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ABSTRACT

A procedure to approximate data given at arbitrary intervals in
two-, three- and four dimensions using polynominal expressions is
described. The programming of the problem is explained in each case
and a user manual is given for software implemented on the TPL
Hewlett-Packard computer system. The method, which is general, was
derived and has been applied to represant the calibration of flow

probes which have multiple sensors.
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1. INTRODUCTION

This report describes algorithms to approximate data patterns such
as those which occur, for instance, when pneumatic-velocity probes are
calibrated. The functional value (Y) can depend on either one (X1),
two (X1 and X2) or even three (X1, X2 and X3) parameters. The approxi-
mation Y = £(X1) will be referred to as the two dimensional, the approxi-
mation Y = £(X1, X2) as the three dimensional and the approximation
Y = £(X1, X2, X3) as the four dimensional approximation. These three
options meet the requirements for probes used in the Turbopropulsion
Laboratory.

Using the least-squares criterion to obtain the coefficients in
assumed polynominals leads to a system of linear equations, which are, in
principle easily solved. Numerical problems may arise however, since
the software, as described herein and as implemented in the NPS
Turbopropulsion Laboratory Hewlett Packard 21MX computer, uses 32-bit
real constants.

The author wishes to express his thanks to Professor Ray Shreeve,
whose constant and critical interest was a crucial help to solve this

mathematical problem and link it to engineering applicationm.
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2. TWO DIMENSIONAL APPROXIMATION

2.1. Problem:

’ o

Xt

A data set of NPNTS] data points is given, where Y depends on
parameter XIL. The data pattern is to be approximated by a function
Y = £(X1), so that the error between data points and analytically

determined points is lowest.




2.2. Approach:

Polynominals are commonly used in order to approximate data
patterns. Y = £(X1) is a function which approximates the data value,
V, at each value of the variable X1, we look for our expression of

the form

YaC +Caxt +C *X4° + ... + ¢ axg' =¥
L 2 3 L

or

(i-4)
Y= x
1?1(:1 X1 . (2.1.)

in which the coefficients C " are to be determined by the method of
least squares. As Ref. )| shows the least squares criterion leads to

a linear equation system that can easily be solved. We define the error

NPNTS1
= E (XL )=y )2
rsg r r 2.2.)

where the index r demotes the individual data point. Using equation

(2.1.) R becomas

NPNT -
R = Eftc scaxs scaxsie . et Ly ,2
r8f{ 2 r 2 r L r r




2.3. Solution:

R depends on the selection of the coefficients Cl""’cL'

In order to minimize the error, R is differentiated with respect

to C,,...,C

1 and the partial derivatives are set to zero. Thus

L

(Y

im0

o/

1

or

IR NPNTS1 2 (L-1)
— 2%{C +C xX4 +C X1 + ... ¢+ C X1 -Y Ix
ac r=1 t 2 r 3 r 1 r r

-

(L-4)
D IC +C xX4 +C X -y 1
1 2 3 r r

+!l‘+cxi
r L

(VIR I

c
i

Assuming that the summations extend over all the data points, I
NPNTS4
ghould be understood to mean réi . Performing the differen-

tiations and rearranging the equations, we get

mwn'suxc1 + zxz'_xcz . szfncz . Exi(L'“tcL -Z‘,vr

Lx1 xc +£,'xxatc +Ex13:c . .., *Exal‘ ¢ =LY 2x4
rot r 2 r 3 r b r

Ex:ztc +Dxt e Ixitac, . L. o D1 M =Zv axs>
L r 2 r 3 r L r r

(L=1) L (L+1) (2L-2) -
DX 2 %1 x¢  + Ixt %C _+.. L-1
. . 3, b2y . C e+ #Z.'xap tCL-ZYPt)ur




In matrix notation

2 L-1) ( \
(NPNTST  Dxs =x1 c. DXt (¢ ) fov
r r r 1 r
2 3 L
Xt X1 X1 o X4 c Y xX4
r r r r 2 r r
2 3 4 L+ = 2
X1 pmd §1 X1 e XY m c TY xX¢
r r r r 3 r r
L-¢ L L+4 2L-3 L=
X4 X4 X1 v XS / c LY =X
T r r r \ L/ ror
N
= ® = Y4 (2.3.)

A ... System Matpix

>.

v ++. Coefficients vector
¥* ... Right hand side vector

T MG . AW e £ v ere wane g e v w e
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2.4. Equation System

2.4.1., System Matrix A
Since all Matrix elements on diagonal lines running up from

left to right (2. order, as defined in Appendix A) are identical, the
elements are renamed for simplification as follows:
a, = a,

az= aa' a,;

a.,f' a!’. dg'a‘r

- - s - = a
ARy 9,3 "2 e T R g /e
@
Q. ) aL,z * Q3 P R3,0a 2L
H . LI § -
2142 *a Ly9, 1, ! 3, ¢
. t 4L

so that the set of elements, ak. can be written as

NS/
i~/
Qe * rZ:’X,’

ka/ ... 2L~/
r (2.4.)

This operation is programmed in REAL FUNCTION S2 (NPNTS1,IPOWR1,IY).
The data X1 and Y are known to this function through a common block
named DTA2. So only NPNTSI, IPOWRL (= k-1) and IY (=0) have to be

passed to the function, and the value of a, is returned through the

function name S2.

— : .
: i WA L e A, -
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SUBROUTINE MAT2 presets the system matrix in the following way:

a,ﬁ a& @ a\!d oo dg‘

Q4

Q.+2

8
4

all.°l

i1) Copy defined elements diagonall

i) Preset edge section elements (using REAL FUNCTION S2)

Ql-‘aL
liaaw,! sechowm

QL"-' all.-l
h‘,(.l oo wige corhom

Q, 9 021449--;§¢49 @,
zﬁ¢¢? [54’;’ a,
dy
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ﬂ,, a 2 al 3 cee alL
Ay Gy %3 e @y
P
273
Ay ay, Qs ees Qe

a, % e @y
a, a, Gy a,

A d a), a‘n O,, e OJL

see L X X XX o0 o0
au a“ au sce a“

2.4.2. Right hand side vector B

The elements of the right hand side vector B can be written as

NPNTY) ke
by * ,‘.?(X-X'r ) ke 1, L (2.5.)

To calculate bk' again REAL FUNCTION S2 {s used. Data X1 and Y are
available through COMMON block DTA2. NPNTS1, IPOWR1 (wk-1) and IY (=1)

have to be passed to the function, and the value of b, 1is returned

k
through the function name S2.

