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1.  INTRODUCTION 

Whenever a beam of radiation passes through an aerosol medium, its 

energy always decreases during transit.  The loss of energy is due to 

either scattering or absorption or both in the medium.  The term extinction 

is defined as the sum of absorption and scattering.  The transmittance T 

for a parallel, monochromatic beam of radiation of wavelength X    after 

passage through a homogeneous aerosol layer of length L and extinction 

coefficient cv^jj^(^)f in the single scattering (SS) approximation, is given 

—T (A.) 
by Bouguer-Beer law,  T = e    ,  where the optical depth T(A) = O       (A) L. 

ext 

In SS, the scattered photon reaching the detector suffers only one 

scattering event; whereas, in multiple scattering (MS), it suffers more than 

one scattering event.  Thus, the N  order scattering refers to a case when 

a photon is scattered and rescattered N times before reaching the detector. 

The basis of the SS theory is that if one knows the scattering properties 

of an individual particle, then the scattering effect of N similar 

particles is simply N times that of a single particle.   Such a simple 

direct proportionality to  N particles is what makes the SS theory so simple. 

In the case of MS, this proportionality to N particles no longer holds, 

thereby making the theory very complicated.  Therefore, except for a few 

2-14 
researchers,    not much work has been done on experimental investigations 

on MS; even though relatively more work has been done on the theoretical 

15-75 
aspects of MS.      Therefore, a coordinated research program was undertaken 

between the Institute for Atmospheric Optics and Remote Sensing (IFAORS) and 

Army Aberdeen Chemical System Laboratory (CSL) to implement systematic 



research effort in the theoretical and experimental aspects of MS in aerosols 

in controlled laboratory environment.  The theoretical research was performed 

at the Institute and the experimental work at CSL.  Important features of 

such a theoretical and experimental approach to MS investigations were that 

the numerical results based on theoretical MS models could be compared with 

experimental results and vice versa.  Laboratory experiments can serve to 

model real atmospheric conditions; and validation of MS theories are essential 

prerequisites for gaining confidence in their applications in real atmospheric 

conditions. 

In this program, it was decided to start with the simple experiments on 

measurement of attenuation of visible and IR laser beams traversing through 

fog oil aerosols contained in a closed chamber, such as making measurement of: 

(1) optical depth for three or four wavelengths as a function of time, (2) size 

distribution of aerosols, (3) intensity of scattered radiance as a function 

of transverse distance from the direct beam axis. 

On the theoretical aspects of the program, it was decided to develop 

^22-24,47-48  ^      .  ^ 63-69   ^ . ^   .     ,  . exact and approximate     methods based on solutions of the 

radiative transfer equation in the small angle approximation.  Computer 

22-24 47-48 
programs for two exact methods    '     were developed, optimized, and 

checked for consistency, and their results for scattered radiance as a 

function of optical depth for the various orders of scattering are shown in 

Section 2 of this report.  In addition, the theory, computer codes, and 

computations for radiance as a function of the detector field-of-view using 

63-69 
an approximate method     are discussed in Section 3.  Conclusions and 

recommendations for future research efforts are given in Section 4. 



2.  EXACT METHODS FOR COMPUTING HIGHER ORDER 

AND TOTAL MULTIPLE SCATTERING OF 

LASER BEAMS 

2.1 INTRODUCTION 

Light propagation through optically thick particulate medium is 

basically a multiple scattering problem in which rays or photons traverse a 

medium of scatterers and undergo many scattering events before escaping.  When 

a collimated laser beam is incident upon a thick scattering medium, it 

16 
will suffer spatial and angular broadening as well as attenuation.   These 

effects, that inhibit optimum performance of both optical and communication 

2-14 
systems, have recently become a focus of intensive experimental    and 

theoretical studies.      References 17-24 devoted to analytical investi- 

gation, parallel the Monte-Carlo treatment  '  '   of the problem. 

The natural framework to study the multiple scattering problem is 

the transport theory.  This theory, which does not directly include 

diffraction effects, deals with the transport of energy through a medium 

containing particles.  Exact general solutions to the equation of transfer 

have not been obtained to date.  However, there are some special cases 

where simple and useful approximate solutions are available.  To mention 

but two limiting cases, for tenuous particle distribution, the first-order 

multiple scattering theory can be used, and for dense distribution the 

27 diffusion approximation is appropriate.   When particle size is much 

greater than a wavelength, as is the case typically for fogs, it is possible 



to simplify the equation of transfer by employing the small angle approxima- 

tion.  This, in particular, involves the convolution integral in the gain 

term (containing the scattering phase function), which, obviously, lends 

itself to the application of the Fourier analysis.  In an interesting 

28 
investigation, Stotts  showed that the use of Fourier analysis requires the 

inclusion of all position and angular spatial frequency components in order 

to ensure the correct behavior for the scattered radiance in the small-angle 

approximation.  His results preclude the low order truncation in the series 

expansion of the transformed phase function, as was attempted in Refs, 18 and 

44.  The high frequency limit, which is related to the first-order scattering, 

would not be adequate as the optical thickness becomes larger and larger. 

Therefore, it becomes important to estimate the contributions to the scattered 

radiance coming from scattering events of different orders, without the 

limitations imposed by the approximate Fourier techniques. 

The purpose of this paper is to provide a systematic study of contri- 

butions of increasing order of scattering for both realistic and model 

aerosols.  Our starting point will be the theory developed by Tarn and 

22-24 
Zardecki,     mainly to deal with multiple scattering of laser beams in 

fogs.  This theory will be summarized in Section 2.2, which extends the 

original formulation for laser beams emanating from a point source to the 

more realistic case of laser beams of finite spatial width.  Alternate schemes 

for solving the problem are described.  In Section 2.3, we show how to 

construct the Gaussian phase functions that best approximate the exact 

Mie theory phase functions for both monodisperse and polydisperse aerosols. 

In Section 2.4 we discuss the computational aspects; and in Section 2.5 we 

10 



discuss the significance of the computed results in the context 

of laser beam propagation in dense aerosols. 

