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SEMI-VALUES OF POLITICAL ECONOMIC GAMES

by

Abraham Neyman

1. Introduction

Semi-values are defined in Dubey and Weber [1981] where charac-
terization of the semi-values is given for two basic spaces; the space
of all finite games, and the space of "differentiable" non-atomic games,
i.e., pNA. In the purely economic situation, we usually encounter games
in pNA (or in pNAD); but in many political economic situations, as in
the Aumann-Kurz models of power and taxation [1977al, [197Tv], we face
games which are the products of weighted majority games by games in pNA.
These games are members of other spaces which contain pNA and which we
will refer to as spaces of political economic games. In this/paper we
will characterize all semi-values on spaces of political economic games.
Section 3 presents a characterization of all continuous semi-values on
a typical class of political economic games, followed by a detailed proof.
In Section h,we introduce further results without proofs. The proofs of
the results in Section U4 are more involved than that of Section 3, but
actually are based on the same ideas and thus we decided to omit them

from our paper.

2. Preliminaries

Most of the definition and notations are according to Aumann and

Shapley [1974]. Let (I,C) be a measurable space isomorphic to ([0,1],B),

*This work was supported by the Office of Naval Research Contract

ONR~-NOOO1L4-T79-C~-0685 at the Institute for Mathematical Studies in the
Social Sciences, Stanford University.
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where B 1is the o-field of Borel subsets of [0,1]. A set function
(or game) is a function v:C + R with v(¢) = 0. A set function v
is monotonic if for all T and S in C, T CS = v(T) < v(S). The

space of all set functions on (I,C) that are the difference of two

monotonic set functions is denoted BV. The space of all bounded finitely
additive set functions is denoted FA, and its subspace of all non-atomic

measures is denoted NA., If Q C BV then Q+ denotes the subset of Q ?’
of all monotonic set functions. A mapping V¥:Q + BV 1is positive if ?]

+
¥(Q") € Bv'. Let G denote the group of antomorphism of (I,C). Each

® in G induces a linear mapping 9* of BV onto itself that is
given by (6"v)(S) = v(es) for all S in C. A subset Q of BV is
symmetric if for each 6 in G, O*Q c Q.

Let Q bve a symmetric subspace of BV. A semi-valueon Q is a

positive linear mapping ¢ from Q into FA +that satisfies:
. * * 3

(2.1) ¢ is symmetric, i.e., ¥8 =6 y for all 6 in G,
(2.2) if vEQNFA then yv = v,

The bounded variation norm of & set function v in BV is defined

by Ivl = inf(u(I) + w(I)) where the infinum ranges over all pairs of mono-
tonic set function u,wv with v = u - w. A nondecreasing sequence of sets
in C of the form -N-: 9, CISl C...C Sn is called a chain. The variation

n
of v over a chain - is defined by an_FL = ) Iv(Si) - v(Si_l)l. It
i=1
is known [3,Proposition 4,1] that v = suplvl_rL where the supremum is
taken over all chains -N-, If Q is a subspace of BV and ¢:Q + BV

is 1inear then Myl 1is defined as sup{lyvl:v € q,Ivl = 1}.
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The space pNA 1is the closed subspace of BV that is generated by
powers of nonatomic measures,

Let 1 denote the family of all measurable functions from I to
[0,1] (measurable with respect to the o-fields C and B). There is &

partial order on I:f > g if f(s) > g(s) for all s in I, A real

valued function w on I with w(0) = 0 is called an ideal set function;

it is called monotonic if f 2 g implies w(f) > w(g). For every idea.
set function w we denote by Uwl the supremum of E lwif,) - w(fi_l)l
taken over all increasing sequences fo < fl € .. si;i of ideal set functions. Ei
The indicator function of a set S in C is denoted Xg i.e., xs(s) =1
if s €8 and equals 0 if s $ S, We will sometimes write S for xs,
t for t.xI and 18 for txs. . ﬂ
It is known [3,Theorem G] that there is a unique linear mapping that
associates with each set function Vv in pNA an ideal set function v such
that (vw)* = v*w* for all v,w in pNA, v* is monotonic wherever v is E*

+ * * !
in pNA , Bv} = kv '}, and such that w (f) = 7fau for all u in NA and

all f in I,

R R A
.

a A

* *
Denote 3v (t,S) = (da/dt)v (t + 18) _,. By theorem H of [3] we

know that for each v in pNA and each S in C(, the derivative

*
av (t,5) exists for almost all t in [0,1] and is integrable over [0,1]

as a function of t.

el

We denote by W the set of non-negative functions g in I_([0,1])
1
vith ’0 g(t)at = 1,

N'|
_—
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The characterization of the class of semi-valueson pNA 1is given ﬂ

in Dubey, Neyman and Weber ([1981], Theorem 2). i

Theorem 2.3, ([1981], Theorem 2). For each g in W the mapping y

3 ¢g= PNA - FA that is given by

r-' l *

¢‘ (v v)(8) = Jav (t,8)g(t)dt
g 0

is a semi-~value, Moreover, every semi~value on pNA is of this form.
& The map g > wg of W onto the class of semi-values on pNA is a linear

E! isometry,

Define DIAG to be the set of all v in BV satisfying: there

exists a positive integer k, & k-dimensional vector £ of probability
measures in NA, and a neighborhood U in RE of the diagonal [0,£(T)]
such that if g(S) € v then v(S) = 0. A semi-value y on a symmetric
subspace Q@ of BV is diagonal if ¢yv = 0 for all v € Q N DIAG.

