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ABSTRACT

A procedure to approximate data given at arbitrary intervals in

two-, three- and four dimensions using polynominal expressions is

described. The prograing of the problem is explained in each case

and a user manual is given for software implemented on the TPL

Hewlett-Packard computer system. The method, which is general, was

derived and has been applied to represent the calibration of flow

probes which have multiple sensors.
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1. INTRODUCTION

This report describes algorithms to approximate data patterns such

as those which occur, for instance, when pneumatic-velocity probes are

calibrated. The functional value (Y) can depend on either one (Xl),

two (Xl and X2) or even three (X, X2 and X3) parameters. The approxi-

mation Y - f(X) will be referred to as the two dimensional, the approxi-

mation Y - f(Xl, X2) as the three dimensional and the approximation

Y - f(Xl, 2, X3) as the four dimensional approximation. These three

options meet the requirements for probes used in the Turbopropulsion

Laboratory.

Using the least-squares criterion to obtain the coefficients in

assumed polynominals leads to a system of linear equations, which are, in

principle easily solved. Numerical problems may arise however, since

the software, as described herein and as implemented in the NPS

Turbopropulsion Laboratory Hewlett Packard 21MX computer, uses 32-bit

real constants.

The author wishes to express his thanks to Professor Ray Shreeve,

whose constant and critical interest was a crucial help to solve this

mathematical problem and link it to engineering application.
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2. TWO DIMENSIONAL APPROXIMATION

2.1. Problem:

Y

X1 xi
r

A data set of NPNTS1 data points is given, where Y depends on

parameter XL. The. data pattern is to be approximated by a function

Y - f(X1), so that the error between data points and analytically

determined points is lowest.

5K
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2.2. Approach:

Polynominals are cozmonly used in order to approximate data

patterns. Y - f(Xl) is a function which approzimates the data value,

V, at each value of the variable Xl, we look for our expression of

the form

Y ,, C + C *X1 +. C *X12+ ... + C *Xt (I t

y *c. css 3 cLxiL

or

Y k" *C Xt ( '

y C sxi (2.1.)

in which the coefficients CL are to be determined by the method of

least squares. As Ref. I shows the least squares criterion leads to

a linear equation systm that can easily be solved. We define the error

RuNPNT I -~~2R " (€TI E(XI )-Y )
Pal P P'

(2.2.)

where the index r denotes the individual data point. Using equation

(2.1.) 1 becomes

NPNT *XI 2 + + C S. (L-t) 2

rrt(Cl C2*X r + C2 + . L

6



2.3. Solution:

R depends on the selection of the coefficients CI,... ,CL -

In order to minimize the error, R is differentiated with respect

to C1, ...,CL and the partial derivatives are set to zero. Thus

-- - 0 i.. L

or
R NPNTh1 2 C(L-I)

-- Nt-$C +C *X C + ... + C X -Y I*
Crt l2 is 3 is 1 r r

i

2 CL-I)
*[Cc C $xt C SXt .., C XI -Y I

1 2 r 3 r L r F
'1 C 

0

Assuming that the summations extend over all the data points, Z
NPN I

should be understood to ean ru . Performing the differen-

tiations and rearranging the equations, we got

NPNTSI*C + ZX1 *C + ZX12 *C+ + C L-i) *
i r 2 r i 3 L "  s

'XI *C XI2s *+xs 3 c .. *Ci c Ey x1
2 3 r I 2 r r

+xt 2 .C xi sc 3. s .X 
)  EXI L-IsC -[y SX L -

r 1 r 2 s 3 r L r r

LEX£CL±t)s *C -X L c +ExC(LI) C +.+Z(2L-2) *crU~ 5 ~L-t

7



In matrix notation

'NS X 2 a  2XL-i
NPNTSI. EXI EXI 2... xiC Y

r r r i r
23L

Ext ExI2 xl ... Ext L sx1
r r r r 2 r r

2 3 4 .+ = 2r'Xi :xi C-Xi ... r:xi c C:Yx
r r r r 3 r r

L-i. L L+1 2L-2 L-tCxi C:xi rxi . .. rx± c )  xi~x
r r r r LL r

A C:: = [- (2.3.)

A ,., System Matrix

. ... Coefficients vector
4 ... Riqht hand side vector

8
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2.4. Equation System

2.4.1. System Matrix A

Since all Matrix elements on diagonal lines running up from

left to right (2. order, as defined in Appendix A) are identical, the

elements are renamed for simplification as follows:

;,, a r

a,

L-2,Jf
*.. . " 2 * .. .

so that the set of elements, a , can be written as

a0, - E'X/,."  ,/-
Da5 ' (2.4.)

This operation is programmed in RAPL FUNCTION S2 (NPNTS1,IPOWR, IY).

The data X1 and T are known to this function through a common block

named DTA2. So only NPNTSI, IPOMUW (- k-l) and IT (-0) have to be

passed to the function, and the value of ak is returned through the

function name S2.

9
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SUBROUTInE MAT2 presets the system matrix in the following way:

i) Preset edge section elements (using REAL FUNCTION S2)

a I

J.°

ZIL-/

ii) Copy defined elements diaonally

alt

2,, 0:/,

10
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a,, (z 0, .. a.L

a~ 3  . . .

dz, 06, 04 .. O
02, 0.-

*,, ** ** .-. * o.

A,, & ov  ,, ,

2.4.2. Raght hand side vector B

The elements of the right hand side vector B can be written as

Pal (2.5.)

To calculate bk, again REAL FUNCTION S2 is used. Data X1 and Y are

available through CORMON block DTA2. NPNTS1, IPOWRI (-k-1) and ir (al)

have to be passed to the function, and the value of bk is returned

through the function name S2.

11



2.5. Software:

The software to compute the coefficients for a two dimensional

approximation is described in Appendix B and is implemented in the

TPL EP-21H1 computer system

To work correctly with these program mdul, the user must

conform to the following conventions:

i) Provide the data in two army. (Type: REAL) of 256
elements through a COH block, named DTh2.

COMSON / DT&2 / Xl, Y
REAL Xl(256),Y(256)

ii) Dimension an array (Type: REAL) of 7 (seven) elements
to contain the coefficients.

REAL COEP(7

iii) Define the parameters NWUTS1, L and INT (Typo: all
flqTGR)

NPNTSl ... # of data points
L 9 NPNTS1 4 256

L ... (desired order of polynomial) + 1
1 4L 9 7

IPRINT ... controls quantity of print out
2 .. Print system matrix and right

hand side vector before and
after Gauss Jordan Elimination

1 ... Print equation system after
Gauss Jordan Elimination

<0 ... No print out
>0 ... Print equation (1,1) with the

actual paramieters

iv) When loading a program, that uses the subroutine NAT2,
the binary library file has to be searched for externals.

Suppose, the source file &USEL::26 contains a user
progrant named USE. This program calls MAT2. After
the compilation, the relocatable binary file for this
user program is ZUSER: :26. To load the program, the
following procedure is recomeded:

12j



Type (from FMCR)

:RU,LOADR

and the loader program will respond

/LOADR: RE.ZUR::26

where the underlined information already is the user's

Input. This causes the loader to load all program
modules of the user program; a load map is listed on
the terminal. Upon completion the loader prompts

/LOADR: MS.ZTPLBL::26

where the underlined information already is the user's
input. Nov the loader conducts a search for all unsatis-
fied externals of the user program in the binary lib-
rary file ZTPIBL::26. Since some library programs
have externals thamelves the search has to be repeated
(MS ... multiple search) as many time as is necessary

for all externals to be satisfied. The loader prompts

/LOADR: END

where the underlined information is the user's input.
The loader now loads all system programs, outputs a
load map and generates the program. Upon completion,
the loader outputs a ready message

/LOADR:USER READY AT 1:28 PM WED., 10 SEPT, 1980
/LOADR: END

Nov the program can be run

:RU. USER

Again, the underlined information is the user's input.

If all these requirements are met, the correct call for the sub-

routine is:

CALL M&T2 (NPUTSl,LCOZF,IPRINT)

Upon completion, the array COEF contains the coefficients (COEF(1)-C 1

,...,COEY(L)-CL). Externals used by MAT2 are: AB2, DTA2, S2 under

no circtmstances may the user use any of these nams for modules of

13



his own user program. In some cases the program may not be able to

perform a Gauss Jordan Elimination to the system matrix and the right

hand side vector and thus cause the program to stop. If this happens,

an errct message is displayed.

