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Summary

The transformed coordinates devised by Mirels and Hamman have been modified in such
a way that the transformed nonstationary-boundary-layer equations become applicable to
boundary-layer flows induced by both blast and detonation waves moving with a power-law
trajectory in planar, cylindrical and spherical geometries. Investigations were made
of boundary-layer flows in air behind nonuniform strong blast waves and in the burned
gas of a stoichiometric mixture of hydrogen and oxygen behind uniform Chapman-Jouguet
detonation waves. The results show that the Prandtl number has a profound influence on
boundary-layer flow. For a blast wave and Pr less than unity it controls a boundary-
layer velocity-overshoot as one moves away from the wave. The overshoot decreases with
increasing Prandtl number. For a Chapman-Jouguet detonation wave similar results are
obtained for a Pr = 0.72. However, for an actual Pr = 2.26, a flow reversal occurs
away from the wave where the inviscid flow velocity approaches a small value. The
results also show that the viscous exponent has a significant effect on thew 11 shear
stresses and heat transfer, and that the effect of the wall temperature is l.

n order to show some of the physical features of the various boundary layers,
actual velocity profiles were computed for spherical and planar detonation waves in
stoichiometric hydrogen-oxygen and for blast waves in air. It is shown that owing to
the rapid decrease in density behind a blast wave the bound ry layer thickness becomes
very much larger than their detonation-wave counterparts the same wave velocity (but
different physical conditions). In addition, the ye y-boundary-layer thickness in
air behind a quasistationary planar shock wg 

omewhat more than for a planar det-

onation wave at the same wave velocity Wbtt in different gases).

In order to test the validity of the analysis, the heat transfer to the wall behind
a planar detonation wave was calculated. The profile of the variation of the heat trans-

fer with time at any given position behind a C-J detonation wave is in good agreement
with the experimental data, and adds confidence to the present analyses for cylindrical
and spherical flows as well.
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Notation

a speed of sound ahead of the wave front

A constant used in the transformed coordinate n

b molecular-weight ratio y(y.-l)Cp_/-Y.(CY-l)Cp

B ratio p./p e.e

C constant used in x = Ctm
s

Cf skin friction coefficient defined as C = T 2 1 U
f ~f Tw b eue

Cp specific heat at constant pressure

D heat diffusivity defined as D = K/Cp

E internal energy

f nondimensional stream function

F similarity parameter, F - p/pu s2, for inviscid flow

g enthalpy ratio, g = h/he (= T/Te)

h specific enthalpy

H1, H2  boundary-layer-thickness coefficients

I integral quantity defined by Eq. (14)

K thermal conductivity

K1I energy coefficient defined by Eq. (22)

K2  invariant defined by Eq. (31)

m exponent used in xs = Ct
m

M wave Mach number
S

MCJ C-J wave Mach number

n number of chemical species

N mole fraction of species

p pressure

Q chemical energy released during combustion

q nondimensional chemical energy, = Q/a.
2

%w heat flux on the wall

R gas density ratio behind and ahead of the wave front,
R = PAO.

S quantity defined by Eq. (21)

So integral quantity defined in Eq. (66)

t time variable

T temperature

u velocity component in x-directio.i

v velocity component in y-direction

V



w velocity ratio across the boundary layer, w F ( ,n) = u/ue
x direction along the wall surface

y direction normal to the wall surface

~= Cm-l)/m

B nondimensional speed of sound

y specific-heat ratio or isentropic exponent

boundary-layer thickness

geometric step-size ratio in n-direction

Uviscosity

a density

ntransformed coordinate

transformed coordinate

velocity ratio, ( = u/us

X scalar stream function

a geometric parameter for inviscid flow

a geometric parameter for viscous flow

w viscous exponent

T time-transformed variable

T wwall shear stress
w

Subscripts

o value just behind wave front, or at = 0

-conditions ahead of wave front

r reference condition

w wall condition

e edge of boundary layer

s wave front

vi
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1. INTRODUCTION boundary layers behind detonation waves. (3) The
dynamic viscosity coefficient of the gas behind

This study was motivated by the existence of a the wave front was assumed proportional to tem-
unique explosive-driven-implosion facility at the perature. This assumption affects the wall
Institute. Stable focussed implosions can be pro- skin-friction and heat-transfer coefficient but
duced in this reliable facility yielding extremely not the boundary-layer structure. (4) The Prandtl
high-pressure and temperature conditions at the number is assumed constant across the boundary
focus. This facility has been used successfully layer. This assumption is reasonable since the
for the generation of hypervelocity projectile temperature dependence of the gas thermal-conduct-
flight and intense shock waves as well as the ivity is similar to the dynamic-viscosity coeffi-
production of diamonds from graphite and neutrons cient. Some of these assumptions must be removed
and I rays from deuterium fusion [Ref. 1]. The and the characteristics of the flow field must
performance of the implosion chamber was investigat- be taken into account for a more realistic analysis
ed extensively (Refs. 2-8]. In all these investi- of nonstationary boundary-layer flows behind deton-
gations it was assumed that effects of viscosity ation waves. It will be shown subsequently that
and heat conductivity were negligible. However, the available experimental heat-transfer data
it is important for a complete assessment of per- agree very well with the present analysis for
formance for the imFlosion chamber to evaluate the planar flow. Consequently this agreement also
effects of the viscous boundary layer on the im- adds confidence to the analyses of cylindrical and
plosion focus. It is necessary to consider these spherical detonation boundary-layer flows.
aspects of flow in several stages. The first stage
concerns the induced boundary layer behind the In this work, the last three assumptions were
gaseous detonation wave in a hydrogen-oxygen mix- removed. The transformed coordinates of Mirels
ture and is the subject of the present report. and Hamman [Ref. 18] were modified in such a way

that their equations become applicable to flows
In general, all detonations or explosions fall behind blast waves as well as detonation waves.

into two categories: structure-independent and
structure-dependent. For the former, the chemical- It has been shown that direct initiation of a
reaction zone is very narrow immediately behind the detonation wave requires the instantaneous release
wave front and its structure has no effect on the of a finite amount of ignition energy to guarantee
characteristics of the flow field behind it. For a sufficiently strong shock wave for auto-ignition
the latter the relatively long chemical-reaction in the shocked medium. When it is ignited by an
zone and its structure dominate the properties exploding wire, the detonation wave is, at least
of the flow field. Both types of detonation were initially, overdriven, then it decays rapidly to a
studied extensively [Refs. 9-17]. In this study Chapman-Jouguet (C-J) detonation wave with a con-
of 2H,+O detonations only the structure-independent stant velocity. When such a hemispherical C-J
wave applies. detonation wave propagates outward along the major

diameter, as shown in Fig. 1, a boundary layer
Mirels and Hamman [Ref. 18] made the first forms behind it.

attempt to solve the laminar boundary layer behind
a strong blast wave moving in a power-law path. For C-J detonation waves, similarity solutions
They used a series-expansion method which was also exist. A complete description of the method fur
employed later by Chen and Chung [Ref. 19]. This solving C-J detonation waves is given in Ref. 13.
method is only applicable in the region near the The detailed calculations are given by Saito [Ref.
wave front. Sichel and David [Ref. 29] made a 8] for detonation waves in 2H2+02 mixtures for
modification of the shock-tube boundary-layer solu- various initial conditions. For the present
tion by Mirels [Ref. 21] and Hartunian et al [Ref. application, it was necessary to recalculate the
a22 to calculate the heat transfer to the wall inviscid flow functions and their derivatives.
behind a detonation wave with the assumption that In doing so, the compatibility of the solution
the pressure, temperature and velocity behind the with the boundary conditions at the outer edge of
detonation remain constant and are equal to the C-J the boundary layer was ensured.
values. These assumptions are restrictive in
describing the actual physics of the problem. As pointed out in Refs. 8 and 13 the detonation
Later on, numerical solutions were obtained by Liu wave is followed by a rarefaction wave and therefore
and Mirels [Ref. 23] for different one-dimensional all the properties of the inviscid flow behind the
flows (planar, cylindrical and spherical) over the wave front decrease until the velocity approaches
entire flow region, a very small value very near the half-distance that

the detonation wave has travelled. Beyond that
In previous analyses [Refs. 18, 19, 23] for point the pressure and density remain constant and

boundary-layer flows behind strong blast waves, a uniform stationary state results. However, in the
four major assumptions were made in order to sim- viscous flow behind a detonation wave the velocity
plify the analysis: (1) The explosion wave moves boundary layer and the thermal boundary layer are
with a power-law path in the time-distance plane. both stable and grow with time in the entire region,
Consequently, similarity solutions exist for the except at the origin, where the boundary-layer
inviscid and viscous flow fields. (2) The specific- equations become singular. As, according to the
heat ratios behind and ahead of the wave front are inviscid flow, three regions exist for the flow
assumed constant and equal. This assumption is behind a C-J detonation wave, the solution for the
not applicable to a chemically-reacting flow where boundary-layer equations must be divided into three
the specific-heat ratios for the unburned and burned parts corresponding to the foregoing three regions.
gases are different. For example, the specific-heat Investigations were made, therefore, of boundary
ratio behind a Chapman-Jouguet (C-J) detonation wave layers in air behind strong blast waves and in
is smaller than that of the unburned gas. Therefore, burned gases of stoichiometric mixtures of hydrogen-
the previous analyses are not applicable to actual oxygen behind C-J detonation waves for different



geometries. If the chemical reaction is assumed to occur
within a thin layer near the wave front, the un-

The effects of Prandtl number, the viscous ex- burned and burned gases can be treated as a perfect
ponent and the wall surface temperature on the flow gas with constant specific-heat ratios y and con-
structure are considered and discussed in detail. stant isentropic exponent ), then

Comparisons have also been made between planar and
spherical boundary-layer growths behind blast waves. State: p = .jh (4)
It is shown that owing to the rarefaction wave

profile behind the shock fronts the densities drop
very rapidly and the boundary layers become very The isentropic exponent N of the burnt 2
thick. The spherical boundary layer is thicker en2 0 2 is

owing to the more rapid expansion. This phenomenon about 1.3 at a temperature of 2,000 K and 1.04 at a
does not exist behind detonation waves (or constant temperature of 20,000 K. The pressure effect on ,
speed shock waves) as the densities have finite is small and can be neglected when the pressure is
valuesh below 104 atmosphere [Ref. 24].

