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k-d retrieval theorezs of Zexntilery, Lee axni Vong 20 ncT zZenerzliice
for the srecific cases of AVL or tTounded telasnce =z-3 zIreez. “re
seccnd secsion will define 2 new dazz siTucture czllzd iie
pound forest of k-4* trees, and will intuitiveiy,ex* lain now

this struciture is more suitable for a dyzexic exnvircnzeni. ZThe

+h

x-d* +treez in zZcre detzil

ot

third section will éiscuss foresis o

2xd exzlain their zany desirstle cheracterisiics.




PART I

WILLLFD - 8

It hes been snowz in AVL -62 and IR~-T3 <that the VL znz

bounded balznce criteria ere very useful when

zaninwleting

one~-dimensional trees in 2 dyzexic environzen.. It is therelore

natural %o begin tkhe study of

whether anzlogous results hold for AVL and bounded balance k-3 irees.

Theoren 1 of <this pager

vith AVL and touxnded balance

do not even poscess the same
wwith ideal trees. Thus ike
enalogy tetween one- and mul

efficiens 2lzorithm

“bounded balznce k-d itrees would

it couwld e desiecmed. & second Eiffic

higher~-céircensicral trees dy izcuwiring

deconsirates a2 surprising difficuldty
z-d trees: taeir reirievzl crerciiozs
runtize zaznituce as thet zssocizzed

theorem skhows thaet tzere is 1liz:l

ti-dixzensiornzl trees. Therefors, an

E.
&
R
<t
o
|

)
i
L
¥
Ut
Y

k-d trees will te discussed in the Arpendix: that tkere is =o

knovn technigue for cerforming éfficiént worst-czse irser<icn zxnd

deletior orerations on thex.
The formal statezent of

ersegraza. In that theoren,

e}

the symtols "q" and "»(g,k)"

will denoue 2 tartial catch,

Theorea 1 is given in <he next
as well as elsevhere in =nis terer,
will te used. The forzer s

partial region, or total regiocn

J
cuery; the lat=er s:mbol will denoie <he vzlue of 1-1/kx whren g

is a vartial or toital region query, and l-s/k whern ¢ iz 2

b 2 s, - —e  sevny 9, haud - 3 e - =Ya d = -
sertisl zaten quer, with s Ieyrs spacified. Thus, his neo-ztion
- . - 1‘3 O J Y - - S e - =
will heve O(“-(- ”) ues1*“-.e the zazni-ude ¢f worsi-czze rmimtize

that tre rrevious theorers of Zentley, Zee and Veong zitrituted o

near-ileal -~ <%rees,




Theorez 1. The worst-case retrieval tice rneedled fcr searching

~VL and tounded talznce i-d irees will Te cecnsisientily grezter
+o(a,x) . coe s o o s
than G(X = ) tize. A more srecific descrirtion of inis

*
1untine ¢can be zgiver if the sy=tols S(EP (&"’“‘“)) ard

*(a,k,2 5 . s S s
O(Np (a,x, B(o”)) are used %o denote the magnitudes ol tre
worsi-case reirievzl tizes of AVL and 33(K ) k-8 sreez Trnier
these circuzstzrnces, the following Two inmeguelii
(1) p* (g, &, AVL) > rl(q, X)

(2) p* (q, k, 38(&t) } > =lg, X)

Proof: Similar technigues can te used o verify the thecrex

for any cuery g end for any integer 2 22. Withoutr sutstentiszl
loss of generaliiy, it is thus suificient %0 Trove the “thecrsx
for the czse oi cartizl zmzich seerczes izt steciliy one sy Iz
2-d trees. -
If ¢ is a gquery ¢f this tyte, then Zexnsler's iheoren Imrlizss
that 9( 9,2 ) = 2. To prove ihe rresent iheorexz. we must *herslire
show thzt zore than ¢ time is needad %o sezrch worsI-cgse ~7L and ‘*
BB(Al ) trees. Ve shali do ithis oy consiruciing & seguence oF
} trees tuat recuire 0(31°g32) cuery time destitve the fzet thew ‘;
they saitisfy the i7L 2nd 32(1/3) criteriz.
The syxbol T(;) will denote the j-*ih trze i this sequence.
If j=0, <hen <ie :crresponding T(j) tree will te Zefinad o e
a2 one-ncle irge, I (20, then (7)) will Te inductivel;s delinaid
+0 te 2 concztenztion of three T(j-1) fress i the meonnier zhcum Tol:

t v - . [
- g
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T(_‘)-D\ \
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S BSTRET N
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S

