ADMAL10 467 WISCONSIN UNIV-MADISON MATHEMATICS RESEARCH CENTER F/6 20/4
ADMISSIBILITY CRITERIA FOR PROPAGATING PHASE BOUNDARIES IN A VA==ETC{U)
SEP 81 M SLEMROD DAAGZ?'BO-C-OOMI

UNCLASSIFIED MRC-TSR-2280

Voor
apa




o oo
= =

=

|1
lmg e

L2 e pe o




MRC Technical Summary Report #2280

ADMISSIBILITY CRITERIA FOR
PROPAGATING PHASE BOUNDARIES IN
A van der WAALS FLUID p

M. Slemrod

Mathematics Research Center
University of Wisconsin—Madison
610 Wainut Street

Madison, Wisconsin 53706

September 1981

Received September 1, 1981

Approved for public release
Distribution unlimited

a

S
Ly
Z

onsored by
S. Army Research Office National Science Foundation Air Force Office

P. 0. Box 12211 Washington, D. C. 20550 of Scientific
Research Triangle Park Sessgrct be
Carolina 27709 ashington, D.C.
North 20332 .
\ . o~ RN ~
N 82 t‘._r 2 } oo ‘x)é:. 9

. - AR ELNPDE M dtr AN g




UNIVERSITY OF WISCONSIN - MADISON
MATHEMATICS RESEARCH CENTER

ADMISSIBILITY CRITERIA FOR PROPAGATING PHASE BOUNDARIES
IN A van der WAALS FLUID

Technical Summary Report #2280
September 1981

ABSTRACT
* This paper gives admissibility criteria for weak solutions to the

partial differentials equations governing is;thermal motion of a van der
waals fluid. The main issue is that an admissibility criterion based on
vigscosity alone is too restrictive - it rules out all slowly propagating
phase boundaries. 1Instead a criterion based on viscosity and capil-~
larity is proposed. The viscosity-capillarity condition is studied and
shown to imply that the state on one side of a phase boundary specifies
both the speed of the phase houndary and the state on the other side of

the phase boundary (a result which is differ .nt from classical gas

)

dynamics)., ¢
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SIGNIFICANCE AND EXPLANATION

Typically real fluids exhibit the property that under different
configurations of pressure, density, temperature they can exist in
different phases. For example water may exhibit vapor, liquid, and ice
phases. Classical thermodynamics usually studies the co-existence of
phases at equilibria so the term "thermodynamics" in this sense is a
misnomer. 1In this paper the problem of true dynamic phase transitions
is studied. In particular conditions are given for the existence of a
propagating phase boundary separating liquid and vapor phases. The
results are also applicable to phase transitions in solids undergoing

] " ] - "
martensitic®” or "shape-memory" phase transitions. ——
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ADMISSIBILITY CRITERIA FOR PROPAGATING PHASE BOUNDARIES
IN A van der WAALS FLUID

M. Slemrod

0. INTRODUCTION

The purpose of this paper is to present admissibility
criteria for weak solutions to the equations governing isothermal
motion of a van der Waals fluid. The idea of admissibility
criteria is quite well known in the study of hyberbolic conservation
laws (see for example Lax [l1],[2]). However for the case of a
van der Waals fluid the balance laws of linear momentum and
conservation of mass lead to a mixed hyperbolic - elliptic initial
value problem. Thus new issues appear which are not present in
classical hyperbolic equations of inviscid compressible fluid
dynamics.

The most obvious difficulty with a mixed hyperbolic -
elliptic initial value problem is the classical Hadamard instability
of solutions lying in the unstable elliptic regime. To circumvent
this difficulty it is natural then to consider only initial value
problems where the data is given in the stable hyperbolic domains.
Thus we should expect to find "weak" or "generalized solutions" to
the equations of motion where such solutions take on values only
in the stable hyperbolic domains. These weak solutions will in
general possess propagating singular surfaces separating states
in one hyperbolic domain from states in another hyperbolic domain.
These singular surfaces are called propagating phase boundaries.
The question then becomes one of knowing in what sense such phase

boundaries are admissible.

