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NOTATION
particle concentration in the sample, g cm™>

particle concentration in the free stream, g cm >

particle diameter, cm

distance from the inlet to the onutlet cross section of the
collection tube, cm

thickness of the collection tube wall at the outlet cross
section, cm

length of coaxial boundary tube, cm

radial co-ordinate of particle pasition, cm

radius of coaxial boundary tube, cm

radius of collection tube at exit, cm

inlet radius of cone, cm

radial co-ordinate of particle position far upstream, cm

far upstream radius of the stream tube that impinges on the
collection tube circumference, cm
time, seconds

radial component of local fluid velocity, cm sec™?

axial component of local fluid velocity, cm sec”’

fluid velocity in collection tube, cm sec™!

fluid velocity at boundary tube entrance, cm sec”!

fluid velocity at collection tube exit, cm sec”!

fluid velocity at boundary tube exit, cm sec”!

fluid velocity at inlet of sampler, cm sec™'

radial component of local particle velocity, cm sec™}

axial component of local particle velocity, cm sec”!

axial co-ordinate (origin at coliection tube inlet) of
particle position, cm

b



NOTATION (Cont'd)

axial co-ordinate of particle far upstream, cm

absolute viscosity of fluid, poise

fluid density, g cm™°

particle density, g cm™®

stream function, cm?® sec~!

The following are dimensionless

r
p,w

5,

Re

drag coefficient for spheres

dependent variables solved for by numerical integration
they represent Vi vY, Z and r respectively

collection efficiency of sampling tube
thickness of collection tube wall, h/rA

grid point co-ordinates in the radial and axial directions
respectively

grid point co-ordinates of the edge of the collection tube
inlet

axial grid point co-ordinate of a particle at the far upstream

position
inertia parameter of particle
radial co-ordinate of particie, r/rc

radial co-ordinate of particle position far upstream,
r /r
p'm C
far upstream radius of the stream tube that impinges on the
collectior tube circumference, re w/rc

L)

radial co-ordinate used in calculating the stream function
field, r/rA

spherical particle Reynolds number in flow in the proximity
of the collection tube
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NOTATION (Cont'd)

spherical particle Reynolds number in free stream
radial component of local fluid velocity, du/dr
axial component of local fluid velocity, du/dz
radial component of local particle velocity, dr/dt
axial component of local particle velocity, dz/dt

axial co-ordinate (origin at collection tube inlet) of
particle, z/rc

axial co-ordinate of particle far upstream, zo/rC

axial co-ordinate used in calculation of the stream function
field, z/rA

ratio of collection tube radius to boundary tube radius, rB/rA
length of coaxial boundary tube, L/rA

distance from the inlet to the outlet cross section of the
collection tube, D/rA

distance from inlet of boundary to inlet of collection tube,
B -y

time, tUA/rC
dimensionless group independent of particle position, ReOZ/K

stream function, w/%UArAZ
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ABSTRACT

‘ggmpling and collection efficiencies are calculated for a
large-volume air sampler under conditions of anisokinetic as well as
isokinetic flow. A mathematical model developed to evaluate a tapered-
tube sampling probe was modified to obtain results for the large-
volume sampler, using various particle sizes and flow velocities. These

results should facilitate the prediction or correction of sampling errors
in field and laboratory experiments.
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1. INTRODUCTLON

In order to assess the effectiveness of a specific large-
volume air sampler (cyclone scrubber), the instrument's ability to collect
samples of finely-divided particulate matter must be determined. These
samples can come from stil1 or moving airstreams, and can vary both in
particle size distribution and in concentration. The bio~sampler under
evaluation consists of an air inlet cone and collection unit, and is de-
signed to operate at a capacity of 1000 litres (air) per minute. (It is
described fully in Suffield Technical Note No. 311).

Sampiing from streams of suspended particulates is representa-
tive only if the size distribution and content of particles in the sample
are identical to those of particles in ambient air at the point of sampling.

