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.1• INTRODUCTION

A computer simulation was developed for a complete artillery sefing and
arming (S&A) mechanism containing a straight-sided verge runaway escapement.
Figures 1 and 2 show the essentials of two different configurations of such a
"mechanism which, in addition to the escapement, contains a spin driven rotor and
a two-pass involute gear train.

While the mathematical model of the verge runaway escapement represents a
new study, the description of the rotor and the gear train, together with the
essence of the computer program, is based to a considerable extent on reference
1, which deals with the computer simulation of an S&A mechanism containing a pin
pallet runaway escapement.

As in reference 1, the three motion regimes of the runaway escapement (cou-
pled motion, free motion, and impact) are considered. Again, the pallet of the
escapement may have an arbitrarily-located center of mass.

Complete derivations are given for the mathematical model, including the
configuration variations. A detailed description and operational instructions
are given for the associated computer program whose output furnishes instanta-
neous kinematic conditions of the escapement components and the number of turns
to arm, as well as all non-impact contact forces. This program was extensively
tested for the configuration no. 2 data (fig. 2) of the M739 fuze S&A mechanism.
This mechanism simulation required approximately 26 turns to arm when a system
coefficient of friction of 0.1 was used.

DESCRIPTION OF COMPUTER PROGRAM

The following gives the essential steps of program SANDA2V which is listed
in appendix A. The mathematical model of the verge runaway escapement naturally
differs from that of the pin pallet escapement as shown in reference 1, espe-
cially since the differential equations for entrance- and exit-coupled motions in
the verge escapement are not the same. However, the programming schemes are
essentially identical. Thus, with the exception of controls pertaining to the
aforementioned entrance- and exit-coupled motions, the program runs parallel to
the one associated with the pin pallet escapment.

The following outlines the essential features of the program without giving
specific control details.

The main program starts with reading in and writing of all relevant physical
data. This is followed by the computation of gear ratios*, fuse body angles,
centrifugal forces, gear train constants, and earliest and latest possible values
of the gear angles by way of subroutine ALFA, as well as the initialization of
the gear angles. The simulation begins with the entrance-coupled motion at a
starting angle PHID, which represents that angle ý of the escape wheel which is
associated with the approximate center of the entrance working surface of the
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pallet. This angle then corresponds to a cumulative escape wheel angle PHITOT of
0°.

* Coupled Motion (Location 1)

Depending on whether entrance- or exit-coupled motion takes place, differen-
tial equai:ion B-100 or equation B-119 of appendix B must be solved. To th~s end,
the main program calls on an available fourth-order Runge-Kutta routine.? The
main purpose of the subroutine FCT is to present the second-order diffr-eitfidl
equation in terms of two first-order opes to RKGS. PHI(M) and PHI(2) represent
the angle * and the angular velocity 0 , respectively. The computation of all
parameters of the differential equation takes place in subroutine FCT as well as
in subroutines IN2 and KINEM.

The subroutine KINEM computes current values of g, 1 and I , as shown in
appendix C, as well as of the moment arms Al, B1, C1, and DV as shown in appendix
D.

Subroutine IN2 computes various gear mesh parameters and instantaneous mesh
contact angles, as well as the signum functions se, a ,84, and 05. In addition,
the parameters A1 to A4 4 , listed in appendix B, are tained. It is to be noted
that the parameters A1, A5, Ag, A12 , A1 7 , and A18 depend on whether entrance- or
exit-coupled motion is involved. The parameters A 5 to A50 are computed in
subroutine FCT. The reason for this division is found in the limited number of
arguments permitted in any one subroutine. Finally, the gear-indexing operation,
as outlined in reference 2, is performed with the help of the angle *.

The following discusses the manner in which the instantaneous rotor angle
I + N of the coupled motion differential equations must be expressed in

s3ZroutAe FCT. Recall that * is the initial rotor angle, OT is the total
angle of rotation of the escape ILieel, and N3 1 stands for the gear ratio between
the rotor and the escape wheel. Since the angle 0 with the Runge-Kutta variable
PHI(I) varies between approximately 134' and 144' during entrance- and between
209* and 216' during exit-coupled motion, the total escape wheel angle *T can
only be obtained by continuously adding the increments due to each cycle of
Runge-Kutta computations. Thus,

"4. +"T " 'TOT + A (1)

1 RKGS Routine, IBM System/360 Scientific Subroutine Package (360A-CM-0X3), Ver-
sion III.

F 2 The program uses the symbols AAl, etc. throughout. This should not be confused
with the symbols AA1 to AA , which are used in the combined exit-coupled
motion differential equation (B-II9).
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where

O = total escape wheel angle up to a certain Runge-Kutta cycle.
TOT (This is represented by PHITOT in the program.)

A- increment of escape wheel during this Runge-Kutta cycle.

The increment Aý is calculated as the difference between the latest value of
PHI(1) and its previous one which has been stored as PHIPR. In this manner,
equation I becomes

T PHITOT + PHI(1) - PHIPR (2)

Subroutine FCT also decides on the values of I and I as required by
equations 873 and B74 as well as equations B150 and BI (app B). The associated
conditional statements assign the larger values for these combined moments of
inertia whenever the product of the angular velocity and the angular acceleration
is positive; i.e., both quantities have the same sign.

The associated suboutine OUTP is responsible for printing out the results

S, *, and *, together with the current values of time, g, •, i, and PHITOT.
Further, all coupled motion contact forces are calculated according to equations
B183 and B186, and the maximum values of these forces during one-rotor cycle are
determined.

Free Motion (Location 5)

The differential equations of free motion, as given by equation B187 for the
pallet and equation B193 for the combined escape wheel, gear train, and rotor are
again solved by the Runge-Kutta routine. To obtain the magnitudes of the vari-
ables 0 and *, as well as their derivatives at identical times, the two indepen-
"dent second-order differential equations are transformed into four simultaneous
first-order ones. (While only the two first-order equations associated with each
of the two variables are actually coupled, the routine treats all four as if they
were coupled and thus produces solutions for identical time increments.) These
four expressions, which are presented in subroutine FCTF, are of the following
form:

DX(1) - X(2) : (- *) (3)

DX(3) - X(4) : (- i) (4)

12
DX(2) I5 [-A5 6 (X(2))2 + As7 X(2) + A5 8

55

+A59sn( N3 1 (T + X(1) - PHIPR))] : ((5)

5



1 2

i'•''DX(4) -

D(,,, " [-A21 (x(4)) A 5 2 X(4) - A5 3
51

+ A5 4 sin(y, - - ic)j : ((6)

The subroutine FCTF also computes the parameters A51 to A-59 and calls on sub-
routine IN2 for the computation of all gear-related parameters.

The associated subroutine OUTPF computes the free motion contact forces
according to equations B199 and B200 and finds their maxima after determining the
"parameters A5 1 to A . The computation of these latter variables also requires a
call. on subroutine 1112. In addition to the above,. a continuous count of PHITOT
is provided in OUTPF. This angle, time, *, *, ,, ,, and the contact forces are
printed out. This subroutine also makes the decision whether or not to remain in
free motion. The sensing variables f and g' -GP (equations E4 and E5 of appen-
dix E) are used for this purpose.

Impact (Location 15)

*The subroutine IMPACT uses the current values of the angular velocities
and and computes the post Impact angular velocities f and oO applying equa-
tions B211 and B212 of appendix B. (Note that the moment of inertia of the
escape wheel is now expressed according to equation B213 (app B), which refers
the rotor as well as the gear train inertias to the escape wheel.)

Reversal of Gear Train Motion Due to Impact

If the impact torque on the escape wheel is sufficiently large, the motion
of the gear train may be temporarily reversed; i.e., the escape wheel angular

- velocity ý may become negative. This would cause the friction forces between the
gear teeth and at the various gear pivots to be reversed in direction. (The
normal forces between the gear teeth remain unaffected, and the normal bearing
forces are obtained in the usual manner.) This change in the direction of the
friction forces is expressed for both coupled and free motion by letting the
coefficient of friction P of all gear train components become negative (discussed
in app E of ref 1). This is accomplished in subroutine IN2 by the following use
of the signum function 0/1,1:

MU ABS(M- )* (7)

i3

3Whenever A5 1 - IPR - 0, the simulation stops because of the division by zero.
Should this occur, FCTF prints "IPR EQUALS ZERO - SIMULATION TERMINATED."

6
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(The coefficient of friction associated with the escapement interface and the
pallet pivot is called i, and is read into the program as MUI.) Any motion
reversal at these surfaces is accounted for by the signum functions 84 and s5,
respectively.

Termination of Computations

Computations are terminated whenever the geared motion of the rotor ends.
This corresponds to - PHICUTD. The duration of the subsequent unretarded
motion of the rotor is assumed to be negligible.

COMPUTER SIMULATION OF EXAMPLE MECHANISM

This section discusses a computer simulation of a modified S&A device of the
M739 fuze. The mechanism has configuration no. 2, as shown in figure 2, and
contains a newly-designed involute gear train. While this gear train has the
"same gear ratio and individual center d stances as the original design, each of
the meshes now has unity contact ratio. The simulation of this mechanism was
accomplished with the help of computer program SANDA2V which, with a sample out-
put, is listed in appendix A. It was run for 30,000 rpm to obtain maximum con-
tact forces.

