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CHAPTER 1

INTRODUCTION

In the early 70's minimax criteria for frequency domain
design of digital filters received a vast amount of attention
({11, [2]). The most popular among these formulations of the
problem is the one due to Parks and McClellan [3], probably
because it allows a very large class of design specifications
and it is available in an efficient implementation [4].

Parks and McClellan characterized the problem of the
design of linear-phase finite impulse response (FIR) digital
filters as the following Chebyshev minimization problem:

min n-1 max {Q(ejw) 5(eju3 - ﬁ(ejw)l} (1.1)

th(idd; o wed

where

~ 3
W(eJ ) is a weight function (real and positive),

6(eJ ) is the desired objective function,

L5 ."' —'Lbl -
i(e” ) = 4~ h(De J , where ! is the order of the filter,

. P
2z - 5, wheres, = iw|y  SwSu ou ou <[07]
. L . , : :

|
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and B . B, = i,j = 1,2,...L

with L dendoting the number of passbands and stopbands.

W
Fig. 1 gives a pictorial illustration of the criterion. fr}(eJ

)

weights the error lﬁ(ejw) - ﬁ(ejm)l on 5. Parks and McClellan
mainly conceive piece-wise constant behavior for ﬁ(ejm), although
they leave open the possibility of other (strictly positive)
behaviors. 71he reason why ﬁ(ejw) cannot take on the value 0

A W
will be explained in Chapter 2. D(eJ ) is a piece-wise constant _

function for the case of multiple passband-stopband filters.

F is taken so that it doesn't contain any discontinuity points
T
of D(eJ ). The phase linearity of the frequency response of the

~ W
filter H(eJ ), implies that
-~ ;A 3 W ;W s 2w
Ge?) =qee’ ) H(eI) & (1.2)

cw -
where 2 is constant and both Q(eJ ) and H(el ) are real functionms

BT

defined [4] in the following way:‘ ’

o R R L kL L

0

we neglect to take into account pnase jumps of s3ize 27 as it is

customarv ia the literature.

) - 3 . Iul
“In (1.2), for 2 real constant, the phase term is actually «- i<

|
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3
. Case 1: N odd
ey =1
.:,:
o 2
H(e” ) = éio a(K) cos(KW)

. N-1
with M = =5= , a(0) = h(M) and a(K) = 2h(M-K), K= 1,2,...,M.

T
) ] ] i
0 T
Fig. 1 Chebychev criterion in frequency domain
. for a low-pass filter
a8
o




Case 2: N even
jw
Q(e” ) = cos @

. M-1
H(ed ) = KZO a(k) cos(Kw)

where M = S-and a(K)'s are defined by

h-1) = 4+ a(0) + 71? a(l)
-_
' h(M-K) = 4 a(K-1) + 5 a(k) K=2,3,...,M-1
1
‘ h(0) = - a(-1)
Substituting (1.2) in=o (1.1) results iIanto the expression given
ta (1.3)
) 1 TR
u min  tmax Wed)]aced”) - aiedH]] (1.3)
“
las)d, o wéd
where
ll 3 PR W
w(el ) =Wed ) Qel)
. ~ jW
j@ D(e” )
D(e” ) = 39
Q(e” )
5 L {wlue 5 ang qeedy # o}
The sets Bi , i=1,2,...,L defined above are called pass-

. .
sands if D(el ) = 1, %€3 or stopbands if D(e’ ) = 0

P S

, €3 . The
i

sets t»lwi[o.”]' xsi < n‘<w"i, with 1 = 1,2,..., L-1 constitute
€1

the so called '""don't care" bands.




" Equations (1.1) and (1.3) have the structure of a minimax
(or Chebyshev) approximation problem for generalized (trigonometric)
polynomials. The solution to this class of problems is character-

[ ized by the Alternation Theorem ([5], pp. 75" E. Ya Remez [6]
provided algorithms for the computational s« tion of such Chebyshev
problems. J. McClellan et al. published a ¢ uter program [4]
that uses the 2nd Remez Exchange Algorithm . _.nd the solution
of a discretization of (1.3). Specifically, the problem solved

in McClellan's program is:

-z

min max {W(ejw)l‘i)(ejw) - H(ejw)l} (1.4)
. M wee
ia(x)}iso d

" with &, 4 Lwlws& and ¥ =Ky 4 o= K positive integer!

T
d GM
C is a parameter (positive integers) that can be controlled by
the user. It can be shown ([5], pp. 89-95) that the solution to
[ (1.4) approaches the solution to (1.3) as 4 tends to 0. McClellan
suggests that values of L 2 16 produce satisfactory results.
The choice of solving (1.4) instead of (1.3) is dictated for
reasons of computational efficiency.
McClellan's program works very well for designing low-pass
or high-pass digital filters. However, the multiband filters,
i.e., rhe filters with a number of pass and stop-bands greacer
than 2, designed with MeClellan's program orcen exhibit non
monozTonic ‘scmetimes even resonanc) behavior ia the "don':s

care' bands. Tigures 7 11 15, 19 illustrate several cases




of this phenomenon.

Since McClellan's program became the tool most universally
used for the design of finite impulse response filters, Rabiner,
Shafer and Kaiser [7] addressed the multiband design problem in
particular. 7The technique they propose is the following: if
McClellan's program returns a multiband design with resonances,
the filter specifications passed to the program are modified
according to empirical strategies until a filter without resonances
is obtained. Their strategies take into consideration the modi-
fication of the size of the stopbands (i.e., basically changes

- L es . jv ,
of &) as well as the modification of W(e’ ). The number of tries,
with the McClellan's program, fnecessary to obtain an acceptable
filter varies from case to case. The implementation of
multiband filters with this procedure might easily become
cumbersome.

The present work reconsiders the problem cf the minimax
design in the frequency domain of linear phase finite impulse
response (FIR) digital filters. The objective is to provide a
sacisfactory theoretical solution for the design of multiband
ftilcers 5 well as a convenient technique for the implementation
2% sucn a solucion.

it was decided co use McClellan's program fcr che imple-
mer:aticn of zhe new solution. This was natural since the new

alzorizhm is an exctension of the Parks McClellan technique and




1@

because the new algorithm would be of interest to the great number
of filter designers currently using McClellan's program. Chapter 2
shows that the inadequacy of McClellan's program for the design of
multiband filters lies in the formulation of the problem. Chapter 3
presents a new formulation capable of handling these difficulties.
Chapter 4 introduces an implementation of the new solution and
examines the results. Chapter 5 points out the relationship

between the new program and the program CONRIP [8].
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CHAPTER 2

LIMITS OF PARKS AND McCLELLAN'S FORMULATION

Two standard results of Approximation Theory are now
introduced: the Alternation Theorem and the an Remez Algorithm.
They respectively constitute the theoretical and the computational
tools to solve Chebyshev problems.

Alternation Theorem: Let & be any closed subset
of [0,7] and let D(ejw) be any continuous real valued function
defined on F. In order that H*(ejw) be the unique
best approximant on & to D(ejw), among the class of the
trigonometric polynomials of order M, it is necessary and sufficient

that E(er), defined as

Ee?™) = w(e™|n(e!) - Hx(e)] 2.1
exhibits on & at least M + 2 "alternations'". Thus
jwi J.'Mi-l 5 max jru
E(e M) = -E(e ) =+ E o=+ e |Ee!Y)]
ith o, < v, < U, € ... < v, €F.
with Ly < vy 2wy £ S Uy and b, &5

Proof: The proof can be found in [5], pp. 75.

Remark: The notation of the following chapters is
consistent with the one of the previous sections. &, H, D, W
therefore are as defined in (1.3).

Notice that the Alternaticn Theorem is an exisctance

theorem, it dves not describe how to find the best approximant

TS LW T

PUBITEIPNDY o a LY S W)
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H*(ejm). Remez algorithms are iterative procedures for generating
H*(e3¥). The second one applies to classes of approximating

functions like the trigonometric polynomials.

2nd Remez Algorithm: Each step of the algorithm works with a
set of M + 2 frequencies {mK}g:é. The frequencies are arbitrarily
chosen at the first step and updated at successive iterations
according to the particular algorithm ({5}, pp. 97). The frequencies
{“K}izé are used to determine the following system of M + 2 equations

in the M+ 1 a(K)'s and in p (M + 2 unknowns):

=3y 2w (eI Ky | p(eI¥®) - HEIK) | = --1%p (2.2)

for K = 0,1,2,..., M+ 1

The assumption W(er) > 0, $e5d allows (2.2)to be written as:

- - - - -
1 CoS Uy cosZwO e cosMwo ~—-$:r— a(0) D(eJMO)
w(el “0)
- ‘ -1 i*1
1 cosy cos2uwy ..., cOSMw, — a(l)! |D(e” 7)
W(ed“1)
(2.3)
l ' :"‘L
. \ aen| [ped*
M+1 !
- (-l) l j'“l ]
i COS ., coslu SN L ENEN — > ! D(e” M+l)!
Lo h
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For reasons of efficiency Parks and McClellan avoid the

matrix inversion in the solution of (2.3). This is done by first

calculating:
M+l
Z b D(ejwi)
i
p = i=0 (2.4)
M+l i ’
(-1)" b
) o7 i

1=0  w(ed®L)

where bK = (-1) )

Then the Lagrange interpolation formula in the baricentric
M

W ;
form is used to interpolate H(eJ ) on the M + 1 points {mK)K—O

to obtain the values
% K _p_
¢, = D(el K) - (-1) - ) s
K W(eJLK) (2.5)
with K = 0,1,...,M.
This type of interpolation gives an equiripple fit to the M + 2
data points., This form of interpolation is required by the 2nd

Remez algerithm.
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After the system is solved, the algorithm calls for the

check:

E(el’d) SEed®) 2 p , wed (2.6)

If there is some frequency of Ed not satisfying inequality (2.6),
a further iteration that begins with the update of the frequencies
{wk}¥:$ is necessary. The algorithm continues until inequality

-~ Y
(2.6) 1s satisfied over the whole ¢ The H(eJ ) obtained at

4
this step is the best approximant H*(ejus characterized by the
Alternation Theorem.
The Parks and McClellan's FIR design technique corresponds
to the application of the Alternation Theorem and of the 2nd Remez
i' algorithm to the solution of (1.3).
It must be noticed that the "don't care'" bands constitute
a mathematically ambiguous feature of their formulation that can
Ig be very dangerous. In fact, one actually does '"care" about the
behavior of H(ejw) over the whole band [0,7] and, in particular,
one wants H(ejw) to be monotonic over the "“don't care" bands.
Further, it is not clear that ignoring the behavior of the
filter over the "don't care'" bands will necessarily result in the
desired monotonic response. )
Before showing in detail the dangers connected with the
"don't care'" bands, let's review a few mathematical concepts

necessary to understand them. Recall that the extrema of a Zunction

over a compac: and bounded set cau only occur at the boundary poiats




M i et e e i T L

............................

12

of the set or at the interior points where the first derivative
" of the function is 0. H(ejw) is a trigonometric polynomial of
order M defined on [0,T]. Its derivative Qﬂé%ifl can have at
most M - 1 distinct 0's in (0,T) since it is a polynomial of
‘ order M - 1., The boundary points of M(ejw) are tt;e set {O,”}.

W
Therefore H(ej ) can have at most M + 1 distinct extrema on [0,T].

The function:
T W W i —
E(e3 ) = H(ed ) - D) wed 2.7)

where D(ejw) and ¢ are defined in formulation (1.3),1is a trigonometric
polynomial of order at most M on F. Notice that E(ejw) over [(, 7]

is not a polynomial of order M, because of the discontinuities of
D(ejw).

The cases of the low and high-pass filters will be con-
sidered first because of their special characteristics. Then the
multiband filters will be discussed.

For low or high-pass filters & 2 (0,w.] v [ws,ﬁ , the
interior of & is & & (0,uy)¥(ug,m and the boundary of  is
5.6 = io,uo,ms,n}, E(ejw) can have at most M - 1 distinct extrema
on 3 (since E(ejm) is a polynomial of degree at most M in <) and
at most four extrema on the boundary {O,Wp'“srﬂ}. Therefore
j

" N
Efe” ) can have at most M + 3 extrema on ¢. Furthermore (2.7)

3 &
impliies that all the extremal points of E(eJ ), except possibly

.
the extrema at tp and ms are extremal pcints of H(eJ ), namely
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e

gx(ed?) = u* (ed%) - p(edY) wed  (2.8)

will have at least M + 2 distinct extrema alternating in & by
@
the Alternation Theorem. Specifically, E*(ej ) can have at

least M + 2 distinct extrema on & either having M - 1 distinct
-]
extrema in & and at least 3 extrema in {O,Wp,ws,“} or having
[}
M - 2 distinct extrema in & and four extrema in{O,wp,ws,ﬂ}.

§W
More specifically E*(eJ ) can have:

Glo

i) M-l extrema in & and extrema at {0,“;,“;,"}

G0

ii) M-l extrema in < and extrema at {O,W;,”}

Gio

111) M-l extrema in ¢ and extrema at {0,&;,“}

Gio

iv) M-l extrema in ¢ and extrema at {O,NP'wS}

e

v) M-1 extrema in ¥ and extrema at {mo'“s'"}

Gle

vi) M-2 extrema in

and extrema at {O,NPv“s'“}.

jw
Some of the cases of E*(eJ ) listed above leave open the possi-
1)
bility of a corresponding H*(eJ ) that would be unacceptable

as a low or high-pass filter. Case ii), for instance could

i@
correspond to and H*(eJ ) having an extremum at wp (see Fig. 2¢).

jW
Case iv) could bring an H*(eJ ) with a2 saddle point in (Wp,ws)

(see Fig. 2f) and case vi) an H*(eJ ) with a local maximum in

(wp,ms) (see Fig. 2e), The reasons such possibilities don't

occur are explained in the following theorem.
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Theorem: The low and high-pass digital filters designed via

the Remez algorithm, according to formulation (1.3) where

B g {wlwp w<w ,wp,ws €[0,w]} is the don't care band, have
s

the following properties:

a) w_ and w are always extremal points of E*(er),
(i.e., the cases ii) and 1ii) above cannot occur)
- b) Wy and ws.are not extremal points of H*(er)

jw
c) H*(eJ is strictly monotonic on B, namely:

dix (ed %)
- T aw <0 , weB for the low-pass filters
W
dx (e’ )
and ——o— >0 , wep for the high-pass filters
u Proof: the Proof takes into consideration each of the

i W
cases of E*(eJ ) listed above and shows the necessity of
properties a), b), ¢) for the cases whose occurrance is

not a contradiction (i.e., all but case ii) and iii)).

