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Abstract

y _
+! The growth rate of the hydromagnetic Rayleigh-Taylor

instability is approximated here for an accelerating plasma
slab. The slab is chosen as a large-radius approximation
to an imploding cylindrical foil. A normal mode solution
of the MHD equations is assumed, resulting in an integral
relation for the instability growth rate. The Rayleigh-
Ritz variational method is applied to the relation to
. estimate the growth rate. A linearly decreasing magnetic
éield is assumed in the slab perpendicular to the accel-
eration. A corresponding equilibrium mass density profile
is then found. Growth rate estimates are then made for
these profiles. Calculations are made for perturbation
wavevectors perpendicular to the acceleration and at an
.;angle f'z?(f?? magnetic field. The growth rates for
9 = 90iféémbére favorably with LeLevier et al's results
for a continuopifdensity transition (14). Growth rates
‘Eéf 6 = 0§ :ﬁéeséable for all perturbation wavelengths
and magnetic field strengths. This contradicts prior

results in both slab and cylindrical geometry and suggests

an error in this work.f$\

\
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I. Introduction

In this thesis the growth rates of the hydromagnetic
Rayleigh-Taylor instability for an accelerating plasma slab
are approximated using the Rayleigh-Ritz method. An accel-
erating slab is chosen as an approximation to an imploding
cylindrical shell. Discussion of a current experimental .

effort points out the usefulness of this work.

NITIATION

THIN FOIL PLASNA

CATHODE

CATHODE

THERMALIZATION
X-RAYS

ANOOE CATHODE

i

Figure 1. Schematic of the Stages of a SHIVA Implosion (20)

The SHIVA Project (4, 10, 11, 17)

The Air Force Weapons Laboratory is currently generat-
ing short, intense x-ray pulses with the SﬁIVA machine.
SHIVA consists of a megajoule capacitor bank connected to
a pair of electrodes. A thin (about one micron thick)

cylindrical foil is placed between the electrodes. This




configuration is schematically illustrated in Figure 1.
When the capacitor bank ié switched across the electrodes
the foil ionizes and expands into a plasma sheath. The
mega-amp currents passing through the foil generate a mega-
gauss azimuthal magnetic field outside of the foil. This
external field is equivalent to that generated by a wire

placed on axis:
(1.1)

There is now a J x B force directed radially inward which
causes the sheath to implode towards the axis. With the
large current and magnetic field, the sheath obtains an
average velocity on the order of 107 cm/sec as it collapses
on axis. The sheéth kinetic energy is then thermalized,
producing a hot, dense plasma. This plasma radiates
bstrongly in the x-ray region (see Figure 1). X-ray powers
on the order of 1012 watts have already been observed.
Experience shows, however, that SHIVA performance in
certain configurations is degraded by the presence of
magnetohydrodynamic (MHD) instabilities. To see this,
transform to the rest frame of the plasma sheath's center
of mass. The plasma is then being accelerated against a

magnetic pressure

Py = (1.2)

L

This is an unstable situation known as the hydromagnetic




Rayleigh-Taylor instability (13). This instability causes
characteristic Rayleigh-Taylor ripples to grow along the
outer plasma boundary. These ripples grow, and numerical
simulations show that they can destroy the sheath if the
wavelength of the ripples approaches the sheath thickness
(17:274) . This breakup in turn hinders the plasma thermal-
ization by increasing the sheath thickness and therefore
reduces the x-ray output. A good understanding of the
Rayleigh-Taylor growth rates for the SHIVA implosion is

therefore important.

Scope

This work is intended to approximate the Rayleigh-
Taylor growth rates for the early part of the implosion,
when the linear Rayleigh-Taylor instability dominates.
Later in the implosion, the instability evolves into a non-
linear stage which is more amenable to computer simulation
(9). Growth rates for azimuthal perturbations are espe-
cially interesting since the current computer simulations
operate in an r-z geometry only. The perturbations con-
sidered will have both z and 6 variation. The effect of
the azimuthal magnetic field as it diffuses into the plasma
sheath will also be considered. This field acfs to help
stabilize the instability. This problem will be attacked
here in a planar approximation with approximate forms for
the magnetic field and plasma density profiles. These

approximations should be good in the region of interest




q’«

near the outer edge of the sheath (where the instability

occurs). Finally, these growth rates will be approximated
using a variational technique (the Rayleirh-Ritz method)
because an exact solution could not be found. An exact
solution for the limiting case of z~-axis perturbations has
recently been reported by Tsai, Liskow, and Wilcox fl9)

for essentially the same planar problem. They also were
forced to use numerical methods to handle azimuthal pertur-

bations in the sheath, however.

Kssumptions

All work here was done in planar geometry with a thin
plasma sheath. Although the actual geometry is cylindrical,
the agreement between the two geometries should be good
during the early stages of the implosion. Cylindrical
convergence effects are not yet significant (10), making
a planar approximation acceptable.

Several assumptions are made about the sheath plasma
itself. The sheath is assumed to be incompressible, to be
describable by the ideal MHD equations, and to have zero
electrical resistivity, all essentially for convenience.

It should be mentioned, however, that a magnetic field
cannot diffuse into an infinitely conducting plasma. Mag-
netic fields will therefore be frozen into the plasma sheath
under the assumption that the fields would physically have
diffused into the plasma and then have been frozen into

place.

2




The next assumption is that the plasma viscosity is

zero. Turchi and Baker state that for a typical SHIVA con-
figuration the viscous Reynolds number exceeds 106. The
size of this quantity implies that viscosity can be ignored

inside the sheath (20:4943).

Organization

The body of this work is organized as follows: 1In
Chapter II the MHD equations are presented. These equations
are linearized and a normal mode solution is assumed,
}esulting in an integral relation for the growth rates of
the Rayleigh-Taylor instability. This relation cannot be
solved exactly, so the Rayleigh-Ritz variational principle
is presented as an approximate method of solution. Approx-
imate fofms for the magnetic field and plasma density pro-
files in the plasma sheath are developed in Chapter III for
insertionvinto the integral relation. The Rayleigh-Ritz
method is then applied to the integral relation to approx-
imate the growth rates. To do this, a computer program
was written. 1Its results are reported in Chapter IV.

This work is done in CGS-EMU units.




II. Background Theory

Application of the MHD Equations (2:48-56, 3:428-66)

The magnetohydrodynamic (MHD) model is one of the
simplest models of a plasma available. It considers the
plasma to be a single conducting fluid. 1In an ideal MHD
model, the fluid is assumed to be infinitely conducting.
This in turn implies local charge neutrality in the plasma.
It is also assumed here that the fluid is incompressible
‘and has no material viscosity.

N We wish here to model a plasma foil with a center of
mass acceleration 3. It is therefore convenient to work

in an accelerating reference frame moving with the plasma
center of mass. A uniformly accelerating frame, the MHD
equations, are identical to those in an inertial coordinate
system except for the addition of a + pa force term to the
equation of motion (19:1677). If the center of mass veloc-
ity is much less than the speed of light, which is certainly
the case for an accelerating plasma, the current density

J and magnetic field B have essentially the same magnitude
in both the laboratory and plasma frames. The necessary MHD

equations are then as follows:

1. The equation of motion

av
P 3t

2. The incompressibility equation

=‘meat+%3xg+p§ (2.1)

. veVU=0 (2.2)




(a)

(v)

Figure 2. (a) The cylindrical implosion
geometry in the lab frame. (b) The
planar- geometry under consideration in

the rest frame of the plasma center of
mass,

h.




