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CHAPTER 1

INTRODUCTION

1.1. A Brief Overview of Descriptor Variable and Singular

Perturbation Theory

Descriptor variable theory depends heavily on the theory of regular
matrix pencils which was first explored by Weierstrass in the nineteenth
century {1]. A standard modern reference to the theory is Gantmacher [2].

A regular matrix pencil is a matrix polynomial Es-A where E and A are square

matrices of the same dimensions and
det(Es-A) % 0. (1.1

In (1.1) the determinant is formed in the obvious way by taking the deter-
minant of the corresponding matrix of scalar polynomials.

More recently, it was observed by Rosenbrock [3],[4] that the

linear system
Ex = AX + Bu (1.2)

is strongly related to the pencil Es-A since Laplace transformation of (1.2)

yields
(Es-A)x = Bu + Ex(0). (1.3)

X and U are the Laplace transforms of x and u. If E is singular, (1.2) is
called a descriptor variable system.

In {4] Rosenbrock introduced his decomposition of (1.3) into static
and dynamic parts along with the theory of infinite decoupling zeros. The
decomposition uses the canonical form of a regular pencil to decompose the

system into two parts, one whose eigenvalues are the same as those of (1.2)

"o




and one with no dynamics in the usual sense. The theory of infinite
decoupling zeros is an algebraic characterization of controllability and
observability for the static subsystem. The theory utilizes properties of
the pencil As-E. Continuing in the same direction, Verghese et al. [5]-([7]
carried the work of Rosenbrock further with some modifications.

Proceeding in a somewhat different direction, Luenberger (who
originally coined the phrase ''descriptor variable") concerned himself wit
time varying, discrete-time descriptor systems. In [8] and [9], as well
having stated basic results, he gave many real-world examples as a justit. -
cation of the development. [10] contains applications of the theory to
the LQ regulator problem and to large-scale systems.

A third line of work has been followed by Campbell {11l] who solved
(1.2) using the Drazin inverse. The Drazin inverse is a generalized matrix
inverse, closely related to the eigenspaces of a matrix. The solution of
(1.2) can be written in terms of E, A, and B and their Drazin inverses. Such
an approach seems less traditional than that of the others insofar as it
completely avoids explicit use of the theory of matrix pencils,

The motivation for descriptor variable theory for the most part is
that, in choosing variables in a physical system in a natural way, one is not
always guaranteed that the resulting mathematical model will be in state
variable form. In many instances the most natural choice of system variables
may be a non-minimal set leading to a system model (1.2) with E singular.
Luenberger gives several examples of such systems in [8] and {9].

In other situations it may not even be possible to write a state
equation under any choice of system variables. For example, Figure 1.1 shows

a simple electrical network with one energy storage element. A convenient

e m— - -, U ~ - - —————
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Figure 1.1. An electric circuit which is not naturally described
by a state equation.




choice of variables might be as labeled. However, the loop equations are

2 (1.4)

which cannot be manipulated into state space form. It will be shown in
Chapter 2 that even though the circuit contains an energy storage element, the
system order is zero. (1.4) is an almost trivial example of one sort of
problem that can arise in system modeling. However, it is clear that in more
complex situations when one's intuition may not be readily applied, a
systematic approach to such problems is essential.

We now turn to singular perturbation theory. It is difficult to
state precisely what constitutes a singular perturbation problem. Singularly
perturbed systems are identified as such if they exhibit certain characteristic
features. First, there is a dependence on a parameter of some sort, usually
real and in some sense "small." Secondly, a slight change in the parameter
results in a change in system order. This often occurs when a small real
parameter multiplies a derivative of a system variable. Many times, when
the parameter is set to give a low-order system, a descriptor variable system
results. This fact is the basis for the relationship between descriptor
variable and singularly perturbed systems.

Existing work in singular perturbation theory is extensive. Surveys

of the subject include [12]-[14].

1.2. Contributions of this Thesis

In this section we shall explore some of the limitations of
existing singular perturbation theory and general directions that will be

“aken in subsequent chapters to overcome them.




The majority of comtrol ori. -ed results in singular perturbation
theory have been derived for the linear time-invariant system

Xp = A ¥ Ay Y Bu

wx2 = Alel + A22x2 + Bzu

(1.5)

where w is a small real parameter and A 2 is nonsingular. There are, however,

2

important cases in which system models yield singular A22' A simple example

is given in Figure 1.2. The system equations are

X, = -x; - %
1 12 (1.6)
—wkz =% + u.

Here A22==0 and the results of [15]-{17] are not applicable. There are only

a few results available concerning singular A22 (see [20]).
There are many instances in which systems may not be conveniently

modeled in the form (1.5) even if singularity of A22 is allowed. Consider

the operational amplifier circuit of Figure 1.3. Assuming an ideal amplifier,

the system equations are
wk, + X, = -x, - U
1 2 1

wX, = -X
2

(1.7)
9¢

(1.7) seems to be the most natural (i.e. most intuitively meaningful) de-
scription of Figure 1.3. Yet it is not clear how to tramsform (1.7) into

the form (1.5). One might try to diagonalize the matrix of coefficients of
*1 and kz, but this would lead to a similarity transformation which is
singular at w=0. Thus system equivalence between (1.7) and the transformed
system would be lost at w=0. Other attempts at standardizing the model

must all lead to a loss of the natural interpretation inherent in (1.7) of

the parameter and system variables.
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Figure 1.2. A singularly perturbed system with singular A22.

P

— m—— . - -




u ____K__:__

X2 FP-6772

Figure 1.3. A singularly perturbed system which is not naturally
representable by the standard form (1.5).




Actually, a more natural interpretation of the system of Figure 1.3
would include two parameters, one for each parasitic capacitance. This
brings us to the problem of generalizing the system parameter. It is easy
to think of many examples where the most intuitively pleasing model formula-
tion requires several parameters. However, little work has been done in this
area. Most results can be applied only to systems of a highly restrictive
form [18],[19].

Singular perturbation theory is primarily a qualitative theory.

Its purpose is to give insight into the nature of the perturbations of system
related quantities that occur as a result of slight changes in system
components. Quantitative results are scarce. In fact, the existence of
practical numerical bounds on the variation of system related quantities
would render most convergence results obsolete since bounds contain much

more information than a simple statement of convergence. Singular perturba-
tion theory is mainly a means of obtaining insight into the variational
characteristics of a system and, in particular, of obtaining information
about a high~order model by examining one of lower order.

Given a particular physical system it is clear that one may mathe-
matically characterize it with a large number of parametrically dependent
models. One task of those who apply the theory is that of choosing the model
that supplies the most information. Since the information to be gained is
basically qualitative, it makes the most sense to choose system parameters
and variables which have direct and intuitively clear relationships with
physical quantities in the system. 1t is true that singularly perturbed
models of an extraordinary nature may in some cases be manipulated into

something resembling a standard form. However, it is unavoidable that such




manipulations at times must diminish the intuitive power of the model
resulting in a loss of information provided by the theory. It is for this
reason that a more general theory is needed.

The main contributions of this work are 1) the reformulation of

the singular perturbation problem to include system models which cannot be

naturally put into a standard form, 2) the extension of existing control-
theoretic results of standard singular perturbation theory to the more general
class of system models, and 3) the unification of descriptor variable and

singular perturbation theory for linear, time-invariant systems. It is hoped

that this thesis will be viewed as a fresh look at the singular perturbation
problem. Whenever possible, results are stated in coordinate-free or geometric
terms. This is done in order to increase conceptual clarity. In this way

the reader is freed from the burden of having to keep track of changes of
coordinates which would appear in any discussion of structural properties and
would necessarily depend on the perturbation parameter. The value of the
geometric approach has been established by Wonham [21] and others. Part of

the last chapter is devoted to alternative algebraic formulations of the

problem. This is intended to give further insight into the mature of
singularly perturbed systems.

It should be stressed here that even in the linear time-invariant
case the structure of generalized singularly perturbed systems can be

extremely complex. Many pertinent questions cannot be answered easily.

1.3. Chapter Survey

The thesis is divided into two main parts: ideas concerning

descriptor variable theory (Chapters 2 and 3) and singular perturbation theory

G o o et eeed
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(Chapters 4-7). In Chapter 2 the decomposition theory of Rosenbrock [4]
is interpreted in geometric terms. It is shown that there is a natural
decomposition of the state space into independent subspaces that span the

whole space, including Rosenbrock's decomposition on the system. Chapter 3

carries the geometric approach further by defining controllability of descriptor

systems and studying the interplay between controllability and linear non-
dynamic feedback. The geometric structure of closed-loop systems is studied
in the tradition of Wonham.

In Chapter 4 we begin the study of generalized singularly perturbed
systems with the definition of such systems and with an extension of the
geometric decomposition described in Chapter 2 to a region of the parameter
space. Under this decomposition a singularly perturbed system consists of
two subsystems which are consistent with the partitioning of the system
eigenvalues into slow and fast modes. Chapter 5 is a study of the variation
of the trajectory or solution of a system under small pertutbations. Some
conditions are given under which a small perturbation in syvstem parameters
results in a small change in the system trajectory. Chapter 6 is a study of
the behavior of certain basic structural properties such as stability,
controllability, and stabilizability that results from a perturbation of
the system.

The linear quadratic regulator problem is considered in Chapter 7.
Conditions are established under which the optimal control, trajectory, and
cost change only slightly as a result of a small perturbation in system

parameters. Finally, Chapter 8 contains some alternative ways of looking at

Lo i ]
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descriptor variable and singularly perturbed systems. Previous results are

interpreted in new ways and basic conclusions of the thesis are stated.

-
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PART ONE

DESCRIPTOR VARIABLE THEORY
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CHAPTER 2

GEOMETRIC DECOMPOSITION

2.1l. Problem Formulation

To facilitate the development in later chapters and to gain insight
into the structure of descriptor systems we shall be concerned in this chapter
with the decomposition of a given system into two subsystems. The decomposi~
tion has already been achieved in [4], for example, using analytic techniques.
However, the geometric structure of the decomposition has not been described
elsewhere. We shall parallel the development of the analytic decomposition
for descriptor systems with geometric interpretations given at each step.

It will be seen that the natural response of one subsystem is a
linear combination of the Dirac delta and its derivatives. Hence it will
be called the "fast" subsystem. The other subsystem will be called "slow'"
since it is a state variable system with exponential natural respomse. It is
emphasized that the terms slow and fast refer merely to the natural responses
of the two subsystems of the original open loop system. The character of
the trajectories of the two subsystems may change drastically when feedback

' and "static' seem

or an external control is applied. The terms "dynamic'
to be preferred by some authors. However, since we are ultimately concerned
with singular perturbation theory, the terms slow and fast seem more
appropriate.

Let X and U be complex Euclidean spaces with dimX=n and dimU=m.

X and U have inner products and norms related by { x,x) = "x"z and (u,w = Juj
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for xe X, ue U.l’z We shall consider only linear maps associated with X and U.
Let Hom(U,X) be the C-vector space of homomorphisms from U into X where C is
the complex plane. We choose to make the distinction between homomorphisms
and matrices in keeping with the philosophy of coordinate-free representations.
Hom(X,X) is the C-algebra of endomorphisms on X. Hom(X,X) has identity element
I. If A€ Hom(X,X) and S is an A-invariant subspace of X then let A]SG Hom(S,S)
be the restriction of A to S. The identity map in Hom(S,S) will also be
denoted by I. If S is not A-invariant then A|Se& Hom(S,X).

Let Aie Hom(X,X), i=0,...,v and choose a basis j3 of X. We denote
by det(a s’ + by

v v 1

0 _ .k v
[aijs +...+aijs+aij] where MatBAk—[aij]' det(Avs + .0+ A

independent of the particular choice of § .

s+A°) the determinant of the polynomial matrix
ls-+-Ao) is
We shall consider dynamical systems described by differential

equations of the form

A X +"‘+AX=BUTT+"‘+BU (2.1)
v [o] ™ (o]

where Bie Hom(U ,X), i=0,...,7 and superscripts denote differentiation with
respect to t. Aixi and B:.Lu:'L are to be interpreted in the obvious pointwise
sense. The class of admissible controls is taken to be the set of all general-
ized functions (or distributions; see [24] and Section 5.1) with range in U that
are identically zero on (-=»,0). The admissible controls form a C-vector space

denoted by ‘Uo .

1'I'hroughout: the thesis all inner products are denoted by (.,.?,
and all norms by | i .

2(- ,+) is conjugate symmetric.
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The system equation (2.1) can be simplified considerably by
defining Z=X"x Un, J 0(X) and ﬁo(Z) analogous to .&O(U), and ze.fyo(Z),
VE-UO(U) according to

Z = (X,...,X sUgees,ll ) (2.2)

and

ve=au (2.3)

where x is a solution of (2.1) for a given u. Then (2.1) may be rewritten
Ez = Az + Bv (2.4)

where E,A€ Hom(Z,Z) and B€ Hom(U,Z). Applying a control v to (2.4) corresponds
to applying the nth indefinite integral of v to (2.1). Thus any problem
involving (2.1) can be reduced to ome in which (2.4) is considered.

Henceforth we shall concern ourselves with (2.4) only. Of course,
the interesting case occurs when E is singular. We shall always assume that 1

det(Es-A) ¥ 0.

2.2. System Decomposition

For simplicity, assume E,A€ Hom(X,X) and B&€ Hom(U,X). Our goal

is to decompose the system

Ex = Ax + Bu (2.5)
k ni
into slow and fast parts. Let det(Es-A)= o5 T (s-)\i) where ¢°#O and i#j
i=]1
implies Ai# Xj. Define o(E,A) = {Al,...,xk} and let A€ C-0(E,A). Then
k ni
det(AE-A) = ¢ m (A=A.,) “#0 (2.6)
0 i=] i
so AE-A is invertible. Define
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k -1 1 n,
S = © Ker((ME-A) "E- I * (2.7)
. A=A,
i=1 i
and -1 n-r
; F = Ker((AE-A) "E) (2.8)
where k
r= L n, = deg(det(Es-A)) < n. (2.9)
i=]1 1

Clearly, r<rank E with r=n if and only if E is invertible.
Theorem 2.1 gives a canonical decomposition of X with respect to the
pair (E,A).
Theorem 2.1: 1. S@®F=X with dimS=r.
2. There exists an invertible M€ Hom(X,X) such that

a) S and F are both ME- and MA-invariant

b) ME|S=1I, MA|F=1

¢) ME|[F is nilpotent
n,
i

k
d) det(Is-MA|S)= 7 (s=A.)
i=1 i

3 -1 _ n-d § mi _ $
Proof: Let det(Is-(AE-A) "E) =s T (s-n.) where d= I m,, n, #0 for
——— i=l 1 i=1 1 1

i=l,...,8, and i#j implies ni# nj.z‘ n-d is the multiplicity of the zero eigen-
value of (KE—A)-lE. Define

§ -1 m,
R = D Ker((AE-A) "E-n.I)
i=1 1

and
R, = Ker( (AE~-a) "YE)?d,

Then R, PR, = X, dim R are both (XE—A)_lE-invariant.

1 2 =d,andR1andR

1 2

3Muc:h of this proof was patterned after Gantmacher [2], Vol. 1,
p. 28.

4ni clearly depends on A. However, A is fixed so we do not write
this dependence explicitly as ni(k). .