Case 1) satisfies properties a), b), ¢)

Property a) is satisfied by definition.

E*(ejw) has now M + 3 extrema on &, Therefore H*(ejw)
has M + 1 distinct extrem2 in ¢: namely M - 1 in %
and 2 at 0 and 7, respectively. The points wp and L

'R
therefore cannot be extrema of H*(eJ ) (property b)) and

further there cannot be any extremal peint in B (property c)).

t . m e A e f e e a A . : -~ - . it el
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Case i1i) and iii) contradict the Alternation Theorem

. Consider first case 1i), 1i.e. E*(ejw) has M-1 extrema

o
on ¥ plus 3 extreme at {0, wp,n-}. Notice that O and 7 are

dH*(eJ“)
dw

also extrema of H*(ejw), therefore = () cannot occur
at any w £ B (property c)). Also, the point wp cannot be an
extremal point of H*(ejw) otherwise H*(ejm) also has M + 2
extrema on ¥ . Since , by assumption Wy is not an extremal
point of E*(ejw), E*(ejw) does not alternate (see fig. 2a,b)
and therefore the contradiction is achieved.

A completely analogous argument proves that case iii) cannot

occur.

Case iv) and v) satisfv properties a), b), c¢)

w [ J
Consider case iv) first, i.e. E*(ej ) has M-1 extrema in ¥

plus 3 extrema. at {O, us’ wp}. Notice that 0 is extremal point
also of H*(eju),therefore H*(ejw) has at least M extrema in 7.

It is worthy to distinguish 3 subcases:

Subcase I: Jp and 9y are both also extrema of H*(eju). This is a
contradiction because H*(ejw) would have M+2 extrema.

Subcase II: 5 is an extremum of H*(ej‘) and g is not (the case
w 1s an extremum of H*(ej“5 and wp is not,is completely analo-
2ous and leads to the same conclusions ). |

4 ° Ll
B8y hypothesis H*(e” *) has M-l extrema on™ ,since H*(e” ")

nas at most M-1 er+rema on (0, -) it is dE* (23 ) /d- # 0 YJ; sz
(recall that the roots of derivatives correspond to the interior

extremal poinats).




3
2
x
- I
O

™
E*(elw)

O

16

tE

—

92 e
b, E¥iedw)

Case ii): E“(eJ“) with M -1 extrema 1in

and three extrema at ‘0,u.,7;. The frequence
B - d IR

vz 1s not extremal point of E"(el%).

W e
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In this subcase the contradiction is achieved because
E*(ejm) violates the Alternation Theorem (see Fig. 2-c¢,d).
Therefore subcase II cannot occur.

Subcase III: Neither wp nor w_ are extrema of H*(ejw). In

this case property a) and b) are satisfied by assumption.

° jw
H*(ejw) by assumption has M-1 extrema in ¥ , therefore éﬂgﬁi..i =0
W

can not occur in B otherwise H*(ejw) would have M extrema
in (0, 7). This proves property c).

The same argument shows also that the properties a), b),
c) are satisfied for case v) (it is enough to interchange the
roles of 0 and 7 as extremal and non-extremal points of E*(ejw)

respectively).

Case vi) satisfies properties a), b), ¢)

E*(el“) is assumed to have four extrema ati.O, wys Yoo w}
[ .
and M-2 extrema in & . This implies that H*(eJU) has 2 extrema
-]
at 0 and 7 plus M-2 extrema inF*, i.e. M extrema in <.

It is again convenient to distinguish three subcases.
. jw .
Subcase I: us and mp are extrema of H*(e” ). This cannot occur
) e, J® o~
because H*(e” ) would have M+2 extrema in .
. PR Lo ; ;
Subcase II: wp is an extremum of H*(e” ) and 2  1s not (equiv-
- 1 .‘d . «
alent to the case ds is an extremunm of d*(eJ ) aad do is not).
H*(e?”) has bv assumption M - 2 extrema in ¥, two extrema 3t

. -3 ) § - .
0, 7! and one extremum at 5 H*(e- ) therefore has bv assump-

tion M + 1 extrema in &. This excludes the possibilitv o
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o  E¥*el)

d) E*(elw)

]
Fiz. 2¢,d. Case iv): E*(ej“) with M -1 extrema in 3
and three extrema at {o,wp,wg}. The frequency
wy 1is assumed to be extremal point of H¥(el%).
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jw
§§§ig__l_= o at some w € B (property c), otherwise H*(ejw)
w
would have M + 2 extrema in & . In this subcase contradiction

3

is achieved because E*(e m) violates the Alternmation Theorem

(the situation is analogous to the one of Fig. 2-¢,d).
Subcase III: wp and wg are not extrema of H*(ejw). This case
specializes into four situations:

(a) Maximum (or minimum) in B. I. e.:

jw 2., jo
dHéZ ) . 0, d Hée ) 4 0, @acB (2.8)

d"w

Since H*(eJmP) # H*(ers) as long as mp # wg and neither mp nor

3

w, are extrema of H*(e w), the presence of a maximum (or a
minimum) in(wp, ws) implies also the presence of a minimum
(or a maximum) in (wp, ms) (see Fig. 2e). The contradiction
is achieved since this requires H*(ejm) to have M + 2 extremé

on [Oaﬁ]n

(b) Saddle point in B (see Fig. 2f)

jo P _
dile )., dEL) .y Tes (2.9)
d »

jw)

Recall that a saddle point of a polynomial H(e corresponds

to a zero of the derivative of multiplicity at least 2. By

i w . ~ .
assumption H*(eJ ) has M - 2 extrema in T, this means that

s, [}
dH*(eJ»)/dw has M - 2 zeros in 7. Condition (2.9) implies that

dH*(eJ&)/du has a zero at least of multiplicity 2 in B. This

is a contradiction because it impliec that dH* (ed*) /dy has M

zeros in (0,=) and dH*(er)/dw is a polvnomial of order M - 1.
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H¥*(el®)

Fig. 2e. Case vi):

O

FP-6926
Q

E*(ej“) with M -2 extrema in 7
and four extrema at {o,mp,ws,} H* (eJw)is
assumed to have a maximum in (mp,ms).

1o

Fig. 2f. Case vi): E*(eJ®) with ¥ -2 extrema in
and four extrema at ‘o,wpy,ug,7} H (eI¥) is
assumed to have a saddle-point in (up,wsg).

- PO Sy

8 -6327




21

M=-2

. (-] Q

(¢) Further extremum of H*(e?™) in &, L.e. if {m}i=1 c T
-]

denote the set of the extremal frequencies of ¥ assumed by

hypothesis, this circumstance is expressed as

- y

dH* (e39) - o ; M

e 0 at weg lweg, w ¢ {wi} - } .
i=]

This situation satisfies properties a), b), ¢) by assumption.

It should be noticed that, since w is not accounted among

}M-Z , the Alternation Theorem

i=]1

the extremal frequencies {wi

imposes

|E*(e?¥)| < p = max |E*(e?¥)] = IE(ejwi)l
weg

[N

M
(d) No further extremum on (0, n). TI.e., if {mi}'1 2 denotes

° i=1
the set of the extremal frequencies of F, this circumstance is

expressed as

Jw M-2
dH*(e” ) W s : )
S5 4 0 KZ weiwe (0,m, w¢{mi}i=l, w¢{ws’wp}f

This situation satisfies properties a), b), ¢) bv assumption.

Remark: For simplicity E(ejw) has been used in the theorem according
to definition (2.8) instead of definition (2.1). The theorem can be

proved also for a weighted error as in (2.1) with W(ejm)> 0 and real
Also in this case E(ejw) turns out to have all its extremal points;

except possibly g and up, in common with H(eju) and E*(eju) has

extrema as in the six cases previously considered.

~d
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H*(elw)

O
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-

Fig. 2g. Case vi): E*(eJ®) with M -2 extrema in J
and four extrema at {o,mp,ms,n’} H* (eJw) .is
assumed to have a further extremum in & .
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The preceding theorem shows that the mathematical structure of
the approximation problem (1.3) corresponding to the design of high
and low~pass filters guarantees strictly monotonic behavior in the
"don't care" band. It is legitimate to ask if formulation (1.3)
also guarantees strict monotonicity in the "don't care" bands for
multiband filters. The answer is "no'". The reasons behind it can
be illustrated by an example. Consider a 3-band filter like the omne
shown in Figure 3-a,b. 1In this case & i[o, usl-ld[wf?wsZ] 'J[‘“f3’ fr] ’

-]
Lo

the interior of Fis & = (0, wsl) v (uf wsZ) U (w 7) and the

2? £3°
A ol g
boundary of F. d\d‘ = {0, wolr Wgpr Wg2r WE3 T},
E*(cjw) given by the 2nd Remez algorithm has at least M + 2
extrema in ¥ . Therefore E* can have the structure of any of the

cases below:

o 9

(1) M - 4 extrema in ¥ and 6 extrema in 3\ F: 1 subcase
o s

(2) M - 3 extrema in ¥ and 5 extrema in ‘3. 6 subcases
-] . g

(3) M - 3 extrema in J and 6 extrema in AT: 1 subcase
° R S

(4) M - 2 extrema in T and 4 extrema in 3 3: 15 subcases
hd = . -

(3) M - 2 extrema in F and 5 extrema in Z'F. 6 subcases
° . a2

(6) M - 2 extrema in T and 6 extrema in 3 F: 1 subcase
4 R -2 .

(7) M - 1 extrema in Z and 3 extrema in 3\ 7. 20 subcases
2 o

(8) M - 1 extrema in C and 4 extrema in & 7 15 subcases
° - . .~

(9) M - 1 extrema in 7 and 5 extrema in . J 6 subcases
2 L e

(10) M - 1 extrema in < and 6 extrema in . o 1 subcase.
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Each one of these cases can specialize in many subcases depending
from the points of 3‘% that are assumed to be extrema (similarly to
what was done for the low or high-pass filters). The number of the
subcases is 6!/(K!(6-K)!), where K is the number of extrema in Az,
It is not difficult in this forest of cases to find a situation
unable to guarantee monotonic behavior in the don't care bands without
violating the Alternation Theorem or the relationships between the
order of a polynomial and the number of its extrema. Select, for exam-
ple, the subcase of case 9) corresponding to M-1 extrema in ':’and
extrema at {0, Wepr Weos wfl}' 1f Wgpe Wgpr Wgps Weqy aTe MOt extrema
of H*(ejw), H*(ejw) has M extrema in & : one at 0 and M-1 in §.
H*(ejw) can have a further extremum in (wsl,wfz), as shown in Fig.3 a,b
without causing any contradiction.

In general for an L-band filter

L r
F o= oy M

o]
j=1 £]j sj

and E(ejw) can have up to M-1 + 2L distinct extrema in ~* . The 2nd
Remez algorithm guarantees only that E*(ejw) has at least M + 2
alternating extrema in F. The possibilitv that the Remez algorithm
takes into account extrema of E*(ejm) not corresponding to extremal
point of H*(eju) is very high. Therefore for an L-band filter (L > 2)
some of the M + 1 extrema of H(ejw) can occur anvwhere on{0,~ J. If

they occur in ¥ the second Remez algorithm constrains them to zive

- r3 “ - ] - 2 3 g A ond :IL
deviations from D(e”") within the final minimax ervor D = max Ef(e-"),

s~
~ L




26

If they occur in the"don't care"bands they are unconstrained and can
not only spoil the monotonicity but also become resonances for the
filter. Unbounded extrema of H*(ejw) in the"don't care"bands are
reported [ 7] to occur experimentally in 9 out of 10 multiband filters
designed with formulation given in (1.3).

In the next section a new formulation of the filter design
problem is presented. This new formulation is immune from the draw-
backs of the McClellan formulation and capable of the straightforward

design of the multiband filters.
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CHAPTER 3

NEW FORMULATION OF THE LINEAR-PHASE FIR DIGITAL FILTERS DESIGN PROBLEM

The elimination of the '"don't care" bands in the formulation of
the linear phase FIR digital filter design problem calls for the

following type of formulation:

min max W(ejw) |D(ejw) - H(ejw)l (3.1)
(a() ¥y we 0,73

where the symbols are as defined in (1.3).

The presence of D(ejw), as defined for (1.3), i.e., as a piece-
wise constant discontinuous function, brings two major difficulties
to the formulation (3.1). The first difficulty is that the discomn-
tinuities of D(ejw) will seriously limit the convergence of the

approximation (3.1). For instance it is easy to see that if W(ejm)=l

the minimax error will not become smaller than

e gl (3.2)
discontinuity <

(
Mo e
L

points of D(ejw%

The second difficulty is that the Alternation Theorem cannot be
used to characterize the solution H*(ejw) of (3.1), since it requires
the continuitv of the function to be approximated. It will be noticed
that since the approximating functions in (3.1) are trigonometric
tolvnomials it does not even make sense to require a discontinuous
benavior from them. These reasons motivate the use of a continuous

D(eJ”) in (3.1). Tigure 4a shows an example of a piecewise
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discontinuous D(ejm) and Fig. 4b and ¢ two continuous versions of
D(ejw) for use in the new formulation (3.1). A method for choosing
such a continuous D(ejw) is another major point of the new formuvlia-
tion of the filter design problem, whose detailed discussion will be
given later in the section.

