x)
= -2 by 72 +55)- 37 2.2
0 (zl +y )r(x1=1) h r(y1=1)h (z1 +y“)r(0)
2z 2 2x2-x+22 2
~ 1,2, 12 ds
R S T S IO R
-u_ = -4 b, log fﬁiliililigz
x 1 r(x1=0,zl=0)
)
a 2
4 1 1) L - x-1)
+ hz [— (2 zlr(xl—l)— 2 log [zl+r(x1 l)}) . 3




(x9Y90) = 2!
0

h
- 2by
! [{(1—x)2+y2}r(l,h)

{h+r(1,h) }Hh+r(O,h)}

(Lmn T

h

r(0,h)h

log

1
;5 r(1,0)*r(0,0)

2
h  (1-x) (}+AZ§>
h

+y2)r(x1=l)

2

4 bly$
1

0o @

1]
o

dz1 +'j

+

(x2+y2)r (0, h) ]

2
h  x <1+ 15>

h dz

(z

0 1

2+y2)r(x1=0)

1

h

dz
x I —— %
0 (z1 +y )r

-h

{(xl-x)2

+y°)r(z =h)

1
+ '5 (1-2x) (

hr (2 =h) 1

+
(h2+y2)(x1-x)y2> x,=0

-6 b

(xl-x){(x—xl)2+y2}r(zl=h)

2

1
1Y 2

3h
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2y2+(1-2x)(x1-x)h

(

{(xl—x)2+y2]r(zl=h)

+

(cont.)




e (2, =h) o )+2(xl-x)(l-2x) fh dz, 1

r(zl=0) r(zl=h) 3h2

+ 2 log

where

r(a,b) = r(xl=a, zl=b)

In these expressions the integrals

.
1
J:;f-dzl

J> le
(zlz+y2)r

are known in closed form.
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