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ABSTRACT

The stability of a finite difference scheme is related explicitly to the ,

stability of the continuous problem being solved. At times, this gives

materially better estimates for the stability constant than those obtained by

the standard process of appealing to the stability of the numerical schem for

the associated initial value problem.
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SXGNI'ICANCB AND EMPANATION

A popular explanation of the stability of finite difference schemes for

two-point boundary value problems relates it to the stability of the

associated initial value problem. In effect, use is made of the simple fact

that, on a finite dimensional linear space (viz. the nullspace of the

differential operator) and in any norm, any linear map is bounded.

Numerically, the argument is equivalent to solving the problem by shooting.

But, much as multiple shooting often is necessary to overcome the large

stability constant of the initial value problem, so other means should or mot

be employed. xnowledge of this constant is important for judging the

condition of the nmerical scheme. Also, when solving a problem on an

infinite interval by truncation, it is important to know just how the

stability constant depends on the interval on which the problem is being

solved*

In this note, we carry out this idea for a first-order system of linear

ordinary differential equations and for one-step methods. The slightly more

complicated case of multistep methods for a system of -th order equations is

treated in the companion paper de Door & de Hoog 1198?]. no mesh restric-

tions, such as uniformity or quasi-uniformity, are imposed.

The responsibility for the wording and views expressed in this descriptive
summary lies with NRC, and not with the authors of this report.



The stability of one-step scheme for first-order two-point

boundary value problem

by

C. de Door ,' F. do Hoo;* and H, 3. Mellor**

1.* Intrdution. To paraphrase the first sentence in the preface to Raudkivi

-. (19601,* the stability of finite difference schemes for two-point boundary value

problem "is well understood, but far from eXPULned. A Popular explanation (2ee,

e.g., Kller 119761, Koller G White (19751,* and a typical use in USnr & Viederdrenk

(19603 or Lynch & Rice 119801) relates it to the stability of the associated initial

value problem. Zn effect, use is made of the simple fact that, on a finite dimens-

ional linear space (viz. the nullepace of the differential operator) and in any

norm, any linear map is bounded. Thimerically, the argument is equivalent to solving

the problem by shooting. But, much as mnatiple shooting often is necery to ovr-

ome the large stability constant of the Initial value problem, so other means

* should or muast he employed if one Is actually after the precise stability constant

of the difference schem employed. Knowledge of this constant is Important for

* ~Judging the condition of the m nrical scheme. Also, when solving a problem on an

infinite interval by truncation, it Is important to know just how the stability

*constant depends on the Interval on which the problem Is being solved.
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IMs obvious sewem for this Information Is ths stability constant of the con-

tinuous Probim. Usually, the stability constat of the numerical schem approaches

that of the esetimmus problem as the manhsies goes to zero and hence can be

V Inferred from thse latter. 2bis Ides is Implicit in Kreisal [19721 treatment of

finite differaee aohae. %ak Soviet literature, as exemplified by Xantorovich G

Akilew 119641. use this Idea explicitly in the abstract treatment of projection

uhdefer the solutice of second kind equations. it can also be found in the

literatue s chick foilir Stummel (e.g.t O r~vigrif 1[19701).

in this afte, we evy out this Idea for a first-order system of linear ordina-

ry dif ferential. egestlems and for one-ste methods. lbs slightly more complicated

case of maltistep methods fr a system of m-th order equations is treated in the

compaios paper do Dsera do Urne [191? no mash restrictions, such as uniformity

or quasi-umiforaty, are impaoed

We consider the problem of finding the a-vector valued function ys [0,T] --. SP

* which stisties the differential equation

& - f 01a)

with side esdLtien

My a b *(1.1b)

swrep L Is the first order linear Iiferential operator

Ly I- yo- AY

with Au 10.9) .-- I eseatiammses and

BY to 57(0) + 55Y(Y)

with %, . i' . 2M lbfunction ft [0,11 --4 MP and the ti-vector b are given.

it Is Well knw [Ales, e.g., teller 119 7 6pp.11) that (1.1) has a solution if

and only If the mets in ST is seusiugular, with T any fundamental matrix for L

ItCs . -- , !' such that L O0

-2-2
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~ LIn particular, ase that T 1. the fundamental matrix associated with the Initial

value problem, i.e..