It is highly encouraged, to use the system function FNP to

calculate the value of a polynominal at one specified Xl rather than a

loop such as the following:

S-. 0

DO 08 I1-,L,l
08 S-S+X**(I-I)*COEF(I)

YCALC-S

To call FIP is easier and faster, because FHP is a programsed Homer

Scheme. The recomended call is then;

Ll-L-1
YCALC-IIP(COEF,X,Ll)

14
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2.6. Sample User Program

2.6.1. Listing

PAGE 0001 FTN. 12:40 PM THU., 18 SEP., 199.0

0001 FTN4,L
0002 PROGRAM DEMO2 (3,99)

0103 F
0005 C THIS IS A DEMONSTATION PROGRAM AND IT SHOWS THE CORRECT USE
0006 C OF THE TPL BINARY LIBRARY (ON TYPE 6 FILE ZTPLDL) USIuG
0007 C E'AMPLES. F% F QUEITOH. - . READ THE TPL-LIBRARY--INDER
0008 CRCONSULT THE5TWE lN5.
0009 C
0010 C ................... ..............
O012

0013 COMMON / AFLD / A
0014 Dots
0016 REAL A(256)
0017
0018
0019
0020 IEGER NO CR(2),ICL(3)
0021
0022 DATA NOLF /006 3/00ATA /0000I3, 0404339

C 4R /0t41S9/ 1S ,0065373/0,2 DATA PI /3. 241593/

0026

081 C0 totIS W~ 5~ AN W'L SEE H
0029 *OW TO USE THE MARVELLOUS TPL 3INARYA2/0 LIBRARYI YOUR INTEREST
0030 *WILL BE GREATLY AWARDED BY EASIER PROGRAMMING.*///)

1S0 F8ITN '( X JI 9jETZN ?ATA POINTS"/SXwI"SX'X(I) "SXY(I)")

0033 104 FORMAT ( DATA POINTS GENERATED! /)
0014 105 FORMAT (* INITIALIZING THE PLOTTERO)10 F1 ;Rp2T 1:" R N N D!"
00 1 R T ( PI JTJ;'l5USkkAREAS AND DRAW AXES-)

0037 108 FORMAT (9X6X6 XMIN "6X"XMAX "6XwYMIN
0036 *6X.YMAX/qX4( "0X 0)/
0039 HP9872".4(" F0,3"")."w/
0040 "1 u'aK .I-- J, - -)
0041 109 FORMAT F"bTUT RF*0;uFINED AND AXES DRAWNI"/)
1042 110 FORMAT(s DRAWING DATA POINTS INTO COORDINATES SYSTEM")
004 111 F8R"A RATA PONTS DRAWN!-/)
0044 It FRHAT ALCULA IN A CURVE FIT THROUGH THE DATA POINTS
0045 *")
046 113 FORMAT (0 ENTER DEGREE OF POLYNOMIAL (NORDER) TO FIT THRO
0047 SUH THE POINTS "2R2)1049 114 FORMT ("ENTE PUNT "2A2)-q49 115 FORMAT CURVE FIT DONE,-/)
46 114 FORMAT ( " E 22)

sl~l I~PTTgAWRY5) FIT,

0053 149 FORMAT (00((3A2)))
o C FC O MAT DEMO STOP

106 C GET THE LU OF THE TERMINAL.

006t C . . ... .... ...... .......... . . . . . . . . . . . .

* fl4 unITE (LI, 10) o LF
0065

04
0066 9 .................................................................
0069 c GENERATE DATA POINTS SCATTERED AROUND A POLYNOMIAL.

0673 WI ( LIo 102)

V.-, x~Op a +2.

15



PAGE 0002 DEN02 M248 PM THU., 18 SEP., 1980

0076
0077 DX *(XSTOP-XSTART)/CNPNTSI-i)

009 COEF(2) -1-.000
0080 COEF (3) 0340OOO
00 2(4 :18081

0083 M RF() * +..05500
0084 A *(2.0*Pl)*0.0312S
0085 DO 61 '11NNT I
0066 XI(X -* START+t1-1 )*DX
0087 '1(I a FNP(COEF,XICI),NORDER) + 0.2S*8N(XLI(I)/A)
008 01 WRITE (Lit 103) XXICI)pY(X),NOLF
0089 1STOPt a NPNTI-

096 ~ O 1U 1 1ISTRPI2
1991 MMY f (I+I)
0092 Y(X*1) 0 Y(I
0093 02 Y(I 0 DUMMY
0094- t49 (ICE (nLIi
0095 RIT (LM, 104) CCRI13i
0096
0697
EJ99

0100 : INITIALIZE THE POTTER.
0101 C

0104 WRITE (LI, 105)
0105 LP -13

0109
0110
0111

M s S a.. . . .. ............. ~.... .. a............. ....* . . . a a . .. .a. .

%114 FDEFINE PLOTTER AND USER AREAS; DRAW AXES.
0114

0117LI
0t18 XPNIN -
0119 XPMAX * 1k.
0120 YPMIN I

01 YMAX

atuu :m ;1-
124 YUMIN *-S.

v12S VUMAX *10.
01LD WRITE (LI, 10)XP"INXPMAxYPnmINYPMAx,XUMINXUMAX,yuMIN,YUMAx
017 AL HA = -041,
0128 XA - (XPtIAX -XPMIN )/(XUMAX-XUMZN)
0129 X9 (XPMXN*XUMAX-XPMAX*XUMIN)/(XUMAX-XUMIN)

tio ~ kPHAYU WVIX XPHIN)
OtsYA * YPHqAX -YPNIN )/YUNAX-YUMIN)

Y3 Y9 (YPMIN*YUMfAX-YPMAXSyUMIN)/(YUMAX-YUM ZN)
Oj YL * AYMAX -YPMIN)
01 CALL SETSM (110,1.)

0140
041

0144 PLOT.DAT.POINTS
0144

01 S

144
114



PAGE 0003 DEMO2 12:40 PM THU., i8 SEP., £980

0151 XPLOT - X1(I)*XA+XD
0152 YPLOT I Y(I)*YA+YB
0153 ALL PLOT (XPLOTYPLOT,2)
0154 03 SL DYML (1)
0155 WRITE (LI, 149) ICLR
0156 WRITE (LI, 111)
0159
0606 C. . .. . .. . .. . ..... ....................................... .. . ... ... .. ... .. ..011 C

0162 . CALCULATE CURVE FIT THROUGH DATA POINTS.
0163 C
0164 C .. ....................... ........................

16 04 F>' ) NoCR
0167 READ 6) NORDER
0168 WRI t i .49) ICLR
019 IF'*0.4 .LT. 0 .OR. NORDER .GT. 6 ) GO TO 04
0170 WRIT 114) NOCR
0172 (ICLR,1-1,2,2)
0173 W

174
0175 IF (IPR IN 0) EITE(L its)
0176 IF (PRINTLT.) WRITE (LI, 116)
0177
0178
0179

0. PLOT POLYNOMIAL FIT.
0183 C
0184 .R..E....117

0186 CALL SETR (113 2. )
0187 DO 09 1.1 NPNTSI I
Olf XPLOT - X1(I)SXS4XD

0191 09 IF (I.GT.1) CALL PLOT (XPLOTYPLOT,3)
0192 CALL SETSM (115,DUMMY)o294°29:3 I I fi 1 g | I CLR
019S
0196
0197
0199
1006 j .TERMINATE GRAPHICS.

o 01 ........ ; ........................................................

020S5U

FTN4 COMPILER: HP92060-16092 REV. 1926 (790430)

as NO WARNINGS IS NO ERRORS * PROGRAM * 01409 COMMON u 00000

17



2.6.2. Load may

OEM02 10042 12642 DEMONSTRATE THE USE OF THE TPL BINARY LIBRARY.
FNP 12643 12746 Calculate n-th order polynomLc

to load these progrm, t pe (from LOADR): NS,ZTPLBL

r 247 t474# 2-Approximatjon / DTA2 / (DATA2 DTA2).
J474 1670 H-pproxinaton arrange system matrix and vector.
1000 17131 2D-Approximation compute Summtions
17132 17311 2D-Approximation / AB2 /

AFLD 17312 20311 GSP / AFLD / A(2S6)
AXIS 20312 22631 GSP Dlb nd l abel axes.
INITG 22632 23644 GSP read control array A; initialize plotter.
PLOT 23645 24375 GSP move pen to a defined pont.
SETS 24376 25336 GSP change plotter modes.STOPG fifi 23401 GI P p qeMnT rl, cs.

p~~~rint symbol opnSYMBL 42 6136 G P Syto cc oct io p .

FCTR 26137 26142 GSP / FCTR / FX,PY
FACTR 26143 26162 GSP very size of the plot.

LOGLU 26163 26240 92067-16269 REV.1903 790229
READF 26241 7202 92067-16125 REV.194a 790719
OPEN 27203 1700 92067-16125 REV.1903 79021S

ELL?5 J7fj jgj t9ff116jk;41~jt 3 791229
OUED 27720 27720 92067-16125.191 0526
SSNi 27721 30007 92067-16268 " E. o1901 400
.o,, A 9;0jtji62 4,V19-0o3 790223

.DMP 30S03 30650 790916 24999-16001

.DDI 306S 31151 791021 2499-6001il &9 01 U I 1 07921

P.PAS 31327 31355 92067-1612S REV.1903 740901
.DNG 313S& 3136S 78 8 24996-16001
PA4J5 113631466 771 f2i 24999-16001
SAL 3467 31604 92067-162V REV.1903 77071S
FMTIO ' il 54,,t_,,0.+0.,,!, 790,,RRo 3304ib02 40e06s
ADS SI 00 46tl
.SNCS 33310 334S1 780424 2499-1601+DDE 114 + s :s

a ill . 494:-11001IFPIR 33114 249I!-16001

OA' i06 906 70711 2499 -16001
ER.E 33707 33707 750701 2499-16001
.CMRS 3 3773 780424 24 9 X- M 814' 14  S4  9 067-161+ 1.0, 70111
IMMS 34S17 34641 92067-16125 RV.1903 790901

4177 flI 27I? *6 10'--60
KiNT 34642 40277 24999-1600 R .926 79050l

6b 81 IF.90 S1INA 4 416151 3 REV I 1440900m 115I3
1 7if;I1 1 &J 790316

PAME 41772 41037 ,7
LUTRU 4 040 4 146 920 790223
IPUT 42147 41 9207-161S Rj.t903 740801
SeTP 4 170 7 a106 49,-16001

*L 4fI~! 7 ;t6 I. 2r;f~
1 PAGE RELAT 5 PAES U O NO PAGES EMA NO PAGES MSEG

LINKSII PW ifN LB LOAD: TE OMNONNC
/LOAHGDRDEI02 READY AT 12:44 PM THU., 18 SEPT, 1990

/LOADR SEN

is



2.6.3. Results

Affect of IPRINT on quantity of orint ou=

i) printed output

Systen matrix A and vector 9 before Gauss Jordan Elimation
4/

I .5i0E+0 -. 102E+Oi .487[+03 -.21E+04 .104E+01 -. 5781E+02
2 -. 102E+03 .487E+03 -. 211E+04 .104E+05 -. 525+S .998 E+0
3 .407E+03 -.2111+04 .104E 0S -. 125+05 .2741+06 -. 1131+034 - 2 1[+04 . jj+0j -. ~j+0j . 4 + -, -. 94JE+

