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ABSTRACT

‘The deqenerate parabolic system (1.1) in the introduction, serves as a
model for heat conduction in a heterogeneous medium consisting of two com-
ponents. The first component is made up of small pieces suspended in the
second component, and the second component undergoes a chanage of phase at a
prescribed temperature. This phenomenon occurs in a mixture of qravel and wet
soil (for example melting of frozen soil). Fxistence and uniqueness results
of weak solutions of the degenerate parabhclic problem are shown by employing
monotone operator theory. Local reqularity, such as continuity and bound-
edness of the solution is studied. A discussion is provided about the mutual
interplay of the thermodynamic temperature (the temperature in the first
component) and the conductive temperature (the temperature in the second

component). #
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SIGNIFICANCE AND EXPLANATION

Consider the melting of frozen soil (a mixture of gravel and moisture),
confined in a bounded reaion G. The variables of the problem are the
temperature O in the gravel and the temperature ¢ in the water. At the
interface separating the liquid from the solid there is a relationship
resulting from balance of energy (Stefan type condition). The model results
in a degenerate parabolic system for 8 and ¢. The paper supplies the
existence and uniqueness of 8 and ¢ in a distribution space, More
interesting for the applications is the pointwise definition of 0 and ¢ .

It is shown that in face @ and ¢ are continuous. The interplay between

0 and ¥ is also investigated. In particular, it is shown that the liquid

phase [¢ > 0] 1is contained in the region where the rocks have positive

temperature, and that such a region expands with time.

The responsibility for the wordinc and views expressed in this descriptive
summary lies with MRC, and not with the authors of this report.




A FREE-BOUNDARY PROBLEM FOR A DEGENERATE PARABOLIC SYSTEM

(1) (2)

Emmanuele DiBenedetto and R. E. Showalter

1. Introduction. We shall be concerned with the first initial-boundary-value problem
for non-negative solutions of a system of nonlinear partial differential equations of

the form

£ 200, ) +hO(x, D)-9(x,1)) 3 £,(x,0) ,

(it.1) d
3t B(e(x,t)) A0 (x, t) +h(p(x,t)-0(x,t)) 3 £,(x,t)

and a related free=boundary problem of Stefan type. Here A denotes the Laplacean
in the spatial variable x e Rm, h > 0, and the pair o, are maximal monotone
graphs in RxR. If the first equation were to contain the term "-kAO(x,t)" with
k > 0, then the system (1.1) would be parabolic. The situation we consider here
with k=0 {8 accordingly a degenerate parabolic system.

Although the system (1.1) with the (possibly multi-valued) nonlinear monotone
graphs a,p 1is of mathematical interest in {ts own right, we present {n Section 2
ﬁ extensive discussion of how such a system arises as a model of heat conduction in
a composite material consisting of two components in which a change of phase occurs
in the second component. This model is described by (1.1) with B obtained in ti\e
specfal form B(x)=bx+LH(x) where b > 0, L 1is the latent heat of fusion and
H(-) 1is the multi-valued Heaviside step function. Certain models of diffusfon
through fractured porous media lead to the same system.

Our results on (1.1) are organized as follows. In Section 3 we prove that the
first initial-boundary-value problem for (1.1) is well-posed when the data satisfies
certain integrability condftions and £ 1is defined everywhere on R. If the data
is non-negative then the solution is likewise non-negative; this property is
essential for the model problem discuscsed in Section 2. We make extensive use of

the theory of maximal monotone operators in Hilbert space to which we refer to

{2,31.
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2.

Certain properties of the solution are obtained when we restrict attentiom to
the case wvhere o has a lower linear bound and f=bI+LH as in the model problem.
In Section 4 we show that if the data is essentially bounded then the solution of
(1.1) is essentially bounded. Additional conditioms on the data are shown to imply
that 0 and ¢ are continuous. In order to obtain these regularity results we
found it very useful to treat the problem as an equation of evolution rather than
to have formulated it as a variational inequality.

In Section 5 we exhibit an explicit lower bound on the first component of the
solution of (1.1). This implies that the set of points where this function is
positive (the positivity set) is non-decreasing with time. Finally we show that the
positivity set of the first compoment contains that of the second compoment, and an

example is given to show this contaimment may be proper.

