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FOREWORD
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Branch, Aeromechanics Division, Flight Dynamics Laboratory.

The author would like to thank Mr. Kenneth Cramer for his valuable
advice in this matter and Mr. Werner Kachel for his generous support of

the investigations as Technical Manager of the Facility Technology
Group.
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GENERAL:

INDICES:

LIST OF SYMBOLS

cross-sectional area
nozzle diameter
nozzle length

nozzle segment Tength
flow Mach number
static pressure

gas constant

static temperature
gas velocity

wall angle of axisymmetric nozzle
ratio of spec. heats

density

refers to stagnation condition
refers to nozzle segment inlet
refers to nozzle segment ex:it

refers to nozzle throat

i SPECIAL FOR SECTION II:

see Equation 18
pipe friction coefficient
see Equation 17
see Equation 10
see Equation 15

wall friction force
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LIST OF SYMBOLS (Continued)

SPECIAL FOR SECTION IT:

I flow momentum

i shape factor for pressure distribution along nozzle
t segment exit to inlet area ratio

T fluid force parameter (Equation 4)

SPECIAL FOR SECTION III:

b see Equation 27

p particle drag coefficient

d particle diameter

k see Equation 26

s length variable within segment
v]' gas velocity at segment inlet

v; gas velocity at segment exit

vé particle velocity at segment inlet
v; particle velocity at segment exit
pg gas density

°p particle density

SPECIAL FOR SECTION IV:

(Cf)wall wall friction coefficient

(Cf)pipe pipe friction coefficient

d nozzle wall thickness ‘
h heat transfer coefficient

k thermal conductivity of gas
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LIST OF SYMBOLS (Continued)

SPECIAL FOR SECTION IV:

kCu' thermal conductivity of copper

m momentary mass of gas in nozzle segment

Nu Nusselt number

Q1oss accumulated heat loss from nozzle

AQ]oss heat loss from nozzle segment

Qflux heat flow through unit area of nozzle wall

Re flow Reynolds number

S wall surface area

(T)° Tocal total gas temperature

Twa11 nozzle wall temperature

Twater cooling water temperature

AT temperature difference between nozzle wall and average
boundary layer temperature

At residence time of gas in nozzle segment

v gas velocity

°q gas density

&rec wall temperature recovery factor

SPECIAL FOR SECTION V:

Ref flow Reynolds number = vg D pg
Hg
Rep particle Reynolds number = (Vg " vE)d g
%g
vg gas velocity
Vo particle velocity
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SECTION I
INTRQDUCTION

Certain re-entry erosion experiments require the acceleration of
80-micron size particles to velocities of several thousand meters per
second. A suitable way to produce such high speed particles is to
accelerate them in an expanding gas flow. The fluid dynamic design of
the necessary expansion nozzles encounters some difficulties. Eighty-
micron particles are large as far as particle acceleration in a gas
flow is concerned requiring a long residence time and thus, a long path
length in the gas for the acceleration process. Practical path lengths
are in the order of 1 foot. However, to obtain a sufficiently high gas
velocity, helium at high pressure and temperature is used as an operating
medium. The scarcity of helium and the great extent of the electric
equipment associated with the heating of the gas (1 megawatt arc heater)
hold the nozzle mass flow, i.e., the nozzle diameter down {4 mm throat
diameter). The resulting expansion nozzles are very slender with the
consequence that the expanding gas is exposed to considerable friction
on the walls. Determining the wall friction influence becomes a major
porticon of the design process.

For the present nozzle design a calculation method is used which
expresses the expansion process in a given duct in terms of the occurring
fluid forces. This method allows a ready inclusion of wall friction forces.
To obtain a particularly realistic account of the wall friction influence,
this method is applied in steps to consecutive segments of the expansion
nozzle with each segment taken small enough that (for the purpose of
determining the friction forces) it can be treated as a cylindrical pipe
section. The segmental treatment of the expansion process also accommodates
the calculation of the particle acceleration. Another advantage of this
treatment is that it allows a ready account of the heat losses from the
wall. Because of the extremely high expansion temperatures produced by
the electric arc (3200°K), the expansion nozzles must be water-cocled

with a considerable loss of heat from the nozzles.
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In principle the description of a flow process in terms of the
occurring fluid forces allows a completely consistent presentation of the
expansion process. The resulting expansion Mach number is, together with
the expansion pressure, representative for the exit flow momentum and
constitutes an average flow Mach number. To obtain peak Mach numbers an
assumption about the flow profile shape is réquired. The present particle
acceleration calculations use the average Mach number given by the flow
momentum. Therefore, the resulting particle velocities are also average
values.

