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NEV DATA STRUCTURES FOR ORTHCGONAL QUERIZES

By Dan E. Willard
Harverd University

Computer Science classification: 3.73, 3.74

Teywords: multidinmersionel searciing, partial maich reirievel,
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The epplicztion of pyramid-like dzta structures 0 multi- t
di-ensionel gueries has been exrlored in three recent czters
(BS-77, Iu~78, 7i-7€). It will be shown here thet many; of <he

earlier results (includirg some of our own,; czn be imrroved ;-

g factor of log N with & slightly nodified datz struciure thcos
1-- - L=
enzbles k-dimensicnal sezrches *o te zerforzed in 0(log™ 1“) tize,

The naw revised pyramid structure cz2n bte mede sufficiently efficiexnt

ir a §;mexic eavironment to have an O(logk’lj)

recoré~inseriion cnd
deletion runtize. Queries for the srecial two-dimernsicnel version
of the provosed prremid will heve the szrme combinasion of C(leg 1)
retrieval, insertion and deletion runiirmes that has itrzditionzliy
been associcted with one~dirensicnal sorteéd lists., Cur L-Cirmersionzl

Yelors

pyranid data structure will occury O(ii log X) spece. The
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coefficient zssocizted with its mezcry srace uvilizasion will only

be epproxizziely 5C% lerger than *thct of the oterwize ccncilerchtly

less efficient pyrarids of BS-77, Lu-78 and Wi-78. 4lso, it wiil
be shown here how the combination of the concertis of this peper
elong with Be-75, Ri-76, Wi-78 and Wi-78a can be used to develo:

very useful partiazl mstch data structures.
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SW DATA STRUCTURSES FCR ORTHOGQNVAL TUERTES

By Dan E. Willard
Harvard University

There has long been an apvarert need for an efficient dzta
structure whicn supporsis re<rievals on a conjuncticn of range
predicates sizilar to

8)<KEY.1<b; & a,<EEY.2<b, & ... a, ¢ L2V < By
Following Enuth's suggesiion (Xz-73), a2 series of articles hes
appeared within the last five years discussing this ovroblenm
in the context of a data sitructure whiech occupies C(XY) srace
(¥B-74, BS-75, Be-75, Lu~-77, %Wi-782). llore recen:l:, seversl
papers have begun to apreer which discuss tne imdproved retrieval
tire resulting froz an allocation of O(X logk'lﬁ) Zemory atsce
(BS-77, Wi-78, Lu-78). This article will show now a subile
change procduces a dramatic izprovement in the pyra=mid-like
data structure of the latter series of articles.

In our discussion, L will deno*te the initial lis*t of elerents,
L, the subset of L that descends froz “ree-node v, an Po(k,l)
the k-dinensional pyrenié struciwure that was advocaied in zhe
previous articles. This pyrexid will be incductivel; cefined

according to the value of k as follows:
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1) If k=1, then the corresponding P _(k,L) prremid will te
defined as a tree recrresentation of list L that hes
an C(log Ii) height and has sorted its records tyr
increessing Z2Y.1 value.

2) Given thet k-1 dizensionzl pyranids zre vreviously
defined, Po(k,L) will be inductively defined as 2
tree vith C(loz N) height thet hes the records of I

sorted by increzsing KEY.k velue and which 2dditicnellr

associztes ezch interior node v with a2n zuxilisrc

e akn TS e 1 o - R ot 1 37 A1 ety e, Oy

Po(x-1, L,) pyrezid. This suxiliery pyremid wes

JVRGRYS

ca2lled an SDS field in Wi-78.

oM s

Por a guery q of the caroniczal forzm

8, <7E¥.1<0; & 2, <XEV.24b, & ... 2, <EEY.z<b,

S gttt w0

the following terminology will be used:

i) SET(q) will dero%e the subset of the

initial file that satisfies g

ii) CCOUNT(q) will denote the number of
records telonging to SZT(q)

iii) given 2 previously defined function F,
SUl(q) will denote ithe sum of the
F-values of those records belonging

to SET(q)