2.2  SOLUTION FOR BEAM IRRADIANCE 

Under the small-angle approximation, and with the z-axis chosen along the 

direction of the incident beam, the equation of transfer satisfied by the 

radiance (or specific intensity) distribution function, I((J'',r,2), reads as 

<i)'-r--i--:r-+OI   =   a 
—  dr  dz   e    s P('^ - (J)') I(.s,r,z') d^({!' (1) 

where ^ is the transverse component of the unit propagation vector; the 

phase function, P, is considered to be a function of the difference of 

^  and !$_'; and o and a denote the extinction and scattering coefficients, 

respectively.  In terms of the azimuthal angle p,the components of ^ are 

(9 cos p, 9 sin p), where 9 is the scattering angle.  In addition, we have 

adopted the convention in which the location of a given point in space is 

specified, in rectangular coordinate system, by (£,z), where £ = xx + yy. 

Since most of the energy scattered by large particles in a unit volume 

is scattered in the forward direction, we assume that in the forward direction 

(or forward lobe) the angular distribution of scattered radiance can be represented 

by a Gaussian function.  Thus the phase function P(0) may be written in 

terms of the projected angles ^ as follows (see Fig. 1) : 

P(^) = — exp(-a ^ ) (2) 

and that the incident laser beam can adequately be represented by a 

Gaussian functional form, both for the spatial distribution and the 

11 



n = (sin flcos^, sin 0 sin<^,cos^) 

n = (^ ,o) 

<i>y)    = 
FIG. 1,  The scattering geometrical relationships.  In the small 

angle approximately the components of (J) are (<})x» 
(6 cos p, 6 sin p), 9 being the scattering angle, p 
the azimuthal angle, ri = (^, 0) , and the modulus of 
(j) equals 9, i.e., |(})| = 9. 

12 



angular divergence.  Thus, the boundary condition at z = 0 is expressed 

in the form 

r (^,r) E l(^,r,0) = FB^Y^^"^ exp(-6V - YV) (3) 

where F is the total power received at z = 0, the entrance plane of the 

cloud of particles. 

Equation (1) may be solved by the use of Fourier transform techniques. 

With the incident beam specified by Eq. (3), we find by standard methods 

the radiance of the scattered beam in the form of a Fourier integral over 

the variables (^, ^) , which are the Fourier conjugates of variables (r,^) in 

real space. 

I(c!),r,z) =  j 
{2TT) 

I{^,n,z) e ^'^^     --    d ^ d n (4) 

where 

I(£,r[,z) = F exp(-a z)exp H 
(C + zn)' 

~7~ ■ exp [f^{z)] (5) 

In Eq. (5), the function ^(z) is related to the Fourier transform of the 

phase function through the relation: 

n(z) = a P(^ + z'n) dz' (6) 

which, in the case of the Gaussian functional form given by Eq. (2) , becomes 

z 2 

f2(z) = a    exp I - ^ Ic + n z- I [ d (7) 

13 



As has been shown in Ref. 22, a form convenient for nxomerical computation 

is obtained as a power series generated by expanding the exponential 

containing ^(z)   in a Taylor series and carrying out the integration over 

^ and in before z' , 

Because of the peaked nature of the phase function, the angular 

distribution of the incident beam is retained through several scattering 

13 
events.   Therefore, for a detector whose field of view is considerably 

larger than a  , which represents the angular spread of the phase function, 

the irradiance defined as 

N{r,z) = 1(4),r,z) d 4) (8) 

will effectively be equal to the received power.  In the following, discussions 

we shall be mainly concerned with the evaluation of the beam irradiance, thereby 

reducing the number of independent parameters to only two, namely, r and z. 

On combining Eqs. (4) and (8), one readily obtains the irradiance 

in the form of the following two-dimensional Fourier integral 

N(r,z) = 
(2TT) 

^,       .     -irrr 2 
I(n,z) e - - d n (9) 

where 

I(n,z) = I(C = 0,r),: (10) 

-%^    II 
= F e    exp 

r   2   , z   1 
n j- exp[f2^(z)] (11) 

14 



with 

n (z) = a 
o     s 

exp 
4a 

aa /T" 
dz' erf 

nz 
2a 

(12) 

Eq. (9) can be simplified by the following two approaches:  one, gives 

the separate contributions to total irradiance due to both single and higher order 

scattering; whence the second, gives the total multiple scattering (MS) contri- 

bution.  It should be noted that in either case one also gets the unscattered 

contribution to total irradiance. 

(i)  Various Orders of Scattering by Series Expansion 

On expanding the exponential term containing J2Q(Z) in Eq. (11) euid 

performing the integration over T\ ,  we obtain 

,m 
N(r,z)  =  f  Nm(i^'Z)  =  (F/TTZ^) exp(-a z) I     ^'^s^^   N°(r,z) 

m=o m=o m! m — 
(13) 

where for the zeroth order (m = o) scattering. 

6 + Y z     *■ 6 + Y z '  W (z) 
exp 

2r 

W^(z) 
(14) 

with W{z)//2~as the e -point Gaussian width at axial distance z; 

for the nth order scattering 

1    1 

N"(r,z) 
m — dz. dz  A  (z) exp 

mm 

-  (r/z) 1 

." /> (z) J 
m 

with 

(15) 

-2 
A (z) = a ^ Z (1-z,)" + 6" + Y -2 -2 m 

j=l 
(O < z. < 1) 
- : - (16) 

and for the single scattering (m = 1): 

rz 
N^(r,z)  = dz^A" (z) exp[-(r/z)^/A^(z)] (17a) 

15 



with 

A^(z)  = a-^l-z^)2 + 6"^ + Y"^Z~^  (0 < 2, i 1) (17b) 

It should be noted that the width w^ at beam waist is related to y, 6 

and W(2) by the relations 

Y = /27w , 6 = kW //2 
o      o asa) 

W^(z) = W^ + (2z/kW )^ 
o        o (18b) 

The problem has thus been reduced to a numerical computation of integrals 

given by Eq. (15), which describes, according to the Wentzel method, ^■^'"^'^''^•'- the 

m-fold scattering contributions to the observed irradiance. 

Single Order Scattering Contribution 

The single scattering expression obtained from Eqs. (13, 15, and 16) by 

setting m = 1 is difficult to evaluate numerically because it has a narrow spike 

at z^ = 1 in Eq. (16).  This problem can be solved by a variable transformation 

from z. to ^ , namely 
■'22 

- 2  (1 - z.)^  W ^     .  2 . 
«iz   -] 0 = tan  6 (19) 

a w^{z) 

which for single scattering (j = m = 1) leads to: 

N, (r,z) = N '(r,z) 
J. —     o — 

where 

T e 

AB 

-T 

exp 
2r   ^2  . 2 
—r- A  sin 0 
W ^ 

d6 

03 is single scattering albedo; 

(20) 

and 

T  =  OgZ; 

6  = tan~  AB ; 
o 

A = W /W(z) 
o 

B = /T z/aw 
o 

N'(r,z) = -^ N<=(r,z) 
O — 2   o — 

TTZ 

16 



This new expression in Eq. (20) is much easier to evaluate than the one in 

Eq. (17a.).  These results are discussed later. 

