AD-A125 882 ON_THE RELRTIONSHIP BETHEEN FUNCTIONS HITH THE SRHE 11
OPTINAL KNOTS IN'SPLI. . <U) SOUTHERN METHODIST UNIV
DALLAS TEX DEPT OF STATISTICS R L EUBANK OCT 82 TR 16?
UNCLASSIFIED H03014 -82-K-8207 NL




R OO0 ey wvoL L
PSRRI L

ﬁ.x B e e S M ' A
. T MNNOE
by q
o
. i h
b’ - P c 1
-
y . . — 1
. . “ T a .
. € - - ‘ 1

‘. .dm ' T ' 1

. . v g
' . ,
p .t ". g N
. L . .

_ ) SN
. ,. ; R
9 R . L . { 1
>, 4 R . 'y o L
. TN - .
‘o Y - . 5
", r N .
" v . L

. H A e K
" , L + N ..\
' - i 3
. , .
, .
I . C
.h E .., M
a R
..., . . A
. f .
. i § o
’ ) .
(3 N
) .
v
q. R . L.
.u e

v
RNy

It el -
AR AT et el -
WAL TG, SR W W R "Ny ¥ R

. NATIONAL BUREAU OF STANDARDS-1963-A

MICROCOPY RESOLUTION TEST CHART

9
o
REES— EE——
r p—— b—————
h —— =
— R M
-A. .-
.
u . N ”
- . o]
4 ’ .- '
.t <
. )
&
.
.
3
.
-\\
.
P
-a
v -

AN
ety




T 0 0 -

DTIC .|

ELECTE j
MAR 1 1983 g

D

DEPARTMENT OF STATISTICS

DALLAS, TEXAS 75275

gg 02 023 17?1

’ DISTRIBUTION STATEMENT A -

Approved for public release)
Distribution Unlimited J




ON THE RELATIONSHIP BETWEEN FUNCTIONS WITH
THE SAME OPTIMAL KNOTS IN SPLINE WITH
PIECEWISE POLYNOMIAL APPROXIMATION

’

by
R. L. Eubank

s T et
Pl

Technical Report No. 167 g
Department of Statistics ONR Contract

October, 1982

Research gponsored by the Office of Naval Research
Contract N00014~82-k-0207

Reproduction in whole or in part is permitted
for any purpose of the United States Government

The document has been approved for
public release and sale; its distribution is unlimited

Accession Por

NTIS GRAAI 2‘— DEPARTMENT OF STATISTICS -
DTIC TAB =) Southern Methodist University :
Unannounced 0 Dallas, Texas 75275 -
Justification.. __ | ,
o 2
Distribution/ R

lnila_lg_;}_ity Codes
Avail‘SSZ[or»
Dist Special

------------
.........

e attw " A - - - - . . g - . - - - - . . N
R T A S A R A . RO NN AT PP




ON THE RELATIONSHIP BETWEEN FUNCTIONS WITH
THE SAME OPTIMAL KNOTS IN SPLINE AND
PIECEWISE POLYNOMIAL APPROXIMATION
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Abstract. The relationship between functions with the same optimal knots )

for L2[0,1] approximation by k-th order splines or piecewise polynomials ;j

is investigated. It is shown that, if two functions have positive con- i

tinuous k-th derivatives, they will have the same optimal knots if and
only if they differ by a polynomial of order k. An application to design

selection for continuous time regression is considered and extensions to
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Lp approximation are also provided.
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1. Introduction Consider the L2[0,1] approximation of two functions by

splines or piecewise polynomials with free knots. In this note we investigate

the relationship between functions, f and g, having the same optimal

knots.