'r, J-) -, P , LY -0 T(o) - I

futhter asee that BY is Invertible. Then, for any ye4 (L,;')Io.,I r

y - Iy + Jo G(O's)(Ly)(0) as (1.2)

with

NOt 8- Y(t)(S!) 1  (1*3a)

and

Oft's) 6 (t) eo(O) *(s( * O0sct (1.3b)
'-6t) 6() (s)t , tS(

* Knowledge of T , hence of Green's function a , makes it poesible to calculate

stability constants. Denote by 101 any convenient mom. in IP as well as the

corresponding atrix Dorn. Also, let

4with *yIa s- suptnIy(t) I its limiting value as p -- )o Then (1.2) Implies

the difexenatial stablity neltim

K131 cp MyIp

with Interim stability emetent

c so SUP (Ij G( e~s)a(s)dslo/IslI a 9 (L to,?] r
p [TIOp p (1.Sa)

a ~ ~ ~ ~ ~ ~ ~ / [J (.. 1 dl/I * p+ 1/qi -

and side emfditism, stability mstant

1 3- 11. (1 o5b)

of particular interest for us are the special choices p a 1, a which give

-, a G Soo and c. - 112010('s) idl, (1.6)

and correspond to measuring the six* of Ly. I.*., of f in (1.1), by III, and

IfI*,, respectively. It Is worthwhile to consider both these choices, a the

-3-
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-. following Mavis illustrates. chose[A0, 2[' 2l, 0 0
4 e 

'  
-1

.s1o- 1 [ ' .0

1' . 0J  Oft's [,

2 1 1 (

p.

Fomthisnge e alluate .Ces

0 _T cl 0 _ -a-t

If T Is not large, them p - 1 is a desirable choice because it allow f Ly

-" * to have Integrable sinGlarities. On the other bad, if I Is large, as would be

the case when a boundary value problem on a saemilfinite Interval is approximated by

a problem on a finite interval, then p = a my be more aW Iate. ror example,

if Ly I , them EIql o - 1 regardless of 9 , while ty11 a T . and so, ws e of

p - 1 would lead to linear growth in T in the estimate (1.4).

It is obvious that OP depends em the side conditions. in partioular, the

, problem (1.1) may be well oonditimed (i.e., have K and ep of acceptable else)

Swhile the associated Initial value problem is edly conditioned and vice versa. In

any cae, using the initial value problem to estimate the stability constants for

(1.1) ounts to estimating the sie of I0(t)I by I(t)II(3)'-I , and this amy

well be a bad overestimate.

2. Stalblty Of ens-fto s *. Let A - ,n be a mish for 10,T)

too.,

"sr such a mesh, we ue the abbreviatism

hj so tj-tj and h so maxj h1 •

-4-
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with any function YIN --.3 IP defined on some met 14 containing A, we

