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I. INTRODUCTION

A liquid-filled projectile can become unstable in flight when resonance
occurs between the angular motion (nutation) of the shell and certain non-
axisymmetric inertial oscillations of the spinning liquid. Theoretical deter-
minations 1> 23 of frequencies of these oscillations (eigenfrequencies), to-
gether with their associated decay rates, have been made, mainly for liquids
in solid body rotation after completion of spin-up. These stem from the work
of Stewartson“ and Wedemeyer5:®& Reference 7 describes flow field pressure
measurements made to determine eigenfrequencies experimentally for solid body
rotation, and Reference 8 treats measurements made during spin-up from rest.

The next step is to determine the 1iquid moment acting on the casing gnd
then to predict the angular motion of the projectile. Because of a simplify-
1ng approximation* the early predictions of pressure moment!» 2 were limited to

*  The sum of a Laurent series is replaced by a single term; see, e.g., Lg.
(5.10) of Reference 4.

1." J. T. Fragier and W. E. Scott, "Dynamice of a Liquid-Filled Shell, " BRL
Report No. 1391, February 1968. AD 667365.

2. BEngineering Design Handbook, Liquid-Filled Projectile Design, AMC Pamphlet
706-165, April 1969. AD 853719.

3. C. W. Kitchens, Jr., N. Gerber, and R. Sedney, "Oscillations of a Liquid
in a Rotating Cylinder: Part I. Solid-Body Rotation," BRL Technical
" Report ARBRL-TR-02081, June 1978. AD A0577589.

4. K. Stewartsom, "On the Stability of a Spinning Top Containing Liquid, "
J. Fluid Mech., Vol. 5, Part 4, September 13959, pp. 577-592.

5. E. H. Wedemeyer, "Dynamics of Liquid-Filled Shell: Theory of Viscous
: Corrections to Stewartson's Stability Problem " BRL Report 1287, June
1965. AD 472474,

5. E. H. Wedemeyer, "Wiscous Corrections to Stewartsons's Stability
Criterion, "' BRI Report No. 1325, June 1966. AD 4839887,

7. R. D. Whiting, "An Experimental Study of Forced Asymmetric Oscillations in
_a Rotating Liquid-Filled Cylinder,'" BRL Technical Keport ARBRL-TR-02378,
October 1981. ADA 107948.

8. S. Stergiopoulos, -"An Experimental Study of Inertial Waves in a Fluid
Contained in a Rotating Cylindrical Cavity During Spin-Up From Rest, "
Php. Thesis, York Univeristy, Toronto, Ontario, February 1982.
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nutational frequencies 1yin? close to liquid eigenfrequencies. Two récent *
studies 9510 have produced 1iquid moment calculations valid for all angular

frequencies. Reference 9 treats only the pressure moment on completely-filled
projectiles using viscous perturbation equations. Reference 10 treats both
presssure and viscous shear moments for partially and totally filled projec-
tiles, with and without central rod; this work is an extension of the
Stewartson-Wedemeyer theory which employs the inviscid perturbation equations.
In this report we extend the analysis of Reference 9, which uses the viscous
gg;%ugbaﬁi?? equations, to include the shear moment; again, we treat only the
illed shell. ‘

There are four basic assumptions in all the studies, including the present
one: (1) The angle of yaw is very small, permitting linearization of Navier-
Stokes equations and boundary conditions. (2) The projectile is traveling in
a straight trajectory, is nutating at a constant rate about a point on its
axis, and experiencing exponential yaw growth with time. (3) The initial
state of the liquid is solid body rotation at a spin rate that remains un-
changed even after the perturbation is applied. (4) The timewise variation
of the flow variables is the same as that of the motion of the shell,

Gyroscope experiments!!> 12 have provided simultaneous measurements of
(1) nutational frequency* 1t and (2) yaw growth rate e, the two param-
eters that describe the angular motion. Theoretical outputs will be compared

with these results.

1. ANGULAR MOTION OF PROJECTILE -

Here we summarize Chapters Il and VI of Reference 9. Two cbordinate Sys=

tems are considered. The first is an inertial, earth-fixed system of axes x,
Y, Z. The x-axis coincides with the projectile velocity vector, and the z-
axis lies in the vertical plane; then the y-axis is directed so as to form a
right-handed system. The second system is the aeroballistic x, ¥y, z non-

*  Definitions of terms are given in LIST OF SYMBOLS Section.

9. N. Gerber, R. Sedney, and J.M. Bartos, '"Pressure Moment on a Liquid-Filled

Projectile: Solid Body Rotation,'" ARBRL-TR-02422, October 1982. (ADA 120567).

10. C.H. Murphy, "Angular Motion of a Spimning Prcjeciile With a Vigcous
Liquid Payload," BRL Memorandum Repori ARBRL-MR-3194, July 1982.

AD A118676.

71. W.P. D'Amico, Jr., and T.H. Rogers, "Yaw Instabilities Produced by
Rapidly Rotating, Highly Viscous Liquids,'" ATAA Paper 81-0224, AIAA 19th
Aerospace Sciences Meeting, St. Loutis, Missourt, 12-15 January 1981.

12. E. whiting and N. Gerber, "Dynamics of a Liquid-Filled Gyroscope: Update
of Theory and Experiment,” BRL Technical Report ARBRL-TR-02221, March

1980. AD A083886.
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ro]11ng system which has the X-axis along the projectile axis of symmetny and
the Z-axis initially in the vertical plane. These systems are shown in .
Figure 1; the y and Z axes are omitted for clarity.

The x = 0 and X = 0 values are Tocated at the midplanes of the unyawed and
yawed cy11nders, respectively., The X-axis is nutating about the x-axis at the
angle K1 Kl(t). The components of the prOJect1on in the y, z plane of a

unit vector lying on the X-axis are denoted by Nye and Nope

The yawing motion is characterized by two var1ab1es, a and B. The angle
of attack, a, in the aeroballistic system is the angle in the vertical plane
measured from the X-axis to the velocity vector; the angle of s1des11p, B,

is the angle in the horizontal plane measured also from the X-axis to the
velocity vector. For the small yaw angles considered, o = -nZE and § = -Nyge

It is convenient to combine a and B into a single complex variable:

=Br i G- (ng+ing) (2.1)

The fluid pressure and viscous forces on the cavity surfaces produced by
the motion give rise to a moment on the projectile. The spin-decelerating
component, MLY , is zero to the approximation considered here; the other com-

ponents can be represented in complex form, 'lY + TMLZ . We shall consider

only the Tiquid moment acting on the projectile; the 1igutd moment can be
added to the other moments acting on shell or gyroscope as required. The
differential equation of yawing motion is*

2'\- 2--. fad h'\:. ~~ . lad :
Iy d%g/dt i Ix d&/dt + Iy ME =i (MLY + 1MLZ). - 52.2)

The quantity Ix is the moment of inertia of the empty axisymmetric-shell :about
its longitudinal axis. Iy is the transverse mqment of inertia of the empty
shell about its center of gravity. The spin rate of the shell is ¢, which is
taken to be positive in this work, and t is time. The term Iy ﬁ £ is an aero-

dynamic moment for a projectile. For a gyroscope this term is a gravitational
moment arising from the separation of center of gravity and pivot point, and
in most experiments is zero.

* This 18 Eq. (2.4) of Reference 10 with only the liquid momewt on the
right-hand side.