Potincm §
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Let J, = (:E-a) 1E'R
m

and J2 = (T\E-A)—

1 2

E'R,. Then det(Is-Jl) =

=-;1(s-ni) * and J2 is nilpotent. Since (XE—A)_1A= A(AE-A) "
1=
(\E—A)-IA}R1= \Jl—I and (,\E—A)—lA]R7 = ?\JZ-I. Define M€ Hom(X,X) according to
-1
J. X if x€R
= 1 1
Mx = 1

(MZ—I) x if xe R2

J, and AJ,-I are invertible since J, has no zero eigenvalues and J

1 2 1
nilpotent. Let M=b-4(\E-A)—l. Then Rl and R2 are both ME- and MA-invariant
with
= -1 -1

M = - I = =

LIEle MOAE-A) ElR; = J7J) =1
and - -1 -1

MA)RZ = M(\E-A) A]Rz = (W,-I) (- = 1.
Also, -1

ME|R2 = (M,-1) 7T,

which is nilpotent and

-1

-1
, = - = -
MA|R Jl (KJl 9] AL Jl .

1

Next observe that

det (MEs-MA)

det (Es-4) = dec M
det(Is-MAIRl)det(MEIst-I)
B det M
N n-d k ni
But det(ME|R,s-I) = (~1) so det(Is-MA|R,) = m (s-d,)
2 1 i=1 1

det(Is-MA|R.) = (Is - (a1-37t
1 1 i=1

Thus, if the ni are indexed properly, we have 8=k, mi=ni,

\—L=,\, so n, =
i

i A=x, 1 2

i i

Also

§ m,
) = m (s-u-%)) i

d=r, and

Hence R, =S, R,=F. This completes the proof.




R ——

18

The construction of M in the preceding theorem is important so it

will be repeated here. Let
-1
J, = (AE-8) E|S (2.10)
-1
J, = (AE-4) E|F (2.11)

and let M& Hom(X,X) be defined by
Mx = . (2.12)

Finally, let

M = M(AE-a) "L (2.13)

L = ME F, L, = MA|S. (2.14)
Note that

rank Lf = rank ME~r = rank E-r. (2.15)

Formulas (2.7), (2.8), and (2.10)-(2.14) constitute a family of
algorithms for decomposing the pair (E,A). The family is indexed by the
parameter A which ranges over C-o(E,A). It is fortunate that all the
algorithms give the same end result. The following two lemmas establish that

S, F, M, and consequently Ls and L. are independent of A.

£

Lemma 2.1: Let J\ie o(E,A), 8 be any positive integer, and LS and Lf be gener-

ated by using a fixed parameter A€ C in the algorithm (2.7)-(2.14). Then

1

n=AX,
1

1) Ker((nE-a) lE- 8 = Ker(AiI—LS)B

and

8

2) Ker((nE—A)-lE)B = Ker Ly

for all ne C-c(E,A).
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Proof: 1) TFirst observe that

(nE—A)-lE——l— I = -
n=A, n=1x,
1 1

(nE-A)-l(\iE-A)

so if M is given by (2.7)-(2.13) (using *, not n) we have

-1 1
Ker((nE-aA) "E- vy

i

8

)" = Ker((nE-A)-l(AiE-A))B

Rer ((nE-&) "M 1M(x E-4))®

"

Ker((nME-MA)'l(,\iME—MA))8

-1 ]
Ker((nI-LS) (XiI-LS))

® Ker((nL~D) 7 (3 L -1

-1 8
Ker((nI—Ls) (in-LS))

since XiLf—I is invertible. Also

-1 8 _ -8 8
((nI-LS) (KiI—LS)) = (nI-LS) (AiI-LS)

since (nI-LS)—1 and AiI-Ls commute. Hence

1 1

- B
Ker((nE-A) "E- —

_ 3
n~ = Ker(AiI LS) .

i

2) The argument parallels that of part 1).

Rer((nE-a) TE)® = Ker((nE-s) uE)®
- 1 \-B. -l (8
Ker(nI Ls) @Ker((an 1) Lf)
= Ker L?
since (nlL —I)-1 and L_ commute. This completes the proof.

£ £

An obvious corollary to Lemma 2.1 is that S and F do not depend on

3. The ‘-independence of M will be shown next.
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Lemma 2.2: Let Jl(\), JZ(\), M(}), and M()\) be given by (2.10)-(2.13) for
some choice of A. For n€ C-o(E,A) define Jl(n), Jz(n), M(n), and M(n) in
the obvious way. Then M(n) = M(A) regardless of the choice of n.

Proof: We have

M(AE|S = I, MOV)A|F = 1.

Define
L ) = M)AlS, L.(V) = M(A\)E|F.
Then
3 () = (MOVE-M() ) TMOVE|S
= (n1-L_ N7,
S
Similarly,
I, = (i () = D7)
SO -
M(n)|S = nl-L (M)
? and -
M(n) |F = nL (1) - I.
Hence - -1
M) (MM(ADE-M(VA) ~ =1
SO

M(n) = M(n) (MMCA)E - M(A)A) M)

= M(})

which is the desired result.

This brings us to the decomposition of the descriptor system (2.5).

Operating on both sides of (2.5) by M yields
MEx = MAx + MBu. (2.16)

Define P €Hom(X,S) and Q €Hom(X,F) as the skew projection operators on $

along r and on F along S respectively. Let




21
BS = PM3 (2.17)
and
Bf = QMB. (2.18)
We may rewrite (2.16) as
X =LX +Bu (2.19)
s s's s
L.x.=x_+ B_u (2.20)

£f°f f f

where X

s Px and xf = Qx.

We now have two systems acting on independent state spaces with x= xs+-xf.

2.3. Trajectories and Initial Conditions

If T€ Hom(S,S) define e(T) : [0,») -~ Hom(S,S) according to

e(T) (£) = T, (2.21)
Then the solution of (2.19) is simply
= *
xg e(Ls)Px0 + e(LS) B u (2.22)

where "*" denotes convolution. Defining solutions of (2.20) is a more
complicated task.

Let q be the index of nilpotency of L In {11] Campbell

£
showed that for each q times differentiable u: [0,») > U there exists a

unique differentiable X : [0,2) > F satisfying (2.20). Xe is given by

q=1 1
x.(t) = <L LB

ut(t). (2.23)
Note that no initial condition is specified. This is in contrast to the

family of solutions of (2.19), a particular solution being singled out by

choosing an initiai condition xsoe S.
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It has been suggested in [5] and [7] that by allowing solutions
of (2.20) from .DO(X), a distinct solution may be defined for each choice

of initial condition x(ae F. The proposed solution is

£
q=1 i-1_1 Q=1 i i
X. ==L 6 L.x. - £ L_B_.u (2.24)
f i=1 £ fo i=0 ff
where SJ is the jth derivative of the Dirac delta. (2.24) was obtained

by taking the Laplace transform of (2.20). Although the Laplace transform
approach is quite formal and is not very satisfying intuitively, we shall
take (2.24) to be the solution of (2.20). A more intuitively pleasing
justification will be given in Chapter 5. We shall see that, for any
singularly perturbed system with (2.20) as its limiting descriptor form, if
its solutions converge to anything then they converge to (2.24).

The parts of (2.22) and (2.24) due to initial conditions alome

serve as motivation for calling (2.19) the slow subsystem and (2.20) the

fast subsystem. Also, we shall henceforth call S the slow subspace and F

the fast subspace.
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CHAPTER 3

CONTROLLABILITY AND POLE PLACEMENT

3.1. Reachability in the Fast Subspace

In this chapter we begin by defining controllability for descriptor
systems. Although the idea of extending the usual state variable definition
of controllability to descriptor systems is a fairly obvious generalization,
it has not been proposed elsewhere.

Some authors have come close to considering controllability.
Rosenbrock in his theory of infinite decoupling zeros {4] considered
certain properties of descriptor variable systems which are related to
controllability. According to his definitions, a descriptor system has
infinite decoupling zeros if and only if the matrix [sA-E : B] loses rank
at s=0. It will be shown that this condition is equivalent to uncontrol-
lability of the fast subsystem as we shall define it in Definitiom 3.1.
Rosenbrock’s theory, however, does not address the problems of state reach-
ability and of finding controls that steer the trajectory to a specified state.

In [10] Luenberger et al. defined the concept of maintainability
which is also related to controllability as we shall define it. Maintain-
ability guarantees that a solution exists to a certain type of tracking problem
determined by the parameters of a descriptor system. It is clear after
examination of the definitions that maintainability is not equivalent to our
forthcoming definition of controllability. For our purposes it will be con-
venient to define controllability for descriptor systems in a way more closely
analogous to the standard definition of controllability for state variable

systems.
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In generalized function theory it is often impossible to talk about
the value of a function at a given point.l To avoid this problem let Cq(U)
be the C-vector space of q times continuously differentiable mappings from

[0,») into U (using the right-hand derivative at 0) and consider only

controls from Cq(U). Then Xg may be identified with a differentiable ordinary

function on (0,x), namely

B S, (3.1)
£ i=g £ £ ° '
and it makes sense to say
o9zl i g
xf(t) = —iEOLfou () (3.2)

for any t> 0.
The definition of a reachable vector for descriptor variable

systems is highly analogous to that of a reachable state for state variable
systems. Let ¢ : [0,») x Cq(U) x X+ X be given by

tL ¢ (£-1)L 1y

q—
- s s s
@(t,u,xo) e (Pxo) + j’ e Bsu(r)d'r ‘L.OL

) foui(t) (3.3)
o =

where ul(O) is the ith right-hand derivative at 0. Then @(',u,xo) agrees on
(0,#) with the solution of (2.5) with control u and initial condition X

Definition 3.1: A vector w€ X is said to be reachable from xoex with respect

to the system (2.5) at time 1€ (0,=) if there exists a control u€ Cq(U) such
that @(r,u,xo) =y,

Clearly, when applied to the slow subsystem (2.19), Definition 3.1

is equivalent to the usual notion of controllability from state variable theory.

IWhat is $(0)?
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We now consider controllability of the fast subsystem (2.20). Let

= vee q-1 4
ﬁf Ime + LfIme + + I_f Ime. (3.4)

Theorem 3.1: Let we€ F. The following statements are equivalent with regard
to the fast subsystem (2.20):
1) we ﬁf.

2) There exist te (0,») and x oe'F such that w is reachable from Xeo

f

at time T.

3) w is reachable from Xeo at time t for every te (0,»), xfoe F.

Proof: It should be noted at the outset that the initial vector x ° has no

f

effect on the solution of (2.20) for t>0. It appears in statements 2) and

3) merely to preserve the form of the analogous theorem from state variable

theory.
First we show that 1) implies 3). Let xﬁae F and 1€ (0,») be
i
iven. Si = cee i i=0,...,q=1. Si
given Since we (Rf, w wo+ wq-l with wie LfIme, i=0, ,q~1 Since
i i e i _ .
LfIme Im(Lfo), there are uieIJ satisfying Lfoui- wo, 1 0,...,q-1.
Define ue ci(U) according to
2 q-1
- . t=1) (t=-1)
u(t) uy + (t t)u1 + 37 u, + .+ —?E:IjT- uq-l'
Then
S E S SR |
¢(r,u,xfo) iEOLfou (1)
q=l
_1EOLfoui
= w,

Obviously, 3) implies 2) so it remains to show that 2) implies 1).

This follows almost trivially since Li (T)E'L;Ime. Inspection of the

8¢9y

definitions of ¢ and Rf gives the desired result.

—e emamas = - - —— - - - - R —
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3.2. Controllabilitv of Descriptor Variable Systems

We now consider reachability and define controllability for

descriptor systems. Let ﬁs be the controllable subspace2 of the slow sub-

system (2.19).

Lemma 3.1: Let p be a nonnegative integer, T€ (0,=), and

K = j'TtZPetLSB B*etL:dt.3
145 0 s's
Then
Im)VTp =R

Proof:a Let x€ Ker}YTp for some T,p. Then

T . tL* 2 T 9p EL CL;‘
: | thSe Sxl|“dt = [ (x,t Pe sBSB;e x) dt
| 0 0
; T, tL tL:
! =(x, [ tPe °B B*e ‘xdt’
0 s's
=
x,}?Tpx>
=0
*

S0 tPB:e S¢=0 for all t€ [0,7]. Right-hand differentiation p+r-1 times at

t=0 gives

B;L;l x=0, 1i=0,...,r-1. (3.5)
Hence L
r- r-1 i L
xe N Ker(B*L*i) = N Im(LlB )
i=Q s S i=0 S s
r-1 i i
= (£ Im(L°B ))
i=0 s S
: 3.6
S‘RS ( . )

25ee [21].

3 *denotes the adjoint operator.

aThis is an adaptatiou of a proof given on pp. 35-36 of [21].
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L
so KerJr <S8 and
Tp S

5
%
5
N}

L
R C KerX
s ™D

since }yrp is Hermitian.

L
To show the reverse inclusion let x€ ﬁs. Then (3.6) holds and
hence (3.5) does also. Recall that there exist Y [0,7]>C, i=0,...,r-1
such that
tL

s r-1
= cos
e v (I + v ()L + Y,_p (8L

for all te [0,t]. Thus
tL; r-l %1
tPr*e x= £ tpY.(l:)B*L x=0
s : i s s
i=0
and )me= 0 so

1
xe Im)’frp = Ker)”tp.

Hence ﬁ;: Ker)’frp and Im_}}’rpcas. This completes the proof.
Let (R=ﬂs ::ﬁf. The next result justifies calling ® the controllable
subspace.
Theorem 3.2: Let we X. The following statements are equivalent with regard
to the system (2.5):
1) weg.
2) There exists t€ (0,») and xoe «RSéBF such that w is reachable from
X, at time T.
3) w is reachable from xo at time Tt for every 1€ (0,=), xoeast.

Proof: To show 1) implies 3) let 1 and X, be given and let w=ws+wf, {

WSERS, wa«ﬁf. Choose ui, i=0,...,9-1 so that

R I R : S e L SOMNEETONS Tic
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and define ufe Cq(U) by

-1
(£-1) (£=7)3
= - + —— e e .
ug(e) = uy + (E=Duy + 757" u,y + (-1 ' Y-1
Let T (T-C)Ls
p=1/fe B u.(t)dt€ &
0 s f ]
- . q~-1 _
and choose any position integer p> 5 - Let xo— xso+xfo’ xsoeﬁs , xfoe F.

Tl
Since ﬁs is Ls-invariant, ws-e sxso-¢66is and from Lemma 3.1 there exists

z€ S with

K z=w_-e Sx__~ 4.

TP s so

Define
(t-t)L*
(r-t)zPB:e Sz + uf(t).

u(t)

Then ul(T) = u;(f) = ugs i=0,...,9-1 and

ali i
- 7 o=
i;OLfou (1) wf.
Also
T (t-t)L, T 2p (1-t)L, (t-t)L}
f e B u(t)dt = f (t-t) e B B*e zdt + ¢
0 s 0 s s
=Hpzt o

and hence

@(t,u,xo) =W + we = W.

2) follows from 3) trivially. Inspection of the definition of ¢
gives that 2) implies 1) and the proof is complete.
For obvious reasons, if f =X the system (2.5) is said to be

completelv controllable and (E,A,B) is called a controllable triple.

Implicit in the notation (E,A,B) is the assumption that det(Es-A) # 0. -
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Recall that an eigenvalue Ai of Ls is called a controllable mode if the eigen-

space of Ai is reachable, i.e.

n,
i
Ker(\iI-Ls) C ﬁs. 3.7

In [3] and [5] tests were established to check for the existence
of input decoupling zeros. Although they were not originally intended to
pertain to our concept of controllability, these tests are related to our

definitions. We shall interpret them geometrically.