The sampling system may give rise to three different types of error (Vitols,
1964) due to:

(1) par.icles failing to enter the sampling cone in representa-
tive concentrations;
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(2) particles being deposited between the air inlet cone and
the collection location; and

(3) particles being shattered, agregated or incompletely re-
tained by collection devices.

When the velocity of gas entering the inlet cone is exactly the same as

the far-upstream velocity of the gas ('isokinetic' sampling), particles
will enter the sampler in representative concentrations. Otherwise,

errors of the first type will occur as the result of anisokinetic sampling.

The purpose of this report is to describe the modification of a
mathematical model devised formerly for calculating the error due to
anisokineticity (Mellsen, 1979) of a sampling probe developed and used at
DRES. The model, previously applied to a straight, tapered tube is herein
adapted .o the funnel-shaped inlet cone of a specific large-volume air
sampler, ard as such, calculates the sampling and collection efficiencies
produced by varying upstream gas velocity and particle size.

2. DEFINITION OF THE PROBLEM

As explained in Suffield Technical Paper No. 499 (Mellsen, 1979),
the problem of finding the sampling and collection efficliencies is one of
determining the values of the upstream particle and fluid radii. The up-
stream particle radius, r_ , is defined as the radius of the Timiting
particle trajectory enveloae which encompasses all particles (of any given
diameter) entering the sampler, The upstream fluid radius, Ps,»® is the
radius of the stream tube impinging on the outer circumference of the in-
let cone, and containing the total volume of air passing through the
sampler, The sampling efficiency, proportional to the areas of upstream
particle envelope and fluid stream tube, can then be calculated:

C . (rP,-."'.

?

6o = ¢ (Eq. 1)
§ g

where Co 1s the upstream particle concentration and C is the particle
concentration in the sample; the collection efficiency is given by:

r ?
En = | Pen (Eq. 2)
Cc
UNCLASSIFIED
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where re is the radius at the inlet of the cone.

Inertial and drag forces may cause particles flowing far up-
stream of the collection inlet to deviate from stream lines on arriving
at the cone, where the fluid velocity may be changing markedly. Thus,
in obtaining the true free stream concentration of particles and the
sampling efficiency, the two different values of upstream particle
radius and upstream fluid radius must be known. When the free stream
velocity, UA' is less than the sampler inlet velocity, U1 (1.e. %A < 1).

i
some particles originally inside the 1imiting stream tube wil) pass out-
side the sampler, whereas for HA > 1» some particles originally outside
Ui
the stream tube will be drawn into the sampler.

3. DESCRIPTION OF THE SAMPLER

The part of the Targe-volume air sampler which determines stream
function values and hence, affects sampling and collection, 1s the air in-
let cone (Figure 1). With an inlet radius of 2 1/2 inches, the cone con-
verges to a straight tube of inside radius 3/8 inch, through a funnel
shaped by the intersection of three circular arcs. The entire inlet cone
is 6 inches long, the converging section being 4 inches and the straight
tube, therefore, 2 inches. The wall of the cone is 1/16 inch thick, but
although this was taken into account in the calculation of the velocity
Uc' the wall thickness was neglected in the computations leading to the
array of stream function values. Since a grid unit in the array repro-
sents 1/8 inch, the cone wall thickness of 1/16 inch would have 1little
effect on stream function values, but would make computing procedures un-
necessarily complicated.

The three circular darcs defining the shape of the inlet cone
are (numbers in inches):

(X1 - 25/16)7 + (Y, - 35/8)? = (2%)?  at inlet {Eq. 3)
(X, - 43/8)7 + (Y, - 6 15/32)2 = (6)  1in middle  (Eq. 4)
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(Xy - 8)" + (Y3 - 3)? = (219/32)? just before (Eq. 5)
straight tube

Newton's Method was used to determine tha two intersection points
(between Equations 3 and 4, and Equations 4 and 5), with initial values
for the iterative technique found by inspection of a drawing of the curve.

4. EQUATIONS OF MOTION

The equations of motion were established in a previous report
(Mel1sen, 1979), but are included here for completeness.