The following shows the input requirements of the program, explains the
various output data, and discusses the manner in which the "number-of-turns-to-
arm" is obtained for a given spin velocity.

Input Data (Appendix A)

The first portion of the output repeats all input data, which represent the
mechanism parameters of the M739 fuze. These are listed both as computer vari-
ables and as symbols, according to appendixes C and F of this report:

4 Both meshes were designed with the help of computer programs INVOLII and
GEARPARAM2, originally shown in Progress Report No. 11 of the "Development of
Automated Design Optimization Technique for Safety and Arming Devices" (Con-
tract No. DAAKIO-79-C-0251, January 15, 1981). Copies of this report may be
"obtained from either F. R. Tepper, ARBADCOM or G. G. Lowen, The City College of
New York.

7
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Escapement Parameters

A - a - 0.226 in. (5.740 mm) - distance between pivots 0p and 0s
(fig. 2)

B a b - 0.168 In. (4.267 mm) - escape wheel radius

C - c n 0.13138 in. (3.337 umm) - pallet radius as defined by figure
F-I of appendix F

ALPHEN - %n - 43.5352* entrance working surface angle

ALPHEX - -ex 29.2981* exit working surface angle

NT- 4 - number of escape wheel teeth spanned by verge

CONFIG a 2 - Configuration no. 2 (See section on fuze body configuration
no. 2 in appendix B.)

EREST e = 0 - Coefficient of restitution

LAMBDA X - 92.93= angle between entrance and exit pallet radii
(figure F-I in appendix F)

N -22- Number of escape wheel teeth

For details of the above nomenclature, see appendixes C, E, and F.

Mass Parameters of Components

Ml - mI w 0.3165 x 10-4 lb-sec2 /in. (5.552 x 10-3 kg) - mass of rotor

M2 - m2 - 0.3275 x 10- lb-sec2 /in. (5.745 x 10- kg) - mass of gear and
pinion no. 2

-3 = m3 - 0.2631 x 10 5 lb-sec2 /in. (4.615 x 10 kg) mass of escape
wheel and pinion no. 3

MP = mp W 0.1640 x 10- lb-sec2 /in. (2.877 x 10- kg) - mass of pallet

Ii = -=0.1967 x 10- in.-lb-sec2 (2.226 x 10- kg-m2 ) - moment of
inertia of rotor

12 = 12 = 0.4026 x I0-7 in.-lb-sec2 (4.556 x 10- kg-m2 ) - moment of
inertia of gear and pinion no. 2

13 - 13 0.2125 x 10- in.-lb-sec2 (2.405 x 0 kg-. 2 ) - moment of
inertia of escape wheel and pinion
no. 3

8
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"IP Ip - 0.1950 x 10 in.-lb-sec2 (2.207 x 10-9 kg-m 2) a moment of
inertia of pallet

4.-i

General Parameters

I - re,1 - 0.0576 in. (1.463 mm) - distance from pivot of rotor to its
center of mass

RCP rcp -0. - pallet eccentricity

"RHOP - pp - 0.0227 in. (0.577 m&) - pallet pivot radius

RPM a 30,000 - spin rate

PHIICU - 6lc = -120.134* - rotor angle in starting position (fig. 2)

PSICCD - W - eccentricity angle of pallet

PHID - 139* - escape wheel starting angle of initial coupled motion

PHICUTD - 1485* w cumulative escape wheel angle obtained from product of
total engaged rotor rotation and Sear ratio. The
total rotor roe.ation for the M739 fuze is 46.41%
while the gear ratio is 32. Thus, PHICUTD - 46.41 x
32 - 1485*

MU - - 0.10 a coefficient of friction of gear train (pivots and tooth-
to-tooth contacts) and escape wheel pivot

HUI - - 0.10 coefficient of friction of pallet-escape wheel inter-
face and pallet pivot

Gear Parameters

PSUBDI - Pdl - 80 - diametral pitch of mesh no. 1 (rotor and pinion
no. 2)

PSUBD2 Pd2 - 100 a diametral pitch of mesh no. 2 (gear no. 2 and
escape wheel pinion)

NG1 - NG1 - 64 m number of teeth of rotor (full gear no. 1)

1NG2 - NG2 - 36 - number of teeth of gear no. 2

NP2 - Np2 - 9 - number of teeth of pinion no. 2

NP3 N 8- number of teeth of pinion no. 3 (escape wheel pinion)"iP

.4 9

.44
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CAPRPI Rp- - 0.41214 in. (10.468 mm) - pitch radius of gear no. I

(rotor)

CAPRP2 R 1p2 - 0.19039 in. (4.836 mm) - pitch radius of gear no. 2

RP2 - rp 2 - 0.05796 in. (1.472 -n) - pitch radius of pinion no. 2

RP3 - rp3 - 0.04231 in. (1.075 as) - pitch radius of pinion no. 3
(escape wheel pinion)

THETAI - 6I - 24.215 - pressure angle of mesh no. 1

THETA2 - - 27.326 * pressure angle of mesh no. 2

Ri 1 = 0.250 in. (6.350 mm) - distance of rotor pivot from spin axis

R2 R2 0.317 in. (8.052 mm) - distance of pivot of gear and pinion
set no. 2 from spin axis

R3 -R3 * 0.309 in. (7.849 mm) = distance of pivot of escape wheel from
spin axis

R4 R64 = 0.304 in. (7.722 mm) - distance of pivot of pallet from spin
axis

RHOlI p1 - 0.03075 in. (0.781 mm) - pivot radius of rotor

RH02 p p2 - 0.015 in. (0.381 mm) - pivot radius of gear and pinion no. 2

RH103 -p3 - 0.015 in. (0.381 mm) - pivot radius of escape wheel

CAPRBI - Rb1 - 0.37588 in. (9.547 mn) - base radius of gear no. 1

CAPRB2 - Rb2 - 0.16915 in. (4.296 mm) - base radius of gear no. 2

112 - rb2 - 0.05286 in. (1.343 mn) = base radius of pinion no. 2

RB3 - rb3 - 0.03759 in. (0.955 mm) a base radius of escape wheel pinion

CAPRO1 - R0- - 0.41425 in. (10.522 mm) - outside radius of gear no. I

CAPR02 - - 0.19404 in. (4.929 mm) - outside radius of gear no. 2

R02 - r02 - 0.07670 in. (1.948 mm) - outside radius of pinion no. 2

R03 a r 0 3 = 0.05580 in. (1.417 mm) - outside radius of escape wheel
pinion

Jj = J1  0 - initialization parameter for mesh no. I [The zero value
corresponds to earliest possible contact of mesh (ref 3).]

J2 - J 2  0 - initialization parameter for mesh no. 2

10



Output Data

The data blocks following the input data reprosent the results of various

* computations.

Fuse Geometry

.:

The angles BETAID - 81 to BETA3D - 83 and GAMMA2D - 2 to GAMMA4D - 4
are printed for checking purposes.

Coupled Motion

The first coupled motion output refers to the entrance side of the
verge. For each time T of the coupled motion, the following variables are
computed:

PHI - instantaneous escape wheel angle (deg)

PHIDOT - - escape wheel angular velocity (rad/sec)

G - g - pallet - escape wheel contact position (in.) (equation C15 of
*] appendix C)

PSID - * pallet angle (deg)

PSIDOT - - pallet angular velocity (rad/sec)

PHITOT - *T = cumulative escape wheel angle (deg)

F23 - F2 3 - normal contact force of gear no. 2 on pinion no. 3 (lb)

F12 - F1 2 - normal contact force of gear no. I on pinion nos 2 (lb)

PN - Pn = normal contact force between escape wheel and pallet (lb),
computed according to equation B185 in appendix B S

PNPSI - Pn - normal cGntact force between escape wheel and pallet (lb),
computed according to equation B186 in appendix B (serves
for checking)

DPH12 - - escape wheel angular acceleration (rad/sec ), Runge-Kutta
output -

j ~ 11



Free Motion

The first free motion on the exit side follows the coupled motion on the
. entrance side of the verge. For each time T of the free motion, the following

variables are evaluateds

PHI - instantaneous escape wheel angle (deg)

"PHIDOT - $ - escape wheel angular velocity (red/sec)

PSI - q pallet angle (deg)

PSIDOT =- pallet angular velocity (rad/sec)

PHITOT - •T * cumulative escape wheel angle (deg)

FF12 - FFL 2 a normal contact force of gear no. 1 on pinion no. 2 for
free motion (lb)

FF23 F F123 - normal contact force of gear no. 2 on escape wheel pinion
for free motion (lb)

Impact

The first exit impact follows the first exit free motion. Just preced-
ing the "IMPACT" label, the program prints the values of VP - VT, and VS - V
which stand for the pre-impact velocity components, normal to tMe verge face, oF
both the pallet and escape wheel contact points (equations D13 and D15). Subse-

"'' quent to the "IMPACT" label, the following variables are evaluated:

PHI - 0 - instantaneous escape wheel angle (deg), same as before impact

PHIDOT - - post-impact escape wheel angular velocity (rad/sec)

PSI - -pallet angle (deg), same as before impact

PSIDOT - - post-impact pallet angular velocity (rad/sec)

PHITOT - ýT - cumulative escape wheel angle (deg), same as before impact

VP - VTNf - post-impact normel velocity component of pallet at contact
point (equation D15)

VS N VSNf " post-impact normal velocity component of escape wheel tooth
at contact point (equation D13)

Note that in the present program, the post-impact VP is equal to VS since the
coefficient of restitution is zero.