11




2.5. Software:

The software to compute the coefficieants for a two dimensional

approximation is described in Appendix B and is implemented in the

TPL HP-21MX computer system

To work correctly with these program modules, the user must

conform to the following conventions:

i)

11)

111)

iv)

Provide the data in two armys (Type: REAL) of 256
elements through a COMMON block, named DTA2.

coMMON / DTA2 / X1,Y
REAL X1(256),Y(256)

Dimension an array (Type: REAL) of 7 (seven) elements
to contain the coefficients.

REAL COEF(7)

Define the parameters NPNTS1l, L and IPRINT (Type: all
INTEGER)

NPNTS1 ... # of data points
L ¢ NPNTS1 ¢ 256

L «e. (desired order of polynominal) + 1
1<Lg7

IPRINT ... controls quantity of print out

2 ... Print system matrix and right
hand side vector before and
after Gauss Jordan Elimination

1 «e. Print equation system after
Gauss Jordan Elimination

<0 ... No print out

>0 ... Print equation (1,1) with the
actual parameters

When loading a program, that uses the subroutine MAT2,
the binary library file has to be searched for externals.

Suppose, the source file &SUSER::26 contains a user
program named USER. This program calls MAT2. After
the compilation, the relocatable binary file for this
user program is ZUSER::26. To load the program, the
following procedure is recommended:

12

O 7 oy ead [ ——
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Type (from FMGR)

:RU,LOADR

and the loader program will respond
/LOADR: RE,ZUSER::26

where the underlined information already is the user's
input. This causes the loader to load all program
modules of the user program; a load map is listed omn
the terminal. Upon completion the loader prompts

/LOADR: MS,ZTPLBL::26

where the underlined information already is the user's
input. Now the loader conducts a search for all unsatis-
fied externals of the user program in the binary 1lib-
rary file ZTPLBL::26. Since some library programs

have externals themselves the search has to be repeated
MS ... multiple search) as many time as is necessary

for all externals to be satisfied. The loader prompts

/LOADR: END

wvhere the underlined information is the user's input.
The loader now loads all system programs, outputs a
load map and generates the program. Upon completion,
the loader outputs a ready message

/LOADR:USER  READY AT 1:28 PM WED., 10 SEPT, 1980
/LOADR: END

Now the program can be run

+RU, USER

Again, the underlined information is the user's input.

If all these requirements are met, the correct call for the sub-

toutine is:

CALL MAT2 (NPNTS1,L,COEF,IPRINT)

Upon completion, the array COEF contains the coefficients (COB!'(I)-C1

.....CO!!(L)-CL). Externals used by MAT2 are: AB2, DTA2, S2 under

no circumstances may the user use any of these names for modules of

13




his owm user piogrln. In some cases the program may not be able to
perform a Gauss Jordan Blimination to the system matrix and the right
hand side vector and thus cause the program to stop. If this happens,
an errct message is displayed.

It is highly encouraged, to use the system function FNP to
calculate the value of a8 polynominal at one specified X1 rather than a
loop such as the following:

s-lo
DO 08 I=1,L,1
08 S=S+X#*#(I-1)*COEF(I)
YCALC=S
To call FNP is easier and faster, because FNP is a programmed Horner

Scheme. The recommended call is then;

Ll=L-1
YCALC=FNP (COEF,X,L1)

14
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2.6, Sample User Program

2.6.1. Listing
PAGE 000f FTN., 412:40 PM THU., 18 SEP., 1980

00L FTNa,L -
%3% : PROGRAM DEMO2 (3,99
04 :ll"."ll..'lll‘ll..'l...'ll.llll'l'..lll.ll.'l‘ll"lll.".ll.l*
00S C . THIS 1S A DEMONSTATION PROGRAM AND IT WS THE CORRECT USE
TR A 0y Il T g i L el
333 § . Eg CONSULT ru& 335 ESB: Hﬁgaégﬂ .
010 c :lll..l'l.l.ll‘ll..".'l'l.ll'!ll'l'l"l'lll.llll.l.lIlllllll.l.l‘
3§§ x, DEMONSTRATE THE USE 'OF THE TPL BINARY LIBRARY.
043 COMMON / AFLD / A
014
0is
014 REAL A(2S4)
01?
1 e—
%%2 NTEGER NOLF ,NOCR(2),ICLR(3)
022 DATA NOLF /006 /
%32 3:;3 ?855 5323 28'32§§? 3’0065373/
gsz DATA PI 73.141593/ ’
c = ™ = T
353 104 FOR\ARI‘ <'7'/7-8Hzﬁmqﬁ’z?xs ;r ':hn O AND WE’LL H
0239 20W TO USE THE MARVELLOUS TP& BINARY"A2/° LIBRARY! YOUR INTEREST
30 g YEhaRE CRERILL AMAROED pT A IRE. TGN, A0 1y
933 193 FBRAAT (ax E7ERSTINGLP
033 104 FORMAT (° 'DatA POINTS GENERATED!*/)
g§4 {os ;ouna; (* INITI k:§§uc THE P%?ITER')
0 2 135 F3nnnr (* SE NE PLO*‘ésLiﬁs uséﬁ,ansas AND DRAW AXES®)
037 108 FORMAT (9X""&X°XMIN “6X“XMAX “&6X“YMIN
o:g L EX"YMAX " /9%, 4C" 10X =)/
03 ‘. [ ] . =» [ N ] I-,
040 b I /)
043 109 FOR FINED AND AXES DRAWN!*/)
o:g iio ;oanzt 2: ngggxyg £¢7n0525=7§/§uro COORDINATES SYSTEM™)
%}3 axﬁtggana; (» EALcuLa¥1N3 A CURVE FIT THROUGH THME DATA POINTS
046 143 FORMAT (* ENTER DEGREE OF POLYNOMIAL (NORDER) TO FIT THRO
047 syeH THE POINTS  “"2A2)
046 114 FORMAT ¢* EN PRINT “2a2)
149 115 FORMAT (/* CURVE FIT DONE!"/)
JS0 i’“ rona:r e Euavexséfrpougaiaa S
i858 ERE L, o M SRaT,
§§ c FORMATS DEMOZ2 STOP .
os’ c 6 0 8 8 0 0 0 0 0 08 % 40 0 8 0 00 S O PP P a0 YN eSS LGRSy
esg €
%zz E . GET THE LU OF THE TERMINAL.
%2‘ c :.l;'Laé.biis'l.'....Ollﬁl"'llll.'lOlll.l.l!.ll.ll..lil00|!'.l.l
%2§ u‘xtt <L§, 104) NOLF
065
066
%6“? s 0.'..'.'!...."'.'lIOl.0"..'.l‘..ll..ll"l.l‘l'.tlll'.l.l.‘l.l.!
053 § . GENERATE DATA POINTS SCATTERED AROUND A POLYNOMIAL.
. : ¢ 80 ¢ 0 I N IO T A IR TN RN S BN Y RN NN NN DR DN RN TN NN JNR JNK NN BEY NN DN RN NN NN NN BN NNY NEN TN BN RN NN BN RN JNE BN BN NN BN TN BN RN R BN R ]
: EML ENETS i3
073 -;aiiirchx.baoza
3 xgor . 2,