In general there is an interaction between the motion of the projectile
and the liquid motion. Here we shall specify the motion of the projectile.
In particu]ar the cylinder is nutating with constant. frequenQ/ and exponen-
tially-growing yaw:

~ 1o if 4
0 c
where
Ky 2KeS™, o = nit, o= (1-ie)w N (2.4)
Here KO is the magnitude of the yaw at time t = 0, t is the nutational . %

frequency divided by &, and e is a yaw growth rate or decay per nutational :
cycle. Also Kl is the yaw amplitude, and 9 is the angular orientation* of

the X-axis in the x, y, z system as shown in Figure 1.

The motion of the projectile enters the flow problem via the boundary
conditions. Under the assumption that the flow is in phase with the motion of :
the shell, the pressure disturbance will have the time dependence of Eq. :
(2.3), and consequently the liquid moment will also have this form. A
nondimensional liquid moment coefficient, CLM’ is now defined:** '

. 2,2 i
Mo, o+ MLZ =moa¢ T CLM Kle , (2.5)

where m is the mass of the liquid and a is the radius of the cylinder cross-
section. CLM is a complex quantity whose real part represents a moment that

changes the yaw angle, and whose imaginary part ﬂepresents & moment that
changes the nutation rate. Thus:
(2.6)"

C = C

M Fhsm t

where C ¢y and C, ;y represent the "Tiquid side moment" and "liquid .in-plane

moment," respectively. As in Reference 9, we shall concentrate our attention.-
on CLQM’ the liquid side moment. .

B N R

A WMo unp?u,/,/J the arngle of attack ic ascumed to be initially zern and the
angle of sideslip #o be initially positive; t.a., b,, of Reference 10 18

2ere.
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See Eq. (2.7) in Reference 10.
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When the forcing moment in Eq. (2.5), produced by the motion specified in
Eq. (2.3), is inserted into the yaw equation, fq. (2.2), it is seen that the
t of Eq. (2.3) is a solu“ion to Eq. (2.2) for 4 restricted set of f's, namely
those satisfying the functional equation

2 ~ 2 4
ny - Ixf - IyM/d) = -1 (2mpa c) 1 CLM (f; Re, c/a). (2.7)

liere ¢ is the half-height of the cylinder, o is the density of the liguid, a .
Pe is Reynolds number defined by

2
Re = a ’:t/\% (2.8}

where v is xinematic viscosity of the liquid

According to the Stewartson-Wedemeyer theory“:®, CLP of tq. (2.7} is

A

regligibly small except near resonance. £~ resonance condition will generally

J

occur when T, " Cp, where T ¢ is the nutational frequency of the empty shell
ana CP $ is a natural inertial frequency of the rctating liquid.

For 1 = Cp, CLM can be approximated by the first term of the Laurent series of
a function with a simple pole“s®

CLM = D/(f - CR)’

where the residue, 5, depends on the parameters of the problen.

I1T. COCKDINATE AND VELOCITY TRANSFORMATIONS

The flow problemn is stated and solved in terins of the inertial cylindrical
coordinates x, r, & (wherey = r cos 8, 2z = r s1n 8). HOWGVLn, the pressure
and viscous forces are integrated over constant X and ¥ surfaces to obtain
woments {where y = r cos 3, z = r sin 9) Also,the original statement of
houndary conditions is made in terms of X, ¥, 5 coordinates. Thus, it 15 use-
ful to have the tranformations between the two coordinate systems. from iq.
(9) ot Reference 9, applicable for small Ko

~ s~ - 2
r=oo- Kl {x - %) cos (31-3) + 0 (KO )
- K1 [(’X\ = ‘:)//F’J sin (Iil‘i) + 0 (I\

2
<

\ G
o) (3.1

<t
"
w?

X = X+ K, rcos (&

. 2
-y ¢ )
1 4 + 9 (ko Y,

1

11




where £ is the x (and X) coordinate of the pivot point. - Al1 the above terms
are nondimensional; lengths and distances are nond1mens1ona11zed by a.. Thew.
transformation may also be expressed as ' :

Yy =rcos 6+ (K cos ¢p) (x = 2)
Z =rsin g+ (K; sin o) (x - 2) ~(3.2)
X = x - Kyr cos (¢ - ).

We define the flow to be a small disturbance to a basic flow, which is
taken to be solid-body rotation in an unyawed cylinder. The Navier-Stokes
equations are linearized to produce the perturbation equations.* The flow

variables are the radial, azimuthal, and axial ve1oc1ty components,-and pres-
sure, given here in nondimensional form:

= U - K4 . KV = W - K w =P - K 3.3
Uys = U= Kl Vg = V= KoVs Wyg = W= KoWs Pyg = P - op' (3.3)
The symbols Unss VNs® s and Pys represent the total values, solut1ons of
the linearized Navier- Stokes equat1ons. U, V, W, and P are the basic un-.

disturbed variables; and u, v, w, and p are perturbat1on var1abTes** of order
one.*** For solid body rotation, the basic flow is -

Uu=0, V=r, W=0, P =(1/2)r2+ const. X (3.4) -~

The velocity components are nondimensionalized by a¢, and pressure by pa2$2.

In the aeroballistic system,the radial, azimuthal, and axial velocity
* * * .
perturbation components are denoted by U, V, and w. :. The velocity transfor-
mation, from Eq. (A.2) of Reference 9, is given by

* hese arz Bg. (3) in Reference 3.

*% The negative signs in Eq. (3.3) were employed to comply with the
nomenclature of Reference 10.
R 777

symbol e Unc, Vpo Wyg Pyg replace the symbols u, v, w, p in

wrpe (10) 0f Reference 9.

12
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A

B = v s T

CEE - A Y

- (x-2)e

? *

P *

L]
* ~ €14l
Ww=w-re ¢

) er&t

{er cos (¢

1

VsV o- (R-2)e T (1-1) cos (8,=8) + et sin (o-8)] + O(K,)

B A A A

-8) + (1-1) sin (¢1-§)] + O(KO)

(3.5)

(~et cos (¢1-5) - (l-1) sin (¢1-5)] + O(KO).

The tilde superscripts can be dropped from the second terms of the richt-hand
sides of Eq. (3.1) and (3.5) without changing the order of error.

A. Flow Solution

IV.

FLOW SOLUTIUM AND WALL FORCES

Chapter [11 of Keference 9 treats the flow problem in detail; we extract
The flow variahles are shown in Eqs. (3.3) and
(3.4); the perturted flow soiution is

from it what is needed here.

u = Real [u(r,x)
v = Rea) i!(r,x)
W = Rea [w(r,x)
5 = Real [p(r,x)

vhere v, v, w, and p
of two solutions:

uzu +iu =u +u
R 1 p .

AEM H W =W bW
R 1 p

vihere

l-J =

n

wo= i(l-f)r,

p

exp

exp

exp

exp

fi(fét=0)1}]

{i(fot-0)1]

{i(fot-0)1]

fi(fot-0)}]

are complex functions,

<1 (1-F) 4/ (1+F) Jx + i(1-f)2, v

p

o

13

These are expressed as the sums

(6.2)

S(1-f) 4 (1) Jx + (1-f) 8

“{1-f)2rx + (1-f2)xr
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is a particular solution. The sub-H quantities are solutions of the following
equations, where subscripts denoté partial differentiation and the sub-H is
omitted for clarity:

no+u-ivemrw =0 \\

-
—
N
]
—
p—
1=
1
™~
<
!