1 2 3 4 S

Equation systen after Gauss Jordan Eliination
1 4.1oE~l oo +o .oo ol.000*00 .0+ooO

1 .iOOE.O01 .0C0E+Oi OOOE+Oi OOE IE0 -.970E+80 IPKtTn
2 .000E.00 .IOOF.+O .O00E+00 .0001+00 OM+O0 :,4E+00
3 .000E+00 .000+00 .100E+01 .006 +00 .00+40 1 -1,

.OOE+00 .000 00 .o00 0oo00 A .[+ .
S .O00E+00 .0001+00 .O00 E00 a ./OO+O I54- I

2 3 4 S

Coefficients COEF(I)

I - 1 -. 9 7 OE+fl
1 * 2 -.416
1 - 3 -.162E-01
1 * 4 .275E00
I * S .514E-01

Equation system after Gauss Jordan E1imination

I .100E+01 .ooo+00 OO E0o .oo0+0 .040E+o -.9701.00
2 .O00E+00 .100E+01 .0006.00 .O000E00 .001+00 -.416E+00
3 .000+00 .O00E+00 .100F+0 .0OE+00 .000 +00 -. 162E-01
4 .0001+00 :U~:U 1 fSl

1 2 3 4 S

IPRINT- I

Coefficients COEF(I)

.S S4E-01

Coefficients COEF(I)

I I 1 -. 970E.00

I I
.179



ii) graphic output

Lrn

L -40 -2.0 0.0 a 20
XIA

Grafic output from PROGRAM DEN02
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3. THREE DIMENSIONAL APPROXIMATION

3.1. Problem:

Y

A data set of NPNTSl*NPNTS2 data points is given, where Y

depends on the parameters Xl and X2.* The data pattern is to be

approximated by a function Y-f(Xl. X2), so that the error bet-son

data points and analytically determined points in lowest.

21



3.2. Approach:

As for the two dimensional approximation, a polynominal, now

with two independent variables X1 and X2, is used.

y-/. z rr ' )

Y. C,,4Cr . ,X2 J .,3  ... X2 , IC

.
L

x2 ,. 2 X2 -7'  xl'

o j',t Y(.- .)

The data arrangement for the three dimensional approximation

already yields to the application of this method: at each constant

X1 (i.e.: r - constant, too) there is a data set for various X2.

This is the case for example, when a pneumatic-velocity probe is

calibrated. At each Mach number, the probe is balanced in yaw and the

pitch angle is varied over the range of application. The probe out-

put (each of two separate non-dismensional pressure differences) is a

function of the Mach number and the pitch angle.

22
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The least squares criterion becomes

roMM f A*VW

where the indices r and s denote the individual data points. Using

equation (2.1.) R becomes

C. C2 t, C A2 '0. ... .8 ,C a'

Cf,,* (2, z .. ,,, 4 C4".xoi's
- Y .7

The term in the ( I - bracket all be called B.

23



3.3. Solution:

To minimize the error, R is partially differentiated to the

coefficients Cij and then the partial derivatives are set to zero

i4i

ac

Assuming, that the su =ations extend over all data points, Z

should be understood to mean Z7. [r . Performing the dif feren-

tiations and rearranging the equicions in matrix notation (which,

while lengthy, is logically straight forward), we get, in matrix

notation,

24
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x z Flxi, 5 . z,,

X/"; z, E""In', CL



3.4. Equatign System:

3.4.1. System Matrix A

This system matrix needs some examination. A crucial step

is the introduction o" submatrices 1. class into the system matrix.

A

AA

Ll tz

The asterisk *denotes a submatrix 1. class where

E4P E Z E2xz" g

Al,

E~xi, EZxi X2,4

a.v,,"2, Ez X,, C 1

EEXIxZ ETA X)2'

etc.

27



Now it can seem that all submatrices on the same diagonal bands

2. order are identical. The submatrices A* subsequently are renamedA,;. 44,,;

A * AA or 4

L l 1-2 /Jr-

, 4,A4  aLa

S 4I

where Ak can be w1itten as

-i o k-A s k,, "' j

x4z

ZI~,, , EZy.xnx2. Z,X¢.'i-

Like the system matrix for the two dimensional approximation this

submatrix 1. class is not only sysmetrical to Its main diagonal line

1. order, but also the elements on each diagonal line 2. order are

EXI'?,~ 
4zaAW I A

identical. The elements ak;ii of the subsatrix A. therefore are

28 !
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renamed to ak;L , where k specifies the place of the submatrix in the

system matrix and i and j define the place of a in the submatrix Ak -

M ,. alc •l;f.z - ,; -ZT " - a.z - e g; tm

kj 
k;

where ak; L can be written as

a,; ... z./,..,?-

0 k;2L

Equation (3.4.) therefore is the fundamental step towards the pro-

gramming of the system matrix and is programed in REAL FUNCTION S3.

Since the data Xl, X2 and Y are already provided through a COMMON
block named DATA3, only NPNTS I, NPNTS2, IPO1 (- k-1) and IPOWa2 I

(=L-1) have to be passed to the function that returns the value ofak;L through the function name S3.

29
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SUBROUTINE MAT31 presets a submatrix A in the following way:

i) Preset edge section elements (using REAL FUNCTION S3)

aft-

ii) Copy defined elements diagonally

Lim , 47 00 J .. ,

;003,
/*IA

oxx ON 2 aI

• VA A na, :... ._ .... ....



%.* a, %z. ... Arg,

This subroutine that needs NPNTS1, NPNTS2, M and IPOWR1 (= k-i) as

input parameters, returns A (SUBH(7,7)) to SUBROUTINE MAT3, which

presets the entire system matrix in the following way

i) Preset edge section submatrices (using SUBROUTINE MAT31)

A~ A' =OA'. A* A -0 I

31



ii) Copy defined subrat -ices diagonally

E id

,$ A, ... 4.

A A

,A; A ... AZL

A1, ... AIL

~4A&

All.

The parameters to call this subroutine are NPNTS1 and NPNTS2 (I of

data points), L and M (<the order of the polynominal fit + 1> in X1

and X2 - direction) and IPRINT. The coefficients C are returned.

32



3.4.2. Right hand side vector B

The right hand side vector B will be divided up into L

subvectors 1. class.

0

Again, the asterisk (*) denotes a subvector 1. class. Now the

subvectors 1. class B can be written as
k

k

Finally, the elements of the subvectors 1. class Bk can be written as

k.I,..., L; 1./,..., fr

To compute bk;L, REAL FUNCTION S3 is used. Data Xl, X2 and Y are

available through a COMMON block named DATA3. NPNTS1, NPNTS2, IPOWR

(- k-1), IPOWR2 (- L-l) and IY (-.) have to be passed to the function

and the value of bk;L is returned through the function name S3.

33



Using FORTRAN programming language, the allocation of b kLcan be

performed by two stacked DO loops.

DO 08 Ll-1,L,l
IPOWRI-Ll -1
DO 08 Ml-1,M,l
IPOWR2-M-l
I-I+l

08 B(I) -S3(NPNTS,NPNTS2,IPOWR,IPOW2,1)

34
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3.5. Software:

The software to compute the coefficients for a three dimensional

approximation is described in Appendix A and is implemented in the

TPL HP-21MX computer system. To work correctly with these program

modules, the user has to conform to the following conventions:

i) Provide the data in three arrays (Type: REAL) of
16 * 16 elements through a COMMON block named
DATA3.

COMMON / DATA3 / XI, X2, Y
REAL Xl (16,16), X2(16,16), Y(16,16)

ii) Dimension an array (Type: REAL) of 7*7

elements to contain the coefficients.

REAL COEF (7,7)

iii) Define the parameters NPNTS1, NPNTS2, L, M and
IPRINT.

NPNTS1 ... # of X1 variations
L £ NPNTS1 i 16

NPNTS2 ... # of X2 variations
M 4 NPNTS2 C 16

L ... (desired order of approximation
polynominal w.r.t. Xl) + 1

M ... (desired order of approximation
polynominal w.r.t. X2) + 1

IPRINT controls quantity of print out
2 ... Print system matrix and

right hand side vector
before and after Gauss
Jordan Elimination

1 ... Print equation system after

Gauss Jordan Elimination
<0 ... No print out
>0 ... Display equation (3.1.)

with the actual parameters
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iv) If a user program uses subroutine MAT3, the software
modules have to be loaded using the procedure out-
lined in section 2.4. iv.

