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ABSTRACT

For infrared sensors located at the nose of a missile or

a projectile, an age-olQ problem occurs. A conflict between

optical quality and aerodynamic drag exists. A new approach

for solving this problem is being developed using gradient

refractive index, GRIN, for lens design. The equations for

lens design incorporating GRIN are formulated for the special

case of spherically symmetrical GRIN. A computer code for

designing a GRIN lens and for determining aberrations has

been developed. A different program (LENS) calculates lens

design and lens performance for the case of homogeneous

refractive index. Results of this program provide a check

on the more complex program which includes GRIN. The

computed program calculates the spot diagram for both mer-

idianal and skew rays. The spot diagram, which is the inter-

section of rays with the focal plane, is plotted, and the arms

and centroid location of the spot diagram are calculated.

Also a cumulative energy diagram is obtained from the program.

The computer code has been organized to calculate the items

enumerated above for either a circular cone for the inside or

outside surface of the pointed lens. For homogeneous

refractive index, both cases are included in the program

discussed in this report. However, for the GRIN case, only

the complete program for a lens with a conical surface on

the outside is reported here. The alternate case is being

developed by a thesis student.
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Features of the computer program include the following:

use of many subroutines for clarity and for easy modification,

and use of program structure for easy integration into an

optimization code.

Sample lens designs and lens performance are presented.

The computer code provides the tools for lens design. Consider-

able additional work is needed for selecting the best lens

design.
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1. INTRODUCTION

A long-term conflict exists between optics and aero-

dynamics for missile nose design. Optics requires a blunt

shaped nose similar to that used on the Sidewinder missile.

Favorable aerodynamics for supersonic missiles requires a sharp

nose which permits an attached shock wave. For rocket

powered missiles or projectiles, the sensor and associated

optics occupies the complete nose area. The penalty of a blunt

nose is high drag. For ramjet propelled missiles or pro-

jectiles, the penalty of a blunt nose is poor pressure recovery

by the inlet; this statement assumes a nose inlet is used.

In times past, the lens designer had available three design

parameters; a satisfactory lens in the general shape of a cone

has not been designed. A lens can be designed using homo-

geneous refractive index which focuses rays; however, off-axis

rays have very large aberrations. The thesis by Terrell [1]

discusses the design of a conical lens.

A fourth design parameter has become available which is

spatially variable refractive index. The associated technology

is known as GRIN; see references [2-13]. GRIN is short notation

for Gradient Refractive Index. The thesis by Frazier [14]

briefly introduced the use of GRIN in lens design; likewise

the thesis of Terrell [1] has a brief discussion. The thesis

of Carr [15] will have more extensive results.

The development of materials which have variable refractive

index has been motivated by optical fiber technology. Optical

fibers can propagate a single mode with low losses if an ap-
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propriate spatial variation of refractive index exists. Based

on the information in reference (2] , the maximum variation

of GRIN is limited to a few percent. The report contains

twelve sections. In section 3 the problem of the homogeneous

case is solved (program LENS) while the GRIN lens design is

formulated in section 4 (program GRIN). The flow charts to

the conputer programs are given in section 5 and 6, and a

userls guide to each of the programs is illustrated in section

7. The programs are listed in sections 9 and 10.

2. BRIEF OVERVIEW OF PRBLEM FORELATION

Define the axial distance as x and radial distance as

r in a cylindrical coordinate system. The lens is to be

axisym tric so that angle is not a variable.

In general the shape of the front surface, is a function

of r

x - F'(r) (2.1)

where subscript f denotes front surface. Likewise the rear

surface is a function of r

x - Fr (r) (2.2)

where subscript r indicates the rear surface.

As a simplification, either the front or rear surface is

a circular cone. Terrell [1] treated the case of a conical

front surface; Carr [151 is investigating the case of a conical

rear surface. This report develops a computer code which

calculates either case. A single consistent computer program

is used for both cases; this fact is inportant for application

2



of optimization codes.

In general, the GRIN can be specified as

n - F(x,r) (2.3)

The function F involves both spatial variables. However, a

less complex GRIN is used which is spherically symmetrical

refractive index. In this case

n = n(xc,r') (2.4)

where r' is radial distance from the center of symmetry for

the sphere. The location of the center of the spherical GRIN

is on the lens axis at axial position xc

One very important computational advantage of spherical

GRIN is that the rays within the lens are confined to a single

plane. In the case of skew rays, the plane of the rays is

not a xreridianal plane of the lens.

The equation for a ray trajectory in a spherically

symmetric GRIN geometry is

ee = e0 + dr' (2.5)

Je r'v r'2n (r')-E 2

where E is a constant for a ray. The value of E is obtained

from

E = en0 (r )rsin 0  (2.6)

Define P as a unit vector in the direction of a line extending

from xc to point P in Figure 1. Define A as a unit vector of

a ray which has been refracted by the surface at point P. The

angle IF0 is obtained from

3



Co =r- (2.7)

r

#00

x C

CENTER OF SYMMETRY OF GRIN

Figure 1. Geometry for Ray Tracing in a Spherclyyzetca
GRIN meqiuzn. The ray vector, ,and the radius
vector, r' ,are illustrated.
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In equation (2.6), the c is a sign function having a value of

+ 1.0 or - 1.0 depending on the value of T within the lens.

+ 1.0 T<7/2
£ (2.8)

1.0 T > n/2

Equation (2.5) can be integrated for certain functions n(r').

One function is

n(r') = jA + B(r'/r 0 )2  ' (2.9)

where A and B are constants. r 0 is a value associated with a

specific lens design; a convenient value for r0 is that value

for the ray defining the lens aperture.

Combining equations (2.5) and (2.9) and completing the

integration yields

S2E 2 /r I 2_A l 2E 2 /r i 2 -A i
e rW) sin-fsin -sin-H

1 (A+4BE /r 0 ) 2 (A 2 +4BEZ/r 0  2.*10)

Equation (2.10) is an explicit relation for ee as a function

of r'. rr, rf are the radii to the rear surface and to the

front surface respectively. An explicit relation for r' as a

function of e can be derived; the result is

/2 1 E

r(r f)( 8e - (O sin 2 'e+si

(2.11)

..... ---- .. ..5



For details look at section 4.1. For certain phases of the

calculation equation (2.11) is needed.

Thinking ahead to numerical optimization, the function

of equation (2.9) was chosen to avoid numerical integration

of equation (2.5). Equation (2.5) must be evaluated several

times for each ray. A lens design may involve 100 to 1000

rays. Numerical optimization of the lens requires calculation

of many different lens shapes. Hence, evaluation of equation

(2.5) may occur several thousand times in the process of lens

optimization. The GRIN-related parameters to be determined

in optimization are A, B and xc-

3. EQUATIONS FOR THE HOMOGENEOUS CASE

3.1 Meridian Plane

The homogeneous case is included here for several reasons.

First, the homogeneous case is a simole example in which the

intricacies of lens design are apparent in considerable clarity.

Iteration is not required for design of a lens with a homo-

geneous refractive index, whereas for GRIN, iteration is

necessary. Second, the homogeneous case provides a meaningful

check of the GRIN program. To conduct the check, the value of

B is zero in equation (2.9). Obviously the answers from GRIN

program with B equal to zero must agree with.answers from the

homogeneous case.

The book by Kingslake [16] has been helpful in the program

development.

6
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3.1.1 The Equations

Refer to Figure 3 for definition of the symbols.

n(J) + 12 '(J) $ 0(I) (3.1)

sin(I 2 [J]) n32 sin(I 2 J]) (3.2)

The notation n32 is used for the ratio n 3/n 2 .

II'(J) = (w/2-%) - (n(J) + II(J)) (3.3)

sin(I(J]) - 21 sin(1 1' [J ]) (3.4)

a + 1i(j) + U = w/2 (3.5)

3.1.2 Solution

The angles a, 8 (J) are inputs and are known.

From eq. (3.5):

II(J) n n/2 - a - U (3.5.1)

From eq. (3.4):

S1 (J) = sin -[n 1 2  sin(Ii[J]) ] (3.4.1)

Substitute eq. (3.5) to eq. (3.3):

n(J) + 12 (J) 1(J) - 1 1
1 (J) + U (3.3.1)

But from eq. (3.2):

1 2
1 (J) - sin-1 n32 ' sin(I 2 J])] (3.2.1)

From eq. (3.3.1):

1 2 (J) = [Ii(J) - I (J)] - r(J) - U (3.3.2)

Substitute eq. (3.3.2) into eq. (3.2.1):

12 '(J) - sin-ln 2 3 1 sin{i (J) - Ii'(J) - n(J) + U)] (3.2.2)

Substitute eq. (3.2.2) into eq. (3.1):

n(J) + si n 2 3  sin{1i(J) - II' (J) - n(J) + U)] - 8(J)

(3.1.1)

9



Equation (3.1.1) is solved for n(J):

n 2 3 • sin(II(J) - I ' (J) - n(J) + U) - sin[ (J) - r(J)] (3.1.2)

Use the formula:

sin(A k B) - sinA cosB ± cosA sinB

And substitute:

x - sin(n(J)) ; 1 cos(n(J))

Equation (3.1.2) will turn into the form:

x 1 A2 (3.1.3)

Where:

A ='n23 • cos[Il(J) - I I ' (J) + U] - co[(J)] (3.1.4)
n23 • sin(Ii(J) - I I ' (J) + U] - sin[8(J)]

Therefore:

n(J) - sin- [x] (3.1.5)

Knowing n(J), I2' (J) can be solved from equation (3.1), and

then, 12 (J) can be solved from equation (3.2).