The motion of an individual particle has been shown (Vitols, 1964
and Batchelor, 1956) to be determined by the following ordinary differential
equations:

dv,. ChRe(u. - v.o)
Lo i o o
d 24K (Ea. &)
dvy | CpRelyy - ) (Eq. 7)
dt 24K
- Toe ) Lyt
where Re Reol(ur Vr) + (uz vz) ] (Eq. 8)
o d?U
K = Tghfe» particle inertia parameter (Eq. 9)
UAdp
Re0 = free stream Reynolds number (Eq. 10)

The symbols are defined in the notation section near the front
of this report and the basic geometry of the flow system is 1llustrated
in Figure 2.

Several assumptions are inherent in the use of Eqs. 6 and 7
for calculating the collection and sampling efficiencies due to a stream
of particles, including:

(a) wuniform particle distribution;
(b) no gravitational or electrostatic forces of consequence;

(¢) monodisperse spherical particles with diameter very small
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in relation to the inlet diameter of the sampler; and

(d) free stream flow that is steady, imcompressible and
irrotational,

The drag coefficient is a function of Reynolds number and is
available in the form of definitive empirical equations (Davies, *%45),
These equations are stated as follows:

C.Re?
Re = . 2.3363 x 107" (CDRez)2 + 2.0154 x 107® (CDRez)3 -
24
6.9105 x 1079 (CDReZ)“ (Eq. 1)

for Re < 4 or CDRe2 < 140

Tog; gRe = -~ 1,29536 + 9.86 x 107! (logloCDRez) - 4.6677 x 1072
(logl(ﬁoRe2)2 +1.1235 x 1073 (1og]<£DRe2)3 (Eq. 12)

for 3 < Re < 10% or CDRe2 < 4,5 x 107

5. AIR FLOW FIELD EQUATIONS

These equations were stated and explained in an earlier report
(Mellsen, 1979), but are again shown for the sake of thoroughness.

The equations of fluid velocity were derived from the stream

function for ideal flow over and through the sampler. To solve the piob-
lem, an outer boundary was used around the collection cone in the form of

a coaxial tube of radius A (Figure 3), which was chosen large enough so
that the effect of the boundary tube on flow in the proximity of the
sampler is negligible. The collection cone was inserted a distance D
intc the downstream end of the boundary tube. Since the flow is axi-

symmetric only a radial plane containing botn tubes had to be considered.

The fluid enters the boundary tube with steady velocity UA'
and separates into a central stream with velocity Ud at the exit and U,
at the entrance of the sampler, and an annular stream, with velocity UC’
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at the downstream end of the boundary tube. The axial velocities UA’

UB' UC and Ui are uniform, Also, there is no radial flow at the end
cross sections.

The boundary conditions on the flow can now be completely

specified so that the flow field can be obtained by solution of the
equation of the stream function.

The axially symmetric stream function y(r,a) (Batchelor, 1967)
satisfies:

=0 (Eq. 13)

The two velocity components (Figure 2) are given by:

)

u, = o 5r (Eq. 14)
= . Loy

U = - 757 (Eq. 15)

When UA and UB are specified, continuity gives UC as follows:

2
U_ UA'U.U

‘”*]]TB FMTZ (Eq. 16)
2 [ -

r

B

) /

: q. 17)
A

!
|

and h is the thickness of the collection tube wall.

For uniform velocity profiles, the stream function is of the
form:

v = ur? (Eq. 18)

To allow for greater generality, the stream function and the
geometric variables are restated in the following dimensioriless form:
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e (Eq. 19)
A"

R = ;X (Eq. 20)

7 = ;K (Eq. 21)

B = %;— (Eq. 22)

y = 2; (Eq. 23)

H = g; (Eq. 24)

The boundary values for the stream function and the geometric

configuration in terms of the dimensionless variables are shown in Figure
4,

The axially symmetric stream function equation (Figure 13)

becomes:

a2y 1 av , 3%y

"2 RaR Tz " (Eq. 25)
6. DISCRCTIZATION SCHEME FOR THE AIR FLOW FIELD

The equation for the axially symmetric stream function (Eq. 25)
is discretized as follows:

Mg TPt e L Mg T tieng
AR? 214R?