2. Diffusion in Heterogeneous Media

We begin with a mathematical description of diffusion processes within a medium
consisting of two components. A fundamental assumption is that the first component
occurs in small isolated parts that are suspended in the second component. This
situation .rises in thermal conduction through rocky soil, since the rocks are iso-
lated within the soil. 1t also occurs in the diffusion of liquid or _as through a
porous media that has been fractured, since the blocks of the medium are isolated
from one another by the system of fissures. Next we shall formulate a free-boundary
problem of Stefan type that results from a change of phase in the second component
of thh'medim. This arises in the model of heat conduction through the moisture in
rocky soil since the soil moisture may freeze or thaw with a corresponding release of

latent heat; there is no moisture in the rocks., If we comsider diffusion in a

fractured medium in which the system of fissures is only parcially saturated then




we can think of the fissures as containing holes in which a certain amount (per
volume) of the liquid or gas is trapped and can no longer take part in the diffusion.
Such a diffusion process is formally equivalent to the preceding heat conduction prob-
lem. Finally, we give a weak formulation of this one-phase Stefan problem for a two-

component medium.

Consider the conduction of heat through a heterogeneous medium G <R" con-
sisting of two components. As our flrst model for such a process we take the system

of equations in the region { =Gx (0,~)

a g%-kAO + h(G-9) = fl

.1)
b %-Aq’ + h(p-0) = fz

vhere O and ¢ are the temperatures in the first and second components, respect-
ively. Each is a function of position x ¢ G and time t > 0 and is obtained at
a point x by averaging the temperature of the corresponding component in a neigh-
borhood which contains a sufficiently large number of pieces of both components.
The constants a,b are specific heats of the respective components, k 1is the
conductivity of the first, the conductivity of the second component 1is normalized
to unity, and the positive number h {is related to the surface area common to the
two components. Thus, h 1s a measure of the homogeneity of the material. The
system (2.1) is just a pair of classical heat conduction equations together with a
linear coupling to model the simplest exchange between components. Our basic
assusption that the first component occurs in small parts isolated by the second
component implies that k=0 1in (2.1). That is, the particles of the first com-

ponent may store heat (a > 0) or may exchange with the surrounding second com-




pouent (h > 0), but they canmot pass heat directly to other first-component par-
ticles (k=0). This is the sense in which the gystem (2.1) is degenerate parabolic.
Suppose there is a solid-liquid phase change in the second component at the
temperature ¢=0. We consider here the (one-phase) situation wherein ¢ > 0 every-
vhere. The region Q is separated into a conducting region - vhere ¢ > 0 and
a non~conducting region no vhere ¢=0; these correspond to completely melted and
partially frozen parts, respectively. We need not assume no consists exclusively

of ice but only that {t is a mixture of ice and water in thermal equilibrium at the

melting temperature. At each point (x,t) of I we introduce the fraction of water,
§(x,t); note that & ¢ H(p) in 0 vwhere H(-) 1is the maximal monotone Heaviside
graph given by H(s)=1 for s > 0, H(0)=([0,1], and H(s)=0 for s < 0. The two
regions are separated at time t by an interface S(t). If we let 7 be the unit

normal on S(t) directed towards Q. and V be the speed of S(t) along :, then

0
we obtain the condition

@2.2) %- LV(1-¢) on S(t)

vhere % - .v:¢ . : is the heat flux across S(t) and (1-t) 1is the fraction of
o
ice. Moreover, if N= (N1 R “2 sreoy Nﬂ , Nt) denotes the unit normal on the interface

S=U ((S(t),t)), we find that (2.2) is equivalent to

-
(2.3) V‘Q . (li1 socey “n) - Lllt(l-g) .
Each of (2.2) and (2.3) is called the interface or free-boundary condition,

It 4{s worthwhile to recall the simple experiment in which one applies a uni-

form heat source of intensity F to a unit volume of ice at temperature ¢=0.




The temperature remains at zero unt{l L units of heat have been added. During
this period there is a fraction ¢ of water coexisting with the ice and ¢ in-
creases at a constant rate F/L. When all the ice has melted, t =1 and the

temperature ¢ begins to rise at the rate F/b. The constants L and b are
the latent heat and specific heat, respectively. We can summarize the above by

stating that the rate of increase of the internal energy or enthalpy v=bo+L¢

is given by F. Later we shall see that not only is enthalpy the natural variable

to determine the state of the process but that it is mathematically the proper
variable by which to describe the evolution of the process.
; ’ Ve can now formulate our problem. With the notation above we seek a triple

of non-negative real-valued functions Q,¢,Et on f which satisfy the following:

{

(2.4) a g% + h(Q=¢) = fl
2.5) and ¢ ¢ H(o) , in Q
(2.6) b %-Aq’ + hip=-0Q) = fz '1n a, !
2.7) L g&- - fz + ho in no
(2.8) % +1LV(l-t) = 0 on §
2.9) o=0 on JdGx (0,»)
2.10) | 0(x,0) =0, (x) , ¢(x,0) = ¢, (x)

and g(x,O)-go(x) on G .