-

Consider a taritizl match requess thai seeks the record iz Z(3)

.. v

arzest cossible XEY 1 value. Using *trhe ctrincizle

=

which hzsg <the

bl

of irduction, it can ve verified thet %

~ - conmy
1313 search recuest will

14

recuire C(Zj) tize isince *re discriminztors of noces vy and v,
equal 1 and 2 respectively). Furthermore, T(j) can te easil:
seen to Tossess exactily 3J leaves zrd to 32%iisfy the VI and ZZ{X]

balancinz crieria, The forced concliusion froz trese crtservziions

-

is that ex AVI or tounded bslance 2-¢ <ree wiith X leaves caxn

* vlog 2 P - o+ . 3 m
require C(N—"S3") time to perform 2 tartiel maich search., Thus
the worst-case szmount 0f runtize reeded *to rerform rartizl =azzca
queries in AVL and bouxded belance 2-4 trecs exceeds ty an orier

of magnitude <ne corresrtondizg runitize for idezl tress. inal=zzcous

- . : -

. . N o
T LoLus IoT

reesoning can te used to show that Trne saze imegullis

P - - -w e ~ = 2 Ve
any otner gquer; q 2nd any otner dimerncica i

o)
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this ar<ticle ccatzins

3
2
o
(4]
[
6]
[o))
[¥5
i

Corzent 1.1: gt <he end oI

P . o W etpe . -t
a list of trhe vearicus values *hai p*(g,kx,AVi) and p¥(g,iz,33(X))
may assuze for different queries ané dizensions. The atrendix
that soxe cueries nave T* values conly slightl:r atceve

their p(q,k) values, whereas other cueries razve guite large ¥

values. The most sursrising result is that »%(a,%,AVI) frecuently
equals ore. This means that searcres throuzh AVL -4 trees ofiex

consurie the szme C(X¥) reirieval tize needed by an exhausiive scan

througk an unordered list!

Conrent 1.2: The appendix also contai 2 descriziicn of tihe

expected Tize needed to cuery raxndomly consiructed k-d irees.

Phig runtice is sizilar to that of AVL ané boundeé tezlaxce k-8
trees insorzr as it exceeds the zmagnivude of ideal k-3 irees.

Once 2g2in, therefcre, we see trhat & one-dimensionzl 4ree iheorex
(which s*zt2d *%zat randozly zenerzied itrees 2zve the same extac-a

search tizme zs ideal trees) has no anslog for nigrher-dirensicnzd

k=d <rees.

fh
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PART IT

Lany of the trees in tke recairder of this rare

L |

will <ech-
niceally not te k-d trees but willi ratrer te soxething very sizilesr i

f called k-d* itrees. 70 understand the distinciion vetiween <hese
| concepis, ore zmust first recall ithat the definition of k-4 trees
éﬁe 727 required tkat there exist a one-to-one ccrresporderce
between ithe nodes of the tree in cues*ion and the elerments of
the list it represents. The definizion of k-d* trees will
differ from that of k-d trees by xkaving this teirinz exist
only tetween leaves of <he k-d* tree ard Ihe elexents ol zhe
corresponding list. -

It is trivial to show tha?t all the order of zzgniztud
retrieval runtizes previously zentioned in conrection with
k-d trees are equzlly valid for k-d* trees. The razirn iz
differezce teiween ithese itrees can be undersiood once record
deletion ozeraticns are considered, Given 2 heigh< of h, i3

is fairly eesy to show that C(Zh(l'l/k)) and C(h) worsi-case

runtires restectively 2re needed to rerforz record cele<ion

operaticns in kx-d and k-é* <irees. Deleiion operziions in kI-G*

rees are thus nore eZficient than treir k-& <ree counterzaris.

