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FOREWORD

The Transactions of the Twenty-Seventh Conference of Army Mathematicians are
being issued in order to preserve in print some of the scientific developments
presented in the invited addresses and in the contributed papers. These con-
ferences are sponsored by the Army Mathematics Steering Committee (AMSC) on
behalf of the Chief of Research, Development and Acquisition. Members of this
committee request that the guest lecturers be internationally known researchers
who are presently active in scientific fields that are of current interest.
They feel that the addresses by the invited speakers as well as the contributed
papers by Army personnel will help fulfill the main purpose for holding these
conferences, namely to stimulate the interchange of scientific information among
the scientists attending said meetings.

Colonel Harvey H. Perritt, Jr., Chief of Staff/Deputy Post Commander, in a
letter under date of 2 October 1980 to Dr. Jagdish Chandra, Chairman of the
AMSC, issued the formal invitation to hold the 27th Conference of Army
Mathematicians at the U. S. Military Academy. His letter stated that his Com-
mand would be pleased to host this meeting on the dates 10-12 June 1981. He
assigned Colone! Jack M. Pollin to act as Chairperson for local arrangements.
Captain Gordon Dietrick and Bard Mansager were assigned Project Officers to
coordinate administrative details. Those in attendance at this conference would
like to thank these gentlemen for all their efforts to make this an enjoyable

and smooth running conference, and for providing excellent physical facilities
for the conduction of this meeting.

The theme of this meeting was "Combustion and Explosive Dynamics". This is
currently a very active area of research, which is also of great importance to
the Army. This year the planned program of the conference consisted of three
parts, namely: (a) Four one-hour invited addresses; (b) Ten thirty minute soli-
cited addresses. These solicited papers represented an amplification of the
theme set by the guest lecturers; and (c) Contributed papers by Army and other
scientific personnel. The names of the invited speakers are noted below:

Speaker and Institution Title

Professor David Kassoy Gas Dynamics Aspects of Thermal Explosions
University of Colorado

Professor Andrew Majda A Theory for the Formation of Mach Stems in
University of Cal-Berkeley Reacting Shock Fronts

Professor Martin Sichel Modeling of Gaseous and Heterogeneous
University of Michigan Detonation Phenomena

Professor F. A. Williams Use of Activation-Energy Asymptotics for
University of Cal-San Diego Reacting Flows

We are sorry to say that Professor Andrew Majda was unable to attend this

meeting. \"1 1 !
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The success of the conference was due to many individuals, the active and enthu-
siastic members of the audience, the chairpersons, and the many speakers. The
members of the AMSC were pleased with the fact that most of the speakers were
able to find time to prepare papers for these Transactions. These research
articles will enable many persons that were not able to attend the symposium to
profit by these contributions to the scientific literature.
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USE OF ACTIVATION-ENERGY ASYMPTOTICS FOR REACTING FLOWS

F. A. Williams

Department of Mechanical and Aerospace Engineering
Princeton University
Princeton, New Jersey

ABSTRACT. Attention is focused on asymptotic analyses in which the ratio
of the overall energy of activation for reaction to the thermal energy of the
reacting medium is a large parameter. Advances achieved in theories of ignition,
extinction and flame propagation are reviewed with emphasis on physical implica-
tions.

1. INTRODUCTION. The subject of activation-energy asymptotics (AEA) is now

sufficiently mature to have been expounded in a book [1]. This attests to its
widespread utility in describing reacting systems and to the fact that it has now
been applied to many problems. It will not be possible here to give a thorough
review of applications of the technique. Instead, attention will be focused on
physical aspects of its basis and on some of the physical implications of results
obtained by exercising the method.

1.1 Definition. AEA constitutes a particular brand of asymptotic expan-

sions that differs in detail from other applications of such techniques by fluid
mechanicians and applied mathematicians. Nonlinearity in a source term is essen-
tial to the method. The general form of the problems addressed may be illustra-
ted by the equation

L (T} = F(m) e B/ (RT) (1

where L is a differential operator, possibly linear, F is a regular function and
E/R is a constant. The dependent variable T represents temperature, E is an
activation energy and R the universal gas constant. The operator L and the

function F are independent of E/R, as are the boundary and/or initial conditions




A —

-E/(RT)

applied to equation (1). The factor e is an Arrhenius reaction-rate

factor.