The relationship between the Parks and McClellan's formulation
(1.3) and the new formulation will now be discussed. Such a compar-
ison turns out to be rather informative and gives the motivation for
the choice of W(ejm) and D(ejw) in the new formulation (3.1)

The Parks and McClellan formulation (1.3) can be obtained as a
particular case of the new formulation (3.1). This equivalence occurs
when

. &
wel®) = 0 weD = {w|we[0, 7], we F} (3.3)
is used in (3.1).

It will now be shown why the formulation of (1.3) is mathemat-
ically preferable to the formulation (3.1) with condition (3.3),
although the two are absolutely equivalent in meaning.

Formulation (3.1) for W(ejm) > 0 constitutes a minimization
problem with respect to a weizhted minimax norm defined for real

Zunctions supported by [0, 7 (%) Condition (3.3) turns (3.1) intc

(*) A norm is a functional f over a vector space X, with the following
properties:

(i) £(x) > 0 for all x ¢ X

)
-

(i1) £(ax) = 'z'x for all scalars x and x
(L1ii) £(x+v) 2 f(x) + £(y) for each x,y ¢ X

(i) $(x) = 9 if aad ealy if x = O
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a minimization problem with respect to a weighted seminorm defined
for the real functions supported by[0,r ]J. Such a seminorm defines

a norm for the [0, 7] real functions supvorted by & (**), To write
(3.1) with condition (3.3) as formulation (1.3) corresponds to con-
sidering the seminorm for function of [0, 7] as a norm for functions
of ¥%. This point of view is of theoretical as well as computational
utility. The theoretical utility comes from the fact that formula-
tion (1.3) entitles us to apply to a seminorm problem the results given
for the norm problems (such as the Alternation Theorem and the second
Remez algorithm). In order to understand the computational utility
notice that W(ejw) = 0 for we Bi and Bi considered as a"don't care"

band will produce the same effect, namely eliminate the occurrence of

extremal frequencies on B In fact, W(ejw) = ) will force E(eju) =0

T
on w € Bi’ therefore the second Remez Algorithm will not find any

extremum of E(ej“) for w ¢ Bi' If Bi is a "don't care'" band, it is just
not taken into account during the operation of the second Remez Algo-
rithm, therefore it cannot deliver any extrema of E(ejm). Therefore

the total effect of the two techniques is identical, but the use of

the '""don't care" band is more efficient. The efficiency lies in saving
the actual evaluation of E(ejw) over uw € Bi as well as in allowing

the efficient non-conventional solution of system (2.3) via (2.3) and

(2.5) (made possible by the fact that the weight W(el¥) is never 0 in F).

(**) A seminorm is a functional g over a vector space X, satisfvingz

the properties (i), (ii), (iii) above.
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A computational check of the above claimed equivalence between
"don't care'" bands and regions supporting 0 weight was tried.

McClellan's program was used because minor modifications can
convert it into a tool implementing formulation (3.1) with condition
(3.3). A direct verification of the equivalence was found not to be

possible since the McClellan's program does not allow O-weights. This

limitation derives from the calculation of p via (2.4). Also an indirect

verification by means of small weights, ideally tending to 0, was not
easy to obtain. Specific#lly, filters of relatively high order (above
60) can call for weights of order 10-7 or less in order not to exhibit
any extremum over the "don't care' bands. McClellan's program starts
to lose its numerical accuracy for weights of this order(as reported
in [7] ) and the results may not be reliable. However for filters of
lower order the indirect verification is possible, as the examples

of Fig 5 and 6 show.

During these experiments it was noticed that a complete removal
of the extremal frequencies from the transition regions gives a better
performance in terms of raducing ripple over the '"care" bands than a
partial removal of extremal frequencies. It was noticed. in practice,
that a fewer number of extremal frequencies in the transition regioms
results in a smaller ripple.

The tdea behind the choice of the values of W(ejg) and D(ej”)
over the transition regions for use in (3.1) is to have as few extremal
‘requencies as possible over these regions (possibly none). The cheice
of the values of N(ejd) and D(eju) over the pass-bands and the stop-

hands follows the usual criteria taken for the Parks and McClellan's
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formulation.

The W(ejw) to be assigned to the transition regions comes from
a trade-off between two conflicting requirements. W(ejm) should be
small in order to keep E(ejw) small, so that no extrem-1 frequency
is detected by the Remez algorithm. But W(ejw) cannot be too small,

since the smaller W(ejm) is, the larger the term |D(er) - H(er)|

becomes for a given minimax error E(er). As a matter of fact, the
difficulty with W(ejm) = 0 (or "don't care" bands) is that resonances
of H(ejw) (i.e. points where the term !D(ej”) - H(ejw)[ is very large)
can occur without being detected as extrema of E(ejw). Therefore the
weight over the transition regioms has to be taken smalL, but non-zero,
in order to prevent resonances.

The following two observations are useful for the choice of
D(ejw) over the transition regions. The first observation is that
every multiband filter can be thought to be the compositis~ of several
low-pass or high-pass filters[ 71 Such low and high-pass filters will
be called "prototvpes" in the present work. The second observation is
that the prototypes, by the theorem of Chapter 2 have a monotonic
transition region. Thus, they can be safely implemented with the
McClellan's procram.This suggests that the transition rezions of the
prototvpes be taken as a model for the transition regions of D(ejk).
Two techniques for obtaining the tramsiticn regions of D(ejA) nave been
tried* a multisegment piece-wise linear approximation orf the transition
regions of the prototvpes, and the direct use of the transition racions

T

of the prototwnes in D(e-"). For convenience these will Se roferrad
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implementation and performance will be given in the next section.

The new formulation together.with technique P prevents an extre-
mal frequency from occurring in the transition region for the design
of low or high-pass filters, since the error E(ejw) over the trans-

ition region is made 0 by the term lD(er) - H(ed¥)|. This result is

independent of the value of W(ejw) over the transition region.

In the design of multiband filters, the complete elimination of
the extremal frequencies from the transition regions is not to be
expected, even with technique P, since every prototype induces extremal
frequencies into the transition regions of the other prototypes.

Finally, notice that the new formulation (3.1) allows a general
control over the transition regions of the filter. This characteristic
can be used to obtain monotonic behavior as well as any other desired
pehavior in the transition regions. The new formulation is therefore
very suited to the design of filters for which the shape of the trans-
ition regions is important. Thus if transition band performance is
important in a high or low-pass filter formulation, (3.1) is to be
preferred to the McClellan's formulation. Figure 7 shows an example
of a low-pass filter that could not be obtained with McClellan's form-

ulation.
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CHAPTER 4

IMPLEMENTATION AND PERFORMANCE OF THE NEW FORMULATION

The new formulation of the linear phase digital filter design
problem (3.1) has the structure of a minimization proglem in minimax
norm for trigonometric polynomials, similar to the Parks and McClellan
formulation (1.3). The Alternation Theorem énd the second Remez
algorithm are still applicable for computing the solution to problem
(3.1).

The program written by J. McClellan contains a general purpose
subroutine for performing the Remez algorithm. The program is designed
in three parts; an input section, a computational part, and an output
section. The first part is devoted to building W(ejm), D(éj“) from the
input data and to setting up the approximation problem. The central
computational part is the implementation of the Remez algorithm. The
third part is devoted to the display of the results. Such modularityv
facilitates possible modifications of the program.

It appeared convenient to incorporate the implementation of the
new formulation (3.1) into McClellan's program. This would make the
new formulation directly accessible t¢ 1 who currently use McClellan's
program.

The key idea of the implementation was to insert in parallel
with McClellan's program an alternate pattern in 3 parts devoted to
che implemencation of (3.1). The first part can accept the input data
peculiar to the new formulation. The second part prompts the operaticn
-1.

of the second Remez Alzorichm over the full band [0, -1, The third
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part is devoted to the display of the results of interest. The new

program so obtained can be thought of as a modified version of the

McClellan's programallowing the selection of two different "modes"

of operation. Namely the "regular mode" that prompts the new program
to implement formulation (1.3) (i.e. to behave exactly as the
McClellan's program)and the 'custom mode" that prompts the implementa-
tion of the new formulation (3.1). A user-oriented description of this
program is presented in Appendix 1.

The rest of the section is devoted to the presentation of the
results obtained with the new program together with some practical
observations useful for the choice of W(ejw) and D(ejw) over the trans-
ition regions.

For comparison purposes the four filters reported in [7] as
typical cases of multiband filters with non-monotonic transition
regions have been designed with theMcClellan's program,the new program,
and CONRIP (which is .another digital filter design program discussed
in Chapter 5). The filters examined are labeled Design 1, 2, 3, or
4 as in {7 ] The new program has been used with both the techniques
L and P, described in Chapter 3.

Figures 8-23 constitute by themselves the best comments on the
performance of the new program versus the other two programs. It
can be seen that the new program gives strictlv monotonic behavior ia
the transition regions also in cases where McClellan's program and
CONRI? do not.

Several comments are now presented about the choice of Wf(e* ™)
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(from [8], pp. 66)
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and D(eju) for the new program when technique L, i.e., the multisegment
piecewise linear simulation of the transition regions, is used.
Technique L implies the subdivision of each transition region into
several bands over which D(ejw) has a prescribed slope. The values

of D(ej“) on each band are chosen to linearly approximate the filter
prototypes. A criterion for the choice of the weights on each band,
that seems very effective, is to assign the smallest weights to the
internal sub-bands of the transition region where D(ejw) is steepest.
Greater weights should be assigned to the other sub-regions where the
absolute value of the slope of D(eju) become smaller. For instance,

if the transition region between the band B, with weight n and the band

i

Bi+l with weight 2 is divided into 5 sub-bands the preceding criterion

can be expressed by'the two following choices of the weights (it is

assumed = > 3, without any loss of generality).

Choice 1 Choice 2
Band 1 b
Subregion 1 S 0.«
Subregion 2 ssat 0.0u
Subregion 3 SsSSs 0.00x
Subregion 4 ssl 0.0:
Subregion 3 sd 0.:

Band 2 : :

Choice 2 is a particular case of Choice ! and it has been extensivel:

used in the design examples presented in this section.
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Choice 1 assumes a2 > sa > sso > sssa and ss3 < sB < 8 and it is
recommended when Choice 1 gives poor results (for instance in Deisgn
4). A non-uniform (piecewise) constant choice of the weights in the
transition regions seems to significantly contribute to the elimina-
tion of extremal frequencies on them. Technique P corresponds to
assigning the values of the transition regions of the prototypes to
the corresponding regions of D(ejw). The weight assigned to a trans-
ition region with this technique should be the smallest weight still
capable of giving monotonic behavior.

The order of the prototypes is a point that needs some comment.
If the multiband is thought of as a cascade of prototypes, their order
shouid be equal to the order of the multiband divided by the number
of the prototybes. If instead the multiband is thought of as a parallel
of prototypes their order should be equal to the order of the multi-
band. Actually the relationship between the multiband and the proto-
types is not clear. Therefore, the question of the order of the proto-
tvpes doesn't have a definite answer. Fortunately, it appears that
the order of the prototvpes doesa't influence the result very much,
probably because of the effect of the weight that helps keep E(ejw)
snmall over the transition regions. In the design examples shown in
this section the prototvpes were usually taken of the same order of
the multiband. 1In Design 4, though, the multiband is of order 73
and the prototypes were taken of order 4l., Prototvpes of different
orders, according to the empirical rules of Rabiner et al.fl Twere
sried., but no improvemen: over the other cheices c¢I the order was

noticed.
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The plots of this section show that technique P gives better

II monotonicity of the transition regions than technique L. However,
the two techniques have comparable performance in terms of elimina-
tion of extremal frequencies from the transition regions. This is

[ explained by the two following facts: every prototype induces extremal
frequencies into the transition regions of the other prototypes,
therefore, as mentioned earlier, extremal frequencies in the transi-

- tion regions should be expected. Furthermore, technique L benefits
from the non-uniform weights in the transition regions, while tech-
nique P, in the present implementation, doesn't have this feature.
(This further modification has not been implemented because the results
of technique P were already satisfactory).

To obtain a multiband filter with monotonic transition regions
with the new program is very simple. Some common sense is needed to
choose the weights of the transition regions, which is the only euristic
part of the procedure. The rules are the following: if the initial
weights give resonances, then increase their value; if the initial
weights give monotonic behavior then trv a smaller weight that might
reduce the ripple. The criteria for the choice of the weights in the
transition regions should be used in these changes of weight.

All the filter examples shown in this section were obtained on

the first trv, with the exception of the filter of Design 3 which

"

required two attempts (it is not excluded that prototvpes of orde

instead of 41, wculd have ziven a satisfactory result on the Jirstc tro).
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CHAPTER 5

COMMENTS ABOUT CONRIP

This section presents the relationships between the new program
discussed in Section 4 and the program CONRIP, written by M. T.
McCallig [8]. CONRIP implements the design of FIR filters according
to a ""constrained ripple" formulation, due to B. J. Leon and M. T.
McCallig [8]. Their formulation is the following: given continuous
functions U(ejw) and L(eju) on[ 0, 7] such that U(ejw) > L(ejw) find

the polynomial

=

LW
P(eJ ) = a(K) cos(Kw) such that:

i o3

K=0

(1) L(e?®) < p(e?®) < ued™), we [0, 7]
(ii) P(ed¥) is monotone on specified subintervals of [0, =]
(iii) P(el”) is the minimal order polynomial meeting conditions (i)

and (ii).

It is worthwhile to note that the preceding formulation is not a
traditional approximation problem (like (1.3) and (3.1)) and it is a
full band formulation (like (3.1) and unlike (1.3)).

CONRI? allows- the design of multiband filters that do not exhibit
strictlv mconotonic behavior in the transition regions but which dc
not have resonances like the ones obiained with McClellan's program.
The results of usiang CONRi?P for the filters o Desizgns 1, 2, 3, 4 are
shewn in fizures 11, 13, 19, and 23.