associate the step function X and the broken line y soth agree with y on A

i.e.*
~~~~~ylt) - (t) - (t )e 0..,

The function X is piecewise constant (in each component), with breakpoints t 1

.... t N , and is continuous from the right, as is Dy (to be precise about it). The

function y Is picewise linear, with breakpoints t % • I • . 1 , and continuous.

As is customary, we denote by

nA

the collection of all n-vector valued me fun tians ys A .- 4 A . go identify each

such function y with its step function interpolant. In particular,

V
lyl p I- I ,, hiIy pIP) 1 p ,"P

yet we use

i instead of y(tj)

for the value of y at tj . Ws write X instead of y if we want to stress the

fact that y is a mesh function. Finally, we associate with any n-vector valued

function y on (0,21 the real valued mesh function Iyj given by

i 1Y1~e} s" sup ly(t)l a tIt C t 4 t +1 ) , J=0.,-I

Us approxmate the solution of (1.1) by the mesh function y which satisfies

- (2.1)

with

+ Y.:(LAY) to i+ - C #')i I J-0 .... ,,-,.

more, A is a linear map carrying mesh functions to mesh functions. We give ex-

amples later on.

Zn this section, we are not concerned with the details of this approximation to

(1.1). We only give suitable conditions on AA which allow us to connect the stab-

,.

.. : - ;- 4--.-...---,---..-.--.-.-....... ... -......... ............. ....... ....... ..

*A,* *,,, , -. -'. ' ...-.... , ..... ; ........... .......... ... .-" ."........ ....- .-.-.



ilLty of the continuous problem (1.1) with that of the discrete problem (2.1). W e

begin with the following

Om tItm (p). There exist functions d, jknd d2  independont of A iujh

I &ay - LlAI p 4 d1 (h)ly10 + d2 (h) ILayIp , for all y U (3 ?) A 
* (2.2)

Pqositime 1. ]VJ 1 • p 4. If Condition (p) holds, then the dfaers

abmut relaumm

lyie • KInl + cp(1 + d2 (h))lLAl p + c pdl(h)ly (2.3)

holds for all y 6 (if)A  Lf d2(h) stave bounded while d1 (h) -- % 0 as h-Do 0,

t ives a stabilitv constant for the discrete scheme (2.1) for all suffcen_ ly

mall h . if also d2(h) --b 0 as h -- 0 , the resulting stability constant

aoproaches that of the continuous problem.

elzo . For any mesh function y , we have

Ly- Lay + AJ-Ay.

Therefore#, frm the differential stability relation (1.4),

IYI - n;n. 4 KiDyl + c( np L U+IIA Y - A' ) •

This together with (2-.) implies (2.3). 11I

For any 1 ( p 4 a, Condition (p) is implied by the

..al C oeftlo. There exist a function l and constant&d2 ad r independent

o A such that

IAAY - AYIAj 4 1 (h) 1 + 2 Z h i l(LAy)I for all y • (MP)£ (2.4)

,xpLcitly, this local Condition implies Condition (p) with dI  T1 /P1  and

42(h) - (2r+1)h% . To derive this, note that

C I hiI(L&yI)P 4 ((2r41)h)" . h I(Lgy)LIP

I I

. -6*

.9- .S S * 5 . .4.
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therefore
.4.

sla - A I I - T2. fthe alyonto 2 holds thn the d iffLe)tiliPt'p

and t obawwation

y ht: 4 hKiI (L4Y) c 1( * h I(L,):LIP -4 (2rl)hy(2P

finhols the argmato fte Tl. Conditionlso 0imlis the following refined

i estabi~lity estimate.

• Preoeftle1s~ 2. if th Zocatl ConditiLon holds, than the differ'ence stabilty

"Preef Now, from (1.2),

1y1. 4 KIlnl c ., 1 + cI. IJ+G(os)I lag - A;I,1e) agol.

Hare, with (2.4), the last term is bounded by

,(h)NY- + 21 Z J I v-, )I1 as z h (LAY)i I.
j j I i-JI 4r

and, In this, the last term is bounded by

12 mxj hc I (2r+l)lL, 1 .III

UmDv . Fram (1.6) we see that %* 4 Tl Thus (2.5) improves the final term

of (2.3) and makes the h-dspendence of the function 42 in (2.3) explicit.

The argument for Proposition 1 is easily reversed.

PrqasilesL 3. Let 1 p 4. If there exist functions e and o2  WIE-

dent of A such that

1IAAX - AylAl 4 e1(h)lyl + e2 (h)lLyl for all y e (L(l1[0,T]) (2.6)
- -p

andfunctions d op sothat, forall A with h<h o

-7-
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Myl ( (h0 )nyI ,(h0)ILgyI p  for ill y e (e)A