The "locate-and-copry" time of = syecified retrievel alzcritin

will be defined zs the amount of runtine needed by the rrocedure
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to find and transfer the rezbers of SET(g) into the user's work-
srace. This concert is rnot very useful, beczuse the degenerzte
case where COUNT(q) = N forces all vrocedures to keve an O{I
worst-case loczte-ard-copy tize. Consequenily, arother notion
will be necessary in our worst-case znz2lysis, and this rvaper
will rely on the following two measurements:
i) the "locate" reirieval tize of a search rrocedure
will be defined as the difference obtazined when
subtracting CCUNT(q) from +the locate-and-copy *ize
(worst-case analysis of locate runzime is rmearing=ul
because this quantity has beenrn automatically adjusted
to avoid the trivial degeneration that resulis when
COUNT(g) is a large quarniisy)
ii) the aggresate~scan time of z reirieval algorithn is
defined as the zmount of time needed 4o scen the
SET(q) collection of records for ike purrose of
czlculating one of its aggregate values, such as
SUM(q)ar CCUNT(a).
The aprrlication of the gbove two cencerts to Po(k)
pyracids was discussed in 3S-77, Lu-78 and Vi-78. Sorme of
the results obtained in these vapers were quite similar, since
they were writien during overlappinz time zeriods. 'Vhzt was
knovm about pyramids previous to this article is given below:

1) SUK(g) and COUIMM(q) car be calculated in O(loZ )

worst-case aggregate-scan *ize (2S-77. Lu-78, i-78).

)




2)

3)

SET(q) can be calculated in O(log “1) worst-case locate

time (observed in Ti-78 zs a.sirsightforwzrd generzlizaiion

of iten 1).

If L is initi2lly the exmyty set, and if 2 secuence of 7
insertion and cdeletion commands are subsecuently ziven,
then the total tire needed *+o d;mamicall; 2djust Po(k.L)
in resrorse to this command sequence will have z worsti-
case C( logkN) magritude. First rrorosed iz Ti-T78,
Severzl nmonths leter zn indetencent cerivation of z tacsi
similer wrocedure wes rresented in a conference as Iu-78
The above result cax te strengthened to indicaie iz
existence of a2 »rocedure that executes individusl
insertion and deletion cor-mands iz C(logkﬁ) worsi~cese
time (Wi-78; 2lso in 7i-78b)

Several of tre above resulis can have their runti-

reduced bty a factor of log N in a taitch envirornzens

where Il oreraticns zre sizultaneously rerformed.
Such batch trocedures include:
Sa) an algérithn that constiructs an entire = (k,I)
data structure in II logk’lN size (35-77., Iu-78;
5b) a procedure that calculaies ECDF statistics in
N log5™lr time (BS-77)

5¢) siven 2 gueries of q) Gp e+ Qyy 2 orocedure

that calculates their SULI(q)
in N 10g5™ 1Y tire (7i-78)

1d CCUNT(q) veluez

* s




The discussicz in tais paper will focus on torics 1 throush

4 rether tnan the batch algorithms of tezic 3. It will te showm
here that the runtimes associzted with toviecs 1-4 can z2lzost %
reduced by a factor of log N, thus derivirg the new zmagnitude of
O(logk'lﬁ). e say "almost" because the criterion used for
measuring runtime here is slightly weaker than taet in 7i-78

and the previous references. The distinction is that the
earlier rarers discussed worst-case crxitimization iz 2 &
ervironrent, wherez2s the icrroved results of this raper are
either exgected runtizes in a d;namic cnvironment or worst-czse
runtimes in a siatic environment. OCur new a2lgorithm caxn be
controlled to ensure that its worst-case rerforrance «will
always be a2t least as efficient as that of Wi-78.

The symbols Pe(L), Ps(k) and Pd(k) will denote tkre three
nodified versions of the P (5) oyranid crorosed in this article.
Al) three 7ill occuzy *he same C(I lob{'l“) cuentity of -mezor:
srace Trevicusly ascocliated with T (k,, end each will solve =

slightly different tyze ¢f oprtimization trotlen. Zelow z2re

'd

listed the tiaree main results trhat will te troven in %txzis terer:

Theorex 1: The P (k) ryramid (of definitiocns 2 and 3
will trovide a static environment where SUL(q), CCUNT(q)
and SET(q) can be evaluaied in O(loﬁ“ l‘T) worai-case tine.
Theorem 2: The P, (k) pyrecié (of definitions 1l a=nd 35)
will czrovide a2 vartially d;nmamic environcent where SZT(c)

l‘: lﬂ\T\

can te locz*ed in C(log worss~-case time and where records

=1

can be inserted or deleted in C(log™ ~iI) exmected +inme.

e e e e S e e e . t
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Theorer 3: The Pd(k) pyranid (of deZinitions 3 through %)
will vrovide a2 fully dyrnaric eanvironzment where record
insertions, record delelicns, and retirievels of SET(g)

can be executed in O(logk'lﬁ) expected tize znd O(long)

worst-case runtime. (A comdarison of theorems 2 and 3

indicates that Pd(k) hes btetter update and worse retrievzl

time than P, (Xk).)

