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I. Introduction

In this thesis, I will present a method to calculate the response of

* non-periodic surface acoustic wave transducers and a method that can be

used to calculate the reflection and phase shift of non-periodic reflective

arrays. The methods do not consider mechanical effects, so grooved

reflector arrays can not be analyzed. However a large majority of surface

wave devices can be analyzed using one or both of these two methods.

LThe central problem in calculating the response of SAW interdigital

transducers is to determine the charge distribution on the electrodes. In

the weak coupling approximation, this charge distribution is calculated

from the electrostatic field equations alone, neglecting piezoetlectricity.

It has been shown that the problem is simplified considerably for periodic

transducers with arbitrary voltages by an application of the superposition

principle [1,2,3]. Using this principle the spectral charge distribution

can be found from the product of an array factor and an element factor.

The array factor is the Fourier transform of the electrode voltages and the

element factor is given by a known analytical expression [4]. However, for

withdrawal weighted or chirped transducers, which are non-periodic, the

electrostatic field equations must be solved anew for each individual

transducer using the appropriate surface boundary conditions. Two

approaches to this problem have been discussed in the literature, namely

the Fourier transorm approach [5] and the Green's function approach [6,71.

Each of these approaches uses field theory.

The first part of this thesis describes a new approach based on a

simple circuit model that yields accurate charge distributions for

arbitrary non-periodic transducers. A non-periodic transducer is
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approximated by a periodic transducer consisting of many small electrodes

(figure 1). An electrode in the non-periodic transducer is replaced by

many small electrodes that are connected together, while a gap is replaced

by many small floating electrodes. This replacement is equivalent to a

sampling process, and it is accurate if the smell electrode spacing is much

less than one wavelength at the frequency of interest. The potential

distribution for the non-periodic transducer is given by the voltages on

the small electrodes. Since the voltages on the floating electrodes are

unknown they must be found using the circuit model. The transducer

consisting of small electrodes is represented by a circuit whose nodes

represent the electrodes. These nodes are connected by capacitors which

represent the interelectrode capacitance (figure 2). For a periodic

transducer, the values of these capacitors are given by an analytical

expression [4]. The response of the transducer can be calculated from the

charge distribution which is given by the charges on the small electrodes.

These charges are found using the circuit model.

For reflective arrays of electrodes, it is important to know the

reflection and phase shift of the surface waves as opposed to the response

of the array due to an applied voltage. The most common method of

determining the phase shift and reflection is to determine the reflection

and velocity shift, which is related to the phase shift, of a single

electrode in the array and then combine the effects of all of the

electrodes. By velocity shift, I mean the difference between the velocity

of the surface wave as it propagates under an electrode (assuming that the

velocity in the gap is equal to the free surface velocity) and the velocity

of a surface wave with no electrodes present. To calculate the reflection

and velocity shift of surface waves from an electrode in an array one must
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Figure 2: Transducer Capacitance
(a) interelectrode capacitors in a transducer between the i'th
electrode and all other electrodes
(b) Equivalent circuit (only two nearest neighbors are shown).



calculate the charge distribution on the electodes due to an incident

Sacoustic wave. This charge distribution is due to the piezoelectric effect

which is neglected for calculating the response of a transducer. The

charge distribution is present even for grounded arrays, so one cannot

H Vsimply use reciprocity to find the voltage induced on the array and then

use that voltage to find the charge distribution. Once the charge

distribution induced on an electrode by an incident surface wave is found,

the normal mode equations are used to find the reflection and velocity

shift of the surface wave [8,9].

-Up to now, the reflection and velocity shift of surface acoustic waves

from electrodes have only been calculated for infinitely long periodic

arrays of electrodes. The second part of this thesis presents a method to

calculate the reflection and velocity shift of surface acoustic waves for

an electrode near the end of a finite length periodic array or for an

electrode in a withdrawal weighted transducer. First the charge

distribution on the electrodes due to an incident acoustic wave is

calculated assuming the array is periodic. Then the unwanted electrodes

are removed and the change in the charge distribution resulting from

withdrawing the electrodes is calculated electrostatically. This charge

distribution must exactly cancel the charge distribution due to the

acoustic wave in the regions where an electrode has been withdrawn. The

circuit model descibed earlier is ideal for calculating this electrostatic

charge distribution. The total charge distribution on the non-periodic

array due to an incident surface wave is given by the sum of the original

charge distribution due to the acoustic wave and the change in the charge

distribution resulting from withdrawing the electrodes. The total charge

distribution is then used in the normal mode equations to calculate the

4°
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reflection and velocity shift of an electrode in the non-periodic array.