Theorem 3.3: 1) An eigenvalue Ai€<3(E,A) is a controllable mode of the slow

subsystem (2.19) if and only if
Im(XiE-A) + ImB = X.

2) The fast subsystem (2.20) is completely controllable if and
only if

ImE + ImB = X.

Proof: 1) Let M be given by (2.13). Then

i

M(Im(AiE—A)+-ImB) Im(&iME—MA) + Im(MB)

Im(AiI—LS) + Im(XiLf-I) + Im(MB)

(Im(A,I-L )+ ImB )gF
i7 s s

since AiLf-I is invertible. From state variable theory,

Im(A,I-L ) + ImB_ = S
i™ s s

if and only if Xi is a controllable mode. Since M is invertible the result
follows.
2) From (3.4) it follows that the fast subsystem is completely

controllable if and only if (Lf,Bf) is a contrellable pair or equivalently,

Im(XI-Lf) + Ime = F

~ B B B e ey




for all *=C. This certainlv holds for # 0. Hence

M(ImE + ImB) = Im(ME) + Im(MB)

=S @(ImLf+ Ime)

gives the desired result.

3.3. The Effects of Linear Feedback

Now that controllability has been defined, we can investigate its
bearing on problems associated with descriptor systems. As we shall see, in
some situations it is necessary to allow controls in.ﬁo(U)— Cq(U). At first
it may seem strange that controllability is a useful concept in such cases
since it was defined entirely in terms of c3(u) controls. However, closer
inspection reveals that controllability is essentially a structural property
independent of the types of control driving the system.

Suppose one were to apply to the system (2.5) a feedback control law

u(e) = Kx(t) + v(t) (3.8)
where K& Hom(X,U) anc veﬁo(U). The system would then be of the form
Ex = (A+BK)x + Bv. (3.9)
However, it is easy to construct examples where the condition
det(Es-A-BK) * 0 (3.10)

is violated. Since we do not know how to deal with such systems theoretically,
only those K satisfving (3.10) will be considered.

Our first task is to establish relationships between the structures
of the open and closed loop systems (2.5) and (3.9). One easy result

concerns systems satisfying
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rank E = r

where r is defined in (2.9). (2.15) shows that (3.11) is equivalent to

Lf= 0. 1If (3.11) holds then

dim(Ker E) = n-r =dimF. (3.12)

From (2.8), the definition of F, Ker ECF. Hence (3.11) implies F = Ker :
so the fast subspace of any system satisfying (3.11) is invariant to linear
feedback.

A more difficult result says that the feedback invariance of the

controllable subspace in state variable theory can be extended to descriptor
systems. To prove this we shall need a lemma.

) -1
Lemma 3.2: Let (E,A,B) have controllable subspace f. Then the pair ((:E-A) "E,

(\E-A)—lB) has controllable subspace R (in the state variable sense) for any
\E C-c(E,A).
Proof: Choose X¢<J(E,A) and observe that

R + (AI-LS)R CR+ LsR

for any subspace R of S. 1If xe R%-LSR then there exist v, z& R such that

x=y+L z. Let z=-z and y=y+\z. Then z,y€R and

x=y+ (\I-LS)EER + (AI-LOR

so
- R+ LR =R+ (A-L )R.
s s

Assume that

R+ LR+ ** + LkR =R + (M-L )R+ .+ 4+ (\I-L )kR
S S S S

for some k. Then

e AT
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R+ LR+ - + Ly

R+LR+ - +L°R
S S

+L (R+L R+ -+ +1L5R)
S S s

R+ L R+---+L5R
] S

+ (AI-L ) (R+L R+ --. +L5R)
] S S

()\I—LS)R+ ce + (AI-LS)k+lR.

Setting R= ImBS, it follows that
n-1
® =ImB + (AI-L )ImB + --- + (AI-L ) ImB .
S s s s s s
Since 6{5 is Ls—invariant it is also {\ I—LS)_l—invariant so
-1 -n
/® = (M~-L ) ImB + --¢ + (AI-L ) ImB .
s s S s s
We shall now prove that

1 -1 -1
Ime+ ((ALE—I) Lf)(ALf-I) Ime+ R

1

Re = ()\Lf—I)

. - n-1 -1
+---+((ALf-I) Lf) (fo—I) Ime.

For A =0 this is obvious so assume that A#0 and let R be any subspace of F.

Clearly,
n-1 n-2 2.0n-3 n~1 n-1
Lf R+ (ALE-I)Lf R+ (,\Lf—I) Lf R+ o + (ALf-I) RC R+LfR+ v -+-Lf R.
Let 0<k<n-1l and consider the nxn matrix T= [tij] where
SN HE O I
(i-j)( 17 A if 13] ‘
t,. =
ij !
0 if i<j
T is invertible so there exist ., i=0,...,n~1 satisfving ]
0 if j#na-k-1
n-1 !
L t,.x, = -~
l=j 1] 1
1 if j=n-k-1 -

—_—— e———— - P
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Then
n-1 inp-i-1 _nzl 1y i-j. 3. ntj-i-1
E A -I = Z - JAJ J
150% PLgD Ly 20 jE0t P T L
n_l n—l . s s s —3o
=T Ia (o ittt
j=0 i=j 1'i-j £
_ .k
= Lf.
If x€R then
¥ = nEl(xL N L O
£ 7 jzo O f £ i
n-1 n-2 n-1
ELf R + (\Lf—I)Lf R + + (XLf-I) R
and
n-1 n-1 n-2 n-1
R+LER+ ---+Lf R Lf R + (ka—I)Lf R+ o+ (ALf-I) R.
Setting R= Ime and observing that Rf is (ALf—I)-l—invariant gives
& = OL-D) Y imB 4+ OL.~1) "L Imb,+ -+ + OL-1) 1" L 1np
f f f f fI £ f f £’

Note that

Lf(ka-I) = (XLf-I)Lf

so left and right multiplication by ()\Lf—I)_1 shows that (ALf-I)-l and Lf
commute. This establishes the desired expression for ﬁf.

Finally, note that

(XE-A)_lEIS = (AI—LS)_I
(AE-A)_lEIF = (fo-I)’lLf
P(xE-A)'lB = (AI-L )'13
S s
QOE-4)"18 = (ALf-I)-le
. -1 -1 -1 -1
so the pairs ((AE-A) "E|S, P(AE-A) "B) and ((\E-a) EIF, Q(AE-A) 7"B) have

controllable subspaces as and ] . respectively. Since (XE—A)—LE|S and

f
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1 1

(XE-a)~ E{F have disjoint spectra, ((\E-A) "E, (AE—A)—IB) has controllable
subspace tﬁsaﬁf=ﬁ. This completes the proof.

Theorem 3.4: The triple (E,A+BK,B) has controllable subspace f for all

K€ Hom(X,U) that satisfy (3.10).

Proof: Let QK be the controllable subspace of (E,A+BK,B). For any subspace

R of X and any A€ C-(0(E,A) No(E,A+BK)) we have

(AE-A-BK) (AE-A) "} (ImB + R) = (I-BK(AE~A)"1)(ImB+R)C ImB+R

and -1 -1
(AE-A) “(ImB+R) = (AE-A-BK) ~(ImB+R)

since AE-A-BK is invertible. Applying Lemma 3.2 gives

R (AE—A)'l(ImB+ E(AE—A)-l(Im.B-i- E(AE—A)-l(...(ImB) )

[}

= (XE—A-BK)-l(ImB+ E(,\E—A—BK)_I(ImB + E()\E—A—BK)-]‘(- <. (ImB)--.)))

8y

and the proof is complete.
Henceforth, for notational simplicity, we shall denote the relevant
subspaces and operators of the closed loop system (3.9) by Sk» Fr» Mg, LsK’

LfK’ etc.

3.4. Slow Feedback

Besides feedback invariance of the controller subspace, there
does not appear to be much that can be said in general r  :ting structural
properties of open loop descriptor systems to those of closed loop ones.
Fortunately, the pole placement problem can be dealt with by feeding back

the slow and fast trajectories separately. The induced structural changes
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can then be more easilv characterized. In this section we consider feedback

in the slow subsystem. That is, we apply a control u=Kx+v with

Ker K OF. (3.13)
Let
K, = K|s (3.14)
and let ,3s= (el,...,er) and J3f= (er+l""’en) be bases of S and F
respectively. If B = (el,...,en) then
Mat -1, -
a BS(IS Ls BSKS) 0

MatB(MEs—MA-MBK) = (3.15)

¥ Mat, (L.s-1)

at (-B K )
B
fs s f

Clearly, the eigenvalues of the closed loop system (3.9) are those of the
operator Ls4-BSKS. Hence we have the following extension of a well known

result from state variable theory.

Theorem 3.5: An eigenvalue Xi of the descriptor variable system (2.5) can

be shifted arbitrarily by applying slow feedback if and only if the eigenspace
of Ai is contained in ﬁs.

From (3.15) it follows that the dimensions of the slow and fast sub-
spaces do not change when feedback is applied. 1In fact, the next result says
that the fast subspace and fast subsystem are essentially unchanged by slow

feedback.

Theorem 3.6: If K satisfies (3.10) and (3.13) then

and | =R

Proof: Choose Y& C-(o(E,A) "a(E,A+ BK)) and observe that

—a PRI T ~ Y P
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r -1
! Mat . (AI-L -B K ) 0
-1 3 S s S
MatJs ((AE-A-BK) "E) =
R -1 -1 . -1
h AL .~ 1\I-L - AL -
"'Iat” 3 (\Lf I) Bst( I Ls BSKS) Mat:B ( Lf I) ‘Lf
fs f
Clearly,
Fe = Ker ((AE-a-BK) YE)™" T = F.
Also, (3.13) implies
-1 - -1
(\E-A-BK) "E|F = (AE-A) "E|F
S0
- -1 -1 - 4
M [F = (A,-D) (A1) = H[F
and 1 1
-~ - IS B
Lo = M (AE-A-BK) "E|F = M(AE-A) "E|F L,
i = M = i =
Finally, RfK A{K FK’ FK F, and Theorem 3.4 together imply REK ﬁf so the
proof is complete.

It is easy to construct examples where BfK# Bf. Nevertheless, as
we have just seen, the open and closed loop systems have the same fast
controllable subspace.

3.5. Fast Feedback
Consider the control law u=Kx+ v with
Ker K2 § (3.16)
and let
K = K|F. (3.17)
Then
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.\Iatu (Is-Ls) Mat“ 3 (—BSKf)
s s'f

0 Matja f(Lfs—I--BfK

Mat:’s (MEs-MA-MBK) = (3.18)

f)
Clearlyv, the eigenvalues of the open loop system are also eigenvalues of the

closed loop system. But det:(Lfs~I—B Kf) in general is not a constant poly-

f
nomial so fast feedback may induce additional modes in the system.

If some of the roots of det(Lfs—I~B ) are also eigenvalues of LS

i
then it is difficult to find a relationship between the open loop and closed
loop eigenspace structures. However, this can be easily voided as we shall
now see.

Let X denote the subspace of Hom(X,U) consisting of all T

satisfying KerTCS and let TCX consist of all T satisfying det(Lfs-I—Bfo)£ 0

and such that

( N =
g \Lf,I+Bfo) g(E,A) P (3.19)
where Tf=TlF. Let
ITH = sup{d Tx!l |x€ X,Ixi = 1}. (3.20)
Proposition 3.1: J is open relative to X.

Proof: The proof will be postponed until Chapter 4. See the discussion

following Lemma 4.3,

Corollary: There exists ¢ >0 such that TEX and ITl <e together imply that
TET. )
Proof: Obviously 0€T so the result follows immediately from the proposition. 1

We next establish a threefold decomposition of the closed loop

system. Let
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h gi
det(Lfs—I-Bfo) = L!loi;rl(s-iii) (3.21)

where ‘{’0'#0 and i#j implies 813‘ Bj. Henceforth we assume that K€J so Bi# Xj

for all i,j. Let A€ C-o(E,A+BK) and define

n -1 1.8
D, = & Ker((AE-A-BK) "E - 1) (3.22)
K i=l >\—8.
i
Lemma 2.1 guarantees that Dk is independent of A.
Theorem 3.8: 1) SK=S®DK.
2) S and DK are both MKE— and MK(A+BK)—1nvar1ant with
M, (&+BK) |s= Lg-
3 (RSK=(R56DK'
Proof: 1) Let A€ C-0(E,A+BK) and define
_ r - n,
§ = 3 Ker((AE-&-BK) ‘g - —2—) 1
i=1 A-Ai
Then SK=S£DK. Let x€ X with x=xl+x2, xlE S, and XZEF. Then
(ME-A-BK) YEx = (A\I-L ) Yx. + (AI-L )"1B K. (AL.-I-B _K.) 1L.x
s 1 s s f f fE £72
-1,
+ .
()\Lf I Bfo) 1..fx2
and there exists Ne Hom(F,S) such that
k -1, 1 M k -1 1M
ill(()\E-A-BK) E—A-A. I) "'x= Nx2+ i:l((ka—I—Bfo) Lf-)\-k, I) XZ'
i i
Since K&7T L is not an eigemnvalue of (AL _.-I-B_K )-lL > so
’ )\-Ai f £ f £
-1 1 , =
(ALf—I-Bfo) Lf- )\_)\i I is invertible. Thus, if x€ S we have X, 0 and

x€S. Conversely, suppose x€ S. Then

5See the proof of Theorem 2.1 for a discussion of the eigenvalues
of (,\E—A)"lE for any E and A with AE~A invertible.

— e o ——— e f—— - - B

[ —

-~

]
v

[ 2.8 ]
"
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n

1 1 I)i

k -
1 ((AE~A-BK) "E- .
i=1 -Ai

x =0

and x€ 85 so S=85.
2) We have immediately that S and DK are (/\E—A-BK)-lE-invariant,
JlK_ and MK-lnvarlant, and hence MKE-lnvarlant. From

(AE-A-BK)'l(A+BK) = A(AE-A-BK)—lE-I

PH((A+BK)-invariance of S and DK follows. From (3.16),
-1 - -1
(AE~A-BK) "E|S = (AE-A) "E|S

S0 _ -1, -1 -
MKIS = Jgis=J; = Mls

and _ -1
MK(A4-BK)[S = M (AE-A-BK) AlS

= M(E-A)"TAlS

=L_.
s

3) Clearly,
Im(BiME-MA-MBK) + ImMB = S (Im(BiLf-I-BfKE) + Ime).

-1
For x€ F let X, = (BiLf—I) x and x2—fol. Then

(BiLf-I-Bfo)xl + fo2 = x

and
Im(BiLf-I—Bfo) + Ime = F.

Hence, from Theorem 3.3, part 1), DKCR. Also DKC SK so

CRK]RN =
D [ SKﬁ

K sk’

Furthermore, by Theorem 3.4,

= N C A =
(RS fAOS (RK[ SK 6KSK

- - Lo RPN




ﬁsK > Rs eDK'

To prove the converse let
xeﬁ =‘R (]S =aﬂ sel)
sK K K ' ( K) :

Then Xx€R and there exist y€S, z€ DK such that x=y+z. But y=x—zER+DK=a

so
xX€ (RN S) ’:BDK = Rs @DK

f and R C R OD,.
This completes the proof.

Theorem 3.8 is analogous to Theorem 3.6. It states that the closed
loop system consists of three subsystems: one acting on the open loop slow
subspace S with eigenvalues '\i and controllable subspace R s one which is
completely controllable acting on DK with the induced eigenvalues Bi, and a

fast subsystem acting on F Although there is considerable structural

K"
reshuffling, the controllable subspace of the overall system f remains
unchanged.