3.1.3 Coordinates of the Front and of the Rear Surfaces

3.1.3.1 The First Ray

All the magnitudes will be normalized

with respect to the radius R. R is the aperture for the lens.

Therefore:
(11) - R

R l 1.0 R (3.6)
Xl() -

10



The thickness of the lens is defined:

T(1) N (x 2 (i) - X(l)] 2 + [yl(l) - Y2 (l)] 2  (3.7)

Therefore, the appropriate coordinates of the rear surface are:

x2 (1) - x 1 (1) + T(1) -cos[/2 - a - 11 ( ) ]  (3.8)

Y2 (1) - yl(l) - T(1) sinjw/2 - a -I 1

3.1.3.2 The Other Rays: Coordinates of the Rear

Surface

The new point of the rear surface

x2(J) ,y 2 (J) will be the intersection between the surface and

the ray.

(a) The equation of the surface:

y 2 (J) - m(x 2 (J) - BB'] (3.9)

m- tan[w/2 - n(J - 1)] - cot(n(J - 1)] (3.9.1)

BB' - BF - B'F

B'F - y 2 (J - 1) • [cot[it/2 - n (J - 1)1 + cot[B(J - 1)]]

.' B'F - y(J - 1) • {tan[ri(J - 1)] + cot[0(J - 1)11 (3.9.2)

eo y 2 (J) - cot[n(J - 1)] x 2 (J) - [BF - BIF]} (3.9.3)

(b) The equation of the ray:

y2 (J) - -tan[$(J)lx 2 (J) + BF. tan ((J)] (3.10)

*ey 2 (J) - tan[B(J)] • (-x2 (J) + BF} (3.10.1)

From equations (3.9.3) and (3.10.1), the coordinates of the

next point at the rear surface are found; those are:

x (J ) - BFtan[0(J) ] + cot[(J- 1)]) - cot[in(J-1)] BF
2 cot L o r[ (3- 1)]1 + tan[Iis(J)]i

y2(J) - tan[B(J)]{-x2 (J) + BF) (3.11)

11



3.1.3.3 Coordinates of the Front Surface

(a) Equation of the rear surface:

yl(J) - (tana) • xl(J) (3.12)

(b) Equation of the ray:

yl(J) - m~xl(J) - x 2 (J) I + y 2 (J) (3.13)

where: m = -tanli/2 - a - 11' (J)'] (3.13.1)

or: m = -cot[c + 11 (J)] (3.13.2)

From equations (3.12) and (3.13) the intercept point is

calculated:

y2 (J) + x2 (J) • cot[a + I' (J)]Xl(J) = .. ..
tana + cot[a + 11 (J)] (3.14)

yl(J) = (tana) • x (J)

3.1.3.4 The Thickness at the New Point

T(J) =, / [x 2 (J) - x 1 (J)]2 + [y l (j) - y 2 (j)] (3.15)

3.2 Skew Rays in the Homogeneous Case

3.2.1 Coordinate Transformation

The x,y coordinates will be shifted by the

angle ap.

x' = x • cos(ap) - y - sin(a p) (3.16.1)

y' = x sin(a p) + y" cos(a p) (3.16.2)

ze W z (3.16.3)

3.2.2 Calculate the Intercept Point of the Front

Surface

Assuming that the (0,0) point is at point A

12



(Refer to figure 2.), the following equations can be derived:

(a) !y: Rray y2 + Z 2  (3.17.1)
y 0 .1 + z0' 2

9%R ____ - (x +. AB) *tan(a) 1ray pcsc~
(3.17.2)

Where Rray is the radius of the ray and the values for y 0 ',

z 0  are known.

(b) Cone: Rcone = tan() * [X + AB] (3.18)

Solving equations (3.17.2), (3.18) for x results:

XD = CDS *
C DS 2 + A2D2 CZD (3.19.1)'%2-B2 + A2 D 2 (.

YO = 0 XO . tan(a) (3.19.2)
Cos(a p p

ZO = a 0  (3.19.3)

Where:

A2 D2 = (tana) 2- (tanap) 2 (3.20.1)

CDS = - tana + (AB) [A2 D21 (3.20.2)
Cosa . o 2 2

Y,)2 +;, A) 2Y
CZD / YO'- (A) -[A2 D2 ] 2(AB).-.O  tana

(3.20.3)

3.2.3 Direction Cosines of the Normal

f my 2 + z2 _ (tana) 2( + AB) 2 . 0 (3.21)

6f 2- 2(tana) (x+ AB) (3.21.1)

13



Figure 4. Diagram showing coordinate trans form~ation for
of f-axis rays.
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af y ; 2 z (3.21.2)

IAfj 2[(tani) (x + AB) 2+ y+ zj 1 (3.21.4)

Substituting equation (3.21) can turn equation (3.21.4) into

the form:

= 2tant (, + AB) (3.21.5)
case1

The direction cosines of the normal are therefore:

(sf/,Sx) -- sina (3.22)

=(taf/58y) =2Y (3.23)
I A-11 2tancz/cosa (x + AB)

Define: a =tan- ( Z/Y) (3.23.1)

Y2 + z2= (tan ) 2 (x +- AB) 2

y2 (1 +~ tan 2 c) - tan 2(1 (x + AS) 2

y - (coso) (tana) (x + AS) (3.23.2)

Therefore:

- (coso) (cosx) (3.23.3)

Sizniliarly:

nt= (6f/z) . (sinc) (cose) (3.24)

3.2.4 Refraction at the Front Surface

4 The skew ray will be defined:

P* (eX ) + (ey ) +4 R. (es) (3.25)

15



y

z

Figure 5. Cross section of lens in a plane normal to the lensaxis. Point P is the point where an off-axis
ray intersects the front surface of the lens.
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Where R, i, RZ are the direction cosines of the ray,

and they have the value:

EX= cos ; R = -sinap ; Rz = 0 (3.26)

The surface normal is defined by the following expression:
AA

N= n x • (e x ) + ny . (eY) + n z (e Z ) (3.27)

Where the direction cosines of the normal surface were

defined previously (equations 3.22, 3.23.3, 3.24).

The refracted angle at the front surface is defined:

8 = cos 1 (3.28)

Where: [A I 2% + R 2 +Rz2

(3.29)

n + n 2 + nz2  =1

Therefore:

6 = Co 1 (RX n x + . ny + Sz . n z  (3.30)

= (3.31)

sin- [n 1 2  
sin(3]

3.2.5 Refraction Equations

Referring to figure 6 the refraction at the

rear surface with regard to the front surface will be as

follows (16, p. 147]:

n2A-= nl+. + [n 2 cos(%') - nlcos( ) ]

The direction cosines of the normal surface were defined in

17



equations (3.22), (3.23.3), (3.24) and the direction

cosines of the ray at the front surface were defined in

equation (3.26). The direction cosines of the skew ray at

the rear surface, will therefore be:

K' fn1 2 Rz + Ccos(0') - n12 cos(] . X

L' - n1 2 RY + [cos(0') - n 1 2 cos(O)] . ny (3.32)

M' a.n12 Rz + [cos(0') - n1 2 cos(O)] . nz

3.2.6 Intercept at the Rear Surface

The equation of the cone of the rear

surface is:
2 + z 2 f -b] (3.33)

where a is the slope and is defined from figure 7.

a = tan(E) Rj Rj + 1 - Rj (3.33.1)Xj XV  Xj + 1 -Xyj

b is the intercept at the X - axis and is calculated from

equation (3.33.1):
Rj + 1 . Xj Rj . Xj + 1(3

b =X = J-1- - (3.33.2)v Rj + i-R J

(XI, YI, ZI) is the point of intercept at the rear surface.

The equation of the rear surface is therefore:

YI 2 + ZI 2 - (aXI - b) = 0 (3.33.3)

where a,b were defined in equations (3.33.1), (3.33.2).

18



n n2

2!

