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SECTION I
INTRODUCTION

The radar return resulting from transmitter energy scattered by

terrain or the sea to a radar receiver is known as surface clutter.

The surface clutter area, which is within the main lobe of the trans-
mitter and receiver antennas and which is further restricted by the
receiver resolution time to be within a given range delay bin is

defined as the clutter resolution area. If the transmitter and

receiver are at separate sites, the radar is bistatic(]) as differ-
entiated from monostatic for a common antenna or multistatic for two
or more separate receiving sites.

The bistatic surface clutter geometry is shown in Figure 1.
The transmitter, receiver, and clutter cell are located at points
A, B, C, respectively, at separations AB = I AC = » , and
BC = r . The ground reference plane is the plane tangent to the
Earth's surface at C . The main-lobe clutter return per pulse, at

the receiver nreamplifier and in the absence of range ambiguities,

is given by

incident energy fraction of reflected energy differential

density returned to receiver clutter RCS
P, KstL G L G, A2
E,_=/.(t (A) (__Y“__B > \oodA)
- 4n o2 (4n)¢ r2

A
c

(1)
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where Ec is the clutter pulse energy, Pt is the transmitter peak
power, GA and GB are the transmitter and receiver antenna power
gains, respectively, in the direction of a differential clutter reso-
lution area dA , K 1is the pulse compression ratio, 6t 1is the
receiver resolution time ~ 1/receiver bandwidth, Lp and Lr are
the one-way propagation losses (excess over free-space loss and
including antenna losses) from the transmitter to the clutter cell
and clutter cell to receiver, respectively, » is the radar wave-
length, o, is the clutter cross section per unit area (m?/m2), and
Ac is the clutter resolution area corresponding to a specified range
delay bin within the main lobes of the transmitter and receiving
antennas.

For the pr product and 7, approximately constant over the

resolution area AC , Equation (1) reduces to

r
(4“)3 02 2 ) (OO AC) (2)

where G, G, = L G, G, dA = mean power gain product within the
A°B AC AYB

C
main lobes of the transmitter and receiver antennas. The factor

a, Ac is the main beam clutter radar cross section.
Equation (2) is particularly useful in determining the Improve-
ment Factor required of a Doppler processor to detect a weak return

from a moving target in the presencc of a much stronger quasi-stationary




clutter return. For example, for a point target located at the

clutter cell and at the peak gains GA , GB of the transmitter
0 0

and receiver, respectively, the ratio of target return to main beam

C) where op 1S

clutter return is given by (GA GB /GA GB )(ot/o0 A
0 o0
the target radar cross section. The factor (GA GB /GA GB )15 a
0o 0 ,
function of the transmitter and receiver antenna pattern shapes.

The target radar cross section and the clutter coefficient per

°t

unit area are found from published experimental data or appropriate

scattering models. This paper is concerned with determining approxi-

mate, convenient expressions for the clutter resolution area AC .

The functional dependence of AC upon the bistatic angle, which is

the angle subtended at the clutter cell by the transmitter and

receiver antenna [{ ACB = 8 - y in Figure 1], is of particular interest.
Approximate expressions for the monostatic clutter resolution

area, corresponding to a bistatic angle 8 -y =90 and » =r = R/2,

are well known for both the beamwidth-limited and resolution time-

(2)

limited cases. For the bearwidth-limited case, which occurs for
sufficiently large grazing angles of incidence, the clutter resolution
area is simply the illuminated »rea of the ground reference plane and

is given by

% D, D, elliptical beam cross section

D, D, , rectangular beam cross section
l tan v > (2R/c *t) tan (7/2), , - , =0,. =71 =




£

wheve

=
]

R tan (0/2) = azimuthal width of clutter cell

=
a1l
1]

R tan (£/2) csc yp = elevation width of clutter cell

R=r¢p +r (=2r =2 for monostatic radar) = range sum

6 = main lobe azimuthal beamwidth of transmitter/receiver

£ = main lobe elevation beamwidth of transmitter/receiver

& = beam grazing angle of incidence on the ground reference plane
¢ = velocity of wave propagation.

For the resolution time-limited case, which occurs for sufficiently
small grazing angles of incidence, the clutter resolution area is

approximately rectangular in shape and is given by

AC =0, {cst/2) sec v = [R tan (e/2)] [(cst/2) sec y] ;

tan y < (2R/cst) tan (5/2), cot << R, 8-y =0, p=r=3

In Equations (3) and {4), the condition on the grazing angle of inci-
dence follows from (cét/2) sec » being greater or less, respectively,
than Dg .
We have been unabie to find in the literature convenient expres-
sions for the bistatic clutter resolution area when the bistatic
angle g8 -y 0. A convenient expression for bistatic volume
clutter has been obtained for the case of Gaussian antenna functions

when the time-delay difference, between the indirect signal from the

volume clutter and the direct signal from the transmitter to the




mp—y

s cun e o o

receiver, is large comparea to the receiver resolution time.‘3) The
bistatic clutter resolution area has been determined exactly for
specific antenna functions and for specific geometries by numerical

(4,5)

integration techniques for both the becamwidth-limited case and
the resolution time-limited case.(6) In the following section, con-
venient expressions for the bistatic clutter resolution area are
derived for the resolution time-limited case at small grazing angles.

In Sectinn III, we give some numerical results.
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SECTION II
ANALYSIS

Small Grazing Angle Conditions

Consider the case where the argle YABC (see Figure 1), between
the unit vector ﬁ] normal to the reference plane and the unit

vector &? normal to the plane ABC, is small so that

~

Ny« Np = cos yppe =1 (5)
It follows from Equation (5) that
€O Yy = COS yp ~ 1 (6a)

YCA'B'= vy, YA'CB' = v -¢xB-v, YA'B'Cmmn -8 (6b)

8n and tg lie approximately in the plane ABC (6¢)

where

bpr Vg grazing angles subtended at the clutter cell
; by the transmitter and receiver. rzspectively

é azimuthal beamwidths of the transmitter and

receiver main beams, respectively

2
[ve]
H

A’

It should be noted that Equation (6b) follows from Equation (6a) but
‘ that Equation (6c) follows from the more restrictive Equation (5).
In the following analysis, the clutter resolution area is derived

subject to Fauation (5) for pedagogica® purposes but the results are

i




also applicable to the less restrictive Equation (6a) when the
azimuthal beamwidths do not necessarily lie in the plane ABC.

