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The pushbecis eastinetes ar2 o pralicinery das-
nodificotion follouasd by the rfpnlisrtion of -
robust statistic & the modifio? Frts *anlica-
tion of confiqurnal nolysampling technicu2s ¢nd use
of the nmininum attzinable veriencs and maxinum

attainable polyefficieancy derived from thes2 toch-

L<

niques aid in fine-tuning the pushhzck estinctas,
Tha form of the pushhack 23tinate shown by “rei-
tional dontzs Carlo methods to parform well in com-
parison to a good biweight is modified and the

performance is improved.
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nw Setbalicues anT u@ns 28 2anfFiaaral gamplint o snT Ton-
Figur~l molvsannling wvera A28cribas ir (2211 -n7 DPravibian

ii L .

f1521)Y, (Pravibon and Talt2y (1971)) 2nd (Tuk-av (10713,

nahle vari-

bde

(1) *®he determination of the mininum atta

ance for =ach samnling situatinn,

(2) the deternination of the meavinmum gttainranle nolya‘-

fici

o

necy f£nr soveral sampling siturtions end

{3) the tuning of a2 rohust nroc=adure with the aim of

increasing its efficiency or polyafficiency.

(1) can be achia2vad using confiqural samnlinag or
polys:mpling methods. In the former, no w2idhts ar: us-e
since tha data are all from the siturtion under ~Tonsideora-
tion, In the latter, weights (as described in (Preaihon »nd
Tukay (1921))) are used to take into Aaccount the fack that
vwa hzave data‘from situations other then that for which ve
are determining the minimum varience. The results discussnAd
here are based on the confiqural polysampling techniques

(i.e. the weighted case).

Thes2 uses of confiqural polysampling are aprlied to

the pushbeack procedures. The nushback 2stimates Are Aefined

*Propared 1n connectian with research et Princeton
University, suonorted by the Army R2search 0ffice (Dur-

hanm) .
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15 £ollows: B3upnosa w2 are ~iven n ohgsrirationg,

from a particuler situation {f,: i=1, ..., n! whnr> the fi
4

2re location scele densities, The pushback procedure meti-

firs the order statistics of the n obhservations,

y(1), v(2), «.., y(n) ,

by substracting some function of i, »(i),

y(l)-p(l), v(2)-p(2), «.., v(R)=-p(n) .

The form of p(i) considere”? is

n(i) kKesea (i)

B

where k is @ constant, s is an estimate of the szale of the
{y(i)} and {a(i)} is a set of central valu2s of order
statistics from a suitable unit distribution. »2pnlication
of a robust estimate to the pushed-back data determines the
pushback location estimate for the distribution of the

{y(i)}.

2. Minimum ettaineble variances.

As seen in (Xrystinik (1%°%1h)), traditional Monte C=rlo
results indicate that the pushhack estimates of the fornm
P%AD-Saus-pushback nedian parform well when naximin cffi-
ciencies (with respect to the whH-biwveiaht) are used as the

criterion of performance. "e check this conclusion using

February 17, 1072
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i e toinun verionen szrimetsge far s hiesi-u-atian, o+
Trussice tnd oot slesh, Usiny 70 Sees canfispgpesiang, 17
fr2n tle Thussian on 180 Sram fae 3lz23h, oo Aantais yinisage

virisacs roesults #s follows (sz20 (“rystinin (1onl=))
nathot of malcul-tinn):

minimum varisAnce

Zaussian L5972 :

3lash L2834 3

q

“ltrough stendsrd arror mezsursments for whe varisngs zg%i- i
netes are still in the rounh formulation srag2, wa note rhar ‘
4

“licse estimetes should be fa2irly well determined sincz2, in
using configursl polysamnling, w2 ara effactively g=cting

information on thesa estimates from many more samsles (than

configqurations). The estimete for eazh ~7onfiquratinn anAd

the variance estimate essociated with it zontain infarmatinn

for the many samples (r and s verying; seeo (Tiuk2y and Pragyi-

hon (1971))) assnciated with the data confiaquration {c(i)}.