(ii)  Total Multiple Scattering Contribution 

If we are interested in obtaining just the total MS contribution, without 

the need to know the individual contributions due to the different orders of 

47 48 
scatterings, then we could use an alternate formulation  '  obtained by simplifying 

Eq. (9) by an appeal to circular symmetry of the propagating beam.  By integrating 

the two dimensional integral of Eq. (9) over the azimuthal angle, we obtain the 

f T,      ■ 25, 26 following expression: 

1 N(r,z) = 
2Tr i(Ti,z) JQ (nr)n dn (21) 

where I (ri»2) is defined by Eqs. (10) and (11), which can be written in terms of 

W as 
o 

I (rifZ) = F e  exp ■ [T] 
2z 
2 2 k W 

o 

w 
(22) 

This formulation is computationally easier to evaluate than the series formula- 

tion of Eq. (13), provided the spatial point of interest lies within a volume 

bounded by a surface coaxial with the symmetry axis of the propagating Gaussian 

beam and at radial distance equal to the width of the unscattered Gaussian beam 

at that location. 

2.3   GAUSSIAN PHASE FUNCTION 

The radiative transfer multiple scattering formulation adopted here assumes 

that the scattering phase function is Gaussian.  In general, such an assiomption 

17 



does not strictly hold true for scattering profiles obtained by applying the 

Mie theory results for spherical particles. 

Nevertheless, an assumption of Gaussian phase function could be justified in 

certain domains of aerosol particle size distributions. When the Mie scattering 

phase function is highly peaked in the forward direction, then the intensity 

contributions, resulting from scattering a few degrees from the forward, are 

negligible.  Under these conditions an equivalent Gaussian phase function could 

be fitted to the forward peak of the Mie scattering phase function. 

The procedure to obtain the Gaussian equivalent phase function is described 

as follows. 

(i) Exact Mie Phase Function Formulation 

It is assumed here that the individual scatterers are isotropic, homogeneous 

spheres, which enables one to apply the results of the Mie theory to evaluate the 

exact form of the volume scattering phase function P(0 ,x,in) ["sr" ] , as well as 

0g(x,m) [m ] and 0^(x,m) the volume scattering and extinction coefficients, 

respectively, where 9 is the scattering angle (Fig. 1), x = 2iTr/A is the size 

parameter, r (jjm]] is the particle radius, X [jim] is the radiation wavelength, and 

m = m' - im" is the aerosol complex refractive index.  The exact scattering phase 

function is defined as 

P(9,x,m) = -^:^—  f (9,x,m) N    (for monodisperse aerosols) (23a) 
s 

f(9,x,m)   n(a)da     (for polydisperse aerosols) (23b) 
2770 

2 ~ 
where a    = irr Q   (x,m)   N     (monodisperse) (24a) 

'  r2 '2 
TTr    Q^(x,m)   n(a)da   (polydisperse) (24b) 

r "1 

and    f(9,x,m)=    i      (9,x,m)   +  {   (e,x,m)     /2k (24c) 

18 



is the differential scattering cross-section -3-. m sr ~|; i, and i  are Mie 

intensity functions;   Q is the efficiency factor;  n(r) is the aerosol size 

-3   -1 
cm  Vm ; and N  is the monodisperse aerosol number density distribution 

cm  ; and r  and r  are limits of integration.  The convention introduced in 

Eq. (23b) ensures that the integral of P(9,x,m) over the total range of the 

argument will be equal to unity. 

(iT) Gaussian Fit to Mie Phase Functions 

It is required to obtain a Gaussian phase function of the form 

P{0,a) = Ae (25) 

where A is the peak value of the phase fvinction which corresponds to the 

forward scattering peak obtained by the Mie formulation; and a is the inverse 

-1 2 angular width (in rad  ) of the equivalent scattering function, a  is obtained 

2   o 2 by plotting the normalized Mie phase function P(9)/P(0) versus 6 deg  on a log- 

linear scale and obtaining the slope of the straight line that best fits in the 

least squares sense the forward lobe of the Mie phase function.  The computations 

are discussed in the next section. 

Such an approach will reproduce the optical effects of the forward peak 

of the scattering functions. 

2.4  COMPUTATIONAL CONSIDERATIONS AND RESULTS 

(i) Mie Phase Functions 

The Mie phase functions P(6,x,m) were computed by the exact Mie scattering 

codes^^ for monodisperse spherical aerosols of various radii (in the range 2.0 ym 

77 
to 41.0 ym) and for polydisperse aerosols, represented by analytic models, 

such as, the popular Junge power law, 

n(a) = p^a"^2  (a^ < a < a^) (26) 

19 



and Deirmendjian  cloud model Cl; here p^^ and p^ are adjustable constants obtained 

from observational data.  These normalized Mie phase functions are plotted as 

2 
functions of 8 as shown in Figs. 2-5 by curves or straight lines connecting the 

circles.  Figs. 2 and 3 are for the case of monodisperse aerosols; and Figs. 4 

and 5 are for polydisperse aerosols.  In the case of particles large compared to 

\,   the Mie phase function becomes highly oscillatory, hence the dog-legged shape 

of the plot in Fig. 3. . 

(ii) Gaussian Fits to the Forward Lobe 

The equivalent Gaussian phase function is then obtained by best fitting the 

functional form P(0,a) in Eq. (25) to the forward lobe of the normalized Mie 

phase functions.  The best fits, obtained by the use of a least squares code, 

are shown by the dashed line in Figs. 2-5.  The slope of dashed line yields a(deg~ ); 

and the normalization constant, the value for A. "^ 

Gaussian phase functions, as given by Eq. (25), were best fitted to 

the exact Mie phase functions for monodisperse aerosols with radii in the 

range from 2.01 ym to 40.2 ym and refractive indices m' = I.33 and 1.55. 

Essential parameters of these cases are summarized in Table 1.  The 

Gaussian fit obviously supresses the oscillations originating from the 

diffraction effect.  These oscillations are effectively smoothed out in 

the case of polydisperse aerosols, as can be seen from Figs. 4 and 5. 