Proposition 2,4. Continuous semi-values are diagonal,

Proof. The proof in Nayman [1977] that continuous values are
diagonal does not make use of the efficiency axiom and therefore the same
procf works here.
Another result which will be used in the proofs of the present paper is:

Proposition 2,5, Let Q be a symmetric subspace of BV, and let ¢

+ .
be a semi-value on Q, If pE€ NA- and f is defined on the range of
with fou € Q, then ¢(fou) = ap for some constant a in R.
Proof. Follows from the proof of proposition 6.1 in Aumann and

Shapley [197L4].
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3. Characterization of the Semi-Values on a Class of Political Economic Games

In the»pﬁfely economic situation, we are usually encountered with games
in pNA (or in pNAD - the closed linear space generated by pNA and DIAG)
but in many political economic situations we face games of the form v = ug
vhere q is in pNA and u is a jump function with respect to a given NA
probability measure yu, i,e.,

1 if u(s) 2 a

u(s) = .
if u(s) <a

Such games arose for instance in models for taxation (See Aumann-Kurz
[1977a], [1977Tb]. We denote by u¥*pNA the minimal linear symmetric space
containing pNA and all games of the form uq‘ where q € pNA and a
is a fixed number in (0,1).
Theorem A. For any pair (a,g), a €B+, g € W, there is a semi-

value w(a g) on uspNA such that for any q € pNA
]

' 1
(3.2) (b0 g)0(8)= [ 8e220" (2,820
0
and
1l
(3.2) (o, g)(22))(5) = aa’(a)u(s) + [a(t)3ax(x,8)at
[+ ]

Moreover, any continous semi-value on usxpNA 1is of that form. The mapping

(8-,8) > “’(a,s) is 1-1 and 'w(&,g)l = max (8"qlw)'

o PPN 1 . P T Y




The proof of the theorem is accomplished in several stages. First
we shall state and prove a result on the range of véctor of members of pNA,
This is a generalization of a result of Dvoretzky, Wald and Wolfowitz
([1951], p. 66, Theorem 4).

Lemma 3.3. Let v be a finite dimensional vector of measures in NA,
and let m be a positive integer. Then for each m-tuple fl""’fm of

ideal sets such that fl + ., + fm =1-= Xp» and each k-tuple Qyoeeesy

of members of pKA, and each € > 0 there is a partition (Tl,...,Tm) of
I, T, in C such that for ail AC {1,,..,m} and all 1 <J <k
w( U Ti)=J(Z £, )av
i€A i€A
and
la,C U ) - a (I £)]
.\ U T.) ~-q : < €& .
R . ]

Remark: The same result holds if pNA is replaced by pNA' (replace in '
1

the proof I 01 vy 1 1), y

Proof. From the definition of pNA it follows that for each 1 < § <k ]

there exists a polynomial v, of NA-measures; v, = PJ(ui,...,ui ) with b

J J j !

lqg, -v,1 <€e. B
qJ 3 Y
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"(Ti) = indv
and
w(r,) = Ifidug

From the finite additivity of members of NA, we deduce that for each
AC{1,...,m}, 1 <J<k and 1<¢ < n, v(T(A)) = /£(A)dv and

u%(T(A)) = If(A)dug where T(A) = U T, and f{A) = ¢ f From the

i€A jiep *

last equalities and the properties of the mapping v -+ v¥, it follows that
also v,(T(A)) = v,(2(A)),
Thus

IqJ(T(A)) - q.;(f(A))l < IqJ(T(A)) - vJ(T(A))I + {vJ(T(A)) - vz(f(A))I +

*

+ Iv;(f(A))— q;(f(A))l < Mgy - vih + 0+ v; - qj|

* *
and as v | = Iyl for each v € pNA, qu(T(A)) - qJ(f(A))l < 2e, This
completes the proof of Lemma 3.3. Q.E.D.

We will use in our proof the following immediate corollary of Lemma 3.3.

Corollary 3.4, Let v be a finite dimensional vector of measures

in WA, and let m be a positive integer. Then for each m-tuple fl,...,fm

of ideal sets such that fl §_f2 < ee f_fm, and each k-tuple CUERRRL of

Lo
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set functions in pNA, and each € > 0 there is an m-tuple Tl’T2""’Tm
of sets in C such that T, C ... CT and for all 1< <k and

all 1 <i<i'z<m

v(Ti) = indv

and
*
qu(Ti) - qJ(fi)I <e .

and
*
qu(Ti. <7 - qj(fi. - £ )] <e

Proof. TFollows by applying lemma 3.3 to the mtl-tuple fl,f2 - fl,...,

£ - £y 1lf

We will proceed in order to show that (3,1) and (3.2) define a unique

linear symmetric operator from u¥*pNA into FA. TFor this we shall need

the following lemma.

n

v+ ) (8, u)qi is monotonic, where v € pNA,
i=1

qQ € pNA and 6, €G,i =1,...,n, then for any SE€C and g€ L ,g>0

Lemma 3.5: If w

a
(3.6) Jg(t)av*(t,s)dt >0
0]

(
R




T

i=1

l
n
.1 [stean' e + 1 [ste2a]e 800 2 0
a a

and

( !i a,
e M

Proof. Assume that w is monotonic. For proving (3.6) it .. .ough
1 *
to show that for any t with O <t < a for which 3v (t,8) is defined,

ov*(t,8) > 0. Let O0<t<a and let 0 <h be such that t + h < a.