The similaritw between the constrained ripple problam and the
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Chebychev approximation problems (1.3) and (3.1) is greater than it
might appear at first sight. In fact the computational solution of
the constrained ripple problem is obtained with an algorithm (reminis-
cent of the second Remez algorithm) which searches for the polynomials
tangent to U(ejw) or L(ejw) at their extrema. Two theorems of
McCallig state precisely the similarity of the two methods.
Theorem 5.1 Let H*(ejw) be the solution to the Chebychev approx-
imation problem (3.1). Let
p = max W(ejw) iH*(ejw) - D(ejw)I (5.1
we [0,7]
The constrained ripple problem having
L) = pEd - »

. . (5.2)
U™y = ped¥) + »p

admits unique solution P(er) = H*(er).

Proof: [3], pp. 42. The converse of Theorem 5.1 .. stated as
follows.

Theorem 5.2: Let the boundary curves U(eju) and L(ejw) be given
such that the unique solution to the constrained ripple problem

is P(e?¥). The Chebvchev approximation preoblem (3.1), having

el = et + L)
K ’ jo _ jo
N(es®) = Gl ) D(e4,)
U(ed™) = D(e’™)
admits unigue solution i (a0 7) = D (a7 "y,

NIPISVISW - VOe
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3

Note: The assumption U(e”’ ) > L(ej ) guarantees the denominator

ued ) - need ) =% weed ) - Leed ) o

Proof: [81], pp. 42.

It is important to notice that Theorem 5.1 says that the approx-
imation problem (3.1) needs to be solved in order to obtain the equiv-
alent constrained ripple problem. (The two problems are said to be
equivalent if they have the same solution). In fact the final devi-
ation p (5.1) is not available before the solution of (3.1).

Theorem 5.2 similarly says that the constrained ripple problem
needs to be solved in order to obtain the equivalent approximation
problem. The order of the polynomial to use in (3.1) is not avail-
able without solving the constrained ripple problem. Some cu:sequences
of the above two theorems having practical interest are now u:-:ussed.

The following équalities

3 - 3 1
L(er) = D(er) 1- 1.
W(ed™)
- : (5.4)
ued®y = pedoy| 1+ —&
W(el™)

can be used to solve via CONRIP the following Chebvchev approximation

problem:

min ain max W(e ™) ! D(ed™) - H(edF) . (

- + N W ;}I - T -7
i A ;a(l\),k’= 20,7

il
.
i
—

0
This last aspec: of the ecuivalence between constrained ripple preob-

lems and approximation problems needs a comment.
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Let

p(8) = min.M max  8W(ed®)|D(eI¥) - H(eIY)| (5.6)
{aR)}y o welo,n]

with B8 real and positive. The best approximant H*(ejm) of (5.6)
is independent of 8, but the minimax error p(8) is dependent on B.
The constrained ripple formulation, as intuitively understood and as
precisely stated in Theorem 5.1, is sensitive to the minimax error
p(8). Therefore the filters found via formulation (3.1) and the new
program are independent of the weights. However, séaling the weights
in formulation (5.5) implemented via CONRIP by (5.4), give different
filters (even differences in the order of the fiiter must be expected).

The new formulation (3.1), on the converse, suggests different
ways of using CONRIP. Perfect monotonicity of the transition regions
should be obtained by picking L(eju) andvU(ejw) via (5.3) where the
D(ejm) is chosen Qith the help of the prototypes and the W(ejw) is
chosen with the criterion of Section 4. The new program presented
in Section 4 can be used to implement the following problem which is
related to a constrained ripple problem:

Given continuous functions U(ej“) and L(ej”) on[ 0,~] such that

ted®) > L(e?¥), and a given order M, find the polynomial

a(K) cos (Ku.) such that:

o

K=0

(1) L(e3™) -:(1) = P(es®) 2 U(es®) + (1) for some

M) >0 L :=[0, -1

-

s Juy e ; - _
(ii) P(e” ™) is monotone on specified subiatervals of [M,-7

o L ]
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It should be noted that the §(M) of point (i) depends on M,
and there exists an M such that ‘731 >M  &(M) = 0.

The experimental verification of the use of CONRIP to solve
approximation problem (5.5) and of the use of the new program to solve
problems similar to the constrained ripple problem was beyond the
objective of this work. Nevertheless, such verification would be

an interesting project.
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CHAPTER 6

SUMMARY

The problem addressed in this work was finding a technique for
the straightforward design in the ffequency domain, using a minimax
criterion of multiband linear phase FIR digital filters.

To the author's knowledge the only similar attempt has been the
work of Rabiner, Kaiser and Schaffer [7]. Their work has the merit
of having brought to general attention the problems arising in multi-
band FIﬁ filter design with McClellan's program. However, their
solution doesn't address the essence of the problem which lies in the
inadequacy of Parks and McClellan's theoretical formulation of the
filter design problem for the multiband filter case. The "strategies"
proposed in [7 Jto design multiband filters are empirical and their
application is generally not straightforward.

Chapter 2 presents an original analysis of Parks and McClellan's
filter design formulation. It is clearly stated that its mathematical
meaning over the band [0,7 ]Jis that of an approximation problem not
according to the Chebvchev norm but according to a seminorm. The Parks
and McClellan formulation is shown to be ideal from the filter design
point of view for the high and low-pass filter cases. It is similarly
shown that it is mathematicallv inadequate from the filter desizn
point of view where there is more than ome 'don't care” band as in the
multiband filter case.

Chapter 3 proposes a new formulation of the tilter desizn

oroblem, The new formulation corresponds to a minimizaticn problenm
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in Chebychev norm over the full band [0, T3 It requires the use of

jw). The Alternation Theorem and the

continuous desired functions D(e
second Remez algorithm still apply. The new formulation is immune

from the drawbacks of the McClellan formulation and it is theoretically

adequate for the multiband filter design problem.
Chapter 4 discusses an implementation of the new formulation
based on McClellan's program. Considerations about the choice of
W(ejw) and D(ejw) having practical interest are also introduced. The per-
formance of the new program is compared to that of McClellan's programand
i o McCallig's program CONRIP for the multiband filter case. It is empha-
sized that the new program seems to be the only one capable of giving

1 strictly monotonic transition regions in a straightforward way without

b i‘ changing filter specifications.
Chapter 5 presents the relationships with McCallig's program
CONRIP. The possibilitv of the use of CONRIP to implement a design
l criterion very close to the one presented in Chapter 3 and the possi-

bilitv of the use of the new program to implement a design criterion

ama e g

similar to a constrained ripple problem are both introduced and dis-

cussed.

PP

From the author's point of view McClellan's filter desigrn formu-
lation (1.3) is a particular case of the new formulation (3.1). This
i made it anatural to incorporate McClellan's program as the core of a
program implementing formulation (3.1). The practical result obrtained

in this thesis therefore is a kind of "extended McClellan's program

v

that is identical to the original one when appropriate, such as for

———r——

b e e m e A e m - o e e e e e e e a4
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the low and high-pass filters, or can be used for its new features
(formulation (3.1)) when McClellan's program is not adequate, as in

the design of multiband filters.
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APPENDIX 1

Appendix 1 provides a user-oriented description of the new
program discussed in Section 4. The program operates interactively
and asks the user a sequence of questions part of which are derived
from McClellan's program and part are original. The meaning of the
questions in terms of McClellan's program will not be reviewed here
and the word "standard" will be used in place of the actual answer
for questions from McClellan's program. All the comments to the answers
will be on the modifications for the new program. The questions will
be numbered for convenience of reference.
1. TYPE FILTER ORDER

Standard

LS}

. ENTER FILTER TYPE

Standard
3. ENTER NUMBER OF BANDS
Enter the number of bands where D(ejm) changes slope if the transi-
tion regicns will be piecewise linearly simulated. Enter the total
number of passband, stopband, and transition bands if the tramsition
regions of the prototypes will be used.

. TYPE GRID DENSITY

&~

Standard

NTER IPRINT IPLCT

wl
[41]

Standard
. ENTER LINE PRINT FLAG (0 - DO NOT PRINT, 1 - PRIXNT

Standard
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E
8.
. 9.
C
K
10.
11.
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STANDARD WEIGHT AND TARGET, TYPE O, CUSTOM WEIGHT AND TARGET, TYPE 1
0 selects the operation of the program as regular program of
McClellan. 1 selects the "custom mode" operation, implementing
formulation (3.1) (all the comments to the questions assume 1 is
entered here)

TO CHANGE BAND EDGES TYPE 1, OTHERWISE TYPE O

The band edges previously entered will be kept if 0 is entered
(this happens because the program can cyclically call itself).

New band edges must be provided if 1 is entered.

ENTER THE BAND EDGES - - NO. = NBANDS

Enter the sequence of the edges of the bands. Since the new pro-
gram assumes full-band operation the edges corresponding to two
contiguous bands have to be 1 sample apart. In order to facilitate
this feature, the program just uses the edges 0, 0.5 and the even
ones (the second edge, the fourth, and so on) to calculate the odd
ones via an increment of 1 sample.

Since the important information for this answer is the edge O,
the edge 0.5 and the even edges, the odd edges are usually assigned
to dummy integers like 0 or l(because thev are convenient to tvpe!).
FILTERS PROTOTYPE USED? NO = Q, YES = 1
Enter l_for technique P. Enter 0 if no filter prototype will be
used.

ENTER SIMULATION FLAGS
Questicn 11 appears only if 1 has been entered at question 10.
Enter a vector associating a number with each bami. I:Z the hand

is a transition region the number associated must be the number c:

Lt SRt M D At R e A e A A A A




13.

72

the file containing the impulse response of the prototvpe for that
region. The number 0 has to be given for the pass and stop-bands.
ENTER ORDERS OF THE PROTOTYPES

This question appears only if 1 has been entered at question 10.
Enter a vector associlating a number with each band. If the band is
a transition region the associated number must be the order of the
prototvpes used for it. Any number can be associated with the other
bands. This feature allows the use of prototvpes of different order.
PIECEWISE LINEAR DESIRED FUNCTION? YES =1, NO = 0

Enter 1 for technique L. Enter O if technique L is not wanted.

It should be pointed out that the current implementation allows

also the use of technique L and technique P together, that is some
transition regiomns can bg taken from prototypes and some others

can be piecewise linearly modeled.

ENTER DESIRED FUNCTION AT THE EDGES

This question appears only if 1 has been entered at question 13.
Enter the values assumed by D(ej‘) at the band edies.

ENTER THE CONSTANT VALUES FOR EACH BAND

This question appears only if O has been entered at question 13.
Enter 1 corresponding to the pass-bands, O corresponding to the stop-
bands, and any number corresponding to the transition regions.

ENTER WEIGHT FACTORS FOR EACH BAND

Eanter the weights corresponding to each band. [t should oe empna-
sized that the current implementaticn calls for uniZorm weizhts

cver each band. A piecewise-constant weisht could Te also ontiined

over a ragzion »v means of its subdivision int> several bhands.
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Figure 24 shows an example of conversational terminal using the new

program with technique P,

o
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LT 7R Saeutioni

TPE | 0 JNTINE, VPR 3 D 3T
3

BRFATR TRE (1,23

TPE . OF 308

3

T RO ey

8
SRR 2RI 207

[t
AR LOE RINT FLAG (300 NOT RDNT, ! -IND)

STROARD VEDS.3TARS. TYPE 3, CUSTOM T TYPE !
T0 CAUNEE 200 63 TYPE |, TTHEMISE TPE 3

SRR THE 200 T6ES—10. 28NS
33.143758:3
3 4.1653043
3 3.37%41
3 3.41679744
333
FLTERS A0TOTRE SN, ESst

TESIT V. S, 0.0, 1

AR HE DETAT ILUES AR B 200

- I
TR ST A0S R U0 0

2.24558228
1.2

ER-H
L JE oy
I T T Wieioy SE3E3

Conversational torminal example
using the new program: Desian

1
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APPENDIX 2

This appendix offers numerical examples. of filters designed with
techniques L and P. The examples correspond to the filters denoted
Design 1, 2, 3, 4.

Both techniques require one to design filter prototypes. Tech-
nique L needs them as models for piecewise linearly simulating the
transition regions. Technique P needs them to use the actual values
of their transition regions into D(ejw).

The prototypes are designed with McClellan's program. Their
specifications are directly obtained from those of the multiband filter
corresponding to them.

For every design example the information relative to the proto-
tvpes will be presented first, and then the information relative to

the multiband filter.

(a) Technique L

Design 1

Prototvpe 1.1 (low-pass); Filter order = 75

3ani no Tirst Zdge Second Edce 2t ) Wie- )
1 2 C.16%33%a2 : RRREE R

]

rJ
O
v

4
[o9)
-
o
W
[¥9)

0.2

n
v
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Prototype 1.2 (high-pass) ; Filter order = 75

Band no. First Edge Second Edge D(ejw) W(ejw)
1 0 0.41679744 0 0.03853275
2 0.37032451 0.5 1 1

The transition region of Prototype 1.1 was modeled by means of
2 line segments. The one of Prototype 1.2 was modeled by means of

3 line segments.

Multiple passband-stopband filter 1

Band No. 1lst Edge 2nd Edge D(ejm)- D(ejw) N(ejm)
(1st Edge) (2nd Edge)

1 0 0.14375973 1 1 0.2453880°2
2 0 0.159 1 0.07 0.20458380°
3 0 0.165 0.07 0 0.04533809
4 0 0.37032451 0 0 1
> 0 0.385 0 0.09 0.0383853275
6 0 0.4021199 0.09 0.91 0.003853275
7 0 0.41679744 0.01 1 ~.03853275
3 0 0.2 1 1 0.03353275
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Design 3

Prototype 3.1 (Low-pass); Filter order = 57

Band No. 1st Edge 2nd Edge D (ed¥)
1 0 0.11018835 1
2 0.00820222 0.5 0

Prototyre 3.2 (High-pass); Filter order = 57

Band No. Lst Edge 2nd Edge D(e3¥)
1 0] 0.26931373 0
2 Y.20585967 0.5 1
Protocype 3.3 (Low-pass); Filter order = 57
3and YNo. lst Edge Ind Edge D(ej°)
1 0 0.37673551 1
2 0.31138715 0.5 0

w(ed®)
0.19386528

0.17459027

N(ed™)

0.17459027

1




e — P

T

TPy

Baand No. lst Edge
1 0
2 0.3892995

simulated by 3,3,5, and 3 line segments respectively.