Once the reflection and velocity shift of surface acoustic waves from

a single electrode have been calculated, the effects of all of the

reflections and all of the velocity shifts from all of the electrodes must

be combined. One method calculates a piezoelectric scatter matrix for each

electrode in the array (figure 3b) [9,10]. The scatter matrix elements

relate the surface waves leaving an electrode to the waves incident on the

electrode. They can be calculated from the reflection and the velocity

shift. The scatter matrices are then cascaded to give the reflection and

phase shift for the entire array. Alternately, the periodic array of

electrodes can be modeled as a transmission line with impedance mismatches

and shunt susceptances at each electrode (figure ic) [11,12]. The

impedance mismatch and shunt susceptance can also be calculated from the

reflection and the velocity shift. Transmission line theory is then used

to calculate the reflection and phase shift of the acoustic waves from the

entire array. A very similar approach is to model the periodic transducer

as a transmission line with impedance mismatches and velocity "mismatches"

at each electrode (figure 3d) [13]. This technique has the advarage over

the transmission line with shunt susceptances in that the the impedarce

mismatch and velocity mismatch are equal to the reflection and velocity

shift respectively. Each of these three approaches yields the same results.

-'
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Figure 3: M~odeling of SAW reflectors and transducers.
(a) Physical structure
(b) Scatter matrix model
(c) Transmission line model (shunt susceptance)
(d) Transmission line model (velocity change)



II. Transducer Analysis

The first step in finding the charge distribution for non-periodic

transducers is to model the transducer by a periodic transducer consisting

of many small electrodes and represent these electrodes by nodes in the

circuit model (figure I). The boundary conditions in the non-periodic

transducer are replaced with the appropriate node excitations. For an

unmetalized surface or gap, each node(small electrode) is driven by a zero

current source(or is disconnected from all sources) to insure that the

charge is equal to zero at every point on the surface. For a metalized

surface, the nodes(small electrodes) are connected together,creating a

supernode, so that the voltage is constant at every point on the surface.

If the metalized surface is an electrode with a known tap weight, this

supernode is connected to a voltage generator of that tap weight. If the

metalized strip is unconnected (floating), then the supernode is connected

to a zero current generator to insure that the electrode has a net charge

of zero.

Figure 4 shows the potential distribution for a transducer with

electrodes of alternating polarity modeled with four small electrodes per

actual electrode and gap. The circles in the figure show the errors in the

modeling process. As the density of small electrodes increases, the

accuracy of the approximation increases. The density of the small

electrodes is chosen in accordance with the range of spatial harmonics of

interest. The small electrode spacing should be much less than one

*wavelength at the frequency of interest to insure that the charge

distribution will be accurate. One should choose at least four small

electrodes for the smallest electrode or gap in the non-periodic transducer

62
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to calculate an accurate charge distribution at fundamental.

If many small electrodes are used, the potential and charge

distributions will be independent of the duty factor,, of the small

electrodes. To verify this, the charge distribution in an infinite array

consisting of electrodes with alternating polarities was calculated for

different duty factors. The charge distributions look identical. The

total charge on a single electrode was calculated by summing the charges on

the small electrodes that are representing it. This charge varies only

slightly as the duty factor of the small electrodes changes.(, in figure

5) It is also in good agreement with the theoretical value shown by the

circle in the figure. A duty factor of 0.5 is chosen so that the very

simple expression for the interelectrode capacitances can be used. These

capacitances are represented by capacitors which are connected between the

nodes.(figure 2) The value of the capacitor between the i'th and j'th node

is:[4]

Cn_ D

4 ~: 0 l i,(2)-

where

n:li-Jl

m= number of nearest neighbors being considered

W= beam width of the transducer

4= effective dielectric constant of the substrate

60= dielectric constant of free space

4
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Figure 5: Total charge on one finger of an infinitely long single
electrode transducer vs. the duty factor of the small electrodes that
were used to calculate the charge distribution.

