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"\ ABSTRACT

\\E§The notion of a generalized finite element method is intro-

duced. This class of methods is analyzed and their relation to

mixed methods is discussed. The class of generalized finite ele-
ment methods offers a wide variety of computational procedures
from which particular procedures can be selected for particular

problems. A particular generalized finite element method which

is very effective for problems with rough coefficients is dis-

cussed in detail.
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1. Introduction

o Although the general ideas involved in finite element

methods (FEMs) are very old and are in fact closely related to
classical variational principles (see [l1], e.g., for a history of

the finite element method), the full power of these methods is

only seen in their implementation as computer codes. (For a list

of over 650 codes for finite element analysis of structural me-

chanics problems see [2]). The success of finite element methods .

. is due to several factors.

a) They allow for effective implementational procedures based
' on a collection process which leads to the construction of

a sparse discretized system (stiffness matrix).

b) Finite element methods are robust. In many contexts this

robustness is a consequence of underlying variational

principles in mechanics.

QE c) These methods allow for the possibility of effective post-
processing, as, e.g., in the calculation of stresses at

g | arbitrary points.

- d) Many-finite element methods have a physical interpreta-
tion which permits an intuitive understanding of the com-

putatienal process. -

From the point of view of present day computational studies,

; properties aj, b), and c) (especially a) and b)) are essential.
a Although d) is important, its importance has diminished because
of progress in the mathematical understanding of finite element

} methods, the expanding field of applications for these methods,

N
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and the progress in computer technology.

Since FEM s are increasingly used by unsophisticated users
in a widening variety of fields, it is important to generalize
the notion of the finite element method as far as possible while re-

taining the basic implementational architecture of the standard

finite element methods (see a) above), so that a particular version

can be selected for a class of problems so as to be maximally
robust and to allow, if possible, for effective postprocessing.
This paper addresses the problem of generalizing the notion
of the finite element method in the context of a simple one di-
mensional problem. We restrict ourselves to this model problem
in order to clearly illustrate the ideas; the extension to two
dimensional problems will be presented in a forthcoming paper.

We thus consider the boundary value problem

-(a(x)u')' + b(x)u = £,0 < x <1 (' = é%)

u{(0) = u(l) = 0.

Robustness of a FEM for this problem will mean that the
method performs well independently of the smoothness of the coef-
ficients a and b and the source term f. More precisely, we
will say a method is robust with respect to a, b, and f if
the rate of convergence is essentially governed by the approxima-
tion properties of the trial spaces we employ and the smoothness
of the solution.

We will say thata method allows for postprocessing if it
allows a significant improvement in accuracy to be obtained by a

local procedure involving only a single element.




The concept of a generalized finite element method must, of
course, include practically all known FEMs satisfying a), espe-
cially the standard FEM mixed methods, methods using different
text and trial functions, and methods in which the shape of the
trial functions is governed by the differential equations, as
e.g., in methods for the convection-diffusion equation (see, e.qg.,
[ 31 and references therein).

Section 2 introduces notation and preliminary notions. Sec-
tion 3 introduces and discusses the Generalized Finite Element
Method (GFEM). Section 4 analyses one special type of GFEM which ’

! is closely related to finite element methods based on L-splines
(L here referring to a differential operator). This method is
very appealing theoretically and is extremely robust, but in
practice has various drawbacks. Nevertheless it provides valuable

insight into what we could expect at "best." Section 5 analyses

a modification of the method of Section 4 which better satisfies
requirements of implementation. Section 6 analyses a further

modification which is still very robust and is easily implement-

: | ; able. In Section 8 we show it is identical (in the sense of

leading to the same approximate solution) to a certain

P
i

mixed method. 1In addition, the method is shown to be very recep-

o w————— -

tive to postprocessing. Section 7 discusses briefly the standar:!

{
i FEM (as a GFEM) and shows that it is unsuited for problems with
! i E rough coefficients. Also, the standard FEM is shown to be iden-

tical to another mixed method. Thus it is seen that various miy. d

methods (or versions of the mixed method) have substantially dif-

‘ , ferent robustness properties. 1In Section 9 we further elaborate ! he
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method introduced in Section 6 and show that it "reacts" very well
1% when the roughness of the coefficients is reduced. More precisely,
we show that changing from measurable coefficients to coefficients
with bounded variation improves the rate of convergence-—as we
should expect from a robust method. Section 10 contains some
illustrative computations and Section 11 presents a summary of the
1 ‘ conclusions of the paper.

Some of the results of this paper were announced in [4].

4
4
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2. Preliminaries

Throughout this paper we will deal with one dimensional

boundary value problems. Thus we consider the basic model

Dirichlet problem

Lu = =(au')' + bu = f£, 0 <cx <1
(2.1)

u{0) = u(l) = 0.
If b = 0 we will denote the differential operator by L0 instead

of L. The coefficients a(x) and b{(x) are assumed to be

measureable and to satisfy

0 < o = a(x) < B < o, 0 <x <1

0 < b(x) = 8, 0 < x <1,

Let I=TI(tyt) = {x 1ty < X < tl}, where 0 = t, < t, = 1.

1(0,1) will often be denoted by TI. By WE(I) with k=0,1,...
(-]

and 1 <= p < » we denote the usual Sobolov spaces. Wg I) denotes

the subspace of Wg(I) consisting of functions which vanish to-

k at t and

gether with their derivatives of orders less than 0
tl’ On w;(I) we have the usual norms and semi-norms
X (3)p 1/p o
((ZH 2T ) 1sp<
! P
u =
lull 51 5
L0<j<k oo
and
_ (k)
Iulk.p,I = lu ”Lp(I)-

-
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We will also use the negatively indexed space W-;(I) =

(ﬁé)I))' with the norm

al | f1 uvdx]
ufl _ sup
lop,I velt! (1) Vii,q,1
1 1 . .
where B + 3 = 1. We will mostly work with p = o and p = 2.

If p=2 we write

o
")
"

k
W, (1),

= 1
\ ”u”k,I I!u”k,z,I’
and

a ol r = Tuly g ps

For r =1, PS(I) will denote the space ci polynomials of degree

less than or equal to r on I.

e e AT o TV o 8

The solution of (2.1) will be understood in the usual weak
. ) -
sense in H (I).
In our analysis we will use various a priori estimates for

the Dirichlet problem. We now state these easily proved estimates.

- ot a— a1

Lemma 2.1. There is a constant 0 < C(a,B8) < o such that

(2.2) Hqu 7 = C(a,B)HLuHO T

o e s

for all u for which Lu € LZ(T) and u(0) = u(l) = 0, and

(2.3) hally &, g = Cla,s)limully

. - o § -
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for all u for which ©Lu ¢ Lw(f) and u(0) = u(l) = 0.

Lemma 2.2. There are constants 0 < C(a,B) < « and

0 < ¢(a,B) < = such that
(2.4) é(“'s)”Lu”-l,f < Jully,§ = cle,B)itul_; 5

for all u ¢ 81(f), and

(2.5) C(GIB)”Lu”_l,m,f < Hqu'w'T < C(Q'B)”Lu”_l,w,f g
for all u ¢ ﬁi(f)-
{
(
1
- . e . t . e e e e
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¢ 3. Generalized Finite Element Methods
We will now consider a class of finite element methods for the
solution of (2.1). Let A = {0 = Xg € Xy ... X, = 1}, where

n = n(A) 1is a positive integer, be an arbitrary mesh on I and

set hj = Xy T Xy and Ij = I(xj_l,xj) for j=1,...,n, and
h = h(A) = maxh., . With (2.1) we associate the bilinear forms
j
1
Bo(u,v) = J au'v'dx
0
and
1
Bl(u,v) = f buvdx
0

and the linear functional

1
F(v) = J fvdx.
0

The exact solution u of (2.1) is then characterized as the unique

| u € ﬁl(f) satisfying

B(u,v) = Bg(uw,v) + By(u,v) = F(v), for all v ¢ ﬁl(f).
R Given a finite dimensional space S ¢ ﬁl(f) we define an approxi-
h mation u, € 8§ to u by
(3.1) Bo(us,v) + Bl(uS’V) = F(v), for all v ¢ S.