In addition to discussing the above three clzsses of p;remiis,
this raper will zlso make bricf zention of 2 new %;pe of zartial
match and vTartizl region query data structure wnich is cuize
similer to these pyramids. This new daia siruciure (discussed
in section 2) will eneble the user to izprove retrievel iime by

allocating C(I7 log i7) zdditionzl units of srace.
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PART 1 ;
The algorithms in this rarer will mzkxe frequent subrouiine-
calls to the surer-B-tree rrocedure introduced in 7i-78 (soon %
be widely disserminated in Wi-78b). Because of its imrortarce,
the next several rerzgraphs will summarize the nature of this
super-B-tree procedure.
In the forthcoming discussion as well as througkout this

paper, it will be assumed that our irees have been siructured

80 that there exiats a one-to-orne corresvonderce vetween th

ct

leaves of the tree and the record ol the list it recresents

(as opposed to a pairing beiween zereral nodes zné records).

An SDS field will ve defined 23 any auxiliary data struciure
which the user has created for tze purrose of describding
descendants of a giver intericor node. £ tree (whick is a

representation of a sorted list with C(log If) keight) will .

be czlled an augmented tree if it assigns z» SDS field <o
each of its inverior ncdes. TFor instance, the P (k) pyremids
(whose définitions were given in the sectné zaragrarh of this
parer) ere exarples of an augmented tree.

The surer-2-tree thecren describes thre wofst-case anount
of runtime needed to insert and delete 2 record in augnmented
trees, in terms of a2 parameter w that denotes the anount ¢f
runtice needed to insert or delete 2 single record in an STS
field. The theorem states *that arbitrary insertion and delelion

operations can be verformed within O(w log M) worst-case runiize,
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This result is significant btecsuse the surer-B-tree rrocedure

sirultaneously ensures that the sugrented tree will have C(log X)

worst-case height, and that no insertion or deletion com-end can

cause the runtize involved in adjusting SDS fields to exceed
the O(w log N) worst-czse urper bound. (A traditional 3-tree
algorithn (AVI-62, NR-73, AHU~T74) will not satisfy this condition
because O(wd) worst-czse time will be spen% 2djusting the SIS
fields when "rebalzncing" is performed.)

This peper's discussion of prramids will begin with the
Pe(2,L) because it is the si—rlest of cur verious gz raniis.

-~y

The definition of ?,(2,1) is given below:

Definition 1: A ?e(z,L) Pyrazid will te defired zs =&

two~part dzte structure consisting of =2 dictionzry D and

an augrented tree T. The former will be defined zs z B-tree

which has its records sorted vy Z£Y.1l and which rossesses

pointers thet mar each record of the dictionery; onto thre
location where the record is stored in the STS fiéld of

the root of T. Here T will be defined 2s a tree which Les

its records sorted by XEY.Z2 and which uses the followving

rules to define tke SDS fields of esch of its nodes v:

A) SDS(v) will be 2 doubly-chained scried list which hes
taken v's descendants (in T) and arranged then by
order oi increesing IEY.1 value.

B) 1In a2ddition to containing its name, the entr: for

record R in SDS(v) will cortain the following informeticn:
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i) pointers to the predecessor znd successor of R
in this SDS field

ii) a "IEFT.ZOWV.i.POIGTZRY thaet contains the zdéres

0]

of the least record ir the SDS field of v's lef<
son whose KZY.l vzlue is greater than or equal +to
that of R

iii) a "RIGHT.DOWJI.FCINTER" that sizilarly conts ‘k
address aof deleast record in the SDS field cf
v's right son whose IEY.]1 value is grezter thza

or equal tc thaet of R

Our first lerce will discuss retrieval orerstions in T _(2,I)
pyremids. In thet discussion, as well as elsewxrere irn *his zeper,
it will be necesszr; to stezk of +the nodes which zre "critical"
with respect to a range predicete suck zs a<{ZEY¥<b. in interior
node v of a2 srecified trees will te defired zs criticzl whenever
the following two conditions hold:

i) all lezfrecords that descend from v satisf

condition;
ii) the saze is not true for v's father (in otker words, cne
of the father's descendants does rot satisfy the range

condition).