The Gaussian approximation merely leads to a faster convergence for large 

scattering angles.  It may be reminiscent of other approaches to the 

45 
multiple scattering, e.g., the statistical theory of Whitney,  by which 

the fine details of the angular scattering problem are lost, thus circum- 

venting the need for the generation of the phase function with a Mie code. 

20 



o—o Normalized Mie  Phase Function 
a = 10.0 ^m 
A = 0.425 pm 
m = (1.55,0) 

 Gaussian  Fit 
a = 77.33 rod"' 

= 1.35 deg"' 

10.0 

FIG.   2. Gaussian fit to the forward lobe of the normalized Mie phase function 
for X  = 0.425 mm and monodisperse spherical particles of a = 10,0 \m 
and m = (1.55 - Oi). 
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o—o Normalized Mie  Phase Function 
a = 40.2Hm 
A = 0.450nm 
m = (1.33,0) 

 Gaussian   Fit 
a = 289.33 rod" 

= 5.05 deg 

FIG. 3.  Gaussian fit to the forward lobe of the normalized Mie phase function 
for X  = 0.45 ym and monodisperse spherical particles of a = 40.2 ym 
and m = (1.33 - Oi). 

22 



o 
a. 

CL 

o 
O 
z: 
Z) 
Li_ 

Ixl 
00 
< 
X 
CL 

Q 
LU 
N 

o 

10 r2 

10 N-3 

0 

o—o Normalized Mie   Phase Function 
n (a) = p, a'"^ 

p,  = 46.8 
0.4 ^ a< !3.0^m 

m = (1.55,0) 
A =0.425 \\rc\ 

 Gaussian   Fit 
a = 33.07 rod 

= 0.577 deg' 
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2 2 
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FIG. Gaussian fit to the forward lobe of the normalized Mie phase function 
for A = 0.425 ym and polydisperse aerosols of size distribution n(a) = 
p-[_a-4, with p]_ = 46.8, 0.4 < a <  13.0  Mm, and m = (1.55 - Oi) . 
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o—o Normalized Mie   Phase Function 
Deirmendjian   Cloud   Model  C 

(Table    35, Ref. 21) 

m = (1.34, 0) 
A = 0.45 \im 

 Gaussian Fit 
a = 46.8 rod' 

= 0.82 deg' 

e  ,cieg' 

FIG.   5. Gaussian fit to the forward lobe of the normalized Mie phase function 
values obtained from (Table 35, Ref. 21) for X =0.45 m, Deirmend- 
jian Cloud Model Cl, and m = (1.34 = Oi). 
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TABLE 1.  Inverse Angular Width a of Equivalent Gaussian Fit to the Forward 

Lobe of the Mie Phase Functions for Different Monodisperse Aerosols 

r(Mm) X(Um) X «• 
a 

deg~' rad"! 

2.01 0.450 28.06 1.33 0.29 16.82 

5.00 0.425 73.92 1.55 0.71 40.51      .,   ,^    , ,,,. 

7.75 0.425 114.58 1.55 1.00 57.30 

10.00 0.425 147,84 1.55 1.35 77.33 

15.50 0.425 229.15 1.55 2.15 123.37 

20.00 0.425 295.68 1.55 2.60 148.71 

26.80 0.450 374.20 1.33 3.58 205.15 

31.00 0.425 458.30 1.55 4.12 236.24 

38.00 0.425 561.30 1.33 5.05 289.33 

40.20 0.450 561.30 1.33 5.05 289.33 
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(iii)  Variation of a  as Function of m' and x 

The values of the inverse angular widths for monodisperse nonabsorbing 

particles from Table 1, when plotted as shown in Fig. 6, fall, as expected, 

on a straight line.  The slope of the lines are functions of the index of 

refraction of the scattering particles.  It could be concluded as a rule 

that as the index of refraction increases for nonabsorbing particles, the 

forward scattering peak broadens and the angular width per degree drops 

as a result.  Under certain conditions it is difficult to estimate accurately 

the index of refraction of such particles or it may be an unknown quantity 

under certain circumstances.  On examining equations (13) through (16) we can 

deduce the following relationship 

'-■N(a,z)  ^    a 3N(a,2) 
9a        ~    z dz (26) 

which reveals that the far field scattered radiation is insensitive to small 

changes in a, the inverse angular scattering width. 

The two lines in Fig.10 obey the following fitted expression: 

a = 3.25 <"^')"'''' 
A     ^ (27) 

where a is the inverse angular width per radian, A (wavelength) and r 

(particle radius in ym; and m' the real part of complex aerosol refractive index). 

If the refractive index changes by a small amount, then 

Arv - 3-25   .1    1 T        Am' 

which means that the percentage change of the inverse angular width a is 

half that of the corresponding change in the index of refraction. 
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(iv)  Computational Problems in Evaluation Eq. (21). 

To check out computation scheme for solving Eq. (21), we decided first 

to compute N^(r,z) by setting a^ = 0, or T = 0, in Eq. (22) and performing 

the integrations over n for various values of r.  Results for N thus obtained 
o 

from Eq. (21) using a 1000-point trapezoidal integration scheme agreed very 

well with those from Eq. (14), for r < w(z), i.e., the discrepancies were 

less than 0.5%.  However, negative or erroneous results were obtained for 

r > W(z), due to the need to include a very large number (i.e. over 20) of    . 

cycles in the evaluation of J^(nr), which involves values of J comparable 

to the errors in the numerical representation of J^ obtained from the Handbook  ' 

of Mathematical Functions, p. 369 (Abramowitz and Stegun"^^) .  The error in 

the use of this representation is less than or equal to 1,6 x lo"®, which 

implies that whenever the absolute values of J^ become comparable to or smaller 

than this error, then the integration of Eq. (21) yields erroneous results. 

In addition, to avoid underflows in the numerical evaluation, negative 

arguments in the exponential were not allowed to exceed 675.  As a result of 

the highly complicated numerical integration problems arising due to the 

oscillatory nature of the zero order Bessel function in the integrand in Eq. (21), 

the following computational method was developed to compute the total irradiance 

N(r,z).  In this scheme, first we determined the locations of the zeros of the 

Bessel functions, and the intervals between the zeros were then subdivided by 

a predetermined integral value to accommodate the variations in the Bessel 

function cycles within a fixed range of integration.  This method is very 

useful due to the fact that Eq. (21) becomes highly oscillatory and a fixed 

interval computational scheme gives erroneous results.  Computation of off- 

axis irradiance with this method becomes more expensive as the radial 
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distance r is increased.  The results for N{r,z) are given in Table 2. 