3. The mass continuity equation

4
+
<t

Vo =0 (2.3)

(- %
ot

and 4. Ampere's Law (with the displacement current

ignored)

vx B = i% 3 (2.4)

By inserting (2.4) into (2.1), using a vector identity for
(v x B) x B and assuming that B 1 vB, the Lorentz force can

be replaced by

2
%3x§=-v§—“+i—“§-v§
= —meag+'i'—“ﬁ b VE (2-5)

The Lorentz force therefore consists here of a pres-
sure gradient component perpendicular to the magnetic field
" lines and a restoring force component opposing bending of
the magnetic field lines. 1If the pressure Ppat in (2.1)
is replaced by a total pressure P = Ppat + Pmag, (2.1)

becomes -

av _ _ > 1 =
pgt = - VP + 09 + o B . vB (2.6)

These equations are here applied to the geometry shown
in Figure 2 with o = p(z), P = P(z), and § = -gz. The
acceleration is, of course, not constant in a cylindrical
implosion. The assumption here of a constant acceleration
is equivalent to examining the sheath at one particular

instant during the implosion. Acceleration in the +z




direction in Figure 2b corresponds to an acceleration in
cylindrical coordinates in the -r direction (see Figure
2a). Figure 2b therefore corresponds to an implosino in
the positive z direction.

The equations (2.2), (2.3), and (2.6) are first
linearized, with variables ¢ written as the sum of an
equilibrium value ¢p and a small perturbed value ¢; which
contains all the time dependence. The density pressure
and velocity are therefore written as p = pg + p3, P = Py
"¢ P;, and V= Vo + 61. respectively. From this point on
the equilibrium values will be written without subscripts.
When these forms for the variables are inserted into the
equations, quadratic terms in perturbed quantities are
ignored and time derivatives of equilibrium values equal
zero. The equilibrium velocity 60 = 0 in the frame of the
sheath.

A normal mode assumption is now made. All perturbed
quantities ¢; are assumed to have the form

¢1 = (some function of z). exp (ikyx + ikyy + Yt)

(2.7)
dependence, with k2 = kxz + kyz. Any arbitrary perturba-
tion can then be represented as a Fourier series of expo-
nential terms. Only the fastest growing Fourier component
is important, however. The simple dependence of (2.7) is
therefore adequate here. Inserting the dependence in (2.7)

into the linearized equations implies the substitutions




= > ik, E% > iky, and g% > v (2.8)

The only remaining derivatives are with respect to z.

The details of the linearization and normal mode solu-
tion are carried out by Chandrasekhar (3:428-430, 457-466)
for both the hydrodynamic and hydromagnetic cases (the non-
conducting and conducting cases, respectively). 1In the

hydrodynamic case the result is the differential equation

2

D(eDw) - pk2w + 559 (Do) w = 0 (2.9)
- Y
where D = 2 and w = V. This equation is in Sturm-

Liouville form. Sturm~Liouville theory states (3:432) that
if Dp is positive everywhere, then all eigenvalues 72 are
positive. If Dp is everywhere negative, all eigenvalues
are negative. Finally, if Dp is anywhere positive then
there exists at least one positive eigenvalue. The time
dependence (2.7) means that an initial perturbation will
grow exponentially if y2 > 0, resulting in an unstable
state. 1If 12 < 0, the amplitude of a perturbaéion oscil-
lates periodically, yielding a stable state. Combining
thesé facts, we see that the configuration is unstable if
Dp is positive anywhere, and it is stable if Dp.is negative
everywhere.

Adding the physical requirement that w must be con-
tinuous everywhere to (2.9), we see that if p and Dp are

continuous then D(pDw) must also he continuous. This in

10




turn implies that Dw must also be continuous. Thus the

continuity of p and Dp implies the continuity of w and Dw.
If ¢ or Dp is discontinuous (say at z = 0), then a

boundary condition can be derived by integrating (2.9) over

an infinitesimal interval including z = 0. The result is

2
bo (eDw) = - X9 (ag0) w (0) (2.10)
where 4Ag v = y(0%) ~ y(07).

For the hydromagnetic case with a magnetic field in the

S X-Y plane equation (2.9) becomes (Ref 2:55)

p{[ov? + z= (K - B)2] Dw
=k2[py2 + = (K - B)2 - g DpJw (2.11)

This equation is more useful when transfocrmed into a varia-

~tional form. This is done by multiplying (2.11) by w and

integrating both sides over some interval of interest

(a,b), giving
b
£w D{[pyz + -4—1]"- (ﬁ . §)2] Dw} dz

b
= k2 /° w2[py? + g7 (K - B)2 - gDp]dz
a (2.12)

The left-hand side of (2.12) is then integrated by parts,

assuming the boundary condition

ww [py2 + & (& - B2 ab =0 (2.13)

11
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This condition is met in all cases considered here and

(2.12) then becomes, after rearranging,

. 2
2 afb { (Dp)w2 - “‘Tf’— [(ow) 2 + k2w?]}az
éiz = fb (2.14)
a’ p{(DW)? + k2w2)az

This is the variational form which will be used here.

Examination of (2.14) shows that it gives a real value for

yz if k is real (which it is here). Also, since the

integral of the second numerator term in (2.14) is positive

definite, we see that the growth rate decreases when a mag-
netic field is introduced with a component parallel to the
perturbation wavevector k. Thi§ stabilization is due to

the supporting magnetic pressure Ppag which helps to counter
the plasma acceleration g. If k 1 B, the stabilizing term

vanishes.

Rayleigh-Taylor Instability

The Rayleigh-Taylor instability is a macroscopic
effect often encountered in hydrodynamics and hydromagnetics.
It occurs when a more dense fluid is supported by a less
dense fluid against a "downward" force. A classic»example
is a layer of water supported by a layer of oil against
gravity. A small periodic perturbation aléng the fluid
interface initially grows exponentially in amplitude. This
growth can be explained with a simple energy argument.
Figure 3 shows the perturbation. This perturbation involves
the transfer of fluid from positive z to negative z regions.

12




This is an energetically favorable transfer. The per-
turbation will therefore grow. It has been shown experi-
mentally (2:51) that this exponential growth changes into
a linear growth with respect to time when the amplitude of
the perturbation reaches about 2.5/k. 1In this stage spikes
of fhe heavier fluid fall and bubbles of the lighter fluid
rise across the interface. Paradoxically the initial ex-
ponential growth is called the linear Rayleigh-Taylor in-
stability while the linear growth stage is called the non-
"Jinear Rayleigh-Taylor instability (because the linear MHD
equations no longer apply).