This is only a first step in trying to under- From similarity considerations, it was shown

stand the viscous effects which exist in the UTIAS (Refs.ll,131 that for a self-similar motion the
implosion facility at the focus of an implosion, expanding wave front must either be a power law
As noted previously, the effects of viscosity, of time or an exponential function of time. For
heat conduction and radiation are important for most explosion problems, the power-law form is of

obtaining fusion in deuterium. However, since interest. Assume that the density ahead of the

neutrons and N rays have already been obtained in wave front, 0_, is uniform and the wave front

this facility the foregoing effects cannot be too position xs satisfies

limiting.
x =Ctm S

Although the motivation was primarily for this 
s

purpose, the present analytical-numerical results
are general and can be applied to many boundary- where C and m are constants and C is determined

layer flow problems behind blast and detonation from the energy integral equation. The following
waves. values Of m are applied for explosive waves:

2

2. INVISCID FLOW FIELD m - , for a strong blast wave

2.1 Basic Equations (6)

In a mixture of chemical species of a reacting m = 1, for a Chapman-Jouguet wave 3

gas, a great simplification can be made in the
analysis of the inviscid flow by assuming momentum
and thermal equilibria in the system. The governing Define the following dimensionlesi coordinate,
equations are then reduced to three-flow equations
for the mixture. The only difference in the govern- x
ing equations between the unburned and burned gases 7= 1 x -)
is the equation of state. The basic equations des- s

cribing the one-dimensional flow for the mixture
are, and the dimensionless variables,are,

Mass: 3

_- + I a (Oux°) = 0 (1)
a x

Momentum: x- (8)

au au 1 (2)
t+u X +- -,4x()

s

Energy: where us is the wave front velocity which is a

0 ah, u h 21 2p 0function of time. The following self-similarity1h 7 h - _ ax (3) equations result:

where a is a numerical constant with values of 0, -_+ R
1, 2 for planar, cylindrical and spherical symmetric [ -+]R -, 0 (9)
inviscid flows, respectively, p is the mixture den- F
sity, u is the flow velocity, p is the mixture pres- + -- . 0
sure, h is the mixture specific enthalpy, t is the (10)

time and x is the flow direction. The wall shear
stress, radiation-energy transfer and the wall heat R-I+E]F + yFV - 2cF - - ff 0
transfer are neglected for inviscid flows.

2



where F, = 0 corresponds to the wave front and I l
corresponds to the origin and ) is the isentropic 0- (18)
exponent of the gas behind the wave front. The sub- + 12 - Si
script F, denotes the derivative with respect to I.
The parameter a is Jefined by s

m(12) u 0 M S

0 us Y-0+l) (19)

where i = 0 for a uniform wave front and a < 0 for
a decaying wave front.

Initially, we assume that a finite amount of I
energy Eo is released at time zero in a finite Po Ms
volume of dimension xo in a medium at rest. From F( (20)
the energy integral, the constant C in Eq. (5) is o u 2 0

given by [Ref.ll]
where

C E [ ]m/2

mTp Kj - KI 1 2 (21)

where Kj is 1, 27 and 47 for planar, cylindrical
and spherical symmetry, respectively, and I is
defined by 1 y( - )(y+l) Y - 221)I 

F  
R2 l- r  K1 2 {  + 2 q} (22)

+ =9 1 (1 )d (14) 2Zy 1

0

q = -(23)
2.2 Boundary Conditions a 2

To solve Eqs. (9)-(11), the boundary conditions 2
immediately behind a shock or detonation wave front a = (24)
have to be determined. Consider the case where the
shock wave moves to the right with the velocity us .
The gas on the left side of the shock, which was For a strong blast wave (Ms - ), the boundary
stationary before being traversed by the shock, is conditions at the wave front ( 0 = ) are
given a velocity uo t-j the right. The situation
illustrated above ma., be transformed to the case 2
where the shock wave is stationary. In the new O = F = 2I

frame of reference, :he shock wave appears to be 0 0 -

stationary, while th gas on the left side of the (25)
shock appears to be Flowing to the left with the R =

velocity (uo - us). In this frame of reference, 0 -1
the conservation equations across the shock front
are given by: For a C-J detonation wave, we have Ms MCj, which

is defined by

Mass: K, 1 12 1

0 us = 00(us-u o) (15) MCj = + - K1  + " (26)

and s = 0. The boundary conditions at the wave
Momentum: front are,

2 2
P_ + P Us = Po +O(u-uo)

2  
(16) Y. - YM C

Energy: 0 Yl)

*h 1 2 1 22
h + I u + Q = ho  + 1 (u-u ) (17) Y + M(27

0 Y(Y+I)

where Q is the chemical energy per unit mass re-
leased at the shock front. With given initial Y(Y 1)
states (i.e., p., p_, h_, y_ and Q) the state R
immediately behind the shock front can be expressed 0 Y(Y +Mc )

conveniently in terms of the shock Mach number as:

3



2.3 Similarity Solutions For the planar motion c equals zero. We can see
that two solutions exist: (1) (-lt )2-82 f 0,

For a strong blast wave the shock speed is hence both (, and 8 are zero, which corresponds
time-dependent, hence the entropy change across to a planar piston with constant speed driving
the shock front decreases with time. The similar- a constant velocity shock or detonation wave.
ity conditions require an infinite strength wave. (2) (q-l+.) 2--- = 0, then both C and 8t are finite.
However, in practice the strong-shock approxima- Integrating Eqs. (29) and (30) we obtain the
tion is adequate for shock strengths above three, solution for q(r) and 6M4) with the proper signs
The solutions for a strong blast wave can be as follows:
obtained by integrating Eqs. (9)-(1l) with the 2 (3
boundary conditions at the wave front, Eq. (25). %() - 1 2
Table I and Fig. 2 show the dimensionless flow
profiles for a strong spherical wave with y = -
1.4. Their corresponding derivatives are shown a(F) +- 1 (33)
in Table 2 and Fig. 3. The flow is stationary 0

only at the origin (P = 1), which is a singular
point. These similarity solutions are valid where (for the C-J condition)
because the pressure ahead of the blast wave can
be neglected compared with that behind an intense Po + 60 = 1 (34)
explosion wave. The energy released by the explo-
sion and the undisturbed gas density play major The subscript o denotes the value at 0 = . Using
roles in a strong blast wave. It is noted that Eqs. (28) and (31), we get
the pressure immediately behind the wave front 2
decreased inversely as its radius cubed. The K 12-2
total energy contained in the region behind the R= (35)
blast wave is constant only if p t x-3. For (35)
powers less than or greater than 3, energy is -2
being added or removed continuously with time. F = -. R (36)
As seen in Fig. 2, the pressure is highest imme-
diately behind the wave front. It then decays If To and 6o are known, using Eqs. (32), (33), (35)
as - increases, levels off, and remains approxi- and (36), c , R, F can be calculated; % and So are
mately constant for •.S. The particle velo- determined from Eqs. (27) and (28).
city varies in an almost linear fashion from the
wave front to the origin and vanishes at the For the cylindrical and spherical detonation
origin. The density approaches zero for 0.5. wave, o 0, 9o + 6o = 1. This results in IR - --

and dr * -- at the front, ( 0. Therefore, we
For the C-J detonation wave, it is more con- cannot integrate Eqs. (29) and (30) directly from

venient to introduce a new variable 6 defined as the boundary of the C-d detonation wave front. To
overcome this difficulty, the perturbation method

y 11/2 is used [Ref.13]. The solution, in the form of a= F (28) perturbation series, in the immediate neighbourhood
of the C-J front is given by the following expres-

sions (with proper signs):
Then the three similarity equations (9)-(1l) can
be reduced to two equations in terms of P and S 2aq) o 1/2
as follows [Ref.131: (- - I ./ . (37)

= - 2 (29) 6(0) = 0- (y-l) yoI 11/21  (38)

Y-l 5q o-l*~) (30) With Eqs. (37) and (38) the values (o+L&) and
2 y- __212 (30) (o+i&) can be calculated from the values qo and 80,

[(q-I+) -82 (1-) where LE is very small. From these values, ((o+A&)
and B(o+At), Eqs. (29) and (30) can then be inte-
grated to obtain() and 8(). Using Eqs. (3S)

In the C-J detonation wave, the shock front propa- and (36), R(&) and F( ) are also obtained.
gates at a constant velocity and the entropy
increase is identical for all gas particles across A stoichiometric mixture of hydrogen and oxygen
the wave front. The invariant then reduces to the was used. The specific heats, specific-heat ratios,
following form: isentropic exponent and equilibrium sound speed for

RY the unburned and burned gases are given by Benoit

-F = 2 constant (31) [Ref. 24].