For such t and h, t + hS €t + h and therefore
* » * »
(eiu) (t +bs) < (6,n) (¢ +h) =t +h<a for each i=1,.,.,n,
For any € > 0 we could apply corollary 3.k to the vector
" »
v = (Blu,...,enu) of nonatomic measures, the 2-tuple t, t + hS and the

set function v in pNA +to show the existnce of two sets Tl,T2 in C

C
with Tl T2

» *
(eiu)(t +hS) <a forall i=1,.,..,n and such that |v (t) - v(Tl)I < g

and such that (e:u)('rl) = (e'i'u)(t) =t <a, (6:u)(T2) -

» *
and |v (t + ns) - v(Tz)! < €. Therefore, on the one hand, (eiu)(Tl) =
»
= - = T -
(eiu)(Tz) 0 which implies that w(T2) w(Tl) v(_2) v(Tl), and on
* *
the other hand, v(T2) - v(Tl) <v (t +h8) - v (t) + 2e. Altogether

* »
v (t +n8) - v (t) Z_W(Tz) - W(Tl) - 2¢, As w is monotonic we deduce

e
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* *
that v (t + hS) - v () > -2¢, and as this holds for any € > 0 we

* * *
conclude that v (t + hS) ~ v (t) > O and therefore av (t,s) > 0 for

*
any O <t <a for which 3v (t,S) is defined. This completes the
proof of (3.6).

For proving (3.7) it is enough to prove that for any <+ with

* * .
a <t <1 for which all the derivatives dv (t,S5) and aqi(t,S) exist,
* 0
av (t,8) + ] 9q,(¢,8) >0
i=1
* * .
Applying corollary 3.k to the vector (Olu,...,enu) of nonatomic

measures, the 2-tuple t, t + hS (where O < h is such that t + h < 1)

and th2 members AEL VEREEEL W in pNA we have for every € > 0 two sets

* »
Ty C Ty in € such that for every 1 <i <n, a <t = (ei,) (t)
* * * *
(6,u)(1)) < (6,u)(T,) and lqi(Tl) - q;(t)] <&, |q(T,) - q,(t + nS)| <,
* * %*
and |v (t) - v(Tl)l <e, |[v(t+ns)-v (T2)| < g,

Therefore,

n
w(T,) - w(Tl) = v(T,) - v(T}) + iZlqi(TQ) - q, (1))

n
<Vt +nS) - v (6) + ] a (6 +mS) - (t) +2n+ e .
i=1

Again as this holds for all € >0 and as w is monotonic, it follows

that

* n
v (t,S) + z 3q,(t,8) >0 ,
i=1 *

which completes the proof of (3.7).




The proof of (3.8) will make use of
Lemma 3.9. Let Biaeeosby be nonatomic probability measures and
CIEREREL W set functions in pNA. Then for every 0 <a <1 and every

in C, T, CT

€ >0 and every 1 <k <n there are two sets Tl’T 1 >

2
such that for all 1 <i <n and forall 1 <J <m

|qJ(T2) - q;(a)l <e , qu(TQ) - q;(u)l <e
qu(Tz‘Tl)I <e

w(TyrTy) < e

”i(Tz) 2a>u (1) iff u o=u .

Proof. Let K= {1 <1i< niu, = uk}. By Lyapunov's theorem there

is T in C such that ui(T) uk(T) iff w =w. Let b= uk(T).
Observe that for sufficiently small y > 0, o + y(T-b) is an ideal set

and that

o»
ui(a + y(T -1b)) =a iff i€k (i.e.,iff u = uk) .

(-]
r=1
* *
for every a in DpNA, q (fr) converges to q (f). (All that is needed

Ir (fr) is a sequence in I that converges uniformly to f in I then

*
for that conclusion is that u (fr) converges to u(f) for every nonatomic

measure u). Therefore there is y > 0 sufficiently small so that

[P T WU G U Ny W o - FPRTEPNE . UGN WU O IPUg Y Pa—
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a + y(T - b) is an ideal set and such that for all 1 <J <m,

#* *® .
‘qj(a + ¥(? - b)) - qj(a)l < ¢/3, Fix such & Yy > 0, and observe that
Bla + y(T - b)) » a + y(T - b) as B <1 converges tc 1, Therfore

for sufficiently large B < 1, for all 1 <J <m

h?u-mm+ym-wnl<d3,
* *
Iqj(s(a + v(T - b)) - qj(u + y(T - b))| < €/3

and thus

|§mm+yw-bn>-§mn<zW3

* -
As ui(a + y(T - b)) =a iff i €K, it follows that for sufficiently large

B < 1 we also have

mp(a + (T =) > a> y(Bla+y(T-D)) iff 1€K ,

Fix such a B < 1 and apply corollary 3.4 to the 2-tuple B(a + y(T - b) <

(¢ + v(T - b)) with €/3, the vector (u ..,un) of nonatomic measures

1"

and the members q.,..., of pNA to show the existence of T.,T. € (
1 %

1°72
with T, CrT,.,

1 2
u () =y (Bla+ ¥(T-1))  1<icn
by (T,) = ui o + (T - b)) 1<icn
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Iq;(c + y(T - b)) - qJ(Tz)l < e/3 1<J<m ji
|q§(e(a+y(w-b))) - qy(r)] < e/3 l1<j<m

la2 - BXa+ (T - BI) - q,(TpaT)) < /3

Altogether, we conclude that for all 1 <i <n,1<j<m
* .
qu(Tz) - qj(a)l <ef3+e/3<c¢

qu(Tl) - q;(a)[ <ef3+e/3+e/3<c¢

'qJ(TZ\Tl)I < 8/3 + 5/3 <€ ,

and vi(Tz) >a> ui(Tl) iff vy

"

which completes the proof of Lemma 3,9,
We return now to the proof of (3.8) of Lemma 3.5. Observe that
it is sufficient to prove that for every 1 <k <n if K(k) denotes the