o000 otoReReRe0al 0006
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- . . - > oty - -
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. . . . z oN . -
- - - - m mm . -
. . . . = <«N . .
. . - - - > - a - -
- - - - - xx - -
~ . . - - » - -
M - - - - m mm . -
~ - - - - m ~~ I~ XVI - -
-t . . - . zx )+ 4 aa - -
-~ - - - - o pupind Y zZ - -
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-t . . - w - m » > 29 . .
z . . e - " (N - - -
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. - - - - N - -
o~ . . . ” - m xu v-" w.a.v. . .
. - . - - - -~ - -
(-] . - . . > NN NN XX e ®
~ - - - - a o Aana NN - -
-l +L . . * & o z z = -~ a - -
' | . . - - " =1 - - . .
- ~0 - . . & - T x b4 <<c . .
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PAGE 0003 DEMO2 12:40 PM THU., 48 SEP., 1980

3334

ana0O0

5580 TERMINATE GRAPHICS.
ooé :O...llll'

0203 CALL STOPG

0%04 ETS' 7777

020S N

FTIN4 COMPILER: HP92060-16092 REV.

X NO WARNINGS xx NO ERRORS =x

1926 (790430)

PROGRAM = 01409

17

¢ — e e

DR IR I R B I I S I I N BT TR BT BTN I I )

LI I I R R T R O A I L R A I I S S S D I R B Y A R

6 ) GO TO 04

L I I A L I O O B O I I I I I S O I RN I R R R O R R B I R RN I N I I ]
’

84S4 XPLOT = X4(I1)EXA+XB
dis% JACE PLOT (XBLAT YPLOT,2)
ox§4 03 EALL SYMBL (1) !
04SS WRITE (LI, 149) ICLR
0156 WRITE (LI, $11)
0137
0158
0159
%1122 § 8 0 0 8 3 8 & & 8 6 0 N R O e R GOSN TS
3125 g . CALCULATE CURVE FIT THROUGH DATA POINTS.
0164 c :lllll.ld' v w 8 0 % & 8 0 9 2 0 & B & 3 0PN e
WRITE (L% :1:13)
3162 04 SRETC égé, i13) NocR
0167 READ (i ~ &) NORDER
3163 et 400 or.  womDER o7
oz?o WRITE €& 114) NOCR e
0474 A S
473
174 > e R :
vi7s IF (IPRINT.GE.O0) WRIT I, 11S)
%igg IF (IVRINT.LT.0) WRITE (LI, 114)
0478
0179
00118. § L0 IO IO TN NN TR TR TR N NN DN TN RN NEN AN RN TN BN BN NEY DN RN RN DAY NN BN DN BEN TR NN RN NEY DAY NN REN NN B R BN AN RN TN BN BN JNN DY BN RN U NN DY RN DY NEN BN RN BN B B BTN BN R )
ozgé . PLOT POLYNOMIAL FIT.
et g
048S ﬁii't‘tg"'ii?i'
0186 CALL SETSA (113.2.)
0187 DO 09 I=1,NPNTSii :
e B SRR, e
3130 IF ?i.za.s) égu P§6§ (*#E5¥,§3L3?,1§
0194 09 IF (I.GT.i) CALL PLOT (XPLOT,YPLOT,3)
o:gg 5ALL sgrsn <gzs,?gcgv)
;%:94 UHE <t§: hZi
01
04
04
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DTA2).

matrix and vector.
compute summations.

(DATAZ2

/

Calcvlate n—-th order polynonic
-/

DEMONSTRATE THE USE QF THE TPL BINARY LIBRARY.
/ AB2

PPproxination arrange system

pproximation

-Approximation / DTA2
2D-Approximation

2B-%
2D-A

Load map

to load these programs, type (from LOADR): MS,ZTPLBL
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2.6.3. Results

Affect of IPRINT on quantity of print out

i) printed output
Systen matrix A and vector B before Gavss Jordan Elimation
57ae+da

998
113

L3

4878+0§ - 21iE+04 1045*02 -
- 14358388 353840 -

33?5232 §ad ¢39 A89Eed T

000E+0
.OOOE+
.ogo +0

+
11

£l

97OE+00
400

E’?E-S‘

IS Lif0-

H
é

g 0t gt

(E N NN

VaGIN
I

VIS LT

Coefficients COEF(I>

PSS
: .-*seg.%
I

S .St4E-0¢

Coefficients COEF(I)
I =4 -,970E+00
S §22t8kt
{ =8 87308

\

} IPRINT = 2

} IPRINT = ]

PRINT< |
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i1) graphic output

Ls. 0 4.0 —.;:’,f‘z, 0.0 2.0
Na

Grafic output from PROGRAM DEMO2
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3. THREE DIMENSIONAL APPROXIMATION

3.1. Problem:

VAKX, X2)

A data set of NPNTS1*NPNIS2 data points is given, where Y
depends on the parameters X1 and X2, The data pattern is to be
approximated by a functionY=£(X1, X2), so that the error bet een

data points and analytically determined points is lowest.

21
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3.2. Approach:

As for the two dimensional approximation, a polynominal, now

with two independent variables X1 and X2, is used.

Y. flx1, x2)

2 (r=1)
Y- C”*C,Z'XZ* C,g'/\’z t ...+ C X2 -

144
(re=?)
Gt CiXT + Gy T 4 .. *Cq X2 X1+

-1)
+ LG+ CX2+ 6‘32/\'227‘ ™ 2™ 7. .

, (reet) -/
2 G 4 Cph2+ CuX2ot oo 2 C, X2 ToX1

(e-7)

-7 Y (3.1.)

L M .

y-21 2 c,x2¥"7. 51

<Y J‘

The data arrangement for the three dimensional approximation
already yields to the application of this method: at each constant
X1 (i.e.: r = constant, too) there is a data set for various X2.

This is the case for example, when a pneumatic-velocity probe is
calibrated. At each Mach number, the probe is balanced in yaw and the
pitch angle is varied over the range of application. The probe ocut-
put (each of two separate non~dimensional pressure diffarences) is a

function of the Mach number and the pitch angle.

22




The least squares criterion becomes

NPwTS ) z
Re S T Cftrr, X2 - Ve 7 020
r=1 (L Y]

where the indices r and s denote the individual data points. Using

equation (2.1.) R becomes

2. 3. [z STt CaRht  t G
re)
4(Q1‘CZ¢%*"' * Can m).)(,"
-oCCJ’-ICszR*... "C‘h,am 'X,Nz"

M=?
+(Cut Q¥R - +Cure X2 s )'x’“

The term in the [ ] - bracket shall be called B.