Cpnsequently, ==d* trees will be the =ain tree siruciure
rployed in the rest of this carer.

Iet f dexnoie a forest of k-&* +trees wihose lezves collectivel:-

N c e s s . - P .. - .
rerresent a list of 1T records. Tor fized integer J, forest I
=
o “ S - - Loa =% -/ T ~ 2 e - caN g el Aaa D
will ve s52id t¢ s32=izf ke T(J) Towndinz ccenditicn iF for
——— — Y — —— S——




bt . A

whose hei~ht is sater zhaxn h. Uhis raver will shew that the F(J)

v [

bound forests d¢ for x-d trees what ithe AVL znd 33(X ) conditicns

did for traditiorzl cne-dimencsiornzl scrted lists. The diszcussion

S

of this toric will commence with zn initicl thweorem atcuil werss-cscse

[o])

retrieval tice, and will subseguently turn o record-insertion znd

dele*tion runtirces.

Theoren 2: 4 vartiszl rmeich, dartial re

cayr 4 bokdng *A = - 3 2 i P,
jiery in an T7J) bounded Torest of k-d¥ trees will rever rezuire

J
pore %han O(.-‘-( ’K)) resrievsl tize.

Prool: Tae worst possitle re<rieval runiize for an F(J) teouzd
forest resuilits vhen this forest consists of a ccllection of <rees

A - S e aS amld Fs & e yare A v e
1y cne trze of neightv equel to o for every n sziis

ct
oy
o
ot
[
W
wn
[0
v
[1Y)
0
ct

OSl:ﬁ.logzﬁ + J., The earliier <theorexs oI Zentle;, lce and iong
(

o

irpgly that nc zore shan C(2h'p q’“)) runtize will ever Te nesisd
to rerfor= cvaery a in & tree o reight 2. It thus fellows tizs
the maxizum tize zneeded to cuery all the irees in the F{J) townd
[Log T
forest will %ve 2
h=0

saovn t0 te less <nhan

Lo Y Yo ] FR) - P, - - .. I s - ~ & -
The Ytrzckesel zart of the latier extressicn zxoulld Te rezorial 2s

2 - ¥ ¥ 3 [ $ &= A - e md e L}
e roitize coelficient (since it Sces gt connaln 2 wverictle

Vermee vea - - et , e

.o
v

e A Nee A
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Cozment 2.1: The specific value of the runtirce coeificient of

F(J) bournd forests will of course dezend oz tze value of <.

'-
4
’

this rarer, ¢ will always equsl 1. The ssscciated ccelfficiens

will be quite efficient, and it will exceel the cocefficient oI
near-idezal k-é* irees by a factor of only 1 . (%Tkre

" 1pple,

g
N

-

reason why the nreceding sentence used near-idezl raziiher tharc
ideal k-d* irees as a Ytasis 0f coexrerisorn is thet idezl -¢

trees are izrossitle to consiruct when 2 file zas other than

1, .
exectly 21< records:)

ny
rJ

Coznmert The collective izplication of Theorezs 1 2xd 2

)} touné foresis of k-d* trees are mkre &Sczrs thon their 1TI

[

em EB(d) couaerraris, and that these foresss have a reirieval tize
magnitude wihich egquzls that of ideal z-d <trees. These resulss

ere surcrising tecause they indicate *that k-& {rees texzve in

the exzct orsosite manner as tree recresentatiocns of sorteld lists.
For sorted lisis, an F(J) bound fores:t weculd be less 2°Ficient
then an AVL, 23{cA ) or ideal tree represen-aiiocon, since it would
recuire C(los YY) reirieval tize. Thus, a techrnigue which was
inherently irefficient in traditicnal <ree applications will Te
shown in tals zarger to attain the ortizal rmutize zzgnitude

in the context of a2 multi~céimensional d;mexic envirernzment.
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PART III