In addition to the low grazing angle conditions of Equation (6a),
the grazing angles 73 and Ug must also be sufficiently small to
satisfy the conditicns for the resolution time-limited case of clutter
cell area. Subject to the conditions of Equation (6a) and by analogy
to the monostatic resolution time-limited conditions of Equation (4),

the bistatic resolution time-limited conditions are given by
tan v, < (20/60) tan(g,/2)
3 COS Py & COS yp & 1 (7)
tan yg < (2r/ér) tan(gy/2)
where £n and £g are the main lobe elevation beamwidths of the

transmitter and receiver, respectively, and &p and é&r are the

range resolutions ir plane ABC in the direction of the transmitter

{ and receiver, respectively. The conditions of Equation (7) allow

the ellipsoidal bistatic mapping, of the range resolutions &p and

! ¢ sr in the plane ABC onto the reference plane, to be approximated in
Equation (7) by the spherical monostatic mappings &p sec VA and
5r sec Vg o respectively.
! d The clutter surface is assumed to be flat and contained within
the reverence plane through C . The effect of terrain shadowing,
which can be significant at low grazing angles, is therefore neglected.
l o
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The time-delay difference a/c between the clutter re¢turn from
the clutter cell at C and the direct signal from the transmitter to

the receiver (see Figure 1) is given by
A/C = (R - pAB)/C (8)

where R = p + r = range sum. The main lobe clutter resolution area
AC , centered at C and at a time-delay difference 4a/c within a
resolution time &t , is the area of the Earth's surface which is
within the field of view of the main beams of both the transmitter
and receiver and which is bounded by two ellipsoids of revolution
about the axis AB with foci at A and C , one ellipsoid with a
range sum R - {(cét/2) and the other ellipsoid with a range R +
(cét/2). Subject to the grazing angle conditions of Eqs. (5) and (7)
and a flat Earth approximation, the clutter resolution area AC is
closely apnroximated by the area Aé , in the plare ABC, which is
within the field of view of the azimuthal main beamwidths of both the
transmitter and receiver and which is bounded by the two ellipses of

range sums R + (c6t/2) and R - (cst/2) both with foci at A and

B . Accordingly,

AC:= A' ; conditions of Equations (5) and (7), flat (9)
Earth approximation

In the remainder of this section, the cell area Aé is first deter-

mined for the two cases A/c »> °t and A/c = 0 . The former case




is applicable to all clutter cells except those in the vicinity of
the forward-scattered direction or whose range resolution is large
compared tc the cell range. The latter case corresponds to the
forward-scattered direction g8 - y = 180°. This section concludes
vith an approximate determination (within 3 dB) of the area Aé for
arbitrary time delay difference a/c .

AJC >> &t

The cell geometry in plane ABC is shown in Figures 2 and 3 For
the case A/c >> 6t . In Figure 2, the cell area is limited by the
receiver azimuthal beamwidth. The azimuthal angle subtended at the
receiver by ellipse of range sum R (time-delay difference 4/c)
within the transmitter azimuthal beamwidth 6 is designated n .
The azimuthal angle subtended at the transmitter by the ellipse of
range sum R within the receiver azimuthal beamwidth og is desig-
nated x . The transmitter beamwidth-limited case corresponds to
the condition By < x Or equivalently 65 > n . The receiver beam-
width-Timited case corresponds to the condition g < n oOr equiva-
lently 6, > x .

The condition a/c >> &t allows the following simplifications
to be made concerning the computation of the cell area Aé s (1) The
angle subtended by the cell at either the receiver or the transmitter
is approximately the angle subtended by that portion of the zell on
the ellipse of range sum R . (2) The cell range resolution in

either the direction of the transmitter or the receiver is within

10
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the fields of view of the transmitter and receiver. (3) The shape
of the cell area Aé is approximated by a parallelogram for moderate
transmitter ard receiver azimuthal beamwidths.

The parallelogram area Aé is readily computed by utilizing the
propecty of an ellipse that the bisector of the angle, subtended by the
foci of the ellipse at an arbitrary point of the ellipse, is normal to
the ellipse at that point. In Figures 2 and 3, it will be noted that
the bisector of the bistatic angle (B - y) at point C is normal to
the range-sum ellipse at C . In Figure 2, the area Aé is given approx-
imately by the parallelogram of altitude h = ér cos (5—:—1-)and basz2

2
length b =FG = FC + CG . In Figure 3, the area Aé is given approx-

imately by the parallelogram of altitude h = 3dp cos (g—i}ii) and base

Tength b = JK = JC + CK . Accordingly,

[F6] - [ér cos (g—%—lﬁw , n<o

Aé = bh = , AC >> &t (10)

-

[Jk] - 60 cos Cé———- , xS

Applying the sine law to triangles AFC, ACG, BJC, and BCK, the
lengths FG and JK are given by

. 0 sin(nA/Z) R sin(e
FG = + -

s1n[ (—m-v ——7—13] sm(0 ( + 5—%-19}

r sin(@B/Z) r sin(ﬂ /2 )

.+ —_

3
. FB B - ¥ -
nfs - Q-2 ey G259

13
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From Equation (A-30) of Appendix A, the range resolution &r and

s§p for a/c >> st are given by

(Sr‘ = éf:l . Cﬁt =

ég_l . S =
o] 3R cét

B’OAB YaOAB
= gg_t secz(:—B'—ZY—) : A/C >> St (12)