Sil



The dielectric constant at constant stress, is used for the effective

dielectric constant of the substrate [8].

The last step in the analysis of non-periodic transducers is to find

the voltage and the net charge on each node. This is actually the charge

on the capacitors connected to each node or the charge on each small

electrode. The equation for the charge on the i'th node (small electrode)

is given by:

,i-; ; :C i I  ; - V; ) V;i 3

The equation for the charge on each tap can be written more simply as:

Q": ; V -i(5
[,o.j: .0

where

*-- o0 C- n% (

0)'0

['D, Dn ft 0 7

[+
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For a transducer with N small electrodes, the summation in equation 5

T ff has N terms. End effects are taken into account by adding a few small

floating electrodes at the end of the physical transducer structure and

including them in the summation. The equations for the charge on each

F small electrode (node) are written in matrix form as:

Q1  D D. D (N V1

(N-1)

D D V2
Q2 02

= S:

D ' D 0 V N

Ly -In general our matrix equation has N unknowns. They are:

* (1) The voltages on the unconnected electrodes (nodes),

(2) The charges on the connected electrodes (nodes) with a

known tap weight,

(3) The individual charges on the small electrodes (nodes) which

represent a floating electrode and also the voltage on that
0

floating electrode. However, since the sum of

these individual charges is zero, there is still only one

unknown per node.

This matrix equation is solved for the floating electrode voltages

using a Gauss-Seidel Iteration technique [14]. Since the "D" matrix

* contains only N different elements, only the values of D need to be stored2n

, . as opposed to N2 elements to store the entire matrix.(see appendix I)

Therefore a long non-periodic transducer can be analyzed without computer

0

__________ - - - - - - - - - - - ---



memory limitations. A 150 electrode withdrawal weighted transducer,

modeled with 4 divisions per electrode and gap requires 1200 small

electrodes and 3 arrays of size 1200 to compute the charge distribution.

On a Digital Equipment Co. DEC-10, this calculation takes less than four

minutes with 64 nearest neighbors and a convergence within one percent

The details of this implementation are given in appendix I. Storage

requirements are reduced even further for non-periodic transducers with a

repeating section. This is shown in appendix II.

Once all of the node voltages have been found, the potential

distribution for the transducer is simply the voltages on these nodes. The

charge distribution for the transducer is given by the charge on each node

divided by the period of the small electrodes (sampling rate). These

charges are found using equation (5). The Fourier transform of the charge

distribution is given by

NRKZ (9)
7):g

where:

* Qn charge leaving the n'th noden

p = the small electrode spacing

vs  the average surface wave velocity.
03

The admittance characteristics of the transducer are evaluated using

equations (10-12). The radiation conductance Ga is given by [8]:

EP W
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where:

K2 = coupling coefficient

VT = terminal voltage

F The radiation susceptance Ba is given by [8]:

Wa (f): Hilbrt Tr,sor, n.ol

The transducer capacitance is given by [2]:

CT:-Tn (12)

hz I VT

where N = number of small electrodes and

;f Vt .O

Once these admittance characteristics are known, the response of the

transducer as a function of frequency can be calculated [8].

In figure 6 the potential distributions for infinite single and double

*'e electrode transducers nalculated using this technique are compared to the

known analytical distributions calculated from field theory. Notice that

there is almost no difference between the the field thoery and circuit

model results. Figure 7 shows the Fourier series representation of the

potential and charge distributions for the double electrode transducer.

Notice that the lower spatial harmonics are very accurate but there is some

* "deviation at the higher harmonics. This is exactly what is expected

because, at the higher harmonics, the electrode spacing is no longer much

less than a wavelength.

0J
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Figure 6: Potential distributions for single and double electrode
transducers calculated using 16 divisions per electrode and calculated
using field theory.

(a) Single electrode transducer structure
(b) Double electrode transducer structure
(c,d) potential distributions calculated using field theory
(e,f) potential distributions calculated using the circuit model



0 17

M I . ..LL . 2. 3.

-48'

K/C 7r/2p)

o -12

-- 2 4  -

C\I

Ib

~-48

-6 "- "". .£

1 9 17 25 33 41

K '(7-/ 2p)

Figure 7: Spectral potential and charge distributions for a
double electrode transducer calculated using this circuit model
with 16 divisions per electrode and field theory distributions
Bars correspond to the circuit model values

and X's correspond to the field theory values. (duty factor is 31/6J4)



Figure 8 illustrates how to use the circuit model with an example of a

non-periodic transducer, whose charge distribution is not analytically

known. Figure 8a shows the repeating transducer structure to be analyzed.