0\

Figure 6. Diagram used to calculate the direction cosines
of skew rays at the rear surface. This diagram is
based on Kingslake [161.
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R 

yv

Figure 7. Geometry of a truncated cone which represents a
small portion of the rear surface of the lens.
The cone angle is j,
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The direction cosines of the ray at the rear surface were

defined previously (3.32). They are:

K' 0 XI - X Lt YI - YO m II ZI " ZO (3.34)
D D D'-(.4

(XO, YO, ZO) is the point of intercept at the front surface

(3.19.1, 3.19.2, 3.19.3).

D -1(XI - X+) + (YI - YO2 + (ZI - ZO) (3.35)

Solving for D from equations (3.33.3) and (3.34) one gets:

b' __b
'  

__

D "- + a"- a'c' (3.36)

Where:

a' = (L')2 + (M')2 - a2 (K')2  (3.36.1)

b' - (L')YO + (M')ZO - (K')a 2(XO - b/a) (3.36.2)

c' = YO2 + ZO 2 - a2XO(XO - 2b/a) - b2  (3.36.3)

Knowing D, the intercept point at the rear surface can be

verified using equation (3.34):

XI - K'D + XO (3.37.1)

YI - L'D + YO (3.37.2)

ZI - M'D + ZO (3.37.3)

3.2.7 Equation of the Normal to the Rear Surface

The equation of the cone of the rear surface

was defined previously (eq. 3.33):

f(x,y,z,) - (ax - b) 2 + y2 + z 2  0 (3.33)
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a,b are defined in equations (3.33.1), (3.33.2).

if + f df
If -e ~I jy+e -y(.81

Similar to what was done at the front surface:

Nf -2a(ax - b) (3.38.2)

f 2y 8 f w 2z (3.38.3)

Of 2 af 2 ( ) 2]

2 2 2 2= 2[a 2 (ax - b) + y + z2 ]

2= 2(aX - b)[(1 + a2) (3.38.4)

The direction cosines of the normal to the surface are as

follows:

(6 f/ 6K) = -a (3.39.1)
nx = I~f I  (1 + a(). 1

nifY (3.39.2)
(y 2 + Z )1 (1 + a2 )(

z
n (y 7+ Zz ]1 (1 + .(3.39.3)

3.2.8 Refraction at the Rear Surface

Similar to what was done at the front surface:

SK' (x) + L' (ey) + M (ez) (3.40.1)

A AA

nx(e x ) + ny(ey) + nz(ez) (3.40.2)

Where the direction cosines of the refracted ray (A') and

the normal (N') were defined previously (equations 3.32, 3.39).

22



The refracted angle at the rear surface:

I cos IR N' (3.41)

Both the ray and the normal are normalized; therefore:

1= K'n + L'+ny + M'n Z  (3.41.1)

I' sin-1 [n2 3 * sinoi] (3.41.2)

3.2.9 Direction Cosines of Rear External Refracted

As done previously (equation 3.32):

K" = n23  - [cos( 1 ') - n2 3cos( I x )

= n2 3L' - [cos(o1 ') - n 2 3 cos( I ny (3.42)

Z" = n2 3Z' - [cos(¢ 1 ') - n2 3cos(OI)] nZ

3.2.10 Intersection with the Image Plane

XIm = BF = D3K" + XI

YIm = D3L" + YI (3.43)

Zim = D 3M" + ZI I

Solving equation (3.43), the intercept with the image plane

can be calculated:

D 3  (BF - XI)/K"

YIm " X- ) L" + YI (3.43.1)

Zim 1(K2- )M" + ZI
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4. FORMULATION OF EQUATIONS FOR GRIN LENS DESIGN

4.1 Solving the Integral for e

As mentioned in section 2:
f rr d

Ee = r + E rr r (4.1)
6 06 + r r{r 2n(r) z - E 217

rf

rf, r are the radii to the front surface and to the rear

surface, respectively.

E = .. n2 (rf) . rf . sinPf (4.2)

n = A B (4.3)

r0

Substituting:
r 0(\.2 ; -rd 2r 0 

2r-3 (4.1

Equation (4.1) turns into the form:

V r
6 e7_0 2 E (4.1.2)
re fV AV + b - V 2--f Ir 0

Therefore: e2(E/r)2V A 2 (r 0 /rr) 2

r 0 ) -A ((r O/rf)2
(A2 + 4BE /r0I 2

or ,,E2 -sin 22E 2/rf2

0e  [sin- I1 2 2  2  A i 2 2 - (4.1.3)
€+ E /r 0o) (A + 4BE./r ,)•
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The appropriate expression for the radius will therefore be:

r (r, f) Y BE/E0I )

r 
2' , 2E2/(f, r)-

A + A2 + 4BE 2/r 0 
2 . sin *26e + sin- A2

VA 2+ 4BE 2/O

(4.4)

If the radius to the rear surface (rr) is calculated from a

known radius to the front surface (rf) the minus sign is used

in front of the angle 6e" This situation occurs with skew

ray calculation. The plus sign is used when rf is calculated

from a known rr. This situation occurs for lens design.

4.2 Meridian Plane

4.2.1 Solution for the First Ray

(a) Define Point X1 (1),Y 1 (l)

As in the homogeneous case:

R = 1.0

Y1 (1) - R (4.5)

X (1) = R
tan

(b) Define Angle to the Front Radius

tan(80 + 8e ) = R (4.6)

rf(1) = r0  R( e (4.7)

Refering to figure 8, e0 is the angle to the rear radius, 
6e
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is the angle between the rear and the front radii, and XC

is the location of the center of symmetry.

(c) Choose 6e from Initial Thickness

a (1) - T(1)/rf(1)

(4.8)
0I = (e0(1) + ee(1)) - Ge(l)

(d) Solve for 4f

S+ i()+ u w, /2
(4.9)

IW(1) /2 - - U

Knowing rf(1), the initial index of refraction (n2 (rf))

can be calculated from eq. (4.3). Therefore:

sin(II(l)) n2 (rf)/n 3 * sin(l1 ' (1))

II ' (l) - sin- [n3/n2 (rf) . sinIf(1)]J1 (4.10)

Refering to figure 8, f can be calculated.

Oe(1) + e0(1) - a + 6

A - e e (1) + e0(l) - a (4.11)

6 + Vf(1) - 1 (1) 7 r/2

ff(1) - 1T/2 + 11'(1) - S (4.12)

(e) Solve for E

E e. nr(rf) . rf . sin*f (4.2)
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0

.0

I 4j

I 1

0

'4 )

4IJ

04~

E8

0

-r4

*-4
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S< ir12 .-, = +1

Where: C = ±1 - - -1 (4.2.1)S> w/2 - e = -1

(f) Solve for rflr

Knowing the radius to the front surface

(rf) and the angle between the two radii (6e) , the radius to

the rear surface (rr) can be calculated using equation (4.4).

Using equation (4.2), *r can be calculated:

*r = sin- [ n(r E r (4.2.2)

(g) Solve for 8(l)

The focal length, which is an input, is known:

BF = F/R

The coordinates at the rear surface are:

Y2 (1) = r sin(80(1))
(4.13)

X2 (1) = Xc + rrcos( 0(l))

Using equation (4.13), S(1) can be calculated:

-(1) - tan-1 [ Yz(l) (4.14)BF --22(I) (414

(h) Solve for the Refractive Angles at the

Front Surface

As in the homogeneous case:
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n (J) + 12 ' (J) = 8(J) (4.15)

sin[12 (J)] = n 3 /n 2 (rr) . sin[1 2 ' (J)] (4.16)

r(J) + 12 (J) + n(J) + e0(J) = I (4.17)

Solve for n (J) in a manner similar to the homogeneous case:

n (J) =sin- (4.18)

Where os - n 3 /n 2 (rr) . cos$(J)

sind' - n 3 /n 2 (rr) • sin$(J)

Where:
6' - 80 (J) - i 0 (J) (4.18.2)

Knowing n(J), 12' (J) can be solved from eq. (4.15) and then,

1 2 (J) can be solved from equation (4.16).

4.2.2 Solution for Next Rays

4.2.2.1 Coordinates at the Rear Surface

Solve for the subsequent rays the

same way as in the homogeneous case (equations 3.10, 3.10.1).

4.2.2.2 Calculate Radius and Angle.to the

Rear Surface

r r(J) =(X2(J) - XC ) 2 + Y2(J) (4.19)

60 (J) = tan- [Y2 (J)/(x2 (J) - XC)] (4.20)
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4.2.2.3 Solve Front Surface Parameters

Refer to Figure 8 for a definition

of geometrical variables.