From Equations (B-1) and (B-11) of Appendix B, the angle n is given
by

2p S
n =2 {arctan [(] + —A—AB) tan(% + EA)]
, n < 180°

- arctant(] + —ZA—E) tan(¥ - SA)J} (13)

From Equations (B-23) and (B-26) of Appendix B, the angle x 1is given
by

20 6
x =2 {arctan[@ + —AA—B) tan(™ 5 B+ 4—B—)J

2 l
- arctan{(l + AB] tan C" - 6 Z‘BQ : (14)

Substituting Equations (11)-(14) into Equation (10),

0
o tan(?—ﬁ) cst secz(g—:——y—)

1 ~tan2 (T)tan (g -0

’ n < QB

>
n-
T

, a/c »> 6t (15)

6
r tan[ﬁg] cst secT(-@——"——l)
o R
1—tan’ -~)tdn°f—‘2 )

where n and  are given by Equations (13) and (14).
14
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Consider now the case when the transmitter and receiver azimuthal

beamwidths are both very small angles. For By << 1T rad and 8, << 1

B
rad, the conditions of Equation (15) imply that n and y are both

small angles. From Equation (B-16) of Appendix B,

8

sin 8 _ . n A
n % 8, sty © ey o/t T << 1 rad , i << 1 rad (16)
From Equation (B-29) of Appendix B,
sin g
X = 0p o7 g = 8 rlo %—<< 1 rad , T << 1 rad (17)

For 6y << 2 rad and b << 2 rad, Equation (15) reduces to

cét 2B -y sin vy
pBy —5— Sec € 5 ) 6y < % S g << 2 rad
A. = 5 AJc >> st

cst 2B - v sin 8
reg 5= sec?(F——) , 9% < O 3Ty < 2 rad

(18)

In Equation (18), the condition tanz(gﬂ) tanz(B é Y) << 1 is implied
by the condition A/c »>> 8t and 0y << 2 rad . |

For a/c >> 8t , the clutter resolution area is given by either
Equation (15) or Equation (18) provided that the additional conditions
of Equation (9) are satisfied. It is clear from Equation (18) that
for A/c >> &t the clutter resolution erea increases with increasing

bistatic angle and is proportional to the (secant)? of one-half the

bistatic angle.

15




s/c =0

A clutter return at a time-delay difference 4/c = 0 , corres-
ponding to a bistatic angle 8 - vy = 180° (see Figure 1), implies
that the clutter cell Tocation C is centered on the midpoint of
the line AB and is distributed among all the points within the
ellipsoid of range-sum PAB + cét and with foci at A and B .
Furthermore, the case aA/c = 0 1implies that the transmitter and
receiver are lTocated in the reference plane because AB contains C
which is in the reference plane. For 4/c = 0 , the clutter cell is
of large extent and, therefore, may not necessarily be locally flat
on the Earth's spherical surface. The clutter resolution area AC
on the Earth's surface may be approximated by the cell area Aé in
the reference plane if AB is not appreciably larger than the chord
AT B™ between the points of intersection of the spherical Earth's

surface with the ellipsoid of range-sum PpR + ¢st . Accordingly,
A = A‘C ; (AB - A" B")/AB << 1, a/c = D (19)

The concept of clutter cell area requires discretion in its use
for the case A/c = 0 . For this case, the cell dimension along AB
is comparable to the range to the renter of the cell and, therefore,
violates the condition of Equation (2) that the pr product is
approximately constant within the cell. Nevertheless, the cell area
for A/c = 0, relative to that for other bistatic angles, may be

estimated by the cell area concept of Equation (2).

16
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The cell geometry in the reference plane is shown in Figure 4
for the case A/c = 0 . 1In Figure 4(a), the cell area is limited by
the range-sum ellipse °pp + ¢ét and the transmitter and receiver
azimuthal beamwidths. In Figura 4(b), the cell area is limited only
by the azimuthal beamwidths. P;(xy, y;) and Py(xp, ¥»)
are points of intersection of the range-sum ellipse °AR + ¢8t with
the main beam extremal rays of the transmitter and receiver, respec-
tively. The range-sum and beamwidth-T1imited cases correspond to
X] < X, and x > x, , respectively. PO(O, b) is the point of inter-
section of the range-sum ellipse opp t cst with the positive y-axis.

The range-sum ellipse opp +¢cst , in x and y coordinates is

given by
o747
where
a = semi-axis along x axis = (pAB + ¢cst)/2
. . %
b = semi-axis along y axis = 0P, = [(AP,))2 - (R0)%]

0]

)

)
W
1]

2
()
2 2

The points Py(x;, y;) and P,(x,, y,) are specified by

1
%{(CSt)Z 208t pygl°

y1 =[xy + (0pg/2)] tan(e,/2) (21a)

y2 = [lppg/2) - x.] tan(e,/2) (21b)

17
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FIGURE 4. CELL AREA IN REFERENCE PLANE, aA/c = 0
(a) RESOLUTION TIME LIMITED (X1 < X2)
(b) BEAMWIDTH LIMITED (X] = X2)
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Ty Ty Y

where x, and x, are found by substitution of Eqs. (27a) and (21b),

respectively. Accordingly,

X1

X i GA 1%
2 ) - 4b cotl(——)

o o ¢
_AB+][(AB)_AB ZJ

’ ‘Xll ‘a
0 1 (22)
2 2 - an2 2 B
y =i@+l{(?ﬁ_> _°fs 4b2 cot (2 )] %] < a
2 KB -2 KB KB J -
where
L b2 . A
Ky = 1+ (E) cot (E—D

)

by2
Kg = 1+ () cot?( )

For x1 < X, , the clutter cell area Aé is the sum of three

areas wnose composite sum is approximately hexagonal in shape with

an area Aé given by

A=A A+ Ay /=0, x5 <x, (23)

where




°AB e
A3 = ( A Xz) tan(—z—-]