Let Pk and S; denote, respectively, the set of all k-th order piecewise

N
polynomials and k-th order splines with N-1 distinct knots in the interior

of [0,1]. For simplicity, a generic notation, fN’ will be used to indicate

the best L2[0,1] approximation to f from either P; or the closure of S;,

§;; its meaning will be clear from context. The properties of fN for P:

have been studied by Chow [5] and Burchard and Hale [4]. Similar
results for §: can be found in Barrow, et al. [2] and Barrow and Smith [3].
All these papers, however, have focused on the behavior of fN and its

corresponding optimal knots for f in various function classes. For imstance,

Chow [5] has established conditions on f that insure unique optimal knots
for each N whereas Barrow and Smith [3] have provided an asymptotic
characterization of the behavior of the optimal knots in terms of f's

k-th derivative. In constrast, this paper focuses on what is, in a certain
sense, an inverse of these problems. Rather than asking how f's properties
characterize the behavior of it's optimal knots we ask, instead, to what
extent the optimal knots characterize f. The answer is, essentially, that
two functions with the same optimal knots for all N must differ by at most
a k-th order polynomial. More specifically we show the following:

(k) (k)

Theorem 1. Let f.geL2[0,1] ﬂck[0,1] with £ and g both positive on

(0,1). Then, fand g have the same optimal knots for L2[0,1] approximation

from P: (or from §:) for all N if and only if there exists constants BgoseeesOs

(ak#O) such that

£(t) = Tika et + ag(e) , eelo,1]. 1.1

The proof of Theorem 1 is given in the next section. Although this
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2
theorem is of interest in its own right it also has statistical applicationms,
one -of which is briefly discussed in Section 3. Another application is to the
statistical problems of grouping, spacing and stratification considered by
Adatia and Chan [1]) who, when k=1, have obtained a special case of this
result. It follows from Eubank [6] that Theorem 1 can be used to obtain
their Theorem S5 under alternative conditions. Section 4 contains some concluding
remarks and suggestions for future research. An extension of Theorem 1 to

Lp[O,l] approximation is also provided.

2. Proof of Theorem Let us first prove Theorem 1 for approximation from

§: as the case of P: will follow similarly. Throughout this and the sub-

sequent section we use ||+|| to denmote the usual L2[0,1] norm and DN for the

set of 'all possible' knot choices, i.e.,

D, = {(to,tl,...,tN): O=t, < £} <oee< tN'l}. (2.1)
For 'I'sDN let S: denote the L2[0,1] orthogonal projector for the set of all
k-th order splines having knots at T. Then, a best apprqximation'fN is
characterized by

k
|e-£4l] = 1nfTeDN| If-STfI |. (2.2)

Note that although S};f has noncoincident knots, the knots for fN need not

be distinct.

Now let f(t) = X::é aiti + akg(t) for some constants Bgsee sy with
k k
o, #0. Then IIf-STfH - lukl ||g-S.rgH for all TeDy. Consequently, f

and‘g have the same optimal knots for all N and the direct implication has

been verified.

To see the necessity of condition (1.1) let {fN} be a sequence of best

N N N N
0 < tl < 'f-tN-l < tN = ] the optimal knots

corresponding to fN' By assumption these will also be optimal knots for g.

approximations to f and 0 = ¢

Define, as in Barrow and Smith [3], a pilecewise linear function EFeIO,I]

denote its right continuous

(k)

satisfying ‘_1'_“(1/1‘1) - ti‘, i=0,...,N, and let By

> 0, as

inverse. It then follows from Theorem 3 of {3] that, since £
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T

s (1) —

1
5y [ e ()2 24 g0/ (£ ®) (x) 12/ %* gy, uniformly on [0,1].  (2.3)
0 0 .

But, since the {t?}g_o are also optimal knots for g,
T 1
50— [ 8™ (61 2"“4:/(]) (g (x) 12/ gy, (2.4)

The result now follows by equating (2.3) and (2.4) and differentiating.

To prove Theorem 1 for Pk we need only note that an analog of Theorem 3

N
in Barrow and Smith [3] can be shown to hold, in this case, by using their
proof in conjunction with Theorem 1.1 of [4]. The required result can
then be obtained as in the previous arguments.

3. An application to regression design for time series. In this section

an application of Theorem 1 to the problem of optimal design for continuous
time regression will be presented. The situation is as follows. A
stochastic process, Y, is assumed to have the form

Y(t) = Bf(t) + X(t) ;- tel0,1], (3.1)
where f is a known regression function, 8 is an unknown parameter and X

is a zero mean process with covariance kernel

1
R(s,t) = (k-1)! 2[ (s-u)i 1(t-u)k-ldu, (3.2)
0 +
k-1 k-1
with x, =x if x > 0 and zero otherwise. The objective is to obtain an

estimate of the unknown parameter 8. However, suppose it is possible only
to sample the Y process, as well as it k-1 quadratic mean derivatiQes, at

some set of noncoincident time points TeDN. Thus an estimator must be
(i
-{Y)(

based solely on the observations Yk t); teT, 1=0,...,k-1}. For this

T
purpose the best linear unbiased estimator of B can be obtained through
the use of generalized least squares (c.f. Sacks and Ylvisaker [10].)