Band No. 1st Edge
1 0
2 0
3 0]
4 0
5 0
6 0
7 0
8 0
9 0

10 0
11 0
12 0
13 9
14 n
2 0

0

0.

2nd Edge
.46299174

5
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D(e

Prototype 3.4 (High-pass); Filter order =

jw)

0

1

57

0.

0.

W(eju)
18180259

21319649

The transition regions of Prototypes 3.1, 3.2, 3.3, 3.4 were

Multiple passband~-stopband filter 2

2nd Edge

.00820222
.03439052
.04139057
.077

.084

.11018835
. 20585967
.216

. 2591734
.26931373
.31130715

.31342264

pe’) b
(1st Edge) (2nd Edge)
1 1
1 0.96
0.96 0.91
0.91 0.09
0.09 0.04
0.0% ]
0 0
0 0.065
0.065 0.935
n0.935 1
1 1
1 0.933
0.933 0.7047
0.047 0
J 0

.131302

W(ed™)

.19386528

.0193

.0193

.00174

.0174

0174

. 17439027

.017459027

.N0L749027

01749027

.01
.001

.018130233

w
(93]
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Band No. lst Edge 2nd Edge D(eJm) D(ejw) W(ejw)
(1st Edge) (2nd Edge)

16 0 0.4045 0 0.006 0.018180258
17 0 0.44779124 0.006 0.994 0.0018180258
18 0 0.46299174 0.994 1 0.02139649
19 0 0.5 1 1 0.21319649

(b) Technique P
Design 2

Prototype 2.1 (High-pass) 3 Filter order = 27

Band No. 1st Edge 2nd Edge D(ed®) W(ed®)
1 0 0.22754845 0 1
2 0.0728033 0.5 1 0.1616032

Prototype 2.2 (Low-pass) : Filter order = 43

Band No. lst Edge 2nd Edge D(er) W(ejw)
1 0 0.3445328 1 0.1616032
2 0.29030124 0.5 0 0.0034068

The prototyvpes used in this example are of different arders (their

orders correspond to those suggested bv Rabiner et al. [ 77]).

A

McClellan's program stored the coefficients of Prototwpes 2.1

and 2.1 in disk-files number Il and 22 respectively.

- P N S O
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Multiple passband-stopband filter 2

Band Simulation Prototype 1lst 2nd
No. Flags Orders Edge Edge
1 0 0 0 0.07280333
2 21 27 0 0.22754845
3 0 0 0 0.29030124
4 22 43 0 0.3445328
5 0 -0 0 0.5

D(eju)

1000

1000

w(ed)

1
0.01616032
0.1616032
0.00340608

0.00340608

The dummy value 1000 in the transition regions of D(er) has been

used to indicate the use of Prototypes.

Design 4

Prototype 4.1 (High-pass) ; Filter order = 41

Band No. 1lst Edge  2nd Edge D (ed®)
1 0 0.13199438 0
2 0.08886197 0.5 1
Prototvpe 4.2 (Low-pass) . Filter order = 41
Band Yo. lst Edge 2nd Edge D(ejg)
1 0 0.27193968 8
2 0.18550831 0.5 1

Protocvpe 4.3 (High-pass) , Filter order = i1

Jand Yo. lst Edge Cnd Zdece D(a ")
1 0 0.35373202 0
2 0.23819105 0.: 1

w(ejw)
.0959953

.11187421

—————
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Prototype 4.4 (Low-pass).; Filter order = 41

Band No. 1st Edge 2nd Edge D(ejw) W(ejw)
1 0 0.45732656 1 0.11177379
2 0.43737502 0.5 0 0.05401694

The prototypes in this case were taken of orders different from
the order of the multiple passband~stopband filter. McClellan's
program wrote the coefficients of Prototypes 4.1, 4.2, 4.3, 4.4 in

disk-files number 21, 22, 23, 24 respectively.

Multiple passband-stopband filter 4

Band Simulation Prototvpes 1lst 2nd D(e?w) W(eju)
No. Flags , Order Edge Edge
1 0 0 0 0.08886197 0 0.0959953
2 21 41 0 0.13199438 1000 0.09
3 0 0 0 0.18550831 1 0.11187421
4 22 41 0 0.27193968 1000 0.11
5 0 0 0 0.28819105 0 1
6 23 41 0 0.35373202 1000 0.11
7 0 0 0 0.43737502 1 0.11177379
8 24 41 0 0.45732656 1000 0.05
Q 0 0 0 0.5 0 0.03401695
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APPENDIX 3

This Appendix contains the computer printouts with all the
numerical informacion referring to the filters shown in the plots
of this work.

In order to facilitate the association of the plots with the
information tables corresponding to them, the tables of this Appendix
are labeled with the same number as the figures containing the plot
to which they refer. Therefore, Figure 4 corresponds to Table 4,
Fig. 13 corresponds to Table 13, and so on.

It should finally be noticed that the printouts of the new
program used with technique L under the voice '"DESIRED VALUE" report

the slopes of D(eJm) over each band.
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"TABLE §

AR A A A A A A R R R R L AT Y X Y R I I s T Y AR )

FIMITE [MPULSE RESPONSE (FTR)
LINEAR PUASE JDIGITAL FILTER JESIGN
RgMEL SXCHANGE ALGORITwnM

! . BANDPASS FI TEN
|
’ FILTER LENGTm s 32

snoan IMPYLSE RESPONSE neees
Hl 1}s «3,12689414€432 nt 3I3)
Mg 219 *,35128179€.32 e 29y
He 3)s 3,37103%42€.32 e 29}
H{ d)8 «3,438%50%450€232 LIGEE 33}
- HE S1a «3,72980242€.32 He  26)
He 61 9,9712830%L.22 "t 29
He Tis  3,13%43%84a8a31 H( 28}

4 xew osvOBBECRGsEN
b 8
-~

He 8)7 «d,17927194Eadt 2Y)
Nl 9)e «3,23728808E41 e 22)
n( 13)e A,30817019€.4d1 we 21}
“e o 11)e 3,319023%2€e31 & H{ M)
- (e 12)% «3,973387048.21¢ e 19)
4 He 13)0 «d,8%5372318€a4¢ e 18)
HE 1a)s 3,1367729%E+4d0 w( 17}
¢ 15)8  3,A4908437€630 3 M({ ie)
3AND dang 2 SAND
SWER 3aND €DGE 2,2aa009080 a,392228200
UPPER danD EQGE 3,20222a90 4.%9a0820¢2
QESIREC VaLug 1,3992332307 2.393920208
#EIGnTING 1,232000%30 1.33302008204
l OEVIaATIN 2.,232302722 2.,3722437273

DEVIATION N 08 «53,7:1962099% «53,719620%9S

EXTREMAL FOIEQUENCIES
3,2097039 2,2373m30  2,37%973¢  Q,1393333  2,i1d4laea?
3,1738333 2,1916487 3,222Q033  2,3400040 2,3383333
3,32%1007 3,3%62%20 2,347%33@  2,3137%22  3,3%0apmgeQ
2,4833333
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TABLE 6

FINETE (MNP SE EIPINSE (F19)
LINEAR PHASE NIGTITAL FILTER JE3INN
Fenel EBACHANGE ALSCRTITHM

BANOPASS FILTER

FILTER LENGT™ » 3@

eense [MPULIE RESPINSE seees

- M( 1)% «3,131%96184€ed2 3 =(
HC )9 Q,21000221€-42 » w¢
ng 3)s 23,58453900L432 s n¢
H{ d)s «2,031334228432 = w¢
He S)8 «3,75892005E8.42 s N(
{ §)3 Q,89081439€.d2 s H(
ne Tla Q,147304823Ladl ® w(
HE 8)9 «d,10d35315Eed| s MN(

’ HE 9)8 «3,30a98201E-31 s H¢(
g 13)s  8,29499799E<dl 1 N(
me 11)s  @,83012272€31 8 N(
He 12)0 3, 55859904831 5 ¢
M 13)2 <A, ,807032%a€e31 s N(
me 1a)m  3,14%828734€432 8 H(
H{ 195)e  3,45096332%6d0 s (¢

JAND ) 8AND 2

l! LInER 3amnn EDGE 2,22930020¢ 2,202083333

JPRER 9aND EQGE 3,23¢d0u399 2,.329007039
DESIREL VaLUE 2.3322¢07%20 ~13,23090A339
“E.GnTING 1,3000am009 2.29301707

ELTSEN L FIEILUENTIES

3,230249¢ 9,339%333
3,1728333 2.1916007
3,3312522 n, 35833313

l 3,4433333

3,17922a0 3,1.Pa81087
a,22002Q9 2,3030433
2,347%4Q9 J,4187%g@

3
29)
28)
an
2e}
29%)
24)
23
22)
21)
£9)
19
18)
tn
1)

3aN0 3
3,302W833133
3,3993wa020
32,3)922a0q90
1., 1824093a20

J,ldln0e?
A.3134:.a7
3,4522833
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TABLE 7

(322222 A R AR R R ARl A2 R R 2222t adililsltsldl

LOwER Jand %0GE
U99€2 Jang ELGE
DESIRED vaLuE

w€lonT NG

FINITE IMPULSE IEIPONSE (FIN)
LIMEAR FmpSE n GITaL FILTER JESIGN

NEMEL EXCHANGE ALGORITmA

SANOPASS FIL_TES

FILTE® LENGTH 3 43

annes [MPULSE RESPONSE envee

EXTIEWAL FREJUECIES

J,72¢02930
2,11097%
a,23241:29%
3,3040028
3,282912%

nC 1)e 2,1313%330%«42 3 ¢

e 2)3 M 84987953EJ3 8 N

¢ 318 2d 11323887532 2 H{

Al 4)3 2 ,91609104E8«3d3 8 H(

ne 38 «9,86A455Q42E-33 » n(

He 4)8 «d,17903331E4232 3 M(

H¢ 718 9,349Q92238e43 8 (¢

He A)e «3,159600%£32 9 «4(

Mt 9)s 2,187%287384d2 8 ¢

He 13)s 2,79389203€03F & ¢

e L1i)e 3,11879a32€«32 = n{

#( 12)% 3,32317324Ee32 w H¢

Re 13)% «2,31313921£32 2 H(

"¢ 14)s 09,8081%a17€433 s n(

m( 1%)s «3,7187A5338422 » M(

M 16)8 «2,12%30302C21 8 M(

Me 1738 A,29698%238442 ® A

¢ 1d)9 «3,27Nn0%5245CL31 a M(

e 19)8 2,13483339€432 » H(

e 20)e  D,43353320€.30 3 ¢

aanNn 3aND) 2

3,79¢202229 2,121562%5232

2,1¢2032234 A4+036040239

2,232220eM0  «3,333333333

1,209020002 1 .2¥92Q33204¢
3,339202% 3,2671371S ?,2a9362%
3,1312%00 2,1502%12 d,1312%20
3,2%93759 3,28%937% 2,312%244
3,3a75a00 2,34315602% 3,3149689%

43)
39)
38
37
36)
3%)
34}
3
3d)
31)
3Q)
29
a8)
M
26)
2%
24)
ey
22)
€1l

2aN0 3

3,391962%20
3,5230002230

2,
t,

J239¢9aQ0
232378709

2,12e9n29
2,20758128
2,337%300
3,34087%3

P D T T
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LPPER sanG EDG
SE3IRED sa.S
E15ATING
EVTATION
Evia®ison v 20

[
g

[P N

L R L TIELUE

A
t31879
o

J, 137897
N, 19h%2qg
3,2%90223
2.31832,32
APS L RT3
3,4%471%32
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TABLE 8

(A EFEREERSRESREEEEREAARA A SRR AR RE AR R R NS R AR AR NN]
FrTE L BULSE ShaPThE [FIE)
LIt a9 Pus®e HIGI%aL FILTED JESIGY
ULug? €RA0HANGT ALICWHI Tan
AANNPA8S FI TED
S TER LENGTH 3 TS

ensew [“PULSE RESPONSEZ ewwse
Hr 118 Y, 1500%009€ad) 2 w( 79)

e 213 @), 111130 €,92 3 »f T1)
m( 3)3 A,29299351ELa) s o 73)
Al 4)3 «d,92P213064€ad2 3 H( T2)
wr o %33 Y 129 7521€L31 3 < 71}
¢ a)® =P, 79239%74€.22 s 4( 72)
St T)3 =@, 181L2947CeR) 3 9( 63)
Me AYs 2,14%31987€e) 3 M¢ 6d)
“¢ 913 «3,2720932%€aAy s H{ &7}
~( 12Ys J,24739S7Ead) 3 ¢(  os)
HE O11)3 @ 37391297%e2 3 ¢ 4S)
HE 12)% @A ,22353%51SELQ) 8 w( 4d)
Af 13)e R, 2511347 3€ed) 3 ¢ 83)
Fe 19)8 «3,00a419788ed! 3 ~( 42)
At 15)3 A ,23773600E31 3 A( ot}
w( 1a)s J,12!1A1761€=dl 3 A( &)
me 17)8 «A,206350934€ed] 3 w( 59)
¢ 1d)8  3,%2622%%1Td1 3 4¢ $3)
Ml 13)e «d,%872832%E2y 3 4¢ ST)
“( 22)s 2,11347437€=d) 3 A¢ 56)
4¢ a1ls A,337487%5dnked2 & ~( 59)
0 2218 «A,03325152€L31 2 w( SI)
*¢ 23)s 2,8%332297L.3 3 Hf S3)
M 28)8 =3 a4279378E.21 3 ~¢ S2)
(¢ 3S)3 A,18%34940E.Ry & <( SP)
n( 29)8  3,33617316€adg s 4( M)
s 27Y3 «2,92201247€a21 = H¢ 49)
“( 2413 3,7384933ufLdy 3 4 ud)
(2913 «@,3409304SEedt 3 m( 47
¢ 3]s 2,u3811279E01 & 4( 4b)
“¢ ¥)s A2,726178428.01 a2 WP 49)
¢ 3218 «3,124967%53EevQ ¥ =( 4a)
¢ 3378 3,30219057%<2) 2 (¢ D)
S Y418 a0, 3432329968 8 w7 4}
“¢ 192 «3,3550dmbnEad) 3 w0 Wi}
~( 3b6)a  3,32624796EeA0 3 m( W2)
"t 3718 23,3048809027€eR2 a (¢ 3V
<¢ 38Ys 3 60QQ%895€420 2 N 3IM)

LEY T 1 2aND 2 IAND 3
2.232Q20022 7.14533%432 2,318797332
d.,1437%973 2,37332a%1) 2,53028Q229
{,327227093 A,23°132g32 1,1321202220
2,245%382099 140203232390 2,23A532732
2,27181 3%, 3,21732%9%aa A,18552224S

«e2,375833879 <=u9,03(83382%3 =2:,1%843u3ue
NETZES
W,H271332 2,te1li8d 9,2%%2087 3,2534739
3,297233%  3,:113197  2,:2%¢e20 (1373358

3,13%$3334a 1,14830239 1,1789322 2,19%339a3s
J.243102n 1,32242a 2,2319%13 N,24423308
N,20498723 1,22201%7 4,89%8249 ?,3959m4a
71,3293 ?2,3913383% 4,352 7 2.3512031
1,37232a¢ N, 21737 é,3324224 V,325%323
2,4727138% 2,43%3784 J,3324n33
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TABLE 9

'.""'I..".""'I"""'I."""'."I"""."'.'.".".'."'I.l."'