# * *
set of all 1 <i<n with 6,4 =06 then ]  q(a) >0, Apply lemma
-7 - i k . -
i€K(k)
* *
3.9 to the nonatomic probability measures Blu,...,enu and the set functions

ces » 'Y ] - C
V54, ,qn in pNA to show the existence of Tl,T2 in C with Tl T2

and such that for all 1 < i <n,

Iv(Tl) - v*(a)l <e , |v(T2) - v*(a)l <€




=1k

ELACN Ay i Lt N
T

* *
la; (7)) - q;(a)] <& lg; (T,) - g, (a)| < e

* *
> 'y . e .
eiu(TZ) > a > Giu(Tl) iff i € K(k)

Therefore
w(T,) - w(T)) < v(T,) - v(T) + 1ZK(k) L (T,) + Z )lqi(Tz) - qi(Tl)l
<2+ ) a4 (a) + 2en
i€k(x) *
%
< qi(a) +2(n + 1)e .

i€K(k)

As this holds for every € > 0 the assumption that w is monotonic implies

*
that qi(a) > 0 which completes the proof of lemma 3.5.

i€k§k)

+
Lemma 3.10: Let g be in W and & in R . Then (3.1) and (3.2)
defines (uniquely) a semi value w(a 2) on u¥pNA.

Proof. Any element w in u*pNA is of the form w = v + Z (o u)q s

i=1

ei €6, v, q € pNA, By linearity and symmetry, it follows from (3.1) and
(3.2) that

1 1

{ n *
(3.9) v w(s) = Jg(t)av t,8)at + )  |e(t)aq, (t,s)at

(a,g) o1 i
0 o
n o, %
+ ] aq(a)(e, u)(s)
i=1 +




We have to show that ¢ (a,g) is well defined, i.e., that it is independent
]

of the representation of w. Because of the linearity it is enough to show
that if w =0 then ¥, = 0, If w=0 then by lemma (3.4) we conclude
that q’(a,g)w(s) > 0, and that \P(a,g)(—v)(s) = —w(a’g)w(s) > 0 which means
that w(a,g)w = 0, Linearity and symnetr;: of ‘p(e.,g) follows from the
definition. The finite additivity of 3q (t,5)(q € pNA) as well as that

of e:u implies that q’(a,g)w is finitely additive. Positivity of 'p(a.,g)
follows now from lemma (3.4) and the finite additivity of ¢ (a,g)""

Obviously uspNA is reproducing; hence that positivity of ] (a,g) and the
finite additivity of V¢ (Aa,g)w implies that \P(a’g)w is in FA vwhenever w
is in u¥pNA, Now let w € (uspNA) N FA, We have to show that ‘p(a,g)w = w.
Without loss of generality we may assume that w= v + 121 (G;u)qi where

v € pNA and, q; € pNA and e:u = e;u iff i =§. | Fi:';i we shall show

that q;(a) =0 for each k, 1 <k <n, Let 1 <k <n be given. Applying
lemma 3.9 to the nonatomic probability measures e;u,. .o ,e:u, the set functions

ML EREERL N in pNA we have for every 0 < e two sets Tl,T2.€ C,,-Tl' C T2

and such that for all 1 <i <n and
» »
eiu(T2) _>_a.> eiu(Tl) iff i=k

|v(T,) = v(T)]| < e

|V(T2~T1) | < e

e PP R G VA G W O SO0 S g e |
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la;(T,) - a, (?)] <
and
» T )
eip(Te‘ 1 < € )
Assuming ¢ < o we find that

lw(T2~Tl)| = |v(T2~Tl)|. <e

On the other hand,

Jw(r,) - w(T,)]

iv

q, (T,) - [v(T,) - v(T, )|

n
- ileqi(Tz) - qi(Tl),

v

* *
lqk(a)! -e-e-mne=qla) - (n+2)

The assumption that w is finitely additive will imply that

€ > IW(T2“T1)| = IW(T2) - W(Tl)l 3Jq;‘a)|- (n + 2)e, i.e., that Iq;(u)| < (n +3)e.
As this is true for every 0 < € < a we conclude that q:(a) = 0.

Let S be in C, with u(eiS) < o, In that case w(S) = v(S), and by using

the finite additivity of w and lemma 3.3, we see that v*(hs) = h(v(S))

for any rational 0 <h <1 and then by continuity of v* we deduce that

v*(hS) = hv(S) for any real h, 0 < h < 1. Therefore av*(o,s) = v(8).