The usual choice for S 1is

v bl
— e — A A———

. _ r _ o]l _ . r <
S = sA'0 = {y € H (T) .win € P (Ij), j=1,...,n}
where r =1,2,... . Then ug = u, is the standard finite element

approximation to u.

LR ™ SF S 5 s .
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Remark. Sometimes the condition Si 0 < ﬁ (f) is relaxed
nefmars A,

e — e — o —

and the bilinear forms B and B are defined as sums of integrals

0 1
over the subintervals Ij. In this paper we will always assume
SX 0" ﬁl(T). However, the extension of the ideas developed in this
?

paper to two dimensional boundary value problems will utilize such
a generalization. This will be addressed in a forthcoming paper.
The finite element method based on Sf o uses local basis
A,

functions, namely those functions in SZ 0 that are characterized
’

by nodal values together with r - 1 values associated with each

‘ Ij . We can in fact write
| r - 1 ~r
55,0 Sr,0 ® 58,0
where
AT _ r . _ .
SA,O = {y ¢ SA,O .w(xj) 0, j 0,...,n}.
It is clear that dimsl = - 1 and dimér = (r-1)n gr is
crear A,0 00 A S © SaL0

called the space of internal modes or a bubble space and is charac-
terized in various ways, e.g., by function values at r - 1 in-
terior points of each Ij or by values of the first r - 1 moments
on each 1I. . This is especially important when r is large. 1In

this case hiearchical elements are of importance; for more on these

1
# l elements see [5], e.g. Local basis functions lead to a "collection"

i process for the construction of the sparse global stiffness matrices

; from the local stiffness matrices (which are associated with the indi-
vidual Ij). The load vector is constructed in a similar way. We see

immediately that this essential feature of the standard finite element

: 1 method is preserved if we replace the finite element equation (3.5) by

TR e T ;-y*wrw-,,»mmm“.b. 13
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(3.2) BO(AluA,Blv) + Bl(AzuA,Bzv) = F(B3v), for all v ¢« SA’O’

where A,, i=1,2, and B8.,, i =1,2,3, are one-to-one linear

i i

mappings of Sz 0 into ﬁl(f) with the property that for

r .
y € SA,O ’ Aiwllj and Biw|I_ depends only on wle . For sim-
plicity, we will in addition assume that
(3.3) (Aiw)(xj) = w(xj), i=1,2
and
(3.4) (B;9) (x5) = (x5, i=1,2,3, J=1,...,n,

(3.3) can be weakened while (3.4) is essential. Such a weakening

is important in the two dimensional case. (Cf. the previous Remark.)

We note that the standard finite element method corresponds to the
choice A, = Bi = E = the identity mapping. We will refer to the method

i
defined by (3.6) as a generalized finite element method (GFEM). The

method will be denoted by the vector L = (Al,A2,81,82,83) of mappings,
and the corresponding finite element approximation by uA(L).

eA(L) = - uA(L) will denote the error.

Remark. The existence and uniqueness of uA(L) as defined
by (3.2) cannot be established without further assumptions. This
question will be settled for each of the specific generalized finite
element methods discussed in the paper.

Practically all finite element methods, including methods for
solving diffusion-convection problems and reduced integration
methods, can be put in the form (3.2). The form (3.2) obviously
preserves the possibilities of the collection process for the con-

struction of the stiffness matrix and preserves the

sparsity of these matrices, so that one of the main ingredients of
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the FEM is unchanged (see Section 1).

A number of questions arise in connection with generalized

finite element methods:

i)

ii)

iii)

iv)

What is the optimal choice for the mappings Ai, Bi,
i.e., what is the best choice for the local stiffness

matrices?

How do implementational requirements influence the
choice? How much effort should be spent in the construc-
tion of the Ai' Bi as compared with effort spent in
mesh refinement?

Which choices lead to robustness of the method?

What is the accuracy of the generalized finite element

method?

These questions will be addressed in the following sections.

PSP R VYW O Ry .



4. The Ll-Finite Element Method

In this section we introduce a version of the GFEM which, al-
though it is rather impractical, gives valuable insight into the
best that could be expected from a method for solving (2.1) when
the coefficients are rough.

In addition to the usual finite element space SX 0 intro-
14

duced earlier we will use the spaces

= {y ¢ gt (1) :lelI € Pr'z(Ij) for each 3j}
3
~T 1
,0 = Sa

j.) We see that dimSZ 0 =dim§z = nr - 1. We now dis-
’
r
A

o
N H

and §Z (I). (If r =1 we require that Ly = 0 on
each I

' cuss several properties of the spaces S

Lemma 4.1. Given a function u ¢ HY(I) there is a unique

? IZ(a,b) = IAu satisfying

’

IAu € SA :

! (4.1)  { Tyulx) =ulx), 3=0,1,...,n ;

J (u—IAu)(x-xj_l)zdx=0, 2=0,...,r-2,3=1,...,n.
U L5

5

I,u € gl if u ¢ 85 (D).

Proof. The existence and uniqueness of IAu will be estab- f
lished if we show that u = 0 in (4.1) implies IAu = 0. Thus
suppose u = 0. Then from (4.1) and the definition of 52 we

have
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0 = JI IAu L(IAu)dx
j

[ e f +b(1,w 2 1dx,
3

from which we get IAu = 0.

We will refer to I,u as the éi—interpolant of u.

Lemma 4.2. For u ¢ ﬁl(f), I,u ¢ §£0 is characterized by
1 1 r
(4.2) J (IAu)'v'dx = [ u'v'dx, for all v ¢ SA,O ]
) 0 0 R
| or by
| ~r
(4.3) B(IAu,v) = B(u,v), for all v ¢ SA,O'

proof. The characterizations (4.2) and (4.3) can be seen by

‘ writing
1

! [0 (u-T)u)'v'dx = ZjJI.(u—IAu)(—V")dx + Zj(u-IAu)(xj)Jv'(xj)
§ 3

and
‘ - - - - [

o B(u-TI,u,v) Zj JI.(u IAu)Lvdx + Zj(u IAu)(xj)Jav (xj),
J
where Jav'(xj) = av'(xg) - av'(x;). We note that Jav'(xj) is
well defined since Lv| ¢ Pr-z(IQ) and therefore
2

1 . . .
av'|I € H'(I,)) for 1 l,...,n, which implies av' has left
L

and right limits at each node x

oy
!

PP PSP L

Remark. (4.3) shows that IAu is the Ritz projection of

l — ~
u € H (I) onto the subspace SA 0 with respect to the form B.
’

Lemma 4.3. For : =0 or 1, k >0, and r > 1, we have
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u
(4.4) flu - IA“”Q,T C(a,R)h HLqu,f
and
< 7]
(4.5) fla = Tyully o7 = Cla,B)b7Lully . 5.

where u = min(k+2-¢2,r+1-2), and C(a,B) 1is independent of u but

depends in general on o, B, %, k, and r.

Proof. We first prove (4.4) with £ = 0. Suppose

~

Iw = =-(aw")' + bw = F on I

w(0) = w(l) = 0

where o < a(x) £ 8, 0 = b(x) <8 on I, and let v be the Ritz

projection of w onto the subspace

Sg = 10:Lo € P7T2(D), 4(0) = 6(1) = 0}
. 1 N
with respect to the form B(u,v) = J (au'v'+buv)dx, i.e., suppose
0
v € S0
ﬁ(v,¢) = B(w,¢), for ¢ ¢ S

0"

We write a, b for general coefficients in order to distinguish
from a, b in (2.1) and a, b introduced below. Now, using (2.2),
(2.4), and the fact that all norms on the finite dimensional space

PE=2(T) are equivalent for 2 < p we have
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(4.6) vl = ClILvll_

]l

P, I 1,

= C(QIB)”VHl'f

tA

Cl(a,8) Hw”l,f

1A

C(a,B)HFHO'f

tA

C(arB) “FHO,p,T

Now consider u - IAu on Ij . For any function v(x),
X-X.
-1 -

x € I, let v(x) = v(x), where X = __Hl_— ¢ I. By a standard
J

scaling argument

1/2, - -
| - - —
! (4.7) Ila IAuHO,Ij < Chj la - T u”O,I
‘ where Tu 1is the S -interpolant of u where
~r = = v 2 r-2 —
S = {¢p:Le = -(ap')"' + hjE¢ € P (1)},

i i.e., Tu is the element of S° having the same values as u
at 0 and 1 and having the same moments of orders up to r - 2
as u (cf. (4.1)).