(v)  Computation Problems in Evaluating Eq. (15) for Various Scattering Orders. 

(a) First Order Scattering Contribution N 

Equations (13)-(15) were found to have a spike in values of N (r,z) 
m 

at the integration limit z, = 1, arising due to the expression 

C =  ^ ^-^-2 (29) 

1 + ((1 - z^)  + g-) ^j— 
2   2 

As explained in Section II(i), this problem was solved by making a 

variable transformation from z, to 6, as shown in Eq. (19), to arrive at 

transformed Eq. (20) for N (r,z).  The integral in Eq. (20) was easily 

evaluated by using a simple 100-point trapezoidal integration scheme.  The 

results for N are shown in Table 2. 

(b) Second and Higher Order Scattering Computations 

58 79 For higher order scattering computations the Conroy method  '   was 

adopted.  In the Conroy method, in contrast to the Monte Carlo method, the 

sample points are distributed systematically over the integration region and 

are 6ptimally predetermined to achieve convergence.  A characteristic feature 

of the Conroy method is that the number of sample points will need to be 

increased to achieve a specific degree of accuracy as we go to integrals of 

higher and higher multiplicity.  In this method, eight different sample point 

sets are available for multidimensional integrations for m = 2 to 12, in a 

tabular form in Ref. 58 and 79. 

The 1154-point sets given in Ref. 58, were used to compute 2 to 7 

dimensional integrations (for m = 2 to 7); the 3708-point set was used to 
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compute 8 dimensional integration (for m = 8); and the 3722-point sets 

used to compute from 9 to 12 dimensional integrations (for m = 9 to 12).  The 

selection of these point sets was made by repeatedly performing the integra- 

tions with the different sets and selecting the lowest point set that 

achieved convergence. 

2.5  DISCUSSION OF RESULTS AND CONCLUSIONS 

Table 2 presents a summary of the results obtained from Eqs. (20), (13), 

(15) and (21) for SS, higher order scattering, and total irradiance 

contributions for an aerosol cloud represented by Gaussian phase function 
-1 

with a = 46.8 rad  , shown in Fig. 5, at transverse distances r = 0.0 and 

2.0 cm and layer depths z = 10~ , 10~^, . . .,10^ and 10^ km. 

In Table 3, we show a typical set of results obtained from Eqs. 14 and 15 

for the irradiance contributions due to the different orders of scattering for 

a 10 m deep cloud of aerosols represented by a Gaussian phase function with 

T = 289.33 rad  , shown in Fig. 3, and for optical depths T = 0.1, 0.3, 1.0, 3.0, 

5.0 and 7.0. Also, shown are results for the total scattered and the direct 

attenuated irradiances.  Figures 7 and 8 depict the unscattered (N ) , MS and 

total scattered irradiance as a function of the relative transverse distance, 

r/W^ at z = 10 m for an aerosol cloud, represented by a Gaussian phase function 

with a = 289.33 rad  in Fig. 3, and having optical depths T = 0.1 and 2.0, 

respectively.  Figure 9 depicts the same quantities for aerosol cloud with 

a = 33.07 rad  and T = 0.2 and 4.2.  Figure 10 shows the variations of 

unscattered, multiple scattering orders (m = 1, 2, . . .  15), total MS, and 

total irradiance received by an open detector placed coaxially along the direction 

of beam propagation for various optical depths up to x = 10.0 due to an aerosol 

cloud having a = 289.33 rad  and z = 10 m. 
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\Q G 

Z= lOm 
a = 289 rod 
T = 0.1 
 UNSCATTERED (NQ) 

—o—MS 
—•—MS+No 

Total = MS + No 

Unscattered (NQ) 

1.0 2.0 3.0 
NORMALIZED    TRANSVERSE   DISTANCE  T/WQ 

^nce'^r/w''^^'*'"""^*^ ^^ ^  function of the  normalized transverse dis- 
^"^o'   '"r 2 =  10 m,  a = 289.33  rad"^ and T = 0.1. 
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FIG. 8.  Relative irradiance as a function of the normalized transverse dis- 
tance (rA^o) for z = 10 m, a = 289.33 rad~^ and T = 2.0. 

34 



Total =No-^ MS 

Total = No + MS 

T = 0.2 

Z = lOm 
a =33.07 rod"' 

TOTAL   IRRADIANCE (IMQ* MS) 
•—     T   =0.2 
*—    T   =4.2 

*< Uascattered (NQ) 

RELATIVE      TRANSVERSE    DISTANCE     r/ W. 

FIG. 9.  Normalized irradiance as a function of the normalized transverse 
distance (r/W^) for z = 10 m, a = 33.07 rad"! for x =0.2 and 4.2. 
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Irradiance vs.  T 
z = lOm 
a= 289 rod 
I 

Denote orders 
of scattering 

Unscattered   (NQ) 

MS 
MS + No 
Extrapolated   values 

4.0 

OPTICAL 
si)      6.0 
DEPTH 

7.0       8.0      9.0 10.0 

r 

FIG. 10.  The relative irradiance as a function of the optical depth T, 
showing the unscattered contribution (denoted by 0), contribution 
due to various orders of scattering (denoted by 1, 2, 3 ...), total 
scattered contribution (blank circles) and total scattered plus 
unscattered contributions (solid circles). 
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In this section we show the importance of higher order scatterings as 

related to the transmission of Gaussian laser beams through dense scattering 

media.  The Conroy scheme used to obtain results from Eq. 14 differs from the 

Monte Carlo approach in that the points of integration are predetermined to 

achieve best convergence so that convergence is achieved at a faster rate than 

the Monte Carlo method, resulting in a lesser computational time.  The formula- 

tions described earlier are based on the Gaussian representation of the 

scattering phase function in the forward direction, in which the essential fac- 

tor is the width of the forward scattering lobe for monodisperse or polydisperse 

scatterers.  Using the Conroy numerical scheme we have been able to obtain good 

theoretical results for optical depths T£7.0.  Ati =7.0, the contribution 

from the sixth order scattering peaks while at the same time scattering orders 

of up to 12 contribute appreciably to the total scattering (Fig. 10).  Compu- 

tations by the series method for the off-axis locations (e.g., r = 2.0 cm) of 

the open detector require the same number of integration points to achieve the 

same accuracy as required for the on-axis (r/W = 0) case; whereas, by the 

Bessel function integration method, the number of integration points need 

to by increased for the off-axis locations, as explained earlier. 