=-p + (1/Re){u +u /r-2/r2+uy + 2iy/r?]
r rr r X X

&(4.4) i

ip/r + (1/Re)[\_/ +v /r - 2!/r2 ry - 21g/r‘2]
rr r XX

—
—
-
[}
—
S
<
+
~N
==
il

i(f-1)w = =p + (1/Re)|w +w /r-w/ré+w |,

=X rr r XX )

These quantities further satisfy the boundary conditions at the sidewall

u o (r=1) = =i [2F(1-F)/(1+f) )

H

vo(r=l) = -[2f(1-F)/(1+f) ]x (4.5)
H

w (r=1) =0,
H

and at the endwall (where ¢ = c/a)

u (x=C) = -i{2F(1-f)/(1+f) IC, u  (x=-0) = -u (x=C) (4,6a)
H “H H
v (x=8) = -[2f(1-f)/(1+f)]c, v (x=-C) = -y (x=C) (4.6b)
H H H |
i (x=c) = W {x=-C) = 0, (4.62)
H H

plus boundary conditions at r = 0.

14



As explained in Reference 9, a modal solution (separation of variables) is
required, but it cannot satisfy Eqs. (4.6a) and (4.6b). The need to drop two
of the three endwall conditions implies that we have a singular perturbation
problem; i.,e,, we must insert a boundary-layer or "inner" solution to satisfy
these. The technique of matched asymptotic expansions is used to treat this
problem, The solution u , v , etc., is decomposed into an outer solution,

H
valid away from the endwall, and an inner solution, valid near the endwall,
The expansions for each are determined to certain orders in the small parame-

172
ter Re / and a composite solution is formed. The velocity gradients at tha
endwall needed for the shear force are obtained from the composite solution,

In Reference 10 the viscous correction of Wedemeyer,® originally used to
correct eigenvalues, is applied to correct velocities and pressure. Although
the formalism of matched asymptotic expansions is not used there, the basic
idea of obtaining a corrected flow is carried out. It is called the "invis-
cid flow" in Reference 10 even though it depends on Re; it would correspond to
what is called outer flow here.

The outer solution, designated by u, v, w, p, satisfies Eqs. (4.4), (4.5),
and (4.6c). The modal form of the outer solution is

u = Z Jk(r) sin A X v E \;k (r) sin A X

k=1

(4.7)

™

Qk (r) cos A X :E: 6 (r) sin A Xs

k =1

©
]

-

where Ups Jk’ Qk, and ﬁk are complex functions of r; they are solutions to the

ordinary differential equations, Eqs. (33), with boundary conditions, Egs.
(37) and (41), of Reference 9. This is the usual normal mode solution with

A = kn/ZE, where k is an odd integer. In Reference 9 it is shown that the
obter solution is determined by the single condition of no flow through the

2
endwall, Eg., (4.6c), to the order 0 (Re” / ), Eqs. (4.6a) and (4.6b) are not
used or satisfied., The accuracy of the solution to this order 1s unaccepta-
ble. To improve it,the second term of the outer solution must be nbtained,
which, in turn, requires the first term of the inner solution and appropriate
matching of the outer and inner solutions, As shown in Reference G, this pro-
cess yields the one boundary condition

wibkw =0 at x = ¢ ¢ (4.8)
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to the order 0 (Re™ ). (It has since been shown that this boundary condition

_3/2
is correct to 0 (Re / )o) The form of the solution is still Eq. (4.7), but
the N are complex, determined from the eigenvalue relation

cos ’ké + A & sin ’\ké = 0, (4.9)
where & is given by the following sequence:

2~ %e V¥ 1-4) (3-1) /7

o]
"

27 %Re 141y (146) Y8 (4.10)

W
]

r
2 2
5“{’33 <1'T-‘F)+ L <“1—.r>]-

The complex square roots are chosen to be the cnes that make the real parts of
a and 8 positive. when &¢ /o<1, A, can be approximated by

(km)/[2(C - 6c)]. (k_odd)

P
ne

The first term of the inner solution is determined by the boundary layer
equations, the no-slip conditions on the endwall, and boundary conditions at
the boundary-layer edge derived by matching., These are given in Reference 9,
pages 53 and 54.

The theory of matched asymptotic expansions, MAL, is the proper technique
for dealing with these problems; in order to explain the results for shear
force given in this report the discussion of MAE in Reference 9 must be
augmented. Usually MAC are used to obtain an analyvtic solution to a problem
with, possibly, some numerical integration required; this can be done for the
present probiem, at least in principle. Of course, it becomes increasingly
tedfous to obtain higher order terms. Since the problem of Eqs. (4.4) - (4.6)
is linear, application of MAE here is simpler than for many other cases to
which it is applied. Advantages of MAE are the systematized approach to the
terms in the expansions, the clear distinction between inner and outer
solutions and the matching of these,

Here the formalism of MAE is used to (1) distinguish the outer solution,
determined as above, (2) rationalize the use of only one boundary condition,
Eq. (4.6c), rather than three at the endwall, and (3) derive Eq. (4.8). The
solution, Eq. (4.7), with appropriate A would be the exact outer solution

{requiring only ordinary differential equations to be integrated numerically),
except that Eq. (4.8) is not exact., In the final form of the solution,the




T

analytically determined outer flow is replaced by the solution of Eqs. (4.7)
and (4.9). This step leads to more accurate results at low Re though,
strictly speaking, it is not part of the theory.

The first term of the inner solution is given, in the notation of
Appendix D, Reference 9, by -

ug (yar) =ud (&, r) + (i72) [AeTV - BemV ]

vi {yur) = vg (&, r) - (1/2) [Ae™¥ + Be" ] &A.ll)

wy tyar) = Re /(a0 a)

; { s¢ -y + [(1+f)/2a(1-f) ) exp (-ay) -

X=C

[(3-£)/28(1-f) ] exp (-gy) } J

b=
—
S
—
n
<
+
Q

1y
0

on

at x = ¢. (4.12)

0 .0 f i =
Bir) Vo © 1u0 +4f ((1-f)/(1+4f) | c

The functions ug, vg, and wg are defined in Reference 9, page 53. The expres-

sions for u; and v, in Eq. (4.11) would be the same as the boundary-layer

solutions of Wedemeyer® if the inviscid terms in the latter were evaluated at
the endwall.

From the inner and outer expansions a single expansion, uniformly valid in
the inner and outer regions, can be constructed; it is called the composite
expansion. Using a l-term inner and a 2-term outer expansion,the composite
expansions are:

= ~1y2 = , - -
ue = ug (E-y,r) + Re™ "/ ug] (C-y,r) + (i/2) [Ae™¥ . Be ")
= _1/2 - -y - .
v. =0 (C-y,r) + Re™ / vO (C-y,r) - (1/2) [Ae ¥ 4 ge 8'/I {(3.13)
" 0 ol :
. _1r2 .
Wa = wg (C-y,r) + Re™ - wgl (C-y,r),

17
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where the functions “81‘ Vgl’ ng are defined in Reference 9, page 53. The

gradients of ue and Ve (a/fi_y)y=O = - (a/ax)x=é, are required to obtain the
endwall shear. The matching process shows that [(3/3X)x=§] of ug, ugl, vg,
Vgl are all zero. Therefore,

(3uc/ay)ymg = - (1/2) (oA -8

(4.14)

n

(ave/ay)y . = (1/2) [44 + 88 ]

Thus, these gradients at the endwall could be computed trom just the inner
solution,

At the sidewall, the no-slip bcundary conditions are satisfied Ly the solu-
tion to Egs. (4.4) and (4.5). The necessary gradients at the sidewall are
obtained directly from the modal solution.

