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VABSTRACT

The amount of interaction between a fluid and a compliant

coating is studied for a one dimensional shear fluid disturb-

ance. A thin inhomogeneous viscoelastic layer is located at

the interface between the fluid and the coating. The fluid is

assumed to have no mean flow field. The effect of different

coating properties, thickness of compliant coating and of

transition layer as well as the frequency of oscillations are

analyzed.
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I. INTRODUCTION

The drag of a body can be decreased by a compliant coating

only if a considerable amount of interaction exists between the

fluid and the coating. The coating has to be able to be

excited by a fluid disturbance and, in turn, the coating

disturbance has to change the characteristics of the fluid

disturbance in such manner as to decrease the overall drag of

the body.

In typical applications, the flow field will have either a

laminar or a turbulent boundary layer. For low Reynolds

numbers (air application), the boundary layer will typically be

laminar whereas for high Reynolds numbers (underwater applica-

tion) the boundary layer will be turbulent. The interaction

phenomenon required for drag reduction may be totally different

in the two cases. The drag of a body with a laminar boundary

layer will consist mostly of the drag due to skin friction.

The drag of the same body but with a turbulent boundary layer

will, however, be influenced the most by the magnitude of the

Reynolds turbulent stresses. The drag due to the laminar

sublayer is always smaller than the drag due to the normal

Reynolds stresses acting on a wavy wall (fig. 1).

In order to properly model the fluid-structure inter-

action, as represented by the flow fields discussed above, two

types of fluid disturbance should be analyzed: shear disturb-

ance and normal (or longitudinal) disturbance. The shear

disturbance will serve to simulate the interaction of the fluid
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4 with the coating for either the laminar boundary layer case or

* the laminar sublayer underneath the turbulent boundary layer.

The longitudinal (or acoustic) disturbance result will be used

to model the interaction between the Reynolds turbulent

stresses and the compliant surface.

The parameters which govern the local properties of a one

dimensional medium can be taken to be the density and the local

wave speed of the medium. A disturbance traveling in a given

direction will be partially reflected whenever a discontinuity

in the properties of the medium exist. The interface between a

coating and a fluid is an example of a medium discontinuity.

If the effect of the discontinuity could be ameliorated then

the reflection and the transmission of energy from one medium

to another could be changed. A transition layer which spreads

out the discontinuity between the two media, in a gradual

manner, can be expected to increase the magnitude of the

interaction between the two media. The properties of the

transition layer may vary continuously from that of a solid on

one side to that of a fluid on the other side. Alternatively,

the transition layer may be assumed to be an equivalent layer

whose properties are determined by the overall local motion of

the surface of the coating (Fig.(2)). The transition layer

will thus exhibit the properties of an inhomogeneous layer with

continuously varying properties (Fig. (3)). Thus the transition
:!

layer can either be designed as part of the compliant coating

or it can be thought to be an integral part of the coating with

the mean transition layer properties due mainly to the
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inability to properly identify the location of the interface

being forced in a random manner by the turbulence; in this

context, then the transition layer will acquire average

properties of the solid and the fluid and the actual magnitude

of the properties will depend upon the average of the space-

time history of the surface motion at each location.

In the two previous reports,1, 2 the distribution of both

shear and normal disturbances, due to a disturbance at the

bottom of the compliant coating were studied (Fig. (4)). The

results indicated that the transmission of shear disturbances

into the fluid can be altered considerably by the presence of a

* thin transition layer.1 For the same'conditions, longitudinal

(or normal) wall disturbances will be affected by the

transition layer in a much reduced manner.

Pedersen et a13 have shown that an inhomogeneous layer

with an exponentially varying impedance at the interface

varying from that of a solid to that of a fluid increases the

acoustic energy transmitted from the solid into the fluid.
S.
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II. ANALYSIS

The analysis consists of the derivation of the governing

equations for the fluid, the elastic solid and the transition

layer and the numerical technique utilized to integrate the

resulting differential equations.

J1.1 Fluid

Consider a one dimensional fluid disturbance located at a

distance h from the lover wall (Fig (3)). The equations

governing the fluid motion, in its most general form are the

Navier-Stokes equations and the continuity equation.

Dyl aTllf a l2f
Dv2

-~ Dt- ax ay
O D 2 f 3T2f (2)

ax + ay

Dp- + P (! 2) =0 , (3)

where Is the material derivative and is given by

+ v + v2  (4)

V, and v2 are the local fluid velocities in the x and the y
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direction respectively and pf is the fluid density. The fluid

stresses TlifI T 1 2lf and T22f are givenby

*r11f4 a12f 2a2 egvnb
Till f =-P + y (5)

T12f  T 21f [ax avv1  (6)

T22f -p+i 2 + 4 2] (7)

where p is the fluid viscosity.