On the other hand, the alternative formulation of Eq. (21), involving 

Bessel functions, cannot estimate the contributions of the different orders of 

scatterings although it is a powerful tool because it can compute the total 

scattering irrespective of the value of the optical depth as long as we are within 

,a volume bounded by the surface described in Section 2.2 (ii). 
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From Fig. 10,  we notice  that for x £ 0.1, only SS contributes to the 

total irradiance; for 0.1 _< T <_  0.3, the second order contributions also needs 

to be included; and for T > 0.3, higher orders of scattering need to be taken 

into account.  For example, for T -  2.0, the maximum contribution to irradiance is 

made by the first order scattering and that contributions from up to 5 orders of 

scattering are significant.  Similarly, for T = 7.0, the maximum contribution is made 

by the 6th order scattering, and that contributions from up to 13 orders of scatter- 

ing are significant.  The contributions from the various orders of scattering seem 

to be enveloped by a curve which has a mode at about T - 1.0, and falls monotomically 

for T > 1.0.  Similarly, the total scattered irradiance is given by a curve similar 

of similar shape, which as a mode at about T - 1.0 and falls monotomically for 

T > 1.0 but at a lesser rate than the previous envelope.  The total irradiance 

received by the detector is given by the curve, obtained by adding the unscattered 

and scattered irradiances.  The detector receives forward scattered radiation 

in addition to the direct radiation, thereby causing deviations from the Beer- 

Bouger's law (i.e., transmittance T = exp (-T)), which is represented by the 

dash line marked 0.  This shows succinctly that the optical depth obtained from 

the transmissometer/radiometer measurements would not be the true value but an 

apparent optical depth.  Therefore, in order to obtain the true optical depths, 

a forward scattering correction must be made to the transmissometer/radiometer 

measurements.  A detailed discussion of the MS corrections as functions of the 

detector field of view and optical depths is given in Section 3 next. . 
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3.  MULTIPLE SCATTERING CORRECTIONS AS 

FUNCTIONS OF DETECTOR FIELD OF VIEW 

3.1  INTRODUCTION 

In making optical extinction measurements by laser beams traversing 

aerosols, an error is always made because some forward scattered radiation 

invariably enters the detector's finite field of view.  To determine the 

correction due to multiple scattering requires the solution of the radiation 

transfer equation.  A fruitful approach to the problem has been a Monte Carlo 

technique, because it can handle strange geometries as well as inhomogeneities^^'^^'^^ 

Recently, considerable attention has been paid to analytical solutions to the 

equation of transfer in a form appropriate for the laser beam propagation 

,,   22,24,47,48,50,61 
problem. Although exact solutions have not been obtained to 

date, there are some special cases where simple and useful approximate solutions 

to the equation of transfer are available.  For tenuous distribution of scatterers, 

the first-order multiple scattering theory can be used, and for dense distribution 

the diffusion approximation is appropriate.  If the particle size is large 

compared with incident wavelength, the energy scattered by the particle is 

largely confined within a small angle in the forward direction and, therefore, 

by employing the small-angle approximation it is possible to simplify the 

equation of transfer.  In Ref. 61, a systematic study of contributions of 

increasing order of scattering for both realistic and model aerosols has been 

conducted. 
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27 6? 
As indicated by Ishimaru,  '  the first-order multiple scattering 

approximation is applicable when the density of scatterers is so low that 

the diffuse (incoherent) intensity is considerably smaller than the reduced 

(coherent) intensity.  This will certainly be the case if optical distance 

traversed by the bean is much smaller than unity.  However, the same weak 

fluctuation case is also encountered in the situations where the receiver 

has a narrow receiving angle.  In this case, the amount of scattered 

intensity entering into the receiver is small compared with the direct 

coherent intensity, and therefore the received field is predominantly 

coherent.  The effect of the detector's finite field of view on the 

received power has been a subject of comprehensive investigations related 
p go g^ 

to forward scattering corrections for optical extinction measurements. '°'^~°^ 

The purpose of this effort was to study the effect of a finite field of 

view on the intensity and the received power of a laser beam undergoing 

multiple scattering.  Our analytic approach is based on the theory of 

^, . 63,64  ^ ^ ^  20,65,66,69      •  ^ •  .  ^.   , . 
Dolxn     and Fante, summarized in Section 3.2.  In Sections 3.3 and 3.4, 

we apply this theor\' to Gaussian beams.  Numerical results relevcint to 

the beam propagation in a water cloud and model aerosol particles are 

presented in Section 3'. 5. i 

3.2  THE FANTE-DOLIN THEORY 

Our considerations will be based on the.equation of radiative trans- 

fer for the radiance (specific intensity) distribution function, I($,r,z). 

-»■ ->■ 

In the small angle approximation, !(()),r,z) satisfies 

(j) •■Jv^ + 'T— +01 = 0 
Or  oz        s P($ - I') 1(1',r,z) d I' (la) 
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where a and a are volume extinction and scattering coefficients (ra~ ) for 

-► 
the aerosol medium; r is the component of the position vector transverse to 

-*■ 

the z axis; and <{> is the transverse component of the unit propagation vector 

as shown in Fig. 1 in Section 2.2. 

In the work of Dolin  and Fante, °'  '  '^^ which applies to sharply peaked 

phase functions, I((J)',r,z) in the integrand on the right hand side of Eq. 

is expanded in Taylor series cibout 9' = (|).  More precisely, I(4i,r,z) is 

split into 

.■^ "♦■     (o) -*• -*■ (s)   -*■ -*■ 
I((t),r,z) = l'   (<t>,r,z)   +  1^^'   (<f),r,z) (30) 

where superscripts o and s refer to unscattered and scattered radiance, 

respectively.  Then, one expands 

(s) -*■ -*■ Is)     -*■ -*■ 
1'^'   ((j),r,z) = I^^' {(t>,r,z) 

+ Z ((}>• - (}»  ^ I^^^ (|,?,z) 

2 

4 Z I (^- - $)^ ir   -  *^, 3^ I^^^ (l,r,z) ....     (31) 
k X* k X, 

where k and £ refer to the Cartesian components of the <J> vector.  Recall 

that i = d) X + d) y. 
X     y 

Equation (1) now yields 

t        1^°^   91^°^      (o) 
* • -rr* ^-7 ^ ^ ^     = ° (32) 
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.(s) 
while I  is determined from the nonhomogeneous equation 