In the Chapman-Jouguet detonation wave the shock

K2 can be evaluated using the boundary conditions at front propagates at a constant velocity and the
the front, & = O. entropy increase for all gas particles across the

4



wave front are identical. Fable 3 and Figs. 4-6 the x and y-dirc'tions, respectively, and Pr is the
show the dimensionless pressure, velocity and Prandtl number. The temperature dependence of the
density profiles behind the planar, cylindrical dynamic-viscosity coefficient w is assumed to be of
and spherical C-J detonation waves with initial the form:
conditions of p = 13.b atm, v = 1.4 and T = 300 K. (42)
The corresponding derivatives which are neeaed in P = Pr 42
the boundary-layer analysis are shown in Table 4 r
and Figs. 7-9. It is noted that there are three
regions. From the wave front (F = 0) to F, = 0.48 where the subscript r denotes a reference value and
is the expansion region and from F = 0.48 to the is the viscous exponent.
origin is the stationary zone. The particle
velocity decreases sharply from its maximum value 3.2 Transformed Boundary-Layer Lquations
at F, = 0 to zero at F. = 0.48. Similar to the blast
wave, the pressure behind the wave front decreases The following transformed coordinates were used
as 1. increases and then remains constant for by Mirels et al.

- 0.48. However, the gas density resembles the x
pressure profile and does not approach zero close = I - X- (43)
to the wave midpoint. It can be seen from Figs. s
7-9 that a discontinuity exists in the flow deriva- y
tives at the position where the particle velocity X --- dy
is zero. The flow derivatives also approach an
infinite value at the detonation-wave front. As 0 (44)
mentioned previously, at the origin the basic [At

2
m(c.l)lF,]l/ 2

equations are singular.

3. VISCOUS FLOW FIELD where A 2aFoC 2mFC / '. /-/. As men-
tioned previously this set of transformed coordi-

3.1 Governing Equations for Laminar Boundary-layer nates cannot be used in chemical-reacting flows.
Flows By defining the transformed coordinate 7 as

The laminar boundary layer behind a strong y
blast wave moving with nonuniform velocity was x

C  
dy

investigated by Mirels et al [Refs.18, 231 and 0
Chen and Chang [Ref. 19]. The laminar boundary - 2mc+2w(m-l)+l 1/2 (45)
layer behind a detonation wave has not been solved [At
as yet. As mentioned in the Introduction, the
last three assumptions made by Mirels et al [Ref. where A = 2C(m ) -(bF I /p )l/_ , C is given
18] are not applicable to a detonation-wave induced by Eq. (13), Fo is given by Eqs. 725) or (27) and
boundary layer. In order to generalize the analysis, b = Iy() -1)/y,(y1)]Cn /Cp is the molecular weight
these assumptions are modified: (1) The specific ratio of the gases behind and ahead of the wave
heats and the specific-heat ratios behind and ahead front, then n is applicable to chemical-reacting
of the wave front are different, but constant in flows as well as non-reacting flows. It can be
each region. (2) The Prandtl number may be variable shown that when w = 1, b = 1 and y = y_ then A and
across the boundary layer. (3) The temperature n become identical to those given by Mirels and
dependence of the dynamic-viscosity coefficient Hamman [Ref.18].
of the gas behind the wave front has a power law
variation with temperature. Other assumptions are Define the following dimensionless variables:
made that the chemical reaction takes place only at
the C-J detonation-wave front and that the gases u
behind and ahead of the detonation wave are perfect. f(, n) =J u dn
Therefore, the equations governing the laminar e(46)
boundary-layer flow induced by a wave front are as
follows: h

:+ L (Oux) -(Ov) = 0 (39) e
x

where the subscript e denotes the edge of the boun-
Du - u 1dary layer. Since the pressure is constant in the
Rt = L - (40) y-direction, the density ratio is given by

D x y lyII

lDt lDt Dy I* Pr a

where If a scalar stream function 1P is now introduced
such that (48)

and a is a boundary-layer-type parameter, with a
value 0 for plane flow and I for axisyimetric + d_ (49)
flow. The pressure p is constant in the y-direc- V -xl 7tion, which is normal to the surface or flow- ox 0direction x. The velocities u and v are along o

.
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he continuity equation is then satisfied automati-
cally. It is not difficult to show that the rela- -

tionship between the scalar stream function q) and
the dimensionless variable f(', n) is given by g (Sb)

where the subscript w denotes the wall surface. It

At2m)12m("-l*
1  ]l/2f( , ,0 should be noted that from the definition of gw

h T SPP Tw R ( 7

Applying the transformed coordinates, dimension- gw b (5FM 2
e -bFoub

less variables and the relationship between 4 and ' s
f to Eqs. (39) to (41). the transformed boundary- the value
layer equations are then obtained,

T T
R -"  t ) w i w I

1-:l" R (8f,u p
2 Tol M 2!, 0~ S - M ~qlU s

, r rfg , . - f should be a function of only, for a self-similar
: jc ~ r~rl boundary-layer flow. Therefore, two cases exist:

(I- WI-4 ; . 9 f g (50) (1) For a strong blast wave, according to its
I- -f. -~--- J -~- 50)definition, we have

1

(I -: gRB2
F Pso that gw = O.

- RF R + (2) For the C-J detonation wave, we have Ma2 = 2=
o constant. Consequently, gw is a function of

.{ L f 9 , - 1 2 1 + ( 2 ., , -1 1 g n C o n l y .

It should be noted that for the strong blast wave
S2 ( -F. or for the so-called cold-wall model (i.e., Tw = 0)

g F Rg the viscous exponent w has to be unity. Otherwise,
Eqs. (50) and (51) will be singular at the wall.

3.3 Numerical Method and Procedure

where c% is defined by Eq. (12 , the values F, R, The nonlinear equations, (50) and (51), with
4and their derivatives F&, R& and qt are obtained the boundary conditions given by Eqs. (55) and (56),
from Eqs. (9) to (11), the subscripts n and ~were solved numerically by an implicit six-point
denote the derivatives with respect to n and , finite-difference scheme developed in Ref. 25. The
and B is defined by initial profiles are required for a finite-differ-

ence method. Consequently, the solution at the
Bg = -I start of the boundary layer has to be obtained

Pe~e = () first. At E = 0, the partial-differential equa-
tions, Eqs. (50) and (51), become a set of ordinary-

It can be shown that if w = I (i.e., B = 1) and differential equations as follows:

Pr - constant, Eqs. (50) and (51) reduce to those
derived by Mirels and Hamman [Ref.lg]. (The R(I-W)(F/F ),(Bf )r + (r-9f)f = 0 (58)
details can be found in Appendix A.) 0 nn nn

The required boundary conditions are given by R 1 - ) (F/F0  ['- 9 + I

y = 0: u(x, 0, t) = 0

v(x, 0, t) =0 + (n-qf)g = 0 (59)

h(x, 0, t) = h (x, t) (53) Equations (58) and (59) were solved using the

Newton-Raphson method, or a shooting method.

y : u(x, , t) = ue(X , t) Equations (SO) and (Si) are linearized in a
h(x, t0 (S4) form suitable for an iteration scheme by introducing

x tthe following function

After the transformation, they become af

n 0: f(., 0) = f n(, 0) 0 (60)

g(t, 0) = gw() (55) It is really only required for the momentum equa-
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tion and not for the energy equation. -he momentum layer are not satisfied. In order to avoid a dis-
equation in terms of W can be written as continuity in the gradients of the dependent

variables at the edge of the boundary layer, they
were forced to select a curve for ne in their num-

( 0 2RI-W (F/F)Bw(P) erical procedure. The boundary-layer profiles were
0  nn then recalculated using the selected ne distribution.

However, in the present work the inviscid flow
_ l)2OR-lw(F/Fo)"B, + (tl-f) equations, Eqs. (9)-(11), and the boundary-layer

equations, Eqs. (50) and (51), are solved simul-
taneously with the same step size AE. No inter-

2 4 [2a+(2w-M)l W(P) polation errors are introduced and the compatibility
22 n) f conditions are satisfied. The selection of an ne

distribution is not necessary in this work. The

- (1--W) 1 W(P) advantage of the present numerical procedure is the
W reduction of the number of convergent iterations
F gfor the nonlinear differential equations and the

2F(I- p
- 2(1p) consequent computation costs.2E --c (61)

In the calculations, 80 mesh points were used
and the energy equation in the linearized form is in the n-direction with X = 1.02 and an initial step

size An = 0.026. The step size A = 0.002 was
applied. Normally two or three iterations were

20RI ) _ I_ (p) required to converge the solution within an error0 n of 10-5.