-3 From (2.2) we see that

R (4.8) flu - Ill”O,T < C(a,B)HL(u-TlnHo,f-
y; Write
v
- Tu = (Tu), + (),
o
where

E(Tﬁ)l =0 on I

(TG)I(O) = u(o0), (76)1(1) = u(l).

0 WY e T
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It is easily seen that
Llu - (Iﬁ)l] = Lu on I
[u - (7-3)1] (0) = [u- (T'G)ll (1) = 0

and that (-1"1'1')2 is the Ritz projection of u - (Tﬁ)l onto

S. with respect to the form B(u,v) = fé (au'v'+buv)dx, where

0

55 = {¢:To € PPA(D, ¢(0) = 6(1) = 0}.

Hence from (4.6) with w=1u - (Tu);, V= (Tu),, and p = 2

we obtain

(4.9) LT Wiy 1 ILTw,lg 7

1A

C(G,B)HEGHO’T .

Combining (4.7), (4.8), and (4.9) we have

1/2,—— _
(4.10) la - IAuHO,Ij < C(a,B)hj HL\JHO’I
1/2,——
= C(OL,B)hj ”Lu”u_zlf
since p 2> 2 for 2 = 0. Now
ha = Tyully ;= Hu-¢) - Iytu=-6)llg 1.
J J
for any ¢ such that L¢>|I ¢ Pr-2(1j)_ Combining this with (4.
3
we see that
. 1/2)== =— _
fla IAuHO,I. = C(a,B)hj ILu I‘¢”u-2,I .

]

since L ¢ is arbitrary in PF=2(T) we have

10)
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1 . .
lw = Tyuly = cla,mn’? inf Tu- ol

; ] e pt 2 &
1/2 ==

; N C(arB)hJ ‘Lulu_zll.

J

: Then a further scaling argument yields

-

- - v

: (4.11) fhu IAuHO,Ij = Clo,B)h 'Lulu—z,lj'

(4.4) with & = 0 follows immediately from (4.11).
(4.4) with ¢ =1 1is obtained by a slight modification of
. the above argument. We finally note that (4.5) follows from a

similar argument based on (2.3) and (4.6) with p = o,

Lemma 4.4. There is a constant C(o,8), independent of u

and A, such that

(4.12) 1Tl 7 = Cla,B)luly 5 |
F |

and ?
(4.13) 1Tyl o5 = Cla®lul, . g

Proof. (4.12) follows directly from the coercivity of B. }

We turn to the proof of (4.13).

1l — . .
Let 2z ¢ W _(I) and suppose w satisfies :

! (= Sty - r-2 = T
¥ Lw = =-(aw')' + bw = Q ¢ P (I) on I ‘
- | < w(0) = z(0), w(l) = z(1) :
% 1. 1. §
S [ wxldx = J zxJdx, = 0,...,r-2 '
\. ‘0 0
‘ where 0 < a = a(x) = B, 0 - b(x) = B. Write w = wy + Wy where

Whew 1T T g TR o 7 B ) . o s PPERETTOr A R S S R



and

and

(4.14)

- - space
(4.15)

S

~f] ' we see that
3
i

We now show that

‘ (4.16)

We also write 2z

- .ncc.,.-m‘rmqmwmmswAa;'--ar - <en

19

wl(O) = z(0), wl(l) = z(1)

ﬁwz = Q

w2(0) = w2(l) = 0.

z1 + z2 where

z) € B(D), 2)(0) = 2(0), z,(1) = z(1)
; B(zy,¢0) = 0, for ¢ ¢ &l (1)

z, ¢ ﬁl(f)

B(z,,¢) = B(z,4), for ¢ ¢ &

Observing that W,

{¢:

L1y,

where B(u,v) = fé(au'v'+5uv)dx. ﬁ(zl,zz) = 0 and hence

sznllf = C(GIB)IIZHI'T-

is the Ritz projection of =z onto the sub-

2

=
©
Il
B
H
'
N
_——
|
2<%
-
©
——
o
]

¢(1) = 0}

IA

C(ar B) ”z”llw,’f .

T i P P T 3
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l 3
: First we show that
|
(4.17) lenllwlf : C(a,B)HZHO'm,f.
If 6=OI
z(1)~z(0) [* at
wy (%) = -——l———-—J L+ z(0) !
Jé..t. 0o °

o & ‘ﬂ

~

and the result is immediate. Now suppose b # 0. Let v satisfy

iy = —{(awu')! =
‘ Lov = ~-(av') 0

v(0) = z(0), v(l) = z(1).

From (4.17) with b = 0 we have

(4.18) IVl o, = Cla,B)lizly o F-
i
| Letting vy = w; - vV we see that

L { iy = -bv

y(0) = y(1) = 0. ’

Using (2.3) and (4.18) we obtain

Ivly w5 = ClaBlvig | 5.

(4.17) follows immediately from this result and (4.18).

Next we show that

(4.19) fHw

zullm’f = C(O'B)”z”l,m,—f'

Using (2.3), (2.4), and the equivalence of norms on the finite

i dimensional space Pr_z(f) we have
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(4.20) [lw

[

2”1’,_”'T C(G’B)“QHO,OQ’T

b C(Q'B)”Q”'l,f

i
%
!
'3
!
i
]
!

- c(a.B)szﬂllf-

Combining (4.14), (4.15), and (4.20) we obtain (4.19). (4.16) j
follows from (4.17) and (4.19).
Now consider u - IAu on Ij and recall the notation in-

troduced in the proof of Lemma 4.3. By a scaling argument we have

~1,— -
(4.21) lu - IAull,m,Ij = Chj |u --Tull,w,f
where TU is the S%-interpolantof U where

ST = {¢:T0 = -(a¢') + h§5¢ ¢ PFT2(T)).

From (4.16) and (4.2)) we obtain

(4.22) |lu - T,ul = c<a,e)h51nau

1,m,1j 1,,1°

From (4.22) and (4.5) we have

tA

(4.23) |u—IAu|l,W,Ij |(u-Y)+IA(u_Y)|1,m,1j+IY|Il'IAl‘l,m,Ij ;

A

c(a,8) (M a=vlly 1 + |vIng) {

for any constant Y. Now select Y = f% udx. Then

flu - Y”l’w’f = Clull,w'f

and

Thus from (4.23) we get
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t Z -l O u
(4.24) ju - Lyl o = Cla,8)[hyTlaly 5+ hyluly gl
J

A second scaling argument applied to (4.24) yields

lu - IAull,oo,J:j = C(“'B)[|u|1,w,1j + hj‘“'O,w,I.]

A

Cla,B)flully o
r ’ j

and thus

(4.25) lIAull,w,Ij = C(a,B)HUHl’m'Ij.

(4.13) follows immediately from (4.25).

The main goal of this section is to consider the L, ,-method,

1
where L, = (A,A,A,A,A), the mapping A :SZ o~ ﬁl(f) being
defined by Au = Ii(a,b)u for u ¢ SZ 0" It is immediate that
A is one-to-one and onto §Z 0! Au|Ij depends only on
- -1 _ qir nte
ulI'. Au(xj) = u(xj), and that A “w = I;(1,0)w for w ¢ Sp.0°

The existence and uniqueness of uA(Ll) is clear. We see that

u € S implies Au(x.) = 0 and that i
A,O J %
r _ 1l AY |

ASA,O = ASA,O 4] ASA,O'

This fact plays an important role in implementation.