This estimator will be denoted by 8 Since the choice of T is usually

k,T"
at the discretion of the experimenter, the problem arises as to how T should

be selected. Let v(8, T) denote the variance of 8, ,; then,an optimal
? 9

......




estimator can be obtained by choosing T*eDN to satisfy

V(Bk %) = TeDNV(Bk,T) . (3.3)
Under the regularity condition that f admits the representation
1,1 -
£e) = G- £ ) (emu) ¥ aw (3.4)
0

(k)

for some f eL2[0,1] problem (3.3) is amenable to analysis and has been
studied by Sacks and Ylvisaker [10], Wahba [11], Eubank, Smith and Smith [7]
and others. We now investigate, with the aid of Theorem 1, the relationship
between regression models having identical optimal designs for all N.

It follows from Eubank, Smith and Smith [7] that for R of the form

(-2

(3.2), TeDy and f satisfying (3.4) we may write V(Bk T) =| IPkf where

Pk is the L [0,1]) orthogonal projector for the set of all piecewise
polynomials of order k withknots at T. As | |Pkf(k) | [2 | |f(k) | l -l |f(k) (k) | |2

problem (3.3) can be restated as: find (f(k))N such that
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In view of Theorem 1
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with T  then provided by the knots for (f(k))N.

1
e

this has the following immediate consequence.
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Corollary. Let f; and f, be two regression functions satisfying (3.4)
with £9ec*[0,1] and od £ posteive on [0,1] for i=1,2. Also let 8 o and
14

~2
B, T 1

and fz respectively. Then, Bl]" T and Bi T have the same optimal designs for
’ ?

denote the BLUE's of 8 corresponding to when f, in (3.1), is f

~

Sl

L]

a’a’a

all § if and only 1if
k=1

ket
£1(6) = Lyog oyt

+a fz(t) , tel0,1].

Thus, not only does the regression function dictate the properties of the
optimal designs but, conversely, the optimal designs also characterize

the regression function up to a 2k-th order polynomial. The corollary

can be extended to a wider class of processes through use of results in [8].
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4. Concluding remarks. Theorem 1 has a straightforward extension to the case

N
results in Theorem 1.1 of {4] and the techniques of Section 2 it is possible

of best LP {0,1] approximation, 1 < p < =, from Pk. Using the notation and

to show the followirg:

Theorem 2. Assume that either f,g ewk’l(o,l) or else f,g cwr1s10c

(k) IU (k) IO

(0,1) an[O,I]

and If(k)l,lg(k)l are monotone a.e. with |f and |g integrable for

o= (k+p—1)-l. For p== also assume that f,geC[0,1]. If, in additionm,

(f(k)g(k)) > 0 (or -(f(k)g(k))'?_ 0, as appropriate) a.e., then f and g have the

same optimal knots for all N if and only if (1.1) holds.

Note that when p=2 Theorem 2 implies Theorem 1 for P;.

for §§ and 1 < p < = can be obtained using results in [9].

An analog of Theorem 2

More general versions of Theorems 1 and 2 are desirable. 1In particular,

(k) (k)

relaxation of the conditions imposed on the sign change behavior of f and g
would be of interest. Unfortunately, the asymptotic behavior of the optimal
knots serves only to di;tinguish between functions Whose kth derivatives are not
proportional in absolute value. Thus, relaxation of these restrictions will
require the use of information provided by the optimal knots for finite N. To
illustrate the ideas involved consider the function f(x)=x, xe[0,1] and define
g(x) to be £(x) on [0,.5] and 1-f(x) on [.5,1]. Then, for k=1 and p=2, say, we
have |£'| = |g'| so that £ and g are indistinguishable in terms of the asymptotic
behavior of their optimal knots. However, the optimal knots can still be seen to

separate these two functions by comparing tke optimal knots for f when N=2, viz

1/3 and 2/3, to the breakpoints 1/4 and 3/4 for g.
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