(a) Equations

n(J) + 12 '(J) - 8(J) (4.15)

sin[I 2 (J)] = n 3 /n 2 (rr) . sin[1 2 '(J)] (4.16)

r(J) + 12 (J) + n(J) + e0 (J) = T (4.17)

E = e . n 2 (rr) . r r . sin[r (J)] (4.2.2)

E = c . n 2 (rf) . rf . sin( f(J)] (4.2)

ee (J) + 8 0 (J) =t+ 6 (4.21)

a + f(J) - I (J) = i/2 (4.22)

rf = f(rr, ee (J)) (4.4)

sin[II(J)] = n 2 (rf)/n 1 . sin[I11'(J)] (4.23)

a + 11 (J) + u = 7/2 (4.24)

(b) Solution by Iteration

An explicit solution is not

possible. An iterative solution is necessary.

(bl) Assure ee (J).

(b2) Solve for coordinates

of the front surface:

- Calculate If(J) from eq. (4.24)

- Calculate 6 from eq. (4.21)

- Calculate front surface coordinates and radius:
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YI(J) = tan(8 0 (J) + 0e(J)) . (XI(J) - XC) (4.25)

YI(J) = tana . X1 (J) (4.26)

The result is:

XC . tan[8 0 (J) + ee(J)] (4.27)X1 (J) = tan[e0 (J) + 8 (J)J - tanae

yl(J) = tanct . Xl(J) (4.26)

rf = Y1 (J)/sin[80 (J) + ee(J)] (4.28)

XC . tana

sin[6 0 (J) + e (J)] - tana . cos[8 0 (J) + 8 e(J)

(4.28.1)

(b3) Knowing rf I 1 '(J) can

be solved using equation (4.23).

- Calculate 1f from eq. (4.22)

- Calculate E from eq. (4.2)

(b4) Calculate second expression

for front radius (rf) from eq. (4.4).

(b5) The iteration routine:

The iteration search

for correct 6 e uses the Newton-Raphson routine.

The function:

F - rff - rf = 0 (4.29)

rff is the expression from the formula (eq. 4.4) where rf is

the geometric expression (eq. 2.28).

The derivative is found with respect to e ee
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d(rff) d(rf)
' d(= ) -e (4.30)

3

d(rff) (rff) . B cos [ 2ee + sin- (B 2 )] (4.30.1)

e 2E2

Where:

B1 = A2 + 4B(E/rr) 2  (4.30.2)

2

B 2 = [2(E/r r ) - A]/B 1  (4.30.3)

The lower signs are used when the front radius (rf) is calculated

from a known rear radius (rr ) (this case occurs at J > 1), while

the upper signs are used when rr is calculated from rf (for J.1).

d(rf) -X C . tana . (cos[e 0 (J) + ee (J)] + tana . sin[8 0 (J) + e (J)] }

e Isin[e (J) + 8e (J)] - tan . cos[O 0 (J) + ee(J)]f 2
0 e0e

(4.30.4)

(c) Correct Solution

After knowing the correct value

for 8e (J), the procedure used in (b) can be followed resulting

in the correct values for:

11 (J), 6, X1 (J), Y1 (J), rf(J) , 11I (J), f(J), E. Using

equation (4.2.2) 1r can be calculated. Equations (4.15),

(4.16),(4.17) can be solved for n(J), 12' (J), 0(J) as shown

previously for the J=1 case (equations 4.18, 4.15, 4.16).
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4.3 Skew Rays

4.3.1 Front Surface

As in the homogeneous sace, the intercept

point at the front surface (XO, YO, ZO) can be found (equations

3.19.1, 3.19.2, 3.19.3).

Also, the direction cosines of the normal to the front

surface can be calculated (equations 3.22,3.23). The direction

cosines of the ray can be found as well using equation (3.26).

4.3.2 Front Radius

Knowing the intercept point at the front

surface, the front radius can be calculated:

rf(J) = [(XO - XC) 2 + (Yo) 2 + (ZO) 2 (4.31)

Knowing rf(J), the initial index of refraction [n2 (rf) ] can

be calculated using equation (4.3).

4.3.3 Refraction at the Front Surface

As for the homogeneous case (section 3.2.4),

the refracted angle at the front surface can be calculated

using equations (3.30), (3.31).

4.3.4 Initial Direction Cosines for the Internal

Refracted Ray

The initial direction cosines of the internal

refracted ray (K',L',Ml) are calculated the same way as for

the homogeneous case (section 3.2.5, equation 3.32). The

vector form of the initial direction of the ray is therefore:

A A A

K' . ex + L' .ey + M' . e (4.32)
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4.3.5 Front Radius Direction Cosines

The vector form of the front radius is

defined as follows:
A A A

ff = rfx I ex + rfy * ey + rffZ eZ (4.33)

Where the direction cosines are:

rfx = (X0 - XC) /rf (J)

rfy = YO/rf(J) (4.33.1)

rfZ = ZO/rf(J)

4.3.6 Normal to Plane of the Curved Ray at (XOYO,ZO)

The vector cross product of rf and is normal

to the plane defined by the two vectors.

A e

NP = rf X R = r r rfz (4.34)

K' L' M

A A A

NPf = NPfx ex + NPfy . ey + NPffZ eZ (4.34.1)

Where:

NP fx r rfy * M' -rfz . L'

NPfy rfz - rfx * M' (4.34.2)

NPfZ - rfx * L' -rfy . K'

and N /f 2~ 2
NP - 2 NPfy + NP2 (4.34.3)

The normalized direction cosines of the normal to the plane

of the curved ray at (XO,YO,ZO) are therefore:

NPfx/NPf ; NPfy/NPf ; NPfz/NPf (4.34.4)
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4.3.7 Calculating the Angle Between the Ray and

the Front Radius

r f - R= rf . I. =,(*f) (4.35)

Both the ray and the unit vector for the front surface radius

are normalized, i.e.

I. = 2 + 2 2 -
rYf (rfx + rfy + rfZ)

(4.35.1)
=(Y,

2  L 2 + M.2) 1 )- ~+ L, 1

Therefore:

If = Cos- [rf .I

= Cos-1[rfx K' + rfy . L' + rfz . M']

(4.35.2)

4.3.8 Calculating constant E

Knowing f, constant E can be calculated

using equation (4.2).

4.3.9 Intercept Point of the CurvedRay with Rear

Surface (Point XI,YIZI)

4.3.9.1 E

As previously, 8 e is the angle between

the front radius and the rear radius.

rrx * rfx + rrY * rfy + rrZ .rfZ - cos(e (J)] (4.36)

The direction cosines of the front radius were calculated in

equation (4.33). Similiarly, the direction cosines of the

rear radius are:
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rrx = (XI -X/ rr(J)

rry = YI/r (J) (4.36.1)
rY r

r rZ = ZI/r r (J)

Therefore, equation (4.36) can have the form:

(XI - Xc)rfx + (YI)rfy + (ZI)rfz = r r(J) . cosWe(J)] (4.36.2)

The rear radius is defined as:

(XI - XC) 2 (YI) 2 + (Z) 2 = [rr(J)] 2  (4.37)

The rear surface was defined previously. Consequently:

2 2 2
-(aXI - b) + (YI) + (ZI) = 0 (3.33)

a,b were defined by equations 3.33.1 and 3.33.2.

Also, from geometry:

(XI - Xc) = rr(J) . cos[e 0 (J)] (4.38)

Another equation arrives from the connection between the two

radii through eq. (4.4).

4.3.9.2 Solution

a. Assume e (J).e

b. Calculate rr (J) from the formula

(equation 4.4).

c. Calculate XI from equation

(4.36.2):

XI rr(J) . cos( 0 (J)] + XC (4.36.3)

d. Calculate radius from equations
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(4.37) and (4.36.3):

Radius = R = [(YI) 2 + (ZI) 2 1

= rr(J)[l - cos 2 [0(J)]]

= rr (J) . sin[8 0 (J)] (4.37.1)

e. Calculate parameters

a and b from equations (3.33.1) and (3.33.2) as in the

homogeneous case.

f. Substituting into equation

(3.33):

XI = (R + b)/a = {rr(J) . sin[e 0 (J)] + b)/a (4.38)

where R is the radius defined in equation (4.37.1).

g. Solving equations (4.36.3),

(4.38) for 60 (J) one gets:

0 [-B  B 2 _ (A') (C') (439)

e0O(J) =sin1[Kr + A'B')4.39)

Where:

A' = r(J)]2 (1 + a 2

B' rr (J)](b - a . c (4.40)

2 2 2
C' (b -a . XC) -a 2 . [r ]

h. Knowing 80 (J), it is pos-

sible to calculate new value for e(J) and iterate through steps

(a) - (g) until the difference in the values of 80 (J) is
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small enough.

i. When an accurate value of

e0 (J) is received, XI is calculated from equation (4.36.3).

YI and ZI are calculated using equations (4.36) and (4.37.1).