In AEA there is a fixed reference temperature Tr such that the source term
is important for T near Tr' The nondimensional grouping E/(RTr) then becomes a
parameter of the problem. AEA is concerned with developing an asymptotic expan-
sion of the solution for the limit E/(RTr) + o Systematic approaches to AEA
generally involve scaling the independent variables, space and/or time, appearing
in L and also scaling T, in fashions suitable for generation of nontrivial asymp-
totic expansions. Usually scalings are different for different ranges of inde-
pendent variables, there being a narrow reaction stage or reaction zone in which
the source term is significant. These reaction regions separate broader regions
in which the source term is comparatively negligible in the limit. The tech-
niques of matched asymptotic expansions then come into play, exhibiting nuances
peculiar to AEA.

1.2 Generalizations. The ideas of AEA are readily applied to equations more

general than (1). Usually a system of equations is considered -- the conservation
equations for reacting flows. There may be a number of source terms, more than
one of which may have large values of parameters like E/(RTr). The Arrhenius
factor may occur in boundary conditions when heterogeneous reactions or phase
changes are considered. Autocatalytic reactions in isothermal systems may be
addressed in an analogous manner. The Arrhenius form is inessential; the key
attribute is the occurrence, in a source term, of a dependent variable that tends
to increase as the reaction proceeds, accompanied by a parameter, an increase in
which strengthens without limit the sensitivity of the source to this dependent

variable.




1.3 History. It may be considered that the seeds of AEA were sown more
than forty years ago, before the growth of matched asymptotic expansion, when
Zeldovich and Frank-Kamentskii proposed approximate solutions to the problems
of laminar flame propagation [2] and of thermal ignition [3,4]. Their approaches
were physically motivated yet produced results coinciding with the lowest ap-
proximation obtained by formal application of AEA. Formalisms of AEA are just
slightly more than ten years old. Bush and Fendell [5] published the first
systematic analysis amenable to development to higher orders, again in connec-
tion with laminar flame propagation. Reviews have been prepared covering early
[6] and some of the more recent [7] work. The numerous papers using AEA now in
the literature span a variety of different avenues to suitable formalisms.

2. PHYSICAL BASIS OF EXPANSION. Results obtained through AEA often have

been viewed with suspicion by researchers interested in experimental aspects of
reacting flows. This skepticism stems at least partially from questions con-
cerning validity of the approximations underlying the analyses. All good chem-
ists know that in the vast majority of reacting flows numerous reactions contri-
bute to chemical source terms. Most AEA analyses employ just one source term with
a single parameter E representing an overall energy of activation for heat re-
lease. Justifications for introduction of this one-step approximation generally
are absent from AEA papers.

Applied mathematicians often are content with results that mimic experi-
mental behavior and usually do not seek numerical comparison with experiment,
reasoning that the approximations are insufficiently accurate to warrant such
comparisons. In this view, justifications for AEA with one-step chemistry need
be little more than analogy. A consequence of this stand is that experimentalists
can utilize the AEA results only for intuitive guidance, and they turn to numeri-

cal solutions of partial differential equations for detailed comparisons.
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It appears that physical bases for AEA approaches can be given that are
better than analogy and that motivate numerical comparisons of AEA results with
experiment. It has long been known empirically that a one-step, Arrhenius
representation of chemistry is useful for many purposes, over a sufficiently
narrow range of conditions, despite the complexity of the true kinetics. If
such a representation applies to a specific experimental process analyzed by
AEA, then it is possible to compare theoretical predictions with experiment.
Moreover, in such cases E/(RTr) generally is sufficiently large to make AEA

< 2,500°K and E/R 2 10,000 °K usually are

-~

appropriate, since the inequalities Tr
obeyed; values of E/(RTr) in the range of 10 to nearly 100 are typical, depend-
ing on the problem, Therefore the comparisons can be quite successful if com-
pleted properly.

