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ABSTRACT

In this paper we consider the three node, acyclic, Jackson queueing
network discussed by Simon and Foley (1980). We provide a solution to
) the sojourn time problem for a given customer. To the best of our
knowledge, this is the first solution to the sojourn time problem in

any acyclic Jackson network with overtaking.
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1. Introduction and Background. A customer's sojourn time in a queueing

network 1s the total amount of time the customer spends in the network.
Equivalently, it is the sum of the customer's sojourn times at each of
the queues it visits while in the network. The equilibrium or steady
state sojourn time distribution in a queueing network is the sojourn time
distribution of a customer who sees an equilibrium queue length distribu-
tion upon his arfival to the network. In this paper, we analyze the
equilibrium sojourn time distribution in a three node Jackson network.

The network, which we will refer to as the three node network,
consists of three single server queues each having exponential service
times with parameter Wes i=1,2,3, at queue i, FIFO queueing discipline
and infinite queueing capacity. There is an exogenous arrival process to
queue 1 with parameter A. Customers departing queue 1 go, with probability
p, to queue 2, and, with probability l-p, to queue 3. Customers departing
queue 2 go to queue 3 and customers departing queue 3 leave the network.

This network is shown in Figure 1.

Node 1 }1°P 5 Node 3
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In the three node network a customer C's sojourn time is either the
sum of C's sojourn times in queue 1, queue 2, and queue 3 if C takes the
route from queue 1 to queue 2 to queue 3 or the sum of C's sojourn times
in queue 1 and queue 3 if C takes the route from queue 1 to queue 3.
Determining the equilibrium sojourn time is not trivial since if C takes
the route from queue 1 to queue 2 to queue 3, C's sojourn times in queue 1
and queue 3 are dependent.

That the sojourn times of a customer in queue 1 and queue 3 are
dependent given the customer goes to queue 2 was first observed by
Mitrani (1979). He observed that if C's sojourn time in queue 1 was long
enough to guarantee a large number of arrivals to queue 1, then while C
is at queue 2 many of those customers at queue 1 could depart from queue 1
and go directly to queue 3. Hence, the expected number of customers at
queue 3 upon C's arrival there given his long sojourn time at queue 1 is
larger than the unconditioned expected queue length there. Hence, C's
expected sojourn time at queue 3 given his long sojourn time at queue 1 is
larger than C's unconditional sojourn time at queue 3. Simon and Foley
(1979) formalized this argument,

In a queueing network a customer a is said to overtake a customer b if
there exists a pair of queues A and B in the network such that a and b go
from A to B, either directly or indirectly, such that a departs queue A
before b but arrives to queue B after b. It is this overtaking which causes
the dependence of C's sojourn times in queue 1 and queue 3. In fact
Lemoine (1979) showed that in networks without overtaking the individual

sojourn times are independent. Such overtaking occur, of course, when there

are alternate paths between 2 nodes.
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Kiessler (1980) in an simulation analysis of the three node network
showed that even though C's sojourn times in queue 1 and queue 3 are
dependent the correlation coefficient of the sojourn times between these
queues was insignificant at the a = .05 level. Further, the sojourn time
distribution assuming the sojourn times in queue 1 and queue 3 to be
independent was not significantly different from the actual distribution.
In this paper we will derive an expression for the equilibrium
sojourn time distribution in the three node network. We consider the
network's queue length as a stationary Markov process, i.e., a Markov
process given it's equilibrium distribution. We start at an arbitrary
arrival time to queue 1 and using a Palm distribution move this arrival
to the origin. Finding the total sojourn time distribution can be
reduced to finding the sojourn time in queue 3 given A, where A is the
customer's sojourn times in queue 2 and queue 1 and that the customer
takes the route from queue 1 to queue 2 to queue 3. This problem is
reduced to finding the queue length distribution at queue 3 when the
customer arrives there given A. Then we look at the queue length
distribution at queue 3 when the customer arrives there given A and the
queue length at queue 2 when the customer arrives to queue 2. Then we
find the joint queue 1, queue 3 distribution when the customer arrives to
queue 3 given A and the queue length at queue 2 when the customer arrives
there. Working backwards the equilibrium sojourn time can be computed.

2. Formal Problem Statement. For tbhe three queue network, let

Q,(t) = be the queue length in queue i at time t for {=1,2,3;
i

Q(t) = (Ql(t)QQZ(t)9Q3(t))-

From the comments made in section 1, {Q(t); t € R} is a stationary Markov




= process in which a customer, C, arrives to the network at time O and
=

~ 4 1 1,
| where pl=l/ul, pz=pA/u2, and Py = A/u3, 11,12,13 e N = {0,1,2,...}.
: Note that the distribution Pr is actually the Palm probability of the

stationary Markov process {g(t); t € R} embedded at arrival times to the

network.