then

lyla 4 K(h0)lIyl + Ic(h0)(1 + e2(h))lltylI + cp(h) hlyl (2.7)
0 p 0 2  p 0, 0(py 27

for all y e L 1) ) n and all A with h < h0 . This provides a stability etinate

for the continuous Problem provided e2 (h) remains bounded and el(h) --N 0 an

h -- ) 0 .

-IPre . Let A be any mesh with h < ho and let y . ( ( 1 )n . By assumption,-p

whil NIl 49 K(h0 )13y I + cp(h0 )lLy pL ,

LA - Ly - ( A)

-
Therefore

.m4 K(h)IByI + a,(hb)ILvl 4+ c p(h0 ) IAkX - Ayl AIp

and the bounds (2.6) now allow the conclusion that (2.7) holds, with y there

%,-. replaced by y , for any sufficiently fine A . But then it must hold for y , too.

III

3. mEMNVs. A very transparent example is provided by the omtereld mW

scheme. Zn this scheme,

(LAy)j - (LY)(t+ 11 2) all ,

hence

(Ay) - (Ay) ) (t A(t+ 2) .

Therefore, on the interval (t 'tJ+1),

Ag A y -(Ay) (tj~l/) - A * (Mt,.l/)-A); + -~ A)(

?urther,

21 /1) -y(t) -(t -j'2);

and

i -8

" / .-. ..-, . ... . . : --. . ,. . . . . . . . . . .. -. .. e t LA + (A.! . . ..



Thus

IA&AyI& 1 4 (nA'n1yu,+ Ina,.I( ) Il . n

This shows that the Local Condition holds with r - 0, I,(h) - h(R'1. + AI.)/2,

and d2 - IA1/2 . Correspondingly, the stability constant for the centered Eulor

soheme is within 0(h) of the stability constant for the continuous problem being

solved.

It Is also possible to bound JAAX- AyjAj in terms of Ly . We have

AX- A - (A(tJ41/-) - A)y(t 1 /! + A(Y(tjo/) Y

on (t,,tj+,) . Further,

and

y0 - Ly + Ay

t
* IAAIA 4 IAIhj/2 lyle . + AIY/1  ft 1 1+(Ly)s)Ids + t&A jh1UyI,1)

This shows that (2.6) holds with e1 (h) - h(1A' n1 + 1AI)/2 and e2 (h) - h n A 1./2

A slightly more involved example is given by the choice

CAy) 1" I ' jkA(t.J+k )l +kIkI's3

w ith 

Z j

jk 0 0 for k e [oEy

For this scheme and on (tj1 t4+j)

AA y- Za *&(t ~~y~ - AY
k

. E ajk( (AY)(tJ4k ) -A;
k

and

(A,)(,tj+ - -(Ay - -AtI+k)((t J.k

-9-
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NoW consider ;(t i - y •:f k 0 ,than

y(t k ) - 7(t) - ;(tJ+k) - J4k.1 + + (tj+l) - )

- =1 h J+m +m +  (tJ+ 1-t) y"j

with h , a), 0

LtJ+l-t , an - 0

A similar fomila holds for k < 1 From this, we conclude that the L1 Condition

is satiefieod with r - s , d, (h) - h r a(1A I. Ara +an 1A1I I

4. Related Certain discrete schmesa are so closely related to

the continuous problem that it is natural and advantageous to exploit this interplay

directly. We consider two specific instances, multiple shooting and algorithms based

on approximating the differential equation.

in fMultiple Shooting applied to (1 * 1), we are led to the system

Y +" Y(tj+ 1)Y(tJ) Iyj - g :mO,...,U-1e

nOyO + - b

with gi s- T r(tj+l)y(s) '1f(s)ds all J. A simple analysis of this system

can be based on the fact that yj - y(tj) , with y the solution to the problem

L~ y - yb,

and
Y Y(tj+l)lgj/h1  on (tilt,+,)

Therefore

b + )-0 -

and so

yi ~ 4 Nt)b+iAG(t 'tj+ )d~

Under suitable assumptions, this leads to bounds for lyl, as, e.g., in Nattheij

-10-
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.4

* as an example of the second kind of method, consider the approximating problem

Ly f- , By b (4.1)

with LAy - ' - Jy , and , piecewise constant approximations to A and f

respectively. Since LAy - Ly + (LA-L)y , we obtain

lys. 4 c lLyl + Klyl + c.lh - ILQlyI|. (4.2)

The approximating problem Is thereforea stable If

:" eol .A-U 1.

Often, c. may be, quite rsmal. For example, in many singular perturbation problems,

A " C/a and a.- e

therefore 1 - c..IA-l.- 1 - dlCl-I. in such a came, we conclude fram (4.2) that

IYEl, 4 KI~vl + G6ElvE
+dIMS~

This Implies that the convergence of the solution X of (4.1) to the solution y

of (1.1) is uniform since L(y-) - -(A-J)X and D(y-) - 0 * therefore

Iy -S X.4C dic - -4.X,( dUC-I

K. b

-, -11-
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