12



"Number of Turns-to-Arm" and Maximum Contact Forces

*• •The "number of turns-to-arm" at 30,000 rpm is obtained with the help of
that time T14 8 5 which corresponds to the escape wheel angle PHICUTD - 1485*.
Thus,

number of turns-to-arm 30000 x 0.05156 * 25.8

The maximum non-impact contact forces for the total cycle, for both
coupled and free motion, are listed at the end of the output.

CONCLUSIONS

While it was not the purpose of this investigation to undertake a parametric
study of the mechanism for which the program was written, the program was suffi-
ciently tested to confirm that such a study is possible. It may include varia-
tions in masses and moments of inertia of all components; variations in the loca-
tions of the centers of mass of the verge and the rotor; and variations of gear,
escapement, and fuze geometries; as well as various friction and coefficient of
restitution conditions.

Previous high-speed motion picture observations of pin pallet escapements
showed that the impacts were essentially inelastic and that, therefore, a zero
coefficient of restitution was justified. Similar observations made on the
"detached lever escapement of the M577 fuze timer confirmed this.

The present work reports only on a single test run using the M739 fuze S&A
data with a system coefficient of friction of 0.1. This is assumed to be repre-
sentative of actual test conditions since (1) previous simulations of pin pallet
escapements showed that the range of actual experimental results may be repro-
duced with coefficients of friction between 0.1 and 0.2 and (2) a special lubri-
cant is used in conjunction with the M739 fuze. This choice of coefficient of
friction is borne out by the good agreement with experimental results.

Noteworthy is the fact that the mechanism armed In approximately 22 turns
with a coefficient of friction of 0.05 and in approximately 31 turns with a coef-
ficient of friction of 0.15.

13
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APPENDIX B

DYNAMICS OF ROTOR DRIVEN S&A MECHANISM WITH A TWO-PASS

INVOLUTE GEAR TRAIN AND A VERGE (PLATE PALLET) RUNAWAY ESCAPEMENT

Z47.
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"Description of Systems and Outline of Derivations

This appendix gives derivations for the complete mathematical model of an
S&A mechanism, consisting of a spin driven rotor, a two pass, step-up involute
"gear train and a verge-type runaway escapement. Figures B-I and B-2 show the two
types of configurations to which this model may be adapted.

This work uses geometric and kinematic equations for the verge escapement
developed in appendixes C through F. In addition, the dynamics of fuse gear
trains is based on the work reported in reference B-I. As in previous efforts of
Lowen and Tepper on the pin pallet escapement (ref. B-I and B-2), the following

•'iithree motion regimes of the mechanism are cons'idereds

Coupled Motion

:e The tip of the escape wheel is in constant contact with either the
entrance or the exit working surface of the verge while it is driven by the rotor

S(gear no. 1) through the gear and pinion set no. 2. The entrance- as well as the
exit-coupled motion differential equations, which differ from each other to some
extent, are expressed in the escape wheel variable * and are obtained by combin-
ing the solutions to the Newtonian force and moment expre'ssions for the individ-
ual mechanism components.

Free Motion

The pallet and the escape wheel, gear train, rotor systems move indepen-
dently of each other in this phase of the motion. Thus, there results one dif-
ferential equation for the pallet in the variable *,, and another one for the
combined system in the escape wheel variable$.

Impact

The formulation of the impact regime is similar to that shown in refer-
ence B-I for the pin pallet escapement. Again, the moment of inertia of the
escape wheel and pinion no. 3 also contains the referred mass properties of the
rotor and gear and pinion set no. 2. This impact simulation is based on the
classical angular impulse - momentum model, where a coefficient of restitution is
used to account for the energy losses. Since it is assumed that the effect of
the impact force between the escape wheel and the pallet is much greater than the
effects due to the driving torque of the rotor and the various retarding torques
due to friction, the latter are disregarded.
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1 Treatment of Friction Forces

•'4' The influence of friction forces is considered both in the coupled and the

free motion regimes, There is friction at the interface between the escape wheel
and the pallet during coupled motion, and there is friction between the teeth of
the gears at all of the pivots during both of these types of motions. As in
reference B-I, the individual pivot friction torques are obtained by the alge-
braic addition of the two friction moments due to the x and y components of the
normal bearing forces, rather than by the direct use of the resulting normal
forces. This conservative approach to friction is necessary to avoid the diffi-
culties which the presence of a square root term introduces into the solutions of
the various differential equations.

'4* Appendix E of reference B-i proves that a change in sign of the coefficient
of friction, both in the coupled and the free motion simulations of the gear
train, including the rotor and the escape wheel (with the exception of the
escape wheel-pallet interface), is sufficient to account for the changed direc-
tions of the friction forces encountered during a possible motion reversal of the
gear train following an impact.

Geometry of Fuze Body Configurations

The following section contains derivations of expressions for the various
fuze body angles associated with the pivot holes of both configurations of the
two pass, step-up gear mechanisms. In addition, relationships between the unit
vectors of the body-fixed X-Y and x'-y' systems (figs. B-i and B-2) are given to
describe certain escapement forces in terms of the primed coordinate system.
(Note that the xl-axis is oriented along the escapement center-line 0-0
Finally a signum function is introduced so that common programming expreisions
for both configurations can be devised.

Fuze Body Configuration No. I

The following relationships for the angles yi, Sit and $i for configura-
tion no. I are indicated by figure B-3:

Angles y

1 2 PY cos [2 . (BI)
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Further,
0 6t2 +6t 2 (RP + rP)] (22

Y3 M coo ~ + R (B2)

"Finally,

Y3 a Y2 + Y3(B3)

I

The angle y4 is given by:

-C o +s1 3 4' -4 2]P (B4)

C Then,

Y4 "Y 3 + Y4  (B5)

Angles 6• The angles 62 and 63. as shown in figure B-3, become:

"- ((R a + r ) 2 +2
62 Lcos + r 2 )6)

and
(R. + r .)2 + -2

6 CO5- 1 [- P2 ~ 92 (37
3 ~2R2( p2 +(7

The angle 6 must take the pivot-to-pivot distance a of the escapement into
account. Therefore,

a ~ 2 +6R2 CR24 2

3

Angles 13. The angles 0 and 8 become respectively:

8 w 6 (89)1 2

and

82 Y2 + r - 63 (31O)
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The angle f3 'is found with the help of angle 6. of equation B8. Then,

S3 " Y3 + "4(

Figure B-3 shows the angle y' between the positive x'-axis and the unit vector
n 40 It is given by: p

Y- - (B12)

where c Is obtained with the help of equations B4 and U8:

6 -T-84 - Y41 (B13)

and therefore:

yp' -64 + Y'(B14)

The unit vector is4 i expressed in terms of the primed coordinate system as
follows:

n - coo y'II + sin Y'3I (B15)
4, p p

Further, the unit vectors I' and 3', when expressed in the X-Y system, become:

or- ' - cos (13 - W)i + sin (83- T)J (36

Io -cosB 3i - sin83J (B16)

and
7, - k" xl' - s (B17)

Fuze Body Configuration No. 2

The angles y 6i,8 and Oi of configuration -io. 2 are defined in figure
4. B-4.

Angles yie Since these angles are defined in the clockwise direction

with respsect to he body-fixed X-axis, their values must be negative.
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Then$

~2 2 2
-1 -1 - 2 --- - ~ (3-P8)

Angle Y' is given by equation 32 and with that the following expression is
obtained3 for y3 1

Y3 a 72 - Y3 (B19)

The negative sign for yj is necessary In order to make Y3 negative.
The angle y' is given by equation B4. It allows the following

expression for angle y4:

74 * Y3 - Y (20)

Again, Y41 must have a negative sign to make Y4 negative.

Angles 6th The angles 62. 63. and 64 can be taken directly from equa-
tions B6, V1, and 18, respectively.

Angles Bt" Angle 0, becomes:

- t + 62 (B21)

Further
, 2 2 + u + 6 (B22)

SFinally,

, - + W + 6 (B23)

The angle 7' between the positive x'-axis and the unit vector n4 is
shown in figure B-4. Thiu angle is given by:

Ye - r + C (B24)
p

where

c8- - (325)

Therefore

y'1 2wt -64 y' (B26)
p4 4
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T'he unit vector c4 can again be expressed in teams of the primed coordinate eye-
toe al

a4 -con yo. t + sin YIP' (B27)
p p

The ,mit vectors it and a' are expressed In the X-Y system as
follows:

c- co 0 3 - sin 03J (328)

j -sin 0 3± - coo 03 J (329)

Common Computational Expressions for Both Configurations

To find common programming expressions for all angles of both configura-
tions (with the exception of the angles y of equations B14 and B26) the follow-
Ing signum function 86 is Introduced:

'6 - +1 for configuration no. 1 (330)
86 -1 for Configuration no. 2 (B31)

This leads to the following expressions:

According to equations B1 and B18:

Y cool [ 1 2 0R1 +ra 2  (332)

According to equation B2:

Q12 +6t 2 _(R + r 3 )2
""3 " 2 32 2 (B33)

According to equations B3 and B19:

Y3 Y 2 + s6 Y3  (B34)

According to equation B4:

-1 •3, 4 -( B 3 5)
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According to equations B5 and 520:

+ 6(536)*:• ~Y4 " •'3 + 6 Y4(36

According to equations B6, B7, and 58, respectively

a, .,-1.2 1p, ] (B37)

(R,.o + r32 + 6t2 6t262 .(1 1p + rp3)

-129 ~2g
S3. Cos 1  (R2  R~ + 2(538)

~ ~ ~ 1 a2  +6t2 jt2

Dynamics of Pallet and Escape Wheel in Coupled Motion

This section shows derivations for both entrance- and exit-coupled motion
differential equations. While the resulting combined differential equations are
similar, they differ In a number of terms because of the inherent differences of
the it - iL coordinate systems for the entrance and exit sides. While these
derivations are given for configuration no., 1, they are also applicable to con-
figuration no. 2 with the help of the signum function '6 introduced in the pre-
vious section.