(I 2OR1-W(FF~ 3.4 Boundary-Layer Characteristics
+ (1-~ R (F/F ) F g0L of -l(s.

r

The relations between the transformed coor-

_2 +(of - [2a4a(2w-I)] g(P) dinates (&, n) and the physical coordinates (x,y,t)
lf 2 o n are given by Eqs. (43) and (45),

a + [l, ,- ) (p)
- - - V -yF R X = Xs(1-C)

(p aY-1 2 R-(/oWBW H2tH(lo(')(2&(l-E-qM)ggp) - (l-F)20 - R Rl-w(F/F 0 )W y =

(62) where 2w-1

where superscript p denotes the order of the itera- H = s b F
tion process and the quantities without the super- L P [P
script denote those evaluated at the (P-l) itera-
tion order. (2Q)1/2

H2 = (5

A computer program was written based on the 2 ((65)
numerical scheme outlined in Ref. 25 and Eqs. (61)
and (62) were solved for four cases of practical (0
interest. The results are presented in Section 4. S = j gdn (66)
In this method, either equal intervals or nonequal 0
intervals can be used in the 0-direction. The 0

interval in the n-direction is increased in a geo-
metric progression as The boundary-layer thickness 6e, displacement

thickness 6" and the momentum thickness 0 are

An i+l =expressed by

6 = HIH 2  gdn (67)
where X is a constant set with a value slightly o
greater than unity and i is the index of the n-
coordinate for the difference net. There are two d* Hu )
differences in the numerical procedure between - - dy=HIH2SI  (68)
the present work and Liu and Mirels (Ref. 23]. 0 e e
First, in this work the momentum equation (SO) is
transformed into a second-order differential equa- -PU u
tion through a function defined by Eq. (60). The 0 - 1 - dy HIH2 S2
numerical method of Blottner [Ref. 261, which was o ee e
applied by them, introduced a transformed normal
velocity and retained the continuity equation in where re
order to avoid third-order derivatives in the
momentum equation. Second, Liu and Mirels used SI = (g-fn)dn (69)
an interpolation method in the inviscid flow o
values which appear in the coefficients of the n
boundary-layer equations. Consequently, the com- e
patibility conditions at the edge of the boundary S2 = f n(l-fn )dn (70)

0
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and ne is the value of n at the edge of the boun- Ref. 30:
dary layer.

nNK.

From the definition of the shear stress T and K n 1 (78)
the skin-friction coefficient cf: n

i=l j N*ij

~( u (71) j=l

for the thermal conductivity of the burned gas, and
T

C w (72) n N.WCf 1 2 i~i

7PeUe n =, n (79)

the dimensionless skin friction coefficient is N i ij

expressed by j=l

1 (F 2 for the viscosity of burned gas, where

C ,'e= ! 1 B f (C.0)fF 112 M 1 2
0J

[- [lJi3l 2vr Mj "80)
(73) +W

where the Reynolds nwnber Re is given by Iij (80)

pR w_ e (74)
;Re-2 = e --R= Us2 u and N, p, K, M are the mole fraction, viscosity,

conductivity and molecular weight of the species,

The heat transfer at the wall is given by respectively. Subscripts i and j denote the ith
and jth species. The details of the calculation

-[LT ] 1 [are given in Appendix B.
qay=Kw P w a ,(O) (75) 3.6 Discussion of Boundary-Layer Equations

where K is the thermal conductivity of gas. With As stated before, three regions are considered
the definition of Stanton number St: in treating the boundary layer behind a C-J detona-

tion wave. For the expansion region from & = 0 to
S -0.5, the inviscid flow plays a significant role

St pu_ (76) in the development of the boundary layer. Equa-
eUeH e  tions (50) and (51) are applied directly. For

the stagnation region from - 0.5 to C = 0.95,
where He = he + (l/2)ue

2
. The ncrmalized expression because the velocity approaches a very small value,

for wall heat transfer is Eqs. (SO) and (51) become

Slt ____ B g (E,0) (1I)Q0RI ( (Bf )n + nf
Prwt F -IA 03 n . nn Tn

+( Y 2& [2c4-a(2w-l)]f • f + (1-E)fn}... (81)

3.5 Properties of Hydrogen-Oxygen 
Stoichiometric

Mixtures (l-)
2
aRlW [oe g) +

A stoichiometric mixture of hydrogen and oxygen 0

is taken as the working fluid. The properties of [_
the unburned and burned gases, i.e., the gases =2 [Z04a(2wl)jg, + g + ... (82)
behind and ahead of the detonation wave, are taken
from Ref. 24. The chemical-reaction equation is
as follows: In the region from C - 0.95 to * 1, the solution

is given by

2H2+02 NIH20 + N20H + N3H2  8402 N5  6
T(y,t) = (T e-T w)erf(y/4Dt) Tw  (83)

where NI, N2, ..., denote molar concentrations of

H20, OH, ..., in the burned gases. where T is temperature, erfly/ADt) is the error

The initial conditions of the stoichiometric function and
mixture of hydrogen and oxygen are p, = 13.

6 
atm,

T . -298.15 K, y . -1.4 and us = 2.9815xi0
S  

cm/sec. K D - (84)

The thermal conductivity and kinetic viscosity P
for the unburned and burned gases are calculated
using the semi-empirical relations outlined in
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where C is the specific heat of the gas. The tem- (2) l-F << qf

peraturg gradient at the wall decreases in propor-
tioh to t-l/

2
. In the initial phase, the tempera- The nonuniformity of the wave front increases

ture gradient is so large that a temperature jump the unsteady effect on the boundary-layer structure.
exists at the wall. Details of the derivation of The order of magnitude for the unsteady terms depends
Eq. (83) are given in Appendix C. on the inviscid flow characteristics and it is dif-

ficult to estimate.
Three interesting observations may be made

regarding Eqs. (50) and (SI). First, as mentioned 4. BOUNDARY-LAYER DEVELOPNENT BEHIND EXPLOSIVE
above, the equations are singular at & = 1. The WAVES
solution near & = 1 is more of analytical interest,
as the boundary-layer concept is not valid. Second, 4.1 Boundary Layer Behind Strong Blast Waves
the effect of the viscous exponent w on the boun-
dary layer depends on the inviscid solutions R Three sets of solutions were obtained. The
and (F/Fo). When w < 1, the gas viscosity and first set was for the boundary layer induced by a
thermal-conduction effects increase as w increases. spherical strong blast wave. In order to check
Third, the coupling between the momentum and the numerical procedure applied here, the case with
energy equations is through B and the last term on t = .

= 
1.4, w = 1, b = 1, gw 

= 
0 and Pr = 0.72

the right-hand side of Eq. (50) and the second behind a spherical blast wave was examined. Re-
term on the right-hand side of Eq. (51). sults were obtained beyond 1, = 0.95. Figures 10

and 11 show the normalized velocity and temperature
It is convenient to rewrite Eqs. (50) and profiles. For comparison, the corresponding results

(51) in the general form obtained by Liu and Mirels (Ref. 231 are shown in
Fig. 12. It can be seen that agreement between
the two sets of results is excellent. Further

UiW + L2Wr 4 3W + a 4  W (85) tabular comparisons are given in Tables 5 and 6.
S 3+Agreement of the present results with the series

expansion results (Ref.18] for the wall derivatives
at & = 0 is better than those obtained by Liu and

where the a, are the coefficients and W stand for Mirels [Ref. 23).
fn and g. Equation (85) has the same form as the
heat conduction equation. The coefficient iS, The thermal boundary-layer thickness is larger
which plays the same role as the thermal diffus- than the velocity boundary-layer thickness since
ivity in the heat-conduction equation, is negative Pr < I was applied. As t increases, the velocity
in regions of reverse flow. For axisymmetric gradient increases at a rate which is larger than
boundary-layer flows (i.e., a = 1), al becomes that for the temperature gradient. Consequently, a
very small when = 1. It means that the viscosity velocity overshoot occurs. Results of other cases
and thermal conduction effects become very small with different Pr indicate that (1) the velocity
when al n 0. When aI = 0, Eq. (8S) is no longer overshoot decreases as Pr increases, (2) there is
parabolic, but hyperbolic. Consequently, all no flow reversal when the Pr is varied from 0.72
numerical methods for solving the boundary-layer to more than 3, because the density decreases
equations fail in this case. The simple heat- rapidly with C. It can be seen from Figs. 10 and
conduction equation can then be applied. 11 that the velocity and thermal boundary-layer

thicknesses decrease with ne as & increases (the
The unsteady effect on the boundary-layer actual thickness increases with ). They become

development can be estimated as follows. Consider zero at the origin ( = 1). Therefore, fn
the boundary layer induced by a uniform wave (i.e., for all n at 1.
wave velocity is constant, or m = 1). The steady-
state boundary-layer equations are: 4.2 Boundary Layer Behind C-J Detonation Waves

A second set of solutions was determined for
0F the C-J detonation wave in a stoichiometric mixture

ft )(inn - 4ffnn of hydrogen-oxygen with w = 0.75, Pr = 2.26, Tw =
f ( T = 300*K, y = 1.14, y 1.4 and p® = 13.6 atm

2 M T ] T +f -& F (86) for different flow geometries. The istance used
& -f ? - f9 from the origin to the wave front is 10 cm (corre-

sponding to the implosion chamber wall) and the
wave velocity is 2982 m/s. Figures 13 to 20 show