If rank E=r then we can go even further. We already know that in
this case the fast subspace does not change when feedback is applied. Since
§C S, and SK@F=X it follows that §=Sg-

are the slow and fast subspaces unchanged, but the entire system is essentially

The next result says that not only

unaffected. This would seem to indicate that applying fast feedback to such

a system is pointless. Recall that rank E=r implies Lf=0 so I+Bfo must

be invertible for det(Lfs—I—Bfo) ¥ 0 to hold.

Theorem 3.9: If rank E=r and K satisfies (3.10) and (3.16) then LSK=LS,

-1 -1
LfKSO’ BSK=BS(I—Kf(I+Bfo) Bf), and Bsz (I+Bfo) Bf.




Proof: Since F=KerkE, LfK=M’KE;F=O' Also, if A€ C-0(E,A+BK) then

J,. = (,\E-A-BK)'lEls = (e-a)"tEls = (a1-L )7t
1K s
and _ -1
L= MK(,\E-A-BK) (A+BK)|S
-1 -1
= J g (AE-8) AlS
=1 .
S
L Next we have
- -1
PM = I P
SO -1 -1
PM B = JlKP(,\ME—MA-MBK) MB
- N -1 -1
=J (AT LS) Bs (AI Ls) BSKf(I+Bfo) Bf)
_ -1
= BS(I-KE(I+Bfo) Be)-
Finally,
- -1
so -1 -1
QLB = (AJ,p-1) Q(AME-MA-MBK) "MB
. -1 -1
= -(AJZK—I) (1+fof) B..
But -1
Jog = ( E-A-BK) "E|F =0

which gives the desired result.

To conclude this chapter we consider the problem of eliminating the
impulsive portion of the fast trajectory (2.24) by applying fast feedback.
The result that we shall obtain says that it is possible to eliminate
impulsive behavior if and only if the fast subsystem (except for the part
acting on Ker Lf) is controllable. First we need a lemma.
Lemma 3.3: Let Y and Z be finite-dimensional C-vector spaces with dimY=dimZ.

Let N€ Hom(Y,Z) and GE€ Hom(U,Z). There exists H& Hom(Y,U) such that N+ GH is

invertible if and only if ImN+ ImG=2Z2Z.
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Proof: 1If N is invertible then the result is obvious. Let N be noninvertible

and choose bases of Y, Z, and U. The existence of an appropriate H is
equivalent to controllability of the mode O of the pair (MatN, MatG) which
is equivalent to

ImN + ImG = 2

so the proof is complete.
Let F/KerLf be the quotient space of F modulo KerLf,
We Hom(F,F/Ker Lf) the canonical surjection, and I:f the induced map of Lf.

Proposition 3.2: L. is nilpotent with index of nilpotency gq-1.

f
Proof: f.f is uniquely defined by WLf=f.fw. Assume
P _ P
WLf wa.
(3.23)
Then
p+l _ rp S -
wa LEWLf Lf W.

Hence (3.23) holds for p=1,2,3,...
Next, note that if x€ ImLcé_l then there exists y&€ F with x=L2_ly.

=1% =
Thus fo Lfy 0 and

ImL‘}E'l C RerL, = Ker W

S0
Aq— = q_l =
il Ly Wil 0
; . ~q-1
and, since W is a surjection, Lf =0,
On the other hand, there exists y€ F with L%‘ly# 0 so
q-2

ImLf ¢ Ker Lf.
Thus

cq=2., _ q~2

Lf W W'Lf 0

and fﬂ‘z#o. This completes the proeof.
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Letting I§E=WBf and ﬁf(t) =‘.€xf(t), we may define the quotient system

fof = X + Bfu. (3.24)

Since f.f is nilpotent, (3.24) has similar structural properties to those of
1 the fast subsystem (2.20). 1In particular, from Theorem 3.3, part 2) it
follows that (3.24) is completely controllable if and only if
Im£f+ Imﬁf=F/Ker Lf. We shall make use of this fact in the final theorem
of this chapter. Note that no S-functions are present in (2.24) if and only
if Lf=0.
Theorem 3.10: The following statements are equivalent:
1) There exists K& Hom(X,U) satisfving (3.10) such that LfK=O'
2) There exists K& Hom(X,U) satisfying (3.10) and (3.16) such that
J LfK=O'
"t 3) ImLf+Ime+KerLf=F.
’ 4) The quotient system (3.24) is completely controllable.

Proof: Choosing bases of S and F, it is clear from the matrix representation

of  Ex~MA~MBK that, for any K,

deg(det (Es-A-BK)) = r + deg(det(Lfs—I—Bfo)).

, From (2.15), LfK=0 if and only if
deg(det (Es-A-BK)) = rank E

or equivalently,

deg(det(Lfs~I-Bfo)) = rank Lf

since

rank E = r + rank Lf.

Whether or not L_, =0 is therefore determined solely by the action of K on F.

] fK

RNy T o R S e A i bl




The behavior of K on S is irrelevant and the equivalence of 1) and 2)
follows.

Choose a basis = (e seee sl

seees @ Y- se e
1 Py Pyt Py Pg-1* Py
of F so that Maty Lf is in Jordan form with d blocks of sizes Pii17Pye Let

Mat:B (I+Bfo) = [hij]. A straightforward but notationally messy calculation

yields that the (ranka)th coefficient of det(Lfs—I-B ) is just detd

o
where, setting Py = 0, 3= [eij] with

9, . .
IJ pi’PJ_l"'l

1) is equivalent to det @# 0 for some Kf. Note that
ImL, = span{ej]J=pi_l+l,...,pi-l; i=1,...,d}
and
Ker L. = spanie, ,e ye e @ }.
f 1 pl+l pd_l+l
Let T = span{e_ ,e_ ,...,e_ }.
1 P2 P4

Then dim( Ker Lf) = dimT and 1) is equivalent to the statement that

£ is invertible for some Kf where PTImL is the skew

f
= L
£ Let V PTI f. Then

V(I+BK.) |Ker Le= V)KerLf + (VBf)(Kf]KerLf)

PTImLf(I+Bfo) [Ker L

projection operator on T along ImL

and from Lemma 3.7 an appropriate K_ may be found if and only if

£

V(RerL + ImB.) = ImVIKerLf+ InVB, = T.

Hence we have arrived at the equivalence of 3).

Complete controllability of (3.24) is equivalent to

ImL,. + ImB

¢ £ = F/KerlL

£

so the equivalence of 3) and 4) follows from elementary arguments.,




4 i e ohye s

Since 1) implies 2) in Theorem 3.10, we are guaranteed that if the
impulsive behavior of the fast subsystem can be eliminated by feedback then
it can be eliminated by fast feedback. Theorme 3.10 mav be interpreted as
a pole placement—theorem concerned with shifting poles at infinity into the
finite portion of the complex plane. Theorem 3.8 says that the shifted poles

correspond to controllable modes and can thus be placed arbitrarily.

3.6. A Two-Stage Pole Placement Procedure

The following design procedure can be used for pole placement in the
overall descriptor system. First, calculate the decomposition for the given

open lcop system. If the fast subsystem modulo KerL_ is completely

f
controllable then any impuslive behavior can be eliminated by applying fast
feedback as outlined in the corollary to Proposition 3.1 and Lemma 3.3.
Second, calculate the decomposition of the closed loop system after
fast feedback has been applied and shift the poles of the slow subsystem as

desired. The properties listed in Theorem 3.8 make calculating the decompo-

sition easier.
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PART TWO

SINGULAR PERTURBATION THEORY
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CHAPTER &

DECOMPOSITION OF GENERALIZED SINGULARLY PERTURBED SYSTEMS

4.1. Preliminaries

As shown in Chapter 1, there is a need for a singular perturbation

theory which not only unifies existing theories, but also extends them to

a larger class of systems. In this Chapter, after defining the generalized
singularly perturbed system, we shall develop a geometric decomposition of
the system into slow and fast subsystems. Such a decomposition will have
use in Chapter 5 in the study of the behavior of the solutions of (4.8).

It will also be useful in studying the behavior of the solution to the LQ
regulator problem in Chapter 7. For the standard form (l.5), approximate

decompositions already exist (see, for example, [15]). We shall take a

somewhat different approach from what has been dome in the past, extending the
geometric decomposition developed in Chapter 2 to systems defined on a para-
meter space. The decomposition will be exact in contrast to the approximate
decoupling result of [15]. In order to develop the theory we shall need certain
mathematical concepts. Consider the set 7 of all subspaces of X. For any

R €7 let PR_eHom(X,X) be the orthogonal projection operator on R. Define

2
p: M = [0,=) by

p(R,T) = lipg - Bl 4.1)

It is shown in [33], pp. 69-71 that p is a metric with values in [0,1] and
that p(R,T) =1 if and only if either R*NT#0 or RNT*#0. From a

dimensionality argument it follows that pg(R,T) =1 when dim R#dim T, p can

be thought of as a generalization of the angle between subspaces.




Lemma 4.,2. Let L :{—Hom(X,X) be continuous at Yy with (v

Let . be a topological space (see, for example, [28]) and choose

w, €Q. If R:{Q-7% is continuous at w, with respect to p, it will be useful

to construct a convergent basis for R. To do this we need a pair of lemmas.

Lemma 4.1, Let y, e; :0-X, i =1,...,0 be continuous at W with (el(u;),,.,,

en(w)) a basis of X for all wel. LIf Q¢ Q-C, i=1,,..,n are defined by

y(w) =er(w)e1(w) T +ozn(u.;)en(w) then each a; is continuous at wo.

Proof: Define L :{(Q—Hom(X,X) according to

L(u;)ei(u)o) =ei(w), i=1,...,n,

Then L is continuous at R and L(w) is invertible for each we&(). Taking
the inverse of L(w) corresponds to a continuous function on the topological
subspace of invertible endomorphisms in Hom(X,X). Hence w"L(w)-l is

continuous at W, e It follows from

1

Tty @) - L) Myt = in  ue) iy Wi

+‘:lL(wo)'lHHy(w) -yl

-1 . . . .
so w~L(w) "y(w) is continuous at Wy Define pi : 21— C according to

L) Ly (@) =8, (e (@) + .. +B_(we_(u).
Then each 51 is continuous at @ . It follows that
y (@) =L(w) (B (we (@) +... +B_(we (w)))
= Bl(w)el(w) +oaet ﬁn(w)en(w)
so @ =B, i=1,...,n and the proof is complete.

ARk ,vp) a basis

of Ker L(wo). There exists a neighborhood V of Wy and maps e, V=X,

i=1,...,p such that
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1) ei is continuopus at W, i=1,...,p.

2) ei(wo)=vi, i=1,...,p.

3) (el(w),,..,ep(w)) is linearly independent 7w<¢V.
4) span {el(m),...,ep(w)}:xer L(w) Ywev,

S) w=span {el(w),...,ep(w)} is continuous at w .

1,...,bn"p) of ImL(u)o) and define c; : GU-X,
*
i=1,...,n~p according to ci(w) =L(w) bi' Then ci(w) &€Ker L(w)>. Further-
*, )
more, (bl’”"bn-p) is a basis of Ker L(wo) - S0 (cl(mo),...,cn_p(wo)) is a
* , -
basis of ImL(u)o) = Ker L(mc’)"° Since the points in Xn P which correspond
to linearly independent sets of vectors form an open set, there is a
neighborhood Vl of Wy throughout which (cl(m),...,cn_p(w)) is linearly
independent, Taking the adjoint corresponds to a continuous function on
% . , * * o, .
Hom(X,X) so w—L{(w) 1is continuous at w . jc,(w) -c,(w )i =L(w) -L(w_, ,i;}b..l
o i i o i
gives that ci is continuous at By i=1,...,n~-p.
Applying the projection theorem (see [27], p. 56) yields the

orthogonal projection B, (w)c, (w)+...+p (w)e (w) of v, on span
il 1 n-p i

i,n-p

v R -C n . - . .
Lcl(m),...,cn_p(w)j Ker L(w)* where sij .V1 C is given by

I

| B |
<c1(w)zc1(w)> ces <c1(w):cn_p(w)> 9ilSw) { . <Vi,?l(w)>
. . . i .
<cn_p(w),cl(w)> . <cn_p(w),cn_p(w)> Bi’n‘P(uz} <Vi,Cn_P(w)>
Clearly, each aij is continuous at W .
Define e; on Vl by
e (@) =vy - (B (e @+ a#8y () (W),

Then each e; is continuous at wo‘ Also,
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Vi _ Span Lcl(wo)""’cn-p(wo)j

S0 ei(u.‘o) =vi, i=1,...,p and there exists a neighborhood chl of wo

throughout which (el(w),“..,ep(m)) is linearly independent, Restricting

e; to V, 1) -3) hold.

Since
e; (W) €span e (@),..0he_ (@)]*,
from a dimensionality argument it follows that
span{el(w) seee ,ep(w)} = spanic 1 (W)ye0e ,cn_P(w)}J‘ SOKer L(w)

for all w€V, Finally, let x€X. From lemma 4,3 there exist a G—¢,

i=1,...,n, continuous at wo, such that

x=af1(w)el(w)+..,+C!p(w)ep(w)+oz l(w)cl(w)+...+afn(w)cn_ (w)

pt P

for all w&€V. Then

Pspan[el(m),,,,,ep(w)}"=°/1(w)el(w) +... +ozp(w)ep(u,)

so w—P

is continuous at w, and so is w-ospan{el(w),...,

span{el(w),...,ep(w)}
ep(w)}. This completes the proof,

Corollary: Let (vl,...,vp) be a basis of R(wo). There exist a neighborhood
vV of w, and maps e, : =X, i=1,...,p, continuous at w s with ei(wo) =V
i=1,...,p and (el(w),...,ep(w)) a basis of R(w) for each w€v,

Proof: Since R is continuous at wo, dim R(w) =p for all w in some neighbor-

hood of W, . Setting

L@ = By = L= Ppeyy

and applying 1) -4) give the desired result.




We shall shortly be considering parametrically varying linear
operators. Unfortunately,their domains may also depend on a parameter.
Hence, in order to talk about continuous behavior locally about the

singular point, it is necessary to topologize the set
~ =R‘é7/‘< Hom(R,R). (4.2)
To do this define ~ : ~ —~Hom(X,X) according to

JTX if X &R
|

w(T)x = . (4.3)

( 0 if x &R+
Hom(X,X) has the topology induced by the operator norm (3.20). Let «(X)

be the weakest topology on X that makes . continuous. The topological
space (%,3(X)) is pseudometrizable with pseudometric
dy (T, T,) =liw(T)) = w(Ty) (4.4)
Hence, a map L :..~X is continuous at A if and only if woL is continuous
at wo in the usual norm sense., Define H(X) to be the set of all L : —X
continuous at mo.
If R:.1~7M is continuous at wo we denote by HR(X) the set of all
L €H(X) with L(w) €¢Hom(R(w),R(w)) for each w€... If G&% and R(w) =G for
all w then HG(X) is alternative notation for HR(X). Note that Hom(G,G)<=X
with
AT = e (T (4.5)
for any T €Hom(G,G). Thus, considering Hom(G,G) as a topological subspace

of %, the relative topology on Hom(G,G) is the same as the norm topology.