For x; > x, , the clutter cell area is a rhomboid of length

v

ppg and width HT whose area A, 1s given by

— °n %
. Ppg HI i D/Z\B tan(r) taﬂ(z—-) .
c 2 8 8 ’
B ( A
tan(i—) + tan 5 )

e= 0, X3 > Xy (24)

6y 0\
HI = Z(QAB - ro) tanc?—) = 2r0 tan(ri)

Y
(4

_ °AB tan(eA/Q)
0 tan(eA/Z} B tan(eB/2)

For aA/c = 0 , corresponding to a bistatic angle 3 - y = 180°,
and for the conditions of Equation (19), the clutter resolution area
AC is given by Equations (23) and (24). The clutter resolution area
is a maximum for g - y = 180° but is not infinite as might be
inferred from extrapolation of Equat™ /15). For &/c = 0, the cell
area AC is limited by the distance ..B and the azimuthal beam-

widths OA and vg =

Arbitrary /c

For arbitrary ./c , the cell area in plane ABC may be deter-

mined, within an error of approximately 3 dB, by utilizing a
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quasi-parallelogram formula for bistatic angles 0 <8 -y <
- (eA/Z) rad and a quasi-rhomboidal formula for bistatic angles
m - (8p/2) <8 -y < wrad.

The cell geometry for the case 0 <8 -y <m ~ (eA/Z) is shown
in Figure 5. Figure 5 is the same as Figure 2 except that the seg-
ment DE and the angle nax are defined.

The segment DE 1is the distance along BC which is illuminated
by the transmitter and is determined by the intersection of the

extremal rays of the transmitter main beam with the extended line

from B through C. From Eq. (A-20) of Appendix A, DE 1is given by

( p sin 9, sin(g - y) 6 )
A 'A< -y < L} (a)
sin?(g - y) - sin(ey/2) 37 “F Y73
DE = <’ (25)
8 )
\w ; 0<B8=~yc< ?ﬁ , - ?A,g B-y<n (b)

For arb.trary a/c , the range resolution &r along r may be

limited by either %5‘ cét given by Equation (12), DF , or by

R,QAB
the separation PAB between the transmitter or receiver. The range

resolution &r is the least of these quantities. Accordingly,

V' N
lesser of g%- cstorDE ;0<g-y<u- §A (a)
B’»)AB
sro= ; a/c arbitrary  (og)
d
'.‘AB N no- -2-A < 8 -y o (b)
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X

The angle Nmax is the angle subtended at the receiver by the
entire clutter cell determined by the intersection H of the trans-
mitter extremal ray AD with the range-sum ellipse R - (cét/Z) and
by the intersection I of the transmitter extremal ray AE with the
range~-sum ellipse R + (6t/2). From Equation (B-19) of Appendix B,

n is given by

max

l 20pg 5 eA-
Mmax - 2 { arctan{(] + e (cst/2)[) tan(§-+ E—)

20 9
] 28 tan(} )
arctan[(] Al Cot/2 )tan 7 - ﬁ—'}:

For the cese a/c »>> &t , Mnax where n s given by Eq. (13).

However, for A/c

§A

ét at large bistatic angles, n << Mmax ° For

example, for 4/c =0 , n=0 whereas n = tan'lfyl/(oAB - x1)]
where y, and x; are given by Equations (21a) and (22a), respec-
tively. Therefore, for arbitrary 4/c , the cell area is more accu-

rately characterized by the angle Mmax than by r .

For 0« B-y<m- (eA/Z), we therefore approximate the cell

area of Figure 5 by a quasi-parallelogram of altitude h and base

HI whose area is given approximately by

Ow

_ r tan(?—)

A = nh HI = - ,““x‘\r’OiB'Yi"’(GA/Z)
1+ tan(gﬂ) tan(ﬁ~é—1)

(28)
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where

h = ér cos(fii%il)
HT = _Cr = —— 2r
ew 3] g - 'l
sinfgt) sinlz {2 - £5)]

cos(52) cos(E5-1)s sinfat) sin(®52)

3£1 . Cét = E%E-seczcé—%—l- or DE
B8

sr = lesser of R
’pAB

ew = Jesser of eB or neay

For a/c >> st , the cell is a parallelogram and Equation (28) reduces
to the exact result given by Equation (15).

The cell geometry for the case « - (eA/é) <RB-—-7y<murad is
shown in Figure 6. The clutter cell (shown shaded) may be approxi-
mated by the quasi-rhomboid AHBI of length o,, and width HI . In
Figure 6, the center C of the clutter cell is not necessarily on
the segment AB unless a/c = 0 , corresponding to 8 -y = 180°, in

which case AHBI is a rhomboid. The quasi-rhomboidal cell area Aé

is given by
HT 2 P
A - PAR HI _ s tan(‘A,Z) tan(aw/Z) - iﬁ o (29)
c 2 tan(eA/Z) + tan(ow/2) ’ 7o son
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where

HI = 2(pAB - ry) tan(eA/Z) = 2r, tan(ew/Z)

. PAB tan(eA/Z)
0 tan(bw/Z) + tan(eA/Z)

[ea]
n

lessor of
SB or nmax .

For A/c =0 and q ax < % > the cell is a rhomboid and £q. (29)

m
reduces to the exact result given by Equation (24). However, for

A/c =0 and n x> % > the cell is hexagonal-shaped so that

Mma

Eq. (29) does not reduce to the exact result given by Equation (23).