Yig- DBt Y L (Eq. 26)
AZ?

where 1 and j are the grid point numbers in the R and Z directions
respectively (Figure 5). EQq. 26 can be rearranged to give a simple
equation by choosing a square grid so that AR and AZ are equal. The
resulting equation, which is suitable for Gauss-Seidel iteration
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(Carnahan et al, 1969), is given as follows:

R T T 1 15 N % B AP

i.j p

¥, , o~ Y.,

i+l,] i-1,] (Eq. 27)
8i

Eq. 27 can be applied to all interior points, which are defined as points
for which the nearest boundary is at least one grid unit away.

In dealing with points on or surrounding the boundary described
by the sampling cone (for which the nearest boundary in either the horizon-
tal or vertical direction is less than one grid square away), a Taylor
series expansion was used (Carnahan et al, 1969) and the following finite
difference equations derived. (The first applies to points below or to
the left of the curved boundary, and the second, to points above or to the
right of the boundary.)

! -

4 ¥ . \ll \‘I y -y
= ab . i J'] 1"])\] v H - v i-1 J
Wi.j a+b ‘ B+1 * a+l * a(atl) + b(b+T1) 21(ﬂ+])’ (Eq. 28)

X |
‘l’ ' v R ¥y y y y 1

o= @b T, T4, L A L I B

qi.J a+b [ S T ala+T) + B(b+T) ——?Tf%;TT—— (Eq. 29)

where a is the vertical distance (0 <a Z1) to ¥, and ¥, represents (for
points below the curve) either the boundary ¥-value (if the boundary lies
between Wi.j and W1+],J) or the adjacent ¥-value (w1+]’J). (For points
above the curve, wv takes either the boundary value or the value of w'_1’j.)
In the horizontal direction, b is similarly defined as the distance
(0<bx21) to Yy and Yy is the closer of the two ¥-values, the boundary
value and the adjacent value (Wi,j+1 for points below the curve and w1,j-l

for points above it).

The grid size was chosen from past experience (Mellsen, 1979) so
that each grid unit (both horizontally and vertically) represents 1/8 inch.
Transferred to the grid (Figure 5), the straight tube radius, rgs then
corresponds to 3 units, the inlet radius, Pes is 20 units, the boundary

UNCLASSIFIED

R
g e pomee e




UNCLASSIFIED /9

tube radius, ras is 120 units (to be located a distance of five times

the inlet radius outward from the edge of the cone), the complete length
of the inlet cone, y, is 48 units, and the distance to the upstream end
of the boundary tube, &, is 152 units (so as to be more than seven inlet
radii upstream of the collection inlet). Specifying the boundary tube
radius and the distance to the upstream boundary in this way ensures that
the behaviour of the flow be as if the inlet cone were situated in free

space and the particies coming from such a distance upstream as not to be
affected by the cone.

The stream function was obtained by Gauss-Seidel iteration using
Equation 27, 28 and 29. The boundary conditions were set initially at the
centerline, at the boundary tube wall and inlet, and at the outlet, and
held constant throughout the iterative procedure. Any point not falling
on either one of these boundaries or the wall of the inlet cone was

initialized to zero. A Fortran program (listed in Appendix A) was written
to perform the calculations on an IBM 370 computer.

A special routine (adapted from Carnahan et al, 1969) to handle
points near the curved wall of the inlet cone had to be incorporated into
the Fortran program. This routine first labels points as being one of four
types (see Figure 6) by finding the highest point, JMAX (the maximum within
the boundary), for each row, I, and classifying points according to the
horizontal and vertical distances to the curve (B and A, respectively):

B = AK SVRKZ < ((1-1) - BK)? - (J-1) (Eq. 30)
A= BK ARK? - ((0-1) - AK}? - (1-1) (Eq. 31)

where I and J are the coordinates of the point, and AK, BK and RK assume
the values of the a, ¢ and r in the equation,