The analysis of the pallet is performed in the x' - y' system for conve-
nience, while that of the escape wheel uses the X - Y system. An appropriate
coordinate transformation makes it possible to combine the systems.

The coefficient of friction P Is used at the escape wheel-pallet interface
as well as at the pallet pivot, 4hile the coefficient of friction u serves to
express the friction forces at the escape wheel pivot as well as at the escape
wheel-pinion no. 2 tooth interface. (p is also used in all other gear meshes and
gear pivots.)

Signum Functions and Acceleration of Center of Mass of Pallet

To define the direction of the friction force of the escape wheel point
q S on the coincident pallet point T, the signum function 84 is introduced. Thus,

VIVS/Ta• 4 - (B40)
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where ts given by equation C25 of appendix C. The signum function a serves
for the 'etemuination of the direction of the friction forces acting on lhe pal-
let pivot. Then

sugmf~ m (B41)

With the constant spin w of the fuse body, the acceleration 1 of the center ofmass of the pallet is given by (figs. B-1 and B-5)1 cp

Acp " "i'2n 4 " (w + 4) c( )' + +C)1' 4 s +n(4 c)J

+ r cp [-sin(* + iC)y , + cos(* + ylc (342)

Dynamics of Pallet and Iscape Wheel for Entrance-Coupled Motion

A detailed free body diagram of the pallet for entrance-coupled motion
Is shown in figure B-5. The free body diagram of the escape wheel is simplified
and presented for orientation only. A complete free body diagram of the escape
wheel which Includes all pivot and contact forces In given by figure B-6.

Force ruation of Pallet. Substitution of all forces Into Newton's Law,
together with the acceleration •o the center of mass according to equation B42
furnishes:

Pin + U.P +F it'- p.sF'11+F'1 I' +P.Fj
U n l'4nt XP 1F5'J'p 1

amm {-W26 n4 - (w + $)2 rcp [cos(* + *c)1) + sin(* + *c)J']

+ 4 rcp [-sin(*' + + cos(* + 1P)j"J} (B43)

(For nomenclature, consult figures B-1 and B-5, as well as reference B-1.)

Moment Equation of Pallet. The moment equation of the pallet must be
written with the understanding -that pivot point 0 is an accelerated point.
Thus,

Mop rop x mp r + Hop (B44)

where

"o " sum of all external moments with respect to pivot Op
op Oop
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r',, op a absolute acceleration of point 0p

o a time rate of change of angular momentum of the pallet with
hop• respect to point Opt

Since the spin angular velocity w of the fuse body is constant, equation B44
take nthe following forms

iop" _(_w2 t4;4) x mprcp[€OS(* + , + &in(* + *c)J + Ip3k (B55)

If 94 Is substituted according to equation B27, the above becomes in scalar
terms:

mop - Ip a p rcp 4W sin(y p -) (B46)

To find the value of Hp consider figure B-5.

Djl xP + Ia Pa PUsP 1 p s(IF + F )k (347)
O D' x~ Cu xi-p5 xp ypop tn n tn

' ,'

or, in scalar terms

M O DUPn - CIP 1s 4Pn - pI.as5 (Fxp + F" p) (B48)

When equation B48 is substituted into equation B46, the final moment expression

for the pallet is obtained:

Pn iD1 - Cl, 1s 4 1 - pppIs 5(Fxp + Fyp)
"m" 1 r cp w2Sn(y; *c)

p p~c

As originally discussed in an ARRADCOM report (ref B-3), F and Fyp represent

conservatively evaluated pivot force components which assure that the pivot fric-

tion moments are opposed to the rotation at all times.

The pivot friction components F' and F1 are first obtained from
;p yp

the following component expressions of equation B43. Subsequently, they are

transformed to become F and Fp, respectively.
xp y

"-P sin(*+ + a)+ us 4Pcoo(* + a) + V -U 1 Fp
n11.4 n xp (150)

2 2
" m p[-W •R4cosy; (W + ,) cos( + *c) - rcp sin(* + d)

"62



and
PnCOBl(* + a) + 14 Pn sin(* + a) + p I1Fxp + F;p (B'1)

""A2L - (W + ;)2rO sin(* + + ( 5Cos( +)

ý R481fyp' cpcp

Simultaneous solution of the above furnishess

W - + A + W2 A 0% ,2,.-,te$2A t***A (152)yp n 1 2tTwI T *3 3 4

F-. ...2 2F P %S+-w A 6*k2 w *A 7t* 2 A 7t*~ASB3

where2

-P p(s + a)sin(* + a) - (I - a a p 2 )COB(* + a)A'2 (154)

[ Iny' 1 4 5s cosy;) + r,)(sin(* 4 + (, coa() + M

A - (B55)
+ 1+ +

A uar (sin(* +~)- cpIa5Cos(* + * (56

i~~j pz( + p,.( + 2)+( eule.,+a

+" 'I

m rto[co( +Oc+ , 1a5 si

4I + p 2

A4-m1-[c4(i+o, P) +jj.,_,.+in - _+,. (157)+ ,°+•p( %
1+

A5 i ,( 4 + a )coo(*' + a) + (U - as2)sin(*p + a)A 5I 1 (B58)

a [-61 4(cosy' + (cos(y, - r
A6  COCS + *~5 iy)-"C + Ii 1 8 5 sin(*p + 4, M (159)

1+
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A a9 [ol:*5~ +y ,d ' Pi1a 5sin(* + *y) (60
A *I Co,,+;+ +°2 ("560)' "'')

7~ 1 + U1

As 3 D r [sin(* + * .) - ut s 5cos(* + ](B61)
A"I 1+p _2- -I¢Bi

The factor w2/Ijw is introduced in place of w to assure that the
quantity is positive regardless of direction of spin. (This too, assures thai
the friction moments oppose rotation. The driving moment is proportional to w
and, therefore, independent of spin direction.) To make the final decision con-
cerning the signs in equations B52 and B53, these forces are now substituted into
moment equation B49, and the influence of the direction of rotation on each of
the resulting moment computations is explored:

S- C iPIs4  - p P1 as5 (AI + A5)] * Pp ui s 2 (A2  + A6 )

2
2Pp~ls-j(A 3 + A7) * Pp'As 5412(A3 + A7) * P 91s *(A4 + A8) (562)

- -r+ -w2sin(y - -

With 35 positive for positive rotation, and vice versa, and with
all other parameters positive at all times, the following moment components of
equation B62 must have negative signs during positive rotation:

S-Pn ~P 1's5 (A1 + A5) 
(B63)

+P P a w (A + A6 ) (B64)

- 2 + A) (A65)

The sign of the term containing • is negative and is controlled by
the sign of p. Therefore, the signum operator 55 i' omitted and the term
becomes:

2
-2P 1j, (A (B66)
"Thpl• 'T ¢A3 + A7 )

The choice of sign for the friction moment term in equation B62,

which is proportional to the pallet angular acceleration ', is discussed in
detail in appendix F of reference B-1. This work leads to the computational
rules of equations B73 and B74 below which deal with the sign in the expressions
for the effective moment of inertia IPR, (The signum function 35 has now been
omitted.)
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With these considerations, equation B6211 now becomes

18 2A19 - 20 - 21 (B68)

Ip• mpr A w 81n(yp - * c)

whereB-2

A18 D. -C - 0ppus(AI + A ) (B69)

A - P Pls5(A + A) (B70)
19 p 15 2 6

A20 = PpPI(A3 + A7 ) (B71)

A2 1 nPuas (A + A) (B72)

211 p 153 7

IPR I p + A2 2, when * and j have Identical signs (B73)

IPR p - A2 2 , when ' and * have opposite signsB1 3  (B74)

A2 2 - pIII(A 4 + A8) (B75)

Equation B68 is now used to fInd an expression for the contact
force P_. This expression will later make it possible to establish a single
differenntial equation for the escapement in coupled motion. Thus,

I P 1 + A 2 1  ; 2 + A2 TAm r W 1 .y
S+ wA 1 9 - p .p.C (B76)

A18

B-I Note that there is no equation B67.

-2The parameters A. are not sequential at this point. cg o A may be found

in equations B90 to B95 and B97 to B99 in conjunction with ta work on thei escape whee:l.