° r     ^      9       9z 

+ o(l - oj) I ^ =00)  P(| - !■) 1^°'  (0',?,z) d^({)'     (33) 

1-2. where w = a /a is the single scattering albedo; and <i) > is defined as 

<f>    = PC*) $ d d) (34) 

In deriving Eq.(33) we have neglected the terms of higher order than second 

in Eq. (31),. The solutions to Eqs.(J2) and (33) can be obtained by the method 

of characteristics in the Fourier space of the variables '$  and r.  V7ith 

the Fourier transforms defined generically as 

I(C,n,z) = ^^'* d^r I(|,;,z) e^(H-n-?) (34) 

P(C) = d'4. P(|) e'^'"^ (35) 

we obtain the follov;ing solutions 

:(o) 
(?.-n,z) = 1(1, + nz,n,z = o) -oz 

(36) 

and 

I ^ (C,n,2) = i(t + nz,ri,z - o) j p(| + n(2-z')] -oz 

• exp 

z' 
[2^ 42^ || + ^ (2 - z") 1^ + 0(1-. CO)] dz-y dz 

for the unscattered and scattered contributions, respectively. 
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3.3   CASE OF COLLIMATED GAUSSIAN BEAM 

We assume now that in the single scattering theory the scattering phase 

->■ 

function P((J)) is given by a Gaussian function, i.e.. 

2 
P(<p)   = —- exp (-a 4) ) (2) 

and that the incident collimated beam, directed along the z axis, has a 

Gaussian spatial form, i.e., 

1  2 ^(2) ,t. ..._ , 2  12, 1(4),r,z = 0) = F^TT -^ Y  6    (I) exp (-y r ) 

(2) • where 5-   is the Dirac delta fxinction. 

(38) 

In the situation modeled by Eqs.(2) and (38),   we obtain, after performing 

the inverse Fourier transforms of Eqs. (36) and (37), the explicit formulas 

(o) -f  ->■        (s)  ->• ->• 
for I    (<t),r,z) and l'   ((ti,r,z).  They read 

2 ->-2 
I    (cj>,r,z) = F IT  e   e '    6    ((j)) ^-*^' 

emd 

(?,r. 
F awe 

-02 

z) = 
(27T)^ 

dz' [4 A(z') C{2') -B^(z')] 
-1 

A(z')r - B(z')(l)-r + C(z')(t) \  tijoz' 
• exp ^ 2 —  ]    e (40) 

4A(z')C{z') - B (z-)    J 

where the functions A, B, and C are defined as 

1 + ocoz' A(z') = 
,   2 
4a 

B(2.) = 2zl+aa^ 

4a 

C(z ) - —j +      ^  (41) 
4Y      4a 
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In polar coordinates (e,b) , the vector (() can be expressed by 

4) = 6 cos b 
X 

*y = 9 Sin b I (42) 

For a detector having the field of view (FOV) half-angle, 6 , the 
D 

received intensity is obtained from Eq. (.40) after integration over the 

angle b in the range (0,2TT) and over 6 in the range (0,9 ).  The received 

(s)   ->• 
intensity F  (9 ,r,az) corresponding to the scattered beam thus becomes 

(s)    -*■ 
r D 

I^^^ (0,r,az)e de (43) 

where 

I   \       ^ F w e 

i^"^9,?,az) = ° 

-az 

I [ 

2Tr 

0 

9r B(x/a) 

'^   [4A(|)C(§) -B^f)] ' 

° 4A{x/a)c(x/a) - B^(x/ai 

. ^..r.   I       A(x/0)r + C(x/a) 6^  ,  (jjx , exp [- ] e  dx 
4A(x/a)c(x/a) - B (x/a) ^'*'*' 

Here I^ is the modified Bessel fiinction of zeroth order, and x is a dimensionless 

integration variable. 

The contribution coming from the unscattered part of the beam is 

2->-2 
„(o) ,Q -^ „ ,   „ -1 -az    -Y r 
F  (e„,r,az) = F TT  e   e ' 

D o (45) 

It is thus seen that the numerical results can be extracted from this 

theory in a rather simple manner by performing merely a double integration. 
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3.4  CASE OF GENERAL GAUSSIAN BEAM 

More generally, one can account both for. the spatial and angular divergence 

of the laser beam assuming a Gaussian law of the form 

I(*,r,z = 0) = F^ B Y^ TT"^ exp(- 6" <i>^  -  Y^ r^) (461 

for the incident beam.  Here, the parameter B describes the angular divergen 

3y following exactly the same line of reasoning as in Section III, we 

obtain the following contributions F^^\e^,z,az)   corresponding to the scat- 

tered beam, viz., 

1 

ce. 

F(s)(e^,Yr,oz) = e^ i^^^ (e'ej^,Yr,az) 9' de' (47) 

where 

(s) 
I ^  (6,Yr,az) = F (jj az e °V2TT 

X I 4A{(x/a) za} c{(x/0) za] -  B^{(x/o) zoTI 
-1 

X I 

X exp 

e(Yr) - B((x/a) zo)/Y 

4A{(X/O) za} c{{x/o)   za} -  B {(x/o) za} 

(Yr) A((x/a) za)/Y^ + c((x/a) za)Q^ 

4A{(X/O) za}  c{(x/a) za} -  B {(x/a) za} 

X exp(a) xa z) • dx' 

and I^ is the modified Bessel function of zeroth order. 

(48) 
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For the unscattered bean, we obtain 

F °^ (6 ,Y?,Ozj = 2F  6^ exp{-az) 9 ^/TT D o D 

+ e- dO' lj2{y/a)   6^8' (yr) az} 

+ exp 1- (yr) (Y/a)^ (az)^ + 8^ 6^^ e-^} 
'D "^     ^ (49) 

The integrals in Eqs, (48) and (49) have limits 0 and 1.  This choice of 

limits anticipates the use of Gaussian quadrature in numerical computation. 