To show the linear instability analytically, consider
the Sturm-Liouville equation (2.9). This equation has
simple analytical solutions for two different density dis-
tributions. Rayleigh (15) showed that for an exponential

density
=pgef? (2.15)

trapped between rigid walls at z = 0 and L, the velocity

perturbation is of the form

w=A (eM2 - M22) (2.16)
where m; and m, are the roots of
m2 + mg - k2 (1-gg/y2) = 0 (2.17)

with k, g, and y having their previous meanings. The

13




Figure 3. An illustration of the
Rayleigh-Taylor instability mechanism.
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instability growth rate is then the solution of the rela-

tion

1 2.2, 2
98 - 4+ 7 B LT (2.18)
Y v

Since the right-hand side of (2.18) is positive, 72 takes
on the sign of 8. The fluid is therefore stable for nega-
tive g8 and unstable for positive 8.

Taylor (18) considered the stability of a discon-

tinuous density of the form

-

p=91,2<0 (2.19)
0212>0

for constant P1 and Py Equation (2.9) then has a solution

w(z) = AekZ , z < 0

ae k% | 2 5 0

(2.20)

P] < pz is thus an unstable configuration, while P > P2
is stable.

This section has dealt so far only with the hydro-
dynamic case. There is a completely analogous effect in
the hydromagnetic case in which the pressure P in (2.1)
is replaced by a sum of plasma and magnetic. pressures

Pmat + Pmag- The nature of the instability is basically

unchanged, however.

15




A Continuous Density Transition (14)

The linear growth rate estimates currently used in the
SHIVA project are due to LelLevier, Lasher, and Bjorklund
(14) . They extended Taylor's treatment of a discontinuously
stratified medium by assuming a continuous density transi-

tion of the form

~-kz

p=p1 - 5 Spe r 2 >0

N

(2.22)
spekZ , z < 0

D =

p2 +

with 8p = p; - p2 > 0. Even for this relatively simple
density distribution the differential equation (2.9) has
no obvious analytical solution. LeLevier et al instead

begin with the plasma equation of motion

pw + DP + pg = 0 (2.23)
and the assumption

p1 = -SwDpdt (2.24)

for the perturbed density. (2.23) and (2.24) are equiva-
lent to the hydrodynamic equations (2.1) - (2.6) for
B = o.
A velocity perturbation of the form
w = Af(t) cos kx exp (-kz), z > 0

(2.25)
Af(t) cos kx exp (+kz), 2 < O

is assumed, presumably because (2.25) is the simplest solu-

tion of the incompressibility condition

16




v-V¥=0 (2.26)

in rectangular coordinates. (2.23) is then integrated
over the intervals (-~,0) and (0, =) using the velocity
(2.25). This gives two expressions for the pressure at
z = 0 which then are equated. Quadratic terms in f and £

are small and are dropped. The resulting equation is

differentiated with respect to time to give

(py + 02)f - g KX 6o = 0 (2.27)

The solution of this is

£(t) = exp (yt) (2.28)
with
2 - gkK $p
Y = 1K) (p1+pg) (2.29)

An interesting characteristic of this growth rate estimate
is that y remains finite for short wavelengths (k + =).

It also agrees well with numerical simulations of SHIVA
implosions (17).

The assumed velocity (2.25) is not, however, consis-
tent with the boundary condition (2.10) or the differential
equation (2.9) . There is no better choice, however, that
satisfies the incompressibility condition (2.26). This
problem has no obvious solution.

It should be mentioned that LeLevier et al have two
sign errors in their report. First, the gravitational

term in (2.23) has the wrong sign in their report. Second,

17




the provided velocity potential ¢ which leads to (2.25) by
the relation w = -D¢ requires a negative sign for the

negative branch.

Linear Rayleigh-Ritz Method (6:193-206, 12:161-4)

The Rayleigh-Ritz method is a simple variational
method used to approximate the eigenvalues of an ordinary
differential equation. Only its application to the Sturm-

Liouville equation
D(p Dw) - rw + Asw = 0 (2.30)

where p, r, s, and w are all functions of z and all eigen-
values are positive, will be discussed here.

As shown in Gelfand and Fomin (6:198), (2.30) can be
expressed in the variational form

P (p(ow)2 + rw?)dz

a= 2 = (2.31)
al sw2 az

If both numerator and denominator are positive definite
quantities, Rayleigh-Ritz theory states that the function
w satisfying appropriate boundary conditions and minimizing
A in (2.31) is an eigenfunction of equation (2.30). This
eigenfunction corresponds to the smallest eigeﬁvalue of
(2.30). This eigenvalue is then given by (2.31) with the
eigenfunction substituted for w. Normally, however, this

method is used only when the eigenfunctions cannot be

found explicitly.




D — - Mw—-————_——————j

A trial function with adjustable parameters is used to

approximate the eigenfunctions. 1In a linear Rayleigh-Ritz

approximation, the trial function is of the form
q
i ' w=Ziajdi (2) (2.32)

where the ¢ 's are orthonormal functions satisfying the
necessary boundary conditions. This trial function is now
inserted into equation (2.31), giving an estimate of the
eigenvalue. According to Rayleigh-~Ritz theory (6), this
estimate is greater than the true eigenvalue and converges
monotonically to the eigenvalue as g increases.

The problem is now restated as that of minimizing

b
I lays wees og) = J (p (Dw) 2+rw?)dz (2.33)

subject to the constraint

K (ay, --vs og) = afb swldz = 1 (2.34)

This problem is identical to the original problem and in no
way limits the class of allowable solutions (6). The new
problem is solved using Lagrangian multipliers. Minimiz-
ing J subject to K = 1 therefore requires that

3_ (3 -0K) =0, i=l, ..., g (2.35)

daj

where ¢ is an undetermined Lagrangian multiplier. (2.35)
is a system of g simultaneous linear equations. If Jjj4

and Kjj are defined such that

19




Q 49
I =3I &1 *i%5 Jiy (2.36)
and
qQ 4
K= ;L) 3I; %395 Kiy (2.37)

then the system will have a nontrivial solution if and only

if

det (D) =0 (2.38)
where
. Djj = Jij = o Kjj (2.39)

o is then the best estimate for the smallest eigenvalue
A7 of (2.30) possible with the trial function (2.32) of
order gq. As the number of terms q in the trial function
increases, the estimates decrease monotonically towards
- A1 as q goes to infinity.

The Rayleigh-Ritz method thus provides an upper bound
on the first eigenvalue A; of the Sturm-Liouville problem.
The number of terms in the trial function can be increased

until the accuracy of the approximation is sufficient.




IIX. Applications

Application of Rayleigh-Ritz Theory to the Hydromagnetic
Problem

The Rayleigh-Ritz theory of Chapter II will here be
applied to the variational equation (2.14) to estimate
the growth rate y for an accelerating plasma sheath. The
sheath density will be assumed to peak in the center of
the sheath with Dp > 0 over 0 < z < 25 and Dp < 0 for
Z > 2zo (see Figure 4).
. The maximum growth rate might be expected with a trial
velocity function w which is identically equal to zero for
z > 2,. This assumption implies that there is no net plas-

ma flow from the stable (Dp < 0) into the unstable (Dp > 0)

region. As shown in Chapter II, Dw must be continuous
everywhere if p is well behaved. Both w(zgy) and Dw(zp)

must therefore equal zero.