This rescarch was sponsored in part by the United States Army under
Contract No. DAAG29-80-C-0041, the National Science Foundation under

Grant No. MCS-79-02773 and the Air Force Office of Scientific Research
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Two admissibility criteria are discussed here. The first
is a standard viscosity criterion. This will be discarded as too

slowly
restrictive: it rules out all/propagating phase boundaries. The

second is a viscosity-capillarity condition . It allows for
propagating phase boundaries to exist but only in very special
cases. Namely for a propagating phase boundary to be admissible
according to the viscosity-capillarity condition the state on
one side of the phase boundary will determine both the propaga-
tion speed and the state on the other side of the boundary.
While this paper is devoted to fluid dynamics, the issues
involved are quite similar to those discussed in a recent paper
of James {3]. Ir that paper James has studied propagating phase
boundaries in one-dimensional non-linear elasticity where the
choice of constitutive relation leads to a mixed hyperbolic-
elliptic initial value problem similar to the one studied here.
LHence it may be that a criterion analagous to the viscosity-
capillarity condition may prove useful in elasticity as well as

fluid dynamics.
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l. One dimensional Lagrangian description of compressible fluid
flow

We follow the presentation of Courant & Friedrichs [4] of
a Lagrangian description based on the law of conservation of mass.
The fluid flow is thought of taking place in a tube of unit cross
section along the x-axis. We attach the value X=0 to any definite
"zero" section moving with the fluid. For any other section we
let X be equal in magnitude of the mass of the fluid in the tube
of unit cross section area between that section and the zero

section. Analytically the quantity X satisfies the relation
X(X,t)
X =-[ p(x,t)dx.
X(o,t)

Here p(x,t) denotes the density at position x and time t and x=
X(X,t) denotes the position of the particle which encloses a
mass X of fluid in the tube bounded by X(X,t) and X(0,t). Dif-
ferentiation of'(l.l) implies 1 = Xy (X,E)0(X X,t),t). Set
p(X X,t),t) = S(X,t), w(X,t) = g(x,t)_l (the specific volume), X(x,\=
u(Xx,t) = Xt(x't) (the velocity).

We denote the stress by 1, the specific internal energy
by €, the specific heat absorption by g, the heat flux by h, and
the specific body force by b. Then the equations of balance of

linear momentum, energy, and mass become

T + b ’

P
P X

o € pq + rix + h '

X

p+pxx=0,

where . = é% . We now apply the chain rule and rewrite this

system in terms of the independent variables X,t to obtain




i Xee = Tx +b ,

€. =9 + TXex + hx ' (1.1)
‘ ~
} (PXyle = 0

where we have used the fact that p(x,t) = St(x,t). The third
of these equations is automatically satisfied since ;Xx = 1.
The above set of balance laws must be supplemented by
constitutive relations. We assume the fluid is compressible
and thermo-elastic so that the stress, internal energy, heat

flux satisfy |

T T(w,T) ’

A

e(w,T) ’

| €

i h h(w' T' Tx) !

Furthermore we assume for simplicity that the fluid is imbedded !
in a "heat bath” so that the motion is isothermal (T=positive

constant) and there are no body forces. Mathematically this

means (i) that g in (l1.1.b) is assumed to be adjusted so (l1l.1.b)

will always be satisfied identically and (ii) b=0. 1In this case

(1.1) equivalent to the first order system

u =T
t x ! (1.2)

W, = uy .
A Cl curve ' : X = y(t) across which u,w experience jumps

is called a singular surtace. If I' is a singular surface let

(y(t),t) be a fixed point on the graph of I' and U = Y(t). Denote

3
by u ,w ,u_w_ the respective limits from the right and left as a
(X,t)+(y(t),t) for u,w. If we put [u] = u,-u_, [w] =w -w_, etc.




then classically we know the Rankine-Huginot jump conditions must

be satisfied, i.e.
Ufu] + [t] =0 ,
(1.3}
Ulw] + [u] = 0 .
Of course (1.3) implies 02 satisfies the equation
2 _ [z] . (1.4)
R )
As we shall always be working on a fixed isotherm let us

~

set T(w,T) =

Yt

Wi

As is
depending on
It is
(1.5) do not
continuities

initial data.

- p(w). In this case (1.2) becomes

- p(w)x .