The practical difficulty with applying the present calculation method
lies in the choice of the wall friction coefficient. Wall friction is a
complex function of flow Reynolds number, flow Mach number, and flow
history. The primary purpose of the present calculations was to compare
particle velocities obtained with different nozzle geometries. Since
deviations from accurate friction values enter the comparison only as
secondary effects, constant wall friction coefficients which distinguish
only between subsonic and supersonic flow conditions were chosen. On the
same grounds the particle drag coefficient was assumed constant, in this
case for the entire range of the expansion.

Here the wall friction is expressed in terms of the pipe friction
coefficient. Since this coefficient is commonly referred to average
flow conditions derived from flow continuity, the Mach number used here
satisfies continuity and is particularly suitable for determining wall
friction by means of the pipe friction coefficient.

For the purpose of comparing the effect of nozzle geometries on the
obtainable particle velocities it was not considered necessary to include
mutual interference between particles and the influence of the particles
on the gas flow.
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SECTION II
NOZZLE FLOW CALCULATIONS

1. FLOW EXPANSION IN TERMS OF FLUID FORCES

The balance between flow momentum and fluid pressure forces in a
duct with varying cross-sectional area forms the basis for the following
derivations. For a duct with inlet cross-sectional area A] and exit
cross-sectional area A2 as pictured in Figure 1 for supersonic expansion
in a parallel sidewall nozzle, the relation between inlet momentum I]
and exit momentum I2 can be written with P and 2 denoting inlet and
exit pressure

_ Py = P |
L = I, - Ay =) - (A -A) 7 | ()

This equation is equally apb]icable to a subsonic expansion nozzle by a
consis .ent use of the signs. Actually, the equation is valid for any
type of adiabatic duct flow such as a sudden duct enlargement or a
supersonic shock diffuser. The fluid forces acting in the axial
direction as a result of the pressure difference in the flow between

the duct walls and the exit plane are expressed here with the help of

a kind of shape factor designated in Equation 1 with i. It is introduced
into the calculations by the substitution

A

Py~ P2,
/ (by - p) ah = (A - Ay P (2)

A2

i. e., the pressure force is calculated in a linearized way by multi-

plying the wall area projected in the axial direction with the median
value of the pressure difference existing between the inlet and exit

of the duct element. The factor i serves as a means to account for the
difference between the true integral and the linearized calculation.
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For a straight line pressure distribution in a duct configuration as shown
in Figure 1, the factor i is one. In general, pressure distributions in
expansion nozzles are different from a straight line and vary in shape

with expansion conditions and also with the shape of the duct cross section.

The further development of Equation 2 leads to an important involvement
of the factor i in characterizing flows in ducts for the present calcula-
tion method. Setting A2/A1 = t, Equation 1 can be written

- i i
I = I+ Apy - ppRylp + 1 - 3) (3)

The expression in parentheses, abbreviated in the following by writing

+1-2 (4)

becomes the sole criterion for characterizing the type of adiabatic duct
flow to which Equation 3 is applied. For instance, for a constant area
supersonic diffuser it is v = 1 since t = 1. For a sudden enlargment of
a duct from A] to A2’ it is T = 1/t as can be derived from Equation 3.
Equation 3 can also be extended to account for a second fluid mixing

with the first one as it occurs in an ejector pump. For ejector mixing

T can again be treated as a constant known from experiments. Supersonic
diffusers and ejectors have been treated in connection with other
investigations (Reference 1 and 2). For an adiabatic expansion process
(which is of interest here) t must, in general, be determined in each
case separately from the expansion conditions (Reference 2). However,

as pointed out in the Introduction, for the present case the calculations
are applied in a stepwise fashion to small segments of the nozzle and <
can also be assigned a unigue value. If the considered nozzle segment is
short enough, in particular if the pressure drop across the segment

is small, the pressure distribution over the length of the segment
approaches a straight line, i. e., i approaches unity with the influence
of the nozzle cross-section shape in i also disappearing. Then

ot + 1
TR (5)

e
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At the end of this Section it will be shown that this simplified approach
Teads to very accurate results for the overall expansion in a nozzle if
applied successively to small segments of the expansion nozzle. Equation
3 will be further developed with 1t considered as a known magnitude
according to Equation 5 by the geometry of the contemplated segment

of the nozzle.