For a one dimensional fluid shear distrubance, the v 2

component of velocity term will be zero. If the fluid

disturbance is assumed to vary sinusoidally in time,

v, = v, exp(-iwt) , (8)

then the governing equation reduces to

d U ( - + if v o . (9)

11.2 Solid

The fluid disturbance will propagate from its source to

the fluid-solid interface, where the no slip condition and the

-5-
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continuity of stress will cause the disturbance to propagate

into the fluid.

The generalized equations for the motion of the solid are

the Navier equations:

P 5s 1 = a1T + at2  (10)

3T21 s + 22s 
11)

SZt ax By

where Psis the density of the material. The solid particle

displacements in the x and the y direction are ul and u2

respectively. The solid stresses are linearly related to the

particle displacements u1 and u2 s

2G au 1 u2
T 1(1-v) - +v- (12)uis TV a[ a1 y

.T 12s 21s = Ga + Wx-1 (13)
lay- Ia

S22s  (-v) , (14)

where G is the shear modulus and V is Poisson ratio. In

general G will be a real number if the solid is purely elastic

and a complex number If the material has damping properties.

If the fluid disturbance is a shear vibration and is

.- Independent of its x location then the solid will, by

*necessity, vibrate in a similar fashion; thus equations 10-14

are combined into an ordinary differential equation

d du1
T(G-) - 0s 2 - -6- (15)
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For an inhomogeneous viscoelastic medium, the shear

modulus G will be a complex function of y.

11.3 Unified Theory

The differential equation governing the fluid motion (Eq.9)

,and the equation. governing the solid motion (Eq. 15) are

seen to be very similar. For a fluid disturbance with no mean

flow field, the fluid disturbance velocity vj is related to the

particle displacement u1 by

v I  -iWu. (16)

The vibration of the fluid-solid system can be combined

into a unified equation given by

d dul1
a (K y + pW2u I = 0 (17)

The parameter X is given by

G solid

K M (18)

-iU fluid ,

and the density p is either the solid or the fluid density.

The transition layer interposed between the fluid and the solid

will be assumed to vary exponentially from the shear modulus C

on one side to the fluid viscosity p on the other. The

-7-
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discontinuous parameter X can thus be written as

K(y) = -iPw + [G + ipwl exp(- y/,)n . (19)

For values of y close to the inner wall, the elastic solid

properties are recovered and for values of y far removed frc

the interface region (i.e. y >>I), the fluid properties are

obtained. In equation 19, 2 is the nominal thickness of the

compliant coating and n is inversely related to the thickness

of the transition layer. In the limit as n = , the thickness

of the transition layer approaches zero and the classical

elastic-solid-viscous-fluid equations are recovered.

Equations (17) and (19) can be re-cast in dimensionless

form and become

d - H du ) + rR, = 0 (17a)

H(y) = -iR + (l+iR) exp(-y/,) n  (19a)

H is defined to be equal to K non-dimensionalized with respect

to the shear modulus G. For simplicity, it is assumed that the

fluid and the solid have the same density; this is a good

* :approximation for a rubber type of coating immersed in water.

R is defined to be the square of the ratio of the speed of

shear disturbances of the fluid to that of. the elastic solid. r

'* is defined as the ratio of nominal coating thickness 9 to the

fluid shear wavelength Xf, thus

R = (cf /C S) , (20)

fsr 2- (21)

-8-
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The fluid shear wave speed cf and the elastic solid

transverse speed c. are given by

C 2 =UIP (22;

= G/p (23)--; Cs

The parameters R and r can also be written as

R= w/G = (XfAs )2  (20a)

:'...r = wi /c~f =  x (pw./P)3 (21a)

In the limiting conditions (i.e. y<<i and y>> ), the

unified system of equations reduce to the proper equations.

For y<<1, H equals to unity and equation 17a reduces to

d2-, + r2Ru = 0 . (24)

" For y>>L, H equals -iR and the differential equation becomes

_ + ir2  =0 (25)

%! 11.4 Numerical Solutions

The governing unified differential equation

Sdu) =0 (17a)

TY (UY- + r2Rul =

-9-
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is subject to the vall boundary condition and the imposed

particle velocity at y-h; thus

u, (o) M 0 (26)

u, (h) = 1 (27)

Equation 17a subject the boundary conditions 26 and 27 is

a split boundary value problem. The technique utilized to

solve the differential equation is the Runge-Kutta numerical

integration starting at y-0 and going out to y-h. The initial
-S

value of the slope of u1 at y-0 is then iterated until the

outer boundary condition ul(h)=l is satisfied. The iteration

technique used is a linear interpolation and in most cases, 6-8

iterations are required to obtain accuracy of better than 0.12.

The step size required for the numerical integration is a

= function of the parameters R and rand varies from y-0.01 to

y-0.001. In general, the smaller step size is required for

' either thicker coatings, thinner transition layers or higher

frequencies.