Consequently:

B" v(B") 2  (A")(C")
YI = + A")

(4.41)

ZI = 'r r(J) . sin[e 0 (J)] 2 - {YI}2

Where:

A" = 1 + frfy] 2/[rffZ
]2 2

B" = frr (J) . cos[6 e (J)] - (XI - Xc) fx}rfy/rfZ

rr cos[e e (J)] - (XI - XC)r f-  - rr(J) . sine 0 (J)]r- rZfZ

(4.42)

When rfz = 0, the solution for YI and ZI is different:

YI = {rr (J) . cos[e (J)] - (XI - XC)rfx}/rfy (4.43)

While ZI is calculated by equation (4.41).

4.3.10 Direction Cosines of the Ray at the Rear

Surface

d a. Similarly to what was done at the front

surface (equation 4.35):

-4. 4
rr " " = r " • cos(* r ) (4.44)

Both the ray and the rear radius are normalized; therefore:

rrx . K' + rY Lr + rrz Mr  - cosOr (4.44.1)
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b. The ray remains within the same plane

while transfering from the front surface to the rear surface.

i.e.:

NPfx K r' + NPfy I Lr I + NP fz * ' cos(w/2) = 0 (4.45)

c. The direction cosines of the ray are

normalized, i.e.

(K r + (Lr 1)2 + (ro) = 1 (4.46)

d. Solution:

(dl) NPfx # 0, NPfy # 0, NPfz 0

B" V .)2 - 4(A") (C")
(L' r) = ± 2,

C- A (4.47)

r B B r

(K') = [-NPfy (L'r  NP f. (M'r)]/NPfx

Where:

A = NPfx. rry - NPfy . rrx

B - NPfx . rrZ - NPfZ . rrx

C - NPfx . cos(Pr )

p~ 2

A Nfy (4.48)

fX

NPf 2

B' 1mg" fX

CI 2(NP) (y NP fz)

(NPfX) 2
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A" = (A') + (B')(B) 2  --(c,)(A)B B}

B" = 2(A) (C) (B') (C') (C) (4.48)
(B)

C" = (B')(C) 2 - 1

In (4.47) the (+) sign is used when rrY < 0 while the (-)

sign is used when rrY > 0.

(d2) In the above case, when B = 0 (look for

definition of B in equation (4.48)) the solution for direction

cosines of the ray is different.

(L' r) =A C
A

(C')(L' r)  
2

2(C' r) -(B') [(A') (L'r) - 1](M'r = B-r- B1

(K'r = [-NPfy * (L' r) -NPfZ . (M' r)]/NPfx

(4.49)

All the symbols used here were defined in equation (4.48) and

the ± sign is used as before.

(d3) NPfx - 0, NPfy - 0, NPfz $0, rrY 0

(M' r - 0 (4.50)
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S 2

±B" (B") - (A") (C")

(4.50)

(L'r) = - - [coS(~r) - r K'r ]
$r r rY r rX r

The (+) sign is used here.

While in this case:

A" - 1 + (r)
\ry

rrX

B" = Cos(*r) r 2

(r rY) (4.51)

rrY

(d4) In the above case, when rry = 0 the

solution is:

(M' r =0

cosUt
(K') = r

r r rX (4.52)
' 2

(L'r) = )- (K'r

Again, the (+) sign is used here.

(d5) NPfx , 0, NPfy $ 0, NPfz = 0, rrZ 0

The solution is similar to that in case (d3).
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(L') a 0
r

B" +,i(B")
2  ( (A") (C")(K'r I r +- (A") (4.53)

1

(M' =- [cos( r) - rrX• K' ]

(A"), (B"), (C") are the same as defined in (4.51) except that

rry is replaced everywhere by rrZ. The (+) sign is used here.

(d6) In the above case, when rrz = 0 the

solution is similar to that in case (d4):

(L' ) = 0

cos(* r)

(K'r rrx 
(4.54)

(M = - (K' ) 2
r r

Also here, the (+) sign is used.

(d7) NPfX= 0, NPfy M0, NPfZ 0, rrX 0

cos(?r)

r NP fy
r rY r- rZ

rNPZ rZ
(M'r 9 - - (L'r)(.5

(K' r) = ± N 1 - (L' r)2 _ (M' r)2
r r 2 r
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The (+) sign is used here.
NP fy

(d8) As in (d7), but: (rry- gP-Z rrz) = 0;

r # 0

cos( r
(K' ) = r

S+ ( NPfy2 (4.56)

NPfZ

NPf
(M' r - NP (L'r)

(d9) As in (d7), but: rrx 0

(L' (B") J(B")2 - 4(A") (C")

NPfyCM' r)  Npfz CL' r
NNP r

(K r)  lcoS()r) - (ry NPfz r)(L'

r r rY NPfz rZ rrx

(4.57)

As in case (dl), the (+) sign is used when: rrY < 0 while

the (-) sign is used when: rrY > 0.
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5. FLOW CHART OF PROGRAM LENS

(Homogeneous Case)

Note: Subroutines SHAPET, SKEWT compute the shape of lens

and the skew rays as described in the previous sections (3,4).

However, subroutines SHAPEC, SKEWC copute the shape and the

skew rays of a different design of the lens. In this design,

the fixed cone is the rear surface instead of the front

surface (compare figure 9 to figure 2.). The equations for

this different design are not included in the current report-

The equations are part of Capt. Carr's thesis (15] and will

be described there.
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Program LENS -Mkin

7Start
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ZOYO

SICASE RADI

0

SKEWT ICHECK YES
-20

NO

YES ICHECK ICHECK YES I SKEWC
20 -40

NO NO

NO NO
ICHECK ICHECX

-60 -60

S
YES

INTENS IMAGE

YES ICHECK summ

30

0

i PLOTT7

C D
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IF,a, U,

ICP1SE

N1 fN 2 N 3

T (1) -T'(1) /

7T, RAD

aucL*RAD

a p GRID,

ELLNUM

BF =F/R
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SHAPE,
*SQU _YD

ELLIPS

C P*t ur n

() In program GRIN, which uses the same subroutine, here,
data for XC, DIV is given.
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Compute

1 1 (J)

Compute

I, (J)

Compute

1 2 (J

POINTS

so



Compute

Compute

dX I .()I
Reur



Compute

x (1)

Compute

Compute

Y2 0-

Compute

c Rturni
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Compute

x.IJ)

Compute

y2 (J)

Compute

x 1(j)

Compute

Y2(J)

--Compute

T(J)

Rturn
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Compute
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s EC

Compute

Compute

X2 (J),y 2 (J)

Compute

2 (J) ,I 2 (J)

Ccmpute

u *(J),r(J)
I

I No

CALM5
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3

Conpute

x 1 (J) ,Y1 (J)

Iopt

Copute

Compute

dx T(J)

ReturnD
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Compute

Compute

T (J)

Return
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ComputeCompute

(*) Inpr~ran RI, Shifth ussohmpi ubruinhee

also xcis shited.t5



ZOYO

ICHECK YES 20
=20

NO

ICTHMECK YES 30
=30

NO

Count 0

y ()1(1) 0.
zo 1 (1) 0.

Ntncty(l) 1

PRINT

ICHECK 0

YES
z I (rz) > 30

(i -

<; (rz)(,

Compute

CeniTorbi,
Boti
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0 (IZ) < YES 3

Compute

Topi

,(IZ)>TO YES 3

Compute

Y8 (I Z)
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M - 1/

6ES



N M

(N)O

N=O

YES

Z; (Iz62



Y; (I Z)

20
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= y2 (N) yRI - y1 (N)

T 
AI

Compute Compute

R -, RadiusI  R = Radius

R R YES ICIECK =,40

YES

R64

No0

N- =y N)i N- y-i



Compute

Cen, Torb

Z' (Iz) - 0.

0

YES
;(Iz)<zBot S ICHECK-60
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Change

Y; (Iz)

Compute

ITop
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CSKczWC
Compute

XO, yO, zO

Compute

N'
II

Compute N .0

N , N 1.

Nf 1y FNz



compute

K' , L, M

Compute

Compute

XI, yI, :1

PRINT

Compute

>ir ICEI5



SKEWT

Compute

X0, yo, zo

N x--sinc±)

6< Y O . do 
k'

4ON
N co(Ocs~) 69N 0



Compute

K'L', Me

RADI

Compute

D 2

Compute

X1, yI, ZI

Compuvte
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J 

cs
i >Tira 

YEEYES ICMECK-S2

NO

Return
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IComut50

Compute

K" ",M
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C9

PRIMT

NO

Compute
xDiapt (Iz) xDiapt(Iz) -10

yoiaptlIz) yDiapt'Clz)=10i

Ntn cty (I z) =1.

Definie
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dlo

CReturn

50512

ICHECK=0 ICHECK=0 IaEdCK=0

Ditncty(Iz)=0. Ntncty(Iz)=0. itncty(Iz)=0.