2. INCLUSION OF THE WALL FRICTION FORCES

Considering the generally known relation

I = ApyM (6)
with y as the ratio of specific heats and M as the Mach number of the gas
flow Equation 3 becomes with the inclusion of the wall friction forces

F

2 _ . ul
A]p]yM] = I\2 Pory:My, 4+ 1 l\2 (P2 - p]) + Ff (7)

The wall friction forces can be expressed in terms of the common pipe
friction coefficient in the following form

2

- p - .oy L
Fe=A ce'o 5 5 (8)
or introducing the flow Mach number
c. L
- _f 2
Fe = =5 P2 M A (9)

For the pipe as a constant geometry duct the inlet is the obvious
choice as the reference location for the friction coefficient since the
flow conditions are normally given for this location in case of a normal
pipe. For a duct with changing cross section as treated here, the choice
of reference cross section depends on the significance of the flow con-
ditions for the overall wall friction in the chosen duct segment. The

e A
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present calculation method has been originally derived for treating
ejector systems. For the ejector, the mixed flow, i.e., the exit flow is
more influential for the overall wall friction than the inlet flow where
only the slow moving induced flow is in touch with the wall, The exit
of the ejector mixing section is therefore the logical choice for the
friction coefficient reference location (Reference 1). For an expansion
nozzle the choice becomes more arbitrary, particularly, if the calcula-
tions are applied to very short segments of the nozzle as proposed here.
To allow a consistent use of the originally derived equations the exit
of the segment was chosen as the reference location.

Equation 7 can now be transformed into

2
M P2 2,5
t +T=I>T[YM2(W”)”]

This equation contains two unknowns: the exit Mach number M2 and the

H
o

(10)

pressure ratio across the expanding flow. Conservation of mass and
energy as expressed by the following relations

: Vi c Ay eyt vy s Ayt ()
! R _P_ :

; p = RT (]2)
:

| Ty -1 2

> == 14 I-?—— M (13)
: o

allows one to write an additional condition for determining the two unknowns.
Equations 11 through 13 yield the following relation

172 M, p
R LY S . L (14)

Mp(1 + = ;) t 5, VT
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Solving Equation 10 for p]/p2 and introducing it into Equation 14 leads

to the basic equation of our flow problem

(1,2, 2
Mz(l + L5 MZ) M

1}
—r
lo
n
m

> ch (15)
Y Mylgp=+ 1) +x

This equation can be solved for the exit Mach number

+ 2 .
]-[-Jl-ﬂ (2£+l-])+a1]
M2 _ Cc T Y (]6)
2 cay -y + 1
using the abbreviations

c.L

- £
c=1+2p5 (17)
a =2 yEzc (18)

The magnitude E in Equation 18 stands for the expression on the right
side of Equation 15. The expansion pressure ratio with Equation 10

becomes
2
Y M]
p + 1
Py Y M2 c+ T

Equations 16 through 19 are applicable to any adiabatic duct flow
including flow mixing, in which case only the right side of Equation 15
assumes a different form. The positive root in Equation 16 yields the
subsonic and if applicable, the negative root the supersonic solution
of the flow problem. The pipe friction coefficient in Equation 17 is a
commonly known function of the flow Reynolds number and the wall surface
roughness. As indicated before t is found from Equation 5.
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Equation 16 can be applied to any two cross sections of a complete
supersonic expansion nozzle consisting of a subsonic and a supersonic
portion. The determination of t requires a more complex procedure if the
restriction to small segments, i. e., to small flow changes is not
maintained. The necessary relations, which are of no interest here,
have been derived previously in connection with other investigations
(Reference 2).

In Figure 2, Equations 16 and 19 are evaluated for zero wall friction
losses using Equation 5 for determining t. Slightly different curves
result depending on the choice of the segment length alL. For comparison,
results obtained with exact t values are also entered, As expected on
the basis of the definition of t, the exact results are independent of
the segment length. They are also in exact agreement with the values
obtained from the common isentropic expansion relations. From Figure 2
one sees that for practical purposes the segmental calculation method
using a simplified t-value yields very satisfactory results for a proper
choice of the segment lengths.

q
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SECTION III
THE PARTICLE ACCELERATION PROCESS

1. SEGMENTAL CALCULATION PROCESS

The acceleration of a particle in a gas flow can be based on the
consideration that the work done on the particle by the drag forces
over a certain path length must appear again as kinetic energy addition
to the particle. Using the notations given in Figure 3a this condition
can be expressed by the following relation
)3

2 2
(vi-vpey AGF wal = Joodn P00y (p°] (20

or with some rearrangement

. d 0.2
oL (v) - vp)? = %—Z;LC—D Lo’ - (21)

In this approach any change of the gas velocity within the particle path
AL is neglected. It will be shown later that this simplified approach
is still admissible for the case of the expanding flow, i.e., for an
increasing gas velocity, if AL is chosen sufficiently small.