If all these requirements are met, the correct call for the subroutine

is:

CALL MAT (NPNTS1,NPNTS2,L,M,COEF,IPRINT)

Upon completed execution of this approximation routine the array

COEF contains the coefficients. Externals used by MAT3 are: AB3,

DATA3, MAT31, IEL3, S3. Under no circumstances may the user use

any of these names for modules of his own program.
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3.6. Sample User Program

3.6.1. pTN4 Compiler listing of sample user program

0001 FTN4,L
0002 PROGRAM LAO (3 99)0003 LPlot cal~bratxon points and calculate coefficients.
0004
00s COMMON / AFLD /PLOTR
0006 COMMON / DATA3 / Xi X2,y
0007 COMMON / AB3 / A,
0008
0009 REAL PLOTR(256)
010 REAL XI( 6.6) X2(16,t6),Y(i6,i6)
0l REAL AC49,b(49)
0012
0013 REAL YT(ib 16) R(tb) COEFF(7 7)
U11 INTEGER IDCD(144),IFfLE(3),NOCR(2),lCLR(3),YTITLE(4),ZTITLE(4)

0016 DATA PI /3.141593/
0017 DATA NOLF /006537B/
00t8 DATA NOCR /000033B,0404339/
0019 DATA ICLR /015524,0SS1 ,006537B/
0020
0021 C Fr-RMA'T'S- 1A- 4 TrTAR-I'
0022 121 FORMAT (" Enter raw data file name "2A2)
0023 122 FORMAT (3A2)
0024 123 FORMAT (" Select I ... Pitch angle or 2
0025 *.. Velocitl X *2A2)
6026 124 FORMAT (" Select I.. Pitch angle v/s Gama and Beta C
6027 3 - C , ) )"/
0028 2 IHUU ",1H"," v/s Gonna a
0029 *nd Delta C ?2A2)
0u 0 12S FORMAT (" Select( -.. Ieocity v/s Gamma and Beta C X=
001t DX( , ) )"/
0032 3 * 2 ... ,iH-, v/s Gamma and Delta
0033 C X-X( I )) "2A2)
18J4 126*FOR 2  Enter * of Mach Numbers and # of pitch angle
0036 160 FORMAT C Enter 1 to print input data 02A2)
1037 131 FORMAT (/ Calibrate - (
003V 132 FORMAT (I" Calibrate n C "
0039 133 FORMAT C/" Calibrate XX( )U/)
6040 134 FORMAT /" Calibrate X-X(
0041 127 FORMAT (24X" 09X" 09XM ")
104J 128 FORMAT (24X" "X" "9X" -)
04 129 FORMAT (24X" "9X" 09X"XU)
0044 130 FORMAT (24X" "9X" "9X"X")
0045 150 FORMAT C" inimum values",3(IXF9.3))
0046 151 FORMAT " naximum values 3(IX F9.3))
0047 152 FORMAT C" of user coordnA"tes "3X"Xlt"UX"X2"9X"Y")
0048 t53 FORMAT C" Enter I to redefine these data "2A2)
6049 154 FORMAT C" Enter min, nax, "in,
050 3" nax, 4 parltions , &
00i1 155 FORMAT (" Enter nn, nat, nn, ,
6052 " at, 4 artitions & )
0053 156 FORMAT (- Enter nin nax, nin, ax, X "in, X no
884 4 Ix. .aLrtiion, , & Xm)0S IS M E0 157 FRMAT C" Enter Pnn nox, nin, nat, X nXn X no
0057 159 FORMAT (IX 3F8.3,iXFS.3SX),314)
0053 101 FORMAT (" inter order M of Xi - approxmation "2 A2)
6059 102 FORMAT (" Enter oredr N of X2 - opproxination "2A2 )
0060 107 FORMAT (" Enter IPRINT 2A2)
061 10S FRMAT (" Select 1 ... to calculate the absolute e.ror"/8X

3"R .4U ",9X"thq rqlative error "2A2)
S103 FRAAt ( Change coa lent ... I./

0064 " Change axes 2 "?A2)
0065 104 FORMAT (" Enter ALPHAX, ALPHAY, * and YO")
0066 149 FORMAT(""((3A2)))
0067 611 FORMAT (*tI////" l cm t.'T -F r- * -o J + 3. -is , A
0061 612 FORMAT (/16X,120. Mach niber"/)
09 613 FORMAT (6X"Gamma06X"9stta"7X"Ph"/)
% 614 FORMAT (6X"Gamna"SX"DelTj"?;"Phi"/)

615 FORMAT (X Gama6X eta 5 e X uel/)
0072 616 FORMAT (6XUGanna"SX"Delta"SX"X vel"/)
0073 617 FORMAT (1 X4(IX F9.3))
0074 618 FORMAT (/9XX1%X" X1-)"9XUY")
0075 602 FORMAT ((3X 16(6X I2)))
0076 603 FORMAT (IXi2,16(iX,F7.3)/3(3X.6(IXF7.3)/))
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0077 604 FORMAT (///o Absolute error at each point C error a (calculated
0078 *value - aeesured value) )/)
0079 644 FORMAT (///0 Relative error at each point in X C error u (calcul
0080 *ated value - measured value)/measured value )"/)
0081 60b FORMAT (tXI2,18I XF6.1)/'(3X,18(IX,F7.3)/))

008 FORMAT (8H Beta )
81 0FORMAT (98H Delta

0084 1103 FORMAT (8H Phi )
009S 1104 FORMAT (8H X vl )
0086 LI - LOGLU(I)
0087 LO = 6
0088
0089
0090
0091 C ..................................................................
0092 C
0093 C . read rau data file.
0094 C
0095 C
0096 41 WRITE (LI, 121) NOCR
0097 READ (LIb 12j) IFILE
0098 WRITE CL , 149) ICLR
0099 42 WRITE (LI, 123) NOCR
0100 READ (LI, 8) IPX
0I1 WRITE (LI 149) ICLR

F, CIPX.Lt.1 OR. IPX.GT.2) GO TO 42
t F43 ON T 4NU

0104 IF (IPX.E .1) WRITE (LI, 124) NOCR
010i F (IPX.E .2) WRITE (LIP 12S) NOCR
0106 EAD (LI, 8) I D
0107 WRITE (LI t149) (ICLR*T 2,1)
010s IF (IRDLt.1 .OR. IDD.GTY~ GO TO 43

IF (I X. . A D Y I

alit IF ( ME. .AND. IBD. 1 ) WITE (LI, 131)
IF (IPX.E' .AND. ID 0 2 )WRITE (LI 13Z)

81 .AND.:11208 RD.EU. WRITE I,13
Oi1 IF (IPX.E.2 .AND. IDD.E .2 ) TWRT (L 141
011s CALL OPEN (IDCB IERR,IFILE,IOPTN,0,2S,1

4 4)
0116 IF (IERR.LT.G) 6O TO 41
0117 CALL READF (IDCBIERR.Xl S I2LEN,1)
0118 IF ( IERR .LT .0 )STOP 0002
0119 CALL READF (IDCBIERR.X2 512.LENS)
0120 IF ( IERR .LT. 0 ) STOP 0063
012I CALL READF (IDCBIERR.YTS 12iLENIRECY)
0122 IF ( JERR LT 0 ) 4T 0064
0123 CALL CLOSE (ID6B IERRO)
0124 44 WRITE (LI, 126) haCR
012S READ (LI *) NMACHNPITCH
12 WRITE (LI, 149) I CLR

1127 IF (NMACH.GT.16) GO TO 44
0128 IF (NPITCH.GT.&) GO TO 44DO 8011I:t,NMACH.I

t I I0 Y( 81) YT J)

0132
0133

0137 C Correct Input data and optional output of data, coefficient
It, : F are based upon.

0141 IF (I8DDEQ.2) O TO'41

1DO 47 j ,NNACH1
14DO 47 J't NPITCAlI0%44 47 X2(I J)-Xi(Ij /tI
0 48EVUIT (LI,(LI, U68Z vC

0147 WRITE (LI 149) ICLR
0146 IF (IDUM.E.1) GO TO SS, 0149

61s2 IF (IPXE.1 .AND. IUD.EQ.1) WRITE (LO, 63)
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0153 IF (IPX.EQ .AND. IBD.EQ.2) WRITE (LO, 614)
0154 IF (IPX.E.2 AND. TBD.EQ 1) WRITE (LO, 615)
01SS IF (IPX.EQ.2 AND. IBD.EQ.2) WRITE (LO, 616)
0156 DO 54 J-1iNPITCH,
0157 54 WRITE (LO, 617) XI(I,J),X2(IJ),Y(I,3)
0158 WRITE (LO, 618)
0159
0160
0161

0164 C Calculate minimum and maximum values for all coordinates and
0165 C optional redefinition of minimum and maximum values by user.
0166 S
0167 ... ...................................................
0168 SS XUMAX-XI(1,1)
0169 XUMIN-Xl(i,1)
0170 YUMAX-X2(li)
0171 YUNIN-X2(t 1)
0172 ZUMAX-Y(1,))
0173 ZUNIN-Y(1,1)
0174 DO 45 I-tNMACH I
0175 DO 45 J-1 NPITCHI,
0176 IF (Xi(I,3).GT.XUMAX) XUNAX-XI(I,3)
0177 IF (XI(I,J).LT.XUMIN) XUMINuXI(I,J)
0178 IF (X2(1,J).GT.YUMAX) YUMAXwX2(I,3)
0179 IF (X2(I J) LT.YUMIN) YUMINwX2( J)
0190 IF (Y(I,I).GT.ZUMAX) ZUMAX-Y(I,3B
018t IF (Y(I J).LT.ZUMIN) ZUMIN=Y(IJ)
0182 45 CONTINUE
0183 IF (IPX.EQ.1 .AND. ID.EQ.1) WRITE (LI 127)
0184 IF (IPX.EQ .1 AND. I,.DE .2) WRITE (LI, 128)
o18s IF (IPX.EQ.2 .AND. 19D. .) WRITE (LI, IMY

IIPX. JQ.2 AND. D. A2 ITE (LI 0)
110 (LI 16 NU N, ,ZUtiN 0)

WR TE (LI, 11) XUMAX,YUMAX,ZUAX
U WRITE (LI, 152)
0190 INCX a 4
0191 INCY - 4
0192 INCZ a 4
0193 WRITE (LI, IS3) NOCR
0194 READ (LI, *) I
0195 WRITE (LI 149) ICLR
0196 IF (I.NE.i) GO TO 49
0197 IF (IPX.EQ .I .AND. I UR ITE (LI, 154)
0198 IF (IPX.Ei.i .AND. I V11-12) WRITE (LI, 155)
0199 IF (IPX.EQ.2 .AND. IBDE .1) WRITE (LI, 156)
0200 IF (IPX.EQ.2 .AND. IDD.EQ.2) WRITE (LI 1S7)
0201 READ (LI, S) XUMINXUMAX'YUMINYUMAU ZUMIN ZUMAXINCXINCY,INCZ

WRITE (LI, 158) XUMINXUNAX,YUmIN,YUMAXZUMINZUMAX, NCX,INCY,INCZ

0204
0205
H P E ..................................................................