Let

S = C's sojourn time in the network;

Si = C's sojourn time in queuve i, i=1,2,3;

. { rl if C takes the route from queue 1 to queue 2, to queue 3
o R =

r, if C takes the route from queue 1 to queue 3.

Then C's sojourn time distribution is given by

Pr{S < t}=pPr{S < t|R = r, }+(1-p)Pr{S < t|R = r,}

t .t-
.: ob JYARA yPr{S3§ t-u-y[S, =u,8, =y,R=1,}

| ' -Pr{Sze (u,u+du)|Sl=y,R=r1} . Pr{S1 3 (y,y+dy)|R=r1}

+(L-p)Jy Pris;<t-y|s,=y,R=r,} - Pr(s, ¢ (y,yHdy) [R=1,} (2)

3. Solution. From Simon and Foley (1979), we have

i
PriQy(y) =1,+1]S, =y,R=1,} = (L-0,)0, >, 1, ¢ N,

(3)

and

N

i
Pr{Q3(y) -13+1|sl-y,R-r2}- (1-03)03 3, 13 e N.

(4)

It follows from (1), (3), and (4) that




-(ul-k)y
Pr{Sl e (y,yHy) |R= rl} = (u1 - Ae dy, 1=1,2, (5)
‘(HZ‘PA)U
Pr{82 € (u,u+du)|sl-y,R= rl} = (uz -pA)e du, (6)
and
=(u3-2) (t-y)
Pr{S3_<_t-ylsl=y,R=t2}=l—e . 7

Hence, the only term not known in (2) is
Pl:'{S3 < t:-u-y|82 =u,5, =y,R= rll. (8)

This is C's sojourn time in queue 3 given C's sojourn times in queues 1
and 2 and that C takes the route . The remainder of this paper deals
with the calculation of this quantity.

4, Calculation of P{S3 < t-u—y|82=u,sl=y,R=r1}. Note that

Pr{S3 < t-u-y|82=u,sl=y,R=r1}
(-]
= 11;1 Pr{S3 _<_t-u-y|Q3(u+y) =1,82=u,81=y,R=r1}

* Pr{Q (uty) =1|S,=u,S; =y,R=1,} (9)
The first term on the right hand side of (9) is C's sojourn time at queue
3 given the queue length at queue 3 when C arrives there. Hence,
Pr{S3 < t-u-y[Q3(ui'y) =1,8,=u,5, =y,R= rl} = Frl(t-y-y) (10)

where

~Hq(t-u-y)
F(t-u~y)=1l-e

and F* ig the ith fold convolution of F with itself.

Now




Pr{Q3(u+y) = 1|S2 =u,S; =y,R=1,}

= m£1 Pr{Q,(uty) = 1|Q2(y) =m,5,=u,5, =y,R=r,}

. Pr{QZ(u-Py) =m|Sz=u,Sl=y,R=rl}. (11)

The following lemma determines the second factor on the right hand side

of (11).

-1
=y,R=r;} 0352 il e APy,

Lemma 1. Pr{QZ(Y) = mlSz =u,S$ (m-1)!

1

From (3) and (6) we have

Proof.

Pr{Qz(y) = mlS2 = u,S1 =y,R= rl}

) Pr{52 € (u,utdu) |Q2(y) =m,5) =y,R=r,}Pr{Q,(y) ==m|Sl =y,R=1,}
B Pr{S2 € (u,u+du)|Sl=y,R=rl}

m-1
H (uzu) -uzu m~1
E N PRSI du(l- Py)Py
; =(u,=pA) :
o (By=pM)e du 3

- Sgku)m_l e-pku

(m-1)!

Hence, all we need to determine is

Pr{Q;(uty) =1|Q)(y) =m,S, =y,8, =y,R=r, }.