It is modeled with 2 small electrodes for every lu in length, as shown in

Figure 8b (a larger number may be used for greater accuracy). Then the

equivalent circuit is drawn and the unknown node voltages are found. The

potential distribution that is shown in Figure 8c is given by these node

voltages. The charge distribution is found from equation (5) and shown in

Figure 8d.

The technique that is used to find the charge distribution and

response for an arbitrary non-periodic transducer is summarized below.

(1) Divide the transducer into many small electrodes.

(2) Draw the circuit model for these electrodes and apply the

appropriate node equations.

(3) Solve for the node voltages to obtain the potential

distribution.

(4) Find the charge on each node to obtain the charge

distribution.

(5) Fourier transform the charge distribution to find * (f).
T

(6) Use equations (10-12) to find the admittance characteristics,

and hence the response of the transducer.
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III. Reflector Analysis

To calculate the reflection and phase shift of surface acoustic waves

* -from an array of electrodes one must calculate the reflection and velocity

shift of surface acoustic waves from a single electrode and then combine -

the effects of all of the electrodes in the array. These reflections and -

velocity shifts are calculated using the normal mode approach [8]. First

the charge distribution on an electrode due to an incident surface acoustic

wave is calculated and then the reflection and velocity shift of the wave

is calculated from that charge distribution. For infinitely long periodic

arrays, this charge distribution, which is equal to the normal component of

the electrical displacement at the surface (or D y), can be calculated

fairly easily [9]. This charge distribution is shown in figure 9b for an

electrode spacing of one quarter wavelength (fundamental). In this graph,

the phase reference is in the center of the first electrode and the

exp(jwt) time dependence is taken out. If one electrode is removed, the

problem of calculating the charge distribution is more difficult because

the charge on all of the remaining electrodes will be different. The

amount that the charge distribution on the electrodes changes when an

*electrode is withdrawn is determined by finding the electrostatic charge 7

distribution on the electrodes which will add to the charge distribution on

the electrodes due to the acoustic wave and leave a charge of zero on the

[.I

* surface where the electrode was withdrawn. Calculating this electrostatic

charge distribution is very simple using the method outlined earlier in

this thesis. The small electrodes, which represent an electrode that has

Sbeen withdrawn, are driven with current sources(actually charge sources)

which are equal to the opposite of the acoustic charge that it must cancel.

The circuit equations used to find this charge distribution are identical
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Figure 9: Charge distribution on a transducer or reflector with one
electrode withdrawn due to an incident acoustic charge.

(a) Physical structure
(b) Real and imaginary parts of the charge distribution produced by
an incident acoustic wave assuming all electrodes are present
(c) Real and imaginary parts of the electrostatic charge
distribution produced by withdrawing one electrode.
(d) Real and imaginary parts of the charge distribution produced by

-.an incident acoustic wave on the actual transducer structure



to the circuit equations used to find the charge distribution for a

transducer except that these current(charge) sources give rise to the

charge distribution instead of the voltage sources. This change in the

charge distribution, resulting from withdrawing an electrode, is shown in

figure 9c. The actual charge distribution due to an incident surface

acoustic wave (figure 9d) is given by the sum of the original charge

distribution (figure 9b) and the change in the charge distribution. Notice

that the charge in the region where the electrode was withdrawn is equal to

zero. Therefore the boundary conditions for the transducer are satisfied.

Once the charge distribution on each electrode is found, the

reflection and velocity shift of any electrode in the array can be

calculated. In reference 9 the reflection and velocity shift are

calculated using the charge distribution for neriodic transducers which is

shown in figure 9b. To calculate the reflection and velocity shift of an

electrode in an array with a withdrawn electrode, the charge distribution

calculated in figure 9d is used instead. One should note that all of the 6e4

electrodes near the missing electrode have different charge distributions

and thus different values for reflection and velocity shift. However, the

charge distribution for electrodes far from the withdrawn electrode is

nearly the same as the charge distribution for an infinitely long periodic

transducer. Therefore the reflection and velocity shift of these

electrodes are identical to the reflection and velocity shift calculated

for an infinitely long array.