The cell area Aé for arbitrary a/c , is epproximated by the quasi-
parallelogram formula of Eq. (28) for 0 < g -y <7 - (eA/Z) rad and by
the quasi-rhomboidal formula of Eq. (29) for = - (eA/Z) < B -y < rad.
The quasi-parallelogram formula is exact for 4a/c >> st for which case
the cell shape is a parallelogram. For small time-delay differences,
the cell shape is trapezoidal or triangular at small bistatic angles
and rhomboidal or hexagonal at Targe bistatic angles. The quadri-
lateral formulae of Eqs. (28) and (29) appear to have their poorest
approximation when the cell shape is triangular (corresponding to
0 < a/c =2r/c <8t/2 for g -y =0) in which case the guasi-

parallelogram formula is too large by 3 dB.
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SECTION III
NUMERICAL RESULTS

Although the cell area is a function of the path difference 4
and the bistatic angle B - y , the parameters A and y can be
expressed as functions of r, g, and opg Numerical results for
the cell area may therefore be obtained as a function of the receiver
range r and the azimuthal angle B8 for fixed values of the param-
eters Bp » eB , and cst/pAB .

The normalized path difference, A/pAB , between the indirect
signal from the clutter cell and the direct signal from the trans-
mitter to the receiver is given by Equation (A-11) of Appendix A.

The parameter A/ZQAB (note the factor of one-half) is plotted in
Figure 7 as a function of the normalized range r/pAB and the
azimuthal angle 8 . In the backscattered direction (g8 = 0), A/ZpAB
= r/ppg Whereas in the forward-scattered direction (g = 180°),
A/ZQAB =0 .

The angle vy , subtended at the transmitter by the lines joining
it to the clutter cell and receiver, is given by Equation (B-22) of
Appendix B and is plotted in Figures 8 and 9. The angle vy is less
than 10° for r/opg < 0.1 and less than 40° for r/opg < 0.6 at any
azimuthal angle B8 .

Tne bistatic range resolutions, ér and &p , along the lines

joining the clutter cell to the transmitter or receiver, respectively,
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and normalized with respect to the monostatic range resolution cét/2 ,
are given by Eq. (A-30) of Appendix A for the condition a/c >> 6t .
The range resoluticns d&r and 3$p are equal and are plotted in
Figure 10. Although the range-sum resolution &R = cst for both
monostatic and bistatic radars, the bistatic range resolutions

§r = 8p can be quite different from that for monostatic radar. For
monostatic radar, the range resolution is independent of the range

and azimuth whereas for bistatic radar the range resolutions ér = &p
decrease with increasing range r and increase with increasing
azi~ithal angle B8 . The bistatic range resolutions &r and &p

are larger than the monostatic range resolution by a factor of approx-
imately two for 0 28 < 90° and by much larger factors at the

larger bistatic angles. It should be noted that the range resolution
given by Eq. (A-30) is not valid for bistatic angles approaching

180° [see Equation (26)] because the condition a/c >> 6t is not
satisfied at very large bistatic angles.

Some examples, of numerical results for the normalized cell area
Aé/p;B , are plotted in Figures 11, 12, and 13 as a function of the
clutter cell location at a normalized receiver range r/pAB and
azimuthal angle g for a transmitter beamwidth oy = 1°, receiver
beam width 6y = 3° , and cst/pyy = 1.6 x 1072, 1.6 x 107%, and
and 1.€ x ]O“S, respectively. The quasi-parallelogram and quasi-
rhomboidal formulae of Eqs. (28) and (29), respectively were utilized

in plotting Figures 11-13. Two examples of the receiver recolution
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time &t and the baseline distance PaR corresponding to the param-
eter CGt/pAB = 1.6 x 1074 are (st = 107%, PAR = 10 nmi) and (st

= 10‘7, opg = 100 nmi). For AR = 10 nmi, a normalized cell area

Aé/p;B = -22 dB corresponds to a cell area Aé = +63 dBm? .

In the backscattered or quasi-monostatic direction (8 = 0°) and
(g = 180°, r/pAB > 1), the cell area increases monotonically with
range r . In the forward-scattered direction (8 = 180°, r/opg < 1),
the cell areca is constant for 0 < r < °AB because the cell area is

distributed over all points along AB at a time-delay difference

o
Afc = 0 for all points along AB .
: In Figures 11-13, the cell area increases with increasing
- azimuthal angle 8 for r/ppp < 0.5 . The cell area inrcreases
5‘“ rather slowly for small azimuthal angles but increases rapidly at
large azimuthal angies. For example, the increase in cell area over
E!ﬂ that for 8 = 0° 1dis only 3 ¢B and 8 dB for g = 90° and 135°, res-
pectively, but is 23 dB and 37 dB for g = 175° amd 130°, respectively,
at r/pAB = 0.3 and c6t/pAB = 1.6 x 107% . It should also be noted

PY that at small receiver ranges (r/psq < 1073), the cell area can Le
more than 50 dB larger in the forward-scattered d'rection than for
g = 0°.

P In Figures 11-13, the cell area is proportional to the receiver
resolution time st (for a fixed ”AB> for azimuthal angles as large
as B = 150°. However, at the larger azimuthal angles the cell area

° is not proportional to the receiver resolution time st because the

1
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range resolution is limited by the transmitter beam width o and
the baseline distance Ppg and because the angle subtended at the
receiver by the clutter cell is a function of the resolution time
st . In the parallelogram formulae of Equations (15) and (18) for
AJc »> &t , the c217 area is proportional to the receiver resolution
time &t . For cst/ppy = 1.6 x 107, the parallelogram formulae of
Equations (15) and (18) are within 0.8 dB of the results shown in
Figure 12 for bistatic angles B - y as large as 165°.

The rapid increase in clutter cell area at large bistatic angles
is not to be confused with the separate phnomenon of the rapid increase
of the clutter cross section per unit area {scattering ccefficient)

which occurs at large bistatic angles for most clutter surfaces.
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SECTION IV
CONCLUSIONS

Convenient, approximate expressions have been derived for the
bistatic clutter cell area when Timited by the receiver resolution
time and when further restricted to the case in which the plare con-
taining the transmitter, receiver, and clutter cell subtends a small
angle with respect to the reference plane containing the clutter
surface.