Therefore, L :{i—Hom(G,G) is contained in HG(X) if and only if it is con-
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tinuous at @ with respect to the norm topology on Hom(G,G).
Consider a locally continuous R : Q-7 and I.GHR(X). Let V be a
neighborhood of w and el,,,.,ep basis functions as described in the

corollary of lemma 4.2. Then
| : - E
HL(We, (w) - L(® )e, (w )i = i (L(w))e, (w) - H'(L(wo))ei(“’o)x|
o o TN S ;
= (eol) (w) '(HOL)(WO)Hdei(ub)il+lM(L(u5))d nei(w)- ei(wo)ﬂ (4.6)
so w-L(w)ei(w) is continuous at wo’ i=1,...,p. It follows from lemma 4.1
that the matrix representation of L(w), defined on V with respect to

el,...,ep, varies continuously with the parameter about the singular point.

Proceeding similarly, let

& = U

; U R€77<H°m(U’R) 4.7
i

v and define v :%U—Hom(U,X) by v(T)u=Tu for any u €U. Vv simply extends

range spaces to X. Letting F(U) be the weakest topology on U that makes
v continuous, define H(U) to be the set of all L:3-%, continuous at W
with respect to &F(U). If R:—%] is continuous at w let HR(U) consist

of all L€H(U) with L(w) €Hom(U,R(w)) for all w. Local continuity of

matrix representations of members of HR(U) can easily be shown.
In dealing with singularly perturbed systems we shall consider
only operator valued maps in HR(X) and HR(U) for some R, continuous at w, -
- Hence, all systems that we shall consider will have locally continuous
matrix representations. Since matrix representations are inevitably used
in applications we are justified in developing a theory which guarantees
local continuity with respect to the topologies #(X) and F(U). For

theoretical purposes, however, abstract topological concepts are preferred
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over notions of matrix convergence since the abstract approach is coordinate
free.

We need a few more results concerning HR(X) and HR(U). Let
R : ..~ be continuous at wo.

Proposition 4.1. 1) Let L &HX(X) and let R(w) be L(w) - invariant for all

w€... Then w-L(w)!R(w) is continuous at Wy
2) If A:u=-C is continuous at 9, and L €H(X) then
s A(w)L(w) is continuous at wo'

3) 1if Ll,I..2 €H(X) such that, for each w€(, Ll(w) and

LZ(w) share the same domain, then w-L1(w)-+L2(u0 is continuous at wo.
4) 1f I.GHR(X) and L(w) is invertible for each wel
then w-L(w)-1 is continuous at WO.
5) If G:—" and v :i/=X are continuous at 6y with

1
) = 0y e 0y —~ T -
R(w) DG(w) =X for all we.. then w PR(w)G(w)V(w‘ and w PG(w)R(w)V(w) are

continuous at wo.

6) 1If B*EHX(U) then w.*PR(w)G(m)B(w) and w-'PG(w)R(w)B(w)

are continuous at db'

Proof: 1) Let x&X and el,...,ep be as in the corollary to lemma 4.2.

Since P I , W= R(w)+ is continuous at & and e cesy€_ may be
) o ’Tn

R(w)= L~ PReuw p+l’°

constructed to form a locally continuous basis for R(w)+*. As in lemma

4.1 comnstruct Upseeer@ such that
X =al(w)el(w) +... +Oln(w)en(w).

Then

c
“ (L) [R@)x = 2 ()L@we, (w)

1 & j i al
Pg(w)c(w) cHom(X,R(w)) is the skew projection operator on R(w) ong G(w).
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and w-‘p(L(m)!R(w)) is continuous at W
2) This follows immediately from
A G)LW) = AWk (LWw)).
3) The result follows from
w (L (@) +1y (@) = w(ly (W) + (L, (@),
4) Comstruct a locally continuous matrix representation with
respect to a basis (el,...,ep) on a neighborhood V of wo. The inverse of

Mat L(w) also varies continuously at w . Define eij : V~C according to '
-1

Choose x €X and construct «@ ,ap as in 1). Then

AR

‘ -1 P -1 P P
w(L(w) x = za, (wL(w ei(w)=i;:l(ai(w)jf;lf’ji(w)ej(W))-

5) Choose basis functions el,...,vs.p for R and e 1700l for G,

pt
and let SIEREE ,an satisfy

v (w) =a1(w)el(w) +oos +ozn(w)en(w).

Then
PR(W)G(w)V(w) -_-czl(w)el(w) +... +ozp(w)ep(w) ]
6) Let u€U. Then
v(PR(w)G(w)B(W))U = PR(w)G(w)B(w)u‘
Letting

v(w) =B(w)u = v(B(w) )u

we have that v is continuous at w, . The desired result follows from 5) and

the proof is complete.
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4.2, Eigenvalue Behavior

We shall now construct a singularly perturbed system. We call )

the parameter space and @, the singular point. For applications, the

importance of non-Euclidean parameter spaces is not as yet clear., However,
for our purposes, the structure of a topological space will be sufficient,

We shall not cloud the relevant issues by imposing additional structure on

sae

A generalized singularly perturbed system is a family of linear

time-invariant systems described by

E(w)x = A(w)x + B(Wu (4.8)
where E, A EHK(X)’ B EHY(U), and w ranges over (. Furthermore, we require
that

det(E(w,)s -A(wo)) 20 (4.9)

and that E(wo) be singular.

The singularity of E(wo) and the continuity of E and A at g work
together to create the '"singular" behavior of singularly perturbed systems.
For example, we shall now see that, in general, systems of the form (4.8)
have eigenvalues which can be separated into two classes according to
magnitudes in a natural way,

Consider the characteristic polynomial det(E(w)s-A(w)) of (4.8).
Since forming the determinant involves only sums and products of the entries

of E(w) and A(w) we have
det(E(@)s-A(0)) =Y (@)s" +... +Y (W)s+Y_(w) (4.10)

where Yi :{l~C is continuocus at w i=0,...,n, Let




56

r =maxii lYi(wo)#O}. (4.11)

Lemma 4.3. Let f(w,s) =Yn(w)sn+ +Y°(w) where Yi :0~C, i=0,...,n are
continuous at W/ satisfying Yr+l(wo) = ... =Yn(wo) =0, Yr(wo) #0, r<n, but
otherwise arbitrary., Then there exists a neighborhood V of w, and maps
Py )‘1""’)‘1" OyseeesO_p V—-C, continuous at @ s with ci(wo) =0,
i=1l,...,r, ;Do(w) #0 for all w, and such that

n-
.1

£(@,9) =0, (@) (T, (@, @)s-1)) (T, (s-A, @)

i=
for every wE€vV,

Proof: Let g(w,s) =Y°(w)sn+... +Yn(w). A bound on the roots of a polyno-
mial over C given in [26], p. 62 implies that there exists at least one

root éw of g(w,s) satisfying

Y (W), ¢ a-r

5, = l?%lig_l(l-&;—r-) (4.12)

whenever Yr(w) #0. Since Yr(mo) #0, there is a neighborhood V1 of u:o

throughout which (4.12) holds. Define oy on V, according to

1
cl(w) = 5w . Yn(W)#O .
0 if Y (w)=0

The construction of o guarantees that if 0 is a root of g(w,s) then
cl(w) =0, From (4.12) 9, is continuous at W, with cl(wo) =0,

Let C(Vl) be the set of all maps from Vl into C, continuous at
w, . Using pointwise addition and multiplication, C(Vl) is a commutative
ring with identity, Hence (see [25],p. 334) there exist 70""’7n-160("1)

such that




— n-1 -_—
g=(s-g)( s tooo+Y o)

where g is considered as a polynomial over C(Vl). Multiplying and equating
coefficients at w, yields Yr+l(wo) = .40 =Yn_l(wo) =0 and Yr(wo) #0.
The above arguments may be applied n-r times yielding a neighbor-

hood Vn-r of wo and maps cl,...,s s %’”"@r : V=C, continuous at wo

n-r

with cl(wo) =,.. =cn_r(wo) =0 such that
= (_jyR-r, . E n-r,
g=(-1)" “(p s +... +¢O)if__rl(s ;).

From the construction of the Gi we have that 0 is not a root of
r
w . = .
@r(w)s +... +<po(w) SO @o(w) #0 for any evn-r Let V Vn-r

Clearly,

r n=-r
E(w,8) = (@_(w)s™ + ...+ (w), T, (c, (w)s-1).

From the continuity of Oi and oy it follows that there exist Xl,...,h

continuous at w_ such that
w + +Q (W) = n A
v} ( )s r( Y= (W), l(s - i(m))

for all W€V, This completes the proof.

We thus have that the eigenvalues of the system (4.8) are

1
cl(w),...,

1 .
)\l(u;),...,)\r(w) and > @ where )\i and o; are continuous at

n-r
wo and ci(wo) = (0, Hence there is a characteristic separation of the modes
of all systems of the form (4.8) according to magnitudes,

It is now a straightforward task to prove proposition 3.1,

Proof of Proposition 3.1, Let (=% with the topology induced by the norm

(3.20) and choose @ € 7., Then from lemma 4,3

n-r-p

p
det(Lgs - T-Bo(w | F)) =a(w) (T, (s=0 (@)) (I; (6, (@s-1))
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for some p <n-r where a(w ) #0 and 3, (w) =0. C(Clearly,

det(L.s -1-Bc(w|F) =0
is satisfied throughout a neighborhood of @ . Also
ﬁi(wo) £o(E,A)
implies
T (@) £ O(E,A)

throughout a neighborhood of w . Finally,

1 .
5. (U.)) i G(E:A)
1
SO

s 1+ (@l F) 7 o@,a) =0 |

throughout some neighborhood of wo' Hence J is open in Q and the proof is

complete.

4,3, Slow and Fast Subspaces

Since the system (4.8) is a descriptor system at 0> the slow

and fast 3ubspaces are alreadv defined at uo. We shall now extend their

definitions to a neighborhood of w . From lemma 4.3 there exists a
1
g, (w)

define )=V so that the natural eigenvalue separation occurs at all points

I for all w€V., We now re-

neighborhood V of @ such that Iki(w)l <|

of (i. Since we are concerned only with local properties of (4.8) about wo,
the restriction of QO to a neighborhood of W, causes no problems.
To facilitate the definition of slow and fast subspaces we need

the following lemma.

— e cdmmat— e - - - . — -
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Lemma 4.4. Let E, AEH\((X) satisfy (4.9). Then there exists A\ :.—(C

continuous at @, such that A(w) €C -o(E(w),A(w)) for all wEQ,
Proof: Let |, :J—C be continuous at wo with '«](wo) ;’Ec(E(wo),A(wo)). Then

there exists a neighborhood V of wo such that . (w) #)».i(w), i=1,...,r and

L
ci(w)
Define A(w) = . (@) for w<V and let i(w) satisfy A(wi¥o(E(w),

[h@yl <| [, i=1,...,n-r. Hence T() £0(E(w),A(W)) for all wé€v,

A(w)) for w€Q -V, This completes the proof.

Choosing A as in lemma 4.4 we may now define the slow subspace

at w as
r -1 1
b S =Ker ;1) (AWE® 4N EW -Ty 7y D (4.13)
: and the fast subspace at W as
i
. n-r LE di(w)
t - - - e ———
) F() =ker 1, (AWEW@ -A0) EG) -Toys—ay D- (4.14)
‘ Let
-1 Py n‘w
det(Is - (MWE@-A®) EW) =16 -7,) (4.15)
» with i#j implying -"iw#Tjw' As demonstrated in the proof of theorem 2.1,
3
1l , . - . .
m is an eigenvalue of (A(WE(w)-A(w)) LE(u)) and so may be identi-
fied, after proper indexing with "'-‘iw’ i=1,...,9 £for some Qe The re-

o, (w)
A (w)o‘i (w) -1

identified with niw’ i =qw+l,. s+ 3Py Hence we may give an alternate |

maining eigenvalues of (A (w)E(uJ)-A(w))-l'E(w) are and may be

definition of S(w) and F(W) as the direct sum of eigenspaces., Note the

resemblance to (2.7) and (2.8). |

Y n,
; sw) =9 Ker (A (w)E (@)-4 (@) E ) - R 5 R (4.16)
13.1. -1 n_
F) = 2 | | Rer(MWE@-a@) -7y 1 (4.17)
€L
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Clearly, the definitions (4.16) and (4.17) are equivalent to

(4.14) and (4.15). (4.14) and (4.15) are usually to be preferred, however,
since they are given in terms of operators that vary continuously with w
at w . It follows immediately from lemma 2.1 that S(w) and F(w) are
independent of the particular choice of the function M for all w€Q. From
the definitions and the properties of A, and o, as outlined in lemma 4,3
it is clear that dim S(w) =r and dim F(w) =n-r for all w., Also, S(w)®F(w)
= X for all w. From (4.13), (4.14), and lemma 4.2 we have that S, F : Q—~7

are continuous at wo.

4.4, System Decomposition

We now extend the decomposition for descriptor systems to a
neighborhood of the singular point. We first extend the algorithm (2.10) -

(2.13) to all of Q. Let J,, J, :~X be defined by

1 %
3, @) = A(WE @) -Aw) E@) | 5@ (4.18)
3, @) = (M@EW -A@w) E@ | F@. (4.19)

Define ﬁ, M :a—-Hom(X,X) by

- Jl(w)-lx if x €S(w)
M(w)x = (4.20)

A3, @)-1)"'x if x €F(w)

and
M(w) =H(W) (A (W)E ) -4 (0)) L. (.21

Finally, let Ls’ L¢ : Q=X be given by
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é Lg () =k(w)I-Jl(w)'l (4.22)
and
‘ Le(w) = A (@), @)-1) 17, ). 4.23)

; Clearly, D_d(w) and M(w) are invertible for each w €{l. From proposition 4.1
we have J;, Ly€HS(X), J,, LeeH (X), and M, M EHy (X).
At this point we are ready to state the main decomposition result.
Theorem 4.1. For each ¢ €Q
1) S(w) and F(w) are both M(wW)E(w)- and M(w)A (w)-invariant, ’
2) M@EW) | S(w) =1, M(wAW) | F(w) =1.
3) M@E®) | F@) =Le(w), M@A@) | s@) =L ().
L n-r
i 4) det(Lf(w)s-I) =ill(0'i(w)s-l).

r
‘ 5) det(Is-Ls(w))=ir=rl(s—}\i(w)).
n Proof: 1) -3) follow immediately from the definitions and from

(A (@)E () - A(w)) " TA (W) = A (w) (A (W)E (w) - A (@) E(w) - I.

.JTo prove 4) note that

n-r Ji(w)
det(Is = J,(w)) = 0, (s - AMw)o (w) -1 )

1 Then from (4.23) we have the desired result, 5) follows similarly by

- observing that

r
det(Is - 3, @) =T ¢ TR @ )+ ]
L

This completes the proof.

From lemma 2.2, M is independent of A and hence so are LS and Lf.

From 6) of proposition 4.1 we may define By EHS(U) and Bf EHF(U) according

to

k, - - - — e . . . - - g m—
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Bs(w) = P B(w)

S(w)F (w)
and

Be(®) = Ppyys )3

(4.24)

(4.25)

We have finally arrived at the decoupled system equivalent to (4,8). Letting

the solution x of (4.8) be decomposed by S(w) and F(W) into x=xs+xf we

define the slow subsystem

% = Ls (w)xs + Bs (Wu

and the fast subsystem

Lf(w)xf =xf+Bf(u))u.
The initial condition X is decomposed
¥s0 () = PS (w)F(w)xo

and

*fo (w) = PF (W)S(w) Xo°

into

(4.26)

4.27

(4.28)

(4.29)

From 5) of proposition 4.1, X and Xeo are continuous at wo,

We have thus achieved an exact decoupling of (4.8) according to

eigenvalue magnitudes. Continuity at the singular point has been preserved

everywhere possible., The decomposition at w coincides with the descriptor

decomposition developed in Chapter 2. We shall use the decoupling results

in a variety of situations in later chapters.