N

0 Zq L Z

Figure 4., Example of the class of density
profiles treated here.
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An orthonormal set of functions is needed for the
Rayleigh-Ritz procedure. The functions must be defined
over the interval (0, z,) and meet the boundary conditions

w({zy) = Dw (25) = 0. Functions satisfying these conditions

are
Cm (Ei - %) and Sp (Ei - %)
where
_ cosh (Apu) cos (Apmu)
Cmlw) = Seh (Aﬁ/z) T cos (xm/2) (3.1)
and
~ Splu) = sinh (ugu) _ sin (upu) (3.2)

sinh (um/<) sin (up/4)

Cm and Sp are discussed in Appendix B. They satisfy the

boundary conditions

Cmn (+3) =Ci (£3) =55 (3 =8y (+3) =0 (3.3
\ satisfactory trial velocity function is

w(z) = mzl(amcm (%3 - %) + BmSm (;; - %)) (3.4)

(3.4) also satisfies w(0) = Dw(0) = 0. These boundary
conditions are equivalent to placing a rigid wall at
z = 0. For lack of a better trial function, (3.4) will

be used. Squaring (3.4), -

T q 2

I; lenCn (52 - 3+ B (2 - )

2 =
w mél n=

z 1 2 1
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Differentiating (3.4) and then squaring gives

q q
2.1 . (2 -1 -2 -1
(Dw) € = Zo2 nfl nf1 (°mCm (zo )+ Bmsm(zo 2))

. 1 ) 1
- (anCi (;% -3+ BnSn(Ei - 3)) (3.6)

According to the linear Rayleigh-Ritz theory of Chapter II,

the required equations are

3
3 6m (J - AK)

0 m=1l, ..., q (3.7)

and

2
3Bm

(J - AK) 0 m=1l, ..., g (3.8)

where K and J are the numerator and denominator, respec-
tively, of (2.14). 1 is the Lagrangian multiplier.

Inserting (3.5) and (3.6) into (2.14), we obtain

2o
J =1/ p((DW)?2 + k242)dz
o
20
q q
- f 1 - __z. - l hot _E - l
o D{‘z—oz' m-;-l nél(amCm(zo 2) + Bmsm(zo 2))

. 2.1 2.1
(Gncn (zO 2) + ann(zo 2))
q q
2 _z_1 z_1

z 1 2 1
(uncn(‘z_o - 7) + ann(;o- - i‘))} dz (3.9)

Making the substitution




using the notation

(61]1£]62) = 7 ¢3(u) £(u) ¢, (u) du

and differentiating with respect to ap,

.2 ? {(ap(ChlelCn) + Bn (Chlelsh))
dam 2o n=1 nitmiPi*n n *m[P{®Sn
+ k2252 (ap(CplelCn) + Bn(CmlelSp))? (3.10)

Noting the symmetry between C and S in (3.9), we can simply

jinterchange a with B and C with S in (3.10) to obtain

33 _ _2 3 ) i )
S:En- = -z-—o- ng__:l {(Gn(CnIDISm) + Bn(smlplsn))
+ k2202 (Gn(Cd;ﬂSm) + gn(sﬂt)ﬁn))} (3.11)

The function K will be subdivided into K = K1 =~ K,p,
with

20
K1 =/ (Dp)w2 dz (3.12)
(o]

and

2 z
Ky = COs<g I3 o BZ {(Dw)z + k2w2} dz (3.13)
4rng o

Performing exactly the same operations on K; and K3 as

were performed on J gives

28 (o] nzl n n m n Sm n °
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2 g 9 .
3K2 _ 2 cos?é 8 nél{(an(crﬁlelcﬁ) + Bp(Cm|B2|sp))

dam 4ngzp
+ k2202 (ap(Cp|B2|Cp) + 8n(Cm|B2|Sp))} (3.16)
and
3Ko _ 2 cos2 g 94 cin2la- a2 la-
382 = “drgzs. ni1 {(en(CAlB2[SH) + 8n(sh|B?|sA))
+ k2202 (ap(Cn|B2|Sy) + Bp(Sm|B2|Sp))} (3.17)

To simplify the final result, the relations (3.7) and (3.8)

can be redefined as ;

q
d
Top, (3 - AK) = 1, (apn op + bpp Bp) = 0 (3.18)
and
! 3 q

Once p and B have been inserted in (3.10), (3.11), and
(3.14) - (3.17) the elements apgn, bmns, Smns and dmp can be
determined. With these new variables the equation to be

satisfied is now in the block determinant form

A B

|
i

]
o

(3.20)

with A, B, C, and D being q by q matrices.

Once the matrix elements of (3.20) have been de-

termined for a particular problem the values of izg5 (a




dimensionless quantity) which solve (3.20) can be found

as a function of k. Applying the Rayleigh-Ritz theory
from Chapter II, we see that the growth rate estimate for
(2.4) is

1
Aopt

Y2

or

2 = k2242 g
Y ‘optzo Zo (3.22)

where the optimal root \opt is the smallest positive root
of (3.20) or the largest negative one if there is no
positive root. Aopt therefore corresponds to the most

unstable mode of the instability.

Approximate Forms for B and p

In a SHIVA implosion, the magnetic field is initially
. located totally outside the plasma sheath. The field then

diffuses into the sheath according to the diffusion equa-

tion
3t~ 47 29z2 *

in a planar approximation, where n is the electrical re-
sistivity. Hussey and Roderick (10) have sho&n that the
external field By increases linearly with time through
much of the implosion time. This leads to a magnetic

field profile

B(z,t) = 4 By(t) i2 erfc (é) (3.24)
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where

q= (=) (3.25)

and

i2 erfc (é) (3.26)

is the second repeated integral of the complementary error
function.

The greatest contribution to the instability growth
rate comes from the outer edge of the plasma sheath where
the plasma density rises quickly. For small z (3.26) is

well approximated by (10)

b

B

Bo (1 - 1 % (3.27)
72 9

where

q = 4.51 Agp (3.28)

for a sheath thickness A¢hp. Sheath thickness is here
defined as sheath mass per unit area divided by maximum

sheath density.

The linear magnetic field (3.27) equals zero when

N
"
)
N

= 2 Xth (3.29)

This small z approximation will be extended throughout the

. whole plasma sheath under the assumption that the small-z

region determines the instability of the sheath. The mag-

netic profile used here is therefore

' B(z) = Bo (1 - 3) (3.30)
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where L = 2)5,. This profile is illustrated in Figure 5.

Hussey, Roderick, and Kloc (11:1454-5) have used the

equilibrium equation of motion
pg = = 3% (Ppat + Pmag) (3.31)

to derive an equilibrium density distribution which cor-
responds to the linear magnetic field profile (3.30). This -

density distribution is (see Figure 6)

p=2p (1L +8 - % - (148) exp (- E%”' 0 < z <L

_ 1 Lz (3.32)
2p (B - (1+8) exp (- 7)) exp (—F), 2z >L
B8 BL
where p is an average sheath density and
P
= ghat (3.33)
mag

- is defined in terms of the maximum magnetic pressure and
the average plasma pressure. Differentiating p with respect

to z shows that the peak density occurs at

z = 2o = 8L tn (2R ) (3.34)
and is
Pmax = 25 (1-8 Ln(t8)) (3.35)

For small values of B, very little plasma is located in the

region z > L. The plasma is therefore concentrqted in a

region twice the defined sheath thickness. h




0 L z

Figure 5. A linearly decreasing
magnetic field profile.