Lemma 4.5. There are constants C and C(u,[), independent

of 4, such that

i !’ _ . !‘, | -
(4.26) Au 1,1 C(r,R) “'1,1 '
and ?
(4.27) lAull = = Cla,R)llull = r
1,o,T Uil e T for u ¢ SA,O'

and
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: l
(4.28) 1AWl = - =
A wll,I CHlelI ,
1
and
(4.29) A "l = Cwl ¥ £ .
lew,T = GWp, 10 for wes, q.

Proof. (4.26) and (4.27) are essentially restatements of

(4.12) and (4.13), respectively. (4.28) and (4.29) are special

cases of (4.26) and (4.27), respectively, corresponding to a = 1

and b = 0.

We present the error estimates for the Ll—method in the

next two theorems. Let eA(Ll) = u - AuA(Ll)'

Theorem 4.1. For 2 = 0,1 we have

(4.30) le (Ll = ctamntien, o
£,1
and
| = Mg
(4.31) lepftbd iy o5 = Cla,hiiEn <

where = min(k+2-2, r+1-%j).

Proof. It follows immediately from the definition of the

Ll—method and from (4.3) that AuA(Ll) = IAu. Thus (4.30) and

(4.31) follow directly from Lemma 4.3,

2 AR g mhu\mm A i e, - . . o s N
Gt o : i ~— e o
] N s - PRI Py o T - wn



i Theorem 4.2. For & = 0,1 we have

(4.32) ley(tpilg 5 = cla,n el <
E E
e and
3
(4.33) ley (L, o5 = Cla, B gl | 3.

Proof. These results follow immediately from Theorem 4.1,

. r .
the fact that uA(Ll) is the SA,O-lnterpolant of AuA(Ll), a

b a6 Lo L £

standard approximation result for SZ 0" and (4.26) and (4.27).
’

Remarks.

1) The rates of convergence given in (4.32) and (4.33) are

} clearly the highest that could be proved under the governing hypo-

theses.

2) Suppose that we have found uA(Ll)' Then, although the
accuracy of uﬁ(Ll) is low (see Theorem 4.2 and Remark 1),
AuA(Ll) has high accuracy (see Theorem 4.1) and can be calculatcd

locally, element by element. Thus the highly accurate Au, (L.)

1
can be constructed by post processing.

3) Theorem 4.1 shows that we can obtain the same rate of

convergence in the norms H-!I2 T o £ = 0,1, for problems with
’

rough coefficients as for problems with smooth coefficients when

e

post processing is applied. This shows the maximum possible

robustness.

. o i g
: .
e A b e e b i o

4) It is easy to show that postprocessing does not improve

the rate of convergence if a and b are smooth and so éﬂ(L )

W T N o R IO AT A A b .
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and eA(Ll) are of the same order in this case.

5) The Ll—method is closely related to Ritz method using

L-splines (see [6], e.g.) and, as would thus be expected, yields

the exact solution at the nodes.

6) We have presented estimates in only the norms

I+llg o 7 and ll*lly ¥ for £ = 0 and 1. Parallel results hold in

the norms H-HQ p, T 2 =p<e £=20,1.
r

v 3 M <
Rty .




5. The LO—Finite Element Method

In this scection we consider the lnwm-lhml, wliett o
L, = ' ’ ’ v ’ i A i
0 (A0 AO A0 AO 40) the mapping 0 beiny constructed from
LO as A was from L in Section 4, i.e., A& = Ii(a,O)u for u -~ Sf 0"

The existence and uniqueness of uA(LO) is immediate.

Theorem 5.1. For 2 =0 or 1 we have
(5.1) lu-A u (L)1 = = c(o,8)h2 %El, =
) 0°A 0" "L, T T ! k,I
and
(5.2) lu=A u (L), . == cla,8)h2 "1, . =
[ . 0 A 0 'Q,OO,I bl I k'ull'
Proof. Let F = f - bu. Then from (2.2) and (2.3)
- < | —_
(5.3) HFHO'I < c(a.s)‘IfHO,I
‘ and
(
- (5.4) ”FHO,w,f = C(Q,B)“fﬂolm’f-
. Clearly
:
| (5.5) Lou = F
ﬁ«i u(0) = u(l) =0
3
V‘_‘ _
1!! Let “«(Lo) denote the LO- finite element approximation to the
f,j solution of (5.5). From Theorem 4.1 applied to (5.5), (5.3) und
"
: (5.4) we have
(5.6) aeA T (L = el he T e =
. ro A 0 Q,,I . [ AP | "O,I

b k2
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_ 2-¢
(5.7) hu-aguy (L)l o 5 5 Cle,B)h £y w 1

Writing
(5.8) uA(LO) = uA(LO) + z(Lo)
we immediately see that
(5.9) B(Aoz,on) = B(AOuA(LO)'AOV)

- BO(AOUA(LO),AOV)-Bl(AOuA(LO),AUV)

= Bl(u—AouA(LO),AOV), for Vv ¢ SA,O'

E \ From (5.9) and the coercivity of B we have

IA

C(a,B)B(Aoz,Aoz)

1A

Clo,B)flu=Aguy (LY g FlAGzl, 7

and this, together with (5.6), vields

2
(5.10) "AO&”l,?[_ = C(G’IB)h Ilf”O,_I-'

(5.1) follows from (5.6), (5.8), and (5.10).

For % =0, (5.2) follows from (5.7), (5.10) and the fact
b
that
= . _ < _
|
4 It remains to prove (5.2) for & = 1. It is easily shown

- that there is a positive constant C(o,B8) such that




Lo g . e
T

N g DR

W - »
N ‘Q' N 2
— i e Sedcmatoe ol A i e B o i
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| |By (u,v) | o1
(5.12) sup T — 2 C(G,B)HVHl'l §+ for u ¢ wl(f)
uewd (D) Lot
From (4.3), (4.13), and (5.12) we have
13) IBO(W,V)| |B0(1A(a,0)u,v)|
5. 3] =
( W Wl .z TSP TGoonl, LT
weA S ros uew (I) ¢
0°A,0 o
cup #Bﬁ(u.v)l ﬂl tuﬂlg T
o ull, a,0)ul =
uew! (T) 1,21 b li=, 1

v

C(a,B)Hle’l'f, for v ¢ AOSZ'

(5.13), together with the fact that an operator and its adjoint have

equal norms,yields

|B0(w,v)| .
(5.14) Supr W;WI—If%— o C(G,B)Hwnl,w’f, for w ¢ AOSA'
veEA S P
0°A,0

Now from (5.7), (5.9), (5.10), (5.11), and (5.14) we obtain

B (A z,A V)|
(5.15) HAozH 0 0 0

< C(a,B) sup —
VESr “AOV”lllrI
A,0

1,°,1

lBl(u—AOu (L) =AgZrAgV) |

C(a,B) sup

r
vESA'0

Aovly 1, T

IA

C o, 8) Ulu=Ag@ (L) g 5+ fAgzlly | 2

A

2
c(al B)h ”fuo'oo'f .

(5.2) with ¢ =1 follows directly from (5.7), (5.8), and (5.15).




29

Remarks.

1. The rate 2-2 in (5.1) and (5.2) cannot be improved.
This can be seen by examining the special case a =1 and b

rough.

2. (5.2) with £ = 0 shows that

I
=
~

< 2
|u(xj)—uA(L0)(xj)| < C(a,B)h HfHO e..,n-1.

I L

We also have the analogue of Theorem 4.2.

Theorem 5.2. For 2 =0 or 1 we have

(5.16) ley (Llly 7 = Clo,BYR™ TlHEN, 7

and

(5.17) le (LON, . == c(a,8)n Mgl =
. A 0 Qr,w,I - r ,Olw’I-

Remark. Comparing Theorems 5.1 and 5.2 we see that the

LO and Ll methods have the same rates of convergence. On the

other hand, implementation of the L0 method is much simpler

since the equation Low = ¢ can be solved by quadrature.
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6. The L2-Finite Element Method

In this section we consider the L2 = (AO,E,E,E,E) method,
where E is the identity mapping and AO is as defined in

Section 5. First we analyze the case b = 0.