It should be noted that all the parameters are complex

-* numbers, so that the iteration on the initial slope of u1 is

A really a double iteration, one on the real part of the

derivative and the other on the imaginary part.

The complete copy of the computer program used to solve the

-. system of equations can be found in the appendix.

o• • -10-
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111. DISCUSSION AND RESULTS

The results from the numerical integration of the

. equations is presented in the form of displacement, shear

stress and power distribution from the disturbance location,

through the transition layer and in the elastic coating.

The dimensionless parameters that have been studied are:

1. location of disturbance - h ,

2. thickness of transition layer - n -,

3. thickness of coating - 2 -,

4. property of coating - R -.

The location of the disturbance is non-dimensionalized

* with respect to the nominal coating thickness X . Thus values

of h (fig. 1) less than unity correspond to disturbances

* originating within the coating, while values of h greater than

* unity correspond to disturbances within the fluid.

Values of n are inveraley related to the thickness of the

transition layer. Figure 4 shows the variation of the real and

" imaginary part of H (Eq. 19a) for two different values of n.

A value of n equal to 8 thus corresponds to a transition

-" layer starting at y/1- 0.75 and ending at about y/1-1.35. The

* transition layer is thus seen to be about equal in thickness as

*the main coating itself. A value of n equal to 32 instead

corresponds to a transition layer starting at y/L-0.95 and

*ending ay y/1- 1.05; the thickness of the transition layer is

*i thus equal to 10% of the compliant coating. The transition

,: " . .. . . . . . . • ... . . . . • . . : . - , .,. . ? . . .o..-1. ..1-.



layer has been defined as starting where the value of the real

part of H is less than 90% of its value within the compliant

coating. In a similar manner, the outer edge of the transition

layer is defined to be the point where the value of the

imaginary part of H is within 10% of the fluid value. The

point where the real part of H equals the imaginary part is the

location where the transition layer switches behavior, from

solid-like to fluid-Ii ke.

Very rigid coatings with relatively large shear moduli

will give rise to smaller values of the parameter R than softer

coatings. The value of r , being linearly related to the

dimensional coating thickness "I" will also give an indication

of the relative magnitude of the thickness of the coating. As

it can be verified by the corresponding definition of both R

and r , higher frequencies for the disturbance will result in a

simultaneous increase in both parameters. Table I gives

typical values for frequencies, coating thickness and shear

wave speed of the coating for the raaLge of values of R and r

considered in this report.

~-12-



R 10- 9  c - 2 50 0 /s- f -103 z

ca 250 /s--- f 10 Hz

R - 10-7 c- 250 u/s --- f - 103 Hz.%- 25u-s10f- 7 lO8
-c - 25 u/s --- f - 10 Hz

C - 25 a/s --- f - 10 Hz

ca 2.5 m/a --- f - 10 Hz

r - l0 f 103 RZ --- I a 025

f - 10 Hz --- X. - 1.25 an

r - lo2  f M 10 3 Z --- - 1.25 an

f - 10 Hz --- . - 12.5 an

f - 103 Hz --- - 1.25 ca
r 103 f - 10 Hz --- I - 12.5.cm

Table 1 - Typical Values of I and r for

and Elastic-Coating-Water System.

-13-

V, ,,-v *- - .,. - -.-- ., . ,,-. . . .. .. •,.. . .. . .~..... -:. x *



i

* The results of the numerical integration of the

differential equation are presented in terms of particle

4, displacement iu 1, local shear stress lIi and local power

distribution IP I for the different parameters (n, h, R, r )

considered. The power transmitted from the location of the

disturbance to any point of interest is obtained from the

definition

T du , (28)

w0

where the integral Is over one cycle of the disturbance and T

and u are the local shear stress and particle displacement

respectively. Noting that

T= r(y) exp(-lwt) (29)

du = vdt = -iwudt , (30)

T - 1/f (31)

equation 28 can be written as44
P = T(y) u(y) . (32)

Figures 5-7 show the particle displacement distribution

for different location, h, of the disturbance and for three

values of r. Only the profiles from the wall to the disturb-

- ance is shown. Values of h less than unity correspond to

• -disturbances within the solid. The displacement distribution

for all points within the solid, as expected, is thus seen to

-14-

,:
Ag -. ~-.* *- .. **- ... -4%* ~ .. .. .' ~ ; - *- ~..4 * -4' 4. *~* . . . . . .* . . - - .-.