Sinca the minimum variance for the Caussisn is known to
be .05 we will use this vealue and the sléesh minimum variance

value given above tn celculate 2ffiriencins for the PSAD-

t 3aus~pushback median. These are shown in tabhle 1 for a
range of P from 37.5 to 75. These efficiences ere c=alcu-

lated using the traditinnal Monte Carlo variances.

From table 1, we sae that the maximin =2fficiency is

approximately 74% and is achiaved at P=55 for k=7,7,

.h-u-.---u-ﬁ-u-—-u--h-iﬁnuﬁ-uﬂ-ﬂﬁnjﬁﬁﬂn-mua“ : -~
i ® o Comabie ¢ s —nmeni OO i o A




Tahla 1

Bfficiencies* of the P3\N-Taus-nushback motian
for tnhn2 Gaussian and slasgh

P = 27,5 A5 SO** 55 7n 75 [
k | 9
slash .4 .755 L7458 - .773 .759 L7145 '
.8 .775 L7770 777 L7350 .54¢2 L4010 3
1.0 .7%2  .75% 782 747 415 L 24¢ :
1.2 .725 L7115 L5679 L5530 .372 L2667 ‘
Saussian .4 L5827 .5C9 - .503 L7128 « 728
.8 . 697 711 .742 .75¢ .200 .¢32
1.0 L7712 .745 .804 .826 .007 . 054
1.2 .733 .795 .370 .801 . 045 .921

*with respect to the confiqural polysamnling haseAd
minimum variance for the slash and .05 for the
Gaussian minimum variance

**50%AD values are those of the MAD.

February 17, 1932




best known for whith wa-hiwaighr wag » <close aporoxinetion,

nr an asymptoti~ lowesr bound) an’ the +two situations (T-us-

sian and slesh) which 3re likaly %o cover the remaininng

3(7WG, mix end slccu), w2 obtain conclusions whizh suoport

those obtzined using the wi-bhiweight variances »nd the five

4
siturtions. "e Ylimit further discussion to the 55%2D-3-us- 4
pushback median form, d
pt:

. Mwaximum zttaineble bie€ficiency.

Following the computations Adiscussad in (¥rystinik

(1¢81a)), we obtain the biefficiency for the two situations,
] minvarol

i.e., mox| min ————=|
£ 12=G,s V3T (t),

20 is 95%. The bioptimel curve corresponding to different

. The biefficiency for sample size

shadow prices (see (Xrystinik and Morgenthaler (1281))) for
the two situations is shown in Figure 1. This optimal effi-
ciency can be used tn see how far from the optimum possible
value a specific robust procedure is. For =2xemple, the

72
i e

pushback (55%AD-Caus-pushback median) biefficiency is
The pushback is doing reasonably well but some fine-tuning

to increase its efficiency would be desirable.
4, Fine~tuning the pushback.

The third use of configural polysamgling, i.r. fine-

tuning robust estimates, here the pushhack, is done as fol-

lows. Using t=55%AD-Gaus-pushback median, we calculate t

February 17, 16922
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Whizh o exniniz o~ larte Aiffaranon Letwunen thnsa tun aro

]

notet. M determine wnzthaer 3one zlight moldifizstion oF th-
pusnbachk procedure will bring the sushbhack 23tinsata alnasgar
to the bisfficient estimAte in thas2 confiquratisans, The
dat» samwle sihown In Fiqure 2 fes » gAnnls, not nan =he ~op-
fizurasion scale; the confiqurecinn is dust = rascaling =nd
translztion of tha valu=ss) is an exenple of » zonfiguration
far which the rushbeaeck =2stimsfe and the hisfficisnt estinmckn

are quita diffarent., Nota 2lso that the wis-hiueight i

n

Setw2en th=2 two., Figqure 2 shows the original samrle uith
order statistics lzhelled A=, The nushhack data arz shown
for kx=.7, .9, 1.0, 1.1, an? 1.2 on the five lines »t the
bottom of the figqure. <Straight lines connect the oriainal
order statistics to the associated pushback veluss., Tha
bioptimal estimete is shown as\L on the figure, the S58gAD-

Ja2us-nushhack median as | , and the wh=hiueight asl\ .