0209 C Initialize plotter define p tier r ea; calculate scaling
0209 C coefficients XA, Xh, YA, YB, ZA and z9.

1 .............................................................

0211 49 CALL INITG (13)
021 XPHIN a 0.

0X16 YPMAX a t0.

0117 ZPMIN - 0.

00L0,.x : A3b.
H 0ALPMAJ

0 L (XPIAX -PZ
XP YA (YPMAX -YP"IN )/(YUMAX-YUMIN)

y (YPMIN*YUMAX-YPMAXSYUMIN)/(YUMAX-YUMIN)

Z (PMAX -ZPPIN )/CZUMAX-ZUMIN)
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PAG 0004 LB 3 3P R. 6 SP,18

0264 C L =QMX -P1
0266 C G -a
0267 C O a 2
0269 B POR(k
0230 DO 01 3 (ALPTCA ±
0271 CLL TRT) (PLfPAOT X)i(I3)X( 3
0236 IFTR64 a 3 XTO.)CL LO XLTYLT
0237 01 TRS CONYNU

0246 PLOTR02 I- NMA i
0279 IFTR69 -I YB±ICL LO XLTYLT3

90222 CLONTINUE

024 91 CALL CDE C ~0.
0246 WRTE (YL 101%E

924 IF TORE.T6 8OTO9
0249 WRTAE CYIL 1102)E

J0S IFGOT (301,3.GT6) GO O 9
0361 30 CALLA CDE*

02S 30 CAL ODE*
02& 33CALL SET3M (113C 1 T) , - CEFIRIT

02S7 ~ ~ ~ -CALAI40,diLHX6 amaaXMNXMX4F26PX
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0305
0306
03 07 C ................................................... ..........
0308 C
0309 C Overwrite data *real with calculated data, based on the
0310 C just obtained coefficients.
0311 C
0312 C ..................................................................
0313 41l WRITE (LI, t05) NOCR
0314 READ (LI, 8) IAR
0315 WRITE (LI 149) (ICLRI;2)
0316 IF (ZAR.Lt.1 .OR. IAR.GT. ) GO TO 411
0317 IF (JAR.E5.1) WRITE (LO, 604)
0318 IF (!AR.E .2) WRITE (LO 644)
0319 WRITE (LO, 602) (7J,31,APITCH,0)
0320 DO 20 I-1 NMACHI

I Dos.9 JNPITCH,i

0323 DO 96 1111
0324 IEXPl-1I-1
0325 IF (EXPI EQ.O) GO TO 401
0326 XIEXPXi(I,J )**IXPt
0327 GO TO 402
0328 401 XIEXP=1.
0329 402 CONTINUE
0330 DO 96 J1-1,N1
0331 IEXP2-JI-1
0332 IF (IEXP2.E .0) 0 TO 403
0333 X2EXP-X2(I,9)AEXP20 4 GRETR 404OBS 403 XEXP-1.

0336 404 CONTINUE
0337 96 SUN-SUM+COEFF(lI 3A)$XIEXP*X2EXP

T 412 1?J2SN IA

0340 GO TO 19
0341 413 R(J).C(SUi-Y(I,3))/Y(ZJ))810.
0342 19 Y(I J.)SUN
0343 20 WRItE (6,603) I(A(S) .7- M NPITCH,1)
0344 WRITE (6,602) (J-1, PITCH.,)
034S
0346
0347
0348 C
0349 C
0350 C Plot calculated calibration surface.
0351 C
0352 C ..........
0353 CALL SETSM (113,3.)
0354 DO 8£1 tNMAqH1
0355 DO 81 J-1 NPITC1 I
0356 CALL THRTM (XPLOf YPLOT X( )
0357 IF (J.EQ.1) CALL ALOT C*PLOTYPLOT,)

081 ~N $UJ. 1  CALL PLOT (XPLOT,YPLOT:3)
0360 DO 62 Jmt,NPITCH t
0361 DO 32 1.1 NNACH I
0 6 2 CLLTHRTO ( PL T YP LT Xi (Z $X 2(i .J),Y(I,J))OEJ0363 (F E.i) CALL PLOT (XPLOTY1 0 2

0364 IF (I.GT.L) CALL PLOT (XPLOTYPLOT,3)
0%65 82 CONTINUE

d)368
0369 C ..................................................................
0370 C
0371 S : Redefine Y.
0372 C
0373 C
0 7S DO 802 Jo.NPITCA

0376 802 Y(IJ)UYT(iJ)0377
0378
0379
0380 C ..................................................................
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0381 C
0382 C Next step ?
0383 C
0384 C ................................................................
0385 WRITE (LI,103) NOCR
0386 READ (LI, 8) IDUM
0387 WRITE (LI 149) (ICLR 1ut 2 1)
0388 IF (IDUM.N.) GO TO 1 P

C IF (IDU.EQ.2) GO TO 89

0391 STOP 077
0392 89 WRITE (LI,104)
0393 READ (LIP 8) ALPHAXALPHAYXOYO
0394 WRITE (LI, 149) CLR
0395 GO TO 85
0396 END

FTN4 COMPILERi HP92060-i6092 REV. 1926 (790430)

88 NO WARNINGS * NO ERRORS 8* PROGRAM 1 0446S COHON a 00000

42



3.6.2. Load map

LAS 10042 20622 Plot c t ibration notis and cnlrtPlrte cofficients.
to load these program modules, enter (from LOADR): MS.%TPLBL
DATA3 20623 23622 3D-Approximation' / DATA3 /NAT3 23623 274SS 3D-Approximation arrange system matrix and vector.MAT31 27456 27651 3 D-Approxnation arrange subnmtrix t. class.
2J3 27652 30070 3D-8Aprox inavion compute summations

30071 41534 3D-Approxiqation / AR3 /

AFLD 41535 42534 GSP / AFLD / A(256)AXIS 42S3S 45054 GSP Draw and label axes;['t" 4CACC4660 °7 oE:O1Mt6jW 4 331 466fl 81 read control array A *nt~ z plotter.4T 466 461ove pi to a Lened point.SETSM 46621 4756t Gchenqe plotter modes.STOPS 47562 47624 GSP ternmnall qrafics.THRTW 47 621 I ESP c5ony ts 3D coordinates to plotter units.FCTR olt il S F R/ FX)FYFACTR 50116 50135 GSP vary size of the plot.
10136 1021 92067-1-2 R .1903 79021
50 14 It1 92067-111 b109E 79r" EN 51156 51453 92067-161S REV.1903 79021SS5 51454 51663 92067-161 5 REV.1903 79129S51664 S1672 750701 2499-16001

V. 51673 51673 92067-16125 REV.1903 780526SSHVE 51674 51762 92067-16268 REU.1903 790202LDUS 51763 52345 92067-1626 REV,1903 790223S 52346 524S5 70819 24999-16001
52456 52623 780819 24996-16001DDI 52624 53124 791021 24996-16001
JE4,* 1IJ)111 R 11 710413

9 661 RV.190 731214P.AS 330 330 92067-16125 REV.1903 74090t. G 53331 53340 780618 24998-16001PAUSE 53341 44 7711 2 24998-16001
$M1R 5344 5 9206-16268 REV.1903 77171S3560 50 24998-16002 REV.1926 7 0417
ERRO 55057 55146 771122 24998-16001
AN 514752I 78 424 24998-16001

S254 26 ~ 750701 24998-1600155263 55424 780424 24998-16001
5444 NS I 49t16

.I 55445 55540 790921 24999-16001FPW 55541 55602 791106 24998-16001
.SST 55603 55643 77051S 24999-16001

C.C S5 644 55660 7S9701 24999-16001PA:. 5 5 5661 750701 2498-16001E E 5662 5566 7 07 1 24998-16001
CMRS 55663 55746 780424 24998-16001

S747 56123 92067-16125 REV.1903 790103'S 154 16471 9 0 -61I,,,, 164 2 6614 9 O-113 RIVN:1; o l i~
FRMTR 6 11 99-16o02 RjV:1926 9oSo3

111S jJ91IX REY 1940 790802 1153
2067-1626 REY.1903 790316,PA,, 63702 63744 791106 24998-16001PAME 63745 64012 7721 24998-16001

S 6412 9266 -16268 REV,1903 79o223,VU 113 644142492067-16 12S REV.t903 740 01SKP 64143 6416 7910 2499-60.viR 64176 64&45 7571 249Y8-16 01L2 64246 64276 770519 24990-16001
24 PAGES RELOCATED 24 PAGES REQWD NO PAGES EMA NO PAGES MSEGLZNIUBP PROGRAMsLD LOAD TE COMMONNC/LOADMiLAD READY AT 3:10 PM FRI., 26 SEPT, 19SO

/LOADRt$END
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3.6.3. Results

i) printed output
"Theuie d em-t r'a -Pr-r +- a m (ALI A.