4. 4 4.



be linear. For all values of r considered, the shear fluid

disturbance decays rapidly within the fluid and then once it

has passed the transition layer, goes to zero at the wall

linearly. Figure 8 shows the same type of result in both the

linear and the log scale. The dotted lines shown in each of

the figures correspond to the classical solution in the absence

of a transition layer. Note that, while in the linear scale,

the difference between the two displacement distribution seems

negligible, when the results are presented on a log scale, the

difference between the results with and without the transition

layer is more obvious. Figure 9 shows the effect of the

transition layer thickness on the displacement distribution,

where it is seen that a 1OZ transition layer thickness (i.e.

n-32) will still produce a particle displacement distribution

an order of magnitude larger than the classical no transition

layer solution. Note that for this particular case the

displacement distribution within the solid is about 10 orders

of magnitude smaller than the initial value. Figure 10 shows

the effect of the elastic layer property R on the displacement

distribution and is compared with the classical solution. As

in the other cases the coating displacement is magnified by the

transition layer.

Figures 11-16 show the shear stress distribution within

the transition layer and the compliant coating for the

different cases considered. Fig. 11 shows the distribution for

~-15-
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three different source location. The distribution for the

transition layer case is equal to the classical analysis up to

the point where the visco-elastic layer switches from fluidlike

to solid-like; at this point the shear stress suddenly

increases by an order of magnitude and it then remains constant

to the wall. The magnitude of this shift is dependent upon the

thickness of the transition layer. The comparisons between the

results with and without the viscoelastic layer depend upon

whether in the classical solution the elastic is assumed to

exist up to y-L or out to the location where the layer switches

from solid-like to fluid-like (i.e. y-1.371 for R - 10-5. In

either case, the present model is seen to cause larger stresses

within the compliant layer. Figure 12 shows the effect of the

,thickness of the viscoelastic layer. Figures 13 and 14

-illustrate the effect of different coating materials for two

different layer thicknesses and it is seen that in both

instances, the softer compliant coatings (i.e. larger values of

-. R) will result in greater differences between the coating-fluid

systems with and without the transition layer. Figures 15 and

16 show the effect of the compliant coating thickness upon the

shear stress distribution. From these figures it is seen that

the importance of the transition layer Is more clear for

* thicker compliant coatings (i.e. larger values of 1). The

*! thicker viscoelastic layer, not only causes the sharp reversal

*in the stress distribution, but under certain conditions,

causes a double reversal to develop (see R-10 -5 ' r- 200 case).

The parameter that determines the magnitude of the

4-16-



interaction between the fluid and the compliant coating is the

amount of power (Eq. 32) transmitted from the fluid into the

. coating.. Figure 17 shows the effect of transition layer

thickness on the power level, and figure 18 considers different

coating materials. In all cases, the transition layer allows

more power to be transmitted into the coating. From the

results presented in figure 18 it is seen that while the

transmitted power for the no transition layer varies linearly

as a function of R, the presence of the transition layer

reduces the dependence to about R1 / 2.

Figures 19 and 20 compare the exponentially varying

transition layer inhomogeneity with a linear inhomogeneity with

the same end conditions. A stress driven fluid disturbance

* propagating into the coating Is shown in figure 21 and 22 and

as expected it Is seen to have exactly the same distribution as

the displacement driven disturbance. This latter result is as

expected from the reciprocal theorem of linear media.

SThe results by Pedersen et a 3 are in general agreement

with the results obtained in this report.

I -17-
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IV. CONCLUSION

In this present analysis, the interaction between a fluid

transverse disturbance, a purely elastic compliant coating and

an inhomogeneous transition layer at the Interface has been

studied. The fluid disturbance has been assumed to take place

in the absence of a mean flow field, and either a transverse

displacement or a shear stress have been assumed to be one

dimensional in space and sinusoidal in time.

The results obtained in this report, have shown that a

thin viscoelastic inhomogeneous layer can radically alter the

interaction between a fluid shear disturbance and a compliant

surface. Depending upon the coating and the transition layer

thickness as well as the frequency of oscillation, the presence

* of the transition layer lets a greater amount of energy into

the coating.

Although, to more fully understand the interaction

mechanism, the compliant coating was assumed to be purely

* elastic, the results can be carried over to the case of a

damped coating. The transition layer will allow more of the

energy into the coating which would then be absorbed.

* The inhomogeneity of the layer can be thought as being due

to one or more of four possibilities: (1) layer with contin-

uously varying conditions, (2) a series of thinner homogeneous

layers each having different properties, (3) the coating is

hydrophobic (4) the coating, being forced in a random manner by

i -1 8-



the fluid effectively spreads out the discontinuities of the

interface into a layer with finite thickness.

The greater percentage of power transfer from the fluid

into the coating, achieved by means of a transition layer may

stimulate new ideas which could lead to more successful

compliant coatings.