A modification which eliminates m < 20 observations

(wvhere m rdepends on the confiquration) far from the center

[

of the deta and then uses the seot {a(i)}, i=1, 2n-m}, the
central order-statistis velues for a Saussian samnle of siza
20-m, is sujggested. This modification tends to kaep central
Caussian-like points and uses a set of ~entral aorder-

statistic values edented to the new semnla size, Cne form

of this modification that has h2en shown to nerform well

Fabruary 17, 1082
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Andrews et 21 (1€72)) is the 32

cr

nF gkirnint »nro-

f)
4

.

dures. Sxkipping at 1.0 (1.5, 2.7) is Aefine” &5 Sollaws:

)

(1) celculate the ninges and <he hinjesnread,

(2) eliminate observations further out than 1.7 (1.2,

2.0) times the hingesnread from either hinje,

The skipping procedures were tested with skiroing &t
1.0, 1.5, and 2.0. Fiqure 3 shows the apnlication of skin-
ring at 2.0 to the data shown in Figure 2. The skipna”?
pushback estimate has moved closar to the hiafficient esti-
mete and is closer to the bhiefficient estimete than the wi-

hiweight for pushback constants k=,3, .9, 1.0, and 1.1.

The overall nerformance of the skipned proceiures neads
to be evaluated. The skipping nodification may improve the

performance of the pushback for the confiqurations on which

™

the pushbeck and bicfficient estimetes are far rmart, but at
the some time make the pushbhack 2stimetes worse on the other
configurations., Table 2 shows the efficiencies (w.r.t. the
ninimum variance in each situation) of the skipped 5%%AD-
Gaus-pushback median. These efficiencies are calculated by
obtaining variance estimates for the skipped 55%ADR-5aus-
pushback median. Skipped 553%AD-3aus-pushhack medians are
calculated for the same 150/15¢ confiqurations used in

cbtaining the minimum variance estimates. 'we then use the

relation

February 17, 1932
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1anf

WAnle(y)lel = 3tie _(y)lc) + 7is%ich(t(e)-¢ ()"

where to(c) is the minimum veriance estimsta for the confi-
guration and (to(x)!s)} is the rescale? 2nd translated wor-
sion, to(x) = robs+sobs'to(5)’ Combining the configquratisan
level informetion E{szlg} with the optimal estimate vrlues
ond the skippes? pushhack estimate value, we ohtain MST(t)
for a3 given configuration. We then use tho weiqghts
describeé in (Preqgibon, Tukey (1991)) to obhtain an estimnate
of the unconditional MSE, 2s seen in teble 2 the hieffi-

ciency has increased from 75% to 37.53% cue to the configural

polysampling guided modificetion of the pushbeck.

5. Bloptimal curves and possible further modifications of

the pushbeck.

Figure 4 shows the bioptimal curve and the skipoed
pushback curves for fixed skipping constants and those for
fixed pushback constant. It also shows the bioptimal one-
step biweight. For sample size 20, S, Morqgenthaler (per-
sonal comnunication, 1981) has shown the best one-step
biweight to be the w5.75-biweight. It has a biefficiency of
37%. Thus simple estimates in the form of skipped pushbacks
perform very well in comparison to the maximum attainable

biefficiency and the w6.75-biweight.