Remark. We will analyze the (Ql(v),Q3(v); v € (y,y+u]) process at departure

' points from queue 2. The reason for analyzing this joint process is that

to determine Q3(u+y) we need to know the departure process from queue 1

in the interval (y,uty]. In order to determine the departure process from
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queue 1 in this interval we need to know Ql(v) for v € (y,y+u]. With this

in mind we get
Pr{Q3(u+y) = i]Qz(y) =mS, = u,5; =y,R= rl}

I L I P =i, -
=0 310 3,0 r{Q, (uty) =1,,Q;(uty) 1|

Qz(y) =jlsQ3(y) =j2vQ2(y) =m’sz =u,Sl=y,R= rl}
* Pr{Ql(Y) = 119Q3(y) = J2|Q2(Y) =m982 = uxsl =y,R= rl}- (12)

From Simon and Foley (1979), the second factor on the right hand side of

(12) is

gxz)jl -2 3
jl! e y(l--o3)o3

Define

Zi = time from y until the ith departure from queue 2 after y for

i=1,...,m.
Now,

Pr{Q3(u+y)=i’Ql(U+Y)=il I Ql(Y)'-'j l;Q3(Y)'j2’Q2(Y)=m’ sz'u! sl’Yv R.rl}

2 "’42 fz s e fz
%5k g1kl U1 -1

Pr{Qq(y+u)=1,Q, (uty)=1,,2 -2 . € ( -zm_1+dzm)|

Zn ‘m-1""m

Q2 =00 Q02 )=y, Q) (2 5)=2y,Q3(2) 5)=ky, ..,

R e A A R T e e ALY




CPrlQ (2 1)=0),Q5(z )=k, 2 -2 o (z -z o,z iz otdz )]

Ql(zm-2)=,‘2 ’Q3(zm_2)=k21 e :Ql()')=j1’ Q3(Y)=J'2»Zm_2=zm_2, U ’Zlgzl’

Qz(y)=m,52=u,sl=y,R=r1} 5
- Pr{Qy(z))=t, 1,Q4(z )=k 1,2, € (z,2,+dz))[Q (¥)=1],Q4(¥)=],,Q,(y)=m
d
$,=u,S .=y, R=r, }, (13)
We can break each term in this product form down as follows.
For h=1,...,m~1, >
PriQ (2 )= nh* B %) o o 2o Zete1 © o™ Znehe 1 Zmeh Pmehe1 920 n)
R b T LY L ERTRRRR N CoL s F N Co s P ?
.zm-h—lszm-h—l""’Zl=zl’Ql(y)=j1’Q3(Y)=j2’Q2(Y)=m'Sz’“:slsy»R’rl}
= PrlQy (2 )=t Qe k2 R b 1% 1 %1 U e D ™ 1 ’1
R L N LRI L 2R UL F1S 2 PR NN oL NN PR ST |
Qz(y)=m,sz=u,81=y,R=rl} ’ﬂ
C P Zne1 © o e 1 Zneh e 17920 Q0 (B D= s
U Epper) o 0 Q)= Q=350 2y 172 g0 e 0272y e}
Qz(y)-m,szsu,slay,R-rl}. (14)

The following two lemmas interpret each factor on the right hand side

of equation (14).




Lemma 2. For h=1,...,m,

Pr{Ql(zllx-h)=’l'm--h’Q3(zm—h)a=km-hlzm-h_zm-h—1=Zu|—h-zm-h-1’Ql(zm-h-—l)ﬂ'm-h-l’
Q3(zm-h—l).kﬂ'l"h-l, o Le ’Ql(Y)=jl’Q3(y)=j2’ Zm_h_ltzm_h_li e ooy zl=zl’

Q2 (Y)=m! Sztu’ sl=Y’ Rarl}

R G R Y L A o S T T L C R L Y
Q3(zm_h_1)=km_h_l,Q2(y)=m,82=u,sl=y,R=rl}. (15)
Proof. Note that
(a) Ql(zm-h)=Ql(zm—h-l) + the number of arrivals to queue 1 in (zm-h-l’zm-h]
- the number of departures from queue 1 in (zm—h-l’zm~h]

and
(b) Q3(zm_h_1)=Q3(zm_h) + the number of departures from queue 1 in (zm-h-l’zm-h]

who go to queue 3 + the departure from queue 2 at

Zm-h - the number of departures from queue 3 in

(zm-h-l’zm-h

]-

Since the arrival process to queue 1 is Poisson and the service times at queue
1 and queue 3 are exponential only Ql(zm-h-l)’Q3(zm-h-1) and zm-h-zm—h-l are
needed to compute the probability of Ql(zm_h),Q3(zm_h). Hence, the result
follows. O

In order to compute the right hand side of (15) we need to know the

departure process from queue 1 in the interval (znrh-lzm-h]'