1 i l 2 - the normalized velocity and temperature distribu-S Pr g nn fgr tions across the boundary layer for the planar,
o cylindrical and spherical inviscid flows. The wall

r g F R& derivatives are shown in Table 7 and in Figs. 21 to
= ( - q -" - - g (87) 24. From the results presented above, the following

observations are made: (1) Flow reversal occurs for

all cases with Fr - 2.26 when & is greater than 0.4.
Comparing Eqs. (50) and (51) with in = I and Eqs. The magnitude of the flow reversal increases as a
(86) and (87), it can be shown that the unsteady and o increase. As a result, it has a maximum flow
effect can be neglected only when the following reversal for the spherical flow geometry, i.e., for
conditions are satisfied: a = 2 and o - 1. (2) The velocity gradient at the

wall increases as & increases and reaches a maximum
(1) (l+2o)q -c Jq+2C(fp&Q~ f 

)
I value at C between 0.2 and 0.25 and then decreases

with & increasing. (3) For the case with a - 1,
the wall temperature gradient increases at a rate
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greater than for o = 0, as F increases. (4) The The thermal boundary-layer thickness growing
thickness of the velocity boundary layer is greater on the wall of the major diameter of the UTIAS
than that of the thermal boundary layer. hemispherical implosion chamber was obtained numer-

ically from Eqs. (50) and (51), and analytically
A third set of solutions was obtained for a from Eq. (83). Figure 42 shows the variation of

spherical C-J detonation wave in a stoichiometric the thermal boundary-layer thickness with just
mixture of hydrogen-oxygen (T_ = 300°K, N = 1.14, when the detonation wave reaches the hemispherical
y_ = 1.4 and p_= 13.6 atm) with different thermal wall of the implosion chamber at 34 psec from init-
properties. iation, and Fig. 43 shows the variation with time

at the origin for the case of T_ = 300'K, b 1.26,
As mentioned before, for Pr 1 1, flow reversal F = 0.1511, R = 0.67, us = 2982 m/s and xs 10 cm.

exists when 1 0.3. In order to examine the The predicted thermal boundary-layer thickness
effect of the Prandtl number on the flow structure, using the analytical solution is about 0.054 mm at
other cases with Pr = 1.5, Pr = 1.0 and Pr = 0.72 the origin, which is very close to 0.0S8 mm predicted
were also studied. Figures 25 to 30 show the numerically.
normalized velocity and temperature for different
Prandtl numbers. From these figures, including
Fig. 19, it can be seen that for Pr 1 1, the mag- 4.3 Some Discussions on Boundary-Layer Thickness
nitude of the flow reversal decreases with Pr
decreasing, whereas for Pr < 1, the flow reversal Figure 44 shows the variation of boundary-layer
disappears and a velocity overshoot occurs. The thicknesses for C-J spherical and planar detonation
magnitude of velocity overshoot increases as the waves in 2H2+02, and strong spherical and planar
Pr decreases. It is clearly shown in Fig. 27 that blast waves in air under the same initial conditions
for Pr = 1 neither a flow reversal nor a velocity and wave velocity us and wave position xs. For a
overshoot exists. Figures 31 and 32 show the wall comparison, the constant speed nonstationary planar
derivatives of velocity and temperature, respec- shock-wave case in air is also shown in Fig. 44.
tively. It can be seen from Fig. 31 that when The initial conditions are: p. = 13.6 atm, T=
Pr < 1, f,(F,O) increases monotonically with 300°K, wave speed us = 2981.7 m/sec, and wave
increasing. However, when Pr x 1, fn(aO) position xs = 10 cm. It can be seen from Fig. 44
increases at first and reaches a maximum value that the variation of the boundary-layer thickness
at about & = 0.23, then decreases to a negative with distance behind the wave behaves quite differ-
value. Separation is said to occur when the ently for a C-J detonation wave, a strong blast wave
derivative fn,(C,O) changes from a positive to a and a constant speed planar shock wave. It is help-
negative value. The boundary-layer thicknesses ful to recall the relation for the boundary-layer
of velocity and temperature are shown in Fig. 33. thickness, Eq. (67),
It is shown that when Pr > 1, the velocity boundary
layer thickness increases slightly as Pr increases, 

2w-I  1/ ewhereas the thermal boundary-layer thickness de- S x s P_ F ]112 (2f,)112 Y

creases considerably. It implies that when Pr > 1, [u 0 b P F°  (1-Q)R  gdi (67)

more kinetic energy of flow is lost from the main- 0
stream than when Pr < 1. Due to imbalance between in order to understand these variations. We can see
the velocity and thermal boundary-layer thicknesses, from Eq. (67) that the density ratio plays a very
the flow is forced to separate at the wall or to important role in the development of the boundary
have a velocity overshoot at the edge of the boun- layer behind a given wave front. For a C-J detona-
dary layer. This separation is not observed in tion wave when C > 0.5, the velocity of the inviscid
the blast-wave case. flow becomes very small, but it does not matter

because the density and pressure remain at reason-
Table 8 shows the variation of the thicknesses able levels. For a constant sped planar shock

of velocity and temperature with Pr. It was found wave, a = O, R = constant and Le gdn is also con-
that the ratio of the velocity boundary-layer thick- stant (that is, similarity exists and the boundary-
ness to the thermal boundary-layer thickness is layer profiles are identical anywhere), therefore
proportional to the square root of the Prandtl the boundary-layer thickness 6 can be expressed
number, as shown for a steady plane boundary-layer as
flow [Ref. 271. For the spherical C-J detonation
wave, it can be seen from Table 8 that when Pr > 1, 6 =
the velocity boundary-layer thickness is greater
than for the temperature layer. When Pr < 1, the where c is a constant. For the strong blast wave,
converse statement is true and when Pr = 1, the however, when & > 0.5, the density ratio becomes
two thicknesses are identical. very small (as shown in Table 1 and Fig. 2). It

means that when C ' 0.5, the inviscid flow is so
The effect of the viscous exponent and the rarefied that the boundary layer gets comparatively

surface temperature on the boundary-layer flow was thick (as shown in Fig. 44). Consequently, the
also investigated. The normalized velocity and assumptions made in derivation of the boundary-
temperature profiles are shown in Figs. 34 and 3 layer equations would cease to apply and the plots
for the case of w - 1, and in Figs. 36 and 37 for in Fig. 44 for these cases for larger distances from
the case of Tw - 0, respectively. The effects of the wave are no longer of physical interest.
w and Tw on the velocity and temperature gradients
are shown in Table 9 and in Figs. 38 to 41. It
can be seen from Table 9 and Figs. 38 to 41 that:
(1) when w changes from 0.75 to 1, the velocity 4.4 Heat Transfer to the Wall behind a Detonation
and temperature gradients on the wall increase by Wave in 2H2+02 Mixture
a factor of nearly 1.8. (2) The wall-temperature
effect on the wall gradients is not significant. The relation for calculating wall heat transfer
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behind a C-J detonation wave moving into a station- of Ref. 27 over the entire 200 psec. However, it
ary mixture of 2H2 +O2 is given by (see Appendix D) only agrees well with the data of Ref. IS from

about ISO to 200 Psec. For structure-independent

.B2 (t) 0.5 (68) detonations, as shown in Fig. 49, velocity, pressure

1 2 -and density behind the wave front decrease rapidly,
then the values of p and , level off to a finite

where value at about O = 0.5. However, the velocity
after 1 = 0.5 becomes so small that only conduction

Y -1 .w { i __ w112 °  heat transfer becomes dominant. That may be the
B FF PR (1-) (69) main reason why the present laminar boundary-layer

analysis gives a good representation of the varia-
tion of heat transfer to the wall with time behind
C-J detonation waves.

2 0.5 (70)
82 =u (PP)

S. CONCLUSIONS
It can be seen that BI is a function of , only. It
decreases as F increases from 0 to 1. For planar A modification to the transformed coordinates
flow with a 0 it reduces to the following form of Mirels and Hamman (Ref. 18] makes it possible

to apply the transformed equations to flows behind
2. 1 T],1 either blast or Chapman-Jouguet detonation waves.

B F2 +w TT (71) It was shown that the Prandtl number controls a
1 Y-1 2Pr TRR reversed-flow phenomenon at the wall and a velocity

overshoot near the edge of the boundary layer. No
while B2 represents the effects of the initial flow reversal occurs in the blast-wave case. The
conditions. For the structure-independent detona- effect of Prandtl number on flow reversal in the
tion ucJ is a function of the initial conditions blast-wave case is not as significant as in the
only. From the expression for 81, it can be seen detonation-wave case. The magnitude of the velocity
that qw is also a function of position. For a overshoot for the Chapman-Jouguet detonation-wave
given position x, F can be expressed as case is larger than that for the blast-wave case.