This section will show ithazt ary reccrd cen hte inzersed oo
deleted frcez= a2 valanced forest of k-E% treec in Cilo
The discussion here will ve diviled inse two rtarts res:tectiivel;
examining optizization of CZRT erd worst-cose zecsured rminiize.
To define the former zeasurezens of runtize, we recuire ihsi

i) the s;ymbol A denocie an alsoritrhz which terfcrms insersicn i

~ P R S - ] o+ . oy ——- S =~
i and cdeletion orerztions i a date siructure dencied zs 2

ii) C denose z sequence of imsersion znd delesion com-amds

whose lenstih is dezozed as |C|

1ii) data structure D recresent itihe extii 321 0F recoris
n before ccrmzand secuence C is executed (

~ s - - —~—— o~ ~ - - corm 2 - b b -

Under trese circumsstances, alzoriihz 4 will Te said ¢ zave =
~ - - -— A F . LA e foy I S R N

CEZRT (tre acren;m s=ands for "Conservative Zsiizaze of Zun Tize")

L

|

F

)

- 2 o8 - - v -~ - B T P
ecual to R iff [C| R rerresenis the zaximux amount of Iize ihel

eny secuexnce T czn feorce & 1o comnsucze,

=,

The uselfulness of the CZRT criteria iz zhe desigm of
elgori=hos was treviocusly deconstrated iz Wi-T8. There our
=] 2

D o o =2
rerformance of & ceomtlii-

(13
O
V]
)
ﬁ
(/)]
(3
o]
(o}

e]
ct
R
bt
[N
[}
(4]
[o]
151
chk
153
o
4
o]
H
(1)}
<t

|
[p)
{4}
0]
[0}

; ‘ e L] > - - - o M A -
| cated data structure celled & suzer-Z-iree. Ve cid =z oy

i avoroacring the subject master

a
'
1))
ot
O

'
f
Q
-
3
;\}

H
i
"4
(6]
[
QO
O
o
4]
()]
'l
‘:
[§i]
}

develosing zore soszzisticated 2lgoriithmes which oztizized on

- - ATTM . - - - < - : Smd s
expected, CZZT, and worst-c2se Zezsuresd runtize. & sizilzr
I
o g vy Py g - e P O < = % - ~ ~ - -
tozdown =eti:od ¢f tresentaiicn will Te used lers Teczuze oF
. i . oo .o d - A LR Y < - —
its clarit;, zs5 well as its zosvential uselulness i = lirrge

g Sy = - oS . - o .\
. rucber of differsnt trTes of comnuter aprlicasicns,
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Our algorithm for optimizing CERT-mezsured runtize will Te
called INSDEL-l. 1Its argucents will consist of an F(1l) bound
forest of k-d* irees (denoied as f) and =z comzand %o either
insert or delete 2 record in tiais forest (denoted as z), The
purczose of INSDEL-1 will te to aztly coz=znd z %o forest £ in
a manner that recuwires logzx CERT runvize end insures <2zt ke
F(1) bound conditicn will coniinue *c hold afier z is executed
The sgecific Trocedure used by INSDZIL-1l will consist ¢f th
following three sieps:

1) If z is an irzseriion cecxand, then 2482 2 rew one-node

tree to Iorest £ that consists of the desiznated recorc.

2) If z is a deletion coz=zand, a2rd if r derozes 3ike recorid

specified oy z, then dezllocate the zerory stace of Toil {

r and its fatker (the laiier tecause an interior node

in a2 binary k-3* tree kas ro rurpose when it rossesses

only one son). &lso modify ixze izformation i

o
-

0]

4]

grexdfatrer to reflect these cnan:es (vwhich zeans

that its previous vointer <o r's fazther sxhcuwld

changed to a pointer %o r's trother).
3) Note that siers 1 and 2 are carable of causing £ to

violzate the F(1) dbound ccndition. The purrose of

--:

this ster will ve to further Sodd

the (1) balaxnce is restored.