(1.5)

=ux .

easily seen (1.5) is either hyperbolic or elliptic
the sign of p'(w).

well known that conservation laws of the form

in general admit smooth solution. Typically dis-
(shocks) will form in a finite time even for smooth

Hence we must be satisfied solving (1.5) in the

sense of distributions. Such solutions are termed weak solutions.

Unfortunately as is also well known weak solutions are not gen-

erally uniquely determined by their initial values. To pick out

the physically relevant ones some additional principle must be

introduced.

It is this issue which is pursued in the next sections.




2. Admissibility with respect to the viscosity criteron
Let us imbed the inviscid equations (1.6) in a viscous
formulation, i.e. we take

T == p(w) + u(w)ux . (2.1)

Typically (see [1]) we like to know that if u(X,t;u), w(x,t;u)
sequence of solutions to (1.2), (2.1) which tend to a limit
u(X,t;0), w(X,t;0) boundedly, almost everywhere as u(w)->0+ ,
then the limit functions u(X,t;0), w(X,t;0) satisfy (l1.5) in
the sense of distributions. 1In order to be sure that the term
(u(w)ux)X entering (l.2a) does indeed converge to zero as u-+0+
in the distributional sense we require u(w)=u0 , a positive
constant.

Now let T : X = y(t) be a singular surface for (1.5). !
We now ask the question: Are solutions of (1.5) in the neighbor-
hood of the singular surface T limits of solutions (1.2),(2.1)
as u0+0+? While this problem has a history dating back to Rayleigh
[5] it is the more recent discussions of Wendroff [6] and Dafermos
[7] we shall follow.

Let (y(t),t) be a fixed point on the graph I and let
u,,w, ,u_,¥_, Ube as in Section 1. We look for a traveling wave
solution of (1.2),(2.1) given by

u(xX,t) = a(g) , wiX,t) = w(g) , £ = XUt

Mo

It follows that u,w must satisfy

~0

- = (-p +u)

]

Ay Ay

- Uw u

d_
g -

[ ]
where denotes
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In order for u,w to approximate the discontinuous profile

of the solution to (1.6) we require

(@(==), w(==), a(+=), w(+=)) = (u_,w_,u,,w,) . (2.3)

The above considerations motivate the following de€inition.

Definition 2.1 1If there exists u,w so that (2.2),(2.3) are
satisfied for all points (Y(t),t) we will say the singular

surface T satisfies the viscosity admissibility criterion.

Theorem 2.2 The viscosity admissibility criterion is satisfied

if and only if

,ﬁ v+ (CRMLAPM), 5 g <o) if U >0 (< 0) (2.4)
' wew_

for every value w between w_ and w,. In other words for

(w+ -w_.) U>0 (or (w+ - w_) U < 0) the chord which joins

(w_,p(w_)) to (w ,p(w])) lies above (below) the graph of the
function p(w) for w between w_ and W,
Proof While proofs are presented in [6] and [7] we shall pro-

vide one for completeness.

Integrate (2.2) from -« to §. It follows that

- U(a(E)=u_) = - p(w(E)) + p(w ) + u (E) ,

]

- UW(E)-w ) = a(E)-u_ , (2.3)

which it turn yields the first order equation

U3 (w(E)~w_) + p(w(s)) - p(w) =~ Uw (5) . (2.6)

'
If w_ < w,_ then we must have w (&) > 0 and hence, (2.4) follows.

A similar argument is used if w < w_ .




3. The van der Waals equation of state

On a fixed isotherm the van der Waals eguation of state

reads

~ - RT _ a_ -
p(w) = w-b w2 y» 0 <b <wc« ’ (3.1)

where a,b,R,T are all positive constants ([8],[9]). Pictorially
. if T is sufficiently small.

p(w) is represented in Fig. 1, As we shall not need anything
so specific as (3.1) in our analysis let us suppose in what

follows that p(w) has basically the same type of graph as in
Fig. 1, namely,
L}
(1) p (W) <O 0<b<W<wa'W<w’
1 ]
(ii) p (w) =p (wB) =0 ; (3.2)
[ ]
(iii) p (w) > 0 1if W, S W< W
The domains (b,wa) and (WB'm) will be called the a-phase and

B-phase respectively. The a-phase corresponds to the fluid

being liquid, the R-phase corresponds to the fluid being vapor.