Equation 21 can be developed further by solving it for v’ and

2
dividing both sides with v{

: (22)

<, <

- =i N
H

<‘ <

— 2] — -
[~
—

©

(2]

o

ro| w
P}
—
1

<

N =~
N

N
4
Lol

<

N -

N

The velocity ratio obtained with this relation is the exit velocity ratio
of the contemplated segment and thus the inlet velocity ratio for the
following segment.

SRS . . A
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To check the accuracy of Equation 22, a more elaborate relation
which takes the change of the flow velocity in the segment into account,
was also derived. The pertinent acceleration model is shown in Figure 3b.
The conditions for this model can be written in the following differential
form

2 Pgq d\2 1
- - =2 e
(V'I v2) p 3 (3) = ds 5 P

3
: s7 @ [, 4 av,)’ - Y IRES)

p

or solved for ds

2 2
g D (v] - vz)
By replacing the v,-curve in Figure 3b by a straight line within the
segment considered, Vi in Equation 24 can be expressed by
vy = vl (v ov) 2 (25)
1 1 1 17 al
Equation 24 with substituting
p.d 2
P -y (26)
p_ Cn 3
g D
v?
v o- 1) = b (27)
1
becomes
2
2 v, dv2 + (dvz)
ds = k (28)
(vi - v, + v} 9—55?
1 2 1 Al

2
considering that (dvz) in this equation is of second order influence,

10
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it can be neglected and the equation becomes with dividing numerator and

denominator by (vi)

v v
2 k5 d(h)
ds = 1Y (29)
1-2Y% 2,2 b b \2.2 b V2
w ! (;T) + Z(ZI)S + (Zf ST - 257 s or
1 1 1
setting s = x
v2/v1 =y
the following final differential equation can be formed
T T RN WCE Gl WL N (30)
dx k “2y 2 y al y ‘Al Al

This equation can be solved by readily available computer methods (For the
present evaluations the Runge-Kutta method on the Hewlett-Packard Calcula-
tor 9820a was used). Figure 4 compares the simplified method given by
Equation 22 with the more accurate one expressed in Equation 30 for

the same segment length in each case. One sees that the simplified method
gives practically the same results as the more refined calculations. The
agreement begins to suffer &ith the particle speed approaching the gas
speed as can be seen from the upper curve with the smaller particle to gas
density ratio, where the particle speed reaches about 75% of the gas speed.
Since for the present calculations (Section V) the velocity ratios stay,
in general, below this value, the simplified method was exclusively used
in these calculations.

2. SEGMENT SELECTION

A simple relation is derived which allows a convenient selection
of the segment length for the stepwise calculation of the expansion

1
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process in a nozzle with a circular cross section. From the schematic
drawing of a portion of an axisymmetric supersonic expansion nozzle
shown in Figure 5 one can derive the following relations

D A
2
)" = o (31)
2 2
D1 = 02 - 2L tan B (32)

These two relations can be combined to yield

2
1< - 2% tan 8) (33)
2 2

In this way the segment cross section ratio, as it enters the nozzle flow
equations, is related to readily given nozzle geometry. For the subsonic
portion of an expansion nozzle the corresponding equation is

A 2

A—‘ - (’l+2%tan8) (34)
2 2

12
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SECTION IV
NOZZLE HEAT LOSSES

The stepwise calculation of the gas expansion process provides
ready conditions for the inclusion of heat losses through the nozzle
wall. For the heat loss from a small nozzle segment one can write

BQoss = h-Dm-al-at-AT (35)
This equation will be treated in more details. The heat transfer
coefficient h in this relation is conveniently obtained with the help
of the Reynolds analogy, which states (Reference 3)

(cg)

wall (36)

Nu = Re 5

Then the heat t-ansfer coefficient follows using the well known

refation
(Cf)gige
(Ccelyarr = 2 (37)
k vop (c.) .
h = _r._g. _Ef_p‘pe (38)

Thus, we can introduce our previously used pipe friction coefficient.
The time element At in Equation 35 stands for the residence time of the
gas in the segment and is given by

At =

< |
-

(39)