Lemme 1: Let g dencte & iwo-dimensionzl cuer; ¢f the form

a1<BEY.l<bl & a2<2»~".EY.2<b2. Ir the conex* of the T ( 1)

-

pyrenid:
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A) search operztions for SET(q) can be executed in C(log V)

worst-case lpocate tire

B) insertions and deletions cer be executed in O0(log N)

eggected runtine

Proof: Orly proposition A requires verificetion, sirnce 3

is rendered trivizl by the fact that it discusses only extected
runtice. In our proof of A, the symbol IHF(al,v) will derote the
least record in SDS(v) whose KEY.l.?.e.l. The sezrch rrocedure
that A needs to lccate SET(g) will consist of the following

three ste:rs:

1) Find the address of INF(al, root of T) in log I tirce
(by using dictionzary D).

2) Let Iﬁ?(al, critical) denote the union of the IHF(al,v)
elements of those rodes v in T thzat are criticzl witx
respect %o a2<KEY.2 <b2. This step will comsiruct iz
INF(ay, critical) set in C(log N) time by using the
binary tree tkhat is rooted a* IﬁF(al, root of T} axnd
generzted by the ILEFT,.ZOWVN and RIGET,.DCVIT pointers.

3) Construct the sought-afiter SET(q) in COUNT(g) runtine
by maXing the obvious walk dowvn the list of "successor"
pointers that is generated by IHF(al, criticel).

The above algoritim ocbviously performs locate-znd-cotTy

operations for SET(g) in 0(log N + CCUIT(q)) time. Subiractizng
COUrT(¢) from this quantity, we obtain the result that S=ZT(gq)

[N

has an C(log IT) locate runtime. o

[




Willard - 11

The next objective of this vaper will te to design znd stzdyr
a new tyramid that is capable of efficiently celculating SUi(g)
and COUIT(g) values. This pyramid will te called Ps(z,L} aré

is defined below:

Definition 2: The P_(2,L) pyranid will be defired as con*ainirg

all the information of Pe(2,L) plus two additiorzl fields for each
record R stored in SDS(v). These fields will be dernoted as SUI(r)
and COUNT(R). In the coniext of v's SDS field, these fields will

specify the rescective SUL and COULT of the subset of SIS(v) wrose

4]

¥EY.1 value is greater than or equal to tke ZEY,l vzlue of

Lemna 2: n addition to satisf;ing rart A of Lecza 1, the
Ps(2,L) pyramids will enable SUIX(q; and CCUIlT(q) to be calculzted

in O(log N) worst-case aggresgate-scan tize.

Proof: Using reasoning siziley to Lemnma 1, it can te verified
thet a2ll the rezbers of the INF(sy, criticel; and ITF(b,. eritical)

sets can Ye found in log I time. The present lemrz follows Zrox

this otservation znd the fact thas

SM(g) = suM(x) - SULI{:)
x€ INF(aq, critical) :;CII'-I'F(bl, eritical) ;
COWNT(q)= 2 COUNT(x) - Z ccum () g
x € INF (2, ,critical) y €INF(bqy,eritical :
i |

3 g P S P RAN, :

BT L A BRIy
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The next goal of this section will be to design 2 Tyrarid
that optimizes on worsi-case insertion ané deletion tize in
addition to the exrected tize optizizaiion mentioned in Ilemra 12.
The proposed pyreamid will be called Pd(Z,L). Our discussion

commences with the following prelizinzry definition:

Definition 3: Iet s denote an interior ncde of an aug-eated

tree that is conteirzed in a P (2,I) pyracid, y 2 record in SDS(s),
x the rredecessor ¢f 7 in this SDS field, and v the father of s.
The s;mbol ASSCC(s,7) will denote the subset of SDS(v) whese
records R satisfy; the irnequelity K=Y.1(x) <KEY.1(R) £EY.1(7..