Now, let 0 <t <a, and let S € C be given. Again using lemma 3.3 to

W

A

Clasder

I
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*
the vector measure Biu 1 <i<n, and the game v € pNA and the 3-tuple

hS, t, 1 -t -hSh<a-1t we have for any € > O a partition (Tl’Tz’T3)

* * .
of I with lv(Tl) - v (ns)| < e, Iv(T2) -v (t)| <e ana jv(T,vT,) -
» *
v ‘o v s §) ; =
v (t +1S)| <e and 6.u(T, UT,) < a. Hence w(T U T,)=v(T, UT,), WT,) = W(T,)
and V(T2) = V(TQ)' Therefore, using the finite additivity of w we have
*
U - = - = -

v('.l‘l T2) v(TQ) v(Tl) v(g) v(Tl), and as Iv(T1 LJTé) v (t + ns)| < ¢,

* * #* * *
Iv('r2) -v(t)] <e and |v(T)) - v (hs)| < e [Iv (¢ + n8) - v (¢)] - v (n8)]

b4 * *
< 3¢ and as this holds for any € > 0, v (t + hS) - v (t) = v (hS) = hv(S)
*
and therefore 3v (t,S) exists and equals v(S), In a similar way, by using
*

lemma 3.3 to the vector measure eiu, 1 <i < n, and the games v € pNA,
qi, l1<i<n and the 3—tup1e hS, t, 1 -t - hS, h <1 - t we can prove

that for a <t <1 3 2 qi (t,S) = v(8). Therefore as fg(t)dt 1
i=1

we conclude that w(a,g)w(s) = v(S8) = w(S8) whenever 8 is in C with

u(eiS) <a., For 8 in C there exists always a partition § = Sl v,V Sk
with 8, 1=1,...,k in C and u(eisj) <a 1<1i<n,1<J<k. g
Therefore by the finite additivity of w as well as that of Yw we have

k
¢(a’s)w(8) Z w(a, w(Si) = izlw(si) = w(S) which completes the proof i

of lemma 3.10.

Lemma 3.11. let g be in W and a in R+. Then the semi-value

_ 3
:E)I - i

w(a g) on uspNA defined by (3.1) and (3.2) is continuous and ﬂw(a
?
max{a,'glL }.

Proof. lLet w be in u*pNA. Without loss of generality we may

»
assume that w = v + (eiu)q where v is in ©pDNA, Q € pNA for

i

»
l<i<n and aiu =

il 13

Cm bk

g.u iff i=3, (1 <1 <J<n).




Wi, g0t = supl (g )#8)] + [y )2 - )]

Therefore we have to prove that the right hand side is at most

max{a, ||g||L Hwl, as

o«

n

o
) qf(a)(B:u)(S) + JBV*(t,S)g(t)dt
i=1 1 5

+ l(\b(a,g)w)(s)l = Ia-

1 n o,
+ Ja(v + ) qi) (t,8)dt]|
o i=1

i=1 «

a
n
< a ] latl(oju)(s) + el ([lav"(e,8)]ar
0

1

n

+ Ila(v + ) q)*(t,s)ldt)
a i=1

0o

a
< max{a,“g“L } I J[av*(t,s)ldt
0

1 0 _ .
+ Jla(v + ) q)*(t,s)|at  + ] Iqi(a)l(e,u)(s)]
o i=1 i=1 1
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it is sufficient to prove that

bl >

i

a
]q:(a)l + J(lav*(t,s)l + |8v*(t,1 - 8)|)at +
i=l 0

(3.12)

1
n n
[datr s Tapmeo)l + latv+ §gien - s)har
a i=1 i=1

First assume that v and Q;» 1 <i<n are polynom als in nonatomic
probability measures. For every integer k > 2 we will construct a chain

-n-k so that uwn_n_k will converge as k - ® to the right hand side of

(3.12).
* % * x

Observe that there is f in 1 with (eiu) () = (edu) (£) iff
i =3, We may assume that 1/2 < f < 1. (Otherwise replace f by (1 + f)/2).
For every k > 1 let £ be the iargest integer with £ < ak, Without loss

* » * x
of generality we may assume that for 1 < i, <n (eiu) (f) > (Oju) ()
iff i < j. Therefore for each 1 < i < n there is a (unique) B; = Bi(k) with
* *

0<Bi < 2/k and (Giu) (&/x + Bif) = a. Obviously all the Bi's are

different and 0 < B, < BJ < 2/k whenever 1 <i < J <n. Define (51)§=1 by

g = L/ + Bif

2k+n-3

and define (f,);_o by

P

- e N Y SR I3 _ < a2 o P T " - o
R T
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-
—12-; if i <2 is an even integer,
12; 1, l% if 1 < 2¢ is an odd integer.

E} = { £.+ & _op if 20 <i<2l +n
= +2k = I if 20 +n<i and i -n is an odd integer.
i+2-n_85 . . s .

-~ i +n < - .

2k + X if 2l +n<i and i n 1is an even integer

* *
Apply corollary 3.4 to the vector (elu,. - ,euu) of nonatomic measures, the

members V,q;s-..>q of PNA and € = 1/k(2k + n) to construct a chain

2k+n-3
.
K Tizo (T

and for all 0 <i <2k + n - 3,

cCrcC.,.. ) such that for all 1< Jj<n

-T2k+n-3
(o3u)(T,) = (83w (F)

* 1
qu(Ti) - qj(fi)l TR

1

lv(T;) - "*(_f-i” < Kz +n)

1 28 2 2L+n
_ i N i
Denote by -N- K the subchain (Ti)i=0’ X the subchain (T, )1_2€ and
3 . 2k+n-3 Th
~", - the subchain (T )i =of+n+l" en




e T e ¥ v W w =T = =1 =, = 2~ — .

3
[P

P P PRSP SR Y PPy S PPN

-2]-

191 ] |w|_n_1 +- le_n_a ¥ |w|_n_3 .