The temperature difference AT in Equation 35 is given by the relation

(40)

a7 = (T])o Srec - Twall

where 5r c is the wall temperature recovery factor. The remaining factors

e

13
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in Equation 35 are the segment Diameter D and the segment length alL.
Therefore, Equation 35 using Equations 38 to 40 becomes

k

p c 2
= — -
AQloss u 8 D w (al) [ (Tl) ) drec TwaH 1 (a1
Due to the heat loss given by this equation the total gas temperature
drops within the nozzle length Al
AOloss
(T2)0 = (T])O - ’Egvm (42)

f In this equation m is the gas mass passing through the segment within the
time element At. For the segment exit temperature one can write more

explicitly

= (0 B 5 [(7y) o Srec ~ TwaH:| (43)

The nozzle wall temperature in this equation must still be determined.
Assuming water-cooled walls, i. e., a constant temperature on the outer
% nozzle wall, one can write based on the common heat conduction relation

d

Twall = Qriux {E; Y water (44)
The heat flux occurring in this equation is readily obtained from the
previously derived relation for the heat loss from the segment by
writing
Q . LQLoss
flux S-at (45)

F

|

|

,l

E Since AOLoss is a function of the wall temperature, Q Flux is also a

| function of the wall temperature. To overcome this functional difficulty
|
i

the nozzle calculations are started with an estimated wall temperature
for the first segment of the nozzle.

14




Y

AFWAL-TR-81-3105

Applying Equation 43 to consecutive segments of the nozzle the
drop in total temperature over the whole nozzle length can be determined.
The correction of the gas density as it is needed for calculating the
particle acceleration can now be found from the total temperature
witr the pressure in the flow and the flow Mach number known from the
previously derived flow calculations (Equations 16 and 19).

15
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SECTION V
CALCULATION RESULTS

Figures 6 through 8 show the flow conditions, the particle velocities,
and the heat losses calculated for a number of axisymmetric nozzle con-
figurations for one set of operating conditions, which is only varied
for Figure 8 where the particle injection point is moved downstream
of the nozzle throat. The geometry given by Figure 6 for the subsonic
and by Figure 7a for the supersonic nozzle portion is that of an exper-
imental acceleration nozzle. All configurations have the same subsonic
nozzle geometry as given in Figure 6, which provides the calculation
results for the subsonic conditions. Figures 7a to ¢ give the results
for the supersonic nozzle portion for various nozzle geometries. The
geometries are identified in the figures by a piot of the nozzle diameter
over the nozzle length, which serves as abscissa in all presentations
of the calculation results. The nozzle wall angle is also listed in
the figures.

Nozzle wall friction and particle drag coefficients used for the
present calculations are estimates based on generally available informa-
tion on the subject. Typical Reynolds numbers for the present type of
flow conditions are listed in Table 1,

TABLE 1
REYNOLDS NUMBERS FOR FLOW CONDITIONS

Nozzle Pos. L Rep Re ¢
14 mm 940 104000
20 1300 117000
28 870 77000
41 700 68000
65 530 59000
116 350 49000
16
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TABLE 1 (Continued)
REYNOLDS NUMBERS FOR FLOW CONDITIONS

Nozzle Pos. L Rep Ref
241 180 - 37000
399 100 29000
602 60 22000
806 27 14000

For the subsonic portion of the expansion nozzles a friction
coefficient of 0.02 (pipe friction coefficient) was chosen. For the
supersonic portion the corresponding value is 0.015. Nozzle flow
calculations presented in Reference 4 provided some special guidelines
for these choices. An analysis on wall friction losses given in
Reference 2 also influenced the choices. Though experiments with
expansion nozzles having pertinent geometries were carried out, no
direct comparison of actual gas or particle speeds with calculated
values were possible due to the difficulties in reliably measuring
velocities under the applicable extreme test conditions. However, in
the present analysis the Reynolds analogy between friction and heat
losses was used to determine nozzle heat losses and subsequently gas exit
temperatures. Thus, a comparison of calculated and experimental gas
temperatures provides a clue for the validity of the calculations.
Circumstances did not allow exact gas temperature measurements in the
present tests. However, from the glow color of an uncooled, 190 mm long,
stainless steel, guide tube attached to the nozzle exit an estimate of
the gas temperature was possible. The yellow-white glow color of the
exit portion of the guide tube suggested a tube color temperature of
1400° to 1500°K. The calculated gas temperature at the nozzle exit
(L = 660 mm in Figure 7a) is 1600°K. Since the heat losses from the
tube (= 0.06 KW/cm?) were small compared to the heat flux from the
gas (: 0.7 KW/cm?), the tube end which is fairly far removed from the