S - ta o= -~ 2L % e )
of this stex con be Test exzlizined if 2 Jdenozes ik

= B 1

larsest in-ezer such that zor: thzn ricg f1 + 1 -2

+h
4

of £'s +trees have 2eizght > h, and if I cenotes =zie




%
B
i

3 - > sy M + hl ¢ - <. & o
least 1nte5ez‘;z:: such tnat zll the Irees iz WneSe

neight is less theaxn or ecucl 0 L nzve & combined

—a T -

the itrees of neight < L znd coztine them inso a single

- ~ . ’ . -— . . .
k-d* trez2 of height L (usiig Zentley's iree-ouild

algoritan),

] + \NT O, -+ a5 - erd e ./ <
Theorer 3: Let M dercte the zexirus numter of reccrds

errear in forest f during cozmani secuence C. The zbove

rrocedure will rave an C(logzx) CZRT zeasured rmunti

Zroof: tep 1 of INSDZL-1l can easily te seen 10 consunie

runtice, and ster 2 will consuze o more *han C{loz ) +:
(beczuse of the restriction on the reizir® &nd nuzter of =<
=

g8lloved in 2= F(1) forest). Thus onl: ihze rmumtize oF s*e

“ - vlaa

-

needs t0 te verifiad 1o rtrove the thecrez,

Bentley's k-4 zTree constiruction thecrexn izplies hes
invocatior ¢f s<er 3 will consuze C(12
construcys 2 tree of reight L., Fur
verified thzt %here will exist no more *han L?'L+llc
during secuence T when & tree of heizght L is ouils., The
izmzlicz<icn of these ctservaticrns is thet sten 3 ceanne:s s

Viea

rore then 2L ) €} runtize construciing Srees vhuse heigns

trees in an Ti1l) sourd forest nzve el
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€

W

S

} s

inplies that the tctal tize constructins these trees zust be
than
[1og,l+ 2

E 2L | ¢
L=1
The zbove sum kas an O( | C | log2x) zegrizsude. Dividing ihis

quantity oy \C\, we obtain the resul: thet ster 3 haes 2= C{lcz )

—_Tmn =
C=ZAT reasured runtize.

The coz=bined inrlicaiion of theorezms 2 and 3 is of ccurze
thet F(1) bound foresis of k-d* “4rees have efficient resrisval,
insertion and deleticn runtizes when Jjudged %y the CZRT crizeriz.
The finel goal of this pzrer will te t0 develor 2 s3ill =ors
efficient 2lzcrithnm which optizizes c¢cn worst-case runzize. -

The nature 0f <he tacsk zhead 0f us czxn te undersztood cxce
it is noted that worst-case runtize opltizizaticn is conly siizhziliy
more difficult tran CERT optimiza<ion. 7ITxus the O(log
runtice of INSDEL-1 will te auscmaesiczlly ccozversed inso & =irisi
worst~-case runtize 1if the wvariance iz rmimiizes of the comzands
of sequence C is sizply recuced.

3 - > hJ e
The algorithz wrich rerforms worss-

0O
Y]
10}
o
(o]
e}
ct
}J-
}
4
3]
%
ol
'y
Q
8]
'l
1

this vager will te called INSDEIL~-2(dl ). <Ike & rtarcmeser of
this algorithz vwill desiznate & runzize ccefficient which must

- AP T
be zsrezter <hax 2. INSDZI-2

ews 3 P - Rl - S
will Ciffer Irom IUSZZI-l Zzinl:

with resztect to the last sentence of ster 2, The distinetion 2

[&)]
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that the latter zlgorithx= will izitizte &n eveluticnzry trccess

.J.
/4]
(1]
J
(0]
4
I
=
[o]
]
fu
ct
9]
o
(¢}
]
3]
<

C

o
4]

for gredually zergin

v one ratrer
- ~ "y o~ ~ B - ~ v . - v P T I ™
than rerforzing tiiis zerger ogeration iIn orne single tize-conouzming

- - -

ster. £ ) denotes tiie nuzber of records ithat should te inserzed
into the new merger tree, then the INSIZI-2(cf) evoluionzr:
process will be designed to build tre new tree in Tiecermesl

fashion durirzs the next X/ insertion 2xd-dele*ion comrmaxn

(7]
6]
1)

-

Essentially if I log ! denoles the arproximesie amount of work

h)

needed to tullid the whole k-¢é¥ tree, tren <his sveoiuzicnear:
process vill exzerxd O log M runtize building <he new iree

1,

during ezch inserticn and deletion commzné. Such technizues

H

can be formally vroven to rroduce an INSTILI-2 procedure crerziin
in O(cﬂlogZI) worst-czse muntime.