Flag(Iz)-l Flag(Iz)=2 Flag(Iz)=31

PRINT PRINT PRINT

49 4949
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CIMAGE

Izo = 1z-1

Iz =1

>, Iz 2 YES.z2 2+

z2 > 0 YS 70

NO

Fl.ag (Iz)

=Flag(lz4

Count-Count

+1

NO

-z Iz

75



xdiLapt(lz)

=xdiapt (1z 2 )

y diapt (Iz)

=y diapt (Iz 2

=yIm(1z2)
=- m(Iz)2

opl (I Z)

=Opl (I z 2)

Ntncty (Iz)

=Ntncty(1 
2 )

PRINT

62

Iz,=Iz +1

2 2

Iz =Iz +1



63

Flag(lz 2 NO PRINT
> 2

PRINT Flag(Iz2) 62
3

62 PRINT

62



Rays-I a-l

)rays-Rays-Iz

PRINT

Nuber - 1

NuMb -

71

coord 1

El
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Compute

Elyo, El z

PRINT

Coord-Coord
+1.
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El 'z El ()
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Elz ()-El Z

-Ell

NO80qpt



De fine

Nuirber ,Nunib

PRINT

Nuntbt=Nuvrb- 1

Sunt1 =O.Sum



Iangle -rp.1

Thick=T{6

De fine

Ycntr

Sum.,-0.

Sum w0.
3

Compute

Sum Sum,

Compute

RMstrad
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CSUMM

YS

4 z= 1
RO 0(Iz 4

0 0005
Sum (Iz a=0.
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YE S

80
Flag(lz) YES

N No

>0

0

Sdrad(Iz YES Sum4-

<Roc(Iz Sum4 +

NO

N 0
Iz>Rays

ES
14

Compute

lFractn (I z 4

PRINT

Iz 5= Iz 4

Iz =Iz +14 4

Roc(lz
4

=Roc(IZ5)
+0.005

c 12

84



Sum4 (1z) -o.
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PLOTT

PRINT(83)

NO J>K

PRrNT (8)

NO
IZ >Iz
< 4 '6

YES

PRINT(91)

c 1. '



C13

PRIXT(92)

NO NUflb>fNuSbt

S

Coozt-

Coor (Numb)

PRINT (94)

N Coord>Coort

YES

PRINT (97)

(98)

Return
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6. FLOW CHART OF PROGRAM GRIN

Note: Program GRIN is identical to program LENS (Section 5)

except for subroutines:

SHAPET, SKEWT, SHAPEC, SKEWC.

The flow chart for the first two is listed below. Subroutines

SHAPEC, SKEWC are of a different design (fixed cone ap for

the rear surface). They are part of Captain Carr's thesis [15),

and they will be described there.
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SHAPETJ>j NO INIT

YES

Assume

THETAE

Kitter-O

POINTS

FRONT

No

Kitter-O YES
ITER,

NO

:tYESKitter-1 Kitter-1

YES

17
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INDEX

Compute

BEAR

19

Compute

Compute

dyI NJ
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INIT

Compute

y 1 (l)

Compute

x()

Compute

(e +8,

compute

cbmpute

0e 3

FRONT
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INEEX

compute

Compute

y2 l , 2 (1)

compute

REAR
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POINTS

Compute

2(J)

-Compute

Y2 (J)

Compute

r r (J)

Compute

e0, (e 0 +e)

Compute

x 1 (J) ,y 1 (J)

Compute

r f(3)

Compute

C T(J)
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Compute

I (3)

INDEX

Compute

Cozopute

q)i, E

:Re turn

4t
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C 
FAR

Compute

n (J)

Compute
12 (J)

Compute

2I'(J)

Re
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SKEWTD

Compute

xO, yO, :0

N =-sin(ci)x

YES YES

yO. 0O<0.
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C15

INDEX

Compute

Compute

Compute

r fx, 3fy r fz

Compute

(e 0+e e) ~f DE

EIloop-1

401
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RADN2

L

NO
r rf >0. NO 60= (6 0 +e e

YES

eo= (e 0 +6 e 405

r rxs Cos (60)

R--Radius=

rrf*sin(eO)

RADI

NO

NO
cHEcx-40 Return

YESS

40

9e



compute

6 (NEW)

-80 (OLD)
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NXID YE PRN

NPO

Compute

1

100ut



Icompute
DI~eCT

Compute

D 2

Compute

>Tr a ICcKcx5

PRINT

Re turn 
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INEEXD

Comipute

2

1turn
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1: ADND

Compute
rr(rf# p.) ,orl

a~turn
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ITER

I1oop-
£ - i0"5
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RADN2 (rrf
rf

Compute

r f (J)-geom.

-I
De fine

FOr ff-rf (M)

Compute

x

dI~

a (OLD) -F/t i

Diff"
lee (NEw) -

(OLD)

104



PONTS

12
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CDI 
CT

siqnm+l

M YES
Nrf 05

Compute-

4C 

NO
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G turn
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L aOr
comp~ute

K', MI
rr

Return

INO

Comhpute

V', L' ,r M r

CReurn
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> YES/---N
function 

47
>0

NO
Compute

K , Lr, Mr

rn
c Ratu D

47

r <0 
ESYES

NO

sign-1 sign-+1

6-

Compute

K', Lr-' Mr
r

PAturn
c4D

log



60

<0 YuES

K;, ',H

* RatuNO
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7. COMPUTER PROGRAMS USER'S GUIDE

7.1 Input Data

F, a, U, Icase

I, R, T(1)

N1 , N2 , N3

a p, Grid, Ellnum

XC , Div

Shape, Squray, Ellips

7.2 Options

Icase=l Rear surface is a fixed cone

(Capt, Carr's thesis, see ref. [15I)

I =2 Front surface is a fixed conecase

(This report).

7.3 Execution Commands

7.3.1 Opening Commands

LAXXXX (Write account no. instead of XXXX).

Password

GLOBAL TXTLIB FORTMOD2 MOD2EEH

7.3.2 Cozmilation

FORTGI LENS (or GRIN)

7.3.3 Run on Terminal (WORKG ( 1 )

FILEDEF 05 DISK DATA L

FILEDEF 06 DISK OUT D (RECFM F BLOCK 132 PERM

EXEC RUN LENS (or GRIN)

XEDIT OUT D
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7.3.4 Hard Copy

FILE

PRINT OUT D

7.3.5 Get a Plot

LENSCOM PRINTER

7.3.6 Change in Plot Routine

XEDIT LENSPLOT FORTRAN

7.3.7 Transfer Files to Another User

(a) The Transferer
(2)

CP SPOOL PUNCH CONT TO XXXXP

PUNCH LENS FORTRAN

(PUNCH GRIN FORTRAN (3)

(PUNCH DATA L(a))

CP SPOOL PUNCH CLOSE NOCONT

CP SPOOL PUNCH OFF

(b) The Receiver

READCARD "4 *

(c) Notes

(1) WORKG is the name of the file of the

comands in this section.

(2) Account No. of the receiver.

(3) Optional.
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8. COMPUTER PROGRAMS LIST OF SYMBOLS AND SUBROUTINES

8.1 Subroutines

DATTA Initial data

SHAPET Computes shape of lens in Icase=2

SHAPEC Computes shape of lens in Icase =I

INIT Computes behavior of first ray.

POINTS Computes coordinates of rear and front surfaces.

FRONT Computes I1(J), I1'(J),*,E at front surface.

REAR Computes n(J),I 2 (J),I 2'(J) at rear surface.

CALTC Computes thickness at each point for SHAPEC.

NOSE Computes extrapolation of last points in I case=1,

or coordinates shift in Icase=2.

ZOYO Computes Z0 ' (IZ)'Y 0'(IZ) for skew rays calculation.

RADI Computes intersection of the ray with the designed

surface.

SKEWT Skew rays calculation in I case=2.

SKEWC Skew rays calculation in I case=1.

INTENS Calculates transmitted intensity of the rays.

IMAGE Calculates image plane spot diagram.

SUMM Calculates spot diagram energy density.

PLOTT Save output for plot routine.

INDEX Computes index of refraction in the lens (N2 ).

RADN2 Computes radius to rear (or front) surface from

known radius to front (or rear) surface and 8

ITER Iteration routine to find correct e e in SHAPET.

DIRECT Computes direction cosines of the ray at the rear surface.
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8.2 Program Symbols

8.2.1 Data Symbols

F Focal length.

a The fixed surface cone half angle.

U The incident ray offset angle.

I Number of iterations.

R Maximum radius of fixed surface cone.

T(l) Thickness of lens at the edge.

NI,N 2 N3  Indices of refraction.

a pInclination of object plane.

Grid Size of grid increment.

Ellnum Number of ellipses.

Ell z - coordinate increment for ellipse plot.

X C  Location of center symmetry in GRIN.