17
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tube attachment point, can be assumed to have nearly reached gas recovery
temperature. Therefore, calculation and experiment agree within the order
of 100°K, a value which allows one to conclude that the nozzle wall
friction assumptions are reasonable,

For the part of the expansion nozzle where most of the particle
acceleration occurs, the particle Reynolds number ranges from about 1300
near the throat down to about 100 at L = 400 mm. The drag coefficient for
a sphere in this regime ranges from about 0.4 to 1.0. Since the actually
used particles (graphite pellets) deviated from a spherical shape and had
no smooth surface, a drag coefficient near the upper 1imit was chosen
with a value of 0.8. For simplicity this value was also applied to the
nozzle exit region where the particie approaches the Stokes flow regime.

Figures 7a to ¢ show that the obtainable particle velocity is not
greatly affected by the nozzle geometries considered in these figures.
The particle to gas velocity ratio never exceeds a value of around 0.5
except in the regions where the gas velocity drops from its peak value.
In all cases the particle velocity increases very slowly in ﬁost of the
downstream portion of the supersonic expansion region.

For selecting the best nozzle geometry the obtainable particle veloci-
ties must be compared for the expansion pressure ratio given by the
experimental conditions. In the present case this ratio is determined
by the permissible arc heater operating pressure (100 kg/cm?) and ambient
conditions (1 kg/cmz) preferred for carrying out the erosion experiments.
Resulting particle velocities are listed in Table 2. This table gives
an overview for the general possibilities of accelerating 80-micron
particles in an expanding gas. Cases No. 1 to 3 pertain to the conditions
given in Figures 7a to c. For the largest pressure ratio possible with
the present experiments(p/po = 0.01), the maximum particle velocity is
obtained in Case No. 2 with a 0.5° wall angle for the supersonic nozzle
portion. This velocity of 2002 m/sec is only slightly better than the
ones obtained in Cases No. 1 and 3. The particle velocities given for
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pressure ratio 0.02 are indicative for the conditions where the nozzles
are cut off before ambient pressure is reached. The particle velocities
are only slightly reduced in these cases.

The remaining cases in Table 2 serve to demonstrate the practicality
of choosing the small size nozzles given by Cases No. 1 to 3 and dealt
with in details in Figures 7a to c¢c. Cases No. 4 to 7 show that higher
particle velocities can be obtained by increasing the nozzle size and
consequently the nozzle mass flow. For the same particle residence time
in the gas the relative wall friction influence is reduced. By doubling
the nozzle cross-sectional areas {Cases No. 4 and 5) some gain in particle
velocity is obtained. In view of the associated increase in cost of
already expensive equipment and operating medium the worthwhileness of
the improvement is questionable. A further doubling of the nozzle cross-
sectional areas (Cases No. 6 and 7) produces a further increase in
particle velocity. However, cost may become prohibitive in these cases.

Cases No. 8 and 9 show examples with air as the operating medium.
Due to its higher molecular weight air cannot be expanded to as high a
velocity as helium, however, its higher density provides a better draj
coupling between particie and gas (Equation 22). Thus, air is of some
interest for accelerating 80-micron particles. Case No. 8 is the same
as Case No. 3 with air replacing helium as operating medium. Only the
air velocities are listed for air. Survey calculations indicated that
due to the superior coupling in this case the particle velocities
approach closely the air velocities. This closeness makes the present
method of calculating particle velocities invalid. The air velocities
listed in Table 2 serve as upper limit for the particle velocities.
Even the air velocities stay substantially below the particle velocities
obtained with helium,

Case No. 9 deals with the practical possibility of using a large scale
air expansion nozzle with increased plenum pressure (200 kg/cmz). To stay
near practical limits the plenum temperature is reduced to 2000°K. Com-
pared to Case No. 8 the air velocities are substantially increased but
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still appreciably below the particle velocities obtained with the much
smaller helium operated nozzles.

The drop in gas velocity in the downstream portion of the supersonic
nozzle is caused by the large drop in the gas stagnation temperature due to
the heat loss from the nozzle. The figures show that the expansion Mach
number still increases throughout the nozzle though mostly at a very small
rate caused by the accumulative effect of wall friction. An increasing
Mach number is a requirement for maintaining supersonic flow stability
in the nozzle.