1-19
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Fig. 1. Compliant-Coating-Boundary-Layer-Interactijon. (a) Laminar
Boundary Layer; ?b) Turbulent Boundary Layer.
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Fig. 2. Transition Layer Models. (a) Viscoelastic Inhomogeneous Layer;
(b) Equivalent Transition Layer Due to Surface Motion.
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Fig. 5. Particle Displacement Distribution. Effects of Location. of
Disturbance. R 10- , r - 10, n =8. -- No Transition Layer.
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Fig. 6. Particle Displacement Distribution. Effect of Location of
Disturbance. R 10i-5, r=50, n 8 .
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Fig. 7. Particle Displacement Distribution. Effect of Location of
Disturbance. R * 1o- 5, r = 200, n = 8.
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Fig. 9. Effect of Transition Layer Thickness on Particle Displacement
Distribution. R 10i-5, r =50, h = 1.5.- ----- No Transition
Layer.
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APPENDIX

Computer program used to evaluate displacement, stress and

* paver distribution due to a unit displacement (or velocity) at

y-h.
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APPENDIX I

c CIST7UF.E A NC E I N F L U ID
a: c

12:0

1': CCPPLEXt CCl'PYICCPPY2RC.FTAUGAMFIFIF
t. C CN . R F OP.
:6: EYTE.RNAL Cy

17: *k TrF=C
19:L INPUT >>>>>>>>>>>>>
.1200C C(~ ( ( ( ICTIONARY >>>>>>>>>>>> > )>>>
21:L

IPLIJS =NO. OF SETS OF.RUNS.
2 3 KF1 =JO: CF PUNS IN A GIVEN SET.

YNdIM2 =POINTS LGUNDARY DETERVINING OUTPUT FCRPAT*
:cNuN.- = EETEPPIRIES UNICH POIN7S, ARE TO BE OUTPUTED

WHEN TFE ORDINATE Y IS LESS ThAN OF ECUAL
27:Lc TO YNUF2*
116:1 NUF& = ETERVINES WHICH POINTS ARE TO BE GUTPUTE0
-S:r WFEt. THE ORDINATE Y IS GREATER THAN YNLP2o

* c ITEP 1 :ITERATEs
1:1:L 2 :CC KC.T ITERATE*

:Z~~~~ro KIE Or ITEPATIONS CESIRED.
PEk = PEFCEP.T EY WHICH THE 1INITIAL ANC SUBSEQUENT

VALUES Cl LU (THE D-EFIVATIVE OF THE PARTICLE
3:c DISPLACEPENT) EVALUATED AT Y =0 ARE TC
* ~ b~cINCQPENTED FOP THE CASE OF ITERATION.

37:CYfl)= VALUE rF THE ORDINATE ( Y )
!8:c Y(2) =REAL PtRT OF THE PARTICLE DISPLACEVENT U.
;S* Yl'-) =I!*AGIAkY PART OF THE PARTICLE VISPLACEFMENT Us
Lao:: Y(Z) = EAL PART CF THE UERIVATIVE OF THE PAPTICLE

IA-£JY(5 =lAtCINt'Et.T O THE DERIVATIVE CF THE
4,4: c PAFTICLE DISPLACEMENT DU.

44H STEP SIZE FOR THE PUNGE-KUTTA:"dc il = H IN THE INNEP AND/OR OUTER REGIONS
4;&:c h2 =H IN THE PIDDLE OR CUTER REGIONS.

L7:~(DEPENDING ON WHAT IS CESIREC)
cc P RLAL FART nF GAMMA.
C-I IVAC-ItARY FART OF GAFKvA C

EcP R PEAL FART OF R.
51:c Fl1 IFAGIKIARY PART OF R =0

*52 :C E. N.Z VALUE rF THE ABSCISSA AT WHICH THE SOLUTIONS
!&:c ARL.SOLGHT9
!5:c LIP N09 OF POINTS NEEDED FOR THE RUNGE-KUTTA.

r-6:c CETERMINES HOW FAR OUT WE CC IN THS Y-CIRECTION
!7:L FOR A CIVEK STEP SIZE*.
52:c t'ELG/NENC =OLTEPMINES THE REGION .F03R WHICh H 12 P2

64s': 2 FOPPAT(12)
5 RE4AC(E-, 2C)NLM1 ,YNIUMI2 NUM.3,NUM*,PITER ,NITERPER

66: KSTOP=NSTCP.1

ke: kFITE(6*20)
* (: ;0 CPAT(lh'1 !X96Y9qej *U(PLAL)9'5X.'U(IMAG *,6X,'U(MAG)',4xq