The cell shape is a parallelogram for large time-delay differ-
ences. For small time-delay differences, the cell shape is trape-
zoidal or triangular at small bistatic angles and is rhomboidal or
hexagonal at large bistatic angles.

The cell area increases with increasing bistatic angle and is
proportional to (secant)? of one-half the bistatic angle excluding
bistatic angles approaching 180°. The cell area is typically more
than 30 dB larger in the forward-scattered direction than in the

backscattered direction.
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APPENDIX A
RANGE RESOLUTION OF CLUTTER CELL

With reference to Figure 5 the range resolution &r , when
limited by the receiver resolution time &t and the transmitter
azimuthal beam width 0p at a delay time t = aA/c , is given for a

constant direction g by

ar|

ar PE
atIB’p ot sz{ﬁ,p e
ér = AB AB (A-1)
DE , %5% st > DE
P+opg
B:OAB B’DAB ] B’DAB B’DAB

From the Cosine Law for the triangle ABC,
p2 = 12 + oo - 2rppg cos(n - 8) (A-3)
Substituting o = & + Ppg. = " into Equation (A-3),

12

[a+ PAB " rj

r2 + p;B - erAB cos(n - B)

A% + ZAQAB + O;B - 2r(a + pAB) + r? (A-4)




Soiving Equation (A-4) for r and using the identity 1 - cos (r - 8)

= 2 sin2(T 55

(8/2)(a + 20pp) (8/2)[1 +(8/20pp)]
P B ¥ ppgll = cos(n-Bl] " | "B (heo)
ppgl! - cosin-B) (8/2055) + sin?(5")
, A
gf_l [(A/ZOAB) + Slnz( )J[?’+ (A/Z)(] v ?_‘;TA—B—)(]/ZOAB)
aA|B )
*PAB [(A/szB) + sin?(55 )]
A 42 S ®) A .opm-B A A2
- T S - fopg  BoRg
[(8/20p5) + sin?(5E)7?
2-[2——+ sin2(%; )] tx smz(l—s)[] - sin2(% )]
[{8/2pp5) + sin?(5E)7?
=_%§] + (1/8) sin?(s-g) (A-6)
[sin2(58) + (/20p5)7°
Substituting Equations (A-2) and (A-6) into Equation (A-1),
(A-7)

{(cct/Z)(l +f), (cét/2){1 + f) < DE
or =

DE , (cst/2)(1 + f) > DE
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in?f -
where f = (1/4) sin’{.-8) (A-8)

[sinz(lig) + (A/ZQAB)]Z

Alternative expressions for (1 + f) are given by Egs. (A-29) and
(A-30) at the end of this appendix.

The normalized range sum A/pAB = (p/pAB) + (r/pAB) - 1 may be
expressed as functions of r/pAB and B8 by solving Equation (A-%F)

for A/pAB . Multiplying both sides of Equation (A-5) by [(A/ZpAB)

+ sin2(Z é B) and rearranging terms,

Equation (A-8) is a quadratic equation of the dependent variable

(A/pAB). Solving Equation (A-8) for A/pAB ,

——= -[1 - (r/opg)] + (1 - ~—) + —— sin?(%; B)f

" B PAB
! (A-10)
Choosing the root for which (A/pAB) >0,
(-0 - D+ [0 - S5997 + 2 sin2 )Y, g < s
PAB °AB PAB
2 - {0 , 8= 180°, r/pye < 1 (A-11)
pAB AB —
2(-T— - 1), B = 180°, r/ps, > 1
L PaB AB




The direction B , for which the function f 1is maximal for a
given A/pAB , s found by setting the derivative of f equal to

zero where f is given by Equation (A-8). Accordingly, -

8 - 0= [sin2(L;8) + (a/20p5)] ¥ sin(n - 8) cos(x - 8)

v 1 sind(e - p)sin2(%8) + (a/20pg) s in(5E) cos(%2)]
.
[Sinz(zig) + (8/2045)] cos (v - 8) - §lﬂ~%1—§l

2( 5o
- (Lo eosrB) 4 (4720007 cosl - 8) - 3+ S250ncE)
}

= cos (v - )1 + (8/ppg)] - 1 (A-12)
cos (n - 8) = [1+ (a/opg)]™" = cos (v~ 8 ) (A-13)
Substituting Equation (A-13) into Equation (A-8) by using the iden-
. -8 T - cos(n 8,)
tities sin?(nm - B) =1 - cos?(n - B,/ and sin(——) = 5 ,
= -1 371
fmax = (A/pAB) [2 + (A/DABI] (A-14)

The length DE in Equation (A-1) is given, with reference to

Figure 5, by

OE = DC + CE (A-15)
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Fron, the Sine Law for triangle ACE,

__ » sin(s,/2) o sin{e,/2)
= <myeR © o (8-y) <7 - 5=
sinlr - (B-v) - 2]
(A-16)
o 8y
where 3 CEA'= [« - (B-~y) - ?—] for (B - v) STy
From the Law of Sines for triangle ACD,
T - p sin(eA/Z) i p Sin(GA/Z)—_ . _O_A
sin ¥ CDA 6y Y27
sin(B-y - 5-)
(A-17)
®a i
where 3 CDA = (B - y) - 5 for (B - v) >3
and p=4A-r+t Pag -

Substituting Lquations (A-16) and (A-17) into Equation (A-15),

8
= oA 1 1
DE = p Sln(r) -:—~ 5 +

. 8
sin[n - (B-y) - 251 sin(B - vy - 25)

3]
psin(z—&) 1 — !