Div The maximum change in the index of refraction

(N2 )

8.2.2 Geometrical Symbols

X1 (J) ,yl(J) Coordinates on front surface.

x2 (J) 'Y 2 (J) Coordinates on rear surface.

r f(J) Radius to front surface.

rr(J) Radius to rear surface.

XO,YO,ZO Intercept of the ray with the front surface.

XI,YIZI Intercept of the ray with the rear surface-

Y m,Zim Intersection with the image plane-

8.2.3 Direction Cosines Symbols

N x,N y,N z  Direction cosines of the front surface normal.
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NxINyINzI Direction cosines of the rear surface normal.

R x,R y,R z  Direction of cosines of the ray.

Direction cosines of the internal refracted

ray.

rfxlrfYdrfz Direction cosines of the front radius.

NPfxNPfyINPfz Direction cosines of the normal to plane of

the ray at front surface.

rrx,rryrrz Direction cosines of the rear radius.

Direction cosines of the rear surface external

refracted ray.

8.2.4 Angle Symbols

The angle syrbols are defined in figures 3 and 8.
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9. PROGRAM LENS - LISTING
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11. PRELIMINARY RESULTS

Table 1. Comparison of RMS Spot size for a homogeneous lens

with the RMS Spot size for a GRIN lens.

D 0 +0.05 -0.05

0. 0.0057336 0.0069021 0.005286

0.1 0.027424 0.027646 0.027327

0.2 0.06277 0.06288 0.06304

0.3 0.113431 0.11216 0.113245

0.4 0.18265 0.18287 0.18277

Note: DIV is the fractional variation of refractive index.

a is the angle of incoming parallel rays relative to lens

axis; ap has dimensions of radians. The center of symmetry

XC was at -0.07 measured from the apex of the outer surface.

The minus sign indicates that XC is external to lens.

158



RESULTS FROM LENS

(ICASE =1

Input: = 0.0, 0.2, 0.4

159



a * a U 19 UK
2 a e- Q
UK 4 *fi I'

U,
*, - a-o a * a
S 0 a- 4o ~

a- 0 0 3 0

o ND * 0 61o ~ a
U 0 0 -4 eno ~9 U UK

o 0 Co C -4 *~-
VI Z -4
N .4 U 8 IA

a
a ~) 0 0

a * 0
- 0 0

U 0 VI 0
~ .80

0
o a a

C*9 -
m a zi a-3 0 - ao 2

II 0 0
fYI
U, ~4

o Id' U
* 4 0 VI
o a I~.

.0
z a -~rn .0

*1K
. a

a C
C'

U

- . 0 0c.~ j~ z
3 4 0
a - a4 4 a

- fYI
N -

o c~ 2
* a -
o 3

3 5 -
a

- U
II *

o -o a a
* 0 0
-4 0 U

U, U 0
VI U

~: a 0
3 U
a -.
N 4. 3

NJ
K

~ N
o C'
* *0 -
o 0

* VI
o 0

C
0
0
0
0

0
- 2
.c a-
K
o N

o
0
C
0
0
C
0
C

160



o 0 0 0 0 -.
0 Ni0 0 0 N

,€ 04444*4 444. 444444*44q44444404444444444444444444444*444444444e

I, ., 4e 4.8

I - t ' 4 4 '* ... .4
* a 4o.. .. *4'

.. .. . .°
* . . . . . . . . . . . •e.. . .. . . . . . . . . . . . . . . . . . . . .

* . ,2 •• e •*

C a *. "''. ...
I ,* . . .. * .. ,,.

*I . 4eo • • e

Cc . .. **.r
,it, *. *

4 *

* 0
* °

* -
*l

o 4oo -:

0 0 040 0 0

* 4



S I I
- 0 Q 0 0 0

o oo0 0 NJ,

- A .... .
,,. , 9 ." . . .

, * 4 • •.

* ' , .0 ." : ". *. ":4

* ..; . " 4 " 4 .

* .. : • . .
o : . ." 4 * . . 44
a: . .. • : •4 0

1:f o .* 4 : .

-" . • • .• :. . 4

- 4 . • . • . • 4 i

. . : • :4 4 . 4 •

... 4 . . . .:
. . *:: . . : . .*

.. ... .. 4 .: 4 4 *

.... . ... .O

*- .. : .. . . . . ." .

* 4 . 4• 4 4 04

4. . 4 e

4 " . 4 4 .S. • . . . . 0*

*.4 . .. 4 4.

- . . , . . 4 .

1620

i

*



* , . .o . .
00 ,, 0 0 0

S I

o a
I 1t I

I I 0 4 40

U" L" 04 . 4.0
(il L Io . *f

0 0* *

4 0

S 41 * . * • • *4€

3 3 * e 4* •..

* . * e*• 1

mm . * ,

0 * . 4..

O4 . 44 .
* . . .:
, .*

4 9 .163



g * I I I I I I S I I I I I

U 3 3 3 'fi U9
23 ~ ~
~A 4 ~fi U
3 U' 3 3 Z
3 .w - I- 3

U 4 3
* ~ 4

* C m
'd C ~ Z

o N * C ~
-4

Ni 0 3 Z 3w 0 0

5. 1-I C U IA

-4
-4 -4 I 0. IA

a
* ~.I 0 0

3 . 0
- 0 0

N 0 UI 0
~ 30

0
o C 5.

4 . C ~
~, - U
~1' 0
z ~ - 3
4 0 Z
3 0 0 U

C -
Ii C i~I 0

m
* In -4

o ~iI 5.
* 4 0 'A
0* 3 ~i WC 4 Ifl
'C Z 3 -4
NI ~ m .~
- II
o £ 3
0~ 3 C

C,
I -4 3

U' 0 -
- . 0 C
G~ 4 2
£ 4~ 0
3 - 3
4 -4 3

- m
U

o C*I Z
* 3 -
o 3
1.~ 3 -
~ 3

- U
UI II 4

.0 C -
~ 0 C 0

* 0 0

U' ~
- ~1I 0
~., 0 0
3 -
3-
~ i' -

V
~ U

o C,
* -

o c
- . 'A
C~ C C.
4' 0
- C
o 0
I.. C

0

0
- 2
4 W
U

o *
o

0
0
C
0
C
C
0

164



I!I

o 0

o 'V0 :

- ..

* . . .4or
4.*0* *..0 .0..*

- 3 4...* .*** 4 4 165..

- ** *IS ii 4



I I

• * • . . .

* I .4 4.•
J. ui '%1 . * * • .

I i * * •
. . .. . * •* *-

*, 4 * *

: . : .. ' .•

...... • 4 ,

- L I ** 4 *e1 *•**•*•0 l

I ' * * * * * . •

S , •. . . *
* . . .. * .• 4

* . 4* . ". . :. ... . : .*

* * * 4 3

• * *,, , • . . 4 C
Ct:** *

.* • * . 4
* .• * S •

* . . . 4

*) .. . * • 4

S * . ...
* 4 O

- , . -*,

4 . ... .. . ..... .. .. .... ....4



a a a a I
-~ 0 Q 0 0 0* ., . ., . .,0

'a a+ A C A

o° ..

L t J t* 0

NJ -- 4* . *

--. 4 .4.. 1
-• , • • *

z * ...

-* 4*,•

-- . .. 4

-4 -4 4.

4/' 1/, *

L . ......... 4...... ........... ......... . ....... 0



- - - - - .1

,) ,) )

o - I d
* . . * * *o 0 ~Ja 0 0

0 0 0 0 0 0
o 0 0 0 0 0

m m m ni
a a a a a

o 0 0 0 0 0

o a
0*. 4*444*444.*4*4444444444444*4*.444444444.4444*4*44* *44444444440

* *
~/ ~n 4 4
~-I .~*I 4. 4

4. . .4
- s .

III * * 4
. .. 4
- . 4
* . 4.
C * *

) 4 * *
* 3 4
II II * 4

* .. 4
0 * * 4

* . * * 4
- - 4 . . 4
~.J, ~p -.

~- .4 . 4.
~1 '~ ~j* *

3* 40
c. c. ~. . .0 m

EN V'
***

.4 4* .
C.

40 U
- . *0 ~

4m C
41 -

Cc 40 C
4- ~A
4

4 U
4 4 -.
* 4

* 4
* 4
* 4

* . 4
- .

*0

4*0
4 em

I. * *1
C.,. 4 *0
-r . 4-

* 4 *

* . C
* . .
* * *

* 4 4
* 4 4

UI 4 * 4U4
.4 . 4.