I. Much number

Gama Be ta Phi

-.910 -.o00 1S.000
-.519 -100 5000::lit ::B :tj:
-.13 -.006
-.059 -.006 3 00

00 0.054 -.006 S,.000
.133 -.006 10.000.06 ii:%.,60 -.006 0

.60S -.006 3S.000

2. Much number

Gamma Besta Phi

76 -.016 -3S.000
-.016 -2S.000

-.280 -.016 -1S.00
-.17 -.017 -1.0 00
-.092 -.018 -1.00
-.046 -.018 -2.500
-.004 -.018 0.000
.032 -.018 200
.061 -.018 .000
.A30 -.019 10.000
.190 -.019 i.000
.346 -.020 000
83 -.018 .000

3. Mach number

Gamma Beta Phi

-.787 -.024 :3.000
-.SIO -.024 -2.000
-.276 -.024 -1..000
-.172 -.026 -10.000
-.065 -.027 :
-.050 -.027 00
.032 :0? 110.066 -.027 S.000

-.027 10.000

.92 -.027 3S.000

4. Mach number

Gamm o Dta Ph::?91 -:I 1:1
-.276 -.03S -15.000
::::4 :::: -0 9

-. 043 -.039 -. 500
-.003 -.036 0.000

.S37 -:111 1:11%
96 -.041 1S.000

S. Mach number
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Gana Beta Phi

-.795 -.04S -3S.000
-.521 -.045 -2S.000

-. 04S -i.o00n:171 -. 048 -io0aoo
-. 062 -.050 -S.000
-.040 -. 050 -2.SO0
-. 010 .0
.034 -. 04 0
.067 -.049 S.000
.134 -. 050 10.000

-. OS R.000
so -os 25000

.593 -. 050 35.000

6. Mach number

GG,,R Beta Phi

-.803 -.06S -35.000
-. S28 -.06s -2S.000
-.284 -.065 -IS.000

.-. 6S -10.000
-.071 -5.000

-.032 -.072 -2.500
-. 004 -.071 0.000
.024 -.071 .500
,058 -.071 1.000
.131 -.071 tO.000
.199 -. 075 15.000
.349 -.078 25.000
.603 -. 073 35.000

Xl X2 Y
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ii) graphic output
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4. FOUR DIMENSIONAL APPROXIMATION

4.1. Problem:

YWcXV,X3X3;

A data set of NPNTS1 NPNTS2 *NPNTS3 data points is given,

where Y depends on the parameters XI, X2 and X3. The data pattern is

to be approximated by a function Y - f(Xl,X2,X3), so that the error

between data points and analytically determined points is lover.
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4.2. Approach

Again, as in the two and three dimensional case, 
a polynominal

method is used. For

Y f X, ,4)
we assume Nf-I

y :,, x3 .+ 1 )(<"]74[C f ckx izvV O-4 7.X2

NZ° N1

j .,, +4c , x3'4.. " C ,/N

oro

-4, +o ?.M AT .7"

c,, , x .. . ;,( x(.)

50"

or # - ' -

Y. E: [ E Ck )C3 1xzI" xI 4..
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This data arrangement which discriminates between data points taken at

constant Xl, X2 and X3, respectively is needed in the application of

this method to the description of pneumatic-velocity probe characteristics.

The various surfaces in the above sketch for example can be seen as data

taken at different Mach number (Xl). At each constant Mach number

(Xl = constant) yaw angle (X2) and pitch angle (X3) are varied, and the

probe is measured to be Y. Even though probes are usually balanced to

the average flow yaw angle in some cases this is not possible and the

four dimensional approximation is then needed. A similar method for

describing probe calibration data is used at the institute for Jet

Engines and Turbomachines at the Technical University Aachen (Ref. 2).

The least squares criterion is then

0%1 t1 .0(4.2.)

where the indices rst denote data points. Using equation (4.1.), R

becomes

SPug a'RMNUPM N-1

[E fE c,,, .C1 X3, .. C CUM ) t +

.( * ~ xi ... 4c z. x3Z")" xZ,,
4 Cal* l X3,.4 .CILMX~ ( -k

4(r., + cm d .. 4 C2,. x3" x,,t +

a..

51
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.4-4+ < .,L. f -C 3 4 .. . I,,,N ''. Y3

( L i z 3 cL Z x4 " " +  CL N N X-3  0 (..A. +

cOU , X3ri t... 4 Cjjqw X3it t.A ,tit I

The term in the [ I - bracket shall be called B

rag 1 t-1
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4.3. Solution:

To minimize the error, R is partially differentiated wit respect

to the coefficients Cij k and the partial derivatives are set to zero,

thus:

~~~ JO;I. ,j.-IM , .

Assuming, that the sumations extend over all data points, ZZ should

be understood to be Z Z .r Now even a very large sheet
P.1 S.1 i./

of paper can't take the system matrix, unless we skip to submatrix

notation.

L .

.. .. . 4' &'

UU

£5 ' , -. , ( .3.).

The asterisk indicates a submatrix 1. class. On the following pages

the submatrices and subvectors 1. class are listed.
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4.4. Structure of Equation System:

4.4.1. System Matrix A

It can be seen, that all submatrices 1. class on the same

diagonal bands 2. order of the system matrix are identical and therefore

will be renumed from A to

Al A;,

ZtI A;,,z
AAA ". a

A4 j -1 - 4A

The subustrices 1. class A: (k-I,... ,2L-l) themselves are divided

up inlto submatrices 2. class.

A kk *..Z f
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The double asterisk indicates a submatrix 2. class. All submatrices

2. class on the same diagonal bands 2. order of the submatrices 1. class

Ak (k - 1,...,2L) are identical and therefore will be renamed from

;ij to Akl

A .0 A .0 *t  ' .t " d  r " - '

A"'s A AI
k;Lk kz, k''

ad 44

hA A 1 Aca k

A" A4 at Alf#.g AA A 2~ A;I,

k ;t' k-Ik 1A-

AA

where Akl can be written as

L,/.X1,. ',, ZE I ' X

bj ,.L 4. ., ...

EEF A X1~ XQE

k. / ..., -1; I
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Note, that this submacrix 2. class is not only symmetrical, but also the

elements on each diagonal line 2. order are identical. The elements

ak;!;i,j of the submatrix 2. class Ak;1 therefore are renamed to akL;.;
L specifies the place of the subumtrix 2. class Ak:l in the submatrix
1. class Ak, k specifies the place of the submatrix 1. class Ak in the

system matrix A and i,j specifies the place of the element ak;l ;i,J in

the submatrix 2. class Ak;j

'aa

6 ak1;, ~&,t2 k;t(J.2

46*q

;ja N • - a .,

where ak)4M can be written as

k;~ , ' kmIe
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_ - m - _

This operation is programed in REAL FUNCTION S4 (NPNTSl ,NPNTS2 ,,NPNTS3,

IPOWP ,IPOWR2,IPOWR3,rY). The data Xl, X2, X3 and Y are known to

this function through a common block named DATA4. So only NPNTS1,

NPNTS2, NPNTS3, IPORI (- k-1), IPOWR2 (- L-l), IPOWR3 (- M-1) and

IY (-0) have to be passed to the function and the value of a k;;m is

returned through the function name S4.

SUBROUTINE MAT42 presets the submatrices 2. class A k, in the

following way

i) Preset edge section elements (using REAL FUNCTION S4)

41 ak ,,v 1 1a, .,,,,

a Ar, Ak aH- a

ii) Copy defined elements diagonally

tA,.
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4L' cz1 2 akiZ

a cza
a &;?, t1.Z '21N. g k ,

7*~42/ kj4~Z ~417 ** 4&4,W

Ak a,;,4 ak,, ; ,#V.

Ce.0 C.. 0..C. C
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This subroutine that needs NPNTSl,NNTS2,NPNTS3,IPOWdR.(-k-l) and

IPOWR2(-L-1) as input parameters, returns the submatrix 2. class

A;L (SUBM2(4,4))to SUBROUTINE MAT41, which foresets the submatrices

1. class A, in the following way

i) Preset edge section submatric.s (using SUBROUTINE MAT42)

AAk;2n,

ii) Copy defined submatrices diagonally

Ak, 1

It if

A'*k it'l
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Ji a,

14I A /. A

Ak.2, Ak 2  A&. *..m

;I Al

.1. A t--.- .k"

as 04~ A# 4A

AA

A,", A, Ak ., "' ,,,

.A,; A

A4- , Ate A ,

This subroutine, that needs NMSINTS2,NPNTS3.M,,N,IPOWR1(-L-1)

as input parameters, returns the subroutine 1st class Ak (ST3BM(16,16)) to

SUBROUTZNE MAT4, vhich presets the entire system matrix A in the

following wmy.
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1) Preset edme section submatrices (using SUBROUTZnE MAT4l)

A 4 A

ii) Copy defined subuatrices diazonally

A, A,

A:

A A*

74
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At Aa As -:
0*A,, A A;AZ

44 A~ A&
A aL

A, A: A, ... A,,

A Ad X*4,& 4u ... A&,

A " - A

Aa AL
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4.4.2. Right Hand Side Vector B:
,

The right hand side subvectors 1. class Bk generally can be

written as

Z Z Y',CX .X3'

rt I ¥7 1
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The subvectors 1. class B* (k 1 l,...,L) themselves will be divided

up into subvectors 2. class:

where subvectors 2. class "k;L can be written an

E 2 E

Finally, the elements of wh subvctors 2. class Bk; 1 can be written as

h z z LYcXt11)(2n XSnf

.; ... P"

To calculate b k;l;u REAL FUNCTION 4 is used, again. Data XI, X2, X3

and 7 are available through COMM block DATM. HMIS, SPNTS2, VVWTS3,

IPOWRI (a k-1), IPOW .2 (- L-1) IPOWR3 (- a-i) and rY (al) have to be

passed to the function and the value of b k;1; is returned through the

function nam S4. Using FORTRAN prograsing language, the allocation

of b k;l; can be performed by three stacked DO-loops.

77



DO 07 L1L,L,l
IPOW~tt-Ll-l
DO 08 XL1-1,M,1
IPOWR2-M1
DO 08 Nlinl,N,1
IPOWR3-Nl-l
1-1+1

08 B(I)-S4(NPNTS1,NPNTS2,NPNTS3,IPOW1,IPOWR2,IPOWR3,1)
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4.5. Software:

The software to compute the coefficients for a two dimensional

approximation is described in APPENDIX A and is implemented in the TPL

HP-21MX computer system. To work correctly with these program modules,

the user has to conform to the following vonventions.

i) Provide the data in four arrays
(Type: REAL) of 5*5*5* elements
through a COMMON block, named DATA4.

COIMON / DATA4 / Xl,X2,X3,Y
REAL Zl(5,5,5),X2(5,5,5),X3(5,5,5),Y(5,5,5)

ii) Dimension an array (Type: REAL) of
5*5*5 elements to contain the coefficients,

REAL COEP (5,5,5)

iii) Define the parameters NPNTS1, NPNTS2,

NPNTS3,L,M,N and IPRINT

NrNTSl... # of X1 variations
L 1 NPNTS1 f 5

NPNTS2... # of X2 variations
M r; NPNTS2 9 5

NPNTS3... # of X3 variations
N 4 NPNTS3 r 5

L ... (desired order of approximation
polynominal w.r.t. Xl) + 1
14L 4

M ... (desired order of approximation
polynominal w.r.t. X2) + 1
14 H 4

N ... (desired order of approximation
polynominal v.r.t. X3) + 1
1£ I4
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IPRINT ... Controls quantity of print out
2 ... Print system matrix and right

hand side vector before and
after Gauss Jordan Elimination.

1 ... Print equation system after
Gauss Jordan Elimination

<0... No print out
>0... Print equation (4.1.) with

the actual parameters.

iv) If a user program uses subroutine MAT4, the software
modules have to be loaded using the procedure in
section 1.4.iv.

If all these requirements are met, the correct call for the subroutine is:

CALL MAT4 (NPNTS1,NPNTS2,NPNTS3,L,M,N,COEF,IPRINT)

Upon completed execution of this approximation routine array COE

contains the coefficients. Externals used by MAT4: AB4, DATA4, MAT41,

MAT42, S4. Under no circumstances may the user use any of these names for

a modules of his own user program.
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4 .6. Sample User Program
4.6.1 PrNt4 CoMpiler listingL Of sample user program

0001 FTN4,
00~ 0j C PROGRAM FITR (3,99)

0004 C APPROXIMATION PROGRAM TO FIT A SURFACE THROUGH DATA POINTS Y,
0005 C WHICH DEPEND Om THREE INDEPENDENT PARAMETERS X1, X2 AND X3.
0006 C
0007 C AUTHOR% HANS ZEDNER
0008 C DATE : AUGUST 26, 1960
0009 C

11101, Hano Zabnert 40-Apprezirm-tion-, Y-f(Xl,X2,X3).

001i CMO / DATA4 / X1 X2,X3,Y
0014CMO 8 / A,b
0 01s REAL Xl(5,5 S) X2(95 ,)X(,,)YSSS
0016 REAL A444,b4), ( 4 ' ' ' '
0017
001$ QEALCEF~j~S 5)
001 INTEI IC(44) ,IFILE(3) ,1OCR(2) ,ICLR(3)
0026
0 01 DATA NOCK /0000339,0404335/, ICLR /0155243,01551539,004S3Th/
00221
0023 101 FORMAT (- ENTER 14PNTSI NPNTS2 NPNTS3 -2A2
6024 8
002S t32 FORMAT (4 ENTER L M N 62A2)
6026 t03 FSRMAJ (4 11NTE DATA FILE HAM 02A2)

007 104 F RMAT (3A2
0023 131 FORMAT (0 ENTER IPRINT 02A2)

IS 131 FORMAT (0 OUTPUT RAW DATA YES OR NO 42A2)
or, 10F RMAT l;X;
00 10 F8 RAT(/I .2. DATA sa-T/)
903 107 FORMAT (3X,- I~10)
Go 108 FORMAT I X,l 14F19.*3)

0634 109 FORMAT (/Q36
003S 110 FORMAT (/0 0)

QIM,~RAT (/" Yin)
14t* F RMA. (*Nh )

0040 SREAD RAW DATA PROM FILE
0041

0044 0 RT

0045 IFEAD NTS3. ,.NMAX) GO TO 0
00494 0 WRITE (1,102) CR

0052 IF (LS. T.H4) GO TO 0
0043 02 WTE (1,103 N CR

31 RITE (1,131) NOCE

09 AD 1, 9) IPRINT

0464 (t1AG4 IOU"~

Iffi~ER (IJFILE)

064 AL2* PNT ITNPNTS'WNPNTS3060 ALL READ (1DC3 URN XI,IL LEN1l)
IF (KERR. T.05 PlOP 0601

6CALL 0 4 tIDC3 ERR X2,IL,LEN,S4)

e1 6 IL, LEN, 107)
0171 ALL IEAOF (IDC9 IERR Y IL,LEN,160)

6672 if (I RO. TOQ) Stop 9604
0073 AjLL S (IDC9 IERR)

0 if L.0) Stop 0005
074 IF wr

WIT I UM 2H) 00 TO 07

- --. 81.
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PAGE 0002 FITR 3s47 PM FRI., 26 SEP., 1980

0077DO KwMN il
0078 WX6)K
0079 WAITE (6,107) (K3,X3wt,NPNTS3,i)
0080 DO 04 K21t HPNTS2 i
0081 04 WRITE (6,169) 92p1Xl(K1,K2,K3),X3n1,NPNTS3,1)

URIT' ( 109)
800889DO 0 Kie MPNTSL,1

0084 RITE (6,166) Ki
0085 WRITE (6107) (Kj, K3*t NPNTS3,1)

0086DO 05KM I PNTS I p00980 e5 W ITE (6,168) x I IXZ(K1,K2,K3),K3ml,NPNTS3,l)
0088 WRITE (6,110)
0089 DQI Kt NPUTSI,1
0090 WKZ W (bl Ki
0091 tT (6,107) (K3,K3=l,NPNTS3,1)
0092 DO0PK1 NTS2 1
0093 06 WRITE (6,106) K2, X3(Kl,12,K3),1C3m,NP4TS3,t)
0094 WRITE (6,111)
569s DO 61 Kiwi 14914151,
0096 RITE (6,166) XI
0097 WRI ( 0) 9 ,NPNT$3, 1)
0096 O9 1-1MN'Sj
0099 07 WRITE (6 168) K21 kY(KI K2 K3) 3-Ml)PWTSk 1)
0108 17 C1- M*T4 (MPNTS OMPNT§2,NPT*,L,l,t,C l,IPRINT)0101 82010 2tw l ILE £ I101)
0109 CALL OPEN (IDCS MER IFILE,IOPTN,I,2h,i44)
0104 IF (IERR.LT.0) PTOP 6006
0105 CALL WRITF (DC A~~ 9 ?2SO)0106 IF (IERR. LT.0194 STU 9
0107 cAL CLOSE (IDC9 IERR)
0103 IF (IERR.LT.0) Stop 0016
0109 STOP 0677
0116 END

FTN4 COMPILER 1492060-16092* REv. 1926 (790430)