The viscous exponent w has a significant effect on
uC t the wall skin friction and heat transfer. For

x-u t (72) w < 1, the value of wall derivatives reduces by a
ct factor of (F/RFo) 1-  as decreases. The effect of

wall temperature Tw is found to be small. At lower
where x is the distance of the point considered wall temperatures the flow reversal is delayed to
from the initiation position. Figure 45 shows the some extent, compared to the higher wall tempera-
variation of heat transfer to the wall with time t, ture.
at different positions for plane flow. Also shown
in Fig. 45 are the experimental results from Ref. To test the analysis, the results of heat
28. The agreement between the analytical-numerical transfer to the wall behind a planar detonation
results and the experimental data is satisfactory. wave moving into a stationary mixture of 2H2+02
A better relation for the temperature-viscosity were computed and the variation of heat transfer
might even improve the agreement. with time was compared with experimental data at

different positions from the initiation point.
To check the influence of the initial conditions Very good agreement was obtained between the

on heat transfer, calculations were also done for present numerical results and the experimental
the variation of the average heat transfer over data. This lends confidence to the present ana-
given periods of time for different pressures p lytical-numerical work which is less restrictive
and is shown in Fig. 46. The crosses, closed a in its assumptions and models the actual flow more
open circles shown in Fig. 46 represent similar realistically than has been done previously.
experimental results from Ref. 29. It can be seen
from Fig. 46 that the relation between heat transfer The boundary layer behind a detonation wave
and initial pressure is not linear and does not may undergo transition to a turbulent one. Conse-
justify the conclusion in Ref. 29 that it is linear. quently, a complete boundary-layer solution through

the transition and turbulent flow is very difficult
As shown in Ref. 8, the structure-independent and must be done in stages, as noted in the Intro-

detonation inviscid flow properties in a 2H, O 2  duction. For the strong blast wave, the density
mixture are very insensitive to the initial condi- behind the wave front decreases so rapidly that the
tions. For example, the detonation speed changes inviscid flow becomes very rarefied and the boundary-
from 2.59 km/sec to 3.08 km/sec, the temperature layer thickness increases very quickly in a short
from 2934 K to 4645 K, and the pressure ratio from distance (say, 0 < & < 0.3) away from the wave front.
16 to 21.8 even when the initial pressure changes Consequently, the boundary-layer concept say no
from 0.01 atm to 100 atm at an initial temperature longer be valid in the region beyond C > 0.3. To
of 298.15 K. To simplify the procedure of calcula- illustrate this poi-it several boundary-layer profiles
tion an average value of Bl was taken in calculating have been plotted (Fig. 44) and discussed. The
the heat transfer with reasonable approximation. present report represents the first of several
Figure 47 shows a comparison of the present results stages as noted above in the solution of the boun-
with experimental and other analytical results from dary layer in the UTIAS implosion chamber. Never-
Ref. 15. It can be seen that present analysis is theless, the results are applicable to many other
in very good agreement with the experimental data problems.

II



REFERENCES tions and Explosions, AIAA, New York, 1981,
pp. 134-149.

1. Glass, I. I. and Sagie, D., "Application of
Explosive-Driven Implosions to Fusion", Phys. 17. Sichel, M., "A Hydrodynamic Theory for the
Fluids, Vol. 25, No. 2, Feb. 1982, pp. 269-270. Propagation of Gaseous Detonations Through

Charges of Finite Width", AIAA J., Vol. 4,

2. Kennedy, J. E. and Glass, 1. I., '1ultipoint No. 2, Feb. 1966.

Initiated Implosions from Hemispherical Shells
of Sheet Explosive", UTIAS Tech. Note No. 99, 18. Mirels, H. and Hamman, J., "Laminar Boundary
1966. Layer Behind Strong Shock Moving with Nonuniform

Velocity", J. Phys. Fluids 5, 1962, pp. 91-96.
3. Flagg, R. F., "Explosive-Driven, Spherical

Implosion Waves", Phys. Fluids, Vol. 11, No. 19. Chen, C. J_ and Chang, L. M., "Unsteady Corn-
10, Oct. 1968, pp. 2282-2284. Also UTIAS pressible Laminar Boundary Layer Flow Behind a
Report No. 125, June 1967. Plane Blast Wave", AIAA 1lth Thermophysics

Conf., San Diego, California, July 1976.
4. Elsenaar, A., "A Numerical Model for a Combus-

tion-Driven Spherical Implosion Wave", UTIAS 20. Sichel, N. and David, T. S., "Transfer Behind
Tech. Note No. 144, 1969. Detonations in 2H,.0 2 Mixtures", AIM J., Vol.

4, No. 6, 1966, pp. 1089-1090.
5. Macpherson, A. K., "A Preliminary Study of

Spherical Detonation Wave Symmetry in Stoichio- 21. Mirels, H., "The Wall Boundary Layer Behind a
metric Hydrogen-Oxygen Mixtures", UTIAS Tech. Moving Shock Wave", Symposium, Aug. 26-29, 1957,
Note No. 154, 1970. pp. 283-293.

6. Macpherson, A. K., "A Preliminary Monte-Carlo 22. Hartunian, R. A., Russo, A. L. and Marrone,
Analysis of the Reflection of an Imploding P. V., "Boundary Layer Transition and Heat
Hemispherical Shock Wave Similar to that Gener- Transfer in Shock Tubes", J. Aerospace Sci., 27,
ated in the UTIAS Implosion-Driven Hypervelocity 1960, pp. 587-594.
Launcher or Shock Tube", UTIAS Report No. 152,1970. 23. Liu, S. W. and Mirels, H., "Numerical Solutions

for Unsteady Laminar Boundary Layer Behind Blast

7. Glass, I. I., "Shock and Combustion Wave Dyna- Waves", Phys. Fluids, Vol. 23(4), 1980, pp.

mics in an Implosion-Driven Hypervelocity 681-688.

Launcher", UTIAS Review No. 25, 1965. 24. Benoit, A., "Properties of Chapman-Jouguet

8. Saito, T., "An Experimental, Analytical and Detonations in Stoichiometric Hydrogen-Oxygen
c SMixtures Diluted with Helium and Hydrogen",Numerical Study of Temperature Near Hemispheri- LUTIAS Tech. Note No. 104, 1966.

cal Implosion Foci", UTIAS Report No. 260 (to

be published). 25. Glass, I. I. and Liu, *J. S., "Effects of

9. Taylor, G., "The Formation of a Blast Wave by Hydrogen Impurities on Shock Structure and

a Very Intense Explosion (I. Theoretical Dis- Stability in Ionizing Monatomic Gases. Part 1,
cussion)", Proc. Royal Society A, Vol. 201, Argon", J. Fluid Mech. Vol. 84, Part 1, 1978,

March 22, 1950. pp. 55-77.

10. Latter, R., "A Similarity Solution for a Spher- 26. Blottner, F. G., "Finite Difference Methods of
ical Shock Wave", J. Appl. Phys., Vol. 26, No. Solution of the Boundary Layer Equations", AIM

8ca, Shk WJ. 8, 1970, pp. 193-205.
8, 1955.

27. Schlichting, H., "Boundary Layer Theory",
11. Sedov, L. I., "Similarity and Dimensional McGraw Hill Book Co. Inc., New York, 1968, pp.

Methods in Mechanics", Academic Press, 1959. 99-102.

12. Mirels, H., in Advances in Applied Mechanics, 7, 28. Laderman, A. J., Hecht, G. J. and Oppenheim,
Academic Press, New York, 1962, A. K., "Thin Film Thermometry in Detonation

Research", Temperature - Its Measurement and
13. Lee, J. H., Knystautas, R. and Bach, G. G., Control, in Science and Industry, Vol. 3, Part

"Theory of Explosions", MERL Report 69-10, 2, 1962.
AFOSR 69-3090 TR, Nov. 1969.

29. Edwards, D. H., Brown, D. R., Hooper, G. and

14. Sichel, M., '"odeling of Gaseous and Heterogene- Jones A. T., "The Influence of Wall Heat
ous Detonation Phenomena", Trans. 27th Conf. Transfer on the Expansion Following a C-J
of Army Mathematicians, 1982. Detonation Wave", J. Phys. D: Appl. Phys. 3,

1970, pp. 365-376.
IS. Ragland, K. W., "The Propagation and Structure

of Two Phase Detonations", University of 30. Bird, R. B. et al, "Transport Phenomena",
Michigan, Ph.D. Thesis, 1967. John Wiley and Son Inc., New York, 1963.

16. Paillard, C., et al, "Pressure and Wall Heat 31. Carslaw, H. S. and Jaeger, J. C., "Conduction

Transfer Behind a Hydrogen/Azide Detonation of Heat in Solids", Oxford University Press,
Wave in Narrow Tubes", Gasdynamics of Detona- London, 1950.

12

. .



Table 1

Inviscid Flow Solution Behind a Strong Spherical Blast Wave

= 2, m = 2/5

F R

0.00 0.8333 0.8333 6.0000

0.10 0.68486 0.4231 1.2318

0.20 0.58374 0.33714 0.39251

0.30 0.50309 0.31324 0.13251

0.40 0.42927 0.30656 0.40661x10
-1

0.50 0.35738 0.30495 0.10284x10
-

0.60 0.28596 0.30464 0.19214x10
-2

0.70 0.21472 0.30460 0.22055x10
3

0.80 0.14384 0.30460 0.10238x10
-4

0.90 0.075392 0.3040 0.40588x10
-7

Table 2

Flow Derivatives Behind a Strong Spherical Blast Wave

a 2, m = 2/S

Fc RE

0.00 1.8056 13.028 125.000

0.10 1.1956 2.2153 15.560

0.20 0.87500 0.58514 4.2368

0.30 0.75925 0.16773 1.4782

0.40 0.72435 0.43694x10 0.51333
-2

0.50 0.71549 0.9187x10 0.15468
-2 -10.60 0.71326 0.13726x0
-  

0.36112x0
-

0.70 0.71136 0.11818x10
-3  0.55426x10

-2

-S -30.80 0.70435 0.36594x10 0.3907Sxl0

0.90 0.63478 0.73131x10 0.35366x10

The derivatives are all negative.
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Table 3