The previous w0 tarazrernis viere iniended to insuisive
introduce the IIISDZL~2 procedure oy exrlaining i4s relciiconsihis
to0 IIISDET Tre rest of this raper will zive a zuch ore
detailed descriziion of INSDEL-2 and its rmux'ize Ic. =he termelis
of those who wiskh to fully uncderstzndé the suoject z=zitier.

The dzta structure mezmizulaed by INSSEL-2 w2ill consizs
of a forest of k-&% irees (ceno*ed zs ), tozetrer wizh 2
dictionary (denoted zs d). Each tree in £ will have two
flags associzted with it. The Jirst flag will indiczte whezher

the k-d* tree iz "par+tizlly consiructed" 23 orrosed o "comTlezel:r

v 3 n b/ - -3 - <& ~n * S o S
construcied, Tne meegning of thls floz con Te unierzseoed cnece
-~ elles - - =, e o m maa Y 5 P —-ta . TSE ST eme .
it is recelleé that the nrevisus zarazsronas indicused =rhzs IIIZZXRI-C

N - N ‘. ota - - - . . -
woul“-zzzaual;; construcs its new trees over an exsended tericd

e

- s
o -
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In this coatexi, 2 tree will be seid to te irn a "rartielly comsiric-

.

ted" state if it is rot yet fully build, a2nd "completely conmsirucie
otherwise.

The second flag will indiceate when 2 X-¢é* +tree is zlanred
to be removed froz the forest of k-d* trees. If IISDZL-2 is
currently building a rew k-d¥ iree which is the merger of severzl
0ld trees, then this flag will indidate that the older k-d* trees
are in an "aging" state (these 2zing irees will ve removed froz £
as socn as consstruction of the merger iree is comzleted). If e
k-d* tree is not "eging," it will be szid to Te "rounz."

- The sy=abols of fp, fc, fa ana fv will te ;sed in <kis rerer
to dernote f's reszective subsets of "partially conszructed,"
"completely corstructed," "agirg," and "young" k- * trees.

Also, s;mbels such as fij vwill dero<e the interseciion of
the fi and fj subforesis.
In addition to forest f, the IIISDEL-2 rrocecdure will

require a dictiozary 4. Given 211 k Zevs of

ssecificd reccrd,

Jo

this dictionary will ensble IISTZI-2 to locaze *rhe record's
rosition in £ in 0(log N) worst-case iize. The diciionar:
will also support 0(log M) worsi-czse record inseriion zand
deletiozn ogeration., Dictiorary & is included in INSDEL-2's
data structure because the algorithz's szcord siter will require
it. Dictionary d can easily Tte ixrlexmented b” using a 3-:ree

with concaternated Zeys sizilar <o that of ILun-72. '

[¢8)

In our forzal desaripsion of INSIZI-2(A ), i =1l Ye

assuned that z denotes zn insertion or deletion comrznd., The

el
= P~

K . N ol o S
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INSDEL-2(cA ) nrocedure will heve five siteps -- the first three of
which sre eitrer identvical or siziler to their INSDZL-1 counier-
perts. These five sters are descrited telcw:
1) If z is an irsertion comzand, then z2dd a2 new one-record
tree 1o the fcy forest that consists of tre cesignatad
record.