B-3Care mst be taken that - A2 2 does not become negative* If this occurs,

IpR must be set equal to zdro.
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It is now necessary to write equation B76 in terms of the angular velocity $ and

the angular acceleration * of the escape wheel so that it may later be equated to
a similar expression for the escape wheel.

Thus, with the help of equations C19 and C26 of appendix C, the
contact force becomes:

2 2" - n= -1 [1 PRUý + (A 21 U + I PR)2 +"WA 20 Uý (B77)

+ W A - mp r cp0 sin(yp - - •c)]

Escape Wheel Analysis. A detailed free body diagram of the escape wheel
and pinion no. J in entrance-coupled Motion is shown in figure B-6. The pivot
forces F3 and F13 as well as the contact force F23 and the force T3 are now
defined the general X-Y system. This makes it necessary to transform the unit
vectors nt and f from the x' - y" system to the X-Y system. Since

I, - cos($ 3 - w)i + sin(O3 - w)j (B78)

or

.' - -coso 3i - sin$3j, (B79)

and

- sin$3 ± CO 3J3  (B80)

the unit vectors n- and Rn can now be determined with the help of equations C5

and C6 of appendix C. Thus,

nt - -Cos(* + a + 03)1 - sin(* + a + 8 3)1 (B81)

n- sin( + a + 3 i -cos( + a + (82)

Parallel work is given in appendix B of reference B-1.

Force Equation of Escape Wheel. Force equilibrium is obtained with the
help of the following expression, based on figure B-6:

""Pnnuis 4 Pnt + F2 3 n23 + ps2 F2 3 nN23 + T3  (B83&)

+1 F I +1F I +O0 x3 y3 + x3J - Fy3J -0
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The signum function a2 is defined in in reference B-3. Further, according to
reference B-1, the Dilleuber os given by

T 3 m3a 3 W2(cosy 3i + uiny3j) (a83b)

Moment Equation of Escape Wheel. Again, based on the nomenclature offigure B-6, the moment equation of the escape wheel is given by:

A n X(-P )n + B n~ x (UaP)

3+ rb 3 c2 3 • - us 2(d 2  a2 )F23 • k (B84)

This becomes in scalar form:

P ( -saa Uor

n 1  -1r4) 3 x3  y3  b 3F2 3

Te1, _s 2 (d 2 - a 2 )F 2 3 ' 1 (385)

The pivot force components Fx3 and Fx 3 , which eventually become Fx 3 and Fy3 , are
now determined with the help of the following scalar component ea:pressions of
equation B83:

--%in(* + a + a c3) + 3 cosy
3)+U 4 n 03) 3

";"• (B86)+ Fsn( + 0 + us 2 F23 co( 2 + 0) + F + IF * 0

and

Pncos(* + a + 03) + uis 4 Pnsin(* + a + 03) + T3siny3

F 2 3 coo( 2 + 02) + us 2F 3sin(02 + 0 + vF 3 - F - 0 (B87)
23 2 2 223 2 2 0 y3

Simultaneous solution of the above yields the following "conservative" pivot
force components:

FT PA9 + F23A1o + T3AII (B88)
y3 P%+ 2 A + 31

"F =PA + F A + T3A (B89)x3 n 12 2313 314
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Since there are no kinematic terms, It Is moet conservative to sum all terms and
use the absolute values of Ag-A 14 as follows:

"-•. + +)sin(* + a + 3) + (1"4w1Is)Cos(* + a + 09)

A- +~ (B90)

10. -i(1-s 2 )sin(O 2 + a2) -(1 + i202)cos($ 2 + (2)

10 . ... 2 891
:1~

sin y3 " Cos y3i'
a-2 (B92)

A12 - (1 - ,.s 4)Bin(* + + + P)cos(+ + + 03)
1~ ~ 4+ 41

+ 2

(1 )~( + 02 +i( 00/%~ "2'o(O+
A 13 2 2 2 2 (B94)

S+p

A1 4 - cos y3 + U sin y 3

1 +3
!A M IZ X+p (B95)

Substitution of equations B88 and B89 into the moment equation B85 and subsequent
rearrangement lead to the following expression for the contact force Pn in terms
of escape wheel quantities:

I+ -TA
I3~ 23A15 3 16

Pn A .. (B96)

where 
17

A r - P[s 2(d2 - a2) + p3 (Ax0 + A 3 )] (B97)

A16 m rb 3  11  14

A17 A1 - us 4 B1 + PP3 (A9 + A1 2 ) (B99)

17-
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Combined Entranced-Coupled Motion Difierential Equation. Equations 577
and B96 are now set equal to each other. This furnishes the following combined
motion differential equation for the escapement:

[I A of A A 2,2 + W2 A ;(10[I3A 8 + IPRA17Ui* + (IfA17V + A1 7A U2  TI2, 17A20u$ (BOO)

15 AisA1an = A16 A18T3  1 A 17w [A19 - mprcp 4 in(Y - - )

Dynamics of Pallet and Escape Wheel for Exit-Coupled Motion

A free body diagram of the pallet for exit-coupled motion, together with
a simplified representation of the escape wheel is shown in figure B-7. When
this figure is compared with figure B-5, which depicts entrance-coupled motion,
it is noted that now

S.n• U -p nun (B101)

This sign change is reflected both in the force and in the moment equation.

Force Equations _f Pallet. When the scalar force equations B50 and B51
are altered to account for the above change, they have the following form:

Pn$n( + s) + PiS4PcCOS(* + a) + F' - aS F'yp (B102)

. [-W2 - (W + 4)2rcpcos(q, + ,c) - 4rc sin(* +4'))
cp c cp c

-PnCOS(* + a) + P 84Pnsin(* + 0) + UIsFI + F1 (B103)n 1 n 15FXP yp

mp[-w 62siny71 - (W + r) rsin(* + )+ coo(* +
cp 0 cp c

Simultaneous solution of the above shows that only the factors A and A5 as given
by equations B54 and B58 need be changed. These will now be called AA1 and AA5.
Then,

P (s5  a )sin(* a + (I+ 2 )W + ax)
AA, 4~-%., i 2 ~iss)of'j (B104)

1+

and
2

*i(s 5 - s4 )cos(a + c) - (i + u(s 4s*ssn( + a)
)Cos( + a)

1A 5 (B105)
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Moment Squation of Pallet. The slp change of the contact force
reflects Itself in the scalar moment equation B49 as follow:

PnJ-D1 - C;IJ 1S4 1 - PpU 1 65(Fxp + F yp)

"p p4cp p c

(Note change of sign of D1.)

Following the same path as for the entrance contact, It can be
shown that, with the exception of the factor A18, equation B76 for the contact
force Pn remains unchanged. Then,

Ip• + A2* + 2-40.f A - a r .W 2sin(y' - -'I')

a PR 21  :Z 20 + A18 1 prcp 4 p c (B107)

where

1A 8 -- [D + C~pls 4 + apies (MA + AA5 ) (B108)

Finally, the expression equivalent to equation B77 becomes:

n AA 8 [IPR U + (A21u + IVP)R + 2 w. A20U$

+2AI -pp4o2snv)- -c] (B109)

Force Equations of Escape Wheel. A free body diagram of the escape
wheel in exit-coupled motion Is shown in figure B-8. When the scalar force equa-
tions B86 and B87 for the escape wheel in entrance-coupled motion are adjusted to
account for this condition, the following expressions are obtained:

P sin(* + a + 03) + 1 84 PnCOS(* + a + 83) + T3 coey 3

+ F2 3 sin(82 + + Ps 2 F2 3 cos( 2 + 02) + Fx3 + pFy 3 " 0 (B110)

2 and

-P cos( + a + 83) + 1is 4 P sin(* + a + 83)+ T3siny3•"-n 3 1 4 n+

-F 2 3 cos($ 2 + 02) + 1s 2 F2 3 sin($2 + 82) + pFK3 -F 0 (BIll)
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Simultaneous solution of the above for F and F shows that certain coeff i-
cients of these pivot forces will differ x~rom thore given in the solutions for
entrance-coupled motion. Thus,

;F3 " PnA + F 23A1O + T3AI (B112)

F + +F2 A (B113)x3 - PnAA12 + F233 T3 A14

where A1 0 , All, A13  and A14 are given by equations B91, 892, B94, and B95,
respectively. The new coefficients AA9 and AA1 2 are defined as follows:

(P~~ 14-sn( 0+811)O( + ax +)3 s4  1  3)cos(, I (B114)
AA 9 .2 . ..l+

AA••'I .- 0( + 1.w1 s4 )sin(* + a + 0 3) + .(P - tlA 4)cos(COS,* + a-+ 3) (B115)
A12 1 + P2

Moment Equation of Escape Wheel. Modification of the escape wheel
moment equation B84 for exit contact gives:

All n x Pnn + B5 x (-tlS4Pn)nt - (F + )k (B116)
1t nn 1 PP L X3( 3  Fy3)

+ rb3 F -23  .Ps2(d2 - a22)F23 i I30

-,,. Substitution of equations B112 and B113 into the scalar form of equation B116
above furnishes the following expression for Pu:

-I + FA -T3A
-3 F2 3 A15  3 16 (8117)n AA1 7

17,

where A1 5 and A16 are given by equations B97 and B98, respectively. The factor
AA1 7 is new; i.e.,

AA7  -A' - u Bs4B1 + ut 3 (AA9 + AA2 ) (B118)

Combined Exit-Coupled Motion Differential Equation. Equations B109 and
3117 are now equated to each other. This furnishes the combined exit-coupledmotion differential equation:
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2 *21 ( 3AAIs + I PRAA17UJ + (I PRA17V + AA17 A21U i*
22+ 2 7 M 17A2 0 -A

A AIA IF2 - A16AAsT3 - AA170'2[(A9 - mprp•S (i - -0j

A15AA18 23  3 2 99)

Dynamics of Rotor (Gear No. 1)

(Applicable to both configurations with appropriate choice of a6. See also
reference B-1.)