What does this picture (figure 4) suggest for better
choices of estimates aimed at achieving 1) hiqgher bieffi-

ciency, 2) high slash efficiency with 90% Gaussian

February 17, 19%2
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Figure 4: Bioptimal and skipped pushback curves.




afficiency, ant 3) high sléesh efficiency with 2895 Toussincn

fficicncy? Tha curve for & spa2cified skirciny foctonr

W

roughly moves 4own on tne cfficiency/cSficiensy nlot ~s tha
skipping factor increases. Thus one suqgjestion for increns-
iny biefficiency is a pushheck with skipping Ffactor slightly

larger than 2.0.

This sugqgestinsn may also be useful in achieving h.gher
slash efficiency for 9C% or 95% Saussian efficiency. The
slope on the rinht side of the fixed skicping factor curve
increases with increasing skipping factor. Thus we would
expect inters=ction with the 90% or 95% Gaussian efficiency
horizontal line at a higher slash efficiency. The jains
from increasing the skipping constant are not expected to be

as larqge as those from the proposals below.

A second suggestion for increasing biefficiency and
slash efficiency for 90% or 95% Gaussian efficiency is the

set of estimates of the form

8 skippedi + (1-28) unskipped .

The pushback constants chosen for the skipped and unskipoed
versions used in the linear combination will depend on which
of the aims 1)-3) is considered. Figure 4 indicetes thet
for aims 2) and 3) larger pushback constants should be used

than for aim 1).

Preliminary results on the performance of 2stimates of

the form

February 17, 19282
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3 skivped + (1-2) unsiiinpad

PN

are given in figure 5., Fijure 5 shows the skip 3zt 2.0 nua'i-
Back, the no skio vushback an? the lirear combinetisan push-
hack 2fficiencies. For tha2 lineer combination nushhaozk, tte
skipped pushback constant used is 1.2 ané the unskipned

pushback constant is 1.0, These results indicate that esti-

mates of the linear combination form are likely to be a qgood

choice for aims 1)-3).

February 17, 1982

o

3




- 15 =
&~ No Skip
701 e Skip 2.0
E SR
O
{ —
)
(3
- 804
w
{ —
Q
®w 85
®H
-
<
(U
80+
® Skipped + (1-0) Unskipped
95
]
100 r r r Y Y 1
100 s 80 83 80 78 70

Slash Efficiency

Fiqure 5: Skipped pushback, pushback, and linear
combination curves.




Flolalolaloiialo)
PO SEOMNORNAROI

Andrews, T.F. ~f al (1¢72). Robus* =3
Survey an? Advences, ®Princeton Uni
DPrincetsan, Nay Jersay.,

3211, ¥, and Pregibon, Z. (1971). "Some computatiosnal
fdet2ils of confijyural sampling," Technicsl Renort
No. l%1, Series 2, Canartnent of Statistics,
Princeton University, Princeton, New Jersey.

¥rystinik, X. 3. (193la). Data dModificatinns Based on
Order: Pushbheck; A Configural Polysanpling
Annroach, Ph.D. thesis, Department of Statistics,
Princeton University, Princeton, New Jersey.

Xrystinik, K. B. (1981h). "Pre-configural polysampling
pushheck performance,” Technical Report No. 217,
Series 2, Dapartment of Statistics, Princeton
University, Princeton, New Jersevy.

Xrystinik, XK. B. and Morgenthaler, 5. (1981).
"Comparison of the hioptimal curve with curves
for two robust estimates," Technial Report No. 19%,
eries 2, Depnartment of Statistics, Princeton
University, Princeton, New Jersey.

Pregibon, D. ané Tukey, J.w. (1981). "Assessing the
behavior of robust estimates of location in small
samples: introduction to confiqural polysampling,”
Technical Remort No. 1235, Series 2, Department of
Statistics, Princeton University, Princeton, V.J.

Tukey, J.%. (12281). "Come advanced thoughts on the data
analysis involved in confiqural polysanp’ing
directed toward hinqh performance estimates,”

Technical Report NMo. 12¢, Series 2, TCepartment
of Statistics, Princeton University,
Princeton, KNew Jersey.

February 17, 1972