23
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3.3. Solutiom:

To minimize the error, R is partially differentiated to the

coefficients C,, and then the partial derivatives are set to zero

13
IR ¢ . .
3C = O /s {...,L} ‘/’/,'“,M

a’? AWRS! wwisd .% .

aC:,-,' far £l

Assuming, that the summations extend over all data points, II
oS | owrsd

should be understood to mean Z :. { Z' . Performing the differen-
~/ C=e

tiations and rearranging the equitions in matrix notation (which,
while lengthy, is logically straight forward), we get, in matrix

notation,

-’
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C1-110 Mt
.
L4
.
lapm
(2-1)sp
.
.
[ ]

2oM

L-1)AM

’ 2
— —A- =~ — -~
(1-)) #Me /am 2{)mMey =M
worsinpenrst TEXE,,  aes SLxz, |LLx,  ITxxz, ZEnxz,
IIx, IDx., . LZxz,, |LLxpa  ILxxa) LEapaa,
N _ .o )
TTX2.  LTml .. LIxz, (ZLmpe” ITxxan LT
LIx,  LImpz, - LI xm, [ZIx} ZLxixz LIl
LIxnam, LIwml .. STx, . |ZZxioa  DLX . IRWLBN
4 , )
P i l LT fe » .
Crxx,  DExpg, .. TIx, 2 |EZxial” LD on” LZxd ¥z
;
- i —
3 { —
o 9] - M - { . ¢
LIn, LI, % LLx, x2 [LLw, LE x) X, EZxy, -4,
LD a2 TLw2? .. TInlw” |SEuine, LT i, LT,
Donixg” TEu)xe" Lox I STnlna, TIxgxe, 2T xplexz,
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-t
LXxpxz,

~
Loz,

-1

Lixpa,

Lo e,
LT A oxe)!

ZSXI: ~xz""*

il
1

rc.

rcc

LIx -1,
LI,

3 :
L2 X2y

L

S

- ™
(L=1)8 M#t LM
a4 Cen ~ N,
LX) SHgem, L SSay x,,
‘oo LIim, SINO;X, . . SSat i,
) * n [ ) - N3
SIXA,  STXgr e PRI
2]
TIx; SIX ez, e LA,
TLxioxy,, LIXg-al, ... N AL
i *oe .
- -3
'l oA, S .. LY,
!
I - —— -
|
i
1 |
2 3 20-3 ~
szf,“,‘ LEN N ELH R
see (2T, SIS, . lZEX/,,"”‘-n,,
oo _ !
.« e -2
TR, TN Y2, ... ooz,
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ITy,

LT Yo X2,

TI vz

Ly, X
LT Yy X2, Xy
LTy, X
ELY, - =&
LZ YeXe, -x\,
;::\:‘,ﬂY,‘-xz:*-Xl:
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3.4. Equation System:

3.4.1.

System Matrix A

This system matrix needs some examination.

e —— e e mg———

A crucial step

is the introduction o/ submatrices 1. class into the system matrix.

"

etc.

X *
A” /A,z
* *
AZI AZ{
X L ]
AL/ Az

NPNTS! SNPNTS 2

LI xz,

I

LYxi,
LY X, X2,

LIxa,’

LIyt
RN A

LLX e

The asterisk *denotes a submatrix 1. class where

Llx,
P

TIxz

LY xi, X2,
L x xk

M
ZIxna,

LI 1 xe,
LIXNix2,

LI/l
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-3
LIat

SIx
LIAXL,"

T o2

L px2"
LI 2"

LY 4 xz.’.""{




Now it can seem that all submatrices on the same diagonal bands

*
2. order are identical. The submatrices A* subsequently are renamed Ak

13

A,‘ - A;

% a A
Az = Az, - AIZ

¥ x ~ '
AJ = 43, ’AIZ = A/J

¥ * [

Y - AS, - Agz = Ay = Ay

:x L) » » = »
A=A, - Az-/z A2z Ay A

L ) o« ” ? 4
A <Al AL g AL <Ar

# LI » A . A%
A AL T - vid A

{

4 4
A.Zl-l . AL
where Ak can be written as

ket o ket 4 ket M-l
Lox, x2, LI xz, LT, xR,
[ [} H 2 - lud
LLxi x, LLx,xz e,

L

M=t k-
L x2, TIx v RN
kaf. 2Lt

Like the system matrix for the two dimensional approximation this
submatrix 1. class is not only symmetrical to its main diagonal line

1. order, but also the elements on each diagonal line 2. order are
Y [

identical. The elements ‘k'ij of the submatrix Ak therefore are
’

1

8 !
2 :

|
z

e ————— 1.
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renamed to ak°L’ where k specifies the place of the submatrix in the

*
system matrix and { and j define the place of ak'ij in the submatrix Ak

ak'.l‘« * a“:ﬂl ® a“,’ﬂ-’ 3 F o ¢ ak?’”" * Q*:z”
A; oy QM - Q. by ~Ru;3 M
ak;ZH_,. : ak;nﬂ
where a, ., can be written as
Wi HPUTLY k-l [N]
@y, = DX, X2}
K /,....I,ZL-/ oL AN- iy

Equation (3.4.) therefore is the fundamental step towards the pro-
gramming of the system matrix and is programmed in REAL FUNCTION S3.
Since the data X1, X2 and Y are already provided through a COMMON
block named DATA3, only NPNTS1, NPNTS2, IPOWRL (= k-1) and IPOWR2
(= L~1) have to be passed to the function that returns the value of

a .1 through the function name S3.
»
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*
SUBROUTINE MAT31 presets a submatrix Ak in the following way:

i) Preset edge section elements (using REAL FUNCTION S3)

% Okt

akizé &oo @ Ek;”

2
Kottot
4

QR;ﬂfz
4

4

U2 -1

i1) Copy defined elements diagonally

Cﬂm,

a@u aﬁk

Yu , Wy
.

akj, qj 17 4

a','ll ak'l 2
@;"/ a’ia

A A S

Qx,2m

Qx;am

Qye, nte
ql‘u LR ¥ a.)'”
Q23 /m 2y

L.