R. Shear Forces

Forces on the surface of the cylinder are obtained from the 3x3 stress
tensor, wnich gives the force on the fluid. (See, e.g., Reference 13, page 53,
where z is axial coordinate.) Since we want the force on the cylinder, the
sign of the stress tensor is changed from that of Reference 13, The elements
of the tensor are

r* / * h]
Top = P =X 1P - (2/Re)au/ar] (4.15a)
* * * o \
Tag = P = K, [p -2 (u+ 3v/de)/(Re r)] (4.15b)
o* * .
T =P K - (2/Re) (3w/ox) ! (4.15¢)
f * / * S
Trg = Topn ° (KO/Re) [r 3 (v/r)/or 4 fou’ye)/r) (4.15d)
. * *
Ty = Ty © (KO/Re) |3u/3x + aw/ar] (4.15e)
T T Teo = (Ky/Re) [au/ax + (1/r) aw/26] (4.15f)
7a Lo Spnlloanida, Boroidomy oue MERINEY [ < “s
l:.:{', .()f,/‘
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The nondimensional force on an element of the cylinder surface with non-
dimansional area dA will be denoted by

dF = (dF , dF , dF ), (4.16)

9’

where dFr’ dFe, dFX are the force components in the radial, azimuthal, and
axial directions, respectively, in the earth-fixed frame. Force i3 non-
dimensionalized by pa®¢”, where p is density of the liquid, and area is non-
dimensionalized by a°. Then

df . = (rrr 90 * Trg9g "t Tay gx) dA (4.17a)
dFe = (rer 9+ Tg0 9 * Ty gx) dA (4.17b)
de = (TXF 9r * Tg 98t Tyx gx) dA, (4.17¢)

where g, 94, 9, are the radial, azimuthal, and axial components in the

inertial frame of a unit vector (directed outward from the container; i.e.,
away from the fluid) normal to the element of wall surface. If the surface is
given in the form G(r, 8, x) = canst, then

G/ ) G G
9, = 1 fr 9, = gl/rga 38 g, = avéax ’ (4.18)

where | 9G] =+ [(3G/3r)2+ (1/r2) (aG/28)% + (aG/ex)Z]l/2

At the sidewall, F(r, 8, x) = 1, and at the endwalls, x(r, 9, x) = + C.
From Egqs. (3.1) and (3.2) we obtain unit normals, N = (g _, 9,40 gx) to sidewall
and endwall, accurate to order KO: r

Neige = (10 Ky [(x-2)/r] sin [@1-6], Ky cos [¢1-e]) (4.19a)
Neop = (-Ky cos [g-0]s =Ky sin [o)-0], 1) (4.19b)
Noottom = ~Ntop (7.15¢)

The nondimensional surface element areas are

~

dAr~=1 = d9 dx, dA;;ié = r dr d9, (4.20)

Combining Eqs. (4.15), (4.17), (4.19), and (4.20), we obtain the surtace
forces correct to order Ko'
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At the sidewall (F = 1)

dF /(dF dR) =P - K [p - (2/Re) 3u/or]

dFe =_0_‘\r3_
d% ax e or

o

%y

S|< *
Q
l:'_:(-

+ 1
=

3 1

©

] -
J + KP EFE sin (¢;-6) (4.21)

de/(d§ dx) = (k,/Re) [aﬁ/ax - aﬁ/ar] + KP cos (¢)-0).

At the top wall (X = C)

~ ~ E * *
dFr/(r dr d9) -KP cos (¢1-9) + (Ko/Re) [au/ax + w/ar]

dF /(7 dF d3) = -KP sin (g-0) + (K /Re) [3v/&s + (w/36)/r ] (4.22)

r

K L; - (2/Re) 3;/3x].

"
©
[}

de/(F dr d3)

At this point we introduce the boundary-layer assumptions, namely, that
the tangential gradients of the velocity components at a surface are negli-
gible, and that the normal gradient of the normal component is also negligi-
ble. The orders of magnitude of the velocity gradients at x = C in Eq. (4.22)
can be determined explicitly from the MAE results, Eq. (4.13), and results of
the matching:

172 172
au/ax = 0 (Re /9) m/ar = 0 (Re™ /)
172 * 172
w/x =0 (Re /7) /36 = 0 (Re™ /7)
*
m/ax = 0 (1).

This apprroximation is not necessary for the further development of the
theary; it is made here for corvenience. It does restrict the applicability
of the moment calculations to high (as yet undefined) Reynolds numbers. How-
ever, all the terms in the stress tensor are available from the solution tn
the flow problem; their contribution to the moment may be significant at low
Reynolds numbers. Actually, a restriction to high Reynolds numbers has
already neen introduced by the boundary condition, £g. {4.8).
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Equations (4.21) and (4.22) reduce to

dFr/(d§ dx) =P -K, P (4.23a)
dF /(48 dF) = (K /Re) [r 3(V/r)/ar}+ KP [(x=2)/r] sin (#-0) (4.235)
dF /{d3 dR) = (K, /Re) /30 + K,P cos (9,-9) (4.232)
at the sidewell, and
dF /(7 dF d3) = -K\P cos (8,=8) + (K /Re) 3u/ ax (4.244)
dF J(F dF d8) = -K,P sin (¢1-a) + (Ko/Re) a3/ax (4.24p)
~ ~ ~ +*
dfF /(r dr d§) =P -Kop (4.242)

at the top wall. The expressions for force components on the boitom wall are
the negatives of those for the components at the top wall, and -C replaces

C.

V. EVALUATION OF LIQUID MOMENT

A. Expression for Liquid Moment

We wish to determine the moment produced by the liquid on the spinning and

nutating sheil, namely, ML; + 1 MLZ of £q. (2.5). We shall evaluate the

moment about the center of gravity of the pro1ect11e in the X, ¥, Z system,
Details need be shown for only one component, say HLZ, since the form of Eg.

(2.5) indicates that both MLY and MLz are determined by C ¢y and C of tq.

(2.0). In rectangular coordinates,the moment on an element of wall surface is
the vector product of (1) the rad1us vector relative to pivot point (x-2,

v, z) and (2) the force dF = (dfF~, dfs, dF~).  The particular component that
we treat 15|1LZ X ” 2

(&2}

.

yo—
—

My = pa%%2 {(n) 455 - § dFp], (
where dF~ and dF~ are the components of dF in the X and y directions, respec-

tively. Unit vectors in_the X and ¥ directions are found by taking the
normalized gradients of x = const, and ¥y = const. of Eq. {3.2) in the manner
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of Eq. {4.18); the scalar products of these unit vectors with dF of Eq. (4.16)
yield the two force comoonents

"

~ - £ K g + -~ I 2 [ \
dFy dFr cos 8 d'e sin § de Kl Cos ¢ * N0 “o ) {5.2a)

dfx = -df . Ky cos (4-8) -df g Ky sin (¢-8) + df + 0 (KOZ) (5.2b)

B, Sidewall Moment

The element of moment, dML?’ in Eq. (5.1) is evaluated at r = 1, and will
be denoted by dM, 7 . By £qs. (3.4 and (3.1),

P (r=1) = const. -Ky (x-2) cos (¢1-5) + 0 (KOZ). (5.3)

Application of Eqs. (4.23) and (5.2), yieids

~ ~ *
dF~/(d3 dx) = (KO/Re) wm/ar + 0 (KOZ)

We apply fgs. (5.3) and (5.4) and integrate Eq. (5.1) at r = 1, noting
that the constant part of P makes no contribution to the integral, leaving
only first order terms in KO. Thus,the variables r, 9, x may be replaced by

r, 8, x and the integral evaluated at r = 1 without changing the first order
accuracy. Integration yields

c Zn *
MLZL/(quasé ) = -s S [(x-z) { p o+ e (4 1) cos (¢l-e)} +

+*«
(3w/3ar)/Re ] cns A dn dxy - (5.5}

(1/Re) J.f j‘Zﬂ [ (x-%&) { 3v7ar - v*} ] sin 8 dg dx + 0 (KOZ).