70: 1'TI-U(FEAL*,94Y, TAUC I AC)',3X,'TAUCtvAG)9!X9.woRK',8Xg
71: 1HEL'~'(MG,,3''~



73:C
74:c

7t: CC 15.0 P:1,NU1
7f: REAr(5930)Y
77: 30 FOFrPAT(ZF16.22E15o8)
76: READ(5,40)41.CP ,GIPRRiBZLIM
79: 4C FCRMAT(Fl2*r,4E 12o5,2F5*19I15)

e RLAD (5944) K2 NbEG9,NEND
p1: 44 FOPMAT(Fl2e!'I5,I5)
82:C
6,%:c DICTIONARY >>)>>>>>>>))>)) >>

PC' :c C = Re
66:c FIFIF =SGRT(-1.0)

7:C GAM = AMM~A*
EE:c V1(M)/V2CP') STGRES THE INITIAL VALUE OF'DU FOP THE P'TH RUN' IN

A GIVEN SET FOR FUTURE REFERENCE IN TFE ITERATION
rl-c ~ flloY2?,YYI STC'RES THE INITIAL VALUES OF Y ANC U FOR FUTURE R1

sr~cTN~ SUeSECUENT RUNS. FOR VELOCITY-DRIVEK SOLUTIONS
92:C THESE INITIAL VALUES -ARE THE SAMRE FOP ALL RUNS*

s-z~cZZ =DUMMY VARIABLE.
94:C

9 6: c
* S7: AC(=VFLX(O0,-RP)

se:FIF 1F=C'PLX(0.O. 1.0)

c FlEv.~2G TC 45

1(C2: V()Y5

105 :YY3:Y(?)
iCE '~ZZ= d

ic6:c Y X X X X X P V N 6 E- K U 1 T A L 0 0 P X X X X X X X

hou: CC 10C N=1,LIM
ill: lF(&.Ea.1)WFITEc6941)Y F;1iH2 r1 12: IF(%,EC.)WFITE(6942)G GG, qRRI,1BZLIm

* ill&: 4-2 FCRFAT(XgOlNPuT: 097G,14o8)

ii:IF ( N.LE * BEC *OR eN * 67 NEND) H=H1
117:C

cc~~(((((DICTIONARY >>>))>>>)>>>>>>)>)

* 12:~V CNE-CIMENSIONAL ARRAY OF 5 ELEMENTS NEEDED FOR
- i;i:r THE RUNGE-KUTTA SUBROUTINE RKD.Eo

122:C C ONE-01MENSIONAL ARRAY OF 5 ELEMENTS NEEDED FOR
* 123:C THE PUNGE-KUTTA SUBROUTINE RKDE*

124:C COMFY! 7 HF VALUE OF U AT SOME GENER~AL VALUE OF Ye
UMAGI = AGNITUrE OF U AT SOME GENERAL VALUE OF Yo

* abCCOFPY2 = THE VALUE OF DU AT SOPE GENERAL VALUE OF Ye
127:C UPAG = FAC-NITUDE OF DUi AT SOME GENERAL VALUE OF Y&

12:LF =CHARACTERISTIC PARAMETER OF THE MEDIUM* IT VARIES
129:c WITH Y ACCORDING TO THE FUNCTION:
213C0 F = (1-R)*EXPC-Y**B)*R

lzi~c WHEN Y. 10:0:e F.= R..
)!2:cWhEN Y << 1 0 F=1*O

13CTAL = SHEAR STRESS mDU*F
134:C TAUN = AGNITUDE OF THE SHEAR STRESS*
!:c UU1/&UU2(Pi) FINAL VALUES OF U FOR THE MTH RUN IN A GIVEN
* ~ ycSET FOR FUTURE REFERENCE IN THE ITERATION.

11 R !:

I c CALL PXCE(DY*YtZHqkCqR)
141: COMPY:CPPL(Yi2.Y(3)

I&&,,:UPAG1:CAeS(COMPYI)
143: CQMPY2:C.PLX(Y&4).Y(5))



4'4: UF~r2=ClES(COMPY2)
14!: TF(beGT*6O.CeANDeY(1)eGEe2.o0)6 TO 48

146e:C ASSUME THAT AT Yzlo WE ARE OUTSIDE THE TRANSITION REGION
j47:!F(Y(1).GEo10o.)C-O TO 4.E
14E: F=( 1.-RC)*LXP(-(Y(1)**E)))*RC

1&?: GO TO 40
i 5C. : 4E F=P'
i1 1: 49 TAUtCOM.FY2*F
lt2: TAUIO=CAES(TAU)

lF3: ORhi:TAUII*UMAG1
IS-4: IF(Y(l).LEoY%'UM2)GO TO f0

lt~r-: FV'C(kgUMA)eEQ.O.OR.N.EQolRWRITE(6,3DO)Y(1),Y(2),Y(3) ,UMAG1,
-ii: 1TAL'TAU091CRKsF

i10: CC Tc 1r-O
* ite: tC IF(FOCcN.NUN3).*LG.OR.K.EQ.1)WRITE(6,3CO)Y(1),Y(2) .Y(3') U'Aci,