In the throat region the heat flux to the nozzle wall reaches a
maximum of about 10 Kw/cmz. This enormous heat flux calls for particular
attention in the design of the nozzle cooling system. The step down in
the heat flux seen in the curves at the nozzle throat is simply caused by
the change of the wall friction coefficient from 0.02 for the subsonic
nozzle portion to 0.015 for the supersonic portion.

Figure 8 shows the case given in Figure 7a with the point of particle
injection mcved downstream of the throat. In spite of the delayed injection
the final particle speed is reduced only slightly from the case shown in Fiqure
7a. As a general observation one can say that in all cases treated here,
the particles are very rapidly accelerated to about half the gas velocity
but further acceleration then becomes increasingly sluggish.
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SECTION VI
FLOW PROFILE CONSIDERATIONS

1. GENERAL DISCUSSION

The present flow calculation method is set up to find for a given
duct the flow momentum at the exit of the duct from the flow conditions
at the inlet. The result is expressed in the form of an effective Mach
number. This Mach number represents average flow conditions which in
accordance with its derivation fulfills the condition of continuity in
the flow through the duct. Since the definition of the pipe friction
coefficient is based on the use of such average flow conditions as a
reference, the effective Mach number is the right choice for determining
the friction forces (Reference 3).

For the particle acceleration it is of interest to obtain infor-
mation about the particle velocity distribution over the flow cross
section, in particular, about the peak velocities of the particles.

In a first approximation the particle velocity distribution at the nozzle
exit can be considered as directly proportional to flow velocity dis-
tribution, i.e., it is sufficient to determine the particle velocity
distribution from the flow velocity distribution by simply using the
particle to gas velocity ratio found in the calculations for the nozzle
exit as a proportionality factor for the two distributions. For finding
the peak particle velocity by this process a method is presented in the
following which allows one to derive the peak Mach number from the
effective Mach number for a given flow profile shape.

2. PEAK MACH NUMBER

If the flow profile shape is given, the peak Mach number can be
uniquely related to the effective Mach number by the requirement that
for each Mach number distribution the flow momentum must be the same
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as expressed by the relation

A 2 ) 2
Sy pModA =y p Mg A (46)

where y and p are considered constants. The flow profile shape is con-
sidered to be given in the form of a Mach number distribution over the radius
of a circular cross section. Determining the peak Mach number is a simple
geometric problem. For the present purpose the shape of the profile is
presented in terms of the square of the Mach number and assumed to be

the frustrum of a cone. Then the specific problem is, as illustrated

in Figure 9, to find the height of the frustrum which has the same

volume as a cylinder the height (h3+h2) of which is given. Practical
relations are derived in the following.

The Mz - profile is given by the two ratios

d h
EQ and
2 t

=2
w

The basic condition for deriving the relations is

st h RN
()
t max

(47)

For establishing a relation between hS and ht an auxiliary parameter

is selected
d

= 0
a = q, (48)

The following geometric conditions must be fulfilled

1. from Equation 46 Volume V] = Volume V2
2. from similarity "o . Mo tM R thth (29)
do d] d2
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From these conditions one can derive
3
(@) =3 - (+a) (50)

The solution to this relation is

d 3
2 . 1 1 +a
ET = 2 cos[3 arccos(- 5 )] (51)

With Equation 51 the auxiliary parameter a is now directly connected
to the above given M2 - profile description considering that

a 1. o (52)

Simple geometric similarity now allows all magnitudes of the profile
scheme in Figure 9 to relate to each other. In particular, Equation 47
can now be conveniently written

hS
— 4+ 1
Mege, 2 h, (53)
() =
M h h
max 1 + 1 4+ S
h h
2 2

where the occurring ratio values on the right side are related to the given
profile conditions by

h
El - _%_:_E.______ (54)
2 2 :
2.
1
h h
h R
S _ t 2 (55)
h R -
2 1 s
 h,
t
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Equations 51 through 55 allow one to prepare a plot as shown in
Figure 10. The flow profiles shown in this figure give the direct Mach
number profiles over the duct diameter instead of the square values as
originally expressed in Figure 9. Figure 10 covers all geometric condi-
tions with which flow profiles can be expressed. Actually occurring
flow profiles can be identified with those occurring along very low

values of MwaII/M except for high d1/d2 values, where large Mach

max
number ratios are possible characterizing the flow profile start-up at
the inlet to a duct. Note: in Figure 10 notation do is changed to d].
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SECTION VII
CONCLUSIONS

The acceleration of 80u diameter particles in expanding helium to
near 60% gas velocity for the purpose of re-entry erosion testing requires
the use of expansion nozzles which have a length in the order of 100
nozzle throat diameters. Wall friction incurred in such nozzles becomes
a limiting factor for the effectiveness of this acceleration process.