CHAPTER 5

TRAJECTORY CONVERGENCE

5.1. Solution of Descriptor Equations

In this chapter we shall consider two questions. The first
concerns one justification for calling (2.24) the solution of (2.20). Con-
sider the class of all singularly perturbed systems whose system operators
converge to those of a given descriptor system. Given one member of that
class, its solution may or may not converge as wTw . We would like to
find the set of all possible limiting solutions of such systems. If there
exists only one possible limit then it would make sense to call that the
solution of the descriptor equation. Since each descriptor system is the
limit of a singularly perturbed system, it would be convenient if at least
the possibility of convergence of solutions existed. Of course we have to
decide what definition of convergence of functions to use. It would be
helpful if more than one notion of convergence gate the same result. So far 1
no other author has taken such an approach to the solution of (2.20).

The second problem is that of determining when the solution of a
singularly perturbed system does converge. More will be said about this
later,

We first consider generalized functions (see [24]) from [0,=)
into X and U. Let K(X) be the C-vector space of infinitely differentiable
maps from (-<,®) into X having compact support. A sequence (¢k) in K(X)
converges to ) €K(X) if and only if the supports of all the o,  are contained

k

in the same bounded interval and p;-Ql uniformly for i=1,2,3,.... The

class of generalized functions is the set of all continuous linear func-

tionals on K(X). We shall consider only a subspace NO(X) of the generalized
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functions. SO(X) consists of all x with (x,9) =0 whenever ¥ his support
contained in (-®,0]. In other words, &O(X) consists of all x such that
x=0 on (-*,0).

1f x: [0,®) =X is Lebesgue measurable and integrable on any

compact interval then
-0 )

(x,9) =uo<x(t),¢(t) >dt (5.1
defines the corresponding x.EaQO(X)° For v €X, the functional 8*v defined
by

(67v,9) = (-1)" <v,9"(0) > (5.2)

is the multivariable generalization of the Dirac delta (differentiated i
times). We shall consider the two most common topologies on &O(X), the
weak and strong topologies (see [24]). A sequence (xk) in &O(X) is said to
converge weakly to x.Q&O(K) if (xk,Q)‘*(x,ﬁ) for every p €K(X). We need
not even consider the definition of strong convergence., For our purposes
it suffices to state that strong convergence implies weak convergence and
the two limits are equall.

Consider the descriptor variable system (2.5) and the class of
all singularly perturbed systems converging to it in the sense of its de-
fining operators, We could attempt to show that there is only one limit
for the solution to achieve, but we are already satisfied with . .e defini-
tion of the solution of the slow subsystem (since this is merely a state
equation). 1In fact, only the natural response of the fast subsystem is in
question since the forced response is the solution of (2.20) in the ordinary

sense for u éCq(U). We especially need to justify our use of the unforced

1The three topologies on K(X) and bo(X) are all Hausdorff and satisfy the

first axiom of countability. Hence, we need consider only countable
sequences. Also, no sequence has more thanm on2 limit,




part of (2.24) since it does not even satisfy (2.20).

Let Rk-R.€W2and (Tk) be in X with T, invertible in Hom(Rk,Rk)

k

k-*T €Hom(R,R), T nilpotent with index q. Let v, v £€R. We need to

and T k

consider the solution of
T, %X = x (5.3)

with initial condition vk.

Theorem 5.1, If e(Tk-l)vk converges weakly to some limit then that limit
q-1 . , .
is Iélé * lTlV .

Proof: We have for ¢ €K(X)

-1
tT q . ; .
_1 a0 k i _l
(e(T, Dvi,@) =i _<e * v ,e(r) >de= L (-1 <T v, "(0) >
-1
o tT
+ (-l)qu<T2e k vk,¢q(t) >de

by integration by parts. Choose an orthonormal basis (el,...,en) of X and

let
tTl-cl
e Vi = alk(t)el-k...-fank(t)en
q R
(L) = pl(t)el+... +Bn(c)en
(T q)e = Tiy..87 F +...e .
k775 'MjkT1LT T mjkn
Since

q q
H'(Tk > = (B(TE))
q - . q
H-(Tk ) =0 and i‘ijk-‘O as k—®, Sgince 9 €K(X), we may define Yij €K(X) by

‘i’ij(c) =#i(t)ej.

Then
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~0 ‘1:0 :,
= < > -
anjk(t)S(t)dt Vo e v, ij(t) Cij

for some C,., i,j=1,...,n and

t'r;l n .. l:T,; 1

. -] .
: q q oy P d ‘
“o<Tke Vir? (t) >dt 151“0<"(Tk ) (e vk),ai(t)ei >dt

n Rl
=i,_]z=lnijk‘j oajk(t)si(t)dt -0.

Hence,

q-1

@b e = E -1t <rtv,0 o) > =(-q:516"-'1 '
(e k k? i=1 vsP i=1

T'v,9)

for all ¢ €K(X) and the proof is complete,

We therefore know that the only possible limit of the solution
of the fast subsystem (4.27) (unforced) in the weak topology on QO(X) is
in fact what we have been calling the solution all along. To reinforce
this convergence argument, consider the strong topology on QO(X). If the i
unforced solution of (4.27) converges in the strong sense then it must
converge weakly. Since the two limits must be the same, Theorem 5.1 holds
for strong convergence as well, The labeling of (2.24) as the "solution"
of the fast subsystem is inescapable. It should be stressed, however, that
(2.24) can be called the solution only in the limiting sense. Once again,

it does not satisfy the equation (2.20).

5.2. Sufficient Conditions for Convergence

Although the previous section shows that only one limiting solu-
tion of a singularly perturbed system can exist, the question of whether

or not that limit is actually achieved is still unanswered. In this sec- B

tion we shall develop conditions which guarantee convergence of the solu-

tion as w“wo.
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For several reasons it is important to know if the system trajectory
converges with ®w. Since in practice a descriptor system can usually be
viewed as the limit of a particular singularly perturbed system, establish-
ing trajectory convergence serves as justification for considering a des-
criptor system as a viable model, A descriptor system which has not been
identified as the limit of a particular singularly perturbed system, or for
which trajectory convergence has not been established may have hidded
instability due to the disappearance of the fast modes in the limit.

In terms of numerical comsiderations, it is easier in some cases
to compute the solution of an rth order descriptor system than an nth order

state variable system. If trajectory convergence has been established, a

1 computational savings may be obtained by setting the parameter to wo and
P
' calculating the corresponding solution, sacrificing a small amount of
;
. accuracy.
L]
P Convergence of the solution of the standard system (l.5) is

understood (see [20],[28], and [34]-[36]). Necessary and sufficient condi-

tions for existence of a limiting solution can be stated in terms of the
limiting system alone. This can be done, however, only because the assump-
tion of the form (1.5) contains implicitly the assumption of one particular
way of approaching the limiting system. In our formulation many different
approaches are possible leading to a much more difficult problem. To
guarantee convergence of solutions, some statements must be made not only
about the limiting system, but also the way in which it is approached.
Convergence of the solution of the slow subsystem (4.26) in

various senses is relatively easy to establish, We shall be concerned
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mainly with characterizing convergence of the solution of the fast sub-

system (4.27) in terms of the behavior of the fast eigenvalues @ -
i

For convenience we assume that Lf(w) is invertible when w#wo. That is,

wo is an isolated singularity.

Let i’f : Qx[0,®) qu(U) xX =X be given by

e ()7 e (DL
e xfo(u.)) +J§ Bf(w)u(T)dT if w#wo
te,eux) = (5.4)

i i o
-i);-OLf(mo) Bo(wu (£)  if w=w

where ul(O) is the ith right-hand derivative of u at 0. Clearly, Qf
agrees on (0,») with the solution of the fast part of (4.8) at W with con-

trol u and initial condition X,
From (5.4) it is clear that understanding the behavior of
e(Lf(w)-l) plays an essential role in the study of §f convergence, We now

characterize convergence of e(Lf(w)-l) in terms of the fast eigenvalues
1
95 (w)*

Consider the smallest rectangle in C, symmetric about the real

axis, enclosing the eigenvalues 3’%}7 . (See Figure 5.1.) Let
3

1
a(w) —m?x Re 5 (@) (5.5)
J
1
b(W) =min Re ———— (5.6)
j 93 (w)
1 2
c(e) =max |Im = (w)l . (5.7)
k| ] -
Define -
Here "Im" denotes imaginary part.
-
!
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Im

-

Re

o alw)

Figure 5.1.

----- -c(w)

FP-8773

The eigenvalues of Lf(m)-l.
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Y (&) =min{ zla(“’)l - zlb(“’)' -} (5.8)
a(w)” +c(w) b(w)” +c(w)

As a part of any sufficient condition for convergence that we
shall derive, it will always be assumed that a(w) —=-® as w-wo and hence
b(w) = =®. Actually, it can be shown that this is in fact necessary for
most types of convergence. Thus we may restrict attention to a neighborhood

vy of w5 with w6v1 - {wo} implying a(w) <0, Define P : [0,1) =C by

pu) = I sl Y (HR . (5.9)

a (w)

and radius I—-L—Z +——

=5

w
pw parametrizes a circle with center at Y—L)-+

1
y a(w) a(“))

Let p, = éw +,1.

Lemma 5.1, 6w(Y) <0, Gj (w) is enclosed by Py» and
Y (w
-g, (W) =2
lp ) -0, @] B

for j=1,...,n-r and each y €[0,1], wEVl - {wo}.

Proof: Choose j,y, and w. We have

1
a(w) °

A

Y (w) < -;(@ 2 - =
a(w)” +c(w)

From (5.9),
Y (w
5,00 TG <o,

Let °j (w) =w+2zi, Then

b(w) < 2" < a(w)
w +2
and
|=2—1| = c(w).
W2+22
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Equivalently,
G-t E 4atw)z
(w - zb( YL feda thw)Z (5.10)
W+ (z - thw))z = 4ctw)2
w2+(z+20tw))2 = 4c](.w)2

!
‘ Hence, Jj (w) is contained in the region determined by four circles as in
I

. . . . . w) to(w)i _('.“.L‘“c_ﬁ”)l_
Figure 5.2. The five points of intersection are J—lz—i—l-— 2 0.

a(w) +<:(cu)2 b(w) +C(w\

‘{ ' From the geometry it is clear thatw< -Y(w). From (5.10) it follows that
4
* Wzl < _a“(lw)
'\ SO
Y o1 2 2 Y 1 Y(w) 1 <N(w)  3Y(w) 1
(w 4 a(w)) tz = (2 a(w)) Wt ( a.(JJ)) 16 +2a(u)+ 2
a(w)
= Y (w) 2
W)
Thus, © (w) is enclosed by the circle with center at —Lz+a(w) and radius
EICINS TN W TS 10
8 4 a(w) a(w) 4
) and the proof is complete.
a (w) a(w

Lemma 5,2. If a(w) ===, b(w)g =0, and c(w)y

-0 as w~w for
o
every 9 >1 then e(Lf(w)-l) =0 pointwise on (0,®) and uniformly on [€,®)

with respect to the pseudometric d‘{ (see (4.4)) for all €>0,

e ——— . s - R e e —— ]
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Proof: Let t=<>0. Then

! t
th(w) _ L s " -1d
e =Fa P e (SI-Lf( » s

where the path of integration is parameterized by pw' Hence,
t

| th(m)-l o "_lePw(y) P (¥) |
(e ) =gl oo ~(adj(p_ ()T = Lg(w)))dy!
j';l(pw(y) - oy
|
A ST LCAY |
<% | — - (adj(p, (¥)T - L (w)))idy
0 PN RERO) y

where "adj'" denotes the (classical) adjoint. Since p (y)—~0 as w-'u.;o
w
uniformly in vy,
~(adj(p (T - L (w)) =-~(adj L (w))

W o)
uniformly in y and there exists a neighborhood V of Wy and N >0 such that

Hadi - N

ladj(p (NI - Lg(w) <N

for all wev - {wo}, y €[0,1].

.
We have for wevl - Lwo},

Y 12 2_ Yy 1 2. Y 1 2
6, - a(w)) +i, () =5 +a(w)) = +a(w))
SO
6, < 1 _2 )
2 2 Y (w 1 3
5,0 +T,»? 2+
since Y(w) = a(;). Thus

g o . - —— e
—— e o e —— ™™ ~- - e et —~ .- -]
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£ 2
P _(¥) 3 €aw
e ® | = e3 .
From
= _L_l
BN 2m| + a(J))I
it follows that for w€VNV, - lwo}
RO ““”’(—5—l ) N
e (e ==
Y(w,"
(52
which is independent of t. 1If n-r =1 we need only show that
Eéa(w)
S—_———QO
a(w)Y(w)y °°
3¢
Letting p=e we have
2a(w)
2
—= = 22O Lo (@) ™)?
a(w) (——-L-;) a(w)
d(w) +c(w)”
and
2
22 W)

a(w)(——bﬂ—-—) a ()

b(“’) +C(w)
For n-r>1 set ®=e3(n-r-l) . Then
%ea(u}) 2a (W) n-r-1
e S
Y(w)n~r-l Y (W)
But
2a (w)
e = a@e™* @ s+ e @* ™)
a(w)2 +c(w)2

(@2 @)%+ @2 @)D,
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and
2a (W)
) _ 1
b(UJ) = b((l))((b(w)Q
b(@)? +<=<w>2

a(w))Z a(w),2

+ (c(w)yp ).

3(n r)

Finally, setting p=e and applying similar arguments gives

%ea(w)

g -0.

a@yY@" "
This completes the proof.
Lemma 5,2 establishes convergence of the exponential provided
a(w) = -® and certain growth conditions on b(w) and c(w) are satisfied. For

example, if

b(w) <N a(w)" (5.11)

for some N, k >0 then the condition b(w)sba(w)

-0 holds for every $>1, The
rate of growth of b(w) and c(w) must be less than any exponential of a(w).
Lemma 5.3, If a(w)—-2 then there exists a neighborhood V of wo such that

-1 n-r
® tL
=W e 1_1_2___+_c£u_’>_|
Jy a(w)
for all wev - {wo} .

Proof: As in the proof of lemma 5.2,

t
tL (t.u) - 1 p (y)
‘ £ < Y(w)y L1 “w )
_\e H N(Y(w) 12 +a(w)IJ |e |d>
so, by Fubini's theorem,
t
-1
® tL_(w) n-r 1= p (y)
e 4 Y@ 1 -7 P
o e =N Gy Ity de ¢ lde
e, 4 7T Y@ nero
Ny a(w>)(2a(w)’ <w>) T




Since a(w) — -2, there exists a neighborhood V of UJO with

1 2 2 1
(a(w)) <§(-4n—_r;),
Then
1 - n-r
" e (w)-lldt< o )n PJLIOM IO EIIC 2|
Io Y () (D)

and the proof is complete.
We now establish sufficient conditions for convergence of Qf.

Theorem 5.,2. Let a(Ww) —-®, b(w)¢a(w) -0, and c(w)@a(w)

=0 for every ¢>1
and let u ECQ(U) have all its derivatives bounded. If there exists a
neighborhood V of wo and a positive integer p such that
n-r
t b |2
Le@Pl < |—25 =|
b(W* +c(w)”

for all wev - [wo}, then, as w*wo,

§f(m: ',U,xo) - Qf(mo’ ° ’u’xO)

pointwise on (0,%) and uniformly on [€,») for every
€ >0 and each xoéx.