>
-k = X k k

As (00)(Tpy) = (0)(F,p) = £/k <& forall 1< <n,

2L 28 .
Liviz) - vy 2 PIv (@) - v @ ) - e

“ k(2k+ n)

o TP
..ﬂ.k

)

As v is a polynomial in nonatomic measures, ) |v (f ) - v (f

i=1l -1

Q

* *
cunverges as k + ® to {)lav (t,8)] + |av (t,1 - 8)|)at (see for instance i

p.15, 46 of [3] or observe that

* -— -— —
lav (1/2kx,S)|/k + 0(1/k) where S=85 if i isoddand S=1-8 if i

a *
is even). Thus 1liminf lel_n_]l{ > [(lav'(£,8)] + [av' (£,1 - 8)])at.
0

ko

n
fa(v + ] qJ)*(t,l -s)|)at.
J=1

For each fixed 1 < J < n,

n *
Similarly lim inf Il (3> [a(v+ } q,) (t,8)] +
ko - é J= J
We turn now to the estimation of lwn_n_ﬁ.
. * »
(ei")(TJ+2C) >a> (ei“)(TJ+z£-1) iff i = 3j. Thus

IV(TJ+2£) - w(Typp g ) 2 1ay(Ty 0001 - 'V(T3+ze) = V(Ty0p )1

n
- i__)_:l‘qi(TyaZ) - qi(T3+ze-1)'
{
n ;
Thus '"'_mﬁ > JZlqj(TJ+BC) -2 - X ’qJ N2 :

PP WO Y SO WU T S bt = (R PO W Y W
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*
For each fixed 1 <J <n, q,(T ) *q,(a) a8 k + » and
-v - 3 2L J

|qj|_n_2 + 0 as k - «, and also ﬂvu_n__ﬁ + 0 as k -+ » and thus
k

_ no
lim inf Ivl n3 ) |qj(a)|. Altogether we conclude that
- ey

K>
' kel > 1im inf lwl_ﬂ_k > lim inf nwl_n_,.% + lim inf lel_n_l% + lim inf “wﬂ_n_g > .1
fi n o * ¥ 'i
\ > ) Iqi(a)l + é(lav (t,8)] + |av (t,1 - 8)])at + h
i=1l b

n * n *
}(la(v + ) qi) (t,8)] + [a(v + ¥ qi) (t,1 - S)|)at which proves (3.12)
. a i=1 i=1

*i in the case that v and qi are polynomials in nonatomic measures, For

b .

the general case let € > 0 and approximate v and a by polynomisls
of NA-measures v and Ei respectively with v - vl <¢ lc_!,i - a—ll <eg,
- = n * *
= . o, ull = Iv_ Qv 0 < By Uiy 0
and let w=v + iZl(eiu)qi As lojul =1 and Bv llv,l <lv liv,l for

— — n * —
in BV, lv - wh <Wbv - vl + § I(6,u)(q, - ¢ )0 < (n + 1)e.
oy 1 i i’t =

Using lemma 23.1 of [3] we have for all S € C,

all vl ,v2

a
— * —%

Jlav (t,8) - 3v (t,8)]at <blv - v I <¢ and

0

n
[a(v + IZI ) (4,8 —a(v+ §a) (t,8)at < (n+ 1)e .
i=1 * i=1 *

Q S

B
~-
Y
IR |

* — * o )
Also |qi(a) - qi(a)l < qi - qi" < e. Altogether,




i

rH, FuSLati ah ot o o o rww Y

.,fullfy._..¢

w W e Radi- Mindr At gt diumns . T Mg T —— —— — T -~

-23-

Q
—_ noox
(n+ )+ Wl > Wl > § [gf(a)] - ne + Jlav*(t,s)ldt .
i=1
0

] . X n .
+J|8v (t,l-S)Idt-e+Jla(v+ Zqi) (t,8)]at - (n + 1)¢
5 i=1

1 n .

+ Jla(v + Xqi) (t,1 -~ s)[at = (n + 1)e .
i=1

As this is true for all € > Q, (3.12) is proved which completes the proof

of lemma 3.11.

Proof of Theorem A: We have already seen that for a in K and

g in W,(3.1) and (3.2) define (uniquely) a (continuous) semi-value

w(a g) on uxpNA. Now we have to show that any continuous semi-value on
)

uspNA is of that form. Let ¢ ©be a continuous semi-value on uspNA. 1In

particular, ¢ induces a semi-value on pNA and therefore by theorem 2.3

there is g in W with

1
(3.13) yv(s) = Jg(t)av*(t,s)dt for each v in pNA
0

Let v be a probability measure in NA, end k a positive integer, For

o+
any & > 0, 6§ <(1/2)minfa,l ~ a} define Fe [0,1] > R by

i




o) M

0 if |x - a| > 268

Fs(x)= 41 if |x-a] <&

(1 -1/6 (|x - a]- 8) if § <|x - af <26,

and define % by:

8

(3.14) V= (Feov) (Feom) (vF - w')

First we shall show that

(3.15) huv I <32k .