Definition 3.1 A singular surface I' will be called a phase

boundarv (shock) if for every point onm T W W_ lie in dif-

ferent (the same) phase.

Theorem 3.2 For p satisfying (3.2) no phase boundary is admis-

sible according to the viscosity criterion (Defn. 2.1) if
|U| is sufficiently small.
Proof The chord joining (w_,p(w_)) to (w+,p(w+)) must cut the
graph of p(w) and hence the viscosity criterion cannot be

satisfied.

Since no slow phase boundaries are admissible according to
the viscosity criterion it seems worthwhile to consider a less

severe admissibility criterion. 1Indeed it may be that other
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higher order effects other than viscosity should be considered.
One such effect that is particularly pronounced in the liquid-
vapor interface will be capillarity. A theory of interfacial
capillarity was proposed in [10] by Korteweg and a discussion
of his theory may be found in the monograph of Truesdell and
Noll [11]. Korteweg's theory has most recently been reconsidered
by Serrin [12] who has applied it to study condition for equili-
brium between liquid and vapor phases in a van der Waals fluid.
(A related theory based on statistical mechanics has been pre-
sented in [131]).
According to Korteweg's theory the stress T inour one-

dimensional Lagrangian formulation will be given by

T = - plw) + DWW = ClWwyy + ulWu, . (3.3)
As in the discussion of constitutive relation (2.1) we would
like to know that solutions of (1.2),(3.3}) which tend to a limit
boundedly, almost everywhere, as u(w)->0+, D(w)->0, C(w)~+0, will
converge to solutions of (1.5). So in order to be sure that
extra terms in (1.2), (3.3) due to the consideration of viscosity
and capillarity tend to zero in the sense of distributions as

pu(w) >0+, D(w)~->0, C(w)-+0, we set

C(w) = ug A |,
D(w) = 0 , (3.4)
ulw) = Ho -

Thus in this special case (1.2),(3.3) becomes

2
£ = (=p(wW) = ug A wyy + Woug)y

u =
(3.5)

W, = uyp .
Now let I be a phase boundary and y(t), Uy rW, ,U_,W_ U be

as in Section 1. Again we look for a traveling wave solution
X-Ut
=
£ s

u(X,t) = u(g) , w(X, t) w(g)

-9-




From (3.5) it then follows that u,w must satisfy

~n A0 [ ]

- Uu'= (-p(w) - Aw + a')

’

~ ~ (3.6)
-~ Uw =u .

So that u,w will approximate the discontinuous profile of

the solution to (1.5) we require

~ ~ A

(u(==), w(==), u(+=), w(+e)} =(u_,w_, u,,w/). (3.7)

These considerations motivate the following definition.

Definition 3.3 If there exsists u,w so that (3.6),(3.7) are

satisfied for all points (Y(%t),t) we will say the singular

surface I' satisfies the viscosity-capillarity admissibility

condition. {
For w_,U (w_,U) given in the a-phase (B~phase) let w, (U)

(w_(U)) denote the solution (if it exists) of

2 _ (p)
U = - ToT (3.8)

lying in the B-phase (a-phase). Also set

£ (z;U0) = U%(z-w_) + p(o) - pw)) ,

£,(0;0) = UP(c-w,) + p(g) - plw,) .

Integration of (3.6) for -« to £ and the obvious substi-
tution shows a solution w of (3.6),(3.7) must satisfy the
second order equation

~ g A
Aw + Uw + f_(w,U) =0 (3.9)

with boundary conditions

w(-w) =w_, w(+e) =w_ . (3.10)
Lemma 3.4 Assume A > 0
(i) Let w_ be given and assume

-10- g




'!.llIllllliIiE--“-.-..-n....;.............m,.u.‘.,._,w T —— T T e T

w, (0)

(1) / £ (£;0)de < O
w

Then there exists a unique U*, 0 < U* <« U, so that (3.9)

possesses a solution with w(-®) = w_,w(+=) = w_(U*¥). Here U
Y+ (D)
is such that /. £_(z;0)deg = 0.
w—
(i1) Let w_ be given and assume
W4
1D [ f(ci0dc >0 .
w_(0)