/
%” ‘e @ a“i'"
AWjzd - Qu;2m

-

Qe
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aﬂ-li a‘!;ll akj g b al',' "
u Az Xgzg --- Qi ;21

Q; 3 aﬂ;fl Ac;3s - Q“;’ﬁ
-/ Q}M
XUn Ty Uiz - a, 510y

aﬁ;zl akm a..'u e a‘; n

am, a"i“ Qy ;3 ee . aw

e e LTS see LR -t

Qi Qe AGrs oo Ao

This subroutine that needs NPNTS1, NPNTS2, M and IPOWRL (= k-1) as

*
input parameters, returns Ak (SUBM1(7,7)) to SUBROUTINE MAT3, which

presets the entire system matrix in the following way

3l

1) Preset edge section submatrices (using SUBROUTINE MAT31)

A Al ... 4, At AL
‘4‘: A¢4:4 —&= AQ‘r -
U“ 'ryhi Lot wrof {:’; Sewh oy
5,
Aa.,




[

11) Copy defined subratiices diagonally

VN, SR
PP
AZ‘
L
A A
VY Y
P P
AL
Al A . A

; AL Ay .. Ay

# 3 £

ﬁ [} Alz eoe . w
2 £

Ay M e A

see . see ce ¢ vo

ﬂ: A:l co e A“_

The parameters to call this subroutine are NPNTS1 and NPNTS2 (# of

data points), L and M (<the order of the polynominal fit + 1> in X1

and X2 ~ direction) and IPRINT. The coefficients Cij are returned.
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3.4.2. Right hand side vector B

The right hand side vector B will be divided up into L

subvectors 1. class.

6.

Again, the asterisk (*) denotes a subvector 1. class. Now the

subvectors 1. class B: can be written as

ZLY X

|
. LIY, Xl xz,
8,

7Ry, X< a2
ot L

*
Finally, the elements of the subvectors 1. class Bk can be written as

b, = LTIV, xS xel

,

kel o) L; Loty M

/ 4
To compute bk'L’ REAL FUNCTION S$3 is used. Data X1, X2 and Y are
’
available through a COMMON block named DATA3. NPNTS1, NPNTS2, IPOWR1
(= k-1), IPOWR2 (= L-1) and 1Y (=1) have to be passed to the function

and the value of bk'L is returned through the function name S3.
»
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Using FORTRAN programming language, the allocation of bk-L can be

performed by two stacked DO loops.

I=0
DO 08 L1-1,L,1
IPOWR1=L1-1
DO 08 Ml=1,M,1
IPOWR2=M1-1
IaT+1
08 B(I) = S3(NPNTS1,NPNTS2,IPOWR1,IPOWR2,1)
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3.5. Software:

The software to compute the coefficients for a three dimensional
approximation is described in Appendix A and is implemented in the
TPL HP-21MX computer system. To work correctly with these program
modules, the user has to conform to the following conventions:

i) Provide the data in three arrays (Type: REAL) of
16 * 16 elements through a COMMON block named
DATA3.

COMMON / DATA3 / X1, X2, Y
REAL X1 (16,16), X2(16,16), Y(16,16)

ii) Dimension an array (Type: REAL) of 7*7
elements to contain the coefficients.

REAL COEF (7,7)

iii) Define the parameters NPNTS1l, NPNTS2, L, M and
IPRINT.

NPNTS1 ... # of X1 variations
L € NPNTS1 < 16

NPNTS2 ... # of X2 variations
M < NPNTS2 £ 16

L «++. (desired order of approximation
polynominal w.r.t. X1) + 1

M <.+ (desired order of approximation
polynominal w.r.t., X2) + 1

IPRINT ... controls quantity of print out

2 e Print system matrix and
right hand side vector
before and after Gauss
Jordan Elimination

1 e Print equation system after
Gauss Jordan Elimination

<0 ... No print out

>0 ... Display equation (3.1,)
with the actual parameters

35
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iv) 1If a user program uses subroutine MAT3, the software
modules have to be loaded using the procedure out-
lined in section 2.4. iv.
If all these requirements are met, the correct call for the subroutine
is:
CALL MAT (NPNTS1,NPNTS2,L,M,COEF, IPRINT)
Upon completed execution of this approximation routine the array
COEF contains the coefficients. Externals used by MAT3 are: AB3,

DATA3, MAT31, IEL3, S3. Under no circumstances may the user use

any of these names for modules of his own program.
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Sample User Program
PTIN4 Compiler listing of sample user program

FTNA,L

NN GIrdr

NN NING 00000~ 000 O NUNANIVIIINVIN D 5 5. 5 5 B 5.5 5 B WKW G GG N NIRRT 12 repe bb part 10 12 2+ O O OO0 O OO0

C WS LIN 1+ VDN VNS LN* © ST NS LINFO VD NN S LN © VDN UL LIN 20D NS LN VNI NS LN 00D

OO0 OR000Ret OO0 0OO000000000eOa00000000eONOOOLO000000000ONaetol0000ReRORO00e
N

Y- Po T - TN T FR-Pov-r Y TP Y- ey ey Y-t T -T-r-r-T--T-r T - T-T-T-1-T-F Y- PRy pees TPV TN Ty
3

PROGRAM LAB (3,99
%,Plot calibration points and cnlcvlate coefficients.

MON / AFLD / PLDTR
ATAZ

coM
COMMON / D / X4,X2,Y
COMMON 7/ AB3 AR
REAL XIC16.380 X2(16,16),Y(16,16)
REAL A(4$,Q$),b(:§) !
REAL YT(16,16) ,R(16),C0OE
INTEGER IDCB(144),IFLLE(3),NOCR(2),ICLR(3),YTITLE(4) ,ZTITLE(4)
DATA P1 /3.4144593/
DATA NOLF /006S37E/
DATA NOCR /000033E,040433B/
DATA ICLR /015S524B,015515B,006S37B/
FORMATSES 1Al START
124 FORMAT (" Enter raw data flile name "2A2)
122 FORMAT (3A2)
123 FORMAT (* Select & ... Pitch angle or 2 .
x.. Utlocitg X "242) A
124‘F2R?AT g')_,lc:t 4 ... Pitch anqle v/s Gamma and Batn C
X P e 2 ... " 1H' . e 1, L v/s Gamma a
%nd Deltgq € = ( Y ) %
125 FORMAT (v Selact { ... velacity v/s Gamma and Beta  ( X=
] ' . 2 ... ",1iH"," v/s Gamma and Delta
x_ € X=X(¢ , ) )} "2A2)
126'FOR5g 2§' Enter # of Mach Numbers and & of pitch angle
160 FORMAT (" Enter L to prsnt Lngut data "2A2)
131 FORMAT (/" Calibracte »
132 FORMAT (/" Calibrate = ( » )'/)
133 FORMAT (/" Calibrate X=X( , )"/)
134 FORMAT (/" Calibrate X=X( , )Y*/)
127 FORMAT (24X"™ "9X" =ox* *
128 FORMAT (24X" "9X"™ “9X* *
129 FORMAT (24X" "9X" "9X*X*)
130 FORMAT (24X"* *"9X* “9X“X')
igg :82:27 é: minimum vu{ ,gé%x,F9 3;)
133 FORMAT (* of vser zﬁoﬁﬁfnéres"3§~xi Bx=x2 9x*y*)
1S3 FORMAT (" Enter {1 to redefine these data "2A2)
154 FORMAT ("