The data consists of the strictly positive numbers a,b,h,L and the non-negative

functions fl,f on 1 and 0

on G for which we assume §0(x) € H(cpo(x))

2 o,¢op§0




for all x ¢ G. As before, we have set a,= ((x,t) € : o(x,t) > 0} and
no-[(x.t) € : ¢(x,t) =0). The unknown interface S between Q+ and Qo is
the primary difficulty in the problem.

It 1is appropriate to obtain a weak formulation of the problem (2.4)-(2.10).
This 13 necessary even with smooth data because the free boundary S may vary in
a discontinuous manner and it is also convenient because it casts the problem in-
to the form of an evolution equation in Hilbert space. Thus we first compute
g%-mp in the sense of distributions on {}. For each test function V¥ ¢ c';(n)

we obtain 1

Ge-o0) = f & Shroun)

j‘n (a—at-cbwn)-mwj‘m (O T -0T9)- 0y, ... N )~ (Bo +LIN,¥)

+ +
+jﬂoL§%v -j’mongntv

-§, o5t Sove] @ o) LDy -
+ 0

We have assumed the interface S and the restrictions of ¢ and § to " and
to no are sufficiently smooth to apply Gauss' theorem. This calculation shows

that

v
SE'M + h(yp-0) = f2

in 0'@) 4f and only {f (2.6),(2.7) and (2.8) hold. From these remarks we obtain

the followﬁng weak or generalized formulation of the two-component Stefan problem:

on G

given T > 0 and the non-negative functions fl R f2 on I and 00, @y go

with go € H(:po), find a non-negative triple of functions which satisfy




@1 0e B O,1L2@), 0 e 120, T (@), v e u O, TH ),

d0

2 2
a3 in L°(0,T;L°(G)) ,

(2.12) + h(0-9) = £

1

(2.13) :—:-A«p+h(¢-9) =g, 1 20, o)),
(2.14) o= GI+LD) Y () in Lz(o,'r;ﬂ(l)(c)) .
(2.15)  0(0) = 9, and v(0) = be + Lty in L2 .

Certainly a smooth solution of (2.11)-(2.15) for which the level set S 1{s a
smooth manifold necessarily satisfies (2.4)-(2.10).

Remarks. The condition b > 0 arises later in the discussion of properties of

solutions so we briefly indicate the significance of this assumption. The constant
b 1s a measure of the storage capacity of the second component and it depends on
the type of material and also the percentage present in the second component.
Similarly the constant L is determined by the type and percentage of this material
in the second component of the medium. The essential interest here is in the change
of phase phenomenon so we are concerned with the case of a sufficient percentage of
the second component material being present to permit L > 0. The corresponding
physically significant case is that of b > 0; otherwise we would be considering
the unlikely case of a material with positive latent heat of fusiom but with null
heat capacity. Nevertheless, most of our results to follow are obtained from the
weaker assumptions that L >0 and b > 0.

The type of the problem we have called degenerate parabolic. In the system
of partial differential equations (2.1) with k=0 it is of interest to consider
the case of b=0 [1,7]; one can then reduce it to the single partial differentfal

equation

L (ag-(a/m)20) -0 = £ + £, + (a/m) T g,




which is of pseudo-parabolic type {6,22]. This is distinctly not the case for the
free-boundary problem considered here. An elimfnation of @ from (2.12), (2.13)
leads to the evolution equation

v 4 df,
(2.16) (a/h) —5 + oV tae-(a/h)ag) -&p = £, + £, + (a/h) T
de

The pailr of equations (2.14), (2.16) gives an equation for ¢ which is of second
order in time-derivatives, definitely not pseudo-parabolic unless both b=0 and
L=0. Thus, even in the case of b=0 where the local description of the problem
contains a pseudo-parabolic equation (cf. (2.4) and (2.6) in +), the free-boundary
problem with L > 0 1s not of this type. Problems where the phase is determined

by the first component can be pseudo-parabolic; see {10,18].

3. Existence and Uniqueness of the Weak Solution

We shall prove that the weak formulation of the Stefan problem (2.11)-(2.15)
is well-posed. This will be achieved by showing that the problem corresponds to
an evolution equation whose solutfons are determined by a nonlinear semigroup of
contractions and that the generator of this semigroup is a subgradient opers:cor.

The existence and uniqueness of a generalized solution of the Stefan problem

is contained in the following.