Define U = {S€C:0 < u(S) - a <28, |v(S) - a|] <26} . Then for S in U,
u(S) > o and therefore u(S) =1 and also for 8 in U, |v(8) - u(s) < us
and thus for S in U, |Qk(S) - uk(S)]_j 46k, and |$6(S)L§ 48k. For every ]
S in C-U either u(S) <a and thus u(8) =0 or |v(S) - a| > 26 and #

thus ;\;G(S) = 0. In any case for S ¢ U, (u%d)(s) = 0. Let

N:s Cs C...CS  beachain, Let i, be the first index for which ‘ b

S; €U andlet J be the last index for which S, € U. Then from the B
0 0

definition of U it follows that 8, €U iff i, <i < Jo- Therefore, as j

n n, ]

(uvé)(S) = 0 whenever S & U, and I(uvs)(S)| < L8k whenever S EU we d

deduce that 7

|

<

4




~ L
N = N n
Iuvsﬂ L izll(uva)(si) - qu(Si_l)l

g+l
= I Javg)(s;) - (¥ )5, )]
i=j
0
J0
N N n ~
= luva(sio)l + luVG('Sjo)l + iZj_o-rllqu(Si) - qu(Si-l)I
86 P | (w¥)(8,) - (v )(s; ;)
Z Bk iZio-Pl uvgling ) - Wi l
Jo n ~n JO k k
i=goﬂlva(si) RACNI .=i§+l|(Fs°“)(Fa°“)(si)(“ - w(s;)

- (rov)(Fyon) (8, )V = wF)(s 1) + (Fgov)(Fpom) (5" - w)(s; )

- (Fgov) (Fgou)(s;_)(v" -

J O

< max | (Fsov)(Fsou)(S) I

T s&u i=i

rmax | (V5 - W5)(s)|
1

s€y i=3 +1
‘o

But maxI(Fsov)(Fsou)(S)l <1 and

W)s, ) =

LR - s)) - 68 - u)s )

+
01

| (Fgov) (F gon)(S,) - (Fgov) (F on)(s; )|




[
4
o -26-
J
D18 - 0 o 3F)s, ) < (F + ¥ (s, ) -
i=i +1 * -1 Jo
k
- (v + %) (s, ) <8k
1
0
and
%‘ mtauc|(\)k - uk)(S)l < bks
s€U
and 1
ﬂ(Fdov)(Faou)ﬂ < IlFsolelFsoull <h
Jo by
Therefore ) \’\\;G(Si) - Vs(s. )| <88k + (box)h = 2lxs, ﬂ
i=i 41 -1 -

0 .
. ‘
hence ﬂuvsﬂ_n_ < 32k6, As this holds for any chain -M- (3.15) is poved. IDefine

G: [0,1] » r' by %

(0 if x> a + 26

GG(X) =Jl if x <a+ 8

kl—%(x—cz-{S) if a+6 <x <o+ 28

and define ;6 by

(3.16) vy = (6gov) (G om) (v* - F) .

.
.d
q
=
-

B

K
Lo
]

4

‘
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First observe that v, € pNA (although (Gov)(Gou) ¢ pNA), Define D to

)
be the diagonal neighborhood defined by

D = {s: |u(s) - v(s)| <&} .

let SE€0 and denote v = v - uk; then u(v - ?r's)(s) = (v - ;6)(5),

because if u(S) <a and S €D then v(S) <a + § and therefore

;G(S) = v(S) and of course then (u(v - 36))68)
u(s) > @ then u(v - %6)(8) = (v - ?r's)(s), and v(S) > a' - §, But for
x>a-38§, GG(X) = Fs(x) vhich yield that (v - 76)(8) = (v - %)(s),

vhenever S € D with u(S) > a. Thus we have seen that

ulv - 36) coincides with v - ;6 on a diagonal neighborhood,
(3.17)
v - ;6 € pNA, u(v - 36) € uspNA .

As ¢ is continuous proposition (2.4) and (3.17) implies that
(3.18) vulv - ¥,)) = ¥lv - ¥,) .

Now we claim that

. 0 if t>a+ 26
(3.19) avglt,8) =9
av (t,8) if t <a + 8§

v

To prove (3.19) observe that if t > a + 26 and h > O then

0= (v - 3%)(3), and if

P R T S L T T N S L

.,._, 4
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[(Gﬁov)(c;(sou)(vk 1% ) =0 = [(Ggov)(Gsom) (v - %)%t + ns) ana
if 0 <t <a+ 6 and h <0 with t +h >0 then

[(Ggov) (Ggom) (v - v5)"(¢ + BS) = 0, #s v - v, is in pNA, (3.13) and
(3.18) implies that

a+26
(3.20) |w(v - 76)(5) - J BV*(_t,S)g(t)dt[ < | I g(t)|a(v - ;6)*(’0,S)dtl +0
a+28 a+ 60

If we let & - 0, (3.20), (3.18) and (3.15) imply that

1
(3.21) w(u(v - ¥))(s) = [gma(v“ 5 @,8)at .
[¢ }

Observe that u € uxpNA. By proposition 2.5 yu = ap, and by the positivity

+
of y, a€R, Now let B be the subset of pNA of all games q for which

(6.23) ¥(ua) = ¥(, y(ua) .

By (3.21) ve - uk € B. Observe that uuk - aku is in pNA and hence

1
\l:(uuk - uku)(s) = fg(t)a(uk)*(t,s)dt and w(aku) = akau. Therefore it

a
is easily verified that uk € B. But B is obviously a linear subspace of

PpNA and therefore as it contains uk and vk - uk it contains vk for
any probability measure in NA and hence any polynomial in NA+ measures.,
As both y and w(a,g) are continuous and luql < Bullql it follows

that B is closed, thus B = pNA., .Now as both ¢ and w(a’g) are linear

and continuous we deduce that they coincide on uxpNA, which completes the

proof of theorem A. Q.E.D.

-

| P
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4.  Further Results and Remarks.