€ max

~

A
Zq L

O

Figure 6. An equilibrium mass density
corresponding to a linear magnetic field,
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Growth Rates for a Plasma Sheath

Growth rates for the Rayleigh-Taylor instability in
an accelerating plasma sheath are addressed in this
section. This development is the major result of this
work.

The density distribution
- z z :
= 2 1+ - - + - = .
P p {(1+8) L (1+8) exp_( BL)} (3.35a)

for 0 < 2 < L will be used here, along with the magnetic

field

B(z) = Bo (1 - %) (3.36a)
(3.35a) and (3.35b) need only be inserted into the equations
(3.10) - (3.17). The determinant equation (3.20) will then

be solved, giving the desired growth rate estimate.

If the density (3.35a) is inserted into (3.10) we get

27 _ 4o

q
s = s (L4 - 3D I Uen(CRlCh) + e (CAlSA))

1

+ k2252 (ap(Cm|Cp) + 8n(Cm[Sn))}

q
- %% nf1 {len(Chlulcy) + gp(chlulsi))

+ k2262 (ap(Cp|ulCn) + Bp(Cm|ulsn))}

o1+
- éﬂ%;—él exp (- 5%%)
q
" 43y {lan(Cr|exp(- %%?)|c5) + Bn (Cri|exp (- %03)|Sﬁ))

+ kzzoz(an(cmlexP(‘ %%?)lcn) + 8n(Cplexp( - %%?)|Sn))}
(3.36)
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Orthonormality yields
(Cm|Cn) = Smn and (Cplsy) = 0
while parity considerations mean that
(Calsh) = (Cilu|CA) = (Cm|ulCn) = 0

Inserting thase values into (3.36) gives

3 _ 4p z q sl
Sam = ;g (18~ 3R nilan((cmlc") + k2252 §pp)
~ - g
-3 I 6n((Cilu|SH) + k2202 (Cn|uSn))
n=

_ 4p(1+8) - 20
exp ( ZBL)

9 - . Zou ZnUu
. ngl{mn((cm!exp(- —gf) lcq) + k2zy2(Cplexp (- -g—f‘)cn))

"+ Bn((Crlexp (- %87 |s4) + k22,2 (Cm|exp (- 5%%) Sn))}

(3.36a)

Noting the symmetry between C and S in (3.9), we can simply

interchange o« with g and C with 8 in (3.36a) to obtain

. _ . |
- 29) | en((SalS3) + k2202 bpn)
n=1

q .
-4 Zl an((Cilulsm) + k2252 (CplulCp))

L n=

_ 40(1+8) _Zo
Zo exp ( 28L)
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q
"E1 (Bn((Silexp (- 287 [s7) + k2202 (Splexp (- 292) |sp))

+ ap ((Chlexp (- 2 )lsm) + k2252 (Cp | exp (- 2 )lsn))} (3.37)
Inserting
_ A= 1 1+8
Dp = 25 (- F + =5 exp(- 7)) (3.38)

into (3.14) and (3.15) yields

3K) _ 4pzo ,_ 1+8 _
szﬁ = 2222 (~ap + ZE exp | 28L)
E U.
. n_l(an(cm(exp(- )ICn) + B8n(Cplexp(- 8L)!Sn))}
(3.39)
and
- 1+ z
3K1 _ 4p20 {-Bm + =/ exp(- 52%)
3Bm —%T_ 8 2L
K Z~AU
« 21 (Bn(Splexp(- —%E)Isn)
+ un(Cn|eXP(- )lSm))} (3.40)

Inserting the B field (3.30) into (3.16) and (3.17) yields

2 2 2 q
gim - 2802%8235 : o2y lon ((CaluZ[Ch) + k2262 (Cy|u?|cp)

L 1,2 sl s
+ ge = PPUCAICH) + omn k22z52))
- 8n (2 - 1) ((CalulSa) + X222 (C|ulsn))} (3.41)

32




3K2 _ 2Bg2zocos? 6 g
3Bm 4ngle

nEl{en((s,;,luzls;,) + k2202 (Sp|u2|sp)

+ 2 - P2USAISA) + k22o2 spp))

2L . .
= onfG = D ((Clulsp) + k2zo2 (Cp|ulsy)) } (3.42)

The expressions (3.36) - (3.42) can now be substituted
into (3.18) and (3.19) to give values for the matrix ele-

ments a“ through d°, where

amn (3.43)

ol

amn <

and so on for b, ¢, and d. The results are then

afn = $(1+8- ) (Calch)

4(1+8)

55 exp (- 55) ((Cqlexp (- TR [CR)

+ k2252 (Cp|exp (- 1%)lcn))
- 4rxL(li£) exp (- 5=) (Cylexp(- e
B 28 m 8 n
+ 2P1AL(k2z52 (C|u?|Cy) + (Ci|u2|cCq)
+ (£ -3 (Chlch))

+ cm(% (148 - ) k2252 + 47aL + 21 TAL (+ - -211)2}(2202 )
' (?.°4)




I

bin = Sim = -4 {(Ch|ulsn)+ k2202 (Cm|u|sn)}

- ill%ﬁl exp (- %E){(Cﬁlexp(- 1%)|Sﬁ)+k2z02(cm|exp(- l%)|Sn)}
1

- hm(%e) exp (- 2—:3-) (Cmlexp (- l%)lsn)
- 2emL - 1) k2202 (CmlulSp) + (Calulsg)) (3.45)
and

dip = (148 - I) (] Sg)

mn T 2 mien

. - 2B exp (- ) UUsiilexp (- s

+ k22,2 (Sp|exp (- 1%) |Sp) }

- 41}\1,(1%3) exp (- ;—B) (Smlexp (- 3&) |Sn)

2,2
+ 5,,.,,{9%9—(1% -5 +4nL+ 21ka2z02(% - %)2} (3.46)

with
T = %? (3.47)

and

2 2
- Bo“cos‘ 8
T e (3.48)

If the substitution

2
= Bo‘
g = g% (3.49)

is made, then (3.48) becomes

T = 2 coslg (3.50)

All matrix elements of the equation
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(3.51)

are now known. From the first section of this chapter,
the eigenvalues A of this equation allow an estimate of

the growth rate

2 _ k212 g (3.52)
AoptL L
or
21, 23,2
1= 220 (3.53)

g ~ 2optIt2

A FORTRAN program was written to solve (3.51) for A as a
function of k2z,2, 6, and B. The results of the program
are discussed in Chapter IV. All the unevaluated integrals

in (3.44) - (3.46) are evaluated in Appendix C.
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IV. Results

The Rayleigh-Ritz approximation to the hydromagnetic
instability growth rates of an accelerating plasma sheath
was developed in Chapter III. A computer program was

written to implement the approximation. The results of

this approximation are presented here. The stabilizing
effects of a magnetic field diffused into the sheath are
also discussed.