Theorem 1. Let a and $ be maximal monotone graphs on R xR and let § and
k be proper convex lower-semi-continuous functions whose subgradients are given

by B‘j.-a-l and dk=p"l. Assume

u. e L2c), Iuy) e Lo, Vo € tlynul, kv,) e ) ,

0

£, e 1201, £, e PomH@)

1




and that the domain of B 1is equal to R. Then there exists a unique quadruple of
functions which satisfy
v e B0, TiL2 (), v ¢ Hl(0, ;" (0))

3.1)
0 e 120,152 (00, ¢ € L7 0,158} (0))

G.2) Banew =g 1a 120,752 (0))
(3.3) %-m + h(@=0) = £, 1a 1200, 1;8°1(c)) ,
(G.4)  uea(®), vep® s.e. fn 0,
(G.5)  uw© =uy, V() = v, ae. in G.

() If in addition there is a pair Oo € L2(G), 9 € H;(G) for which uy € a.(Oo)
md vyeB@y s.e. in 6 and if £ e B (O,T;L7(®), £, ¢ K (O, (®), then
du

e romiE), Ler"0,nr60), 0 7 0,1iL2@), @ I70,TiH6) .

() If in addition a(0) 2 0, B(0) » 0 and each of the functions f and

1° %20 %
Yo is non-negative, then each of u,v,0 and ¢ 1is non-negative.

Proof: Let V be the product space L2(G)xHL(G) which has the dual
v*a12(c) xu1(G). Define B e 2(vV,v%) by

Bulv) "thh(ul.uZ) (vl-vz) +Vu2-7v2) , U= [n1 R uzl , V= [\r1 . vzl eV.

12

Renorm V with the equivalent norm (Bu(u))1 so that B: V > V* is the corres-

ponding Riesz isomorphism of the Hilbert space V onto its dual. Note that B s

given in 0'(G) 1in the form




10.

ll([u1 , u2]) = [h(ul-uz) . h(uz-ul) -Au2] . [u1 , uzl eV .

*
Next we consider the function J: V > RU{ +w} defined by

§ G +kw)) 1f u e L2 tepetl, u e taw?, k) e L,
¢

J(u) = *
+ otherwise , u= [u1 R u2] eV . i

From (3, pp. 115,123] we find that J {s a proper, convex and lower-semi-continuous

*
function on V . Furthermore the subgradient of J 1{is determined as follows:

g€ dJ(u) with g= [g1 . g2] and u = [u1 , uzl in v
if and only if for some v= [\v1 , v2] e V we have
g=B({(v) and v, € bj(ul), v, € ak(uz) a.e. in G .

These computations are immediate from the corresponding results of [3] on the com-
*
ponents of V .
It is useful to characterize oJ explicitly as a composition of operators in

9'(G). Thus we define A: V -)V* by sn=][c,B): that is,

*
u e A(v) with u=[u1,u2]ev and v=[v1,v2]ev

1 is the

1f and only 1f u, € a(v)) and u, € B(v,) a.e. in G. (Note that A”
Jeke
subgradient of J computed from the Banach space V* to its duval V =V and A

is the corresponding subgradient of the conjugate of J ([11].) From the computations

above we have the representation 3J=B o A'l as desired.




11.

Given the subgradient operator JJ on the Hilbert space V*, it is well-known

[2,3]) that the initial-value problem

“—"d-(tElJraJ(w(c)) > £(t) , as.e. te [0,T)

(3.6)
w(0) = Vo

has a unique solution we HI(O,T;V*) whenever Vo € dom(J) and f ¢ L2(0,‘1‘;V*)

are given. Furthermore, if Vo € dom(@J) and f ¢ H1 (o.'r;v*) then this solution

dw
dc

W) = [u(©),v()] € V¥, wo=[ug, vol, £(&) = [£,(t),£,(t)] and

*
satisfies € L”(O,T;V ). These remarks, with the identifications

[9¢t),0(t)] = B (£ (t)-u' (t)) e A" qw(r)) ,

show that (3.6) is equivalent to (3.1)-(3.5) and thereby establish all but (b) of
Theorem 1. TFor the proof of (b) we first change the data as follows: (1) Set
J(8)=1(0) for s < 0 and leave the values as originally given for s > 0; thus
dom(a) < [0, +=). (i{1) Add to PB(s) the quantity s for those s < 0 and leave
the values as originally given for s > 0; thus § {s strictly monotone on (-«,0].

Since u, {s non~negative the hypotheses of Theorem 1 still hold so there is exactly

0
one solution of (3.1)=(3.5) with the modified data; we denote it by u,v,0,¢ as be~
fore. Since the domain of o contains only non-negative numbers, it follows that
9 > 0. Our plan is to show the remaining three functions are non-negative.

‘Next we consider the equation (3.3) written with right side h0+fz and initial

condition v, being non-negative. This equation is of independent interest.