L ‘m: P

Further manipulations lead to the following formula, with application of Egs.
(2.5Y, (2.6), (4.1), and (4.2), plus the boundary condition v(r=1) = -(1-f) x
(x=%&): -

YR be 32 = ; +
Mg/ (2meatceft Ky} = Ciguypy ST ¢ + Cpyny €08 & (5.5)
Cousmyve ST & * CrimyyL €08 #ps
where integrals are evaluated at r=1, and
) c
C = (21 E\'l (x-2) p dx (5.7a)
(LSK)PL / . 1 L/ay
-C
s ! z -1 E i - [AY
S = {271 ¢) ) (x-2) L‘pR + (x-l)] dx (5.7b)
-C
1 < w By
Crien - - - 71 } (5.7¢)
(LSM)VL 2t e Re S.E { T (x-2) [3?— + (1-1) (x-z)}} dx
1 ('_c' {. oW av
C,y BWL T T - R+ (x=2) | 1+ et (x-2) dx. (5.7d)
ver 21 C Re J_é ar ar

In the labeling of the moment coefficients of tqs. (5.5) and (5.7), the LS
and LIM designations are defined in Chapter Il (Eq. (2.5) et seq.), P
indicates pressure, V indicates viscous wall shear, and the final L (lateral)}
designates sidewall,

C. Endwall Moment

The element of moment, d% 5, in Eq. (5.1), evaluated at x = ¢ angd
X = -C, will be denoted by d4 5 and dM 5., respectively. The element of
total endwall moment 1is
K ~ = Moo + |' > /5.5‘
Mage = M T Mg (5.4)
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Application of £qs. (4.24) and (5.2) ylelds

"

~ o~ * . * -
dF;/(r dr d8§) (KO/Re) [(3u/ax) cos 8 - (3v/3x) sin & '+ 0 (Koz)

. . - (5.9)
dF;/\r dr dg) =P - K,P 0 K, )
By Eaqs. (3.4) and (3.1)
P (x =¢) = fa(r) - Ky r (c-2) cos (¢1-5) +0 (K 2)
(5.10)

P (X =-C) = fn(F) - K, T (-c-2) cos (9,-8) + 0 (K_2).

1 0

ke obtain dMLTT and dML?R separately using Egs. (5.1), (5.9), and (5.10).

* *
The equations for the flow solution in Chapter !V show that 3u/ax and 3v/5x
are even functions of x, leading to some cancellations when the top and bottom
wa'll momerts are added to produce

2 .
= o~ * - =4 o~ ~ o~ e~
\ 2c e'® £ ¢os (¢1-a) = p (c) -p (-c)} rZcos & d3dr +

(5.11)

1 27

- * * v~ ~

(2 c/Re) S S [(3u/ax)= cos 8 - (av/ox)_ sin e:r d9 dr.
C

0

[T

The 7, 5, X may be replaced by r, 0, x in Eg. (5.11) and integrals evaluated

at x = ¢ without affecting the first order epproximation in KO.

Moment coefficients analogous to those for the sidewall will now be
defined for the endwalls:

Mo~ /27 Wil = N 4. + L. - ;
W ze/2meatptT K = Gy o ST 9 S ype €08 Y

Clusmyve 30 21 * Crumyve 05 o




. 1 - _
Cusmpe = =12 D1 Lo @ - (D)} rzor (5.15a)
(LSM)PE 0 { “1 o1 }

o [+ (c) (-¢)  r2
C - = [Y/(21¢) (c/2) + S p (c) -p (-c redr (5.130)
(LIM)PE l: 0 {'R R } ]

1 ! {
¢ e = =11 Re) ! Real -1 3 d (5,13c
(Lsmyye = i/ (T Re) j Ree ,gr) { ay-iu)/ x} T 5.13¢)
. ; 1

¢ e = = 1/{TR : {v=i d i5.134)
(LIM)YE RYA e) | Imag so {a\y ui)/ax}é rdrf . 5.134)

The total side moment coefficients due to pressure and shear stress,
respectively, are

Cousmpp = Crusmype * Cusmyer (5. 161
Cosmyv = Ceusmpve * Ciusmyves

and finally, the total side moment ccefficient is
: = + [
Csm = Crsmpp * Crusmyye (5.15)

The term "3 (v - iu)/éx | in Eq. (5.13) is cvaluated from the complete

solution, Eq. {4.2), u = u and v = v+ v . According to the method of

p I o H

solution described in Chapter IV, u and v are determined by the composite
“H H

solutions Ue and Ve Therefore, to the order of approximation in €3. (:.13},

vo- du=vyv - du o+ Ve - iu(- (3.15)

S2x(1-F)2/(1+fF) + 2%(1-f) + vg - iug + Re
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making use of Eqs. (4.3) and (4.13) and the definition of g in Eq. (4.10).
The terms from the outer solution, including those in B, see Eq., (4.12), are

not evaluated analytically; they are obtained from Eqs. (4.7) and (4.9), as
explained in Chapter IV. Thus v-iu can be written

vedu=y ~du +v.-iu- : :
p P (5.17)

(v - fu)  _ + {4f(1-f)/(1+f)} ] e

X =C

oOn

Another useful form is obtained by expressing this in terms of
vV + Yp - 1(u+gp):

v o-duo= (veyp) - i(urg) - i,(V+\_/p)x .z ° 1(u+9p)x P
(5.18)
2(1-f) (E-1)] e ®,
The gradient term in Eqs. (5.13c) and (5.13d) is then
[a(v - iu)/ax _ =43 (v+v.) - i(u+u )]/axl -
T ]x=5 {[ P P fx-¢ (5.19)
Bl(vev, ) . - i(utu )+ 2(1-F) (c-0)].
Py = ¢ Pix = ¢

Empirically it is found that the first term on the right-hand side of Eq.
(5.19) is small compared to the second term and is neglected when the gradient

is evalua’ ~d; recall that g = O(Rel/z). A strict estimate of the order of
magnitude of these two terms in E€q. (5.19) is not straightforward because we
have used u and v, obtained from Eg. (4.7), rather than the outer solutions,
If the gradient is obtained from Eq. (5.16), the result is

(8 (v-iu)/ax] = =2{1-F)2/(1+f) - B [vg - iug + 4F(1-F)/(1+F)]  _ (5.20)
x:

X=C

On

in which it is clear that the first term is 0(1) and the second is O(Re:/z).
This result is reflected in the conclusion about the terms in Eq. (5.19)
stated above.
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VI. NUMERICAL RESULTS: MOMENT COEFFICIENT
A. Effect of Wall Shear

In Reference 10 it was shown that viscous shear could have a significant
effect on the liquid moment at moderately high Reynolds numbers (~40,000).

"The pressure moments on sidewall and endwalls were opposed to each other in
<0)
v

all computations performed (C(LSM)P > 0 and C(LSM) , while the shear

moments on side and end walls were frequently of the same sign. Thus,the
partial cancellation of the pressure moments and the reinforcement of the
shear moments at times brought the two within the same order of magnitude.