Enter min, max, min, *,
X* max, & partitions , & *)

1SS FDRHAT (' nter min, max, min, *,

x* artitions , A"

156 FORNQT (‘ nter min x* ?q:, nin, max, X min, X ma

urt;tlons

157 EORHA Enter ’'min, _ max, min, max, X min, X ma

xx, ¢ crtstLon
158 annA (1 3re.3) FLILCR 3 SX),3I4) -
104 FORM Enter order M of x1 - approximation “2A2)
102 FORHAT (' Enter oredr N of X2 - approximation “2A2)
107 FORMAT (" Enter IPRINT “242)
1os'§§anar (‘4311.: oo :olgglculut: the ubzglute arror™/8X

, ive error

103 FbrAAT (& Chanqc coq??;cicn ' .

x Change 2 "2A2)
104 FORMAT (" Enter ALPHAX ALPHAY, X0 and Yo"}
149 FORMAT(""((3A2)))
611 FORMAT (*1*///7/7® Thease ddata From £ iLla XA
61§ FSRHAT (/716%X,12%, Mach number®/)
$13 Ay (xCtmneleh R, -

[ LY “Delt » " :

212 FBRAAT (2X-Eanmaiax-Beiincli®hiit),
613 F8RHAT (6X"Gamma"SX"Delta"SX"X vel*/)
617 FORMAT (iX,4(1X,F9.3))
618 FORMAT (/9X'Xi'éX”X§“9X“Y")
682 FORMAT ((3X,16(6X
603 FORMAT <1x,iz,1e<(x #y) 3)/3¢3X, 164X, F7.3)/))
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4. FOUR DIMENSIONAL APPROXIMATION

4,1. Problem:

Y

-~
]
'

YK, X2XE

\csf

A data set of NPNTS1 * NPNTS2 * NPNTS3 data points is given,

where Y depends on the parameters X1, X2 and X3. The data pattern is
to be approximated by a function Y = £(X1,X2,X3), so that the error

between data points and analytically determined points is laower.
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4.2, Aggroach

Again, as in the two and three dimensional case, a polynominal

method is used. For

Y. £ (X, X2, X3)

we assume

N
v fR, + X3t ot G XS T
Wyt Gy X3+ b Can X3 T X3 +

M= M-/

Lo * Cpxir .. + Cup¥8 1-42 +

N-{
* {[CZII + Cllz X3t 4 Clm X‘? J"

At

[C,,,meX.s’f...JCaNXJ J-x2 +

eee

N~ M-l
D LC, 4 G X4 C X8 T XD fxie

N
2 0C, + X+ ? CL,NY;] *

L

M-/
s LG+ Gp¥3 T . Cun XS J-x2+

N-t M- e~/
L Cp # G X3t # CromX3 1 X2 fxr

Lme
or

Y= t {f: {ﬁ C,Jl. ng-'}xzr'} X'H .1.)
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This data arrangement which discriminates between data points taken at
constant X1, X2 and X3, respectively is needed in the application of
this method to the description of pneumatic-velocity probe characteristics.
The various surfaces in the above sketch for example can be seen as data
taken at different Mach number (X1). At each constant Mach number

(X1 = constant) yaw angle (X2) and pitch angle (X3) are varied, and the
probe is measured to be Y. Even though probes are usually balanced to
the average flow yaw angle in some cases this is not possible and the
four dimensional approximation is then needed. A similar method for
describing probe calibration data is used at the institute for Jet
Engines and Turbomachines at the Technical University Aachen (Ref. 2).

The least squares criterion is then

HONTEY

R- Z{E{Z [fext,y, X200, X3 i) = Yoge ‘1

! (4.2.)
where the indices rst denote data points. Using equation (4.1.), R

becomes

N*l

R- AL {E [, CpX8eto® c,,,,xx

el sal
A (e, 4c,ux.i"_‘ﬁ -+ Cr )(3'“ )ox2  +

$(Cpy 4 Cpg Mot vt Comg X3 ) Xl *
3 Gy + Cypg X3yt ++-+ Cary X300t

(cgr+ Cog X3t woe *Cogy X3 ) X8 et *

N oM
(g * CorgX3rt o+ * Comm X3 ) Xy Yo Xy
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N=1
+cy, t et -t G *

N
(e + CXBmt’ - * CLan X8 )eX2 4 *

M- L=l
CCom + Comg Bt * o * i x8Ixe O 11

The term in the [ ] - bracket shall be called B
WWEI 1ONSY ANED

e-;‘{zm g i

re] ta/
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4.3. Solution:

To minimize the error, R is partially differentiated witl respect

to the coefficients Cijk and the partial derivatives are set to zero,

thus:

T
Q
-~

1 ]

S~

M, kel N

oR
aC",'t

?)k’ NS/ MIPSZ N

Eaz:‘_ Z:.{ Z: { Z: 28 Ei:u {i= o

(g1} *e) L=/

Assuming, that the summations extend over all data points, III should
NOATE! NSNS MParEL
) be understood to be E E Z . Now even a very large sheet
Fol gel  4ag

of paper can't take the system matrix, unless we skip to submatrix

notation.
L [ 3
A, A o AL |8*
* & ' )
Az/ 2 oo Ay_ Q‘ - Ez
2 X
A, AR, ... A | lg 8’ (4.3.)

The asterisk indicates a submatrix 1. class. On the following pages

the submatrices and subvectors 1. class are listed.
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Structure of Equation System:

System Matrix A

It can be seen, that all submatrices 1. class on the same

will be renamed from A*

A *
Al Al

£ * &
/AZ z A;] s A!z
AL -
A, A;, A
* 2 ]
A=A, - 'ﬂz-/,;
4 »
A‘J’ - A‘/z
A
Au
4
L1

1,3

X%
A
AL
Ay

Ai

up into submatrices 2. class.