Lemma 6.1. Suppose b = 0. Then for £ = 0,1 we have

Itg- - < K —
(6.1) tu-Aqu, (L)l ¢ = Cla,B)hTilEly 5
and
— — u —
(6.2) lu=Agup (L)l o 7 = Cla,BYRTHENY ) 5
t where yu = min(k+1l,r).
4 Proof. We will prove (6.1) in detail for r = 2. 1In Sz 0
1 —_— ’
we construct a basis by choosing
¢ll 'q)n-l |
Eyreeerb
satisfying
! ¢1(x ) = 6ij i,j = 1, ,n -1,
fI.¢idx = 0, i=1, ,n -1, 3 =1,...,n,
J
Ei(x ) = 0, 1=1, ,n, j =1, ,n -1,
= 1 = b
fIJg dx lJ’ 1,] 1, 2L .

‘ For f ¢ Hk(f) let

Whx e e~ eew

[ 7 T kil 207 et PR
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_ n-1 _ n B
£oo0= 131 (fIf¢jdx)6xj + 15, Ugpfeyanxy

where Gx. is the Dirac distribution at xj and Xj is the
charactergstic function of Ij' It is easily shown that
AOuA(LZ) is the exact solution of problem (2.1) with right
hand side fA' We note that this fact implies the existence and

unigueness of uA(LZ)' Thus from (2.4) we have

(6.3) lu-Agu, (L) Cla,B)lIE-F,1l_; 7-

”l.f = 1,1

Now let w be the solution of

]l

-w" = £, x ¢
(6.4)
w(0) = w(l) =0

and let W be the standard finite element approximation to w

in the subspace Si 0 i.e., let Wy be the Ritz projection of

onto Sz 0 with respect to the form fé u'v'dx. As above, we
see that Wy is the exact solution of (6.4) with right hand
side fA' Thus from (2.4), applied to the problem (6.4), we
obtain

-— -— < - —
(6.5) le-g,0_y 57 = clw-wl 7.

Combining (6.3), (6.5), a well known estimate for the standard
finite element method, and a simple regularity estimate for

(6.4) we have

L TN - R

w




< 2 —
H“_AouA(LZ)Hl,f < Cl(a,B)h "w”k+2,I

1A

cla,Bn2yel, .

This is (6.1) for r = 2. The proof for general r 1is similar.
Finally we note that the proof of (6.2) follows the same lines

but is based on (2.5) instead of (2.4).

Remark. In general one cannot obtain a better rate of
. = 0, = . .
convergence 1in HO(I) (W_(I)) than one obtains in

B () (WD)

f Lemma 6.2. Suppose b = 0. Then for & =0 or 1 we have
: 1-¢
| —_ _—
; (6.6) ley(ly)ly § = Cla ™ Tlfly 5
L and
| (6.7) le, (L), = = cla, 8" Hgl =
! . rtt27 e, T T ! "N, T

- Proof. The proof of this lemma is similar to the proof of

Theorem 4.2.

1 We now turn to the general case. 1

Theorem 6.1. There is a constant h0 = ho(u,B) such that 4

for 0 <« h <« hO' uA(LO) is uniquely determined. Furthermore

there is a constant C(a,8) such that

et e ‘.
N ad T e d

e M ~ -
Ry - Aa iS4 !
P S SRR S-S

I N < , —
(6.8) .eA(Lz)IO’I C(G,B)thHOII

and
‘ (6.9) ley(Ly)llg o 1 5 ClauBinlfly 5

for 0 < h < ho.

T TR RS N R, T e



Proof. Consider the problem

-(aw')' = F, x ¢ I

w(0) = w(l) = 0.

Let T be the corresponding solution operator, i.e., let
TF = w, and let TA be the L2 approximate solution operator,
i.e., let TAF = wA(Lz). We regard T and Th as operators on

LZ(T). From Lemma 6.2 we have

(6.10) Il'r—TAlle'L2 < c(a,B)h.

Let u be the exact solution of (2.1) and uA(LZ) the L2

approximation to u. Then

(6.11) u = T(f - Dbu)
and
(6.12) uA(Lz) = TA(f-b uA(Lz)). W

Using (6.11) and (6.12) we obtain

(6.13) u - uA(Lz) = (T—TA)f - Tb(u—uA(LZ))

+ (TA—T)b(uA(LZ)—u) + (TA—T)bu

which can be written as

(6.14) [IT+Tb + (TA-T)b]eA(LZ) = (T—TA) (f - bu)

where I is the identity operator on Lz(f). Now TbI is com-

pact on L2 and it is easily seen that I + TbI is one-to-one.

1 exists and is bounded. From (6.10) we see that

Thus (I + TbI)




(T, ~T)bIl] < C{(a,B)h
A L2,L2

S e TR TN

and hence

R

ol < Cla,B)

(6.15) I + ThI + (T,-T)bI] Ly.L,

e W

for h sufficiently small. Identity (6.14) together with the

R A b 4

invertibility of [I4-TbI+-(TA-T)bI] implies the existence and

uniqueness of uA(L2). It follows immediately from (6.10), (6.14),

and (6.15) that

I

le, (L) C(a,B)th-buI!O'T

0, °

1A

This is (6.8). The proof of (6.9) is similar.

Remark.
1. The assumption that h 1is small is not necessary as will

be shown in Section 8. See Remark 2 following Theorem 8.2.

2. In Lemma 6.2 the case # = 1 1is essentially a stability
result, this result is also valid in the general case (when b Z 0).

See Remark 2 following Theorem 8.2.

Theorem 6.2. For £ =0 or 1 we have

3
-

~
e e o TR AT e P RE——




(6.18) lu-Agu, (L)l 5 = cle,Bynifly ¢

F and

E - T < T

[ (6.19) hu-Agup L) lly o 5 < c(e, B)hlely , 3.

4 Proof. Recall the notations from the proof of Theorem
6.1. Now let %A be defined by iAF = AdT&F. Just as we

obtained (6.13) we now obtain

- e —————s -

" (6.20) u - AOuA(LZ) = (T-TA)f - Tb(u—uA(Lz))
+ (TA-T)b(uA(LZ)-u)

' -~
+ (TA-T)ba.

From Lemma 6.1 we have

1A

(6.21) HT—TAH 1 C(“'B)h“f”o,f'

L2,H

Using (2.2) we see that

LA

(6.22) ITh (u=uy (L)) c(a,B) lumuy (L)l 7
Finally, combining (6.20)~(6.22) and Theorem 6.1 we see that
lu - Agu (L)l 5 s (o, B)hlEl 3.

This gives (6.18). The proof of (6.19) is similar.

Remarks.

= l. Estimates (6.6) and (6.8) cannot be improved when general

a and b are present. If a and b are smooth then, of

course, better estimates can be derived, namely

T A P T
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(6.23) fe (L)l ¢ = clflly ¢ h°.
where ¢« =0 or 1 and u = min(k+2-%, r+l-¢). Here C
depends on the smoothness of a and b as well as on a and 8.

Similar results hold in connection with the norm I

2., (6.16) and (6.17) canno' in general be improved.
Theorem 6.2 shows, however, that the accuracy can be improved

by post processing.

3. The rate of convergence in (6.23) is the best possible,
as can be seen from the theory of n-widths (see [ 7 ]1). 1If
a and b are merely measurable it is also possible to show
that (6.8) and (6.16) give the best possible rate of convergence.
Thus we see that uA(Lz) yields the optimal rate of convergence

in all cases. Similar results hold in connection with the

el _
norm | ”Q,w,l‘
4. The L2 method is well suited for implementation. 1In
fact we will see in Section 8 that it can be obtained as

a mixed method or can be easily implemented directly.