A free body diagram of the rotor of configuration no. 1, which moves in a
counterclockwise direction, is shown in figure B-9. The acceleration of its cen-
ter of mass is given by equation A122 of appendix A of reference B-1.

Since the motion of the rotor must be expressed in terms of the escape wheel

variable *, use must be made of the following relationships:

* * N*(1120)
1 31

and

-I " N3 1* (B121)

where
NP3 x NP2

"N3 1  N x N. (B122)
G2 G

The rotor angle *1C + ý1 is expressed in terms of the total escape wheel rotation
0T

ý"' + $I ýic + N3 1 ýT (B123)

(For details, see Program Description.)

Newton's force equation may now be written in the form of equation B63 of
reference B-1. The tooth forces

-• -F (B124)21 -- 12 n12
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and

F W, sI F n (B125)f 21 112 N112
t

have the appropriate directions to account for friction. (The signum function s
is defined in reference B-i.)

Thus:

-F 2 1n1 2 + uslF12nNlN2 + FX1i- UF1yl + Fy1 J + IjFxiJ

M- (M + N ) 2 rcl[os( c + N3 0T)1 + sin (0Ic + N3 1 ýT)II

+ N310'rclI-sin(olc + Nl31OT)l + cos(OIc + N3 1T)il} (B126),

where 6

1n12 - -sin(O1 - 01)i + cos (81 - 01 )j (B127)

and

n --cos(O - )1) - sin(a - e)1 (B128)N12 I 1 1 1

The moment equation must be written with respect to the accelerated point

01* The pivot reactions Fxl and F are written such that the associated fric-

tion moments retard the counterclockwise rotation of the rotor. This leads to:

-F2Rb + usla1F1 2 - UPl(Fxl + F 1 )1l~2 '"11 2 1 1

I Ircl sn(Ic + N3l0T) + 'IN 3 1 , (3129)

The forces F and F are obtained after the simultaneous solution of the
following componeni expreukons of equation B63 of reference B-I for Fxl and F

F 2 sin( -- - itusFl 2 coS( 1 - e1) + F 1 - uFy 1

- _ + -W )2r.1cos(OC + N ,) N rsin(o + N+ T)
(B130)

and

-F 12 cos(8l - 01) - iSlFl 2sin(81 - Ol) + Fy + UF

M mI[-(w + N31 ) 2rclsin(Olc + N310T) + N31r clCOS(Olc + N31YT)j (3131)
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Simultaneous solution of the above furnishes:

-F1 A2  j. w2A 1 -2 2 N $A iNN 2A 26  (B132)

X 1 2324~ N31M25  ( 31)2 25  3O2

F- wF A * 2
2  $A J-* (N $A t* (B133)

yl 12A27 28 n 31 29 31 29 31OA30

where

A 23 0 ( - p2a )sin(1 1 - e 1 ) - 0(1 + s 1 )Cos($ 1 - ) (B134)
1+11

A1[61 + rcl(cos(O1 c + N310T) + psin(o1c + N31T())]A24  "- .. ... .... . ic... .... T (B135)
2 +

A Imr c l[cos(O1 c + N310T)) + +usin(O c. + N3l0T)] (B136)

A2 5 I 1 + 2I

A26  m rcl[Sn(Ic + N3 10T) - Pcos( + N310T()]

10( + 81 )sin(B1 - e1) + (1 - )js2)cos(Ol I (18A 27 + 2 -z. .. (B138)

A2 - m im6? 1_+m Ir hcl PoO(O + N 3 10T )hin(O l + N 31 0T)] (B139)

1 +

mr (.cos+ + N ) 01 sin(+ + N 0 T)
A2 9  1 cl[ Ic 31 T 2 ic 31 T (B140)

A3 0  r m r isin(O1 + N3 10T) + cos(- + N TA I -- 1c 31TJc 3 (B141)
3 +
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Equations B132 and B133 are now substituted into the moment equation B129.

-F1Rb +uSla 1 12 uspaPpF[ 2(F23 + A2 7 ) 2((A + A2 8 )
2

w7 2T•T 31$(A25 + A2 9) ± (N31 )2(A25 + 2 29) * N31 (126 ÷ A3 0 ))
12 "'(B142)

M Iw 6 1rsclisn( Ic + N3 10T) + BN2310

In order to have the pivot friction moment negative, the following terms on
the left hand side of equation B142 must be negative:

li F12 (A2 3 + A2 7)

12 (A24 + A28 )

lip I (N3 1 $)2 (A2 5 + A2 9 )

2
ii (ii *B-421ulop N .- 3, (A25 + A2 9 )

The term uPpN 1 (A2 • + A3 ) is treated in the same manner as was shown in connec-
"tion with e ujtion ?147 3o6 reference B-I. (The discussion in appendix A of ref-
erence B-I is also of interest for the determination of the effective moment of
inertia IO

The above considerations give the moment equation the following form:

2
-FI 2[Rbl - Ps la + lp 1 (A23 + A2 7 )] - w p 1(A24 + A2 8 )

2.
2up1w N 31 2

(A- --- - (A2 5 + A29) - ulp(N 310) (A25 + A2 9 )

2 N '+r (A +A (B143)= m w 2Irclsin(Olc + N310T + [I Up 1 2 6 + 30 )31

With N positive, must be absolute. See also discussion following equa-
tion 7 of reference B-I.
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Finallyo the above expression is solved for FI 2 , using the effective moment
of inertia I1R

-A -A N -A ( ) i + N -

F 32 3331 - A3 4 (N3 1 ;)2- A35s'1n(c. N3 1T) 1IRN3 1
12 A3 1

(B144)
where

A31 *Rbl - ps1aI + upI(A23 + A27) (B145)

31 lip W ' (A 1  (B146)A
A3 2  1 Op 2 (A 24 + A2 8 ) (B146)

S~2

33 " 21ul r (A25 + A29 ) (B147)

A " P 1 (A + A ) (B148)
34 1 25 29

A mMfir l 2  (B149)
lida

'IR I + IuIp 1 (A2 6 + A3 0 ), when 0 and * have the same signs. (BI50)
11 6

I A II - 4I101 (A2 6 + A30 ), when ; and * have opposite signs. (B151)

Dynamics of Gear and Pinion Set No. 2 (applicable to both configurations with
appropriate choice of 86)

The free body diagram of gear and pinion set no. 2 is shown in figure B-
10. Its force equation includes the D'Alembert force

T m2 R2W2  (B152)

"Thus,

23 n 23 - *2UF23nN 23 + F12 n1 2 - us 1F 2 nN1 2 + Fx2. + uFy2. (B153)

+ y2 Fx2J + T2 (cosy 21 + siny2 J) 0
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where

-23  sin(02 + a)2 coo (02 + 02)1 (3154)

and

nN2 3  coo(0 2 + 82)1 + sin(82 + e2)1 (BI55)

The unit vectors and EN12 were given by equations B127 and B128. Hence

,32 -F 2 3 323 (B156)

""f32 -'20a23 gN23 (B157)

To write the moment equation, let

02 N2 (3158)

where
: Np3

N " - - (B159)32 NG2
Then,

F2 3ab2 R Is 2 F2 3 a2 - F1 2 rb 2 + Ps F 2 (d 1 - a 1) + lip 2(Fx2 + F 2 ) (B160)

2 12W32,

The conservative bearing forces F and F are obtained from the simulta-
"neous solution of the following componenA equaJions of the force expression B153

". for FX, and F

-F 2 3 sin(O2 + 0) -F 2 3 s2 cos( 2 + 02) - F sin 0 - (B161)
23 2 3 2 2 2 12 1

+us 1 F-cos ) + F + 0 + T2 cosy2  01,,2-1I 1 Fx2 y

and

F 2 3 cos(0 2 + 02) - us2 F2 3 sin($2 + 02) + F12cos W1 - 01) (B162)

+IiSIF 2lsin(O 1 - 1i) + Fy 2 - zF2 + T2siny2 2 0

This leads to:

ex2 F 23A36 + F12 A37 + T2A38 (B163)
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FY2 - I 2 3 A39 + FI 2A4 0 + T2A4 1  (B164)

(All sign@ are left positive in order to furnish positive friction moments inequation B160.) In the above:

- W2 a + u(l + 82 )coS(O2 + I(6
6+ U2  (165)

2(1 + ui s)sin($1 - 01) + PO(1 - a1 )co•(r3 - 01)
37 2 (166)

1+u

COSY2 - poiny2

A3 8 " Y2 - 2 (B167)l+ p

A (1 + s 2 )ain($ 2 + 2 - (0 a s 2 )cos(O 2 + ) (2168)
"39 " .. 2 (B168

l+ P

2u(O - )sin($1 - 0l) (1 + U2Sl)cos(81 - 01)
A 40 2 (B169)

icosy2 + siny2A£41 " 2 (B170)
1+P

Substitution of equations B163 and B164 into the moment equation B160 andsubsequent solution for the contact force F2 3 give:

F 3  F1 2 A4 2 - T2 A4 3 + 12 N3 2 ;
-344 (B171)

where

A4 2 " rb 2 - i[ul(d1 - a1) + P2 (A3 7 + A4 0 )] (B172)

A UP(A +A( 
343 - '2 '38 +*41'(13

A44 R b2 -f [a2a2 " 2(A36 + A 39) (B174)
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Dynamics of Combined System in Coupled Motion (applicable to both configurations)

To obtain a single differential equation for the total system in coupled
motion in terms of the escape wheel angle ý, an appropriate expression for the
contact force F2 3, which aloo contains the contribution of the rotor, must be
substituted into either equation BIO0 or equation B,119 for entrance or exit-
coupled motion, respectively.