Then there exists a unique U*, U < U* < 0, so that (3.9) possesses

a solution with w(-») = w_(U*), w(+=) = w,. Here U is such that
w

/ £, (z;Tdc = 0

w_(0)

Remark 3.5 The hypotheses of the lemma have a simple inter-
pretation. For example in (i), (I) says that the signed area
between the chord joining(w_,p(w_)) and (w_(0),p(w _(0)) and the
graph of p(w) between w_ and w_(0) is negative. U is that
positive value of U so that the signed area between the chord
joining (w_,p(w_)) and (w+(ﬁ),p(w+(ﬁ)) and the graph of p(w)
between w_ and w+(ﬁ) is zero (see Fig. 1l). Analagous interpre-
tations hold for (ii).

Proof of Lemma (i) Let y(w(f)) = &'(a). Then (3.9) may be

rewritten as

A 2
3 a%—y (W) + U y(w) + £ (w;U) = 0.

Integration from w_ to w yields

-11=-




fr &

—dd
——

- e - wn - =

WO W, (D)

g

U) so that area

_ and w+(

w

isotherm;

van der Waals

Figure 1l

area B.

A

-12~




w w

W =-vu [ y@ ac - ff_(t;;U)dc . (3.11)
w w

Sk
~

Let us now consider the case U = 0. Let w*(0) denote that
value of w for which the chord connecting (w_,p(w_)) and (w+(0),
p(w+(0)) intersects the graph of p(w), w, < w*(0) < Wge Since

£_(z,0) > 0 for w*(0) < ¢ < w_(0) it follows that

w,_(0)
2y > - [ fo(zioyac > 0
w

by (I). Hence if (I) holds and U = 0 the solution of (3.9) with
w(-») = w_ always stays above the line y = 0.
Now let U increase from zero to U. The solutions of (3.9)

form a nested sequence in w-y plane; see Figure 2. By continuity {

with respect to the parameter U all that is needed to establish
the existence of a unique U* so that w(+x) = w+(U*) is to show
that the solution for U = U crosses the line y = 0. But from

(3.11) we see w+(ﬁ)

[ y@ae
w

I
'
cl

0 < & y?ew, @

So y(z) must go from positive to negative values for ( between
w_ and w+(U).
(ii) The proof is similar to (i).

Theorem 3.6 Assume A > 0 ,

tu_,w_) ((u,,w.)) is to be a state to the left (right)of
a point (y(t),t) on a phase boundary T and the hypothesis
I (II) of Lemma 3.4 holds. Then T is an admissible phase

boundary according to the viscosity-capillarity condition if




[] - N &
.. PR ICA TN \u.w.\ WO wo) —>W

Figure 2 Phase plane plot of solutions of (3.9) for w_

* -
<U, <U < U,

fixed and U increasing zero, 0 < U1 2

-14~-
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and only if

w, = w+(U*), u, = u_ - U%(w _(U*) = w_),

;(t) = U*>0 (w_ = w_(U*) , wu_ = u, + U*(w+ - w_{(u*)),

;(t) = U*<0) where U* and w_(U*) (U* and w_(U*)) are given

by Lemma 3.4 (i) ((ii)).
Proof The result follows immediately from Lemma 3.4 and the
Rankine-Huginot jump conditions (1.3).

Corollary 3.7 Let I' be a singular surface (either shock or

phase boundary) which is admissible according to the viscosity-

capillarity condition for some A > 0. Let u,,w, ,u_,w, U be

as in Section 2. Then the "entropy" inequality

Wi

u [ p(0dr - (w, = w) (R )+p(_ )| <0 (3.12)
w

- 2
is satisfied. That is to say: U times the signed area be-

tween the graph of p(z) between w_ and w

, and chord joining

(w_,p(w_)) to (w_,p(w.)) is negative.
Proof 1If there is a solution w(f) to (3.9),(3.10) then multi-

~
plication of (3.9) by w (£) yields

w(£)
Ay ~ e
Fi3v @+ [ fwar| =-uvw? (3.13)
w
Integration of (3.13) from -« to « implies
w @
+ ~y
‘[ e (mac = - v [ w0k
or
w
+
v [ f_(c;wac < 0. (3.14)
w

The integral indicated in (3.14) is precisely the bracketed
expression in (3.12).
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While we have argued that the choice u(w) = Ho s D(w) = 0,
C(w) = ug A is a natural assumption from the computational view
point one might still question whether the results of Theorem
3.6 carry over to a more gencvral case. The answer is yes and
is provided by the following result.