Solution for Inviscid Flow Field Behind C-J Detonation Wave

= a, I = 1, m = 2, m I

F R ( F I P F R

0.00 0.4544 0.47752 1.8328 0.4544 0.47752 1.8328 0.45440 0.4775 1.8328

0.05 0.40772 0.43301 1.6821 0.34050 0.36820 1.4595 0.30781 0.33779 1.3534

0.10 0.36105 0.39234 1.5430 0.28650 0.32261 1.3000 0.24717 0.28807 1.1773

0.15 0.31437 0.35527 1.4146 0.24088 0.28807 1.1773 0.19961 0.25350 1.0527

0.20 0.26769 0.32151 1.2962 0.19917 0.25966 1.0750 0.15871 0.22697 0.9556

0.25 0.22101 0.29077 1.1870 0.1S984 0.23552 0.98700 0.12222 0,20576 0.8769

0.30 0.17434 0.26281 1.0865 0.12234 0.21474 0.A1035 0.089251 0.18851 0,8122

0.35 0.12766 0.23738 0.99388 0.086556 0.19684 0. >,356 0.059572 0.17450 0.7591

0.40 0.08098 0.21428 0.90866 0.052765 0.18155 o.78591 0.033490 0.16146 0.7092

0.45 0.034304 i 0.19329 0.83026 0.0216851 0.16881 0.73742 0.012032 0.15504 0.6845

Table 4

Derivatives of Inviscid Parameters Behind C-J Detonation Wave

= 0, m =1 =, m = 1 o =2, m = I

9)F R (PF R CP&FR

0.00 0.93356 0.93355 3.1361 53.840) (53.827) (180.92) (75.720) (75.702) (254.51)

0.05 0.93356 0.85156 2.8958 1.2399 1.1030 3.8274 1.4515 1.2615 4.4247

0,10 0.93356 0.77633 2.6727 0.97132 0.77469 2.7328 1.0467 0.8045 2.8783

0.15 0.33356 0.70735 2.4655 0.86560 0.62075 2.2208 0.87356 0.59808 2.1741

0.20 0.93356 0.64412 2.2732 0.80745 0.52153 1.8902 0.76941 0.47150 1.7377

0.25 0.93356 0.58620 2.0949 0.76743 0.44701 1.6399 0.69293 0.38147 1.4232

0.30 0.93356 0.53317 1.9295 0.73318 0.38556 1.4309 0.62663 0.31085 1.1725

0.35 0.93356 0.48465 1.7763 0.69719 0.33137 1.2432 0.55954 0.25079 0.95509

0.40 0.93356 0.44028 1.6344 0.65220 0.28050 1.0630 . 0.48058 0.19507 0.74903

0.45 0.93356 0.39972 I 1.5030 0.58542 0.22807 0.87216 0.36919 0.13595 0.52541
__ _ _ _ _ _ Iii

The derivatives are all negative.
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Table 5

Comparison of Wall Derivatives Obtained by Three Different Numerical Methods

f (l o) G (K0)

Liu Liu
Series and i Series and
Expansion Mirels Expansion Mirels
Method Solution Present Method Solution Present

0.0 0.66141 0.66198 0.66147 0.89693 0.89864 0.89735

Table 6

Comparison of Wall Derivatives of Liu and Mirels (1980) and Present Work

for a Boundary Layer Behind a Strong Blast Wave

fnn (,O) gn(&,o)

Liu and Liu and
Mirels Present Mirels Present

0.66198 0.66147 0.89864 0.89735

0.10 0.99598 0.99520 0.71326 0.70950

0.20 1.4215 1.4210 0.6506 0.6486

0.30 2.0170 2.0170 0.67915 0.6789

0.40 2.8813 2.8800 0.8664 0.8692

0.50 4.03096 4.0240 1.2942 1.2980

0.60 5.52177 5.5090 1.8290 1.8400

0.70 7.94119 7.9040 2.61496 2.6490

0.80 12.7369 12.570 4.o9S7 4.3220

0.90 27.2309 2S.26 9.0235 9.770
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Table 7

C omparison of Wall, Derivaties for Diffrent Cases Behind a Ch man-Jou uet Wve

300 Q K .t0-_7 5_j'r = 2.26

=0 1= -
i
0 1 J =0 = o = I o = 2 C, I

F, fi? (F,.0) gI ( .O) fjr (F-,0) g, (1-0)1 fn (F.0) g, (F,.) if (F,0) g, (F .0)

0.0 0.4023 0.6354 0.4023 0.6354 0.4023 0.6354 0.4023 0.6354

0.05 0.4149 0.6506 0.4421 0.6883 0.4673 0.7269 0.4800 0.7482

0.10 0.4292 0.6699 0.4586 0.7191 0.5145 0.8043 0.5275 0.8369

0.20 0.4467 0.7101 0.4656 0.7742 0.5943 0.9806 0.5882 1.0330

0.30 0.4293 0.7587 0.4083 0.8314 0.6069 1.2120 0.5190 1.2830

0.40 0.2145 0.8194 0.05685 0.8947 0.1353 1.53z0 -0.3740 1.6190

0.45 -0.5084 0.8537 -0.9738 0.9248 -1.7140 1.7410 -3.6520 1.8320

0.50 -0.1279 0.8895 -0.4341 0.9596 -0.8039 1.9860 -2.3680 2.0820

0.60 0.2235 0.9310 0.04352 0.9994 0.2114 2.6110 -0.9636 2.7320

0.70 0.4271 0.9585 0.3287 1.0270 1.2560 3.6320 0.3380 3.7980

0.80 0.5605 0.9783 0.5208 1.0470 2.9270 5.7040 2.2290 5.9640

0.90 0.6513 0.9933 0.6577 1.0620 7.6860 12.1500 7.3090 12.690

0.95 0.6836 0.9996 0.7111 1.0690 17.360 24.350 17.430 25.250

Table 8

Ratios of Boundary Layer Thicknesses for Different Prandtl Number, Pr

PrO0.72 Pr=1.0 Pr=l.5 Pr-2.256

V6/T /V/6T 6 V/T /V/ 6 T

0.00

0.10 0.8644 1.000 1.377 1.791

0.20 0.7695 1.000 1.303 1.749

0.30 0.6486 1.000 1.364 1.702

0.40 0.3456 1.000 1.454 1.833

0.50 0.2129 1.000 1.541 1.862

0.60 0.2676 1.000 1.490 1.858

0.70 0.2677 1.000 1.522 1.812

0.80 0.4186 1.000 1.514 1.941

0.90 0.6416 1.000 1.278 2.263

0.95 0.7407 1.000 1.5120 2.158
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Table 9

W1 a1 Dorivati. for Different Flow Conditions Behind a Cha man-Jouuet aVe_

r K300K T=300 K T =300 K Tw=0.0

,=0.75 Pr=2.256 Pr=0.72 c=.00 Pr=2. 256 u=.0 Pr=2.25f

CIO f9,] 
' 03 

g F Iq O )  fr,,, ( ,1 0 ) grl
(
U-

03  
f -

(
E
'0 3  F, 1 0 ) f n

( 
,
0 3  g,(- O

0.0 0.4023 0.6354 0.4171 0.3352 0.7281 1.115 0.7281 1.195

0.05 0.4800 0.7482 0.5296 0.4038 0.8675 1.309 0.8774 1.412

0.10 0.5275 0.8369 0.6125 0.4558 0.9505 1.456 0.9716 1.577

0.20 0.5882 1.0330 0.7985 0.5699 1.061 1.785 1.123 1.941

0.30 0.5190 1.2830 1.058 0.7147 0.9547 2.199 1.123 2.400

0.40 -0.3740 1.6190 1.567 0.9091 -0.5231 2.751 0.0631 3.007

0.45 -3.652 1.8320 2.540 1.032 -0.6002 3.1010 -0.4284 3.389

0.50 -2.368 2.0820 3.138 1.172 -4.079 3.500 -3.203 3.821

0.60 -0.9636 2.7320 3.541 1.525 -1.834 4.526 -1.318 4.935

0.70 0.3380 3.7980 4.152 2.101 0.2729 6.161 0.6444 6.714

0.80 2.2290 5.9640 5.533 3.67 3.247 9,322 3.538 10.161

0.90 7.3090 12.690 10.15 6.928 10.52 18.08 10.76 19.70

0,95 17.430 25.250 19.72 14.57 22.85 31.75 23.04 34.59

17
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FIG. 1 SKETCH OF BOUADARY LAYER INDUED BY HEMISPHERICAL DETONATION
WAVE ON THE MAJOR DIAMETTER OF UTIAS IC.lLOSION CHAMBER.
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Tj AND~ t BEHIND "YLIN~DRICAL C-J DET~ONATION WAVE. Pr 2.26,
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1 AND t BEHIND CYLINDRICAL C-J DETONATION WAVE. Pr = 2.26,w 0.75, Tw 300 K, 0 , 0.
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APPENDIX A

DERIVATION OF TRANSFORMED BOUNDARY-LAYER EQUATIONS

The unsteady, compressible laminar boundary-layer al -t I (A1 4j
equations for a perfect gas are: ax us

Continuity: x ,

aQ 1 a(pux0) a(pv) 0ar (AIs)
7+ _0 = U(A1) ay a [At2mo+2,,(m-I)-l IA

Momentt'm:

Du ape a ( u (I-')mt (AI(O)
a-=-- 

+  U-I (A2)

Energy: -P a- dy] .