For any electrode in an array with charge distribution, Dy(.), the

reflection and velocity shift are given by[9]:

r °P Tr e-' 4te/z (13)

2.ITT



I(a I 
_VI~eZ

K coupling coefficient (14)

-7 - duty factor

P electrode spacing

P
fn normalized frequency or 2.f.p/ v s

va. average Surface w*re veloci:ty

The scatter matrix elements in figure 3b are given by (at fundamental) [9):

I.I

K2. 
(15)

The impedance mismatch and shunt susceptance in figure 3c (at fundamental

and a duty factor of 0.5) are given by:

zm

(17

The impedance mismatch and velocity mismatch in figure 3d (at fundamental

and a duty factor of 0.5) are given by:

Z. (19)

V V
- (20)

va0

p.-S, 5 - i r . v i
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As a check of the accuracy of this technique, consider an infinitely

long periodic array of electrodes in which every other electrode is

withdrawn. The reflection and velocity shift of surface waves from the

remaining electrodes can be found using the technique presented in this

paper (figure 10a) or using the previous theory for periodic transducers

(figure lob) [1]. The charge distribution on an electrode due to an

incident acoustic wave from the left calculated using the technique

presented in this paper is shown in figure 10c. The charge distribution

calculated using the previous theory is shown in figure 10d. They are in

good agreement. The reflection and velocity shift were also calculated

using each of these techniques and their values are also in good agreement.

So far we have calculated the reflection and velocity shift of surface

waves from an electrode in an array with only one withdrawn electrode and

for an array with periodically withdrawn electrodes. The reflection and

velocity shift can be calculated using this method when any number of

electrodes are withdrawn in any order. In figure 11, three electrodes are

withdrawn. Figure 11b shows the charge distribution due to the incident

wave assuming all electrodes are present. Figure 11c shows the

electrostatic charge distribution which is calculated by driving the

transducer with a charge which will subtract from the acoustic charge to

give a charge of zero in the regions where an electrode was withdrawn.

* Figure 11d shows the resulting total charge distribution. This charge

distribution is used in equations 13 and 14 to calculate the reflection and

velocity shift of the remaining electrodes.
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F (igure 10: Charge distribution produced by an incident acoustic wave on atransducer with every other electrode removed.
, (a) Physical structure showing withdrawn electrodes
. (b) Same structure but thought of as a periodic structure with

~electrode spacing of one wavelength and duty factor of 0.25

Cc) Real and imaginary parts of the charge distribution produced by

* . an acoustic wave as calculated using the method presented in this

paper
(d) Real and imaginary parts of the charge distribution produced by

an incident acoustic wave as calculated using the previous theory

C, kfor periodic transducers
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Figure 11: Charge distribution on a transducer or reflector with three
electrodes withdrawn due to an incident acoustic charge.(a) Physical structure

(b) Real and imaginary parts of the charge distribution produced by
an incident acoustic wave assuming all electrodes are present
(a) Real and imaginary parts of the electrostatic charge
distribution produced by withdrawing three electrodes
(d) Real and imaginary parts of the charge distribution produced by

an incident acoustic wave on the actual transducer structure
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For finite length peridic transducers or reflectors, the same

technique is used to calculate the reflection and velocity shift of

electrodes near the end of the transducer. Figure 12b shows the charge

distribution for an infinitely long periodic transducer driven by an

rincident acoustic wave. The open surface at the end of the transducer is

modeled as a series of withdrawn electrodes, and the resulting electrostatic

charge distribution is found (figure 2c). The total charge is shown in

U figure 12d. In table 1 the reflection and velocity shift of electrodes

near the end of a periodic transducer are tabulated at fundamental. The

- / - -values of the reflection and the velocity shift for an electrode far from

the end of the transducer are nearly equal to their values for an infinite

periodic array.

The method used to calculate the reflection and phase shift for a

withdawal weighted or finite length periodic array is summarized below.

(1) Determine the charge distribution on a single electrode

due to an incident surface acoustic wave assuming all

electrodes are present.

(2) Determine the electrostatic charge distribution which

must cancel the original charge distribution in the

regions where an electode is withdrawn.

(3) Sum these two charge distributions to get the actual

charge distribution on the electrodes due

to an incident acoustic wave.