LOWER 3230 £0GZ
JPRER JaND E0GE
JESIRED vaLuE
“E2GNTING

LOnER 3ANO 20GE
JPPER 3ANO EJGE
JESIRED vaLuE
«EIGNTING

SXTREvAL Fa€auE
J,3L 18138
9,3832%92
3,1437997

e 973724
3,2%79%er
3,31%0253
3,3723248
2,3%79199

FIMITE

BANNPASS FILTER

FILTER LENGTH 3 7§

TuOULIE FESPANSE
LIMEAR FuwaSE aIGITaL FILTE
OEUe? EACAANGE ALGORATTHM

snase IMPULSE RESPINSE enewe

(F13)
3

nt 118 2,1187790a€.31 3 ¢
He 2)%  2,207369986.32 3 ~(
e 3} 2,2:593887€.91 = w
HE 3)8 o3, 377317636432 a ¢
M S)s  1,34873092€432 8 ¢
e b)® «3,117120918431 = W(
HE 7)8 «3,92722334€232 = N(
ne 8)e 2,12157133€.32 s ¢
Ml s 23,4d313893832 3 ¢
MO O1dYm A,11512730€<31 = m(
HEo11)e 0,29104282€-22 = A¢
Ml 1219 «2,92381627%.22 5 ¢
He 1309 «0,23206409E432 3 ~¢
Me 138 «d,1%929960€.31 s ¢
H( {S)e  3,22222048€-42 3 ~¢
He 18)9  2,119909838.31 s ¢
He 1738 2,902770008E223 2 ¢
ne 18)2 3,1237209aC43¢ s M
HC 199 <3,169995338.31 a ¢
H( 2019 «3,1608018136431 o m¢
He 21)8  2,121919328.32 s =¢
H{ 22)% «3,900783%€.32 2 n¢(
M 23)e  2,33937333L.21 ¢ A¢
H{ 2838 3,892%53031€442 » m¢
M 2918 w2,13a58892€.21 » W
H( 260)8% 22,22436902€.32 s we
M 27)% 23,39243857€L31 8 w¢
FE 28)s A, t16378738.38 5 m(
AE 2918 3,26734p%E31 3 ¢
Me 33)e  3,12068S313E1 & m(
He 31)e 2,%9M2a2%aE.31 3 W
e 3218 «3,738722838.4d) s n¢
H( 3319 22,35%929726.81 s ~¢
M 38)8 «3,27931%22€431 3 A
Ml 3% <, 53732333€.31 « 4
“¢ Jo)e A,3261822%E+23 s ¢
M 378 A, %807t310Ead1 3 ~(
n( 38)s  2,%52162215E«30 » ¢
BAND | 3aN0
2,79032em2@ 3.13453299s
3,1437%9710 3.159@02323
A,32930°2008 <6t ,322%42939
3,34%888290 3.,3035348a339
LY LT | %aN0 o
2,37116e878 2.38%822388
9,34%2%na0e 32,3221 1900
6,13247a27¢ 37,4974783%37
3,238%527%2¢ 3,32385327¢
NCIES
3,42031%8 1,2811183 3,2%%39a7
2,397339% 2 1118197 2,:2530Q0
3,10%82z28 31831118 3,1785122
2,228585%  2,220921:  2,2332%%s
3,2732632 1,2425987 2,29493132
2,3319e34 2, 3ava%39  2,1541237

3,402%a¢? T,3187372
3,471391 3, 13%87s4

4,329131%9
?,%220323

E31I5N

%)
7e)
123}
72)
13
772}
49)
68)
a7)
ah)
%)
64)
63}
82)
51}
63)
59)
Sa)
s7)
S4)
5%)
5S4}
53}
s2)
31)
sa)
[L}]
a4)
a7)
da)
%)
aa)
43
42)
41
433
319)
38)

AN 3
3,199822384
2,18%507%200

*11,500064%807

2,403534849

Ny 7
3,332942243
A,4:6797a42
§,131317732
3,2335327%2

3,383@739
3,13733%S
2,1361391 4
3,248%892:
3, 3arae3?
3,353335%
3,3e2938y

AN 4
J,165822348
2,373324%14
2.229332%29
1.23000@227

AAN) A
2.4178:393828
« 522222929
2.202072202
J.,d33%327¢%
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TABLE 10

'l'll..'.'.I'."'l'l.."l"""'"'...""."‘."".."'."'l'l"l”'l

LINER 3AND #0GE
JPRE] 3AND £0GE
JESIRES vaLug
wEIGNTING

LOwER 3aNQ EDGE
JAPER 3aND EQGE
QESIRED vaLJt
“CIGHTING

EXTREwA FagsuE
d,812335%8
3,24133%32
3,1337897
9.,1973203
3,2%33010
3,3237030
3,37332a8
3,35723938

fINgvE

IMPULSE ESPINSE (FIR)

LIMEAR PwaSE DISITAL FILTER JESIGH

AEMET EXCHANGE ALGORLITw™

JANQPASS FI TER

FILTER LING™H 2 7%

swnen [MPULSE RNSPONSE seene

Al 1% 3,137134389Ewd8 s n¢
Al 2)e  3,320881376E<32 s H{
¢ 319 3,1961318a8<21 = ¢
HC 4)8 «B3,10231122E-32 2 M¢
He S8 J,77132032€92 o m¢
¢ o)8 «3,13%903163E-31 a M ¢
Mt T7)% =d,660702368<32 u H¢
e 8)9 «@,24539q52832 3 ¢
He 9)8  Q,179304420.83 = w(
He t2)e 3,30Q43104fed2 s n(
e $13e 3,362839440402 3 w¢
¢ 12)e «2,53799241892 2 n¢
MO 1308 «8,71931121F32 8 H(
He 13)3 «d,98243032680232 3 n¢
He 153 «3,19994329€622 s ~¢
He 16)8  Q,121565008~31 8 A4
ME 173 3,89171139€.32 8 H¢
H¢ (3)s  8,56973981%432 & H¢(
ne 19)8 «3,35907919a€032 3 (¢
He 23)8 «3,21649228E8-31 v H(
Mg 2138 3,11194784€=32 8 N¢
n( 22)® «3,36438931€-33 = m(
Me 233%  2,21090080€.231 3 M(
He 24)3  3,18%39902%021 3 w(
H( 29)% «9,18%529993£.3% » n¢
e 20)9 «3,27a28283€-22 & ¢
ne 2718 «3,31906998€431 s M
ne 28)s  3,532390603€«33 3 n¢(
m( &9)s  3,37300731€-31 w» ¢
" 33)e  9,5325312a€<22 » w¢
e 3t)e 3,57329739€-3¢ 8 W(
H¢ 3218 «3,81300330E#3) = ¢
H{ 33)9 «3,57722297€«31 o u(
"0 33)0 3, 98739715632 = ¢
M 3S)® «@,0945172%L=3¢ s ¢
Y0 3830 I, 3207%917€433 8 ¢
e 3719 A,579%438312231 8 w¢
M¢ 38)% J,59921178Eedd 8 =¢
8AND 3aND 2
3,2383¢0002 ?,194982092
8,:437979733 2,1653339a3
1,302030930 129,233223227
3.34588809% 2,2340302¢003
84N0 8 san0
3.4175138Q4
3,%2923a040
1,3g000%0q0
3,330%8327¢%2
NCIES
q,2271382 2,2411138  3,3%%ge87
3,397339¢ 3,1113197 3,12%2000
,1661563  3,10984858  2,:788471
3,2048¢93 3,22:2%%2 2,233%92%
3,273537: 3,2929%20 3,2900929
a,332273? 3,3ad612% 3,35%33:2
2,39%3179  3,4139877  2,338%3120
3,47189%e¢ 3,39%3752 3,53223¢99

7%)
74)
™
73)
)
79)
689)
d)
a7)
(1))
55)
(T )]
83)
6d)
(39}
[1-}]
59)
58)
7
56)
5%)
LT3
s3)
s
$L)
Q)
39)
as)
a7)
ae)
a9}
14)
L))
42)
Al
(Y}
39
38)

3aNd 3
2,1661%0318
2,373324%12
2,2202u¢390202
1,27298an20

3,3098729
3,:.3733%8
3, 1867158
d,234%9242
3,338a202
1,383149¢
3,3a38132

3ANO 2
3,37 100478
A,3187974a32

133,30322080

3.3320@2940
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TABLE 12

IMPULSE IESPCMSE (FTR)

LINEAR PwaSe IGITaL FILTER JESIGA

ILUEL EACmAuGE

JameP sy FITER

FILTES LENGTH 3 43

ALGORTI Trm

svewn IMBULSE FESPONSE sewes

e 118 «3,4772%953F42 & M 43)
AE 218 «,36714223L.22 8 H( 42)
¢ 3)s 3,183233213€<d1 3 (43}
He o als A,1155%324€00) 8 (¢ QD)
ne %)3 3,3%539329%5L.32 s H(  39)
He 8)18 «A,23436688%%.01 s H(¢ 38)
m{ T)s «2,8319%61E431 & H( 37)
Mt 3)8 «3,22153692€431 8 N(¢ 34}
"l s 2,813%287HELA) w (¢ 1Y)
g 13)8  J,1ATSTIAACLAR a2 H(  33)
He 11Ye A,39417%26€a31 2 H( 3IY)
HE 1218 «2,.0849%832€.21 2 ~¢  32)
NE 13)e «3,219623738430 & ¢ 31)
me (4]0 wd,117733Q3€423 8 H( 3}
" 19)0 3,18320227€430 a2 #(¢ 29)
We o18)8 3,27713146Ee20 8 M 28}
HEO1TYe A 134aQ14ATEL2Y & M 2T}
ME 19)e 22,03452972€.31 & A 28)
HE 1318 =3,3793%3340433 3 nt  2%)
M( 22)9 «3,332%%0A7%420 2 H¢ 24}
ne 21)3 2,29928742849a s ¢ 2N)
Re o22'd  3,899410338430 s =( 22)

4410 N 2 Fand 3
3,43323¢22a 3.,227%63a%3 2,33a532800
J3,7728933 3.2%2301249 2,332029m00
2,2Q%20¢129 1.273223740% 9,230270029
{.22%aauazq 1,15916232379 2,32%436048%
2,73327497% 3.204875388 2,222%737%8

«d2,291902303 ~60,439991169 «3Z,92%998928
Ne LS
2,217765% 2,33207°% 3,23637%0 3,2594591
2,1728333 2,227%434 2,2373894 2,234912¢
1, 2adud1} A,27730844 2,2972371% A,23033¢2
2,3%3,%35% 4,37294:9 3,33778 T,4212373
3,4737332 a,%3am3132

e Bra i,
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TABLE 13

FARN QPSRN NANEEVNPNURGNERNEORENEOESTERNACESANTARAACEONNONNStasndoNS

FINITE IMPULSE RESPONSE (FIV)
LINEAR PHASE 03IGITAL FILTER JESION

REMEZ EXCHANGE ALGORTTmM

BANQPASS PILTER
FILTE® LENGTH 3 &3
sonen INPULSE REIPONSE seerns

Me L)' @,22072947€a30 s n¢
He 218 «2,700860397€032 s W{
M( 3)% 9,976720898.32 = M(
HE 8)% oB,235943138.82 » Wt
NC S)9 @9,132939692-23 » M¢
HE 6)9 @2,802992103€<33 s H{
NE 719 «8,132479478231 » M(
He 819 «8,13979830€-01 & W(
He 9)8  3,16836997€31 » M(
N 18) 0,27830275E-32 5 M(
Mg $11)8 0,296913%90€-32 s W(
M¢ 129 Q,207831618e31 = M¢
N 13)8 «3,20957126E-38 s M{
HC 18)9 «8,803133972<31 s H(
Wt 15)8  2,2%5100772€-31 & n¢
He 16)9 3,9078%3038<32 » ¢
MC 1718 3,13200402€+31 » W(
M 18] Q,3172030QC«30 s M(
N{ 19)8 «0,39097330E431 s W(
N{ 209 «3,27829029€438 » N(
He 1) 2,22937334£.21 = n¢
Ne 22)e 9,34791506E90 5 N(
8AND ¢ 8AND 2
LOWER 8AND EDGE 2.300000000 2.37422379%%
UPPER 3aND E0GE  3.3720933a8  3,.109800909
QESIRED vaLUE ?,3q0004000 3.0768%7283
#EIGHTING 1,000000008  9,212930900
SANG 8 8AND
LO#ER SAND EOGE  9,18077220%  9.19277220%
UPPER 3aM0 EOGE  3,1913%17%@  9,227%484%Q
OE3ZRED vaLuE 3,100060007 2.670857243
#EIGATING 9,23t4232¢80 a.316032908
SAND 9 84N0 {2
LIWER 9aND EDGE 9,312362043% 2.3459332%%
JPAER 3aNO0 €OGE  9,3a65323d9  3.3309Q03de¢
DESIRED vaLug «36,538859% 72 2.39e930a9¢
wE1BNTING 2.,000380000 9.203443600
gETNEMLL FREQUENCIES
2,2002038  2,3184059  2,239318  2,0%3977%
3,3720033  3,12%390%  2,4927722  0,2283972
2,2000553 @,2044803 3,2726848  3,2886340
9,3459933  9,3553%4  2,3772333  9,399933%
9,33% 4808 3,4752ta6  2,9303009