Parameters needed for the approximation are provided
gy a one-dimensional simulation to the SHIVA implosion
using the MAGPIE code. The simulation data at selected
times is listed in Table 1. This raw data is converted
# into necessary parameters in Table 2. The necessary rela-

tions to generate these parameters are given in Appendix A.

Convergence of the Approximation

As the number of terms in the trial velocity w in-

creases, the growth rate approximation provided by the
procedure of Chapter III should converge to the actual
growth rate. This is illustrated in Figure 7 for several
caseé with perturbation wavevector kK 1 B. For these cases
the growth rate estimates increase by 25 to 30 percent as
the trial function increases from 2 to 4 terms. The growth
rates increase by just 1 to 2 percent as the trial function
increases from 18 to 20 terms. The convergence seems to

be rather slow.
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Instabilities with E 1l B

The limiting case of a perturbation X 1 B will be dis-
cussed here. This planar case is equivalent to a cylindrical
instability with only z-axis perturbations. In cylindrical
coordinates it is just the sausage instability.

' Figure 8 shows the resulting dispersion relation for
typical plasma parameters. We see that the sheath is un-
stable feor all wavelengths of perturbation, approaching
zero for long wavelengths and an upper limit for the growth
Eate as A» - 0 (k » ). This upper limit is not evident in
the figure, but it was verified for extremely small
wavelengths Uczoéhp). This general behavior agrees with
that of Tsai, Liskow, and Wilcox for basically the same
problem (Figure 9).

The dimensionless growth rates of Figure 8 are trans-—
formed into actual growth rates in Figure 10 for several
times during the SHIVA implosion. The data from Table 2
has been used, with the B rounded to the nearest multiple
of .05. The solid lines in Figure 10 represent growth rate
estimates made using Lelevier's result for an exponentially
transitioring density. It is assumed here that LeLevier's
density scale length 1/K = zg/4m. The agreement between

the two methods is then excellent (within 5 pércent).

Oblique Perturbations

Perturbations with wavevectors not perpendicular to B

were considered. Figure 11 shows growth rates for a
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constant perturbation wavelength as the angle 6 between

k and B decreases from 90°. As the wavevector rotates,
the destabilizing perpendicular component decreases while
the stabilizing parallel component increases (parallel and
perpendicular will hereafter be with respect to B). There
thefefore exists an angle f6parg at which marginal stability
is achieved. This Omarg is an overestimate which also
converges to the true value as the length of the trial
function increases.

. The variation of 6p,,g with perturbation wavelength
and the number of trial function terms is illustrated in
Figure 12. We see that 6psrg increases moderately as
perturbation wavelength decreases. Even though the un-
staﬁilized perpendicular instability is greater for larger
wavenumbers, the stabilizing influence of the parallel
instability grows even faster with }r. Stability therefore
occurs at smaller angles as k increases.

In Figure 13 the perpendicular component of the per-
turbation wavevector ky remains constant while the parallel
component ky is increased. In this case the destabilizing
effect of ky is held constant while the stabilizing influ-
ence of ky is gradually increased until a value (ky)marg
is reached at which the two effects cancel ou£ to yield
marginal stability. Figure 13 shows that long-wavelength
parallel components can be used to stabilize much shorter-
wavelength perpendicular components Ay, with the growth
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rate being linear in ky. This stabilization causes the
growth rates to decrease when a long-wavelength component

is introduced. This fact is especially important when the
problem is related to cylindrical geometry. The stabilizing
6-perturbation wavelengths of a cylindrical sheath are on
the order of the cylinder radius for low-order modes while
the destabilizing z-perturbation wavelengths are on the
order of the sheath thickness. This suggests that long-
wavelength 6 perturbations might be able to largely '
stabilize the 2z instabilities.‘

These results, however, disagree with previous work
done on this problem. Tsai, Liskow, and Wilcox (19) have
recently reported the dispersion relation for parallel
perturbations shown in Figure 14, The sheath becomes un-
stable for long wavelength perturbaticns, with a mode of
maximum instability existing approximately midway between
the two points of marginal stability. These unstable modes
were not observed here, however.

- Experimental evidence also supports the belief that
unstable modes exist for long wavelength perturbations
parallel to B. sHIvVA implosions have been distorted most
seriously by azimuthal perturbations in a pentagonal shape
(kg = 5). These perturbations have waveleggths on the
order of the cylinder radius.

These unstable modes might not be observable here

because the number of terms in the trial function needs




to be increased. As the length of our trial velocity
function increases, the growth rate estimate increases.

The expected parallel instability growth rates may be so
small that short trial functions will indeed lead to
negative, stable growth rates. Longer trial functions would

then be needed to give positive growth rate estimates.
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Normal mode analysis

Figure 9. Dispersion relation -
of Tsai et al for ©=90°, (19)

The dimensionless growth rate

is plotted as a function of the
dimensionless perturbation
wavelength,
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V. Conclusion

A method has been developed to approximate the Rayleigh-
Taylor growth rate of an accelerating plasma slab. It has
been shown to agree with the analytical results of LeLevier
et al (14) for the limiting case k 1 B. This agreement
suggests that my choice of a trial velocity function
identically equal to zero in the stable region is valid.
The behavior of the other limiting case, k parallel to B,
however, is suspect. No unstable modes were found for
Iong wavelengths. This fact may be due to insufficiently
long trial velocity functions. 1If this is not the case,
then there may be a more serious problem in this work
which brings the presented results (at least for kK not
perpendicular to B) into question. As mentioned in the
Introduction, the perturbations parallel to B are much more
interesting than those perpendicular to B.

The developed program can also be used to estimate
the angle between kX and B at which a particular perturba-
tion wavelength becomes marginally stable. For a given
wavelength the instability has been shown to stabilize

erapidly as 0 decreases from 90°;

The method used here is general and can be used for
any density profile with only one contiguous unstable
region. The only change necessary is to replace p and B in
the unevaluated integrals in the first section of Chapter

III. Densities with several unstable regions simply
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require a trial velocity function which is piecewise
defined.

This work can be continued in several ways. First,
estimates could be made for a greater variety of parameter
values. The present results represent a fairly narrow
parameter range. In particular, longer trial velocity
functions need to be used with long-wavelength perturbations'
parallel to B. The expected instabilities might then be
observed. Second, the method used to find the solutions
of the determinant equation (3.20) -- essentially a binary
search method -- might be improved to minimize the number
of times the determinant must be evaluated. The current
method uses a prohibitive amount of computer time for long
trial functions (and therefore large determinants). Third,
more accurate density and magnetic field profiles could
possibly be found. Hussey and Roderick (10) have presented
more accurate profiles which are probsbly too difficult to
work with here. Better approximations to these functions

than the ones used here might be possible, however.
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Appendix A: Cylindrical Sheath Implosion Relations

The basic variables for the implosion of a cylindrical
plasma sheath can be related by a series of simple relations.
These relations are useful enough to be derived here.

The cylindrical configuration is shown in Figure 15.