NO14 WARNINGS NO14 ERRORS 2$ PROGRAM a012S9 cCOmMO 000
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4.6.2. Load may of sample user program FITR

PITR 10042 12414 Man* Zebneri 4D-Aooroximation; Ysf(X1.X2.X3).

to load these program modules, enter (from LOADR): MI.%TPLBL

DATA4 12415 14364 40-Approjm tion / DATA4 /
HAT4 14365 20251 4D- pr oLntion arranqe system matrix and vector.
HAT4 20252 20666 4D-Appreo zmTion arrnnqe ,ubnatr&x t. class.
MAT42 J0667 JJ66 4D-Approxealion arrqnqe subnEtri 2. class.
4 21367 41570 40-Approsi& on csAMwte summatiens.

A94 2137t 4t70 40-Approzimation / A4

CLOU~4315 4336 9~67-1 1~5RE 1903719
4t " 4114t ;16:16 1 :. 760526

4 7 441 67-162 REV.1,0 7ot9 09
LIJ 44 16 400 9067-16268 REV.@, 0 2

NJ! 4

.e 4, , 41457 791021 2499,-16001
S~S. 4 U2 4 9S 067-t618 REV,$903 79013
/R 4456 44704 H067-162 ,RVJ903 79124

.A1 E 442S7 47 M02 2499-t60 5
SPS4 44S60 46S1 9067-1612S REVI. 7417

O NG 4461 44401 718 24999-16001
A 44", 410 75001 2499-&001t2 9206,,,.-fto0411I.1,6, 7,o4t7

.RTOI 46631 46724 760921 4996-1601

.FPWA 4672 46766 781106 
4

98i-260 7 1

47002,4 4 70 507 2499-16001
ESE 47044 4704 7?0701 2499-160o1

RE 4707 44" 9067-61 R.7
NRU T 4 7 78 I24 -1600 RV.1 90 710

RTft 46631 4 724 9092;1615 -"01~ 00

RhO 5334 5500 92067-16268 RE'J.1903 790316RNPAq 53501 53543 781106 24999-16001
PNM 53544;53611 ?121 24996-16001
LUtRU 19~ IK~ , -0 1, ,10 7922

.E 4746 47046 4 701 499-16001

.LiT 54024 M5O34 7930SISH 1E4998- 3601

23 PAGES RELOCATED 20 PAGES REA'D NO PAGES E70A NO PAGES SEG
LINKS:SP PROGRAI~LB LOADS TE COMNON:NC/LOAITE READY AT 3:53 PM FRI., 26 SEPT, 190

/LOADR tENDl
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a.6.3. Results

printed output

X1

I. DATA SET
L 3 4 S

1 .100 .100 .140 -too .100
.100 .100 .100 .100 .100

S .100 .100 .100 .100 .t00

2. DATA SET

1 111.20 J .201 .20 0 .200
i :12 ts :All :3H2.204 .200 G o0 . OOS .260 .200 .100 .100 .10
3. DATA SIET

.30! 00 00

S A891 toil
4. DATA SET

I d .41 .6 .40t .401.,. .400 .4oo .400 .,oo
.400 400 4 0 .400 :400t :11 :4SS :U :5Sll

S. DATA SET

o 2 3 4
S 00 .so0 Sol

4 .00 .0 !001 :500 .500100 :o0 0 .SO0 .SOO.SOO ,Soo .SOO -SOO ,SOO

X2

L. DATA SET

1 -20.o00 -20.001 -20.001 -200 -20..o-10.000 -10.000 -10.000 -10.000 -t0.o003o 00 1.0 0.000%111l10 i1it Jill &:0°0 o.:S5
I- 2. DATA SET

23 U4 Si0 *es.00s -20.066 -20.00 -20.000

5 20.000 20.000 20.000 20.000 20.000

3. DATA BET

-f00 :20:001 -21.0,0 -20,.00 -20.Oo14 1S.1 4.111 -ti:1s 1:111 -11:1

4. DATA SET

123 4 5
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1 -20.000 -20.000 -20.000 -20.000 -20.0002 -10.000 -10.000 -1o.o0 -10n.o -10.000
3 0.000 0.000 0.000 0.000 0.0004 00o0 0 0.o 00

S. DATA SET

S Zo.oo0h -20.001 -2oo1 - 20.oo -oo2 -10.000 -10.000 -tO.000 -t000 -tO.0003 0.000 0.000 0.000 0.000 0.00000000 1 0.:0100 Is: S 18' 000 HOS
X3

t. DATA SET

I :1'00h -o0oot 00ooo oo ..0 oo o00 -10. 00 0.000 10:000 H0  o-20.000 -10.000 0.000 1o.000 20.000
4 : 000 :0.000 0.000 0o.00 0s 000 0.000 .000 1.000 000

2. DATA SET

i -20.0A -10.081 0.001 10.OO; -,..001

3 -20000 -10.000 0.000 10.000 10.000

3. DATA SET

000 -t 2 0.001 11.000 20.001

I n 11:18 0.00603100 W 004 -20.000 -10.000 0.000 1O.000 20.000S -20.000 -10.000 0.000 10.000 20.000

4. DATA SET

Io _1.8 o.iol 0. too~ 20.001
1a :21.000" :100110 I:All 1311 H I4 -20.000 -10,000 0.000 10.000 .000
S -20.000 -10.000 0.000 10.000 W 000
S. DATA SET

:1:0 j.. 01 101 1.0.000
S:0 00 -o100:0 .0  00 14:h .0003 - 0o.0 -10.000 0.000 10.000 20.000

0000 :0,000 .000 to000-20..0o -10.000 0.006 10.000 |.:
y

1. DATA SET

47 .4jb .91704 ..401
M Als4 .o 7. .4

s .400 4.0 .0 :,71410
2. DATA SET

44
1 .61 .963 .1,t3144 1111 .013 .913 St13 .513
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S .463 .763 .663 .763 .463
3. DATA SET

1 2 3 51 .963 1.°6°  1.36 oo6 .6

o,;o ,..,so 950*1 I|A701 i..000 I. O

Iles 1:1108 1.363 Al

4. DATA SET

S .2 3 4 S

1.456.4i3

t.1t 1.2t3 1.463 1-.O,6

$1.4:0 1 111 1:1

S .9P63 1 .263 1. 363 1,6 t 963L

S. DATA SET

4 l4SO CM
S .40 101140

COefficianis l 'g)

22I 4 .4 E+65 -. 1066+9 1 .16 04

K~t2 3

KI

a g l 2~ 38
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5. CONCLUSIONS AND RECOMNDATIONS

Compared to the probe calibration approach described in Ref 3.

the method presented here provides a much simpler way to both calculate

the probe calibration surfaces from measured data and to apply the

calibration to on-line data reduction. The iteration required in the

method of Ref 3 is completely omitted. It is noted however, that the

Gauss Jordan Elimination lacks some sophistication. The system matrix

for example undergoes the elimination without prior conditioning.

Particularly in the case of the 3-D and the 4-D approximations, numerical

round off errors have an influence on the accurracy of the coefficients.

Consequently it is recommended, that the Gauss Jordan Elimination

routine be revised to use double precision constants and a routine that

conditions the system matrix be added. Time constraints made these

steps impossible for the author.

Following these refinements, a calibration procedure, similar to

McGuire's (ref 3) should be formaliaed. Since the 4-D- approximation

requires large arrays and therefore extensive CP - memory, extended memory

access (MA) is necessary if the HP 211X computer is used to perform

the calculations.
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APPENDIX A: Some Useful Matrix Conventions and Operations

Al. Submatrix Notation

Q0, ar 'l'0A l

defined through elements a .i or submatrices A l

A2. Diazonal Lines and Diazonal Bands i. order

Diagonal lines 1. order and Main diagonal line 1. order

Diagonal bands 1. order and Main diagonal band 1. order

a,,,

4 a

"4.

* Diagonal lines 1. order 4,0r
w.r.t. elements *.
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I.I

1

Diagonal bands 1. order 44.
w. r. t. submatrices .:;poe

A3. Diagonal Lines and Diagonal Bands 2. order C.,.o:°'

Diagonal lines 2. order and Main diagonal line 2. order

Diagonal bands 2. order and Main diagonal band 2. order

46 6 4 Main Diagonal Line
1/ . order .r.t, elements

Diagonl lins 2. order w~r.t, elements

: . 90



* / Man Diagonal Band
' 2. order

A if v.r.t. Submatrices

*Dia:-"Al bands 2. order
v.r.t. submtrices
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APPENDIX B: Software Description: Flow Charts

The following are given:

Flow Chart Page

MAT2 93

S2 97

MAT3 98

MAT31 106

S3 109

MAT4 I11

MAT41 li9

MAT42 124

S4 127
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F76 w cA.* lA 7

ENTRY

Lr . L(ALJ (1)

0

-. . - . I - 0.



'-AO-A110 673 BOM CORP MONTERET CA F/6 20/4PROCEDURE ANO COMPUTER PROGRAM FOR TIME APPROXIMATION OF DATA (W--ETC(U)
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MENI
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1111.0m
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MICROCOPY RESOLUTION TEST CHART
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;n.7o Ar I) -7
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'00'

-vowl. .eel

95 rlo 52am
-r -o/o ---.-. ---.



RErURN

.96



F7&w S

E.NT rY

/a$ AJm.AI

J~ brg*.

(4-0)0

~ an

97

(QRXM



MA r

ENTRY

4/ xw' 0 z e,4
40LSZ-1 r

0/
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,Do oS let4,

p,YA ve j A",4 cAve

237OPa M M7r01 4 /14S0
..TEARr- M-i) A J/ 7T A R &(L-: )I1V/
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II

2o3

Oo ~ y

oNo

f 00f 44,ib cu

d~~s~~j.v

a//

~u~g100



4

vil,gre&//,~

416 -onimrA

276 7

101



,~ C' 4s74(r~.I -

AZ4a Ait ;

1 ____102



DO or 1J.L,j

-A 43/A M-

~~ * ,/____.___,, ___________,_

J 103

Mu.



z# W40.1

104



RE TURN

105



-7o c;bor-l AA T

D ~ d o lle , 41

Oeqk 4ke# (A?)

Z& Zaa

106

-7T2



Pr~oceed eo ovxi

go~e (. ev7L-

'oy

107



pY

S 4NO



Flow chaor kS53

(.s K2. I"Nz

AV a

109



%Ta (,A

c 4S~~

1S10



ENTRY

L, I. c

Mr

111

@WA

o .. . .. .. . .. ..4.. .. . .. . .



'top

040 emmep,4 U,

23MR.r w / -Ir K-LaI

112



00 Z-J ____________

00 94 .7-is4er700,

#aum rckroiin*

A~mcw in A

113



iAoceed to pwxi

)~'CE ower

00r oi7 AOO ,

4o 6767

114~



00o o4 7-tmrToP,6

0 06j-.3SrA0 cnP,i 1~

016

AC1,4 A1t.7



,00 o /0. ,r$

'00~: opM

7rPOW~ AV-J

A.S ./



4 9 lae/1g(

1



1/3
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""Ow MAT4/

ENTRY

edye sfvAo

a~m~oo*Z. c/aC/o

r~rA~r-ckwsvg.,i
.7:sm. /V 474T

3gr~o- e~r1)AM
Jjr, rwvw

2. r/eg

(a,

-119-~i



.~~o .3 J.*iR. mw*4

103



121



Wvw* (D.O#1~
apu. r/*'M

Jsro"'.$ WpttN l

122



1.23



I,

e/. 91. s
rpowmmr /
My/w24OV-/

Do 0.?

4. 44'l
Fwcrcdv

124



.ZPoW2: rp*#A24

Do 04 a II0N

(24$

125



lo3V A

126#4vdw

A60 v



z" o v -/,A#.y j

127



V/

128



RETURN
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APPEIDrZ C: Software Description: Listings

The followlng are given:

Listina page

Two-Dimens ional Approximation 132

BLOCK DATA A32 132

BLOCK DATA DTA2 133

PROGRAM DEM02 134

SUBROUTINE MAT2 137

REAL FUNCTION S2 140

In GER FUNCTION 11122 141

SUBROUTIE IEL2 142

REAL FUNCTION P2 145

Three-Dimensional Approximation 146

BLOCK DATA AB3 146

BLOCK DATA DATA.3 147

PROGRAM DEN03 148

SU31.TO WKl IAT3 151

SUBROUTINE kAT31 155

REAL FUNCTION S3 156

NTEG fUNCTION 1L33 157

SUBROUK 1.3 158

REAL FUNCTION F3 161

Four-Dimens ona Apgroxismton 162

BLOCK DATA AB4 162

BLOCK DATA DATA4 163
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APPENDIX C (Cont'd)

Four-Dimensional Approximation (Cont'd)

PROGRAM DEK04 164

SUBROUTINE MAT4 168

SUBROUTINE MAT41 172

SUBROUTINE MAT42 173

REAL FUNCTION S4 174

INTEGER FUNCTION IEL44 175

SUBROUTINE IEL4 176

REAL FUNCTION F4 179
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