Dh Pe a a + au -2o+2 2 - mt .2Dt D p y (A3) t [At

(AI7)

State: Introducing a scalar stream function defined by
p = [(-y-l)/-y]ph (A4)

To eliminate the explicit dependence on time, U = - y (A18)
Mirels and Hamman [Ref.18] devised a similarity Oxa

transformation for the lamina boundary-layer induced
by a strong blast wave. Only a small modification y a d

to their transformation was needed to make it applic- v = L + a - xc dy (A19)
able either to blast waves or for detonation waves. x o x a
The modified transformed coordinates become 0

T= t (AS) substituting Eqs. (A13) to (A19) into Eqs. (A) to

(AIO), and adding Eqs. (AlO) to (A9), the following
derivatives are then obtained

s a [o
y a t~L J o a Il "I

x 
0 o -

- 
dy ( t 3 [At 2mo+2w(m-l)+I 1/2 - (l-F)mt- -

[At 2m-+2l(m-1)+l l /2
_ _ o - o~o(2,,-1) + - (A20)

For the new variables , n and i, the derivatives 
t

with respect to x, y and t become
a a ? an d& a a a a)

a aa a a an a ax a v oaydx a0 0r,
at at aT (A) x

y
a a& a an a a o"f .

' dyl

a5x MaX '5& 7x5- (A9) at 1 0  a_ )a n a [At
2
mo+

2
u(m-l) ] 1/ 2  

(A21)

a an 3 (AIO)

Introduce the similarity parameters

For the inviscid flow, we are interested in self- Pe
similar motions in the form of F(&) = - 2 (A22)

xs = ct m (All)

Thenu
us = cmt

m l (A12) U,) = (A23)

s
Using Eqs. (All) and (A12) the derivatives are as
follows:

a*t . 1 (A13) R( e) - (A24)

'- . ... - I ll I I I[Il I '- i ii I i . . . I :Lp



and the temperature ratio and note that

Te b 2 F (A25) x (_-)2o C2(o+() m 2
isR [As2mo 2(m-I)+lF -1 u2W

where s

Substituting Eqs. (A29), (A30) and (A32) into the
b ____-_)cl_ momentuT equation and dividing both sides by

b = 'Y(Y-l)C pmUsqp-", the following equations are obtained:

for the inviscid flow. The dimensionless stream 0_0 20 R1-W (F/Fo)w(Bf ) n
function is defined as 0 Tin

f(,n) = W{Ue [ATZ2m°2(m-l) l W]1/2} (A26) {[fqc F 2 1 M

+ (l=&-Tf) -- + fl =- (ASS)
The total derivative is defined by 1- (P n R(

D a = a for the momentum equation.

The same procedure can be applied to the
energy equation, Eq. (A3), term by term:

Substituting Eqs. (A22) to (A24) and (A26) 
into (AZO)

and (A21), then Eq. (A27) becomes (1)

t = -Pint 1  [ [2o)(2w-l) (f +9 f Dh -I (f)

=t prmt he U 2(3((wlJ (qf .W+

+1 (n-q9fl -1-4qf +P(A28) 1 1 ~~~ F Rr
d n n.I 3 +- 27 t1- Pfn F g R

For the momentum equation, Eq. (A2), the transform- - }
ation can be done term by term. For p(Du/Dt), we + 2 g (A34)
have

Du (2)
P -= -omt-lus(P { (2o+a(20-1) - (,f +(Pf)

-p t 2 D P e F-t 2 a g (A 3 5 )

~~IT tin -i (lnfif~--

(A29) (3)

For ap/ax. using Eqs. (A22) to (A24), the following _L [ _ h x 2aheee
expression is obtained: 3y Pr W7 [At 2mo+2(m-1)w+l ]f=2 Pr n n

ap e  F& (A36)
- - = PIUs(-I (A30)Rq

(4)

where g = h/he = T/Te is the enthalpy or temperature 2a 2 2
ratio. A new dependent variable is defined as au 12 x PUs e e 2 (A37)
follows: T =- [At M]+Z(ml)W+l 2 in

Pele  A31) Noting that

OePe P- P. 2 F I"
With the transformed coordinates, &, n, the term - = R _P b T us  (A38)

a/ay[(au/3y)] can be expressed in the following P_
form xuo p u P1'2 (A39)

pm (A2 e A9

T " , a Ath2mo+ 2 (ml)w , (Bfn) n  (A32) th rn r e

the transformed energy equation becomes
Define

2C2(ow) o2w- Po (I- ( F "

A I - 0-0 ,,,(Cont- .
"'" ..... . . . . . . 0 Vs -' I" I IP In I+ FN l II I I .. . II I



R- ,I- I B f2' + (n-qif)g,F F n n

=2F, [f~p,+qf. 2 j2o+,(2v,-l)]] g,1

+ (l---f) -+ .. )] g} (A40)L n g YF R

APPENDIX B

THERMAL CONDUCTIVITY AND VISCOSITY FOR MULTICOMPONENT GAS MIXTURES

The viscosity W and thermal conductivity K and n is the number of chemical species in the
contained in the momentum and energy equations are mixture; Ni and Nj are the mole fractions of species
estimated by using the following semi-empirical i and j; wi and ii are the viscosities of species
relations given in Ref. 30. i and j at the sy tem temperature and pressure; and

Mi and M are the corresponding molecular weights.
n Ni. i  Note that Oi is dimensionless and when i = j,

= = n (B1) = I. Basically, Eqs. (Bl) and (82) are adequate

only at low density. As shown in Figs. B and B2,

j=l i ij  the viscosity and thermal conductivity of a gas
approach a definite limit (the low-density limit) as
the temperature reaches a very high value at a given

for viscosity of gas mixture, and pressure. The temperature of the gas mixture behind
a C-J wave is about 4000 K. Taking water-steam as

n N.K. an example, the critical temperature is 400 K and
K n (B2) the critical pressure is 1 atm. In the region

behind a C-J wave, the average pressure is less than
=l 10 atm. Hence, its reduced pressure is less than
j=l j10 and its reduces temperature is 10. From Figs.

B1 and B2, it can be concluded that the low-density
for thermal conductivity in which limit is still a good approximation.

M. I P 1-
1 4

BOUNDARY LAYER THICKNESS CLOSE TO THE ORIGIN

As pointed out before, the origin is singular 3T = 2 (C2)
for the boundary-layer equations. Near the origin, 7 y
the solution becomes divergent. Therefore it is
necessary to find an alternate way of evaluating where a = K/PCp. The corresponding boundary condi-
the thermal boundary-layer thickness at origin. tions are
Since the gas velocity is very small in the middle
of the wave behind a C-J detonation, the boundary-
layer equations reduce to y =0, T =T

w
(C3)

S a (c) T T

Assuming that the Pr and C are constant, Eq. (Cl) The UTIAS implosion chamber is made of steel.
can be rewritten in the following form Because the thermal conductivity of steel is much



greater than that of the gas and the flow duration For convention, we define the thermal boundary-layer
of interest is very short, it is reasonable to thickness as 

6
T = Ye at which

assume that Tw = constant, that the gas thickness
is infinite in the y-direction, its temperature is T(Ye ,t)
uniform in the x-direction, and the natural convec- T = 0.99 (C9)

tion heat transfer is negligible. Definining the Te
temperature difference,

According to the previous results for the inviscid
flow, the temperature outside the thermal boundary

= T - T (C4) layer can be expressed as

Eq. (C2) can be expressed as T = T b [- u (CIO)

1 2-
T-R = _77 (CS) where T = 298.15 K, b - 1.2594, F = 0.051135,

ay R = 0.6V9363, us = 2981.5 x 102 cm/sec, then the
temperature is

The boundary conditions of Eq. (C3) become T = 12.25
e

y= O. = 0 Using these data, the thermal boundary-layer thick-
w ness is obtained approximately by

(C6)
y.+ , T =T =1T -T6=y l. ? Ci

e e w 6T Y e .8 4T (Cll)

The solution of Eq. CS) is [Ref. 31) According to the definition of a= K/oCp, a simple

relation holds:

T ( e)erf _ (C)

6T = 0.94 rt cm (C12)

Using the relation of Eq. (C4), the temperature
within the thermal boundary layer is where t is given in sec.

T(y.t) = T e-T w)erf - + T (C8)A~t w

APPENDIX D

DERIVATION OF HEAT TRANSFER EXPRESSION

According to the definition of the heat transfer 2o+1 2w-1
rate to the wall, we can express it as follows: t

2m
a
+2
w(m-l)+l xs Us

2(0_W) 2W-I (D4)
c a

T (Dl) 2c
2
(+w) m2w-I1

[b - (D5)
Using the transformed coordinate it then becomes pP ,. 0 (

- *1 () h h (,0) (D2)q r w T w  he _Ts2 F

e u-l s (6
where xa P w

aY w 2, (m-l) l1
/2  

(D3) r * = 'b 2 C)

w -- t s



Re SS (g8 q ) g ( 1 +,11
/s(8)r P IF FO

Putting Eqs. (D3)-(D8) into (02) and after rearrang- a u s 2 (t)

ing, we can get

P- (Re Let
q - (2T/  Ia-Y

2 IT 1 0 g-- g(( ()gU,"0) 2" e,? 1 1/2(1- 00

g11P.Ps 
-- I P F0

gw'- (1',0)g ( 10) x (D9) - r
Qx

S

If and Re are replaced by and

SUt 
82 =u s

2

x + 5 U t
s Finally the heat transfer rate to the wall can be

Re x 
expressed as

qw e -Be82
(t )-

t (Dl)

we can get
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