43)
)
a1)
a8)
39)
39)
L3
36)
%)
34)
3
32}
31)
3)
t3)]
a8
a7
26)
%)
24)
a3y}
22)
8aN0 3
2,11243065%
?,1213%0028
3,100060007
'.ao::oonll
8aN0 7
@,229%4908%
?,299391240
?,302800920
e,163333a09
3aND
9,2007018
3,2384507
4,.339q029
3,323%a987

BAND &
9,122829439
,1793517%2
13,583907a82
2,2001039320

BANO B
2,2%9172150¢
3.339q20002

«3,3438332473
2,39346080Q

_—— e A

SAanaiy

a 2 2 .o w

C R dean
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TABLE 14

NN NN ANt eN NN e IRt etareetensesteenntteseeteeteinsdtstsnese
FINITE IMPULSE RESPONSE (FIR)
LINEAR PHMASE DIGITAL PILTER OZ3ION
REMEI EXCHANGE ALGORITHM
BANDPASS FILTER

PILYER LENGTN » A3

senes IMPULSE RESPONSE eeenn
M¢

100 9,13361831E402 3 H( &Y)
HE 2)0 «0,9509038978.02 ¢ N( 42)
He 338 8.8166971C+02 ¢ H( 41)
HE 4)9 «0,8750%306E<00 = N{ 48)
He S)® =0,103777308<82 & N( 39)
Me 6)8 0,807000408.02 v N{ 30)
H( 7)e «0,80202108E<682 2 H( 3I7)
H( 810 «8,Te340747€202 ¢ N 34)
He 9)m @,14095687C01 s H( 319)
He 18)0 «0,838007038.32 » H{ 34)
Ng $1)e «0,19137720€-82 » H( 33)
He $299  0,2607300842-3% s N( 32)
HC 13)® =8,2130%50048.01 = N( 31)
HC 18)0 «0,801383108=0) » H( 30)
He 15)8  9,2%47310084081 » WL 29)
HC t6)s  9,20000405C.02 s N( 20)
NC $7)8  @,652328338.82 » N( 27)
NC t8)s @,117283992400 o« N( 26)
M( $19)e «0,38339311E01 ¢ N( 29)
He 20)% «9,2099136018490 o HC 20)
He 21)8  8,23033077888 s H{ 2V)
e 22)%  0,30191398408 ¢ N 22)
BAND 8aND 2 -“BAND 3 BAND o
LOWER BaND EDGE 8,2000008a0 B.37022370% §,220960%8 2,291721693
UPPER BAND EDGE 9,072803330 0,227%484%8 0,290301240 0,3043532000
DESIRED VaALUE 0.,000000000 100,000000000 1,000000000 100,090000000
wEIGHTING t 2830030020 8.910102320 0, 16t603200 8,20348¢000
BAND S 8AND
LOWER 8aND EDGE 0,3439%328s
UPPER BAND CDRE #,90030002¢
DESIRED VaLUE ¢, ae"983808
NEIGHTING 8003400480
EXTREMAL PREQUENCIES
S.P89QP0  9,A213068  0,0820136  3,2641079%  0,0728a33
9,1329761  0,1838261 2,1722351 2,2306882  Q,2209609
?,2031738 9 2602189 9,278423% 0,2887871  3,2983012
9,3859833 9.3598968 A, 3737828  0,390938%  §,42%4987
P, e890008 9,487%2146 3,5000090
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TABLE 16

I"'.""III.'OO'."l‘...'.".'.'l."'I'I"'.'.""..""Q'."'..'.ll.
Il FLMLTE IMPULSE FESPINSE (FIP)
LIVEAR AwaSE ISTTaL FILTER OESInN
IEvE? FACHANGE ALGONTY 4™
AgPass FLTER
FILTED LENGTH & 97

eseme INODUYLSE INSANNSE esnewe

S N IS AE R IR S il b Mt AR R T e T AT e T T e T T AT e T e,
. B Y .
- -

Cepy cvailable to DTIC deas not
pemit fully legible raproduction

RE 1)% <3, a9951A81%<a3 & wt S7)
'l ~¢ 2% o1 23CIT9N4EYR 8 2(  SH)
ME 31% «R,54724331E-32 8 n(¢ 39)
Al 4)9 «3,15208820€<01 5 w( 94)
1 $)8 =d,13073%03E«d8 s #( $3)
4¢ Q)8 «2,17326963C«21 @ n¢ 92)
e 7)e «3,3312799%08<31 s n(¢ S1)
(e 313 «1,134373838a02 8 A¢ 33)
Mr 9)e A 635752469€<d3 2 N( 49)
ne 13)8 0,1790AgL8Eed1 8 HE 38)
- A( 1118 2,47738815E€=d1 a n( o7)
np 12)8  3,359946999€<d1 8 H(  48)
e 1338 2_1233360eL¢33 = #¢ 4%)
n( 1a)s 3,877649848L<31 » ~( 48}
ne 19)9 A,7335403475ed] s (¢ 43)
e L4)e W, 20009873821 s H( &)
ng 171 3 311272163 « W 4Y)
- Me 1818 «2.515439378ad1 & M¢  4Q)
= M¢ 19)8 «3,1622847484379 = n¢ 39)
He 2319 <3 ,13227983€e40 s N¢ 39)
Ae 21)8 «2,22309205E+d3 & n( 317
ne 22)8 «#,99302620€d1 o H(  36)
re 23)8 «2,11%a9371€e4d2 & "¢ 39)
N( 24)8 «8,17998649€ed0 s n¢ 134)
Ac 2518 2,2¢0ua009L43@ s (¢ IY)
: He 20)s 2,19082734€edQ o (¢ 3D
' ne 273s  2,223940588099 s W( 31)
. ng 28)es  9,13%04276€+30 2 »( 3IN)
M 29Ys  B,73889173E«39 s n( 2Y)
. 480} gaNO0 2 8AN0 3 3aAN0 &
: LIk 3AND E0GE 0, 30PCMN007 2,117138338  2,299313730 2,37073%3513
: YPPER Aaun £IGE 2,299223227 2.273099472 2,311847132 3.349299%a3
) CEITNEL VaLuE 1, 2 A%qun 2.2900¢Q0¢0Q 1,333293039 2,303009990
+ELSnPING 3.1933e%5268¢ 2,174%90273 1,3420e9090 3.131822532
) DEVIATIAN 2, 2008RT8un 2,37301921¢ A,202138138 3,4009%064d0
Il UEYIATION [N 04 «58,373832113 s, 103232111 =79,322931379 <ed,51483222¢
BANDC 8 BAND
LUWER 3aN0 EDGE 3,4429917a9
JPPER 3240 EUGE 4.542033209
- SEITAEY vaLLE 1 o 201340
s “EIGRTING a,213190492
N GEVIATION P REITELILLY!
NEVIATION [N 08 «48,998432380
r
! EXTRE~aL FREUEMCIES
2,Meu91"  ¢,2093879  2,2283032  3,1131888  3,1134211
41,1190 0,130e63%  3,1435189  9,19%3479  3,10943%8
2,1423888  2,1982801  ©,2028088  3,3298997  2,2493137
2,271964%  3,2790122  7,268A7123  2,29%4ae1  3,33813e8
3,3113872  2,374733%  Q@,3788927  3,38%3%62  2,339299%
R, 40394,7 Y,4002348 3,a7%9228 2,1877702 2,%3%00000
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TABLE 17

e AR SRR S R
M LA Y

'..""".....'I.I"..'.".I't'l'tli'."l".."'l"'...I"'.'.'.'...'.

LOwER RMang ECHE
UPPER S,.n0 ENGE
DESTIRED vaLue
wEIGHTING

LOWER 3ann E0GE
UPPER Ddand EDGE
OESIRED yaLuE
«EIGHTPING

LOWER 3aND £0GE
UPPER SaND £0GE
SESINED VALUE
wEIGHTING

LONER BanD E0GE
usPER guNg E£0GE
CESINED vaLut
#EIGNTING

LONER Sang EDGE
UPRER S,n0 EOGE
CEIIRED va uk
wElGnTING

EXTREML, FREGUE
2.2¢9200¢
2,2993¢0
2.178a78
1,27%112n
2,3778131
3,0088048

FINITE [“PULSE VESPONSE (FIT)
LINEAR PHaSE DIGITAL FILTER 2ESLION

IuET ExCraNGE ALGORT T

dANDPASS FILTE®

FILTER LENGTH & 97

esvea IMPULSE AEIPONYSE resse

m{ t)e
“t s
H(¢ 3)s
“t a)s
M{ 3]s
w{ 6)s
He 7s
M 8)a
N 9)s
MC 12)s
He 1)
N( t2)0
M¢ {31s
n{ (4)s
ni 19)s
“e 10)e
HE (7Y
e 18)s
H( 1930
H( 29)e
M( 21)0
N¢ 22)e
“( 23)s
M{ 3638
H( 2%)e
N{ 36)s
N( 270
H¢ 28).
n¢ 2930

3,79203%50%E~92
$,94990572%.32
«0,27907331%.22
2,8237%03€.492
2,09480833E.02
9,321734888.32
-d,312902338.32
-3,10001187€a3
=2,13430562€.22
8,371780806802
«8,50%80a008-22
«§,3234938aC.31
9,15e31200€21
0,20800921€.32
«@,2%90272138.31¢
«d,11023676584,31¢
«3,120872938.3¢
2,134708208431
«3,189008718-31
«3,301343798432
-0,29018806C€.3¢
q,120843058+32
2,5430784%8.3)
*3,990897958.21¢
3,21081060€000
93,9993 7377€a48
3,7902297%¢.21
«9,0195219348e31
0,443129178008

SaNQ ¢
7,7e9002ve0
?.,248292220
3, 33200000
9,193885200

SN0 §
0,a78377%8¢
8,284320032

~7,1328%7141
3,a17304a30

8AN0 9
3,2:7377%8¢
?,2391734852

309,1913% 484}
2,201732902

SAND 13
0,319%24384
¢,30999a000

«17,599977330
»,381200822

JAND {7
9,335977%8s
9,88779¢ 240

22,.8212109128
d,3213590a9

NCIES

3.2082032
§,0177349
9,1983a0¢
3,2491A79
?,34427%
2,4%543%48

2,3386748
3,131730¢
2,2098%97
2,399388!
3,3245009
3.,4002249

LTVT I
3.39927480¢
3.334390%22

wl,32739%s2
2.21930d202

BAND ¢
3,36854?77388
3,1121583%2

={.537396724
2.31783000¢

SAND 10
2.,200258984
Q69313732
.312087790
2.3t Tagdang

BAND (3
2370977586
W.37473%413

e ,8750%8%¢8
2.21201502%8

SAND 18
3.38886882
3.4639%%1733
9.3947238%
d.31319049%

2,8813%08
3,14048203
3,2109000
3,3281764
2,413%28¢
3,3823043

I
341
”n
3s)
3%
38
33
32)
m
32)
29)