1TAt7AUl'tWCFKs
1f C- 1( CC0.*Tl%!E

i1 1
if2:L x x x x Y x x x x x X x x x x x x x x x x x x X-x X x x x x

lF(17ERoECo')G0 TO 250
lc-z:uL(Wv)=Y(3)

* 167: 1% C'NTINUE
1ElE:L

171:C

17 : IFC!TEF.ECo;)C-' 70 5OO
1 '74 IF THE %'AGN!7TTUDES OF VALUES USED IN THE ITERATION FPOCESS ARE

TO LAPGEC).UEF)TlE WE MUST ITERATE EY HAND.
:7t: IF0UUoCEe1.CE*5)GC TC 451'

177:L

I ic:~ o e COMMENTS . o e o . a o e a a o o a e
IEI:c
1e2:C 1%~ CPVEP TC ITEFATE, ONE MUST HAVE THREE PUNS IN

A C-lVLr. SET. ThE FIRST RUN REPRESENTS T-HE ZEROTH
ITERATION* 6HILE THE NEXT TWO ARE RUNS IN bHICh

l~r:LTHE If.:TIAL GUESS FOP DU AT Y = IS VARIEC IN SOPPE
WAN~rP SO THAT SLVPES4P DERIVATIVES), NEECEEL IN

:E7fC.R:EF TO CALCULATE NEW GUESSES* CAN BE OFTAINEr.
I F~cTHESE SLOPES AFE GETAINEC AS SHOWN IN THE PROGFAM BELO

SM1,SM2 =SLOPES OBTAINED FOR THE FIRST AND
* il:c SECOND RN

SN1,S~ = LOPE OBTINED FOR THE FIRST AND
* iC7~~THIRD RUNS.

I ':CALPHA =THE VALUE BY WHICH THE INITIAL VALUE
CF THE REAL PART OF CUJ AT Y = C IN

* 1THE FIRST RUN IS TO BE IKCREPENTED IN
CRDER TO OBTAIN A NE6 GUESS FOR DU AT

lcp:c_ Y ce
I Z61 . ETA ='THE VALUE BY WHICH THE INITIAL VALUE
^rc~cCF THE IMAGINARY PART OF DU AT Y = 0 IN

* ~ ci:~ THE FIRST RUN IS TO RE J'4rREMJ.NTED IN
:L CFDEF TO OBTAIN AX)EW GUESS FOP CU AT

Y = 0.

SLCFES ARE CALCULATED ONLY FOR EVERY OTHER ITEPATION.
SICFES 06TAINEC FROP THE FIRST THREE RUNS ARE U'SED-

217:fC TC OFTAIN THE K~EXT TWO ITERATIONS, AFTER WHI1CH THE
2 Ce:z PRCGRAF AUTOMATICALLY RUNS TWO EXTRA RUNS SO TH0AT

* cs:: NEW SLOPES CAN BE CALCULATED. THESE THEN APE USED TO
6ac: OETAIK THE NEXT TWO ITERATIONS. ANG SO ON. THE PARAMETI
2:c NITER DETERMINES THE NUMBER OF ITERATIPNS.

*21-2:C a 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 a 0 0 0 0 0 0 0 o o o o 0
* 214:C

2 15:CC 480 Im:1,NITEF

1.2



217*CC SLOPES ARE CALCULATED FCR EVERY OTHER ITERATION AFTER THE ZEROT
216: C C. TO(!tF-* Oe~r9F935p ,C3535o5)K
219: 350j SVI :(UUI(2)-LIU1(1))/EV1(2)-V1(1))
22C: SI2=CUU2I2)-UL'P(11)/CVI12)-V1(1i)J

222: S2U3u~))(23-a)
22!: 355 kRITECE,160)SfpI1Sw02,SN1,SN?

22:360 FCvTj0 
-

226: EBP=-UU2(l)
227: CENOM=(SMI*SNi2)-(SM2*SNI)
22P: ALPHA=(AAASN2)-(EE*SNl))/DENOM

229: EETA=((SPI*.EFi-(SM2*AAA3)./DENOM

231: Ve'(I)=V2(I)+bET9
;72:c TthE SIK SLrPEF ARE L'SEC. FOP TWO CONSECUTIVE ITLRATICklz
2!3 C-C TC(3EC9Z70,3 C9!7093EO937C9Z6Ct3709W'E,370) ,K

234: 370 k3
;c.: 7HESE VALUES APE USED FCR THE TWO EXTRA RUNS NEEDED TC CALCULAT
236:c, NE~W SLOFES.
237: Vl(2-)=VlI )'iT190PER)

211: C C TO 0 3c

*246: 25G [LMFY=O. 0
245: + C+4.
24C-:r

* ~ 4 7: CC 470 ~d
2 49: IF(K.~C.NI7ER.t.,J.EG.2)CC TO 500

2r.,:L LL SY!"CLS FROP TFIS PCINT ON HAVE SAVE MEANING AS THAT
2'1:c SPECIFTED EARLIER.