Figures 2 and 3 illustrate the effect of viscous shear. At 1= 0.19 and
Re = 4x10“, e.g., the magnitude of shear moment is greater than 25% of pres-
sure moment, certainly a nonnegligible contribution. The difference between

C(LSM)P and CLSM increases markedly as Re decreases. The qualitative behavior

of side moment can also be affected by shear. Thus, at t= 0.10 in Figure 3,
the pressure moment coefficient increases monotonically as Re decreases to
103, while the total moment coefficient peaks at Re=6300 and changes sign at
Re=2500,

In Figure 2, C( has a maximum near the eigenfrequency of the 2nd

LSM)P
radial, 4th axial inertial mode (n=1, k=7) of the liquid as predicted by
theory.” The magnitude of shear moment, :CLSM)VI also appears to have a

masimum, though not as pronounced, in this region,

B. Comparison with Results of Murphy's Method

In Reference 10 Murphy solves the inviscid perturbation equations of
Stewartson together with the viscous-corrected boundary conditions of
Wedemeyer at sidewall and endwalls, and integrates the wall forces to obtain
moments without assuming that the coning motion is nearly in resonance with
inertial oscillations of the liquid, Comparisons between pressure moments
obtained by Murphy's method and our method are given in Reference 9, where it
is shown that agreement is good at very high Reynolds numbers but deteriorates
with decreasing Reynolds number,

Figure 4 shows a comparison of the total moment coefficients for the case
c/a = 4,291, ¢ = 0. For clarity the curves for Re = 103 and 10°® have been
omitted; the curves from the two methods are practically coincident on the
scale of this figure. For Re = 10* agreement is still fairly good; but for
Ke = 10° the discrepancies are large, and fo, Re = 107° the two methods give
CLSM'S of opposite sign, There is no discernable peak in CLSM for Re =

103 and 102 over the range of t considered. The separate pressure and viscous
moment coefficients for 2 = 105 and 103 are shown plotted against t in Figure
5. At Re = 105 the pairs of curves of the two theories are practically
coincident; at Re = 10?and t= 0.10, the C('SM)PlS differ by 30% and tne

" 's by a factor of Z.

(LSM)v
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C. Moments on Sidewall and Endwalls

Figures 6 and 7 illustrate the behavior of the separate components of the
side moment coefficient for a cylinder of c/a = 3.126, executing motions of
e = 0,02 and t = 0.020, 0.045. When Reynolds number is varied by changing
only v, as in the experiments of Reference 14, the moment varies directly as
the moment coefficient. It is seen then that ?ressure moments of both
Murphy's and present theory vary nonmonotonically with Reynolds number, both

on the sidewall and the endwalls. A major source of the difference between the :

results of the two theories lies in the methods of obtaining the outer flow,
or, as designated in Reference 10, the "inviscid" flow (see p. 15, paragraph
before Eq. (4.7)). The results in Figure 6 indicate that this difference is
small; the location of the peak is a function of the nutational frequency.

In Figure 7 the varijations of shear moments on the sidewall and endwalls
are presented; they are not monotonic functions of Re and are negative in many
instances so that they tend to damp yaw. From the natures of the present
theory and that of Reference 10 the results from the two should approach each
other for large Re. The resuits in Figure 7, and those for other values of 1,
show that this occurs for 2x10% < Re < 3.2x10% over the range .02 < t < .045.
These are surprisingly large values of Re for an asymptotic approach of the
results of the two theories. The differences in moment on the endwall, Figure
7b, are relatively small. The gradients there are obtained in the same way in
both theories; however, the outer flows are different. The differences in
moments on the sidewall, Figure 7a, are large for Re<l10*.  The methods of
obtaining the gradients on the sidewall are quite different in the .two
theories. The only significant difference in the results from the two
theories is found in Figure 7a. For the same Re and c/a, the yaw growth rate
(shown in Figure 11) computed from the present theory agrees better with
experimental data than that computed from Reference 10.

The variation of shear moment with Re on either the sidewall or endwall is .

not a simple power law. On the endwall, the shear moment would vary as Re
if the analytically determined outer flow were used to obtain the gradient in
Eq. (5.19), as explained in the discussion on Eqs. (5.19) and (5.20). The
nonmonotonic variation shown in Figure 7b precludes such a variation; a power
law variation would plot as negative exponential jin Figure 7b. The same con-
clusion holds for the sidewall, Figure 7a, except that for t = 0.020 (and
0.030, not shown) the shear moment is monotonic with Re. However, if a power

law fit, Re'n, to the sidewall shear moment is tried, 0.55 < n £ 0.81 is
obtained for 5x103 < Re € 5x105, Note that in Refere?c% 10, p. 34, it is
stated that all shear moment coefficients vary as Re~ / The results of

Figure 7 show that this cannot be the case.

11, W.r. D'amico end M.C. Miller, "Flight Imstability Produced by a Rapidly
Upinnivg, lighly Viccous Liquid, "JTournal of Spacecraft and Rockets,
Vol 16, Janvary-Febvuavy 1979, pp. 6o-64.
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VII. YAW GROWTH RATES: COMPARISON OF THEORY AND EXPERIMENT

Ultimately, the validity of the theory must be gauged by comparison of
theoretical and experimental results. Measurements of nutational frequencies
and yaw growth rates can be made in gyroscope experiments. The apparatus,
operations, and accuracy of these experiments are discussed in References 11
and 12; they are thus far the only type of experiments available for compari-
son with the theory. The gyroscope can be used because the equation
describing its oscillatory motion is analogous to that describing the yawiny
motion of a projectile. The relationship between gyroscope and projectile
motions is discussed in Chapter 2 of Reference 2., The moments of 1nertia

Ix and Iy in Egs. (2.2) and (2.7) necessarily include parts of the appa-
ratus., The term Iy M & in Eq. (2.2) is a gravitational moment arising from

the separation of center of mass and pivot point. It will be zero here since
these two positions are essentially coincident; thus - will be zero. The
theoretical quantities, 1 and ¢, are obtained by solving Eq. (2.7) for

f z (1-ie)r. The imaginary part of £q. (2.7) can be written

eig 1+ {len)/n) b L { Ger)/e } D= (2meae) g/t (7.1)

It was found that 1r-1n|/r +0.06 for the experimental cases; in fact,

[r-rnl/r <.03 in most instances. Thus ¢ varied roughly as (CLSM/Ix)'

In the experimeats circular cylinders were filled with liquid. Table 1
(page 30) shows the seven cases for which measurements were taken. The first
two cases are the ones shown in Figure 8 of Reference 12: Ix was varied by

adding flat metal rings around the cylinder, and corrcsponding changes in Iy

were made by moving a counterweicht to adjust the position of the center of
gravity of the gyroscope. Neitler Iy nor T was recorded; it was necessary to

ectimate Iy by a process which involved application of the Stewartson-
Wedemeyer theory (p. 19 of Reference 12). In the last five cases,lx was kept
constant and Iy was varied by moving a weight along a threaded shaft coin-
ciding with the longitudinal axis of the cylinder!!, The values of 1, and

Iy used in the runs were chosen 10 that the empty-shell nutational frequen-
cies, 1 (= Ix/iy),1ay in a range of values covering the eigenfrequencies

CR shown in the table. Reynolds number was varied by changing the liguias,

which were silicon oils of differing viscosities. The estimated nominal
values of Iy are 4,14x10% g cn? for Case 1 and 4.33x106 ¢ cm? for Casc 2.

The n and k identify the inertial mode whose nondimensional frequency is
C (=frequency/.).