0
sin(g - y + 75) sin(g - v - ?A)

1]

8a 2 sin{B~y) cos(eA/Z)
p sin(3=){— .
sin?(g-y) - S1n2(BA/2)

1]
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p sin 8, sin{g-y) 6 0
- A ; _2_A. Z 8 -y < 7T - Z—A- (A"]8)
sin2(g-y) - sinz(eA/Z)

°a %2
When (B - v) = 7~ Or m=- =, the point D or E occurs at

infinity so that

8 6
A nefeB-yen (A-19)

E=o

“-hr
o
| A
—
o)
1
-
N
| A
™
-~

Combining Equations (A-18) and (A-19),

p sin 05 sinlg - vy) ) 0y
2 7 3 7 <B-y <M
sin“(g - y) - sin (eA/Z) 2 2
_Ez (A"ZO)
) 6
© 3 Of_B-Yf_'ZA ,n-%<8-y<n

The range resolution é&r = (cét/2)(1 + f), given by Eq. (A-7), is
an explicit function of B8 and A/pAB . The range resolution may
also be expressed explicitly as a function of the bistantic angle
B - y . With reference to Figure 5, the ellipse through the point C,

of time delay (1/c)(a + pAB) has a range sum R given by

R=p+r (A-21)

The ellipse, of time delay [(1/c)(a + pAB) + &t], has a corresponding

range sum R + dR where dR 1is given by

dR = c¢ét (A-22)
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Substituting Equation (A-22) into Equation (A-3),

(R ~'r)2 =r 4+ p;B - 2?r ppg €08 (= - 8] (h-23)

Expanding terms in Equation (A-23),

R2 -~ 2Rr = piB *2r ppg cos B (A-24)

Differentiating Equation (A-24), with 8 and pag held constant,
2R dR - 2R &r - 2r dR - 2pAB cos 8 (A-25)

Substituting Equations (A-21) and (A-22) into Equation (A-25),

(R - r) ¢Rr - p c6t -
Ppg COS B+ R o, COS B+ p + 1 0
AB AB —B-cos B+ 1+ 5

cét

ér =

(4-26)
From the Sine Law for triangle ABC in Figure 5,
P . .
"AB _ s1n(B—I% - sin(g-y) (A-27)
D sin(x-g sin g8
PAB _ sin(8-y) (A-28)
r sin y '

Substituting Equations (A-27) and (A-28) into Equation (A-26),
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6r = — cst . = — cst
s1q§e-i{ + 14300 Y Sin{B-v) cos g + sin 8 + sin y
sin B sin g sin B

cst sin B
[sin g cos vy - sin y cos 8] cos B + sin B + sin vy

cét

3 . cos2g , sin y
+ - s " + 2.

1+ cos ycos B-siny sing T sing

cét

. SINY (1 - coc?
1+ cos y cos 8 + STn 8 (1 - cos?g)

- cét
1+ cos ycos B+ sinysing

cst

- - cst .
" T Cos(8) cosz(—B—é—Y—) (A-29)

The bistatic range resolution, for time-delay differences a/c >> §
is therefore prcportional to (secant)? of one-half the bistatic angle.
It can also be shown that the range resolution ¢p in Figure 3

along a constant direction y is given by 3&p = %% §t = §4r

'Y’QAB
because sr and &p are symmetrical about the bisector of the bi-

static angle (compare Figures 2 and 3). Since the geometries asso-
ciated with the angles subtended by the clutter cell at A or B are
identicai for the transpositions of A with B, 9 with 0 » B with
T-vy,y with n -8, and p with r , it follows from £gs. (A-7)

and (A-29) that



§r = 8p = £§£ sec7(§—:n1) - cot ;] . (1/4) sin2(x - ) |
[sin?( =55 + (8/204)72

, b/C >> 8§t (A-30)
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APPENDIX B
ILLUMINATION ANGLES OF CLUTTER CELL

ITlumination Angles n and o Subtended by the Clutter Cell at

ax

the Receiver

With reference to Figure 5,
n=nytn, =3 FB6, o = XFBC, n, = XCBG (B-1)
Mpax = M3 F e = 3 HBL 0y X HBC , o, = & CBI (B-2)

Consider first point C on the time-delay ellipse 4a/c and character-

ized by § CBL = 8 and 4 CAB =y . Applying the Law of Sines to
triangle ABC ,

pAB - r [ - S - R )
sin(g—~) siny sin(n-8) sin B (B-3)

Since 4 =p +r - PR where r and o are given by Eq. (B-3)

. Bty B-y BHy
o, T b, q.sinBrsiny 2 sin(5h) cos(57) _ sin(51)

°AB PAB  PAR sin{e-y) - 2 s1n(§%1) cos(ﬁgl) sin(gii;
(B-4)

Now consider the point F on the same ellipse of time delay ~/c as

point C and at Y FBL = s n, and  FAB = y + ;A-. Applying the

Law of Sines to triangle AFB .
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°AB i} FB _ FA - FA

. 8, 6, sin(m - B -n;) sin(B + n
sin(g+n,} -(Y+§A) siﬂy+zﬂ) ) 1)

(B-5)

Since A =TFB + FA - ppg Where FB and FA are given by Eq. (B-5),

FB , FA A

+ = +1
"AB PAB PAB

B+n 0 8
Csinli) + G gD sinl(B) + (-4 M)

B+n ) ]
sinlps) - (F- 81 sinl(Bh + (o + )

Letting x ¥ = 5+ EA' and solving for x in Eq. (B-6),

A 41 = sin{x + x; _ Sin x cos y + cos X s1n y ~tan x cos y +siny
PAB sin(x - y SIn X COS y - cOS x siny tan x cos y - siny

(B-7)

Zopg B +m 2opg ®a

tan x = (1 + ) tan y = tan(———) = (1+ =) tan(¥ + 47)
(B-8)

B+n,
m = 2 arctan (»—) - 8
2p ]

= 2 arctan[(1 + “KAE) tan(% + E&)] - B 18-9)

Now consider the point G whick occurs on the same ellipse of time
0
delay a/c at L GBL = 8- np, and ¥ GAL =y - Eﬂ-g Substituting
8
(8 - np) for x and (y - §A) for y in Equation (B-7),
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&)

2p 9
np = B - 2 arctan[(1 + _Eﬂﬁ) tan(%v- EA)] (B~10)

Adding Equations (B-9) and (B-10),

2p
n oy = Z{arctan[(l + AB)tan(? —I)]
Zp AB B - |
- arctan[(1 + —=) tan(%—- E—JJI (B-11)
(ny + ny) » n +ony < 180°
n = (B-12)
360° - (ny + n,), n; + ny > 180°

where n; + r, is given by Equation (B-11).