A
A‘C;Q eae
[ 1]
Ay
»w
Acr: -
67
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. - N0,
DA TP R ® .
. mﬁvaJM
-

diagonal bands 2. order of the system matrix are identical and therefore

"

» %
Az,a-/ * A,"

. a® A
JIL-I 4,L

LA -

A i Ag L

«
= A,

*
The submatrices 1. class Ak (k=1,...,2L-1) themselves are divided

A* A
K:Lm
aa

AWAN

A
KoM, p

W mm ———— - —




"
Ak;"

das g fpep e =

The double asterisk indicates a submatrix 2. class. All submatrices

2, class on the same diagonal bands 2. order of the submatrices 1. class

*
Ak (k = 1,...,2L) are identical and therefore will be renamed from

R

Rk
Yty %0 A

4 LR
Al-ay,

/A.’ -AIQ g LT

k;2 b, 2, ;0.3

4 . aAMm .
Ak,.; Au 37 Tki&2 T Alr; K 4

A4 Ak 42 Al
Ak-n = Ak,n,/ = A2 An,-»z..?

t 3

}“ﬁw~" AAk M, 'lqk;HJ,! s

xE an
Anr,-Hvl Aiw .7 -

Y

A k; 2M-/

h
where Ak'l can be written as

LN ]

kel 2l Lo, .., 2M1

e me

LLDaxsy LD X,
LD, UL xd;

AR R W A SRR ANN oS L

68

ad L
A s " Parn

4A

’ Al( F XL N "4/,,-&,/4
AY
s A bt Al

4
*A kM

.. ZXExg,.xz;‘ eI
DAY IS <

LITX Xy




Note, that this submatrix 2. class is not only symmetrical, but also the

elements on each dlagonal line 2. order are identical.

ok
a1 . of the submatrix 2. class Ak

The elements

therefore are renamed to a.k ‘Lim’

L specifies the place of the submatrix 2. class Ak i1 in the submatrix

l. class Ak k specifies the place of the submatrix 1. claas A.k in the

system matrix A and i, specifies the place of the element a.k 131 J

the submatrix 2. class Ak 1

%t T R
= a
'q*;l,-z aﬁ,-l,- 2,1 7 &5 0.3
%42 ° XUtz " P22 %o
a‘;l;” . a";l: M "% N2 T w2’
2 ’ Qg
kL N1 kN2 '
Lie.1; w2 =@My C
Q2w
where a‘ﬁ(,m can be written as
, -
- AT X2
M ra

w el ('//
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This operation is programmed in REAL FUNCTION S4 (NPNTS1,NPNTS2,NPNTS3,
IPOWR1, IPOWR2, IPOWR3,IY). The data X1, X2, X3 and Y are known to

this function through a common block named DATA4. So only NPNTSI,
NPNTS2, NPNTS3, IPOWRL (= k-1), IPOWR2 (= L~-l), IPOWR3 (= m=-1) and

IY (=0) have to be passed to the function and the value of ﬁt:l:l is

returned through the function name S4.
*k

SUBROUTINE MAT42 presets the subnitrices 2. class Ak 1

in the

following way

i) Preset edge section elements (using REAL FUNCTION S4)

Qa of- Qa ¢oo. ¢ak- N a‘;l'" - a ‘b”
%01= Al B d 54 ap e o
Dy,t; ot
o ah‘im - ab"’ z‘ml
Q.. N3 Y ad hnnd i oxchom

g

34
Q2N

i1i) Copy defined elements diagonall

avl,- ak,l,-u L YAT L = Y]
2 P
S YBY
ak)l;l.”
Ly,
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k!

a’il;l,/ a'.-l:',z a'.l,-/.t

Q2y

2?///

ak.-l,-l,l Qet,18 Ntz
Bear %t22 Fazr

GM} / akLn

a';l;U ab,-l,-u al,-l;/,l
Yeray %23 iz

ak;l;?.’ Q‘:l-'-u a'b,-l,-.ZJ

L XX 4 @ e oo

V. .

q‘i" "t a‘;‘; /3 a‘:lﬂ.z

al’,-t;Z,I ak;l;z,z “hl,-l.t
%30 sz Byier

Fum g nz Fpimg
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This subroutine that needs NPNTS1,NPNTS2,NPNTS3,IPOWRl(=k-1) and

IPOWR2(=L~1) as input parameters, returns the submatrix 2. class

A (SUBM2(4,4)) to SUBROUTINE MAT41, which foresets the submatrices

*
1. class Ak

1)

11)

in the following way

Preset edge section submatrices (ulihg SUBROUTINE MAT42)

as .3 49 AS
Ak,lq Ak,zd Ah’_.’é *ae # ﬁk."

Aoy

Copy defined submatrices diagomnall

,'/Zu/;%/w”

klﬁ

»
k; 1

Ah; M

s 7y #4 &4
Akl” A Ab'.: e A."”

*hz
Z‘*/‘ / / o Ak
b,r,n
Al min
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i ¥ #2 A&

A Y k12 A*; wooee A/e:/.ﬁ
& x# " 2K
Ak.- 2 A kd2 /"‘I-:ZJ oo AIQLM
A Xx#® L Ak

Aﬁ;l’d A% % . --/ Ab:&ﬁ
Y ]
k ot
v Lad - e
A*; Iy, A":'J A‘f;'.: tee A le 100
A Ae »4 'Y 4
Ai.-u Alc?.z 'Ah;u ee- Ab;lﬁ
1 ¢« » Fy
bery Aeza Alr,-i,.? i Acsim
o L e
A, pr
s » e A“
A“;N k;1,2 k2 k; /..
- L T J e 'Y )
AIr;z,: 'Ak.u Ak;z,: oo . 'Ak,- M
4 »4 4 e A4
Ak = Ak,,:: A*,-zz ‘lt,-u oo A k; 201
e 113 -»
k;n, Ak'_n' Ah;ﬂ.’ o . A.;H.H

This subroutine, that needs NPNTS1,NPNTS2,NPNTS3,M,N,IPOWRI1(wL-1)

as input parameters, returns the subroutine lst class A; (SUBM1(16,16)) to
SUBROUTINE MAT4, which presets the entire system matrix A in the
following way.

73

PR I

K & R '




Sy

RN

¥

1)

i1)

Preset_edge section submatrices (using SUBROUTINE MAT41)

X » <
AT Al A = DA,

L]

R X Yo

>

-/

Copy defined submatrices diagonall

A

YD

A A A . AR
A Ay A ar
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4.4.2. Right Hand Side Vector B:

*
The right hand side subvectors 1. class B, generally can be

written as

k

L3 DY, X
LI IYuXISX3,,

LT DXl X3n

L8O N5 X2,
Ll YnYnex‘::'xznt'X St

LT IV XX X

DDA (WS N
T T T Y Xl X Ky

LI, Xkan -

k=1, ..
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*
The subvectors 1. class Bk (k=1,...,L) themselves will be divided

up into subvectors 2. class:
L E

B,

P4
2K
B, bz
k =
8 E 'S
kL
)
where subvectors 2. class Bk'L can be written as
1]