0

Lemma 1. Let A=h-A be the indicated Riesz map of the Hilbert space H(I)(G) onto

its dual, H-l (G), and let H-I(G) have the scalar-product corresponding to A.




12,

Let y be a maximal monotone graph on R x R which contains the origin and whose
range is all of R.

(a) The operator A°y 1s maximal monotone on H-l (G) with the domain

1

{vedn nil: there 1s a ¢ e u(l,(c) with ¢(x) € Y(v(x)) a.e. x e G).

®) If C=(fe Hl(): £3>0), then [I+Mey) h(C) ©C for every A > 0.

Proof: Part (a) follows from Theorem 17 of [3) where it is shown that Acy 1is a
subgradient on H1(G). To verify (b), let (I+Moy)(v)=f in H1(C) with

f > 0. By truncation and regularization we obtain a sequence fn € L1 ©ync’@nc
with fu > f in H-l (G). Since Aoy {s maximal monotone, the corresponding
sequence vnsll +M oy]-lfn converges to v 1in H-I(G). From Proposition 5 of (5]
it follows that each vn € C, sowe have v ¢ C.

Let F be a maximal monotone operator on a Hilbert space H; let v_ e dom(F)

0
and f ¢ Ll (0,T;H). Then there exists a unique weak solutiom of the initial-value

problem (2, p. 64]

3.7 ‘-’-:-+r(v) 5f on [0,T], v(0)=v

d 0’

By a weak solution we mean a uniform limit of strong solutions vo corresponding

to data v:; and fn with vg-)vo and fn+ f in H and LI(O,T;H), respectively.

This existence result is proved by choosing the sequences above with each v

o€ dom(F)

and each fn a step~-function with values from the range of f, [2, p.65].

Lemma 2. Let C be a closed cone in H. If v, e C, f(t) e C for all t e (0,T],

0
and 1f [I+7F)"1(C) ©C for all A >0, then the weak solution v of (3.7)

satisfies v(t) ¢ C for all te (0,T].




13.
Proof: By the preceding remarks it suffices to consider the case of Vo € dom(F)
and a step~function £ given on a partition O= a, < a, <...& nn-'r by t'-yi eC
on [n’._1 ’ 11). The solution is given i{nductively by v(0) =V and
v(t)-si(tqi)v(ai) on ['1-1 . 11] where S1 18 the semigroup generated by
-(F-yt). By {2, Proposition 4.5] it suffices to show [I +)\(F-y1)]'1(C) cc, for
then we have v(t) e C for s8l1 t e [0,T]. Thus, let x= [I+7\(F-yi)l-1y with
yeC and A > 0. It follows directly that x=(I +7\F)'10\y1+y). Since
kyi-o-y € C we have x ¢ C and we are done.

To obtain v > 0 in (3.3) we apply Lemma 1 with vy -B-l and then apply Lemma 2
with F=Aey, Since B 1is strictly monotone on (-«,0] 1t follows from (3.4)
that ¢ > 0. Finally, writing u as the sum of its positive and negative paris,
u-u+-u-, we obtain from (3.2)

a & wH?- -(u',f’!—‘t'-)l‘2 - h(u',O)Lz o @ he+E) , -
¢

©) (6) L7(6)

Since u and O have the same sign and h(p+f1 is non-negative, the right side
is non-positive so u =0. Thus all four of u,v,0,¢ are non-negative. It follows
that this quadruple 1s a solution of the original problem without the modified data.

By uniqueness this is the solution of the original problem and (b) is established.

Remarks. The essentisl point in the first part of the proof of Theorem 1 is to re-
duce the problem to the evolution equation (3.6) whose solutfon s the pair
[ult),v(t)] of "enthalpy" functions assocfated with the weak solution. It is
this sense in which enthalpy {s the natural variable for the problem.

For the special case of fz [ Lz(O,T;Lz(G)) we can give an alternate proof

of part (b) of Theorem 1 as follows. Approximate B by a smooth Bn for which the




14.

corresponding solutions [un ’ vn] can be shown to be non-negative by direct Lz-esti-
mates on (3.2) and (3.3). Then using methods of [9] we can let n + « to obtain the
non-negativity of {u,v]. However the proof given above permits the more general
data of the existence result, and we also obtain the corresponding well-known non-

negativity result for the abstract porous media equation

R+ maN ) 3 £(1)

in n‘l(c), wvhere h >0 and y 1is maximal monotone. We could not find this re-
sult in the literature.