Definition 4: A ?d(2,L) pyrecid will be definecd as heaving e
data structure identica2l to Pe(Z,I) in 211 resctecis but ore.
The distinction is that the Pd(2,1) Tyracid will not kave =ny
IEFT DCWITLZO0IIT2ER or RIGHET,.OCWITLPOINTZER fields. Instead, eszch
mecber of an EDS ficld of F4(2,L) will contain +"o rew fields
alled LEFT.DOWI.IZAF end RIGHD LDCWI . IZLF, such that
i) each record v belonging to the SDS field of tre left
son of v will be associzted with & 2-3 tree whose
leaves are the LEFT.T .N LEAVES of the ASSCC [(le.f't scnd v), ;J
set arnd whese root p01nts t0 ¥
ii) each record j; relonging to the SDS field of the righs

sen of v will Ye associated wi<th 2 girilar 2-3 tree

wrose lezves are +the RIGID.ZOWILIZAVES of
v)

ASSOC [zrib.t son of

Q\O

Eal
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The zbove 2-3 trees of the Pd(z,L) pyracid will hercefor:in

|
|

be called marping trees. The runtime charscieristics of +his

pyramid will te discussed in the next lemxa., The 3roof of tial
lemma assumes that the reeder is familizr with the cheracteristics
of 2-3 trees that were discussed in AHU-74.
lemne 3: Zach of the following orerztions cen be derforred
in C(log ) expected and O(logZN) worst-case tize with tiae use
of = Pd(z,L) oyranid:

A) searches for SET(q);

B) insertions =2nd deletions

Proof of 4&: The a2lgorithn for terforming searches in ?diz,:)
pyraemids is identicz2l tc that of Pe(Z,L), excert that the forr-er

will treverse a rata from 2 DOUN.IZAF to the rcot o0f the associzted
mapping tree on those occzsions when tre latter would sizrly

advance to the position indicaved oy the correstondin- IIZZT cr

RIGHT.OCVII,FOIIITER. This differerce cezanot increase <he rmintiz
of the Pd(z,L) rrocedure by 2 fzctor of mcre than log ¥ (sixnce

2-3 trees Lave log I worsi-case reizhts). Further—ore, eisecied

retrieval tize should not increzse =t all, sirce :he

mazying

trees in the tresent application will have =n C(1l) extected heigh*.

Thus the trevi

o
expected and C(los“ll) wors+-case re*rieva

(2,1) will nave C(loz I

1l tices.

0
tx)
U

Rl il v x4 ot

~ly




Willard -

Proof of 3: It is sufficient to confirm tke prososition orly
for the deletion a2lgoritrrz, since the insertion rrocedure is
sirilar. Upon the user's cormand tc delete a record R, *he
following three-step procedure will be 2xecuted.
1) Utilize dictionary D (of Definiticn 1) and the menzing
trees to terform a2 straightforwrard search that finds
211 the entries for record R irn the SDS fields of the
Pd(2,L) T7remid.
2) Rereatedly execute the following ithree substers ir order
to rexdve R from each of txne abave SIS fields:
a) Delete the ILEFT.20WIH and IIGHT,.ZOW lesves cof =
from their mepping trees:
%) lerge the 0ld ==zpping *ree whcse roots teinted o X
into the magping tree whose roo%s Toins to 2's
im-edizte predecessor (in the relevant SIS field);
¢) Deallocate R's memer; space in the SIS field eax
make the predecessor 2nd successor fields ¢
predecessor znd successor point to eecrh osLer.
3) Remove record R from Pd(z,L)'s augmented iree and uce
~ the surer-S-tree algorithm to rebzlonce the zugmented
tree (so that it retains its C{log N} heizhi).
The C(logzj) worst—-case runtize of sters 1 and 2 can be
understocd given trne observaiion that the tize-consminz ceris
these stens consisted of O(log ) invocaiions of certe

specific 2=3 tree manipulation elzoritihms for which AZU-T4

a
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has verified an O{loz ) werst-case runtize. Tke surer-2B~tree
theoren indicates trat the amount of +tixme needed b ster 13's
rebalancing mrocedure cust have the szxme mezmitude 25 the ST
field updating which tekes place in step 2. Thus the corbined
runtize of 211 three sters of our deletion zlgorithm has the
O(logzﬂ) worst-czse megritude which Iemza 3 attributed to i%.
Sizilar reasoning can be used to confir— the O(log I

expected runtire of deletion operations. In essexnce, this
runtize follows froxz +the C(1l) exrzecteld reizgnts of %the nmerzing

trees. QED

The firal goal of this secticn will te to zencrzalize Iecomas
1 through 3 for k-@izensicnal zyromids., 2e2lew is ocur deliniticn

of k-dimensional pyranmids:

Definition ©: Let P, denote one of the s;mbols of 7_, °
e

e ]

Py» and let L, derole the subset of list L that is a descendant

of v. The symbol ?; k,L) will denote & t;zical k-dimensicral

pyre=id represeriation of L. If k23, then the associz<ed

Pi(k,L) pyramid will bYe inducitively defined as zn zugmented

tree sorted by ZEZY.k whose SDS field eguals Pi(k-l, Iv).