4 EN
40
*0
4f ~

44 *4*~.44444444**44*49*444*444444*444444494444444**444444444*9*l
C 0

C - ..~

C 0 UI 0 '.11 0
0 0 0 0 0

0 a 0 0 0 0
m m fi m m m
a a I a a a

C 0 0 0 0 0

16 8



C C C C C C (. C . c.. u ~.j ~ ~

S ~
~ C
4 Y' N ('9
IA P P

p -g - '~ P
0 N S

N 0 ~
N 0 ~fi

.j o 0 Z 0 1

o 0 * 0 ~
* N 4- 0

~ 0 Z
- a 0
a. (-~ 0

0 0
C 0 -4 4-

4- Z 0
4- -q N 0 IA

0
N C' .0 0

.a * c.
- 0 0

N 0 *.fl 0
0 0

- N 0
0

0 0 P
* 0 I

Cl -
~1 0 Z

0 -
4 0 Z

~ 0 0 ~
0 -

II 0 ~ 0

- is 0
* -~ 0 is
4- p 11 W
'C
'C Z ~
~ p m ,C
'C
- N
4- P C

Cl
I 4

c-i C -
- . 0 0
C.~ 4- Z
1 4- 0
P *-

U
o C'
* P -

- I
~ P'I ~l -

- N
N.) II
- 0 -
- 0 0 0

* 0 0
~ 0 1

0

0I '~> -I-. 4~ ~

Ni

N

Cl
* I. -
0 0
'5 . '5
4- 0 0

0
Ni 0

0
0 0

0

0
- I
'C c-i
N

C II

C -

0
0
0
C
C
0
C

169

- - - a



iV A

o' 0 0, - -L

S..0 a 04 4 0

o - 0- a

4; ) .t...*4 4 44 * 44 4 44.44 4 44 4 *4 44 4 44 4 44 49•4 44 4 44 *

* . 4 4. III

- .. ........ •; 4.+
"-I 1 i4 9 .9i .9I4

* . . 9 4

-- - • 9* . . •. 4

* 9+ :99 - . ".".9 *

- . . . .9...9 . 4

• 4-'

. .. . . . • 9

- - 9o 9 9•. 9 9

- + - . . 41 -

9 . . 4

...- 9. .. ., .-

17*0



I I I I I I

0 0

I I . 4e-
IAt IA -. 14 .

rz z
-44

* *

II "

00 0

*, . . 1"•4

o" "'...

* • ... . .4 -

* . . . .. N :

* -Cv
171 4.

q~ mel,• e• , elieeeo • •+ll e elite i • o e, •e 6 s ,o •e eee e e se e +.- +.

I,.,+ 1' •• • e +.

41. • • • + • 4. -*

* . *

4. • 4

4 4

. 4.

04

- 0 •40,

9- C aI ! I

171



V

o1 0* 0 00

0~46 kA -- ~

ft*

n- a9 0 ft
ft..cft

r"rmr

*17*



RESULTS FROM GRIN

(ICASE = 2)

Input: xc= -0.07, DIV =+0.05

a= 0.0, 0.1
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RESULTS FROM GRIN

(ICASE =2)

Input: xC - -0.07, DIV =+0.05

a= 0.1
p
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RESULTS FROM GRIN

.. Checkup for the homogeneous case.
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RESULTS FROM GRIN

2. Input: X C = -0.07, DIV - -0.05, p 0.0
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12. SUMAIRY OF THE REPORT

Lens design and ray tracing to determine optical

aberrations requires efficient computer codes. A clearly

structured computer code with efficient algorithm has been

developed to design a lens incorporating gradient refractive

index, GRIN. One surface of the lens, either the inside or

outside surface, is a circular cone.

The computer code includes lens design and calculation

of optical aberration for a lens using a homogeneous material,

i.e., for n equal to a constant. The homogeneous case is

included for several reasons. The simpler case with n equal

to a constant provides insight to the more complex case of

variable n. Extensive computer codes require a check on the

validity of the output. The homogeneous case provides a check.

When the factor B is equal to zero in equation (2.9], the

results for the two computer program with and without GRIN

should be identical. Needless to say, the results are identical

for the programs reported here.

The case of a lens with GRIN and with a circular cone for

the outside surface has been programmd. The companion case

with the circular cone on the inside is being developed by

Carr 115]. Carr's program can be readily incorporated into

this computer code.

The program has been exercised for the case of 5%

variation in refractive index for both negative and pobtive
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values for B. The aim of the preliminary calculations

was to verify operation of the computer program. More extensive

calculations are required in order to understand the influence

of various variables. As more experience is gained, the

program should be combined with an optimization code to

permit thorough and efficient lens design.

The selection of a 5% variation in refractive index

was based on current state-of-the-art in the production of

GRIN materials. A wider variation in refractive index may

be needed.

The program is restricted currently to values of Xc

satisfying the constraint Xc 1 0. Additional work is needed to

permit designs using positive values of Xc. When Xc is

positive, the angle 8 at some point along the ray interior to

the lens has a critical value at which dr/de changes sign.

The critical value causes computational difficulties.

284



13. REFERENCES

1. J. M. Terrell, "Conical Lens for 5"/54 Gun Launched
Missile," Master's Thesis, NPS, Monterey, California,
June 1981.

2. D. T. Moore, "Gradient - Index Optics: A Review," Applied
Optics, 19 (7), p. 1035, April 1980.

3. K. Iga, "Theory for Gradient - Index Imaging," ibid., p. 1039.

4. E. W. Marchand, "Photographic Gradient Singlets," ibid., p. 1044.

5. K. Nishizawa, "Chromatic Aberration of Selfoc Lens as an
Imaging System," ibid., p. 1052.

6. S. J. S. Brown, " Geometrical Optics of Tapered Gradient -
Index Rods," ibid., p. 1056.

7. K. Kikuchi, et. al., "Design of Gradient - Index Spherical
Lenses for Optical Pickup Systems," ibid., p. 1076.

8. D. T. Moore, et. al., "Radial Gradient - Index Lenses
With Zero Petzval Aberration," ibid., p. 1081.

9. D. T. Moore, et. al., "Chromatic Variation of Index of
Refraction Gradients - Part I," ibid., 1096.

10. K. Iga, et. al., "Evaluation of Gradient - Index Rod
Lenses by Imaging," ibid., p. 1101.

11. K. Iga, et. al., "Aberration Improvement of Selfoc Lenses,"
ibid., p. 1113.

12. W. J. Tomlinson, "Aberrations of GRIN - Rod Lenses in
Multinmde Optical Fiber Devices," ibid., p. 1117.

13. E. W. Marchand, Gradient Index Optics, Academic Press,
New York, 1978.

14. R. L. Fraizier, "Exterior Ballistics, Guidance Laws and
Optics for a Ramjet Propelled Gun-Launched Missile," Master's
Thesis, NPS, Monterey, California, Decenber 1980.

15. H. M. Carr, Master's Thesis, NPS, Monterey, California,
to be published in September 1982.

16. R. Kingslake, Lens Design Fundamentals, Academic Press,
New York, 1978.

285



INITIAL DISTRIBUTION LIST

No. Copies

1. Defense Technical Information Center 2
Cameron Station
Alexandria, Virginia 22314

2. Library, Code 0142 2
Naval Postgraduate School
Monterey, California 93940

3. Department Chairman, Code 67 1
Department of Aeronautics
Naval Postgraduate School
Monterey, California 93940

4. Distinguished Professor A. E. Fuhs 4
Code 67Pu
Department of Aeronautics
Naval Postgraduate School
Monterey, California 93940

5. LTC None Larriva, USMC 2
Defense Advanced Research Projects Agency
1400 Wilson Blvd.
Arlington, Virginia 22209

6. Coumander, Naval Sea Systems Command 1
Naval Sea Systems Command Headquarters
Attn: Code 62YC
Washington, D.C. 20362

7. Mr. Conrad Brandts I
Naval 3urfaoe Weapons. Center
Dahlgren, Virginia 22448

S. Dr. Fred Billig 1
Applied Physics Lab
Johns Hopkins Road
Laurel, Maryland 20810

9. Comander, U.S. Army Armament Research and 1
Development Command (AMPAD COM)
Attn: Mr. Lou Marino
Dover, N.J. 07801

10. Deputy Chief of Staff for Research, 1
Development and Studies
Headquarters USMC
Washington, D.C. 20370

286



11. Commander 1
Development Command
USMC Base
Quantico, Virginia 22134

12. Commander 1
Artillery Development Command
Fort Sill, Oklahoma 73503

13. Captain Herbert Carr, USA 1
c/o Code 33
Naval Postgraduate School
Monterey, California 93940

14. Dr. Lloyd Smith 1
Code 3205
Naval Weapons Center
China Lake, California 93555

15. Dr. Harold L. Bennett 1
Code 3272
Naval Weapons Center
China Lake, California 93555

16. Dr. T. G. Bergman 1
Code 3941
Naval Weapons Center
China Lake, California 93555

17. Dr. Oded Amichai 4
Visiting Research Associate
Department of Aeronautics
Naval Postgraduate School
Monterey, California 93940

18. Research Administration 1
Code 012A
Naval Postgraduate School
Monterey, California 93940

2

* 287