5. We could also discuss other choices for the Ai and

Bi which would modify in various ways the accuracy of the

approximate solution.
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7. The Standard Finite Element Method (The L3—method)

The standard finite element (or Ritz) method corresponds to

the choice L3 = (E,E,E,E,E). In this section we discuss a
negative result that shows the contrast with the L2-method. We
assume r = 1.

Consider the family of boundary value problems given by
1 n-1

\
T 1

a, b=0, f =1, where An = {xo,...,xn} = {0,

and
X. l+x.
2, X < x < Az ]
J-1 2
an(X) =
X X,
1, —1—5——1 < x < Xj' j = 1,...,n

and let u, denote the exact solution. It is easy to see that

u, (L3)(the standard finite element approximation to un) is
n

the piecewise linear interpolant to the exact solution of the

problem
-%wﬂ' = 1
v(0) = wv(1) = 0 .
From Lemma 6.2 we have
oy = uy (L)l 7 =

and it can be shown (see Theorem 9.3) that u, converges in

L

2 to the exact solution of

o

PR e —" A : = —

pprupb i



/

|

!

i 38
§

g 4 .
f"i “ywho= 1
i w(0) = w(l) = 0.

This shows that the L2 approximation, u, (Lz), is very
n
accurate while the standard finite element approximation,

uAn(L3), fails to "“converge", i.e., u,

- Uy (Lz)‘+—’ 0.
n

Remarks.

1. We see that the standard method is very nonrobust. It
, does not converge for rough coefficients at all, and gives very
poor results when a changes significantly between the nodel
points. In contrast the L2 method performs well whether the
coefficients are smooth or rough. Because the implementation of
the L2 involves the same amount of work as does the standard
method, the L2-method should be prefered in all cases.
! 2. We have analyzed only linear boundary value problems.
Many of the ideas introduced here are valid for nonlinear problems

also. For strongly nonlinear problems the L2 method is very

promising.

+

N
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8. The Relation Between Generalized Finite Element Methods and

Mixed Methods

In this section we discuss the relation between Generalized
Finite Element Methods and mixed methods. Mixed methods for the
approximate solution of (2.1) can be derived from the displacement
formulation (2.1) by introducing an auxiliary variable, writing
the second order scalar equation as a first order system, casting
the systems into variational form, and then discretizing the
resulting variational equations. This can be done in various
ways. We consider two mixed methods for (2.1).

Letting s = pu' we write (2.1) as a first order system

in two ways, namely as

r au' - s = 0, 0 < x < 1
J -8 + bu = £, 0 < x < 1
g u(0) = wu(l) = 0
and
(-5 0, 0 < x < 1
a
{ _s' + bu = £, 0 < x < 1
u(0) = wuw(l) = o0,

and then consider the associated variational formulations




(
! u € ﬁl(f),
rl 1
J au'odx - J sodx
(8.1) 0 0
1 1
J sv'dx + J b
/0 0
and
(u ¢ 81D,
(1 1
J u'odx - f
! (8.2) 0 0
1 1
J sv'dx + J b
N /0 0

(8.1) and (8.2):

r
ruA € Sp,0'5
i Jl 1
b - au'lodx - J
;
> Jl 1
» s, v'dx +
o @ J0
! ¢ sf
! Yo% Ca, 00
1
= (8.4) < J ujodx - J
) 0 0
| l 1
' J gﬁv'dx + J
\. ‘0 0
» WM"(“-:“ A e

uvdx

40
0, for all o ¢ H’(T)
l 01"’
fvdx, for all v € H (I)
0
0, for all ¢ € H (T)
1 a1 =
J fvdx, for all v € H (I)
0

The mixed methods we consider are now obtained by discretizing

for all

1 r
= f fvdx, for all v ¢ SA 0’
0 14
for all o ¢ §Z-1
1 r
= Jofvdx, for all v ¢ SA,O’

e e ——
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where §Z-l = {y € H (I): W/I = Pr-l(Ij), j=1,...,n}.
3

As indicated above, the mixed formulations (8.1) and (8.2)

are obtained from the displacement formulation (2.1) via the
introduction of an auxiliary variable. Clearly this process

can be reversed, i.e., (2.1) can be obtained from (8.1l) or (8.2)
by eliminating the variable s. It is also possible to eliminate
this variable at the discrete level, i.e., to eliminate S\

from (8.3) or (8.4), obtaining a Generalized Finite Element

Method. This is made precise in the next two theorems.

Theorem 8.1. The elimination of sA from (8.3) leads to
|

the L3 finite element method for Ups i.e., u, is the

standard finite element approximation to u.

. Proof. Suppose Uyro Sy satisfies (8.3). Letting o = v!
in the first equation in (8.3) we find féau&v‘dx = f%sAv'dx.

Using this in the second equation we see that

r
u, € SA,O
4 1 1 1 r
o J au&v'dx + J bu,vdx = J fvdx, for all v ¢ S ’
0 0 O 0 4,0

i.e., u, is the L3 finite element approximation to u.

. !«4.

L. B b
i «
AR e A o A i

Theorem 8.2. The elimination of sA from (8.4) leads to

—

s the L2 finite element method for U, .

Proof. Suppose Upr S, satisfies (8.4). From the first

{ equation in (8.4) we see that




T
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3

\ . . -1 .
where P is the L2-pr03ect10n onto PF (Ij)' The mapping

S
A
[ =
Yal1, P( a

SA r-1 r-1
Salp. ™ Rj(sA I.) = P(?; I.) from P(I.) to P(I.) is one-
] ] J J ]
to-one; let Qj = Rgl. Then
= '
Salt1. QUuplg, -

] ]

Using this in the second equation in (8.4) we see that u,

satisfies
r
uA € SA,O
n 1 1 r
[ L} -
2j=1JI.quA vidx + J bu,vdx = J fvdx, for all v € 5
] 0 0
= a(A,u,)’ From (4.2) we

. 1
It remains to show that qu ’Ij oA ‘Ij‘

see that P(A. p)"' = ¢! for ¢ ¢ st and from the
0 Ij Ij A,0

definition of éz we have (Aou)'lI € Pr_l(Ij). Thus
3
] - vt
Rila(Aqu) ' 1 = PUAGup) "y
J J
= UA‘I.
]

This completes the proof.

7 N [ e
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Remarks.

1. If r =1 both the L2 and L3 methods can be viewed \

as arising from the application of the standard finite element

method to a problem with appropriately perturbed coefficients.

Consider the problem.

-(a,u')' + bu €

A

il
Hh
-
o
i

I
(=

u(0) = u(l)

where a, is constant on each Ij’ and consider its approximation
by the standard finite element method. If a, = EA' where

fI.adx

aA'I. = hj ’

i.e., if a is the piecewise average of a,

we obtain the standard finite element method for the solution

of (2.1). Also, it is clear (when r = 1) that

where Qj is the operator introduced in the proof of Theorem 8.2.

]
= = I.a
i Hence if a, = a,, where aAlI. = —_%T—— , i.e., if a,
] ]
{

is the piecewise harmonic average of a, we get the L2 method.

It is obvious that EA and EA

changes significantly on the subintervals Ij' while for smooth

s an

can differ significantly if a

a, a, and a, differ by O(hz).

‘ A A
i The observation that the L2 method is tha same as the

we . -
-'*"‘j""m-'“:--.. o e Y
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standard method applied to the problem with a replaced by

a,, where EA

that the L2 method can be easily implemented, its implementation

being of the same difficulty as for the standard method.

is the piecewise harmonic average of a, shows

2) Using the operator Rj introduced in the proof of

Theorem 8.2 we can prove the existence and uniqueness of u, (L2) ’
for all h. See Remark 1 following Theorem 6.1. Rj is positive h
2-inner product and

its eigenvalues are bounded away from «® and 0 uniformly in j.

definite on Pr_l(Ij) with respect to the L

Thus
f (Q.z)zdx 2 AJ zzdx, for =z ¢ Pr-l(I.)
1. I I. )
3 ]
with X > 0 independent of Jj. Now suppose
1 r
1 ] —_
foa[AOuA(Lz)] v' + JbuA(Lz)v dx = 0, for all v ¢ SA,O'
Then
1 2
— ] ]
0 = szI [quA(Lz)]uA(Lz) dx + fob[uA(Lz)]
J

v

2
T
xszI [uj (L,)1%ax
J
which implies uA(Lz) = 0.
3) Nemat-Nasser, in [8] and a subsequent series of papers,
suggested the use of the variational principle (8.2) in

conjunction with trigonometric polynomial approximating functions

for the approximate calculation of eigenvalues of problems with
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rough coefficients.

in [9].