Clain 1: The poritions of Theorems 1 through 3 tha+t discuss
retrieval ti.es of x-dimensional tyremids ar= vzlid. (The
d

statement 07 these theorexms czn te fouxn

portion of <his tajper.)

-

2
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Proof: For k23, cornsider a2 retrieval ctrocedure <hat loca=es |

-

the nodes wiich ere critical with reszect to a, <IEV.: <x,

&S

that recursively czlls itself to search the SDS fields ¢f ihese

nodes. It is trivizl to verify that such 2 procedure will

Pi(k) oyranids to have a retrieval tire that exceeds Pi(k-l

a facteor of log N. This fact, coxbined with Lemras 1 ihrouzsh 2
’ & y

easily inductively verifies the clzinm

Clain 2: The corticns of Theorexms 1 throush 3 <het discuss

insertion and deletion rwntize z2re zlso vzlid.

Proof: The surer-t-tree theoren imzlies that <trhe uzdzsie *ize
of a Pi(k) prranmié will exceed *hat of P ( =1) bra factor of

log N. The claim follows frox the conjunction of this fact,

the prirecizle of induction, and Lezwas 1 throush 3.

Although the discussicn in this secticon was ceniered

peasurcrents o CFU runtize, the proxosed dsta ssructures
? P

also useful iz minipizing disc accesses. T¢ illustraie +hi

poin%, we consider the P (2) zyracid.

In 2 paging environment, the SDS fields of P (2) 3

should be arrangzed s0 that consecutive rasceords in sheir soried

& 1.

=
('8
/]
I34
6]
f‘)
5]
[ ]
(0]
]
H
[o]
3
ct
[
»
[0]
n
8]
i1
[y]
3]
9
[¢3]
(1]

and r the Tractien of

o
Hy
H
[¢]
(o]
o
Lp |
fo )
O]
D]
ct
o]
3]
(]
[oN)
(9]
't
fi
ct
(]
o}
H
0
0]
f
1
1]
}
[11]

Let & dexnote tie overzre numter

asa

ccuse

) ¥

QED 3
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file's to*al records tha® satisty ¢<IZY.2<4d., A full locate-
and-coyy oreration to reirieve the records saiisijing

a<Iz¥.1<b AID c<E=Y.2<4 froz a P_(2) pyranid will require

co :T('J) @y - - e 17
==L wuorst-case vage accesses (for scme sxzll

Cq, log M +

conssant Cl). In con+trast, the same cquery would recuire

rn T . . - - §
Cr log N + \_,Q%_._(__l exzected rage sccesses with a (CEY.1-scrted) B-xee

or some oiker convexntional methed of crgarizing a file. 4is r

is alwe;s less then one ané usuzll; very sz2ll, the Pe(z; Srrenlics

i produce & clear gzin in efficiency.
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. Note Added February 15 .

At the time when the November draft of this paper was com-
pleted, I was aware of the possibility of slightly modifying the
structure of the Pd pyramids by giving them mapping trees with a
"multiway" rather than 2-3 structure. Multiway trees have been
described in Kn-73, and they are the generalization of 2-3 trees
that assign each interior mode between 2M and 2M-1 sons (for some
fixed M). The employment of multiway mapping trees in the con-
text of Pd pyramids would produce an improvement in the coefficient
associated with retrieval time at the expense of the update runtime
coefficient. Such a modification of the runtime coefficient was
not mentioned in my entire draft because I did not consider it
expecially subtle.

I now realize that multiway mapping trees are more impeortant
than I previously expected because they can be used to define new
magnitudes cf runtime. This can be done if M is treated as a
variable rather than a constant. For instance, if {1 is defined
as the least integer such that MM:>n then the multiway mapping
trees will produce a log log N improvement in retrieval time at
the expense of an log N/(log log N)2 worsenning of update runtime.