Thus, first substitute equation B144 for F12 into equation B171, which is
the above expression for P23:

1rA 4 2A 32  A42A3 3  A42 A34 N ;2
23 A 4 A31 24 A31 3 1 131 (B175)

A A A
Ag235 in(i + N •T + (I2N32 A N
A 1  Ic 31) (IN -7 I 31 0 iR

31T

Now, equation B175 is substituted into equation BIO0 or equation B119 and the
final differential equation of coupled motion results:

A + A 02+ A (B176)
45 464 A47~

A48- A4 9sLn(1jc + N3 10T) + A5 0 sin(Y - -

whereB-

A A A
151 8 42A I A + I A U - IN32 URN3I) (B177)

"45 318 PR17 A44  31

A a + A A U 2 + 15 18 3442 N2  (18A46  PR A17VA17U21 A A 31 (18

2 A A AA2 15A 18A33A42
A4 7 = 2 -w A1 7A20 U + A A3A 4  N31 (B179)

31A442

!7

B-5I

The coefficients A4 5 to A50 are only valid for entrance contact; i.e., for

equation 8100. If exit-coupled motion is in operation, equation B119 is
applicable and A17 becomes AAM7, and AI8 becomes AA1 8.0"
11
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-A A AA A AA2"151is832A42 15 18A 43  -A - A (3180)A48  A3 1A44  A44 16A18T3  17 19

A 9'A15 18 l35 IA42 (0181)
A31 44

A 0 -r mpr A7A 2 (B182)50 p cp 4 17

Contact Force Equations for Coupled Motion (applicable to both configurations)

The contact force F23 is given by equation B175:

-A A A A A A1 3 2 4 2  33 4 42 34 2 ;2F2 3  A44 3 1  *243 A31  N3 1* " N3 1 (
A44  (B183)

A35A42 sin(- A42 A. N
A Ic + N314T) + (12N32 IIRN3 1)
31 A3 1

The contact force F12 is found with the help of equation B171:

F 23A44 + T2A4 3 - 1 2N32?F12  A (B184)

The contact force Pn is given either by equation B96 or equation B117:

-I3 + F23 AI5 - T3A6
*P 3 A1 7  (B185)

-'4

Note that for exit-coupled motion; i.e., equation B117, the term A17 becomes
AA1 7 . If this force is desired in terms of the pallet variable *, equation B76
or equation B107 must be used:

2 2
IPR +A 2 1 2 + 27 2 - m r c6 sin(y" '-4,-

n A
n A 18

(3186)

Again, note that for exit motion A1 8 becomes AA18 .
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Differential Equations for Free Motion (applicable to both configurations)

Pallet Free Motion

By letting Pn - 0 in equation B186, the single free motion difierential
equation for the pallet, which is now independent of exit or entrance contacto is
obtained.

A2 + +A -A + A54 sin~y - - (B187)A51i + 21i~ 52 A3 54

where

A5 1  IPR (1188)

2
A5 2  2 A (B189)
52 20

A -5 wA19 (B190)

2A W mpr R (B191)54 p CP4

I.

Escape Wheel - Gear Train - Rotor Free Motion

By setting Pn - 0 in equation B96 or equation B117, the common differen-
tial equation of the system without the pallet is obtained (again independent cf
entrance or exit contact). This leads to:

I- T3A (B192)
34 A15F23  3 16

Equation B175 is then substituted into the above for F2 3 . The resulting
differential equation is given by:

2-A - Asin(O + N T) (B193)
55 56 ~ 57 ~ 58 59 1C 31 T

where

*,15 A55 13 A45  15AA42"A5  - A34-•. N3 2 I2 +- N3 1A4 1!R (1194)

431A44
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is% is A34A422

A56 - 1544 N3 (0195)
A3 1A4 4  3

AA
A 57 A31544 N (3196)

57 A3  A4  31AA

A 58  -A 16 A43 T AT2 A3 2 A4 2  (0197)
'A31- 44

AAA
r 15 35A42A5 9  A3 1A4 4  (B198)

Contact Force Equations for Free Motion (the subscript F stands for free motion)
(applicable to both configurations)

Equation B192 may be solved for the free motion contact force FF2 3 , once 0
is known:

13ý + T3 A6
FF23  AI 5 3. 6 (B199)

F23 A15

Equation B171, which was derived from the force and moment equations of gear
and pinion set no. 2, may be modified to obtain the free motion contact force

FF 2 3A4 4 + T2A4 3 2 - 32
FF1 2  (B200)

It must be understood that in both equations B199 and B200 the angular accelera-

tion of free motion 4 as obtained from the solution of equation B193 is used.

Impact

While the following will show that the general form of the impact equation
is the same for entrance and exit contact, it must be kept in mind that the
expressions for the moment arms A 0' and D' depend on whether the angl'I' C1an D41 deedochthrteag eN
or Lhe angle a is involved. (See equations D4, D5, D8, and D9 in appendix D.)

EX

87

P



Entrance Impact

The general condition of entrance impact is illustrated in figure B-
11. As in reference B-2, it is assumed that the only acting impulse on the
pallet and the escape wheel is represented by the mutual normal impulse P
between these mechanism components. Experience has shown that the frictionay
impulse PP may be disregarded. Under these circumstances$ the angular impulse
on the palet becomes:

J-D'nt x %~n P Dik (B201)p It n n

"The angular impulse on the escape wheel is given by:

J -A, x (- n _PAl (B202)3 1 t (nn it n~

If the above equations are made part of the usual angular momentum relationships,
the components can be expressed as

I-pP.I (B203)

"and

1 -P nA (B204)

where I and 13 represent the polar mass moments of inertia of the pallet and the
escape Pwheel, respectively. The subscript i indicates the angular velocities
before impact while f indicates the same quantities after impact. When Pn is
simultaneously eliminated from equations B203 and B204, the following expression
results:

IpAi1f + I3D11 0 IpAh1i + I 3 Dj*i (B205)

Exit Impact

The conditions of exit impact are shown in figure B-12. With the same
"assumptions as in part a above, the expression for the angular impulse on the
pallet becomes:

J Dint x (-)n, - D'k (B206)
p it n 8n
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Figure B-11. Entrance impact
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Figure B-12. Exit impact
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The angular impulse on the escape wheel now becomes:

4i wA In x (P )n -P A'k (B207)
3 i t n n mni

Again, these expressions are used in the angular momentum formulations of both
components, as follows:

Ip(;f - ±i) -PnDI (B208)
P nI

and

1 3 (f - -I PAj (B209)

When P is now simultaneously eliminated from equations B208 and B209, equation
B205 results again. Thus, identical formulations may be used for entrance and
exit contact.

Impact Equations for Escapement

*"In order to obtain expressions for the post impact angular velocities
and *f, the restitution equation

v -VTNf SNf
er V ..... (B210)TNi- VSNi •

must be solved simultaneously with equation B205. V and V are defined by
equations D13 and D15 in appendix D. Te velocities TNf and Nf represent the
normal contact point velocities after impact. After appropriate substitutions,
the simultaneous solution of these expressions furnishes:

I D IA1 2  + ID+ e
;fr 2 2 A ,er/ (B211)

and

f fA, - er (;iD - *iAl)- ' ,(B212)
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Changes in Impact Equation due to Presence of the Rotor and Gear and Pinion
No. 2

The presence of the rotor and gear and pinion no. 2 is accounted for by
referring their moments of inertia to the escape wheel shaft. Thus, the total
escape wheel moment of inertia is given by:

I -3 +IN 2  + (B213)
STOT 3 232 1 31

Equations B122 and B159 contain the above transmission ratios.
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APPENDIX C

KINEMATICS OF COUPLED MOTION
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Nomenclature

The following derivations for the kinematics of coupled motion are
applicable to both entrance and exit motion. It must be remembered that for
entrance motion, according to figure C-1:

a = a (Cl)en

4! and

Sg - gen (C2)

while for exit motion:

ct l (C3)
ex

and

g m gex (C4)

Further, from figure C-i

= Escape wheel angle, measured with respect to positive x' - axis.

- Verge angle, measured with respect to positive x' - axis. For
entrance condition, defined by line 0 V. For exit condition,
defined by line 0 W (measured ccw with r1spect to the positive x' -

axis).

a - Distance between pivot points 0 and 0

b -Escape wheel radius

c - For entrance condition, length OpV. For exit condition, length 0p W
(usually identical).