The first equation relates the magnetic field to the current
passing through the sheath. Outside the sheath the field

is simply that of a thin wire on axis:

=221 (A)
Bg (G) = T (om) (A.1)
where r is the radial coordinate.
Equation (A.l) can be used to find the plasma
parameter
P
= gmat (A.2)
mag

where Ppat is the average material pressure and Ppag the

maximum magnetic pressure in the sheath. We may take

1
Pmat = 3 Ppeak (n.3)
where Ppeak is the peak plasma pressure (which is the
available variable from computer simulations) and

Bo2(ro) _ Bo? (MG)
8n 8

Pnm (Mbar) = (A.4)

for a cylinder radius rg.
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The next variable needed is the sheath acceleration g.

It is given by the relation

_ Bo?

where o is the areal mass density (7:1057). If ojp, is the
areal mass density of the initial cylindrical foil, then

¢ is governed by a simple cylindrical convergence relation:

Ginrj
o =._J_'n—1£ (A.G)
Yo

where rj, is the initial foil radius. Inserting (A.6)
into (A.5) then gives

Bo2rip

§;GIH;; (a.7)

g=

The final relationship will be for the sheath thick-
ness Ayh. Hussey and Roderick (9:1385) have developed

the approximate relationship

N

1l nt
(—?)

)‘th = 4.51 (A.8)

where n is the electrical resistivity and t is the time
measured from the beginning of the implosion. For lack of
better information the resistivity will be assumed

constant here.
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Figure 15, Geometry of a

cylindrical implosion.
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Appendix B: A Set of Orthonormal Functions

A set of orthonormal functions satisfying the boundary

conditions

¢(a) =¢%(a) = ¢(b) =¢7(b) =0 (B.1)

for a < b is needed in Chapter III. The functions

_ cosh (Apu) _ cos (imu)

Cm(u) = cosh (Ap/?) cos (Am/2) (B.2)
and
_ sinh (upu) _ sin (umu)
> Sml{u) = oTrm (um/2) sin iu$72) (8.3)

were discussed by Chandrasekhar (3:634-643) and satisfy

the equation
y(iv) = a4y (B.4)

with the boundary conditions

1y _ ool o
y( 2)—y(2)-0 (B.5)
The. C's and S's are orthonormal over the interval (- %, %)
with eigenvalues given by the solutions of
A A
tanh 5 + tan 5 = 0 (B.6)
2 2
and
cothg-cot§=o (B.7)

1,2,3, and 4 (and

The functions Cp and Sp for m
their first three derivatives) have been tabulated from

u=0 to 0.5 by Harris and Reid (16). Basic indefinite
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integrals involving Cp and Sp have been published by
Reid and Harris (16). These results allow integrals of

the form

X
(¢1]un]¢z) = i!;¢1 (u) u? ¢5 (u) du (B.8)

to be calculated simply, with ¢; and ¢ representing C or
S and n integer. (¢1|uM|¢2) is integrated by parts g
times to leave only integrals of the form (¢1(r)|¢2(5)).
The indefinite forms of these integrals are evaluated in
Reid and Harris for r = 0,1,2, and 3. Combining these
indefinite integrals with the boundary conditions (B.5)
gives a value for the integral (B.8). The explicit forms

of Cp and Sy have thus been avoided.
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Appendix C: Evaluation of Needed Integrals

All integrals of the form (¢1|f|¢2) used in Chapter
are evaluated here. These integrals fall into two cate-
gories: (1) those with f(u) = 1, u, or u2 and (2) those
with f(u) = exp (-au). Using the C and S functions of
Appendix B as ¢] and ¢5, the first category of integrals
can be handled fairly easily using indefinite integrals
solved in an article by Reid and Harris (15). The second
category of exponential integrals, on the other hand, must
be integrated directly using the explicit forms (B.2) and
(B.3) of C and S.

As an example of the method used for the first class
of integrals, consider the integral (Cglu|Sj) with m # n.

Integrating by parts,
(Chlulsg) = (WegSadu) - F SCmSAdu’ du (C.1)
Reid and Harris list

Om?-un?) segsgdu = A trepszau

- un? rcgsgau + sogshau-sopsndu
(C.2)
The indefinite integrals on the right hand side of (C.2)
are also evaluated by Reid and Harris. Inserting into

(C.2) and then (C.l), and remembering that

Cm(t3) = Sm(td) = cu(td) = sa(+) =0  (c.3)
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Ea ”i’""”"""""'“'"""""“""""'“"““'""'“'“""'“f"""‘j!

we have the desired result
4 -~ » L4
. v _Cn Sp - Cm S
(Cmlulsg) = —mjag—:_;gt-a

4(m4 + und) C& Sﬁ

where Cp and Sp are evaluated at u %. Completing the
other integrals from the first class in a similar manner

gives (for m # n)

Cm C
(CAICR) = - g~ + An? tanh? 2 (c.5)
>
(CRICA) = 5—x25—5 (Cm Cn - Cn CA) (C.6)
Sm Sm
Slesy < Sm Sm 2 2 g
(Sm'Sm) m— + Hm coth_ 2 (C.7)
r/ n
(Silsg) = ?nT“%THz (Sr;‘ S: - S;; Sn) (C.8)

(Cm|u[sm) = Tjﬁ%%;EQTz (C.9)

n” L4

2 =1 ,5mCm __5 2 Am
(Cm'U ICm) W) + 4_Xm8_ W tanh ) (C.lO)

" w

8Cm Cn
= (Cmlu?[Cn) = g 177

+ TTET:%;?T3 - (1023 +61,4)Cpn Co + (6Agd+102p4)
Cm Cn} (c.11)
v -
(Smlu2|sm) = 17 + §§%;§m - EE%Y coth? O (C.12)

8slll SI”
(smlu2lsn) = ol tyz
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+ Treoays - (L0 +6unt)sg sp'+ (6umt+lount) sy sp)
(C.13)
3 ” ”y 2 2
w2lecr <L _CmCm  ap2 2 A Cm
; (Cmluélcp) = 7Tt + ~T7 tanh< - + ry] (C.14)

Cm Cn - Cm Cn
2(0p3-1pn9)

(Cr|u?|cq)

4 (\m?+in4)Cm Cpn
(Am%-2nd) 2

+

(C.15)

and

ree

" "
1 _Sm Sm , wum? 2 vy 4 Sm 2
> m— + 12 coth 2 + _413]-[_]1 (C.ls)

(Smlu2|sgp)

with the C and S functions again evaluated at u =

N

The second class of exponential integrals are evaluated
using the explicit forms of C and S. The results are (with
m now allowed to equal n)

(Am"' An—a)

Ain - a

(lee-aulcn)=

]
te
]
o

+ [N~

1
2 cosh l% cosh l% ! m

sinh 3 (m=An"3) +a

+

+ sinh % (‘n=2m~Q) + sinh %(Am+xn
- =a -
‘m ~An A‘n ~Ap 72 Am tAp @

_ 1 2(Am-a)cosl%sinh lm%E + zxnsin}lgcoshlmi-E
2 cosh My cos Ap 1
2 2 Ain + (Ap-a)?2
Z(Am+a)cosA%sinhAm;a + 2)pn sin l% cosh Am%E

+

}
Ap2 + (Opt+a)?