We are able to characterize the set of all continuous semi-values on
many other important spaces, like bv'NA and Dbv'NAxpNA. As the proof
uses similar methods to those presented in the former sections we will Just
give a sample of results.

Notations: ILet X be & linear subspace (not necessarily closed) of
the Banach space bv' (the space of all functions £: [0,1] +R with £(0) =0
such that f is of bounded variation continuous at zero and 1, endowed with
the total variation norm). We denote by W(X) the subset of the dual i’

(of the closure X of X) of all elements x* satisfying: (1) For each
monotonic nondecreasing f in X, x*(f) > 0; (2) If X contains the

*
function h defined by h(x) = x, then x (h) = 1. The subspace of all

absolutely continuous elements in bv' is denoted ac'. For each 0 <x <1

define f_: [0,1] >R vy fx(y) =0 iff y <x and fx(y) =1 iff y > x
and ?x: [0,1] +R by _fx(y) =0 iff y <x and ?x(y) =1 iff y > x. ‘
The subspace of bv' generated by the functions fx(?;) is denoted by rj'(L£3'),
and that generated by all jump functions (i.e., by rj' and £J') is denoted

by J'. If X Cbobv' we denote by XNA the linear symmetric space generated

by game of the form f oy, fF € X and y is a probability measure in NA.

Theorem 4.1: Let X ©be a subspace of bv'. There is a 1-1 linear

isometry from W(X) onto the continuous semi-values on XNA; for each

P

x* € w(X) the semi-value v on XNA is given by

wx*(f oy) = x*(f)u ZS




T — — — N — T p——

Call

Remarks:

(a) W(ac') = W and therefore Theorem 7.1 can be considered a

ey
D
’

generalization of Theorem 2.3 (ac'NA is dense in pNA).
Ei (b) W(rj') is identified with all bounded functions a: (0,1) + R'; ;i
% %
for 0 <x <1 x (a)(f) = a{x) and 0x (a)l = sup a(x), Each of the
x
O<x<1

continuous semi-valueson 1rj'NA can be extended to a semi-value on its closure: ]
b 4

- <
i‘ However, there are discontinuous semi-values on rJ'NA; they can be obtained by “4
b

omitting the boundness condition on a.

(c) W(3') is identified with all pairs of bounded functions

+ * :
a, b : (0,1) * R where for 0 < x< 1, x (a,b)(fx) = a(x) and :i
* - * .
x (a,b)(fx) = b(x). We have Ix (a,p)l = sup {a(x),b(x)}.
O<x<1
Notations: If Ql and Q2 are linear symmetric subspaces of BV E;#
we denote by Q1® Q2 the linear symmetric space generated by games of the ) 1
form v Vs where v, € Q (i = 1,2), and the space Q * Q, is defined "
as the linear symmetric space generated by Ql(g QE’ Ql and Q2. :?
+ 7’
Theorem 4.2, For each pair (a,g), a: (0,1) * R and g € W = W(ac') -J
there is a semi-value w(a g) ©n rj'NA*pNA given by: &
b ]

= (S
(4.3) v(a,g)(v) wgv vhenever v € pNA

1
(b.b) W(a’g)((fx o u)v)(s) = a(x)v*(x)v(s) + Jg(t)av*(t,s)dt
X

vhenever v € pNA, 0 <x <1 and u is a probability measure in NA. The
semi-value *(a g) is continuous iff a is bounded. Moreover, any continuous
L4

semi-value on rJ'NAxpNA is of that form. w(a g) can be extended to a
]
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semi-value on 7rJ'NA¥pNA iff a is bounded and then

Iy max ( sup a.(x),“g“L ) .

)II =
.8 O<x<1l ®

Remark: Similar results hold for the spaces £j'NA*pNA and J'NA¥pNA

(in the second case the semi-values are associated with triples (a,b,g)).

Theorem 4.5: For each pair (a,g), a: (0,1) » R"  ana g € L;(O,l)

there is a semi-value w(a g) ©°n rj'NA ® pNA given by (4.4). This semi-
*

value is continuous if and only if a 1is bounded. Moreover, any continuous

semi-value is of that form.

Remarks:

(a) The semi-values on rj'NA*pNA differ from those on rj'NA * pNA
since NA € rj'NA ® pNA while NA C rj'NA*pNA.

(b) The proof of Theorems 4.2 and 4.5 are similar to that of
Theorem A,

(¢) The fact that (a,0) is a semi-value on rj'NA(® pNA is easy
to prove (see lemma 3.5(3.8)) and actually makes use only on the property
of pHA of having a continuous extension to ideal sets satisfying lemma 3.3.
Thus it follows that the existence of such semi-values is valid for any space
of the form rj'NA(®) Q where Q has such an extension. If Q is such a
space satisfying: there exist a: (0,1) » R+\ {0} s.t. for each v € Q and
0 <x <1 v*(x) = a(x)v*(l) then by setting a(x) = 1/a(x), "’(a,o) is a
value on rJ'NA@Q. However, these values are discontinuous, whenever ¢

is not bounded away from O.

A &
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}t (d) For every g in W which is continuous there is a semi-value
0 on DIFF (for definition see Mertens) which is defined in the same way as the
L

value is defined on DIFF. The proof is essentially the same as in Merten's

proof of the existence of a value on DIFF. L

-——
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Footnotes

. '«H MPAGAT AL
RN

1/ Along the proof a and u stand for the fixed scalar and the 4
probability measure, respectively, that are used in the definition
of the set function u.

Al
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