For sufficiently small angles of n and 6y » N1 = nz2 and

nx=2n; . An expression for n , when n and 0, are small angles,
may be found by regrouping angles in Eq. (B-6) and by equating Eq. (8-4)
to Eq. (B-6). Accordingly,

-+ 1 =

f
(
i

op 94
sm(8 1) cos(q~ 4 ) + S1n(2~ + ~—) cos( ) (8-13)
= — e e e - —— ——— \ had

s1n(8-1) cos(n g ) + s1n(2— + -«) c0‘(—§1)




n} 0
For 5= << 1 rad and EA'<< 1 rad, Equation (B-16) reduces to

. 0 .
sin8Y [sinE0 [1+ (5 + 48 cot(BY)

s ¢ B- s (B-Y ng 6
sin sin -
(1) I+ (— + Eﬂ) cot (5710
Selving Equation (B-14) for n, ,
A sing M %A
S Y g < 1 rad, T << 1 rad (B-15)
Therefore,
sin 8 o2

n X 2n1 X 0, siﬁ y = 0, plr % << 1 rad, 7 << 1 rad (B-16)

Consider now the point H on the ellipse of time delay |(a/c)
- (6t/2)| where the absolute sign includes cases for which &/c < ét/2 .
The point H occurs at anyles X HBL = 8 + n3 and { HAB = y + (eA/Z).
Applying the Law of Sines to triangle AHB and using the identity
A - (cét/2) = + HA - Ppg » ON€ obtains an equation identical to
Eq. (B-8) except that x = 8 + n, and a - (cst/2) is substituted

for A . Accordingly,

2p
ng = 2 arctan[‘] + 2 ?Cét/2)|) tan(z 4~5} B (B-17)

Similariy, for point [ or the ellipse of time delay (rn/c) + (st/2)
8
A

at ¥ IBL=8-n, and S IAB =y - 5,
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ZDAB Y eA
ny = 2 arctan [] + m] tan(§ - —a‘) + B (8-18)
Substituting Equations (B-17) and (B-18) into Equation (B-2),

-~

2p 6
ng + ny = Z{arctqn (1 + 5= (égt/Z)T) tan(%-+ Eﬂ)]

-

| %onp eA] (B-19)
- arctan L‘] + F*W)-) tan(% - a—) -

(B-20)

ny + ny ,n3+n“§]80°
"max

360° - (na + nu), ns + Ny > ]800
where n3 +n, is given by Equation (B-19).

[1lumination Angle y

With reference to Figure 5, the angle vy = ¢ CAB may be expres-

sed as a function of 8 and r/opg by solving Eq. (B-3) for vy .

Accordingly,
._L = .~S_in L‘ S — Sin Y' = ]
PAg sin(B-y) sin B cOS y - cOS B siny sin B cot y - cos B

(B-21)

arctan{(-f;—sin s)/«] + I cos 5)] (B-22)

“AB “AB




IMumination Angles x and Xmax Subtended by the Clutter Cell

At the Transmitter

With reference to Figure 3,

x =X, tx, = X IAC, x = X JAC, x, = L CAK

X3+ X, = L MAN , x; = ¥ MAC , x, = ¥ CAN

Xmax

(B-23)

The geometries associated with the angles subtended by the clutter

cell at A or B are identical for the transpositions of A with

B,

o with bg » B with = -y, y with = -8, and p with r .

The results given by Eqs. (B-3)-(B-20) for n and n are there-

max

fore identical for x and Xnax

tions are made.
Accordingly, from Eqs. (B-9), (B-10), (B-11), and (B-12),
2

0 8
X, = 2 arctan[(1 + _KEE) tan(l—%-g + ZE)] -(r -v)
20pp -8 _ 8
X, = (v - v) - 2 arccan[(1 + ) tan(T7— - 7)1
2opp w-8,°8
X + X, = Z,ardan[(l + T) tan(——f—'* E‘)]

2p 8
AB T -8 B
- arctan[(1 + =) tan(Z5—= - 47)]

(x, +x) x +x < 180°
1 Vs r 1 2
360° - (x +x ), x *+x >180°
1 2 1 2

where x, + x, s given by Equation (B-32).
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provided that the above transposi-

(B-24)

(B-25)

(B-26)

(B-27)




For sufficiently small angles of x and 6p , x;=~x, and

X ~ 2X . From Equations (B-15) and (B-16),

: 8 . s 0
X. ~ B sin(n-y) _ "Bsiny . X1 B 2
1Y 72 Sin(n-g) ~ 7 sing 2z << 1 rad, gm <<l rad (B-28)
m2x, =0y ST s oy K ) rad, B
X & 2x, B ST s g "/e 5 g << 1rad, 7= << 1 rad (B-29)

From Equations (B-17), (B-18), (B-19), and (B-20),

Zopg o
x = 2 arctan{[1 + - ] tan(T— B 4 ——)I - (r - vy)
3 [a - (c6t/2)T z '3 (8-30)
2p _ 8
X, = 2 arctan{[1 + Z—;-(§%7§7] tan(!—f—g-- EE)I +(r - v) (B-31)
szB T -8 ®
Xy ¥ x, = 2pretanl(l + peemyy) tan(t )] (8432)
20pp n-8 °B
- arctan[(] + Z_me) tan(—‘z—— - T ] (8'32)
i
i‘ xmax ={ 3 k s 3 4 (8'33)

360° - + Ly + 130°
(x3 xh) X, ¥ X,

where x, + x, 1s given by Equation (B-32).
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