. Am— - .
1 (‘m~*n)sin _miln cosh % + cos lmfln sinh %

Z 4 - 2
cos M cos M0 a (Am=An)

, (dm*in)sin im%iﬂ cosh % + cos Am%ln sinh %

a2+ (Ap+in)?2

}
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)\m )\n-a Am An-a
_ 1 2(kn—a)cos—251rnh = + Z)\mb‘ln—ZCOSh—'z—
P\ 2 2
2 cosh —g cos -%’ Ap ¥ ()\n—a)
A A _+a )\m )\n+a
+ 2()\n+a)cos—'2" sinh _n_z__ + 2»\msin > cosh —5
2 ol } (c.17)
m n




(Sm|e”@%[sp) = 2 sinh M% sinh n% sinh % (umtun-a)
umtun-a
sinh % (um—up-a) _ sinh % {(up-up~a) + sinh % {um+tun+a)
Um—un—a uvn—um—a Umtunta

1 2 (um-a)sin H% cosh EE%E - Zuncosﬂlesinhﬂm%2
inh X0 gin dn
2 sinh > sin 2 unz + (um-a)z

. + .
2 (pym+a)sin B cosh kpta _ 2un Ccos E% sinh mta

+ 2 2 2 }
ups + (upta) <
(um-vn) sin HOCED cosh @ 4 a3 cos ¥miMn ginn 2
+ 1 2 2 2 2
sinﬁgsinﬂg a2 + (um-vn) 2
_ (um*up) sin Bm%ﬂn cosh % + a cos ﬂm%ﬂn sinh %
aZ ¥ Gimton) 2 J
1 {Z(Un-a)sin H? cosh En%i - 2um cosﬁgsinhﬁn%2
2 sinh Eg sin Eg sm¢ + (up-a)é
2(up+a) sinﬂg cosh Eﬂ%g - 2up cos E? sinh En;é
+ .
imZ ¥ (in+a) 2 boooc.18
1 sinh % (Am + up-a)
(lee-au|5n) = A { Am+ -a
2 sinh Eg cosh =& m¥in
. sinh % (up=Am-a) _ sinh % (Am-un-a) _ sinh %(xm+un+a)
un-Am-a Am-un-a Amtun+a
- A .y un—a A up=-a
i 1 r2(un a)cos —B sinhtly= + 2)psin “B cosh =
2 cos lg sinh 33 ‘m2 + (up-a)? '




e

_ 2(un+a) cos 2B sinn knta | 2\ sin 20 cosh tnta

2 2 2 2
2 2 )
Am< + (un+a)
1 - : M A -a_ Hn.s Agp—a
) {2(Am a)s:|.n—121cosh—-m—2 2upcos 251nh—m2—
2 cosh A? sin H% un? + (Ap-a)?

_ 2(\mt+a) sin E% cosh lm%i - 2up cos E% sinh lm%i}

1 - a sin Hn%—A-mcosh % + (un-xm)cosﬂnélmsinh %
) az + (Un—)\m)z

cos &? sin E%

. + :
- a sin Enilm cosh % + (up+im) cos ¥nilm ginp %
}

2 (C.19)

a2 + (un+lm)2

A !
(cqle™@¥|ch) = w1tk 3 Gmtin -a)
paril}
2 cosh =il cosh 5 ‘m ¥ in -a

_ sinh 2(Ap-An-a)  sinh 2On-)p-a)  sinh 3 Gmtin+a)

‘m-n-a - An-Am-a + ‘mtinta
AmAn 2(A\g-a)sin 2Bcosh 2mz2_ 2Ancosig sinh Am%i

+ 2coshl?cosA3 { 2 2

Anz + (Am-a)z

. A Apta A : Amta
2n -
2 (Apt+a) sin 2 cosh _mf- 2\pn cos —% sinh _mf- }

2(Ap-a)sin A? cosh 1353-2Amcos Ag sinh ln%é

AmA
+ {
2c6§§1§¢oslg ‘2 + (Aq-a)2
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2(\p+a) sin Am cosh Anta _ 2\p cos A% sinh Anta

+ 2 2 2 }
Amz + ()\n+a) 2
. AmAn (Xm'*n)sinlmgln cosh 2+acos-)lm-g-in sinh %
cos M cog AL ¢ 2
2

aZ + (Ap=2p)2

. AmtAp a Amin ginn 2
m a 2mTAn =
(Am*2p) sin ~B5-0 cosh 5 + a cos ~BZ-A sinh 2, (C.20)

a2 + (Ag+ip)2

. 1
(Sple~34]sz) = - Sulds : m {Slnh 2 {umtina)
m n 2 sinh B% sinh —g Um + up-a

sinh % (up—up-a) + Sinh % (up=vm-a) sinh % (up +upta)

+ +
Hm~un=-a Hn~um—a umtunta
_ Ymin 2(ug-a) cos 2 sinh Hm%34-2unsinﬁgcoshﬁm%3
2 sinh E? sin E% {
un2 + (Um‘a)z
+ 2lupta) cos Hg sinh En%3+ 2pup sin E% cosh 33%3
}
um2 + (up+a)?
_ ”mug, . 2(un—a)cos£?sinhﬁﬂ-52-+Zumsinﬂg‘cosh}-‘-ﬂi—E
— T
2 sinh =8 sin "B ¢ nZ F (hnma)2
+ 2(un+a) cos Y sinh En%é+ 2up sin E% cosh 33%2}
um2 + (up+a)?2
0o-u wo-u
'mTn a m'n_. . a
. MoHn (um-un)51n—1?—-cosh 5 + a cos—y—sinh 5

m M 2 -u)®
sin —g sin ‘% a + (“m p‘n)

66




1_+u YRR Y]
. m n ’ .
+ (umﬂzn) sin —%— cosh 221 + a cos %—-ﬁl sinh %

2 2
a” + (um+un)

} (c.21)

and
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. 1
S - oo Amin sinh 3 +um-a
(Cple™@Y]sq) = 2 cosh AM sipnh AN { 2 (wntim-a)
2 2 Untum—a
. 1 . 1 . 1
sinh T(Am—un—a) _ sinh 5 (up~-ipg-a) sinh 5 (up+im+a)
+ 2 - 2
Am-un-a ¥n-Am-a un+imta
AmMn 2(rp—-a)cos EIzlsinhlm%-q-+2unsin£gcosh lm%i

2sin4fcosh 2 up2 + (ip-a)?2

2(imta) cos *8 sinh im%2+ 2up sin ¥ cosh Am%é

}

2(un—a)sinﬁ:}-‘coshﬁ":l--—2 - mecosimsinh ipza

+ ATﬁn { 2 2 2
2cos~Psinhiy a2 + (ug-a)2

2 2
Am2 + (up+a)?

2(upta) sin An cosh Emfd - 2\m cos l% sinh Hn%i}

__Mmun a4 sin Am%kn cosh %“Hkm-un) cos lmgﬂn sinh %
coslﬂsinﬁ% {
2 al + (Am-un)z
. Am+u a Am+ . a
, - asin _mi_n cosh 3 + (Agtun) cos _miﬁn sinh 7} (c. 22)

a2 + (Aptup)?

All integrals listed in this appendix have been
verified using a Simpson approximation method for (m,n)

equal to (1,1), (2,2), and (1,2).
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