To account for the friction influence in the design of these nozzles the
expansion process is conveniently expressed in terms of the occurring
fluid forces. This procedure allows a ready inclusion of the friction
forces which by chemselves can be determined with the help of known wall
friction coefficients. This calculation method yields a particularly
accurate account c¢f the friction effects if applied consecutively along
the nozzle tou small nozzle segments. This stepwise calculation procedure
also accommodates the determination of the heat losses from the nozzle
and provides a basis for calculating the particle acceleration process.
The segment length can be adjusted to the rapidity of the flow changes
as it is particularly necessary in the nozzle throat region due to the
extreme sensitivity of the flow to cross section changes in this region.
Very small segments must be chosen to stay within the validity of the
assumptions made for the calculations.

The present flow calculation process does not include detail boundary
layer considerations. Instead it accounts for viscous effects in terms
of a wall friction coefficient. In spite of this simplification a
consistent description of the flow process is possible as long as the
chosen friction coefficient is sufficiently representative for the
viscous conditions in the flow or if the coefficient is only used as a
parameter to demonstrate its influence on the flow. For the present
purpose of comparing particle velocities obtained with only slightly
changed nozzle geometries the exact representation of the viscous
conditions was not considered essential and constant friction coefficient
values only different for subsonic and supersonic flow were chosen.
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The end results of the present flow calculations give the flow exit
momentum expressed in terms of an average flow Mach number which may also
be called effective Mach number. Assumptions about the flow profile are
necessary to determine the peak flow Mach number. For the present
determination of particle velocities this effective Mach number was used.

In calculating nozzle designs for accelerating small particles
(0.08 mm) to high velocities (2000 m/sec) one finds that it is difficult
to obtain particle velocities much larger than 50% of the occurring
maximum gas velocities. Due to the wall friction influence in the long
expansion nozzles (0.7° - 1.4° opening angle for the supersonic nozzle
portion) less than 50% of the isentropic expansion velocity can be
obtained for the average accelerating gas velocity. Since extreme high
gas temperatures (arc heated gas) must be employed to obtain sufficiently
high gas velocities (at an expansion pressure ratio of 100 and helium
as operating medium) the expansion nozzles are exposed to extreme heat
loads (10KW/cm” in the throat region) requiring intense water cooling
of the nozzles. Enthalpy losses ranging from 30% to 50% of the initial

enthalpy occur during expansion.
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Figure 1. Fluid Pressure Forces in a Flow Duct Element (Supersonic Expansion)

29




AFWAL-TR-81-3105

5 = T Y T T T g ~— y 1.0
) simpl. T ‘
y = 1.4 AL/D=0.1\‘T
: st
v . ) L
" éf/”'p Po simpl.T o
t AL/D = 0.5
4 : + -
L]
LR
- . + - p/po
exact T
AL/D = 0.5
M—s *
3 ' * -
4-
T . for (D/D*)? /A% = 19 02]\} 0
T +Resu1ts or (D/D = A = . .5
4 j{calcul. [AL/D |sym.|{ ! p/p, {
2 F .o simpl. 1| 0.5 4.702 | 0.(288 20!
g simpl. 7| 0.1| & }4.669 0.00282 |
: exact. T| 0.5| + {4.665 |0.0023
: isentr. — 4.665 0.00282 l
s . D 1
‘e °Y (mm)
. 25
. Q)/
. . ° ™ -
11— '}—.. . e
f . o'. \\07)1:»— .
SN
I T "./'. J
'3*4 D*
0 I " — A i il LS SRR LI ST 0
100
0 >0 Length L ()

Figure 2. Comparison of Segmental Flow Calculations with Isentropic
Flow Conditions for Zero Wall Friction (y = 1.4). (For
clarity, curve points for the smaller segment length have been
largely omitted in the supersonic region, Differentiating markings
of curve points have been applied only in the supersonic region
and only for the Mach number curve where results deviate sufficiently).
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Figure 4. Particle Accelerations Calculated with the Simplified Method
(ITlustrated in Figure 3a and Used for the Example
Calculations in Section V) Compared with Results Obtained
with the More Accurate Method Illustrated in Figure 3b.
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Figure 5. Segmental Axisymmetric Nozzle Geometry
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Figure 9. Schematic Flow Profile (in terms of Mi)
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