2 2

Assume u(w) = euo(w), C(w) € Co(w), D(w) = ¢ Do(w) where

€>0 and u,(w) > EO >0, Cqlw) > c oo EO constants. In

this case (1.2),(3.3) becomes

up = (-p(w) + e?Dywws - elcy (Wwl + eugw)),
(3.15)
wt=ux .
_ (X-Ut _ - _ -
Set § = ( - ) and u = u({f), w=w(f). It follows that

G(E),&(E) satisfy

- u' = (-p(wW) + Dy(w) w2 - Cuw) W + ug(wa)
A ~y (3.16)
- Uw =u

where we again impose boundary conditions (3.7). Integration of

(3.16) from -» to & implies

An A Ay A A

oW’ + Ung(ww = Dy(ww 2 + p(w) = pw_) - v?(w-w_)=0 (3.17)

we have boundary conditions (3.10). We now state the following
generalization of Lemma 3.4.
Lemma 3.8

(1) Let w_ be given and assume

w,(0) w, (0)
@ [Texo(z [ Tpycrcy(lac) cy(m Le_(ns0ran < o
P ] pylaicyleyTrac) cy(n) " E_(n;0)dn
w_ n
and that there exists U > 0 so that
w, (T) w, (0)

1

j. exp(2

w n

_1 -
Dy (%) Cq (€) dcy) Cy(n)

f_(n;U)dn = 0




Then there exists a unique U*, 0 < U* < U, so that (3.17)

possesses a solution with w(-«) =w_ , w(+=) = w_(U*%),

(ii) Let w,_ be given and assume

w, w_(0)
(a1t [ exp(2 [ pylricy(mlag) cpmTre, (nsoran > 0
w_(0) n
and that there exists U < 0 so that
W, w_(0)
[ exp(2 [ bpyoeyiolaz) e i, (nithan = o
_ 0'%Co 0 (i
w_(U) n

Then there exists a unique U*, © : ¢* < 0, so that (3.17)

possesses a solution with wi--) -« «_{U*), w(+=) = w_.
The proof is simila® o 4%he proof of Lemma 3.4 and is 1
omitted.
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4. Relation to the Lax shock criterion

In this section we compare the viscosity-capillarity
admissibility condition to the well known Lax shock criterion
([11,[2)) in the case p' < 0, i.e. (1.6) is strictly hyperbolic.

Definition 4.1 For system (1.6) with p' < 0 we shall say a

shock T' : X = y(t) joining states (u ,w/),(u_,w_) at (€, v (B)

satisfies the Lax shock condition if either

(-p' (W, )% < U < (-p'(w_))*

or

] %

—(=p'(w,))* < U< =(-p'(w_))
where U = ;(E).

Theorem 4.1 If p' < 0 and p" + 0 a shock T which is admissible

according to the viscosity-capillarity condition for any
A > 0 is admissible according to the Lax shock condition.
Proof 1In this case (3.9) possesses two equilibrium points
(w_,0) and (w,,0). If we know there is a connecting orbit
for U > 0 then either (w_,0) and(w,,0) are both saddles or
(w_,0) is a saddle and (w,,0) is stable node. The condition
P" + 0 and linearization about (w_,0) shows the two saddle
case is impossible. Finally it follows easily that saddle-
node case implies the Lax shock condition. The case U < 0
is proved in the same way.

Theorem 4.2 If p' < 0 and p" > 0 a shock wave T which is

admissible according to the Lax shock criterion is admissible

according to the viscosity-capillarity condition for any A > 0.




Mt

Proof Consider the case (-p'(w*_))!5 <U < (-p'(W_))%: the other
case is analagous.