! this method and corresponding finite element methods (cf.

45

The authors derived error estimates for

(8.4))
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9. Additional Properties of the L2-method

So far in this paper we have assumed the coefficients a(x)
and b(x) are in Lm(f). In this section we derive additional
properties of the Lz—methodin the case inwhich a(x) has Dbounded
variation and r = 1. We begin by proving a perturbation of coef-
ficient result.

Let ug denote the solution of (2.1), i.e., let u, be the

solution of

-(au)) ' + bu, = f,x ¢ I
(9.1)
ua(O) = ua(l) = 0 ;
and let u be the solution of the corresponding problem with a
: h
replaced by a,r where a, is the piecewise harmonic average of
a subordinateto themesh A = {0 = Xy < Xy < ree <X 1}, i.e.,
the step function defined by
o\ ’
I. a
a = [ .
AT, h.
] J
/ E
We now present an estimate for u, - ou under the hypothesis ]
A

that a(x) hasbounded variation.
A

For a function c¢(x) withbounded variations denote by ¢
the piecewise average of c¢. We will assume functions with bounded
variation to be right continuous at each x < 1 and left contin-

uous at 1. It is easily seen that V(cA) = V(c), where V = Vf

denotes the variation on 1I.

Lemma 9.1. There is a constant ¢ such that
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i X. 1
f, 2 ” ? (c-c®) oa l cv—(c) | o] h2-§
{ (9.2) . c-c x| = s 1,p.T

[ [

for ¢ ¢ W;(I), l=p=<*®, j=1,...,n.

- A
Proof. Let ¢ ¢ WS(I), let ¢ be the piecewise average

of ¢, and set %(x) = fg (¢-¢A)dt. Then

X, X,
J J
(9.3) }J (c-cA)¢dx' = Ij (c-cA)(¢—¢A)dx|
f 0 0
; .
‘ X.
i e
‘ = (c-c )¢'(x)dx|
' 0
| ?
g xj
E = .I (c—cA)dél
| 0
. Xj | !
= H cbd(c—cA)\
4 0
< _ _A 3
1 < CH@HO'm’I V(c~-c?) ]
;“ = C”@'IO’OO’-:E V(C).
;é Now we bound H@HO o T Suppose X0 1 =X < X, Then
j .
- %=1 X
= o)l = H (9-0%) at + f (0-6%)at
= 0 *e-1 {




‘l
i 48
:
! x
= J (9-¢")at
] xg_l
: \ p-1
' < - - p
= Mooy oy (xoxg )

and thus by the Poincar€ inequality we have

p-1 ]
v p .
”O,p,I hz

(9.4) lo(x)| =< h,LIM
2

O+

h

o'l
0,p,IQ

(9.2) follows from (9.3) and (9.4).

For b = 0 we obtain two estimates for u -u, . The first
A
is an estimate for |u_-a_ | = and the second is an estimate
: a u, 0,p,I

for ua(xj) - u (xj), j=1,...,n-1.

A

Theorem 9.2. Suppose b =Z 0. There is a constant C(u,R)

depending only on o and g satisfying

1+£
j¢}

(9.5) 'JT (ua-uaA)zdx < C(a,B)Vf(a) h

I#10,q,1"%0,q,T

ReJi
+

for z € Lp(f), l <p < =, where

L

Proof. The solution u, of (9.1) is given by

Da,f(l)Ea(X)

| (9.6) ua(x) = -Da,f(x) + Ea(l)

~
Wy TN R e e T ey




i where

f. and

and the solution u
2

(9.7) u

is given by

DaA,f(l)EaA(x)

E_ (1)
ap

= -D
a

(x) +
A'f

We first estimate fé(Da £ D,y gzdx.
’ v

Set Q(x) =

/T z(t)at.

A
Then

. (D -D Yzdx = [ (I ( - )J f(s)dsdtlz(x)dx
'. 0 alf aAlf 0 0 a(t) aA(t) O
= | - )J £(s)ds Q(x) dx.
0 a(x) aA(x) 0
, 1 1.A . 1
Noting that o (3) we can apply Lemma 9.1 with ¢ = 3
A
’ o(x) = 5 £4sQ(x), and x; =1 to get
1
(9.8) Jo (Da’f-DaA'f)zdx s Cv() |¢,|1’q’T h lzly o %
1+£
= Cla) V@) lEly o 5 lzlly o 5 h P

-~ . S e TeEarmceeT e A

B e Tt T IUE SOT NN v
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Next we estimate fé (E—EA)zdx. We see that

1 1 (x
f (B -E_ )zdx = f f (l-;l—)dtz(x)dx
0 A o'o 2 A
1
1 1
= - ( - )Q(x)dx.
JO a(x) a,(x)

0

Now we apply Lemma 9.1 with % and ¢(x) = Q{(x) and obtain

1 1+
[ p

(9.9) (Ea—Ea Yzdx = C(Q)VT(a)UZHO'q'T h

Applying Lemma 9.1 with c==§ and ¢(x)=f§ f(s)ds we see that

- -S[ |
(9.10) ID (1)-D (1) = J (= -——4J f (s)dsdt
a,f aA,f | 0 a a,'J,
1+%
< C(cx)vr(a) |lf||0,q,T h .

From (9.6) and (9.7) and the fact that Ea(l) = EaA(l) we

see that

(9.11) u, (x) - uaA(X)
= D, 0eB, O Ba(1) 7D, ((E (0 =D, (I, (4]
= D, (0D, () B, (17HID, (1) =D, ¢ (L, ()

+ 0, f(IE () -E, (1)

i
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(9.5) follows immediately from (9.11) and (9.8)-(9.10).

Theorem 9.2. Suppose q . 0. Then there is a constant

C(a) such that

14+
(9.12) |ua(xj) —uaA(xj)| < C(o‘)V—I—(a)HfI]O'q’T h P

Proof. From (9.11) we see that
ua(xj) - uaA(xj)

— — _l —-—

= D f(Xj) Da,f(xj) + Ea(l) [Da,f(l) DaA,f(l)]Ea(x')'

ay, 3

Applying Lemma 9.1 with C = é and ¢ (x) = [3 f(s)ds we obtain

(9.12).

We now consider the general case in which b #Z 0.

Theorem 9.3. There is a constant C(a,R) such that

(9.13) llua-u C(a.R)VI-(a)HfEIO,q’— h

aA”O,p,f =

for 1

1A
ol
1A
8

pProof. If b= 0 we can apply (9.5) to get

1
|f0(ua—uaA)zdx|

la. =u_ | T - Sup
a "a,op.l z€L _ (1) ”z”o LT
p- et
1
< C(a)Vr(a)“f'IO_P—Th
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If we let

and

Bu

this result can be written as

(9.14) HL_l

]

-1
-L, Al = = <
0 AO'L (T),L (T
q() p()

-(aU') "

-(a,u')’,

b(x)u

c(o) v(a)h P,

where % + % = 1, and the desired result amounts to proving
1 1 1+é
I (Ly+B) - (LA’0+B) I, (T) L (T) = C(a) Vv(a)h .
q p
We observe that
(9.15) (LA+B)-1 ~ (u+B) 1
= (LA+B)-1(L+B)(L+B)_1 - (L+B) L
= (LA+B)—1LALgl[I—B(L+B)_l]- [—(LA+B)'lB+I]L'1L(L+B)"l
= [I—(LA+B)_1B]L£1[I-B(L+Bfl] - [-(LA+B)'lB+I]L'1[I-B(L+B)'

= [I—(LA+B)_lB](L;l-L-1)[I-B(L+B)- ].