Proof: For w#wo, integration by parts gives

“Lf(“")-l 2 i i
§f_(('l',’t:)u"xo) =e xfo(w) e i=0Q Lf(UJ) Bf(w)u (t)
-1 t -1
tL . (w) , . . (-t )L (w)
re © igoLf(w>’Bf(w>ul<0>+Lf<“’>pJ§‘ T B (mar,

From

t a (W) | = |—L|

b(w)? + ¢ (w)> b(w)
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it follows that Lf(m)p-0 so p2q. Hence, from lemmas 5.2 and 5.3, the

desired result follows.

T : : BRI ]
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CHAPTER 6

FURTHER STRUCTURAL PROPERTIES

E 6.1. Slow Subsystem

It is often advantageous to know that if a certain dynamical

system property holds for a singularly perturbed system at wo, then it also
holds throughout some neighborhood of wo' For example, in this chapter we

shall see thac controllability behaves in this way. Hence, controllability

at W, is sufficient to guarantee existence of the optimal solution of the LQ
regulator problem (see Chapter 7) throughout a neighborhood of wo. This
fact will result in a computational savings.

In this chapter we shall consider various results of tnis type.

‘ Applications to the pole placement problem will be discussed.
N In section 4.3 we restricted the parameter space fl to a neighbor-
hood of wo so that the eigenvalues of the system Xi(w) and 5 tw) are
i

separated by magnitudes for all w &€Q. Since each ki is continuous at w
the parameter space can be further restricted so that Xi(ub) #Kj(wo) implies
Xi(uo #Kj(w) for all w&€Q. Accordingly, the functionms Ki can be partitioned
into equivalence classes, Xi and hj being in the same class if and only if

Ri(wo) =Aj(wo). We can reindex the Ai such that hl,...,hn comprise one

: equivalence class, kn1+1""’xn2 another, etc. up to nk==r}
Consider the eigenspace
it -1 1
, 8, (w) =Ker J.agi-lﬂ((k(w)il(w) -A(w)) "E(w) - ml)
n, ’
= Ker j=n:_1+1(Ls(w) -Kj(w)I) (6.1) - {
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where no=0 and \ is as in lemma 4.4. From lemma 4.2 and the fact that
si(w) has constant dimension throughout Q it follows that Si is continuous

at wj for i=1,...,k. Also,

k
S(w) = ,glsi(w). (6.2)

Lemma 6.,1. Let R]_,”‘.,Rp : Q—7 be continuous at 'JJO. Then there exists

R : Q—% such that
1) R is continuous at wo.,
2) R(w)CRl(w)+...+Rp(w) TweQ,

3) R(wo) =R1(wo) +... +Rp(wo).
Proof: Let L: Q—'Hom(xp,x) be defined by

L(w) (Xla oo HXP) =PRl(w)x1+ st +PRP(U~’)XP°

* -
Then w-L(w) is continuous at w, and by lemma 4.2 there exists R : Q=7
continuous at 6 with i(w) DOKer L(w)* for all w &{ and i(wo) = Ker L(wo)*.

Let R(w) =E(w)‘L. Then R is continuous at wo,
*
L=
R(w) CKer L(w) Rl(wo) + ... +Rp(wo) .

This completes the proof.

Since }\j is continuous at w_, Re kj ()< 0 implies that Re )\j (w) <0
throughout some neighborhood of w, . Let kil(wo),...,}si (wo) be the stable
members of G(E(wo),A(wo)). Continuity at @y of Si and 1;euma 6.1 give the

following result,

Proposition 6.1. Let A(w) be the eigenspace corresponding to the stable

p
eigenvalues of the system (4.8). Then w'*jfls (w) is continuous at @
j
and there exists a neighborhood V of w, such that jflsi (w)ycA(w) for
j

.ot [ O, . . P
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every W €&V,

Proposition 6.1 states that for small perturbations the slow

subsystem is at least as stable when perturbed as it is at Gye Also, the

stable subspace is well-behaved about w .

We next consider the controllable subspace Rs(w) of the slow
subsystem (4.26).
Proposition 6.2. There exists R :Q—% such that

1) R is continuous at ub'

2) R@WCR (w) TweQ.

B 3) R(u) =R _(w).
1 Proof: Since
Ho i _ i
‘ V(L (W) TB (W) = (L (w)) V(B (W),
?‘ w'"v(LS(w)lBs(w))* is continuous at w, . Hence, from lemma 4.2 there

exists Ri : -7, continuous at Wy with Ri(m)C:Im(LS(w)lBs(w)) for all
w€Q and Ri(ub) =Im(LS(w°)iBs(wo)). Let R be as in lemma 6.1 with p=r.
Then 1) holds and
R(W) SR (@) + ... +R_ (@) C ImB_ () + Im(Ly (@)B,(¥)) + ... +Im(Ly (@) "B, ()
=i (w)

for all w€Q so 2) holds. 3) follows similarly., This completes the proof.

Thus, the slow subsystem is at least as controllable when per-
turbed as it is at w, . The slow controllable subspace is well-behaved

about w_.
° (o)

To conclude this section we consider stabilizability,
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Proposition 6.3. If Ki(wo) is a controllable mode then ki(w) is controll-

able throughout some neighborhood of @ .

Proof: By hypothesis,
) - +Im wYy= S(w ).
Im(\, (w )T Ls(w }))+1L Bs( ) S( o)

From proposition 4.1 and lemma 4.2 there exist R, R2 : Q-7, continuous at

1

w_, with
0
Ry()SIm w (A, (0T - L (W)
and
R, (@) CIm v (B (w))
for all w€Q and such that
Ry(w ) +Ry (@ ) =8(w ).
From lemma 6,1 and the constant dimensionality of S,
Im i (@I - L (W) +1Im V(B (w)) =X

throughout a neighborhood of ( and the proof is complete.
Corollary: 1If the slow subsystem is stabilizable at wo then it is stabiliz-

able throughout some neighborhood of W,

6.2, Fast Subsystem

Since many different singularly perturbed systems, with various
types of fast mode behavior, share the same limiting descriptor system, no
information concerning stability of the perturbed fast subsystem can be
extracted from the fast subsystem at the singular point. Hence, we cannot

make statements analogous to those of the previous section about stabiliz-
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ability and convergence of the stable eigenspaces. However, we can
describe behavior of the controllable subspace.

Let Rf(w) be the controllable subspace of the fast subsystem
(4.27). 1If Lf(w) is not invertible at a certain w, then (4.27) must be
decoupled according to the descriptor system decorw’osition outlined in
Chapter 2. The resulting slow and fast subsystems (subsystems of (4.27))
then have well-defined controllable subspaces as given in Chapter 3. The
vector sum of the slow and fast controllable subspaces is then the controll-
able subspace of (4.27).

Proposition 6.4. There exists R : Q=7 such that

1) R is continuous at wo.
2) RWGR (W) Tweq,
3) R(wo) =oif(wo).
Proof: Choosing an arbitrary w €(Q) and proceeding according to the algorithm

(2.10) ~ (2.14) yields the decomposition Fler =F(w) with

Lf(w)l F, =L

1
and
Lg(w) IF2 =L,
where L1 is invertible and L2 is nilpotent. In fact, the system decomposi-

tion takes the form

s -1 -1
x1 Ll x1+L1 Blu

sz2 = x2 + Bzu

where B, =P

1=*Pr F Bf(w) and B2 =PF F Bf(w). The part of the controllable

1°2 271
subspace corresponding to subsystem 1 is
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n-r-1

- -1 r-n _q r-n ]
R]---Im(L1 Bl)+...+1m(Ll B.) L1 (Im B, +4 ...+Ll ImBl)

1 1

n-r-L
—]:mB1+.,.+L1 ]'[mBl

by the Cayley - Hamilton theorem and the Ll - invariance of Rl' Corresponding

to subsystem 2 we have

a n-r-1
luz—]'.mB2+...+L2 ImBz.

Thus,
Re(w) =®) oR,

= InB () +... +Lf(w)“'r'11m B, (w).

The result follows from lemmas 4.2 and 6.1. This completes the proof,
It is gratifying to note that we have defined controllability
\ for descriptor systems in such a way that controllability at W _ implies
o

controllability throughout a neighborhood of w e

6.3. Application to Pole Placement

From propositions 6.2 and 6.4 and lemma 6,1 it follows that
statements identical to those .in propositions 6.2 and 6.4 hold for R(w) =
Rs(w)eaﬂf(w). As an application of this and the results of the previous
two sections we now show how some modes of the perturbed system can be
placed approximately by designing a feedback gain for the system at W,

Here we are generalizing results of [16],

First, since controllability at wo implies controllability for
small perturbations, the existence of a feedback gain that achieves
arbitrary eigenvalue assignment in the perturbed system can in some cases

be established by testing the system at @, for controllability. If a mode
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of the limiting sys.em is controllable and if it is shifted as desired by
linear feedback then, from local continuity of slow eigenvalues, the same
feedback gain applied to the perturbed system results in eigenvalues only
slightly different from those desired. Hence, for small perturbations,
modes controllable at w, can be approximately assigned as desired by consi-
dering only the limiting descriptor system.

In fact, as outlined in section 3.5, given a certain degree of
controllability of the limiting system, a feedback gain may be constructed
such that the closed-loop system at w has slow subsystem (in the descriptor
sense) of dimension rank E(wo) with all modes controllable. These can be
assigned with linear feedback yielding an approximate assignment in the
perturbed system. Unfortunately, this is the best that we can do. All
information about the position of the remaining n-rank E(wo) eigenvalues of
the perturbed system is lost at w . In order to place the remaining eigen-
values, the subsystem decompncition must be calculated at the perturbed
value of w and the gain calculated accordingly. Nevertheless, some computa-
tional convenience is achieved since the feedback gains may be calculated
for the slow and fast subsystems individually. The modal separation

eliminates some of the problems associated with stiff numerical computations.
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CHAPTER 7

THE LINEAR QUADRATIC REGULATOR

7.1. Preliminaries

In this chapter we consider the optimal comtrol problem with
quadratic cost and singularly perturbed system constraint, A similar
problem pertaining to the standard system (1.5) was considered in [15].
We shall need to solve the regulator problem for the descriptor system
ac w_. The LQ regulator has been considered in [10] for descriptor systems
using dynamic programming, but we shall take a Hilbert space approach. The
Hilbert space methodology is more suitable for dealing with questions about
convergence of the optimal control with respect to w,

Let Lz(x) be the set of Lebesgue measurable maps x : [0,®) =X

satisfying
® 2
;odx(e) Il° de <=, (C.1)
o

After identifying functions which are equal almost everywhere, Lz(x) is a

Hilbert space with inner product defined by
<«
<x,y> = <x(t),y(r) >dt (7.2)
2 - 2 L. 2 2 . \
for all x,y €L"(X). Define L"(U) similarly. L™ (X) xL"(U) is also a Hilbert
space with inner product
<(x,u), (y,v) >=<x,y>+<u,v>. (7.3)

Recall the definition (2.21) of e(T) for T €Hom(X,X). For
X ELZ(X) it is known (see [22],p. 158) that if T is stable then the con-

volution e(T)*x : [0,®) ~X belongs to LZ(X) and

y———
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it

je(T)*XH‘?kﬂU:.:etTHdt<”. (7.4)

Throughout this chapter we shall consider only singularly

perturbed systems with Lf(wo) =0, Lf(m) invertible for m#wo, and Ls(wo)

stable. We further assume that Lf(w) is stable for w#wo. Hence,

le: [0,») =X defined by

tL () ch(w)'l .
e xso(w)+e xfo(w) if w#wo

ﬂw(t) = L () (7.5)
e X (W) if w=w
SO [o] [o]

is in L2 (X) for w in some neighborhood of wo' We now restrict Q to a

2
neighborhood of W, such that ”ﬂm €L (X) for all we{l, Clearly, T]w is the
natural response of (4.8).

If we define Jw : L2 ) —°L2 (X) by

e(Ls(w))* Bs(w)u+e(Lf(w)-l)*Lf(w)'le(w)u if wfwo

S ) = (7.6)

e(Ls ((.Uo))*Bs (wo)u - Bf(wo)u if w =wo.

then o’m(u) is the forced response of (4.8).

7.2, Problem Formulation

Let

A =L, el x 2@ Ix=s @)} (7.7

¢

Since a’w is a linear map, A(w) is a subspace of L2 x) xL2 (0). In fact, from

(7.4) it follows that v"w is continuous so A(w) is closed for all w€Q, The

solution of the regulator problem minimizes the cost functional -
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J(x,u) =u\: Lx(e) P4 u(o) e (7.8)
over the constraint set (ﬂw,0)+-A(w) for each w&{, Since J(x,u) =”(x,u)?2,
we can view the problem as a minimum norm problem in LZ(X):<L2(U). Since
A(w) is closed, we have from the projection theorem (see [23]) that a
unique pair (xw,uw) 6(?w,0)-+A(w) that minimizes J exists for each w &{l.

Furthermore,
(Xw:uw) = (‘\iwso) = PA('JJ) (T'.wso) (709)

where P is the orthogonal projection operator on A(W),

Adw)

The problem that this chapter addresses is not that of finding
explicitly the solution of the regulator problem since this has already
been done via the algebraic Riccati equation. The Riccati equation will
not come into consideration to any significant extent in this chapter. The
problem that we shall consider can be dealt with much more simply from a
geometric point of view.

Qur problem is that ¢~ establishing conditions under which

. 2
x =X and u_—u in the L~ sense as w—w . If (x ,u ) converges then for
wow w oW o w oW

each £€>0 there exists a neighborhood V of w, such that if w €V then

o, =u, <€ (7.10)
o]
Hnw*"’w(“wo) - xyll <€ (7.11)
] and
, IJ(ﬂw+°’w(uwo),uwo) -3z u )| <6 (7.12)

since db and J are continuous. Thus, for small perturbations about W s

the solution u_ of the regulator problem at w, can be applied to the

| K

1
L MR . LY P 2T ST |
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perturbed system with only a slight deviation from the optimal trajectory
and optimal cost. It will be shown that solving the problem at @,

explicitly for u, 1is simpler computationally than solving the problem at

w
o

quwo for Uy Hence, a computational savings can be achieved at the cost

of slight suboptimality.

7.3. Reduced-Qrder Solution at wo

As a result of the reduction in order that occurs in the system
at w_, solving the regulator problem explicitly at wo turns out to be
simpler than solving it for some other wW. To see tnis, choose an ortho-
normal basis (el,...,er) of S(wo), an arbitrary basis (er+1’°"’en) of
F(wo) and an orthogonal basis (vl,...,vm) of U with Hvi!l=Y, i=1l,...,m
for some Y>0. Ifu €L2(U) and xELZ(X) with x=xs+xf, xs(t) ES(wo),

xf(t) eF(wo), and

xg(£) = @ (t)e; +... +a (t)e_ (7.13)

xe(t) = B(the  +. .. +B(t)e (7.14)

u(t) = Yl(t)vl-i-...--l-‘i'm(t)vm (7.15)
then

. * * * 2 *
J(x,u) =J°a(t) a(t) +2a(t) NB()+B(t) QB(t) +Y ¥ (t) ¥(t)dt (7.16)

where a(t), B(t), and Y(t) are column vectors consisting of the ai(t),

Bi(c)’ and Yi(t) and

- ~ - St e A e T




89

ctl” e Sephe >
. (7.17)
r+l> ‘e <er,en>
<
er+1’er+1> er+l’en>
Q= . : . (7.18)
<e_,e y
L en’er+l> <en’en>

If (x,u) € (T ,0) +Aw ) then x(t) =x (t) +x.(t) =x,(€) - B (¢ )u
so we may equivalently minimize

Cod

3(xs,u) =J(xg = B (W )u,u) =J"° a(t) *a(t) - Zoz(t)*NK‘i'(t)
x 2 *
+¥(t) (YI+K QR)¥(t)dt (7.19)

where K =Mat Bf(wo).
In [31], pp. 46-48 it is shown that the optimization problem

with cost (7.19) and system
a(t) =Ga(t) +HY(t) (7.20)

may be reduced to tha. of minimizing

x

— * 2 * 1k * *x o *
J(,e) = a() (@ -NR(PT+K Qr) TR N da(e) +¢(e) (YPL+K QR)p(e)de  (7.21)
o]
subject to
. 2 * R
&(t) = G -HO’I+K QR) XK N Ya(t) +Ho(t) (7.22)

k1 k %
if I -NK(YZI +K QK) 1K N is positive semidefinite.