I[n Table 1 the ncminal c/a is that value quoted in the appropriate
referencell, = In Reference 10 the term "fitted" c¢/a was introduced, As
used here fitted c/a is determined in the following way. Uncertainties in the
measurement of cylinder dimensions give rise to experimental errors in c¢/a
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TABLE 1. LIST OF EXPERIMENTAL CASES
Fitted Nominal
# Re c/a c/a n, k Ref.
1 5.20=10° 3.154 3.148 1, 3 12
2 9.00x10° 3.1582 3.148 1, 3 12
3 5.21x10°3 3.140 3.126 1, 3 *
4 1.01x10° 3.130 3.126 1, 3 *
........... T D S B

5 1.24%10" 1.047 .042 1, 1 11
6 2.4 :10° 1.047 1.042 1, 1 11

1.26x10° 1.047 1.042 1, 1 *

(Fitted c/a) ,
# Cr p{g/cm?) Ix(g cm?) a (cm)
1 0.0486 0.818 Variable 3.153
2 0.0515 0.960 Varijable 3.153
3 0.0495 0,972 8.23x10° 4,121
4 0.0532 0.972 1.08x10° 4.121
.............. U PPN N0ty U g SRSy U g

5 0.0437 0.966 7.94+%10° 6.359
6 0.0425 0.972 1.065x10° 6.359
7 0.0415 0.974 1.05%10° 6,359

prl g de cnmmr v 2 AN
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which may be as large as t1%.* Values of c/a lying within the error bound
about the nominal value can therefore be used in the calculation. The fitted
value is that which gives the best agreement with the data, judged sub-
jectively. It will be seen that the et vs 1 relationship is extremely
sensitive to c/a.

Results are presented in Figures 8-14 in the form of plots of yaw growth

‘rate versus nutational frequency. 1In ail cases theoretical curves are drawn

for fitted values of c/a, and in two cases (Figures 10 and 12) also for the
nominal c/a. It is evident from the seven cases that agreement between theary
and experiment is better for the c/a = 1.0 than for the ¢/a = 3.1 cases. It
is not understood why this is so; it may be related to the fact that resonance
is excited for a simpler axial mode (k=1) for c¢c/a = 1.0 than for c/a = 3.1,
where the k=3 mode resonates.**

In Case 1, Figure 8, the two theories agree with each other at the high
Reynolds number, as expected. However, the agreement with experiment is not
as good as anticipated. The uncertainty in Iy previously mentioned is partly

responsible. Comparison of peak locations is not possible because of lack of
sufficient experimental points to delineate the maximum clearly and because
of scatter in the data. In Case 2, Figure 9, discrepancies between theory and
experiment are small, although percentage errors are large., in Case 3, Figure
10, the agreement is poor for the lower range of nutation rates. Overall,
present theory results show better agreement with experimental data for Cases
2, 3, and 4 (Figures 9, 10, 11) than do results of the theory of Reference 10;
it is expected that the two theories would disagree at lower Re.

We consider the three cases for the c/a=1.0 cylinder. For Re = 12,400,
Figure 12, the data and the two theories agree quite well, For Re = 2400,
Figure 13, the present theory agrees somewha* better with experiment than does

the theory of Reference 10 in the prediction of <t [(er)max] 2 T for Re =

1260, Figure 14, it gives the better overall fit to the measurements. The
results in Figures 12-14 for Re = 12,400, 2400, and 1260 show that (- for

nominal c/a exceeds Cp by 21%, 42%, and 58% (referred to rm), respectively, a

monotonic increase with decreasing Re. These differences are all greater than
the corresponding differences for the ¢/a=2.1 results. The magnitude of
(g“~CR) provides a measure of the departure of the Stewartson-iledemeyer

appro:imavion from our theory. The present theory and that of Reference 10,
which is an improvement on the Stewartson-Wedemeyer theory, yield essentially
the same results for the c/a~1,0 cases. Evidently, both c/a and Re determine
the differences in the results of the two theories.

o Ea N ety L yrr ‘ - 2 L
* WV E, Dlimieo, urivabe cormunioalior,

A% Tho mode nuwnmber, k, occurs in tne flow golutiov; see Fas. (4.7) wnd (4.s).
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The calculated yaw growth rate is quite sensitive to small changes in
c/a. This can be seen in Figure 10, Case 3. The nomiral value of ¢/a gives a
L8 which is 13% less than that for the data, whereas the fitted value gives a

T, 3% less. The calculated (er)max are 31% and 11% greater than the experi-

mental maximum for the nominal and fitted values of c/a, respectively. For

3.126 < c/a < 3.140, the calculated T and (er)max would lie bhetween the two

curves shown in Figure 10. Thus, no choice of c/a will give a clearly superior
result.

Sensitivity of the et vs t curves to changes in aspect ratio is further
illustreted in Table 2 for the parameters of Case 3. The results show that a
0.8% change in c/a produces a 32% change in (er)max and a 13% change in ™

Even over this small range of c/a,both quantities depart noticeably from a
linear variation. This sensitivity has important implications for the theory
vis-d-vis results from laboratory experiments and field firings. With some
care it is feasible to control c/a to within tolerances of, say, 0.5%, or even
less, in labcratory experiments. Deformations of the cylinder would have to
be accounted for; some possidle causes are clamping of cylinder, compression
of the liquid upon installation of the top, and temperature changes. In the
experiments quoted here, it appears that ¢/a was known to an accuracy of

+0.5%. It is probably not feasible to control c¢/a to that accuracy in field
firings. Typical manufacturing processes allow the internal dimensions of tne
cylinder to vary by much more than that. The application of the theory to
such cases is then questionable,

TABLE 2. MAGNITUDE AND LOCATION OF (et)

max
c/a (sr)max Ty =T [(sr)max]
3.126 1.358 x 1074 0.046
3,140 1.600 =x 107" 0.050
3.150 1.788 = 107" 0.052

VIIT. CONCLUSTONS

We have deveioped a method of computing the moment exerted by the spun-up
1iquid on the casing of a filled shell that is spinning and nutating. In
addition, we are able to predict the nutational and yaw growth rates of the
projectile's angular motion.

The output yielus, separately and in combination, pressure and viscous

shear moments on sidewall and endwalls. The applicability of the method is
restricted to small angles of attack because of linearization of the Navier-
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Stokes equations and to late times in the flight history because of the as-
sumption of initially unperturbed solid-body rotation. There is, in addi“ion,
a Reynolds number limitation resulting from the presence of an error of

!
order O (Re” ). The permissible smallness of Reynolds number has not been
definitely determined; there is an indication that it depends on the oscilla-
tion mode primarily being excited.

Limited parameter studies of moment coefficients indicated that sidewall
and endwall pressure moments opposed each other and that viscous shear moment
was often not negligible. Otherwise, no simple trends were discerned relating
the relative contributions (sidewall, endwall, pressure, shear) to the side
moment with the various parameters of the problem (Re, c/a, T, €).

Comparison of side moment coefficients with those of Murphyl!0 showed good
agreement for high Reynolds numbers, but increasing divergence with decreasing
Reynolds number, For the sidewall viscous shear monent the relative discrep-
ancies were large for Re < 1,000 (Figure 7a)., However, the corresponding
discrepancies in yaw growth rate were not necessarily large also. For
example, the parameters of Case 1 (Figure 8), substituted into Eq. (7.1), led
to the following relation between the discrepancies a (et.) and & (C, cy):

n LSM
A (et n) = 0.0012 A (CLSM).

Yaw growth rate outputs from this theory were compared with results of
Murphy 's theory and with measurements from gyroscope experiments. At high Re
the differences between the two theories were small but increased with de-
creasing Re. Further experiments covering the parameter space in more detail
are needed to provide a better assessment of the theory. All the experiments
treated here have Re < 12,400 except for Case 1, which has an uncertainty
in Iy. Thus, the most obvious need is for experimental results for Re »

50,000, In projectile firings values of Re,up to several million are common-
place.