2) If z is a deletion cexmand, itken use diciionery 2 o
locate the trees in £ that coxntiain this reccid. DIa2leze

these records using a rrocedure sizilzr to0 siep 2 oF

0‘)

IIISDEL-1.
3) Let h derote the largest inieger sucz that z—ore ihan
riog f] + 1 - h of the trees in £_ have reigki D i, {
and let L dexnote the least inzeg r = h suck thas zil
the trees in fy whose height is less
have no zmore trar 21 leafrecorés, This ster will orier

the initizticn of the evo_usicnar: trecess ‘descrited

in step 4) that will tuild =2 new "zerger" =ree out of
the leafrecords of shose itrees in T whick (a% ik
time this trocess waes initizted) hed a heighs £ I.
(The change of flazs accoxzpanying this step will of
course cmove the affected itrees <from I, to
4) Let us recall that 2entley has shown *hzt 1D log I
denoves the gmount of runvize needed te Tuild an
i~-merbered k-d* <ree. Thais s%er will gzend o log i '

units o0 runtize on ezchr “ree in f£. o consinue The

n

oy b gy sy a an ~

. evoluticrary trocess wiich is graduslil; consiructing
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these trees. (If this step cozrlees *he process of
constructing 2 full zew tree, it will instruct the
Q garbage collector to dezllocatie the rexory space of
the associzted "aging" trees whose records have been
incorporzated into the new tree.)
5) The last step will update dicticrnary d so that it also
reflects the recoré insertion or deletion cor=and vwhich

vas izdicated by z.

Theorex 4: If parameter ¢! is chosen to be greater than 2,
then the INSDEL-2(cA) procedure will '
i) possess an O(IngN) worst~czse record iznserticn ard |
deletion ruaticze
ii) irsure that tkhe forest f will occuzy no more than C(I1)
space
iii) alsc assure that forest f consistenily enatles Tartial
match, partial region, and total region queries to bve

]
perforzed in O(Np(q")) worst-case reirieval ti:x N

Proos of (i): It is sbsolutely trivial to show that sters

1, 2, 3 and 5 can be executed in CO(leg ) ruatime. Thus only
step 4 remeins to be considered. If |f_| cenotes the nuzber

of trees in forest I_, then tiis ster zmust consuze no zore than |
[ 4

- - . Y i
cklféi log T rmuntice., :urther:ore,lf,l cen Ye shcwn S0 te szlwals ;1
strictly less than log 7 + 2. tep 4 can <hus conswte n0 ocre |

than 0(log23) runtize.

oD
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Proof of (ii): BEvery reccrd iz our file can te shovm t0 hzve

ch

ts nare arrear once in dictionzry &, once in tre £ fores:z, 2ni
$0 have no more ithan +wo addiiionel 2niries in %nhe f_ fcrezs
This izplies that a2 total of no more than arproximately 47

units of mexory srace is needed by the INSIEL-2 da*a striaciurs.

A}

Prcof of (iii): Consicer =z reirievel algorithm which exzle:rs

tae procedures of Zentle;, Lee and viong to sezrei 2ll the X-G~
trees in the f, forest whenever the user gives 2 query recues-.
Theorém 2 izrlies *hat such 21 2lgori=hz woulé have zr. O(XF ‘%>
retrievzl tize (Teczause fn is an P(1l) bound forest). Unforiumzielr, !
we cannot use thris search algeri<hm in the contexxt of the INSZIEI-Z
update procedure tecause that trocedure does not guarznitee that
all of fy's trees will be fully consiructed. Instead of searcrinz
f_, we zus

ot

sec

H

ch the £, foress {all of wrnose irees are S1;

y,
consitructed)., The difference teivieen f_ =rid £.. czn be showm

c - em
10 izcrease reitrievel ti-e Tty 2 facitor of no zmore than -7~ . _
v - :LC‘
This quantity suould te regzried as a coeificient, since
El
i

Ve my
Cssess T.le

. Eence fc fcresis

e i o
same O(Hy(q'“)) retrieval %ize as fy forest*s. o
1

CA's value is izdevercens of

¢ ]

B T3 < * - *a - -y - ¢ i

Co=zent &,1: ¢ deliterazely left ithe value of ihe rararezsr o« |
1§

2 < . ——n - \ S ]

unszecified in she abeve deccrizsion ¢f the INSDEI-2({ ) zrocediure |

because lerger vzliues of O{ will zake the coelficient oS reirieval
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time improve at the expernse of a less efficient worsit-cese inserticn
and deletion coelficient. The optizel croice of coelficients will
thus derexnd on tze recuirermexnts of the szecific azslications. It

should 2lsoc ve stated that INSDEI-2 {+ €2 ) = INSDEL-1.