y(2):yyp
~4: y!=y

2t6: Y(5):VZ(JJ)

2 25 L YXXX I T E F'A T I C N R U N G E -K U 7 7 A X X X X X
~&C: c

261:c HIS FUIGL-KLTTA LOCP IS THE SAME AS THAT USED PREVIOUSLY*
262: LC 4!C N=191LIP
2'!: IF(K.EG.1 )WkITE(6,q41YqhlsH2
2j4: IFe ..EC.1)WF ITE(6942)GPGI.RRRl.BtZLP

4)&6: IF(t .LE.NEEG.OR.NGTeN-END)H=HI
.L 7: CALL D0tEECYY9ZHeFo,~5)
2 E : CCMPy1=CPMPLyY(C')9Y(3))

2 :UA C 1=C A ES C0MP11)
270l: rcCKY2rPLyY.),v(5))
2 71 : UP AL-2 C Aes(COMPY2)

7 2 :IF(F*GTo6V.C.ANDeY'1.9GEo2eC)G0 TO 395
27-1:c ASSUPE THAT AT Y=lbi WE ARE OUTSIDE THE TRANSITION REGION

76: IF(Y(1).GLol0s0)G0 TO 295

:'7f CC Tn !"7

?: 37 AUZCOPPY2*F
* 27!-: 7AUP=:CAES(TAL')

2PO: hRKTAUM*UPAGI
* 6i: IrP(Y(1)LEYNUM2)GC TO 43O

2 22: IFCPVOD( hiNUF4) .LGOO.R.~kN.E.I3IWRITE(&.ioD!y1 l) *Y(2) *YC3) ,UP'AGI,
* 2.?: 1TAU97ALPWCkvF

ieE64: co T0 4FOit8 : 4?C IF I VCCU t,KUI3.LG.~.ORop4.E(.1)WPITE(6,3og)vc1),Y(2) ,Y(3),UMAG1,
26: lTAUiTAUL,htCRK9F

* 2bb:L

1.3



2x:c x xX x x xXXX~ XXx x X XX x XX X xX
20:c

291: LU1(J):Y(2)
2S 2 LU2(J)=Y5)..
PS3: 470 CONTINUE

2:

2F7: VKeEG&NITEF)GO TO !CC~
29E: 0E0 CCNTIN'r

300:c X I X % E K U I T E R A T 1 0 N % 2 % % T X % 1 X %
3r1 :

"2 GO TO 5CO
rA 4'~ FCPV'AT(//v,5xqWpAGNITUD;ES TOC LARGE. ITERATE EY IFAN.'9)

3r: 5 c iF 0-STlCF EC oNPU1LS)W TO 550
7 ~ ~ 1 7.6. c~ tc

3C-: 5 50 S T C

2 :L
7.

4: C I S 'U F A N C E I P~ F L U I C

1: L.
EOS F. E A R 6 A V k. S

V: VELO0C IT Y I- E I VE N
2 C. C. FL;N C TIO N D Y
i I C-;S

12:;_ IS Prg(GRAF SPECIFIES THE DIFFERENTIAL EQUATIONS TO BE SOLVEL.
i!:C SE- VR IVAC 11ATH.-PACf( FCR DETAILS*

i s : C 0 m ,ON GRGIPRgRloE-
i L :CCV'PLEY PU (2) ,THETAA1,A2,A'3,DYYXIXlXGAMPA

I17: LIMLNSICN Y(5)
ii; L(1)=CmPLY(Y(2)oY(7))

* ,.'C F=CP'FLY (&G.09-RR)

2A CA ICPLX IGR, C. )
21: 7HETA=(CSGPT(XIXlX*P,)*GAPMA
Z~c ASSUviE THAT AT Y=10 WE ARE OUTSIDE THE TRANSITICN REGION
e5: IF(B9GTSf0o.AN~oY(1oG(.2.o0GO TO 5
1-6 IFUY(I).GEo1O0oGO TO 1

3 2 lFUtPGo Ee190E+O8)GC TO 5
310C 5-1A2,A ARI THE COEFFICIENTS OF THE SECOND DIFFERENTIAL EQUATI(

ryy PEPPESEKTS THE SECOND DIFFERENTIAL EGUATION. .

I&: A2 =T HE Tt ** 2
i- ! t*-)*XP-AG)*

37: Gr Tr 6
!s: EY.Y-(THETA*2U1I/R

9: GC*TO 1l092E(,!Ct)sI
4 0: 10 LY*=Y ( A)

0 /3I: cv To 5

Za ft. LY=REAL(DYY)

47: 50 PETLAK 1.4
* k :
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