1

1

]
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It is easily seen that

-1

(9.16) IT-(L,+B) “Blly (1), (r)y = Cla/B)
P P

and

(9.17) T -B(L+B)

It now follows immediately from (9.14)-(9.17) that

IA

<

This completes the proof.

We now return to a consideration of the L2—method under the

assumption r = 1.

Theorem 9.4. There is a constant C(a,B8) such that

1
[ I T < C(a,B).
Lq( ),Lq( )

“ua_uaAHO,p,f

1

—1 -
I(Ly+B) “f - (L+B) “flly o ¥

1
-1 -1 -1 -1
P P q P q

'”fno,q,f

141

Cla,8)VE(a)IEly 4 F P

l+l
- - < - - p
(9.18) lu uA”O,.p,I s Cla,B)VgPfly o 7 h .
‘ Proof. Using Theorem 9.3 we have
'A‘ : G A T . ] A\ ot 2kl

W T e O ey L T e

B
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(9.19)
HU‘UA”o'p’f = Hua uaAHO p T + ”ua-u[\llo p I
1+%
= C(a,B)Viia)h ”fHO,q,f + ”uaA'-uAHO,p,T'
We next observe that u, can be viewed as the standard finite
element approximation to u, (cf. Remark 1 following Theorem 8.2).
A
If b = 0, U, is the piecewise linear interpolant of u and by
A

standard approximation results we have

l+3

= Cla,)h P gl o 5.

(9.20) lu, =y, p,T < 3

A

If b Z 0, (9.20) can be proved by a slight modification of the
usual duality argument. (9.18) follows directly from (9.19) and

(9.20).
Remark. The estimate given in (9.18) is optimal.

Theorem 9.5. Suppose b = 0. Then there is a constant C

such that

14+
(9.21) |u(xj) -uA(xj)l < C(a)VT(a)HfHOIq'T h
for 1 = p = =

Proof. This result follows immediately from Theorem 9.2 and

the fact that uA(xj) = uaA(xj).

L e s S YN Tty
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Remarks.
1) Theorem 9.4 gives the rate of convergence of the
Lz—method without post processing. It is possible to prove that

the same result holds for the Ll-method.

2) One can prove that under the hypotheses of Theorem 9.4

we have the rate of convergence hl/p in the norm ”."1

P, I°
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10. Some Illustrious Computations

In this section we illustrate the improvement of teved by the
Lz—method over the Ls-mcthod (the standard tinite element method) by

considering two examples. ]

Example 1. Consider problem (2.1) with

a, , 0 < x< 1/2

a. 1/2 < x < 1
and
' b(x) = 0

where a, and a. are positive constants and consider the approxi- j

mation of the solution u by the L2—approximation u and

p (L
n

2)

the L3-approximation u, (L3) corresponding to the uniform mesh
n
] An with an odd number of subintervals (xj = jh, j = 0,1,...,n,
1 h = n_l, n odd). One can obtain exact expressions for the errors
\' . l
at the nodes. For the node just to the left of f(x(n—l)/Z)
- we find
¥ |
. 1 h, _ 1 h 1 h
& (L3373 =uz-3) ~u, (3)(5-3)
. n n
3 2
S h(a_-a,) h"(a,-a )
o = r 2 + L {8a,a (a2+a2) + (a2-a2)}
A 8a, (a,+a )3 8a, (a,+a_) PTr e Lor -
é £ Tr 2778 Tr
- |
"1 and :
i
| 1l _h _ 1 _h 1 h
! o, G 7 = ulz-3) -u (L) G-3)
n n
2 3
h (aQ—ar) h (ar-az)

A + .
; SaR(aQ+a£T' 8ag(ag+ar)




From these expressions we see that if

relative to h,

approximately equal to h,

1 and 2 give numerical values of the errors at the nodal points

then
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eA(Lz) << e(L3),

then

eA(LZ) o

a. - a, is large
while if a_ - a is
r o4 g
eA(L3)"—:ﬁ7-. Tables
16a£

for the case a, = 1, ar = 100.

X e, (L) e, (L,)

An 3 An 2

.2 9.23-3 -1.96-3

.4 1.85-2 -3.92-3

.6 -1.85-4 3.92-5

.8 -9.,23-5 1.96-5
Table 1. eA (L3) and eA (L2) for a, =

n n
ar = 100, n =5

X e, (L3) e, (L2)

n n
1/21 5.32-4 -2.65-5
2/21 1.06-3 -5.29-5
3/21 1.60-3 -7.94~5
4/21 2.13-3 -1.06.4
5/21 2.66-3 -1.32-4
6/21 3.19-3 -1.59-4
7/21 3.72-3 -1.85-4
8/21 4.25-3 -2.12-4
9/21 4.79-3 -2.38-4
10/21 5.32-3 -2.65-4
11/21 -5.31-5 2.71-6
12/21 -4.78-5 2.44-6
13/21 -4.25-5 2.18-6
14/21 -3.71-5 1.92-6
15/21 -3.18-5 1.65-6
l6/21 -2.65-5 1.38-6
17/21 -2.12-5 1.11-6
18/21 -1.59-5 8.35-7
19/21 -1.06-5 5.58-7
20/21 -5.30-6 2.84-7

Table 2. eAn(L3) and eAn(LZ) for a, = 1,

a, = 100, n =

21.
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Example 2. Here we consider an example with a smooth but
rapidly varying coefficient. Let
500 (x - 3)
a(x) = 6 + ——— _'l r3 b(X) = OI
1+100|x--2-l

and consider the same mesh as in Example 1. To give some idea of

the variation of aix) we present a table of its values (Table 3).

X a(x)
.0 1.10
.1 1.12
.2 1.16
.3 1.24
.4 1.45
.5 6.00
.6 10.55
) 10.76
.8 10.84
.9 10.88
1.0 10.90

Table 3. Values of a(x).

Table 4 gives the errors at the node just to the left of 1/2

for the standard method (L3) and the Lz—method for this example.

n e, (L3) e, (L,)
n n

9 1.48-3 -4.31-4
15 6.31-4 -1.15-4

21 3.34-4 -4,60-5

27 2.00-4 -2.28-5

33 1.30-4 -1.28-5
39 9.03-5 ~7.75-6
45 6.53-5 ~5.12-6

Table 4. e, (L3) and e, (L2) at the node just

n n
to the left of 1/2.
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11. Conclusions

In this section we summarize in tabular form some of the re-
sults we have obtained on the convergence rates for the various
methods and then make several remarks on conclusions that can be

drawn. The convergence rates in the table are for smooth €.

L3—method L1~method Lz-method

(standard

FE method) _

el llell llel llell llell liell i |

H0 Hl H0 Hl HO Hl .

a,b smooth | Rt Pt | pT Rt | mf
a,b measurable, 0 0 0 0 :
without post- h h h h h h .
processing L
a,b measurable, !
with post- n° no R BN h h
processing
a bounded
variation, h0 ho h3/2 hl/2 h3/2 hl/2
b measurable, r=1

Remarks.
1) The standard FEM is very nonrobust.
2) The rates for the Ll—method show that by investing a

considerably larger effort in the construction of the micro-

stiffness matrices, one can significantly increase the accuracy-

-as compared with the standard method. This suggests that the
goal of minimizing the entire computational effort with respect
to desired accuracy could well be served by increasing the per-

centage of total effort that is spent at the micro level. This
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could be especially important in convention with adaptive pro-

cedures.

3) The computational effort involved in implementing the
L2-method is exactly the same as with the standard method. Thus
the Lz-method should clearly be preferred over the standard

method in all cases.

4) The Generalized Finite Element Method offers a much
larger freedom in the choice of computational procedures than 1)
does the standard finite element method, and as a -onsequence
offers the possibility of significant improvement in accuracy.,

especially when used in conjunction with adaptive procedures.
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