[ LRI Y, a0 xa
ST DY oxit a2y - x3

L3 DY xsixaa™

k- /I ey L5 (- //'"/ M, me/

/.IO’N

Finally, the elements of the subvectors 2. class B, ., can be written as

- - m-{
b~ 212 YOI T A <

k; (
el o Ly bt My o med, N

To calculate » REAL FUNCTION S4 {s used, again. Data X1, X2, X3

bk;l;n
and Y are available through COMMON block DATAG. NPNTS1l, NPNTS2, NPNTS3,
IPOWRL (= k-1), IPOWR2 (= L~l1) IPOWR3 (= m~l) and IY (*l) have to be
passed to the function and the value of bk;l:n is returned through the
function name S4. Using FORTRAN programming language, the allocation

of b can be performed by three stacked DO-loops.

k;l;m
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I=0
DO 07 L1l=1,L,1
IPOWR1=L1l-1
DO 08 Ml=1,M,1
TPOWR2=M] -1
DO 08 N1=1,N,1
IPOWR3=N1-1
I=I+1
08 B(I)=S4(NPNTS1,NPNTS2,NPNTS3,IPOWRl,IPOWR2,IPOWR3,1)
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4.5. Software:

The software to compute the coefficients for a two dimensional
approximation is described in APPENDIX A and is implemented in the TPL
HP=21MX computer system. To work correctly with these program modules,
the user has to conform to the following vonventions.

i) Provide the data in four arrays
(Type: REAL) of 5*5%5% elements
through a COMMON block, named DATA4.

COMMON / DATA4 / X1,X2,X3,Y
RBAL X1(S,5,5),X2(5,5,5),X3(5,5,5),Y(5,5,5)

i1) Dimension an array (Type: REAL) of
5#5%5 elements to contain the coefficients,

REAL COEF (5,5,5)
111) Define the parameters NPNTS1l, NPNTS2,

NPNTS3,L,M,N and IPRINT
NPNTS1l... # of X1 variations
L € NPNTS1 < S

NPNTS2... # of X2 variatioans
M < NPNTS2 £ S

NPNTS3... # of X3 variations
N € NPNTS3 ¢ 5

L .+. (desired order of approximation
polynominal w.r.t. X1) + 1
1<Lg4

M «es (desired order of approximation
polynominal w.r.t. X2) + 1
l1esMc 4

N +os (desired order of approximation

polynominal w.r.t. X3) + 1
1¢Ng4
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IPRINT ... Controls quantity of print out

2 ... Print system matrix and right
hand side vector before and
after Gauss Jordan Elimination.

1 ... Print equation system after
Gauss Jordan Elimination

<0... No print out

>0... Print equation (4.1.) with
the actual parameters.

iv) If a user program uses subroutine MAT4, the software
modules have to be loaded using the procedure in
section l.4.1iv.

If all these requirements are met, the correct call for the subroutine is:
CALL MAT4 (NPNTS1,NPNTS2,NPNTS3,L,M,N,COEF,IPRINT)

Upon completed execution of this approximation routine array COEF

contains the coefficients. Externals used by MAT4: AB4, DATA4, MAT4L,

MAT42, S4. Under no circumstances may the user use any of these names for

a modules of his own user program.
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Sample User Program

PTNY4 Compiler listing of sample user program
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APPROXIMATION PROGRAM TOQ FIT A_S
WHICH DEPEND ON THREE INDEPENDEN

PRAGRAM FITR (3,99

AUTHOR: HANS ZEBNER
DATE : A
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n.6'2.

Load map of sample user program FITR

FITR 10042 12414 Hans Zebner: AD-Approximation: Ysf(X4.X2,X3).
to load these program modules, enter (from LOADR): MS,2TPL3L
DATAS 12415 14364 4D-Approximation / DATA4 / ’ ’
MATA 14365 20254 AD=-ApOroxiLmation arrange System matrix and vector.
MATAL 202352 20666 4D~Approximation arrange submatrix 1. class.
MATA2 30667 sijbb 4D-Approximation qrrange submatrix 2. class.
S4 21067 213790 AD-Approximation compute sumngtions.
AD4 24371 41570 4D-Approximation / AB4 /
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5. CONCLUSIONS AND RECOMMENDATIONS

Compared to the probe calibratiom approach described in Ref 3.
the method presented here provides a much simpler way to both calculate
the probe calibration surfaces from measured data and to apply the
calibration to on-line data reduction. The iteration required in the
method of Ref 3 is completely omitted. It is noted however, that the
Gauss Jordan Elimination lacks some sophistication. The system matrix
for example undergoes the elimination without prior conditioning.
Particularly in the case of the 3-D and the 4-D approximations, numerical
round off errors have an influence on the accurracy of the coefficients.
Consequently it is recommended, that the Gauss Jordan Elimination
routine be revised to use double precision constants and a routine that
conditions the system matrix be added. Time constraints made these
steps impossible for the author.

Following these refinements, a calibration procedure, similar to
McGuire's (ref 3) should be formalised. Since the 4-D~ approximation
requires large arrays and therefore extensive CP - memory, extended memory
access (EMA) 1s necessary if the HP 21MX computer is used to perform

the calculations.
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APPENDIX A: Some Useful Matrix Conventions and Operations
Al. Submatrix Notation
0« o/g a'} 074 ”,.,
 J " &
9y Qp 2y Qi A, A .. A,
a a v | A‘
As £ o2 al'! % “3\” onr 4‘, dﬂ . Zisy
O Gy g Gy o A* Al 4
- A - An,
Qs Qg 7-73 s a“«n
*
defined through elements a, j or submatrices Ai J
A2. Diagonal Lines and Diagonal Bands l. order
Diagonal lines 1. order and Main diagonal line 1. order
Diagonal bands 1. order and Main diagonal band 1. order
o, Qrz a g'~
A =
: %
; * Diagonal lines 1. order o
w.r.t. elements ‘o
“‘. .a. (.
: & 9%
89 L R
2%,
®

sty .
> N
DT AN TN .

P TS 0 w, .
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APPENDIX B: Software Description: Flow Charts

The following are given:
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APPENDTX C: Software Description: Listings

The following are given:

Listing Page
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BLOCK DATA AB2 132
BLOCK DATA DTA2 133
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INTEGER FUNCTION IEL22 141
SUBROUTINE IEL2 142
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BLOCK DATA AB3 146
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PROGRAM DEMO3 148
SUBROUTINE MAT3 151
SUBROUTINE MAT31 155
REAL FUNCTION S3 156
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SUBROUTINE IEL] 158
REAL FUNCTION F3 161
Four-Dimensional Approximstion 162
BLOCK DATA AB4 162
BLOCK DATA DATA4 163
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Four-Dimensional Approximation (Cont'd)
PROGRAM DEMO4

SUBROUTINE MAT4
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REAL FUNCTION S4
INTEGER FUNCTION IEL44
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REAL FUNCTION Fé
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