2
K k+1 N/(log log\T worst-

Hence ; a log™ N/ log log N retrieval and log
case update can be associated with K dimensional pyramids. This
change in worst-case runtime is produced without alterning the

basic logk'1

N expected runtime that is associated with Pd(k)
pyramids. t appears that many users may desire to emply this

technique since a high priority is usually assigned to optimizing

retrieval runtime, Further improvemerts in the magnitude of

retrieval runtime do not appear pocsible withcut seriously

damaging the werst-case update runtinc ascociated with Fd(k)

pyramids.
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DART 2

One serious diszdvantage to the data structures of =z
og“

ct

her consume O(i7 1

3 -
2 is thav

o]

preceding sscti
allocation of memory space will generall; ve prohititively
expensive when Xk is greater tkan 3.
To save rcemory srace, it is often usefuwl fo corbine the

theory of rartizl meich data structures with the surer-z-irsss

Wi-78. A discussion of rartial mzich datz structures caxn Te
found in 3e-T75, Ri-75 and Wi-78a. These data struciures zr
recresentaetions of kZ-dimensicnal files thet ocecupy C(i. srzce

and aszccizze C(I J retrievel tirec with recuesis of the fer:

The disiizction teiween tze 3Ze-7%, RI-T6 and Vi-
ic2l, 2Ri-76 relies or nasaninz axd consecuensl:”

i
associates an 0(1) runtizme with insertiorn axnd delesion crer=zicns.

D]

~ 1 H s ~ = 3 <. 3 -— E ]
Be-75 utilizes tree rernresentaticns FJor its partizl zztekr file

-

ot
(3%
U}

whose adventagze is thst {the edditionzll; enztle sezrches 40

done on 2 conjunciior of range cueries such 2s

KV 4 o~ o PEsY ] L. TRV
al<£\._l.~¢ll<bl (S :-2<-w.[oa.2<b2 - e 2 <J._.J—¢.Ld< j

(discuszed in de%ail in LV-77). Wi-T8a descrites g dyxmazic
2-r

o'

wWoIreiu—-Cclse

antee an C(logc:

£
)
u
o
U
@
o
C
o
H

generalizaticn of 2e-75
insertica and celetion iize.
Let A(ZEY.O, Ik, =L ) denose an augrmented itree which
i) has iis records sorted by IEY.0

v [ad oL ) S - - -~ E. J oy~ +. - .
ii) has SDS fields that consist ¢f rvariial mateh data siruciurss

describings the & Keps of I=Y,1 ZEY.2 ... XEY.:
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iii) satisfies the ievergelt-Reirnzold Z3(Ak) cendision (=he
nature of which can te exrlaired if the rztic of v's
left son's descerdansts cver v's descexniants is denoted
as p{v): here BB(O*) requires +hat all nodes of the
tree satisfy ALp(v}<1l -R)

Let I: ab derote the cardirality of the subset of our initizl
file that satisfies a{EZY.0{b. The theorers of 3e-75, Ri-76
and Wi-782 can be e2sily generalized to show *hat A(ZEV.0, =z, o)
associates 2an O(Iab*-a/z) worst-case retrievzl tize with queries
ef the form:

a<izZv.0<bo & EY.il =C & .;'.’.12 = C,
In contrast, the szre guery in trzditional zartizl zmzich fi
re n(wl-j/k\ -

would regui worst=caese runiize (where I denoiss *the !
file's cardinelit;;. Tkus the A(XEY.0, k, o~ ) datz siruciure ]
will have a significently imdroved reirieval tize, trcduced
through an allocation of I log I additiornal units of menory

=]

space.

The point of this exenzle is thet the suser-zZ-tree 2l
has many significernt applicaticns bve;ond %he ryrecmids of the lzss

section. In the rressnt context, subroutins-czl

o
w
e
(&%
ct
by
[0

super-B-tree zlzsorithm will guarantee *hat any record can ke
inserted into 2nd delsted from A(XEY.0, Xk, & ) in C(log ) *ize

if Rivest-like rash s;stems are used to defirne *he SDS fieldls.

and in 0(1053Y‘ werst-case runtime if the otherwise =—cre flexitle

k-d trees of 3e-75 and Wi-T78z are exrloyed., Severzl other useul

oplications of the super-Z-tree :trocedure zre discussed in i-TE.
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CONCLUSICHN

Our gozl in this reper was to izrrove the runtize of zulti-
dizensionzl srystems b emploring data structurss which recuire
more thean C(I1) space. It was shown here that this coulé be
done with deta structures that occupy as little as C(X log )
or O(N logelN) space. This result could be quite significart
if the cost of computer me~ory continues to drop a2t the saxe

rate 2s it has in tke reasvt.
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