The evolution equation (3.6) is of the form

4 3l + 4 wir)) o Fee)

d
dat

where B.l is positive self-adjoint and A-l is maximal monotone from a Hilbert
space to its dual. Various generalizations and related equations have been discussed

in [4,6,9,10,15,16,20,21).

4. Boundedness and Continuity of the Weak Solution

We shall prove that the "temperatures” € and ¢ 1in the weak solution are
bounded when the data in the problem is bounded. We also give sufficient conditions
for © and ¢ to be continuous. These results are obtained in the following
special case of Theorem 1 which contains the weak formulation of the one-phase two-

component Stefan problem.

Theorem 2. In addition to the conditions of Theorem 1(b) we assume the following:

(1) there 13 a number a > 0 such that r > as for all re a(s); (ii) the maxi-

mal monotone B 1is of the form A =bI+LH vwhere 1 1is the identity, H {is the
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Heaviside graph and both b and L are non-negative; (1ii) the initial data and

forcing terms are essentially bounded: Yy Vg € Lw(G) and f1 , £, € L"’(n). Then

0 2

the functions u,v,9,9 are bounded on 1.
(a) If in addition we have |r1-r2| > aisl-szl for all r; € a(s;) and
T, € a.(sz), and 1if the functions Yo

continuous on G, then €O is uniformly (respectiveiy, H8lder) continuous on 4.

and Srfl(-,t)dt are uniformly (H3)der)
V]

®) If b>0 and % is uniformly continuous on G, then ¢ 1is uniformly con-

tinuous on Q.

Proof: Let u,v,0,¢ be the solution of (3.1)=(3.5); by assumption (ii) we may
write v=be+Lt, ¢ ¢ H(p), in (. For each € > 0 we consider the Steklov
averages

t t

0, =21 o@as, o @=f o

tee t~e
where ¢ and @ are extended as ¢(0), 8(0), respectively, on (-¢,0). It is
known that llmtpenp (e.t.c.) in LZ(O,T;HE(G)) [14, p. 85]. By integrating (3.3)

e>0
over [t~g,t] we obtain

t
bo, (1) + Q) & (6 (£-0)) +ha (6) - 80, (£) = W0 () + (/)] £ (o)ds

We shall apply this to ((p(‘r)-k)+, integrate over (0,t)xC where the superscript-
plus denotes the positive part of the indicated function in né(c) and the number

k is chosen by

kemax(ogl . s3lugll . +idedl . 205l ),
@' ? % M Yitm 2@
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and take the 1limit as €¢ 0. To this end we obtain the following:

t

ia

+ 1 +,42 1 +,2
@' (1) (@(D)-)" = (P (e (t)-k)|| -G (0p=k) " |
¢>0 o‘rc ¢ 2 @ 20 l1.2((;)

and the last term vanishes since k > llogll ,
L°(G

G (&) =4 (t-e)) (e() )" > (€ (£)-1) () k) * = 0
since k>0 and t(t) € H(p(t)); and

1 '

t
mo-00) )" = [ [ (] @*)? +hkiokr* + |vie-)*1?)
e»0 "0"G 0°6G

Thus we obtain

Dlew-0*’, +u j" § @ot+n [ w2 +f § vk ?

2 12¢) 0v¢ oY 0Y¢

t + t 1 T +
<h O(p=k) + = £,) (p(v)=k) drdx .
[ feworef Tl o
This leads inmmediately to the estimate
6n k[ e0ef [ et <§ fowotelinl, [ ewt.
oY 0 0Y¢ @) Yo Y6

Next we estimate the first term on the right side of (4.1). Integrate (3.2)

over (0,t) and use (1) and 0 > 0 to obtain

t t t
(%.2) o) cuwy+h f o=nf o+f £ +u.
0 o Yo
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From (4.2) easily follows

t
o® b [ @oF eak+lel )+ gl
0 L @) L (G)

Now apply this to (w-k)+ and integrate to obtain

t t T
oJ S o’ cnf § emn®§ @otaer

+ [tQu+ nflllL_,m)) +““0"L°°(c)] j:jc(w-k)* .
Note that
jtj (em0* [ et < G oo™, 2<® [ o',
0%6 0 0 L"(G) 0 L°(G)
so we have from above

R - t
ht +,2
%.3) 0@t < B [ -0
'YO SG 2a XO l‘2((;)
t 1 t +
+ [tk + £ |l Y+l ] (o=k)” .
a ll‘w(m a OL (©) jojc
1f we use (4.3) in (4.1) we obtain

t t
ht +,2 th t 1 1 +
Q-39 Y e SlE-Dr+Le )l +Hu | _+HIE ] ) (o=k) .
2a So l‘2«;) a a1 8 0 ' h'"2 > ‘S\O SG

Thus, 1f 0 < t < a/2h then by our choice of k the right side is non-positive

and the left side is necessarily zero.