Unit Vectors

Tangential ard normal unit vectors, which are associated both with the
entrance and the exit working surfaces, are shown in figure C-i. When expressed
without distinction between these surfaces, they become:

nt w cos(* + m)i' + sin(* + a)jl' (C0)

and

n - Sin(* + n)±' + cos(* + a)!' (C6)
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4 . -sin(t + a)i' + coso( + a)jl (C6)

"Further, the unit vectors in directions 0SS and 0 pV (or 0 Wp), respectively, are
given by p

nb cos +i'+ sin J' (C7)

and

nc cos i' + sin api' (C8)

Loop Equation and Input-Output Relationship P

The loop equation for coupled motion is given below. Contact point S ts at
the tip of the escape wheel tooth. The coincident point on the pallet is point T
(fig C-i).

0V-+T+WO +0•0-0 0 (C9)
p a a p

Substitution of the appropriate dimensions and unit vectors into the above
furnishes:

cn + gn- bn - ail' -0 (CIO)

This becomes with the help of equations C5 to C8: or

c(cos*i' + sin*J') + g(cos(, + a)!' + sin(* + a)jl') (Cli)

-b(cosOi' + sinýJ') - ai' l 0

Appropriate ordering of equation CII leads to component expressions which may be
solved for g and p:

bcoso + a - ccos* - gcos(V + a) = 0 (C12)

and

bsin - coin*- gsin(p + a) = 0 (C13)
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"Both of these component equations may be solved for g. Thus,

"" bcos4 + a - ccos* (CM

and

g " t L•n +coin (C15)

g may be eliminated by setting equation C14 and C15 equal to each other. This
leads to

(bcosý + a - ccos*)sin(* + a) - (bsin, - csin*)cos(* + a) (r16)

After expansion and rearrangement, a four-bar linkage type expression is obtained
which miy be solved for the angle p according to the method shown by R.
Hartenberg and J. Denavit.*

Asin* + Bcos- C (C17)

where

A - a cosa + b cos(O - a)

B - a sine - b sin(O - a)

C - c sinc

The solution to equation C17 is of the form:

2 2 _ 2-1 A ± A + B c
- 2tan B+C (C18)

Once the correct i has been obtained for a given c% or a , the associated gen
or gex may be found with the help of equation C14 or equation C15. For the given
directions of the associated unit vectors Yen will be a positive quantity while
gex will be a negative one.

• Kinematic Synthesis of Linkages, McGraw-Hill Publishing Co., New York, 1964.
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Angular Velocity of Pallet

Implicit differentiation of equation C17 leads to the following expression
for the angular velocity of the pallet when driven in coupled motion by the
escape wheel:

(C 19)

where

Angular velocity of the escape wheel

P bcos(O - - (C20)

Q - acos(* + a) + bcos(- - - ') (C21)

Relative Velocity of Contact Point S on the Escape Wheel with Respect to Contact
Point T on the Pallet

With point S the tip of the escape wheel tooth and point T the coincident
contact point of the pallet, the relative velocity %IT in the direction of the
unit vector Bt is found from (fig. C-i):

VS/T " ['7S/0 " t - 7T/Op ' nt (C22)

The velocity V of point S with respect to the escape wheel pivot is
obtained from

/ k.x bn (C23)
VS/0 8bA5

while VT/Op, the velocity of point T with respect to the pallet pivot, is given
by: P

V / - x (c; + gri) (C24)
T/b c t

p

Substitution of equations C23 and C24, together with equations C5, C7, C8, into
C22 leads, after the appropriate vector manipulations, to:

VS/T = -~[bsin(ý - a- c) + ;csina)nt (C25)
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It can be shown that the above expression also represents the vector 8 -
;n t as obtained from the rate of change of the quantity j, which was defined by
equations C14 and C15.

Angular Acceleration of the Pallet

Differentiation of equation C19 with respect to time results in the
following expression for the pallet angular acceleration:

"; * u + v'2 (C26)

where, with equations C20 and C21

P
U P (C27)Q

and

V -- [ap2 sin(* + at) - b(P - Q)2 sin(ý - a - (C28)
Q3
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Moment Arms

The following derivations for the moment arm vectors, which find use in both
coupled motion and impact calculations, are valid for both entrance and exit
conditions (figs. D-1 and D-2) as long as the appropriate angle ee or a is
used. The variables * and t must be available from the free motion computatioxs.

The following loop for the determination of vectors Xj and 91 is shown by
figure D-1:

A'n + BIn - bn - 0 (Di)
it in b

Substitution of the unit vectors given by equations C5 through C7 and subsequent
separation of component expressions leads to the following two equations which
may be solved for A, and B I

Alcos(* + a) - Bjsin(* + a) - b cos * (D2)

and

Ajsin(i + a) + Bjcos(q + a) - b sin (D3)

Simultaneous solution of the above expressions for A, and BI leads to$4.

A'l - bcos(O - - a)nt (D4)

and

B! - bsin(O - On - ,)n (D5)

Figure D-I also serves for the determination of the vectors C and DI. The loop
equation 1 1

Dint + C'n n cnc n'2I•t int

"furnishes, with the help of equations C5, C6, and C8 for the unit vectors, the
following set of component expressions:

F (DI - g)cos(* + a) - C'sin(* + a) - C cog o (D6)

and
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Figure D-1. Moment arms (entrance side)

aex
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Figure D-2. Moment arms (exit side)
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(DI - g)sin(O + a.) + C'cos(* + a) - c sin i (D7)

Simultaneous solution for C, and D' gives:

C--csinn (D8)

and

S (ccosa g)n (D9)

Again, it must be remembered to substitute the appropriate entrance or exit
values for a and g.

Normal Velocities of Contact Points Before and After Impact

The contact point S on the escape wheel and the contact point T on the
pallet are shown in figure D-3. At the instant before impact, the respective
escape wheel and pallet angular velocities are given by:

and
S" (D11)

The associated velocity component VSNi of the escape wheel contact point S is
obtained from:

VSx Ai (D12)

This velocity component is normal to the pallet face. This becomes, with the
help of equations 1)10 and D4:

V - bocos(o - On (D13)
I n

In a similar manner the velocity component VTNi of the pallet contact point T
becomes:

15',*I B (D14)
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nI-n Contact Point T on Pallet

Contact Point S on

Escape Wheel

Lin

- n~n

L0 "!!p 09

Figure D-3. Normal velocities of contact points S and T
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This velocity component is also normal to the pallet face. Substitution of
equations D9 and DII into the above furnishes:

VTNi w IPi(ccosa + g);n ()15)

*i When equations D13 and D15 are adapted to the post-impact normal velocities

,SNf and VT f, the respective angular velocities f and f must be substituted
(impact secti on of appendix B).
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The contact sensing quantities f and g' for entrance and exit conditions are
defined by figures E-1 and E-2, respectively. It is assumed that the angles
,p and p are known at every instant of free motion. To determine the entrance
side sensing quantities, the following loop equation is written:

"+ •+W +V6 +--- =0 (El)
s p p s

This becomes with the help of the appropriate unit vectors

bnb + fnn - g'nt - cnc + ai' - 0 (E2)

When a similar expression is written for the exit side (fig. E-2), the following
relationship is obtained:

bnb - fnn + g'nt - cnc + ai' -0 (E3)

The quantities f and g' have opposite signs in equations E2 and E3. If equation
E2 is solved for f and g' with the help of the unit vectors of equations C5 to
C8, then for the entrance side:

f - asin(4 + a) - bsin(ý - a- ) - csina (E4)

and

ag acos(i + a) + bcos(O - - a) - ccosa (E0)

The above expressions will yield positive numerical quantities. When thep same
expressions are used for the exit side (with the appropriate angle a ), the
resulting numerical quantities will be negative because of the aforementioned
sign differences between equations E2 and E3.
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Figure E-2. Contact sensing on exit side (center distance not to scale)
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Angles X, •e and a
en ex

The nomenclature of the indicated straight sided verge is defined in figure
SF-I. The angle X is obtained as follows:

With the above, and angle n, the angles a and a become, respectively:
en ex

an -- 
(F2)

ex n (F3)

The angle n is a basic design dimension.

Lengths of Working Surfaces

Figure F-2 is used to find the distance Pen; i.e., the length of the
straight portion of the entrance working surface, as well as the corresponding
length Pex of the exit working surface of the verge. (

The length Pen LV is determined from the difference in lengths

" " - y(L') (F4)SPen - 2 F4

where

"y(L') - t~e y-foordinate of the point of intersection of the circle x2 +

y r 0, and the straight line x - L'

Then;

L + y2  r 2

and

y-•/r2 "2y = - L12

Equation F4 becomes:
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Figure F-1. Geometry of verge
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Figure F-2. Determination of pen and pex
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L,/r°":L,2 h

-~ -/;i:§;-- h(F5)
atn

The length Pex MW Is obtained with the help of

POX M W - t (F6)

where point M represents the blend point between the fillet of radius q and the
straight line of the exit working surface. The length W1 is obtained from

W1 M L' -(F7)

-- coon

while t Is given b?:

t -(F8)

SIT

tan

where - + n is the angle spanned by the fillet. With the above, equation F62becomes

- . . (F9)
"Pex tan -r

e,'d

*~ nI

,o ,
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