. * - *x %
Lemma 7.1l. There exists Y >0 such that I -NK(YZI +K QK) lK N is positive

definite.
2 * -l % *
Proof: The matrix T=NK(Y I+K QK) K N 1is clearly Hermitian, positive

semidefinite since Q is positive definite. We need to show only that for

S e et bt




———
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some Y >0 the eigenvalues of T are less than unity. Since the eigenvalues

of a matrix are bounded above by its norm, it is sufficient to show that

(%1 +1<*Q1<)'1?‘ < ——-2-1
‘ Nk
for some Y.

According to a well-known result, there exists p >0 such that
Ll < p g

for all L€C where 3 is the spectral norm. Let » be the minimum eigen-

*
value of K QK and.let

Y >Vmax{piingi? -», o}.

Then

! * -1 -
lfredan  Hi<p sr’ier e ™ = B < —— .
YT 4 |INK

This completes the proof.

Setting G =Mat Ls(wo) and H =Mat Bs(wo) and choosing Y as in
lemma 7.1 we may solve the regulator problem at W, by minimizing J subject
to (7.22) which necessitates the solution of an rth order Riccati equation.
Compared to the nth order problem for u;#uz, the rth order problem is a
considerable computational simplification., The remainder of this chapter
is dewoted to finding conditions under which the solution of the reduced

order problem is close to that of the full order perturbed problem.

7.4, Convergence of A(w)

In order to establish convergence of the optimal solution (xw,uw)

it is convenient to establish convergence of A(w) with respect to a certain




R SR
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metric on the closed subspaces of LZ(X)acLz(U). Let 7 be the set of closed
subspaces of a Hilbert space H. In [32] and [33] a metric P on % is

discussed giving two equivalent expressions. Let

B N sup sup
p(R,T) = Py = Bl = maxt "&F D[x,T], }‘e}f D[x,R}! (7.23)
! il =1
for any R, T €7 where
Jinfy 4
DIx,T} = o llx - yil. (7.24)

Note that (M,p) is a generalization of the metric space considered in

Chapter 4. -1
(w) -,
ldt -0 as w-w then the mapping w—A(w) is

= tL
Theorem 7.1. If | ile
Q

continuous at w with respect to P.

£

Proof: Observe that

sup DLW, AR sup, DL, w),u), a1

(x,u) € A(w) u €L (V)
i (x=u)|l £1 Hu“ =1
. 1 N . 2 t 2
= sup inf 1@ (u) -2  (u),u-v)||° < sup o () -0 (u)ll
werlw) verly ¢ % wet?@y ¥ %
uf| =1 flujj = 1
=l =, 12,
(o]
Similarly,
sup D[ (x,u),A(w)]) sl -o |l
‘(x’u) EA(wO) w Wo
;I(x,u)H‘l
® tL (@t
so from (7.4),convergence of | ﬂe idt to O and stability of Ls(ub)
(o]

guarantee that
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p(A(w),A(wo))-“O

as w-wo and the proof is complete.

7.5. Convergence of the Optimal Solution

We now give sufficient conditions under which w-*(xw,uw) is

continuous at W _, -1 -1
@ tlg (w) ) ® th(w) 2

Theorem 7.2. If J lle ldt =0 and J le |
o o

X u iS Continuous at w °
w ( w' )

Proof: First observe that

o
o e = f t
ﬂww-fuo%ls J;He Pl @ Paz + ller @))x, @) - e )%, @)l

so staBility of Ls(wo) and tne second hypothesis of the theorem imply

-*ﬁw . But the first hypothesis guarantees that
o

Ty

Fa) 7 Pacey)

from (7.23). From (7.9) we have

I <« llm { - i
exgou ) = (xwo,uwo)\\ ziln, nwox\ +1, () ~ By (wo)\\\\nwo |

and the desired result follows. i

Since the hypothesis of theorem 7.2 implies that

-1
® tL _(w)
Jpoﬂe f. \\Zdt <=

throughout a neighborhood of wo and since

= th(w)-llz & 2tRe g, (w) @ if Re 3_]&1)3' P
vr ‘e 1\ dt 2y e J de = j
o o]
D S
1 . 1
2Re Gj(m) if Re af?GT <0
J
- - ~ et et T - ———pra———-
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for all we€Q, j=l,...,n-r, it follows that it is necessary for Lf(w) to be
stable throughout a neighborhood of wo in order that the sufficiency condi-
tion of theorem 7.2 hold.

The sufficient condition of theorem 7.2 guarantees that the
reduced order problem at w, may be solved yielding only a slightly sub-
optimal control which is close to the optimal control and which generates a
trajectory close to the optimal trajectory in the L2 sense. Under most
circumstances it is reasonable to interpret the convergence criteria of
theorems 7.1 and 7.2 as conditions on the behavior of the boundary layer
in singularly perturbed systems, for if the natural response converges
uniformly to zero in [<,®) the integrals are essentially measures of the
intensity of the boundary layer effect in [0,€). The integral convergence
conditions state that the effect of the boundary layer becomes

vanishingly small as w-*wo.
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CHAPTER 8

ALTERNATIVE FORMULATIONS AND CONCLUSIONS

8.1, Algebraic Interpretations

Although it was not explicitly stated in previous chapters, there
are abstract algebraic interpretations for many of the results encountered
so far in our study of singularly perturbed systems. Thcse interpretations
have not been explored in much detail yet, but they are presented here for
completeness and as a suggestion for further study.

To begin with, consider the set of all mappings A : Q—~C, continuous
at Wy Such mappings have been considered extensively, starting with Chapter
4, but we have not considered properties of the set of all such maps. Denote
the set by C(wo). With little effort it can be shown that C(wo) is a commuta-
tive ring with identity using pointwise addition and multiplication. Letting
)(mo) denote the subset of C(mo) consisting of all A with X(wo)=0, it can be
shown that ](wo) is an ideal of C(wo). Lemma 4.3 may be interpreted as a
factorization theorem for polynomials over C(wo).

Let G be the set of maps x:{1—X, continuous at w . Using
pointwise addition and scalar multiplication, ax is a C(wo) -module. Let
7 be the set of subspaces of X and R : Q~7 be continuous at wo with dimen-
sion p for all w€Q, For example, R may be the slow or fast subspace map
S or F as defined in Chapter 4. R may be identified with a submodule of
ax in the following natural way. As outlined in lemma 4.2 choose a basis
(xl(w),...,xp(w)) of R(W) with X, continuous at wo. Then X eax and

{xl,...,xp} is linearly independent since

[ —
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oy (@yxg (W) +... +°tp(w)xp(w) =0 8.1)

implies ai(w) =Q for all w, i=1,...,p. Let (yl(w),...,yp(w)) be another

basis of R(w), continuous at w . Then

yi (W) =8, (Wx W +... 4+ Bp(w)xp(w) (8.2)
with Si EC(wo) by lemma 4.1. Hence,

span{yl,...,yp}CSpan{xl,...,xp}. (8.3)
By reversing the argument,

span{xl,...,xp}cspan{yl,...,yp} (8.4)

so we may naturally and without ambiguity identify R with span{xl,...,xpj.
In our study of singularly perturbed systems we considered
operator valued maps A GHR(X). Members of HR(X) can be identified with

linear transformations on the submodule R by setting
(Ax) (W) = A(wyx(w), (8.5)

HR(X) admits the structure of a C(u.)o) -algebra, Let

(A+B)(W) = A(W) +B(w) (8.6)
(AB) (w) = A(w)B(w) (8.7)
(M) (w) = A(w)A(w) (8.8)

for A, B EH.R(X).
Following the same line of reasoning it can be seen that the set
aU of all maps u: QU that are continuous at wo is a C(wo) - module. Also,

HR(U) is a C(wo) =module of linear transformations from QU into O.x.

Consider pencils (i.e. first degree polynomials) over the algebra
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HR(X). Using lemmas 4.1 and 4.2 it is easily shown that all the bases of

the submodule R have the same number of elements. For G,LGHR(X) each
basis of R determines r xr matrix representations of G and L with entries
in C(wo). It also determines a matrix representation of the pencil (G,L)l
with entries in the C(wo) - algebra C(wo)[s] of polynomials over C(wo) in
the indeterminate s, The determinant of the pencil (E,A) may be defined
by forming the determinant of Mat (E,A) in the usual way with respect to

some basis yielding
det(E,A) EC(wO)[s] . (8.9)
A simple argument shows that det(E,A) is independent of the basis chosen.

Consider A EHR(X) and let

P
det(I,a) =¥ T (s-,) (8.10)

where I is the identity element of HR(X) and V¥ EC(wo) is invertible.

(¥ is invertible if and only if ¥(w)# 0 for all w € Q). Define

c(A) = i‘l'|i|i=l, veosp) (8.11)

The ﬂi can be considered as eigenvalues of A,
We are now in a position to interpret the central singular pertur-
bation decomposition result, theorem 4,1, algebraically. Suppose that

E, A €Hy(X) with

r n=r
det(E,A) =9 (T, (s=A))(;T;(o;s-1)) (8.12)

where ¢° EC(wo) is invertible and gy E](wo). This can be done according to

1The pencil (G,H) is often written Gs -H.




lemma 4.3. Theorem 4.1 states that

(E,A) =N* (K,L) (8.13)

where N is an invertible constant polynomial over HX(X), "' denotes

polynomial multiplication, and K and L are both S- and F-invariant with

Kls=1€ed,(x) (8.14)
LlF=1eH,(x) (8.15)
oXIF) = {ci|i=l, «..,n-r} (8.16)
a(Lls) = uili=1,...,r}. (8.17)

Theorem 4.1 may be interpreted as a canonical factorization result for

regular pencils (i.e. with det(E,A) #0) over HX(X).

. -
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8.2. Geometry of the Space of Linear Systems

Let [ be the complex Euclidean space of ordered pairs of nxn
matrices (E,A). There is an obvious one-to-one correspondence between [
and differential equations Ex =Ax. Hence each point of [ can be inter-
preted as a linear system of one of the following three types: 1) a state
variable system if E is nonsingular, 2) a descriptor variable system if E
is singular and det(Es-A) 0, 3) a degenerate system if det(Es-A) 50.2

Viewing linear systems in this way is natural since a small perturbation of

a given system in the Euclidean norm is equivalent to a small perturbation

in the system parameters.
Studying the geometry of [ adds valuable insight into the nature

of descriptor variable and singularly perturbed systems. With little effort

2Ihi.s implies, of course, that E is singular,




it can be shown that descriptor and degenerate systems together form a
hypersurface in [ contained in the boundary of the set of state variable
systems. The property of being state variable is a generic property of I,

It is an unfortunate fact that for every descriptor system in [
there exists a sequence of state variable systems converging to it with
the corresponding sequences of eigenvalues diverging to +*. That is, if
a descriptor system is perturbed in the wrong direction, the perturbed
system will have tremendous instability, the smaller the perturbation, the
greater the instability. It is as if every descriptor system is perched
precariously on the edge of a cliff. A step in one direction will result
in only a slight change in its characteristics., A step in the other direc-
tion will have disastrous consequence. The importance of establishing
simple conditions that guarantee trajectory convergence is clear., 1If a
designer fails to account for the possibility that a descriptor system's
parameters are slightly different from what he thinks they are, his whole
design could fail miserably.

Let DX be the set of degenerate systems, One way to view the
question of trajectory convergence is to consider the map §x :I'-D-*ﬁo(x)
which associates with each pair (E,A) the solution of Ez =Az for initial
condition x €X. If a topology is placed on ﬁc(x) (e.g. see Chapter 3) then
we need to ask questions about the weakest topology on [ that makes §xcontinuous.
Once the nature of the resulting neighborhoods of a descriptor system is understood,
the behavior of the solutions of a singularly perturbed system
(which is nothing more than a map from Q into [, continuous at wo’ or the
parameterization of a particular path in [) can be determined by checking

to see if an arbitrarily small neighborhood of the descriptor system

I
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contains the image of some neighborhood of Ly
So far in this section we have considered only pairs of
matricies corresponding to unforced systems with fixed initial conditions.
3 In order to study the behavior of a forced system with a parametrically
varying initial condition, I must be the space of 4-tuples (E,A,B,x) where
B is nxm and x is nx1l. Our previous discussion of geometry and induced

topology carries through with only minor changes,

8.3. Suggestions for Further Research

In the area of descriptor variable theory there are many avenues

| which have vet to be explored. For example, although observability of descriptor

I; systems has been considered in {7], the descriptor variable equivalent of
observers from state variable theory have not been developed. In a stochastic
environment the Kalman filter might also have a natural extension to descriptor
systems. There are many fundamental control-theoretic concepts ¢ ich as the
Maximum Principle and various stochastic and adaptive control techniques that

have yet to be considered in the context of descriptor variar-le theory.

Clearly, the problem of trajectory convergence in singularly

perturbed systems has, for the most part, not been solved except for certain

standard systems. The general case that we have considered still requires
é . a great deal more work. The resolution of this issue is essential. As we
have seen in the last section, the survival of the descrip-or variable |
approach to system modeling depends on it.
As with descriptor systems, many system~-theoretic concepts have
not as yet been extended to singularly perturbed systems. In Chapter 7 we

studied the regulator problem for Ls(wo) stable and Lf(ug) =0, The same

o —t——— atE et s W o




problem needs to be considered with the two assumptions dropped. It is

safe to say that if a problem has not been studied in the context of
descriptor systems then it needs to be studied in the context of generalized
singularly perturbed systems, If a given system is close to a descriptor
system in the Euclidean norm then conditions are needed to insure that one
need only consider the nearby descriptor system. I1f a designer is guaranteed
that the application of some design technique to the descriptor system will
yield results close to those that would come from working with the given
system, then he may choose to apply that technique to the reduced order
descriptor system. Such an action often results in increased computational

efficiency. Of course, the price is always inferior system performance.

8.4. Conclusions

In this thesis three central points have become clear. First,
there are many alternative ways to view descriptor variable and singularly
perturbed systems. They range from the matrix oriented approaches which
exist in most of the literature to the geometric theory developed in Chapters
7 through 7 to the algebraic ideas discussed briefly in this chapter,
Certainly, there are other interpretations as well that no one has even
thought of yet., The more ways that exist to look at a problem, the more
likely it is that the problem will be solved in the near future.

The second point is that descriptor systems must be considered
as members of the space ['. Since they are located in such precarious
positions in [, failure to consider their spatial relationships with nearly

state variable systems could result in unexpected system behavior, to put

]
I




it mildly., The question of trajectory convergence has yet to be answered
satisfactorily.

Finally, there are still many important control-theoretic con-
cepts that have not been extended to singularly perturbed systems. We
have made some progress in the pole placement and regulator problems in

Chapters 3 and 7, but many other problems still exist,
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