Ron & ¢

8.
In summary, we have shown that with k as given above we have

llw(t)" ® < k,
L (G)

(4.4) fluce)l] <smk+(E 0 L )+l £k, ,
‘ Lw(G) 2h 1 @) OLQ(G) 1

@l , < &/net’?,
L (G)

for a.e. t ¢ [0,a/2h]. The first is immediate from our preceding calculations,
the second follows from (4.2), and the third is obtained from (4.? asd Gronwall's
inequality. From the dependence of k on the data it is ¢les! fai ihe estimates
(4.4) on Gx (0,a/2h) can be extended to give a bound on % &a ¢ on all of
f in a finite number of steps.

In order to prove (a) we first comsider the funct ivie
t t
o(x,t) = S ¢(x,8)ds , @ (x,t) = yO(x,e}ds .
0 0
Integrate (3.3) to see that ¢ is a weak solution of

» t
b2 .0+ =hn® +f £ +1Le, -1t
3t ‘Yo 2 T,

bo(x,0 =0, 0C,t)ecH(®, 0gtsT.

If b5 0 then from (14, Theorem 1.1, p. 419) we conclude that & 1is uniformly
Holder continuous on (. If b=0 then from (13, Theorem 14.1, p. 201] we con~
clude that ¢ {s uniformly HSlder continuous on G, uniformly in t ¢ [0,T].
Since ¢ 1is bounded, ¢ 1is trivially Lipschitz in t. Thus it follows that

® s uniformly Holder continuous on (.
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Next we integrate (3.2) to get
5 X
ux,t) + |\ h@x,s)=p(x,s))ds = { £ (x,8)ds + u_(x) .
0 0 1 0

By taking the difference of this identity at X=Xy 2%, € G we obtain

2
t
%.5) lutx, , )-ulxy, )] < b Sole(xl ) 8)=0(x, , 5)|ds

t t
+00xy, 0+ £ 0x L 98 tuglxy) -0y, £) - [ £ (x4 8)ds - upxy)
0 0

By our assumptions in (a) the left side of (4.5) bounds the quantity

u|0(x1 » €£)-0(x, , t)| and the function
t
x —> d(x,t) + \Y £, (x,8)ds + u,(x)
0 1 0
has a modulus of continuity o(-) which i{s independent of t ¢ [0,T], so we have
t
al8Cx, , )-0(x,), B[ <h Solo(xl L 8)=0(x, , 8) [ds + 0(x;=x,) .
By Gronwall's inequality it follows that @ has the same modulus of continuity,
0, In x. From (3.2) follows the uniform Lipschitz continuity in t of u and
then the assumption in (a) shows that @ 1is uniformly Lipschitz in t. This

finishes the proof of (a).

The proof of (b) is an immediate corollary of [8, Theorem 5.3, p. 69]. The

point {s that ¢ {s an essentially bounded weak solution of
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b%*-l-g{"‘w"‘““’)*fz' £ e H(o) ,

with % € Lz(n). This last inclusion follows from b > 0; see [9] or [14, p.501].

Remarks. The boundary JOG of the region G is assumed to satisfy "Condition A"
of [13]) in both (a) and (b) of Theorem 2. That is, there 1s a pair of positive

oumbers a. and 00 such that for any sphere Br with center on oG of radius

0

~
r < a, and for any component Gt of the intersection Gr.Brnc it follows that

0
mes (ér) < (l-Oo)mes (Br). Without such a restriction on the smoothness of the boundary
of G we obtain local or interior continuity results as above.

It is not known whether ¢ 1s continuous in O in the case b=0, Fortunately

this situatica is of no apparent interest for the applications.

5. Additional Properties of the Weak Solutiom

Under rather general conditions on the data in the weak formulation of our prob-
lem 1t follows that the positivity set of the enthalpy u 1is increasing with time.
This is equal to the positivity set of the temperature O and we show that it con-
tains the positivity set of the temperature ¢. An example shows this contaimment
may be proper.

The preceding properties of the weak solution will be obtained in part from the

following comparison result.

Lemma 3. Suppose t.o < T and for each t e [to, T] we are given a pair Yl(t,-),

yz(t,-) of graphs on R x R such that yz(t,-) is monotone and

for each s, € yl(t.r) there exists a
5.1)

¢ vz(t,r) for vhich s, < 5, .