3.5  NUMERICAL RESULTS 

The numerical values for the on-axis intensities are given in Tables 4-7 

and the corresponding plots are given in Figs. 11-14, in which we show the 

unscattered (reduced) intensity marked by squares, scattered (diffuse) 

intensity marked by circles, and total intensity, by triangles, on the beam 

axis for optical depth T = 1, 4, 7, and 10, respectively.  A divergent 

beam with the parameters 3 = 2n/(yX)     and Y = 1.0 cm"-"- is assumed to be 

propagating in the Deirmendjian water cloud (Ref. 27) model Cl.  For 

A = 0.45 ym, the extinction coefficient is obtained from the Mie theory 

computations when a modified gamma distribution is taken for water cloud 

particle size distribution.  One also obtained a = 46.80 rad"'^ for the 

Gaussian fit to the phase function as shown in Fig. 5.  For a coaxial 

detector, with a diameter R^^ = 1.0 cm, the same as the laser beam diameter, 

the intensity F becomes a function of 9  and z.  We normalize the 

intensities by dividing out the factor F    (9 =<»,  z = 0) .  For the sake 
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Fig. 11: Normalized intensity on the beam axis as function of detector FOV 
corresponding to Table 4 for a = 46.80 rad"!, R^ = l.o cm, and T = 1.0. 
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Fig. 12: Normalized intensity on the beam axis as function of detector FOV 
corresponding to Table 5 for a = 46.80 rad"!, RQ = i.o cm, and T = 4.0. 
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Fig. 13: Normalized intensity on the beam axis as function of detector FOV 
corresponding to Table 6 for a = 46.80 rad"!, R^ = 1.0 cm, and x = 7.0. 
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Fig. 14: Normalized intensity on the beam axis as function of detector FOV 
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of clarity in graphical presentation, we also scale the normalized 

intensities by the multiplicative factor exp(T). 

In order to investigate the significance of the optical thickness, we 

calculated the power received by a coaxial detector of radius R = 1 cm. 

If F(8^,r,T)  denotes generically the beam intensity, then the received 

power is defined as 

P    (Rj^) = 2TT F(e ,r,T) r dr (50) 
0 

The received power is also scaled by the multiplicative factor exp (T), 

and the power received at z = 0 is divided out.  The numerical values for 

received power for a coaxial detector of diameter R = 1 cm are given in 

Tables 4-7, and the situation is depicted in Figs. 15-18 corresponding to the 

same parameters as in Figs. 11-14, respectively.  As the FOV increases, both 

the intensity and the received power saturate rapidly, independently of the 

optical depth.  This corresponds to the situation of an open detector.  The 

contribution of the scattered power becomes dominant in the saturation 

region for optical depth of the order of 10. 

Gaussian phase functions as given by Eq. (2) were best fitted to the 

exact Mie phase functions for monodisperse aerosols with radii in the range 

from 2.01 to 40.2 ym.  In Tables 8-11 and Figs. 19-22, we show the intensity 

vs. detector's FOV, and in Tables 8-11 and Figs. 23-26, the received power 

vs. FOV.  Both these sets of results were computed for the model particles 

-1 -2  -1 
characterized by the parameters a = 289.33 rad  , and a = 5.0 x 10  cm 
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at X = 0.45 ym, for a coaxial detector of diameter R^ = 1 cm.  Note that 

the phase function cmd the Gaussian fit to the forward lobe of the Mie 

phase function are plotted in Fig. 3. 

In order to study the effect of the detector's radius R^, we let 

R^ assume values smaller and larger than the beam diameter of the 1.0 cm, 

viz,  R^ = 0.2 cm and 2.0 cm.  Results were obtained for same parameters as 

in Tables 8-11.  However, for the sake of clarity we present only the 

results for x = 4.0 for the two cases, viz,  R^ = 0.2 cm (Table 12, 

Figs. 27-28)and R = 2.0 cm (Table 13, Figs. 29-30).  Table 12 and 

Figs. 27-28 depict the corresponding values of intensity and received power 

as fxinctions of FOV for Rp, = 0-2 cm, whereas. Table 13 and Figs. 29-30 

depict the corresponding values for R = 2.0 cm.  The three cases 

(R^ = 1.0, 0.2 and 2.0 cm;  T = 4.0) for large particles with phase function 

parameter a = 289.33 cm   show clearly the contrast in the behavior of the 

intensity and the received power. 

The Fante-Dolin approximation employed in this paper enables one to 

estimate the corrections to the Bouguer-Beer law for a receiver having a 

finite field of view, as for example in Ref. 45. 
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^%. ,      4.  CONCLUDING REMARKS 

In this report, we have discussed some new formulations, computational 

methods, and results for the complex subject of multiple scattering effects 

on laser beams traversing dense aerosols, particularly in connection with 

topics such as higher order scattering contributions, exact solutions of the 

radiative transfer equation in the small angle approximation, and scattered 

radiance as a function of detector field-of-view.  Conclusions based on work 

done thus far and recommendations for future research are given as follows. 

1.  In this paper, we developed the formulations for solving the 

radiative transfer equation (RTE) for laser beams traversing scattering media 

in the small-angle approximation and for making the results tractable to 

numerical computations by three different approaches: 

a. Tarn and Zardecki exact approach 

b. Box and Deepak exact approach 

c. Fante-Dolin approximation approach 

The formulations for the quantities of interest, namely, the beam intensity, 

irradiance and the detected power are given.  Numerical computations for the 

scattered irradiance and detected power were performed using the first two 

approaches.  Tarn and Zandecki approach, though computationally more time 

consuming than the Box and Deepak approach, gives additional insight into 

the contributions made by higher orders of scattering to the total multiple 

scattering; the latter just gives the total MS value.  To date, the Tam 

and Zardecki approach has not been used to solve the case of non-Gaussian 
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phase functions; whereas the Box and Deepak approach can handle non-Gaussian 

phase functions.  It is recommended that further work be performed to 

solve for the radiance and irradiance of laser beams for non-Gaussian 

phase functions by these two approaches. 

2. It should be noted that the small-angle approximation is valid for 

highly forward-peaked phase functions.  It is, therefore, recommended that 

approaches be developed to deal with the case of MS in laser beams traversing 

small size aerosol particles, with broadly-peaked phase functions. 

3. It is recommended that experiments and numerical computations be 

performed to determine the effects of the detector field of view on the 

extinction and backscattering function measurements. 

4. It is recommended that measurements and theoretical computations be 

performed to investigate the effects of beam diameter on optical extinction 

measurements. 

5. It is recommended that the above investigation be repeated for the 

case of backscattering, which is of great importance for single-ended 

electro-optical systems such as Lidar, DIAL and Laser Doppler Velocimeter (LDV) 
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