(4) Use equations 13 and 14 to calculate the reflection

K ; and velocity shift of each individual electrode.

(5) Use equations 15-20 to determine either the scatter

matrix elements or the transmission line parameters.
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(6) Cascade the scatter matrices or use transmission line

theory to calculate the reflection and phase shift for

the entire transducer.

4-

j2-
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Figure 12: Charge distribution near the end of a periodic transducer or
reflector due to an incident acoustic charge.

(a) Physical structure
(b) Real and imaginary parts of the charge distribution produced by
an incident acoustic wave assuming all electrodes are present
(c) Real and imaginary parts of the electrostatic charge
distribution produced by withdrawing the electrodes beyond the
actual transducer structure
(d) Real and imaginary parts of the charge distribution produced by
an incident acoustic wave on the actual transducer structure
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Electrodes from the . K
end of the transducer v 2

1 0.39 1.16

2 0.83 1.42

3 0.73 1.36

4 0.77 1.38

5 0.75 1.37

6 0.77 1.38

7 0.76 1.38

8 0.77 1.38

- 0.76 1.38

Table 1: Reflection and velocity shift
for electrodes near the end

of a finite length periodic transducer

I

;.-i

- i.
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IV. Conclusion

This thesis presented a circuit model approach to calculate the

electrostatic charge distribution for non-periodic surface acoustic wave

transducers such as withdrawal weighted and chirped transducers. This

charge distribution is then used to calculate the electrical port

*admittance parameters and the response of the transducer. The circuit

model has been formulated in a way that allows long non-periodic

transducers to be analyzed %ithout computer memory limitations. Since

reflectors cannot be analyzed using an electrostatic analysis, this thesis

extended this method to calculate the reflection and velocity shift of

surface acoustic waves for electrodes in withdrawal weighted arrays or for

electrodes near the end of finite length periodic arrays. This method

includes piezoelectricity only and neglects mechanial effects.

1E
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Appendix I

Solution of the matrix equation using a Gauss-Seidel iteration technique

Because of the symmetry of the circuit equations, a Gauss-Seidel

iteration technique is used to find the unknown voltages on the floating

electrodes. A Gaussian Elimination technique or matrix inversion technique

requires that the entire matrix must be stored, thus requiring a large

amount of computer memory [14]. Only the values of Dn  need to be stored

in this application of the Gauss- Seidel iteration technique. Using

equation 5, the equation for the charge on the i'th electrode, if it is

floating, is

0

This equation is solved for the voltage on the i'th electrode in terms of

all other electrode voltages.

Equation 14 is used to solve for the set of floating electrode voltages by

first assuming that all of the floating electrode voltages are equal to

zero and then recalculating them until their values converge to the correct

ones. Figure 9 shows a flow chart of this process. Convergence is very

rapid becaubd Dii is small for li-ij greater than ten(tenth nearest

neighbor). A rough estimate of the floating electrode voltages,and

therefore the potential distribution, can be calculated quickly by choosing

low density of small electrodes, only a few nearest neighbors, and a

liberal tolerance on the convergence.
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Error VF New VFOd
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E-- rror < To eanc VF Old = VF New "

Done

b. Figure 13: Flow chart of the Gauss-Seidel iteration technique applied

to the solution of the floating electrode voltages.
(V =set of floating electrode voltages)

F
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Xppendix Large Repeating Transducers

For large repeating arrays, a simplification can be made to reduce

storage requirements further. Let N be the total number of small electrodes,

n be the number of electrodes in the repeating section, and d be the number

of sections in the transducer. From equation (5), the charge on any elec-

trode is given by:

N
Qi Z T D 3jV j  (21)

j=l

However, since the voltages repeat with a period of n, this equation

reduces to:

d- 1 4

2 n

.Qi D i-j--Kn V (22)

d-1 j=l

2

d-l

Qi E D i-j+Kn .(3
j-1l (23)

4L
K d-l

" 2

n
Qi E D V.

J LJ (24)

The value of D.. in equations 5 and 5 ast now be replaced by D'

from equation 24 • Only the values of D' need to be stored in the

computer memory. If a transducer has ten repeating sections, this tech-
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: nique gives a tenfold reduction in the amount of computer memory required.

The procedure for finding the potential and charge distribution is the

same as previously described.
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