Comxent 4.2: The discussion in this paper was iniended %¢ be
primarily theoretical, and deliterately zveoided sucih issues 2s
vaging and the fact that comzuters are 4yTiceally much tusier
during sorce cericds than during others. It is fairly easy o
revise the proposed algorithms to take these sdditional
consideraticns iato acccunt. For instance, neards; nodes

in the k-é* +4rees should ve s%ored, as often as ctossitle,

on the same page. Further—ore, ster 4 of INSDEL-2 shoulé be

treated as a background zrocess whese execution is tyzically ]

deferred until periods when the computer would otherwise be idle.
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CCNCLUSICI

In this article, a2n algorithm wvas Zirst develcted tihast
opticized on CERT ruatice, &nd it was subsecuently imcroved
to optimize on worst-cese runtize. a4 sizilar tordowm zethcd
was used by us previously to desigz trhe surer-3B-tree zlzoriirx
(wi 78, ¥i 79). Rivest's conjecture izmrlies shat our k-d*
forest algorithm has the best rossible rezrievel tize Zor 2
data structure which occupies O(XN) svace. In 211 lilkeliloc
other efficient worst-case glzoriiics cza: also ve develcred
by firs*t ccnsidering C=RT runtize and thexn adding itze further

nodels neecded for worst—case optimizetion. We sirongly

reconmend this arvroack in topdovm design of a2lgoeriiizms.
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APPENDIX

In T™eoren 1, it was indicated trhzit AVL, E23(o{ ) and randocly-
constructed x-d trees woulc consistently rossess runtize zegni-
tudes larger than that of their ideal tree counterrarts. Ihe
purpose of this eppendix is to lisi the specilic runtizes
asséciated with these trees. The first three listinzgs assuze
that the user haes made a Tertiel zatch guery that has srecified
8 out of the possivle k Keys. The runtize for rterforzinz <his

. . o] e i -
partizl match query will have axn ¥ Zagziiude where T eguels

r . ] .
i) = s‘— sle" Tl for the case of worsi-case IT{&K)
=2
trees -
ii) the mininum of kK - s and one for t

E [Io5,(Irxs5 ) - 1]
the case 0f worst-case AVL trees

1 -
14i) the solution of the equation 25 = (1+v)Y™% (24p)S
for the case of a randomly zererzted iree

The runtine —agnitude for a2 region or rartial regsion guery i

D)

any of these k-d trees will equzl the rartial match runtize
that results when one Eey is srpecified (zlthoush ihe ccelficient
will be larger).

It is also izssructive +o inquire wnether or nos teckni:zues
exist for executing efficient insertion z=d deletion oreravions
on AVL and bounded bzlance k-d trees. Ve conjeciure <thst ihele
is no reasonable zezhcd for oztiiizing either <he CZZT or worcsti-

L7 2aal

case r~sine for AVL i-d trees. IZounded valance -8 irees zre :

zuch ezsier %o zmanirulazte: thery can te cssigned inssriicn exnd

. e S
deletion 2lgerithus which operate iz either O{log”: CIRT or
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worst-case runtize. The latter procedurs does have one seriocus

. 4

. drawback: it censumes T log IV units of additicnal zexory stace. ?

This z2llocasion of mexor; srace comzares unfavorabl;y with tre

last section's k-& foresis and i3 2 serious disadvantzse veczuse

one of the purposes of k-4 trees was to ccnserve zezor;. Thus
.

we see that balanced k-3 forests are more efficient tran AVL

and bounded balance k-d trees from both the tersrectives of

retrievel anéd upéate orerations.
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