8AND 3
2,335668190
2.3¢139a570

«?,142808123
2,3193800a0

gAND 7
a,11120659308
#,229%8%9872
4,%ya00a049
2,172%90270

8ANO 11
2,272391310
3,31:587199
2.330Q09090
1.2a00%00000

AN LS
2,37751309
2,.389299%09
#,29030000¢
3,181302%80

S4ND 19
2,394000%
2,530090000
2,309972009
2,2131%49%9

3,375377
3.10399¢
2,2713038
N, 311%879
2,4389828
a,5003008

8ANG a
3,342408156
2,377092209

«23,02763081 38

3,201 73m22¢

BAND 8
2,2089372%,
3.21070a000
§.4123a7799
3.9t170g0u0e

AAND 12
3.31260473%
3.318432463

-0,87%53%58%64
3.212003¢0Q

ANy (o
3,39337728,
2,400%30203
3.,3987233%8
3,9181802%8

8AND

RS

L NS
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TABLE 18
9804 R08PVE0QIROORUNSENNNOeOnoRRnESRelnseRiotneeeaRtateRdROeRedERTRENOEY
! FINITE TMPULSE RESPONSE (FIN)
LINEAR PuaSE 03GITAL FILTERN DESIGN
grgl gECuANGE ALGORITuM
- SANOPASS FILTE®
. PILTER LENGTH & 97
sewes IMPULSE ARESPONIC senes
l' e 1)% «3,3653%208€e33 8 nt §7)
He 2)8 o0,17880977€032 o N{ 936)
ne 330 «8,334791008003 o Nt 39)
NC 4)® ¢0,38005980803 o w( 34)
H¢ 83 0,103003%3882 o W 33)
NE 4)9 0,18707409E8e22 = ¢ 32)
He 730 «8,51897960E-32 » N 91)
H¢ 810 0,0252%50058442 » H( 30)
HE 9)s  0,07899320832 » H( 49)
N 1810 «8,80031096C422 » H({ 40)
- Me 11)8  8,480051738=32 ¢ H( oT)
E M 12)0 0,19310302E31 ¢ u{ 48)
He 1319 3,981791958422 ¢ H( 49)
M 16)0 28,193789000ed3 » H¢ 84)
Ne 15)0 00,27103781%e3¢8 5 M &3)
- He 16)9 «3,139000328081 o H( 42)
. Me 17)s  3,82910235Ce02 = N( a1}
s HE 18)9 «0,20877126E32 0 H( 49)
He 1970 03,84009722€631 s n¢ 39)
NE 29 9,210100138481 s w¢ 38)
NE 21)9 «9,19073314€431 s w¢  37)
Me 223 3,73623419€631 = H( 3B)
ne 33)s  9,518947748201 = H( 39)
He 24)9 «0,991303388e38 s n(  34)
He 2S)e  2,2219218aLe39 3 H¢ 3IW)
. ne 20)0 2,113065008000 ¢ N¢ 31)
I He a7 9,.51513296868¢8 » H( 31)
. SNE 2078 «8,040173%00e8Y » ¥ 3IW)
He 239)e  3,889334648430 3 ¢ 29)
: . BAND 1§ 8aNO 2 SAND 3 BAND A
LIwER 8aND E0GE 3,490000000 2,339379%0¢ 0,11126993¢ 3.2009373%%
UPSER BaND E0GE 2,23823%3222 2,1131803%2 2,20%099%7¢ 9.209313732
DESIRED VvaLul 1,309000009 103,3€0300929 3.200000000 129,330392009
“EIGHTING 2,1930652080 3.3193000%0 8,174590279 3.,31730%909
1] SN0 8 saND san0 7 aaN0 8
-, LOWER BaAND E2DGE 2,279391314 9.3120487%% 2,377813398 2,3903771 68
’ UPSER Ban0 20GE 0,31188719 2.,3747389%12 2,389299%30 2,302991742
DESIRED vaLul $,38092008¢ 10@,330090083 2,399300009 132,200202969
- wEIGNTING 1,30000q0029 3.,318000000 9,151802%80 2.,318900¢00
SAND ¢ SAND
L34EN 3aAND 20GE 3,304009328
JPPEN 8aNO EDGE 2,%3000ee7"
t 0€3INED vaL UL 1,330000000
WEIGNTING 3,2131% 49
EXTREYAL FREQUENCIES
2,0909890  3,7083232  3,2340043  2,29%6103  3,2703%2 .
F.0113089 8,1188a9¢ 3,1317498  3,1479939 2,16d99%¢
9,17007¢3  3,1922%4¢  3,2317832 @,28%8%97  2,3784890
3,273%063  2,28M409% 3,2097879  Q3,390%437  3,3381388
3,3119872 3,33179% 0, 3748997  3,389299¢  2,234389%8
3,3259379 2,488%068  3,30%3973 3,3838099%  3,.5300300
[ Y .
)

N
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TABLE 19
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ClE OHH=tN-I-Feni e
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(25 HI0-ERIOSES -
@t 4 In
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Qb o - EN;
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LA I T U 2F o B ;
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bt 20 JEpL Ll
(SE =20 A6 ENRS S
3 M- 10- CLagn ey *-
COP OIS0 IERIRE 142"
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LA THE (R {1 VA A 24
NS N-10-- 196278200 0

26 M=20- G2
 LITEG ]

vesser JIOSTIY 35 M4
L3909 dindsl N6 HD

42104 sinainyy 25
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TABLE 20

(AAAA LA A A A A AR A A Ad R TSR 2 AR PSR RLR R 22202 ])

. FINTTT TuRn S ILSPANSE (FIIY
Litiad PrasE nIGITAL AILTER QESISH
wf 1) CACHA IGE ALGLALTwm

M gre s auk had Il e S e

LANAS8S FT TEd
FILTZY LSMGTw & 73

veses \PPULSE HESPONIE oeneee
40 1)s «2,30073043C3 n{ 1Y)
' #( 2] «3,%503230038a2) wt 13)
31 Q,931749148ed1 NC TU)
e a4} 3,117378188e40 nt T9)
he 318 0, 123943068400 8 ¢ o9)
ne 618 «@ t1905844T7Eed0 3 N( o8)
ne TIS 2,16794%A%€0d3 3 H( o)
e 418 A,27909e998439 3 n( ob)
e 18 «3,714527948L0 n¢ oY)
13)8 «3,46261596%€eJ2 LIS 13
- e 11)3 «2,184227818603 wt o3)
ne 12)e A,99877q47€ed0 8 W 6d)
¢ 1318 Q0,531%53a438004 “( o1)
"0 14)8 &0, 673I771223¢C6432 LYEN'Y }
HE 19)3 «3,932752%2%+70 ~¢ %9)
n( 16)8  3,5734%323€ed¢ v 0t %Sd)
"l 17T)s 3,122091138,Q1 e N
10 14)9 ad,i0999457€Ce 0 " 9%6)

el Cn ae ga ey s aed
3
~

~

LR N R N NN NN R NN N NN NN N NN NN NYREN]
3
-~

- - n¢ 1978 <3, 15639292€0dy s9)
M 22)1® «2,2%5230138%4032 » n¢  S4)
L n7 21)3 A,172286918401 » n¢ 83)
[ 4( 22)% 9,14832831€e31 8 #¢ 52
¢ ME 2338 «d,10170¢11€edt 3 HC 1)
[ ng 20)8 «7,19204083€431 s ¢ $2)
me 29I 2,134922318ed1 8 Nt 39)
ne 28)s 2,354 0020801 3 H( 3W) .
- . AC 2718 <2, 73704a97Eedd » n(  &7)
. = 20)3 «3,23413977%ed1 & = 46)
n( 29)e «Q,32A308400€002 we 39
b " 3418 3,292a8343€+91 & ¢ 448)
b - A( 3308 3,15386945€ed1 s (¢ 43)
P He 32)% «2,226097028€ed1 w Af a2)
- m¢ 33)8 «3,27017S00fedl ® H( 1)
- 10 34)3  2,1992039%EeN 3 4( &)
] ¢ 33le  1,32259907€.41 w( 3%)
*{ 34)8 «d,022973835.,97 € 38)
' ‘ A0 371 «2,31309404%,31 He 3N
{ Jann g Sann 2 3AND 3 BAND
4 wdnET JAND ECGE d.,730¢29 "1 2,131994389 3,271939682 2,383732¢29
{ 4#O€n Byun €35 7,46%801772 3,149%96312 1,2561913%2 2,43737%229
¢ i!?SJED va g 2.233900v930 1,399403004 2,293330009 1,32323202013
b a€i3nTING 9,3999953¢9 3,111874219 1,292223002 111773799
; JEVIATISY 2,2191819229  2,3164%9083  2,201841336  2,218e73772
i SEvIATION IV 0d «38,332339818 «35,07193049438 ©%53,997333418 +35,203139987
ETL T | 3an0
t LIwEw 3aMg E2G& 2,a97326%42
b <PPED 3aANO £26GE 2,53922¢09d
p JESIED vaLuE 3,3073%2020
\ «ELGRTING 2.2%6310%00
3 VEYIATIIN 2,233Q2848118
: JEVIATION [N Do «39,3a7939973
b .
EXTREMLL SILUUENCIES
’ 2,709d738  2,7120639  2,3241828  3,2343918  2,391%343
a.3e3%aae  2,77%1049  3,3844%9%  J,2388639 2,1310%44
3,1387811  3,148A883  3,15%Q214  2,1501905  3,1774933
3,1335147 4,1355243 . 2,2719397 3,2736289 3,2775%18
3.24227e8  2,29€2979  2,24m91t  J,3¥37320  3,3371104d
3,3455%e8 2,3755361¢ 3.3803804 3,%301847 2,4129999
J.323333a  3,433123%  7,e373793  2,49733es  I,30439¢1
2,4733734 J,3868874 2,%249034




LOwER 3aAND E£36E
YPPER B4ND EDGE
SESIRED VALUE
“EIGNTING

LOWER JanD £2GE
UPPER BanO ELGE
QESINED VALLE
“EIGNTING

LOWER 3aNO £0GE
UPRER 3an0D E0GE
DESIAED vaLUE
WEISHTING

LOWER 8aND EDGE
UPPER JaND EIGE
DESINED vaLuE
alIGuTING

L3uER 3.N0 EOGE
UPPER 34N0 Z206GE
DESIRED vaLuE
SLIGnTING

EXTREwa, FPESLE
8 ,3veq09d
9,2084122
9,1039733
2,21301%8
2,279%412
a, 32772
3,3733360
B,4581742

99

TABLE 21

FILTER LENGTN » 73
senee I[MPULSE RESPONSE ceene

#C 1)e «8,13881006€ed1 9 (¢ 73)
HE 2A)e «@,1729%07C31 & w( TR)
ne 33s 3,70033363C.92 8 ¢ TY)
ne a)s «3,33139931832 & ¢ 7YY
He S)s 3,13319707€01 s H( oY)
ME 618 8, 01100633804 3 H¢ o8)
He 718 =@ 22163083843 2 N o7)
He 8)® «3,3068103%C«32 » (¢ o4)
Mg 9n Q,73031209€.32 = N 09)
e 13)0 «9,99133439€+32 s Nr  06)
He 1100 «3,19%803918401 o W 03)
NC 12)%  3,17%0520038<21 = H( )
NE 1333 2,%56858908€433 o M #1)
He $8)s  9,1301%685C01 » N¢ 4d)
H¢ 15)8  9,38018350€422 s ¥(¢ 39)
N te)e  3,22959%529€.33 » M( SB)
MC 1738 «8,218%00338401 s H¢ §7)
e 18) «9,10277¢738432 s NL 36)
NE 1998 8,10616013E483 » H¢ S9)
M 2839 «2,.3117346180d31 s H¢ %4)
He 2138 3,1373%730a88 = H¢ 33)
M 22)% @,20951899€-3¢% » n¢ S2)
N 233 2,3%6d1580838 ® M SY1)
N¢ 28) 0,20209279€0d1 & M 3D)
Ne 2S)s  3,90079354E€233 » W a9)
NE 20)8 «3,08162980E31 o HC¢ 4A)
e 278 «3,19313069€4d1 s Wt 47}
ne 26)9  9,324873878481 = H¢ b))
M 2918 «3,3152%190€-32 o N( 4S)
Mg Jats  §,10287¢248~d1 5 HC a4}
Ne S1)s  F,09317833€ad1 8 H{ 43)
He 3239 J,10887Q70E4E0 o H({ 32)
e 3318 «3,31139%599€+38 a H(  8))
AC 33)% «3,93083197%438 » H¢ ad)
He 35)9 nd 93786001531 = n¢ 39}
Ne 3618 «3,88390454€031 & H( 33)
M 371 9,480318918040Q s H( 3IT)

BaAND 8aND 2 SAND 3
2,290¢3a020 3.389730565 3,29%84349%593
2.388341972 F.4952400203 2,12%8303%0
9,22q000008 7.9650173%2 29 232232987
3,29399333¢ 3399995330 2,43939452¢2

BAND 8 8AND ¢ BANO ?
3,13303897% 3,1863%292% §,200393%85
?,185500318 2.20984799¢ §,219447990
3,200000000 «1,287%28911  «3,99280979%%
9,113878a00 d.337220000 3,337300009

SAND 9 SAND 0 SAND 1§
9,2388442%9% 2.253736599% 3,27278437%
2,291%00000 3.271939880 3,4881%10%8
-8 ,9920097%S o} 2875339y 3,320009040
3,27250000¢ 3. 139007229 1,2000290900

9AND 13 LYLI INY SAND 8
3,335048%9% Be322053%28 3,3%58574018
2,3218089%2 3.39373323¢ 1,337375338
$2,353301%12 1,379518483 2,230902300
2,21117737¢ 2.3117737%0 2,111771799

84n0 17 3AN0 18 2AND 19
?,34328017% 2,35334a%9¢ 3,85817118S
3,152%09900 2,31%97320%0a 3,%272200020

o7 TITTIAI9T  «24,30342749%9 3,31903320aQ
1,39117732e 2,311772890 3,3%949106942
Neles
2,213%13%  3,2278716  A,0a13491 1,3%489%0
3,3019811 2,29%32829 a,152292? 3,132839Q
2,155e430 2,1683149 2,15021383 7,1947989
3.3194348 22388436  2,2878122  2,3727%a}
0,2561911 2,2983243 2,33%4000  3,3224%519
3,339%4%4 a,3%52ta4 3,360a349 3,37994,:%
$,30090:13 ,42248%2 3,33227% 2,33737¢2
@,483%29¢ 3, t208rq0

.."I.'.'."."‘.".'..I."'Q"I'I"....'...".l.'....l".'l...l"..'l

Aang &
3.,:267999a8%
2,131994349
7.9832173%2
2.241187421

AN 8
2.22029292%
3,233230%000

37,.731760622
3.,3120902293

9aN0 813
2,29933%04%
2,32%0a022¢
3.5609%2%908
3,129303aMm

QAND 1
32938219183
3,332221330

24,362427899
2.,3117700%2

JAND
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TABLE 22

FINITE IMPULSE RESPONSE (FTAY
LINZAR PuaASE OIGITAL FILTER DESIGH
Ageg? EXCHANGE ALGORTTMM

BANQPASS FI TER
FILTER LENGT™ s 73

ssane [MAULSE RESPINSE vqeee

HE §)3 3,12487799€.31 s N(¢ T73)
Re 238 9,83264913%8532 8 HC 7YY
H{ 3le 3,1184629¢8~32 Hte 71}
HE 313 «2,27349799E€.43 » ¢ T0)
He S)% «3,840%82368<33 s H( #9)
e s)e A, 73832001E38 = MC  48)
M{ 739 3,16339341€432 = He o7}
Ne 810 «3,332299%8-33 = H( 46)
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