Let A > 0 be fixed and let

~ A ~ L2 w
Viw,w') = %;

+ j’ £ (z;U)de .
w

Since p" > 0 we have V+» as |(w,w') |+« and

- Uw'(c)2 <0

along solutions of (3.9).

Then all orbits are bounded in the
(w,w') plane and by LaSalle's Invariance Principle [14] thLey
must approach an equilibrium.

These facts combined with
Lemma 4.1 of [15] yield the theorem.




5. An elementary Riemann problem for a van der Waals fluid.

Consider (1.6) where p(w) has graph similar to that of
Fig. 1, i.e. p satisfies (3.2). The Riemann initial value
problem consists of specifying initial conditions

U=uo u=ul

,  X<0; . X>0, Uy, uy,Wy,w, constants. (5.1)

w=w W= W
1

0

In this section we consider the special choice of data

UgrWg ey, Wy SO that w, is in the a-phase, Wy is in the B-phase

0
and UgsWor Uy Wy satisfying Rankine-Huginot jump conditions for some
U. This of course implies p(wo) > p(wl) if Wy < Wy p(wo) <

p(wl) if Wg > wy. It is a trivial observation that

,  X<Ut; , X>Ut (5.2)

is a weak solution of (1.6),(5.1). The sign of U is as of yet
undetermined. The line X=Ut is a phase boundary. From our
previous results we can then conclude the following

Theorem 5.1 The phase boundary X = Ut in the solution (5.2} of

(1.5),(5.1),(3.2) is inadmissible according to the viscosity
criterion (Definition 2.1). If W_=w, satisfies (I) of Lemma
3.4 there is a unique U* > 0, Wy
so that X = U*t is an admissible phase boundary according to
the viscosity-capillarity condition. If W, =W, satisfies (1II)
of Lemma 3.4 there is a unique U* < 0, w, = w_{(U*), ug = u, +
U*(w - w_(U*)), so that X = U*t is an admissible phase boundary

according to the viscosity-capillarity condition.

= w, (U*), u; = u, - U*(w (U%)-w_),




Thus while (5.1) provides infinitely many possible solu-
tions to a Riemann problem for (uo,wo) fixed and (ul,wl)
allowed to vary, the viscosity-capillarity conditions says

that solutions of the form (5.2) will be allowed only for

one choice of (ul,wl) if W satisfies (I) of Lemma 3.4. Of
course a similar statement holds if Wy satisfies (II) of

Lemma 3.4.

e

-21-

.«




6. A possible experimental method for computing the coeffi-
cient A in Korteweg's theory.

In the preceding section we have seen that under certain
conditions for a given A in the capillarity formulae (3.3),(3.4)
a propagating phase boundary will be admissible with a certain
speed U*. This result then presents an inverse problem. Con-
sider an experiment in which a propagating phase boundary is
observed for a van der Waals type fluid. Can one find an A
so0 that the theory of Section 3 matches the experiment? If one
can find such an A (possibly using numerical integration of

(3.9)) then an estimate of the coefficient A is obtained.

In constrast to the above dynamic experiment an observation

0) will not provide an

of a steady state phase boundary (y(t)

identification of A. For if y(t) = 0

have p(w_) = p(w+) and from (3.9) we have
ol
[ etor- pwraz =0 (6.1)
W

for all choices of A > 0. Of course (6.1) is just a statement
of Maxwell's equal area rule [8],[9],[12]). The point here is
that calculating the non-zero speed of propagaticn of a phase
boundary can provide an estimate of A; such a determination
will not follow from studying a steady state phase boundary.
Needless to say the above discussion has the implicit

premise that the coefficient D in Korteweg's theory is zero. This

in

may or may not be the casa. If D 0 (6.1) shows the Maxwell

equal area rule holds. However the converse is not true. Serrin

-2




has shown in [12] that the equal area rule may hold even for
non-zero D. Hence experimental knowledge of the equal area
rule's applicability for a given fluid would not in itself

imply D = 0. The converse is true, however, i.e. i1f the equal
area rule does not hold for phase equilibrium then D # 0. This
follows immediately from the remarks preceding (6.1). Of course
in such cases as D # 0, and for more general choices of u(w),

C(w), Lemma 3.8 may prove of value in parameter identification.
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