%

2
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Let the pair of absolutely continuous functions Uy, Uyt [to » T] » R satisfy

uy (tg) < uy(ey) and T

| ui(t) +v1(t.u1(t)) 20, ur) +v,(t,u,(8)) 20,

<tgT.

for a.e. te (:o.r]. Then ul(c) Suz(t) for to

Proof: Suppose there is a t, e (to, T] such that ul(tz) > u, (tz). Define

tlslub[t € [to, T): v (t) < uz(t)) and note that v (tl) =u2(t1) and

ul(t) > uz(t) for all te [t1 , t For each t e [t1 . t2] for which

1.
2
-ui(t) e yl(t,ul(t)) there is by (5.1) an s(t) ¢ Yz(t,ul(t)) with s(t) < -ui(t).

For such a t we obtain
(0} (£)=u5 (£)) (1 (£)~u, () < (=8.(E)=us (£)) (u, (£)=u, (L)) t

and this last quantity is non-positive because Y, (t,-) 4is monotone. Thus the
function (ul (t:)-uz(t))2 has a non-positive derivative on [t1 . tzl, it there-~
fore vanishes on [t , tzl and this contradicts the choice of t, .

Suppose we are in the situation of Theorem 1(b). For a.e. x € G the function
uz(c) =u(x,t) 1s an absolutely continuous solution of (3.2). In order to apply

Lemma 3 to (3.2), (3.4), define

Yl(tl“) - (“,a)“+'f1(x' t) ’ Yz(t,u) = m-l(u) "hQ(x) t) - fl(x’ t) .

We will assume a > 0 and that

for each r > O there exists an s ¢ ol (r)
(5.2)
such that as<r .
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This implies that (5.1) holds for our choice of Yy0 Yy Let v, be the solution of

vy (e) + (b/a)u, (t) = £,6,8), 0<tgT

with v (to) -u(x,to). From Lemma 3 we obtain the first part of the following.

Theorem 3. In addition to the conditions of Theorem 1(b) we assume there is an a > 0
for which (5.2) holds. Then the first component of the solutiom of (3.1)~(3.5) satisfies

h h
-=(t-t_) t -=(t-s)
5.3) ulx,t) >e 8 0 -u(x,to) +s el fl(x,s)ds . o<t
¢ .

0

0StET

for almost every x € G. Thus the set S:(u) ={x € G: u(x,t) > 0) {s increasing
with t. Furthermore the set S+(u) ={(x,t) € : u(x,t) > 0} contains the interior

of s*(fl) and

(5.4) Uls;@: 0<t<t)c S:l(u), o<t <T.

Proof: The inequality (5.3) follows from the preceding remarks and it immediately
implies the monotonicity of S:(u) and the inclusion of the interior of S+(f1)

1o st(u). we verify (5.4). Let x, ¢ s: (), chat {s, u(x,,t)=0, so by
1

(5.3) ve have u(x, ,t)=0 for all 0<tgt, . Thus du(x, , t)/ot=0 for

1

0<t<t,. From (5.2) we obtain (see below) 0(:1 »t)=0 for 0getgt so

1

(3.2) implies o(x,,t)=0 for O<t<t . Thacis, x, ¢ S.(@) for all

1

ot .

Corollary. In the situation of Theorem 2(b) we have S+(op) c S+(u).

Proof: Since ¢ {s continuous this follows from (5.4).
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Remarks. The condition (5.2) is actually equivalent to the assumption (i) in
Theorem 2: 1 > as for all (s,r) € a. To see this, note that if (so, ro) € a
with o < asy then we can choose rlz (1/2)(r0+aso) >0 and from (5.2) a 81

with (s1 . rl) ea and as, <r But then s, < (1/2) (rO/a+s°) < s, and

1 1° 0
L > ro, contradicting the monotonicity of a. Thus, (5.2) implies that all of
a lies above the graph of r= as,
As a consequence of the above remark it follows from (3.4) that u(x,t) > a@(x,t),
hence S+(9) (o S+(u). If in addition we have «(0)={0}, then S+(O) =S+(u).
In the case of our origimal problem, (2.11)=(2.15), we have S+(¢) [ S+(9):

Thus @ > 0 1in the region Q+ where the water is completely melted. The follow-

ing example shows that we do not necessarily have S+(a.p) =S+(O).

t, @=0 and v(t)x=1-e-t for t > 0. This triple of

Example. Define @(t)= e
non-negative functions is the solution of (2.11)-(2.15) with L=a=h=1 and

arbitrary b > 0, f1= f2 =0, and 90= 1, ¢0=§0= 0. This solution is independent
of x € G. In the thermal conduction model of Section 2, this example corresponds
to the situation wherein a small amount of heat uniformly distributed in the first

component is all absorbed as latent heat to convert the second component from solid

ice to water at temperature equal to zero.

P
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