The sensitivity of yaw growth rate to small changes in c/a, discussed at
the end of Section VII, is a signilicant result. This effect has been known
for some time; the theories of Reference 10 and the present paper have pro-
vided a definitive demonstration of it.
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.. LIST OF SYMBOLS

a cross-sectional radius of cylinder [cm]
A, B functions of r defined in Eq. (4.12)
c half-height of cylinder [cm]

= c/a, aspect ratio

LTy T e TEITONTINTT P L,
-l T
on

Ca natural oscillation frequency of rotating liquid/é
CLM 1iquid moment coefficient = Clsm * 1 Clins Eq. (2.9)
b CLIM Jiquid in-plane moment coefficient = C(LIM)P + C(LIM)V’
( £q. (2.6)
f_ CLSM liquid side moment coefficient, Egs. (2.6) and (5.15)
b
b ; e -
:‘ C(LIM)P pressure in-plane moment coefficient = C(LIM)PL + C(LIM)PE
b
;.: C(LSM)P pressure side moment coefficient, Eq. (5.14)
b C(LXM)V v1zcous sheirr1n-p1ane moment coefficient =
! (LIM)VL “(LIM)VE
é'i C(LSM)V viscous shear side moment coefficient, Eq. (5.14)
{T: C(LIM)PE endwall pressure in-plane moment coefficient, Eq. (5.13b)
F! C(LSM)PE endwall pressure side moment coefficient, £q. (5.13a)
F* C(LIM)PL sidewall pressure in-plane moment coefficient, Eq. (5.7b)
b . s f . N
ﬁ' C(LSM)PL sidewall pressure side moment coefficient, Eq. (5.7a)
b4 C endwall viscous shear in-plane moment coefficient,
?g (LIM)VE Eq. (5.134) P
r . .
¢
b . ) .
£ C(LSM)VE endwall viscous shear side moment coefficient, Eq. (5.13c)
; C sidewall viscous shear in-plane moment coefficient,
b g (LIVL £q. (5.7d)
P . . . .
E C(LSM)VL sidewall viscous shear side moment coefficient, Eq. (5.7¢)
? dA nondimensional wall surface area element, Eg. (4.20)
Fe
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dF~, dF~
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“zge Mzt

Mezer MLz

fives Nzg

side

nondimensiOn%'l2 stress force exerted by liquid on dA
(Force/(ea ¢ )]

radial, azimuthi],2 and axial components, respectively, of
dfF [Force/(pa ¢ )]

bl

components of dF in y and x directions, respectively
= (l-ie)t, complex representation of angular motion,
Eq. (2.4)

moment of inertia of empty shell about its longitudinal
axis [g em?2]

transverse moment of inertia of empty shell about its
center of gravity [g cm2]

index of axial eigenfunction and eigenvalue, Eas. (4.7)
and (4.9)

yaw amolitude at time t = 0

er&t
Koe

, yaw amplitude at time t, Eqs. (2.3) and (2.4)
nondimensional x (and X) coordinate of pivot point

mass of liquid in cylinder = 2mpa% [q]

aerodynamic (or gravity) moment parameter, Eq. (2.2)
y and z components, respectively, of liquid moment
[g ecm?2/s2]
bottom and top wall contributions, respectively, to
~ 2762
M ; (g cn?/s?]
endwall and sidewall contributions, respectively, to
~ 2/¢2
MLZ (g em2/s2]
index of radial mode for eigenfrequency, CR

components in the y, z plane of a unit vector lying on the
X-axis
unit vector normal to sidewall; similar definition for

Ntop’ £g. (4.19)
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A

pzp +ip nondimensional r, x variation of perturbation pressure,
- Eq. (4.1) [pressure/(Kopa2$2)]

p series solution contribution to p in Eq. (4.4)
-H -
PNS total pressure/(pa2$2), Eq. (3.3), solution to Navier-
Stokes equations
p particular solution contribution to p, Eq. (4.3)
-p -
* . ’
p perturbation pre55ure/(Kopa2¢2), Eqs. (3.3) and {4.1)
p, (1) coefficient of sin A x in p series, Eq. (4.7)
P unperturbed pressure/(pa2¢2), Eqs. (3.3) and (3.4)
. r radial coordinate in inertial system/a
r radial coordinate in nonrotating aeroballistic system/a
Re Reynolds number = a2j/v
i t time [s]
U, v, w, p nondimensional r, x variation of outer solution of flow
problem
U, v, W nondimensional r, x variation of perturbation velocity

components, Eq. (4.1) [ve]ocity/(Ko$a)]

* +* *
U, v, W nondimensional perturbation velocity components in .
inertial system, Eqs. (3.3) and (4.1) [velocity/(Ko¢a)J
* * *
a, V, W nondimensional radial, azimuthal, and axial perturbation
velocity components in aeroballistic system, fg. (3.5)
[ve]ocity/(Ko¢a)]
o Ues Voo Wes P composite solution contribution to r, x variation inflow
problem, Eq. (5.16)
U,V ,w series solution contribution to u, v, w, Eqs. (4.2)
H H H and (4.4)
e Ujs Vis Wiy Py first term of inner solution, Eq. (D5) of Reference 9
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Yier Viee Wi

UNs® YNS® NS

Up» Yor Y0 Po

o 0 0
Uo, Vo, w0

Y01 Vo1’ Y01’ Poi

0 0 0
v w
Yo1? Vo1’ Yo1

U ., VvV , W
P’ %

Y Yy

wl

coefficients of sin xkx and ¢os A\ x in u, v, w series,

Eq. (4.7)

nondimensional radial, azimuthal, and axial velocity
components, respectively, in inertial system (Eq.
(3.3)), solution to linearized Navier-Stokes
equations [velocity/(éa)]

k

first term of expansion of outer solution in Eg. (D3)
of Reference 9

first term of expansion of Uys Voo ¥y I Eq. (D7) of
Reference 9

second term of expansion of outer solution in Eq. (D3)
of Reference 9

first term of expansion of Up1s Vo1 %1 1M Eq. (N8)
of Reference 9

particular =olution contribution to u, v, w, Egs.
(4.2) and (4.3)

real and imaginary parts, respectively, of u

(similar definitions for Voo Yy and v, !E’
Eq. (4.2))

nondimensional radial, azimuthal, and axial velocity
components of unperturbed flow, Eq. (3.4) [velocity/
(¢2)]

nondimensional rectangular coordinates in inertial
system (x-axis along trajectory) [length/a]

nondimensional rectangular coordinstes in
aeroballistic system (x-axis along cylinder axis)
[length/a]

= C - x in Chapter IV (Eq. (4.11) et seq.)

functions of f and Re defined in Eg. (4.10)

angle in vertical plane measured from the x-axis to
the velocity vector

angle 1n horizontal plane measured from the x-axis to
the velccity vector

correction term in endwall boundary ccndition, Eq.
(4.10)
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LA .

= (1/1) = yaw growth per radian of nutation

polar angles (azimuthal coordinates) in inertial and aero-
ballistic systems, respectively

eigenvalue in the axial problem, Eqs. (4.7) and (4.9)
kinematic viscosity of liquid [cm?2/s]

vector describing angular motion of cylinder, Fq. (2.1}
density of liquid [g/cm3]

nutational frequency of cylinder/ ¢

nutational fregquency of empty shell/é, Eq. (2.9)

nondimensional components of stress tensor, £q. (4.15)
[stress/(pa24?)]

= tit, angular orientacion of X-axis in the x, y, z system

spin rate of cylinder [rad/s], taken to be positive
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