2.1 Basis of One-Step Approximation. The physical reason for the empiri-

cal success of the one-step, Arrhenius approximation with E/(RTr) large can be
quite complex. Paradoxically, the three-body recombination steps responsible for
the major heat release in most combustion processes have essentially zero energy
of activation. However, these steps proceed at rates proportional to concentra-
tions of active radicals, and the radicals are formed in largely endothermic
steps that generally have appreciable activation energies. Therefore the
effective rate of the overall process, obtained through a combination of all steps,
has an overall activation energy E such that E/(RTr) is large. While individual
E's for many steps are zero in reactive flows, seldom will an overall E occur
such that E/(RTr) is not large; otherwise the system likely would be either too
reactive to be contained at room temperature or negligibly reactive at all temp-

eratures attainable.

-tm et




2.2 Limitations on One-Step Approximation. Limitations on the overall

Arrhenius description, especially the limited range of conditions over which the
overall E remains constant, should be kept clearly in mind when comparisons

with experiment are made. A given fuel-oxidizer pair does not have one fixed E
but instead exhibits a variety of different E's that pertain to different situa-
tions. For exampl, an E for thermal ignition will differ from an E for flame
propagation; the reason is that the chemical kinetic mechansims of thermal igni-
tion differ substantially from those for flame propagation. Even when attention
is restricted to a particular type of flow, variations in E should be anticipated.
For example, in premixed flame propagation it is well established from chemical
kinetics that the overall E for fuel-rich conditions differs from that for fuel-
lean conditions; conclusions concerning variation of behavior with mixture ra-
tion cannot be drawn completely without taking the E variation into account.

In diffusion flames there is an automatic adjustment causing most of the exo-
thermic chemistry to occur near stoichiometric conditions; success has been
achieved in applying AEA [8] to diffusion-flame extinction, finding from extinc-
tion experiments overall values of E for conditions of combustion near extinction
[9]. However, this success does not occur if chemical species are added that
modify the chemical kinetic mechanisms [9). Thus, ideas concerning kinetic
mechanisms responsible for an overall E are of importance in evaluating limita-
tions on comparisons with experiment.

2.3 Consideration of Multi-Step Kinetics. The time seems ripe for exten-

sion of AEA methods to the consideration of full kinetic mechanisms. Some work
along these lines has been initiated [10]. Information on rates of individual
steps, accumulated over the years, has achieved enough detail and accuracy to
enable thorough kinetic investigations to be undertaken for many real systems.
In some cases detailed kinetic studies may justify approximations, such as a

steady-state approximation for reaction intermediaries, that lead to a one-step
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description of the heat-release process with overall E; in such cases compari-
son of the overall E obtained from the detailed mechanism, with that found by
use of AEA in conjunction with experiment, would provide improved knowledge of
the relevant chemistry. In many cases studies of detailed kinetics, using AEA,
can identify significant simplifications of the chemical description that never-
theless are more complex than a one-step approximation. These descriptions
could increase greatly our understanding of influences of chemistry in reacting
flows. They could afford possibilities of comparing AEA predictions with fine-
tuned experimental results currently emerging, such as observations of occurrences
of particular species in regions away from major heat-release zones. They could
indicate specific effects of chemistry on fluid dynamics of combustion processes.
In general, introduction of real chemistry into AEA approaches appears to offer
numerous avenues for future advances. So little work has been done along these
lines that none of it is considered in the following discussion, which is re-

stricted to one-step approximations.

3. IGNITION THEORY. The theory of thermal ignition of materials capable ;,_—iq
p of reacting exothermically has been one of the major arenas of success of AEA.
Experimentally, ignition is a sudden event. Reactive materials often exhibit

induction periods, during which slow chemical changes occur, followed by a rapid

heat release with an associated abrupt increase of temperature. Chemical kinetics
of chain reactions can describe this kind of behavior, the induction period being
a time during which reactive radicals are produced slowly. However, the one-step
approximation with E/(RTr) large also is consistent