. Lemma 3.
. 4
| . -
5 : Pr{Am Zm_ls (zm o102 -zm_l+dzm)|Ql(zm_1)=2m_1,Q3(zm_l)—km_l,...,
E Ql(y)=j1’Q3(y)=j2$zm 1=2m_1,---,Zl‘zlst(y)=m,Sz=u,81=y,R=r1}
f q
1 if z =u ;
= (16)
0 otherwise;
and for h=1,...,m-1 q
' Pl b nen-1 € oo Zpep-1? Zph” Zm-h-1"9Zpp) |°1(zm-h-1)=‘m-h-1
Q3(zm_h_ )= km h=-1°°" :QI(Y) jl’Q3(Y) JZ’ ‘m—h- 1 uPh IR l=zl’ ] ‘i

= Qy (y)*m,5,=u,§ =y, R=r }

i . U~z -
. =u-zh 5 m_h)hlon0<z <z +(

-z m-h-1 < Zm-h-1* Zp-n-1 Zpop-r) U (D)
m-h m~h-1

\ Proof.

The proof of (16) is trivial since C departs queue 2 at y+u with

probability 1 on Sz-u,sl=y. The remainder of the proof deals with

1 showing (17).

L It is clear that for
»
y<y+zm_h_1 <y+zm_h<y+u

given szsu,Qz(y)sm,slny,R=t1, and Zm-h-l""’Zl’zm-h-l-zm—h-l is

independent of Ql(zm~h-l)'Q3(z “h- 1),...,Ql(y) Q3(y) Hence (17) equals d

Pz " Zp h-1 € Cph™Znon-1 Zneh~ Zmehe1"9%g-1) |

: zm—h—l-zm-h-l’ ce ey Z1 2, 32'“'51'Y'R'r1 ,Q2 (y)=m}




——— e

= Pr{Zm_h--Zm_h_l € (zm-h-zm-h-l’zm-h-znrh-1+dzm-h)’QZ(y)=ml

Zm_h_l-zm_h_l,...,Zl=zl,52=u,s1

Pr{Q2 (y)=m]zm_h_1=zm_h_l, cees zl=zl,sz=u,slsy,R-£I}

=y, Rnrl }

Let D(a,b) be the number of departures from queue 2 in the interval (a,b).

Then on Sz=u,Sl=y,R=rl,

D(y,y+u) = Qz(y) -1

since C sees exactly Qz(y) - 1 customers ahead of him at y, the time at
which C enters queue 2, and since the queueing discipline is FIFO. These
Qz(y) - 1 customers must complete service at queue 2 in (y,y+u) and are
the only customers to complete service at queue 2 during this interval.

Hence (18) becomes

Pr{z__ -2 y+u)=h-1|

h~Zm-h-1 € Coeh™Zmoh-1? Zn-h~Zm-h-19%p-n) PO+ 41

Zm_h_l-zm_h_l,...,Zl=zl,52-u,s1

Pr D(y+zm_h_1,y+u)-hlzm_h‘l-zm_h_l,...,Zl=zl,82=u,sl=y,R-rl}

=y, R-rl}

Since on Sz=u,s -y,R-rl the departure process from queue 2 on the interval

1
(y,y+u) is a Poisson process (cf. Simon and Foley (1979)) we get that

Zm_h-zm_h_l,D(y+zm_h,y+u) and D(y+zm_h_1,y+u) are independent of
Zm_h_z,...,Z1 given Zm_h_l,sz-u,slsy,R-r1 and depend on zm-h-l in that we

need 2, H(Z 4 =Zpp-g) < U So for O<ytz , ,<ytz o+ (2 -2 b

= ytz _, <u (19) equals

11

(18)

(19)

)




pr{Zm-h-zm—h--le (zm-h-zm-h-l’zm—h_znrh—l+dzm—h)|82=u’81=yR=r1}

. Pr{D(y+zm_h,y+u)=h-1|82=u,Sl=y,R=r1}
Pr{D(y+zm_h_1,y+u)=h|52=u,Sl=y,R=r1}

h-1

pxe-pk(zm_h-zm_h_l) (PACu-z 1)) e-pk(u—zm_h)
_ (h-1)!
(PA(u~z D" PACu-z_, 1)
h! €
h-1

u-z
h ( m-h )

Za-h-1 Y"Zmeh-1

— as desired. O

5. Conclusions. Equation (15) still must be calculated. To calculate
(15) we need the time dependent departure process from the M/M/1 queue.
Rosenshine and Pegden (1981) have determined this for the special case
where the queue starts empty. However, we need the distribution of
this process for an arbitrary initial queue length. Even if (15) can
be calculated, we still need to put all the pieces together. That is,
(15) into (14), (14) into (13), (13) into (12), (12) into (11), (10)
and (11) into (9) and (5), (6), (7), and (9) into (2). These will be
subjects of later papers.
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