(X - a)?2+ (Y -p)2=r? (Eq. 32)
from the particular circular arc (Eqs. 3, 4 and 5) defining the curve
at that point. The distance, A, is then found for every point in each
row, starting at JMAX and decreasing algng the row until an interior
point is reached, and the procedure is repeated on the right side of

the curve, using JMIN(I) (the minimum above the boundary, neglecting
the wall thickness of the cone):
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JMIN(T) = JMAX(I) + 1 (Eq. 33)

and continuing until the upper interior point is reached. The horizontal
and vertical distances are now defined by:

BO=1-8 (Eq. 34)
AO = (I-1) - [BK -'VRK? - (J-AK)?] (Eq. 35)

The coefficients of the v-values in Equations 28 and 29 are then cal-
culated using A and B (for Eq. 28) or AO and BO (as a and b in Eq. 29).

Type IV points are assigned the boundary value and held fixed
through the program. For the other types (I, II and I11), the values of
Yy and ¥y can then be determined and the fteration performed according to
Eq. 28 (for points below the curve) or Eq. 29 (for points above the curve).
For example, for a Type II point, ¥y 4 below the curve, ¥y would assume
the value of the boundary and WH, the value of w1+d. wh11e if w1 j were
above the curve, W would again assume the boundary value, but WH would
become v ¥i,5-1

7. SOLUTION OF THE EQUATIONS OF MOTION

From Section 2 of this report, as in a prior paper (Mellsen,

1979), the problem is to find the upstream particle and fluid radii,

r, ., and rs o respectively, in order to calculate the sampling and
co11ect10n éff1cienc1es In the same dimensionless form of Equatfons
6 and 7, the value of rp (notation) was found by an iterative procedure
ca]]ed the half interval method (Carnahan et al, 1969). The value of
p’m for a critical particle was estimated far upstream, the path
followed to the plane of the cone inlet and the miss distance (from the
edge of the inlet) calculated. Next, the aforementioned half interval
method was applied to determine a better initial estimate, the path again
followed to the plane of the inlet, and another miss distance calculated.
This was repeated several times until sufficient accuracy was achieved.
The initial upstream position in a plane perpendicular to the flow
direction was located far enough from the inlet so that free stream
conditions would prevail. A distance of seven inlet radii upstream of
the inlet was considered adequate on the basis of the five inlet radii
serving the case of strai,it tube sampling (Batchelor, 1956},
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The path of an individual particle was determined step-by-step
by applying a fourth order Runge-Kutta method (Carnahan et al, 1969) to
the equations of motion (Eqs. 6 and 7)., The values of Re and K in these
equations were easily found for each new step by direct substitution of
previously determined values into Eqs. 8, 9 and 10, but the value of CDRe
in Eqs. 6 and 7 had to be calculated in each step by numerical solution
of the definitive empirical equations (Eqs. 11 and 12). This was done
using Newton's method (Carnahan et al, 1969) for finding the zero of a
function. The values of u. and U were calculated in each step from the

r 2
stream function field as follows:

R
r 4(i-1)(AR)?

TN o T A 1 P
z 4(i-1)(aR)2
where i and j define the grid point of the particle position, Since the

inlet radius of the sampler was chosen to be 20 grid units, these are
given by:

(Eq. 36)

(Eq. 37)

1=1+20r (Eq. 38)

J =, *20(z - 2) (Eq. 39)
where jo and io are the starting point values of j and Z. The values of
i and j obtained from Eqs. 38 and 39 were rounded off to the nearest

lower integer value in each calculation. The value of F; , was obtained
’
directly from the stream function by:

~ RG-2)r. ¥ 5.
R, iy AL (Eq. 40)
’ C =144,

calculated at the lowest value of 1 satisfying:

g > eadg (Eq. 41)

where ic and Jc define the grid point at the edge of the collection cone
inlet. The calculations to obtain the solutions were done with an
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IBM 370 Computer by means of a Fortran program, the 1isting of which is
shown in Appendix B. The sampling and collection efficiencies given by
Egs. 1 and 2 were also obtained by this program after the values of
%p’m and kg'm had been calculated.

8. RESULTS

Method of Analysis

A stream function array was computed for each of the following

ratios of B, 400, 400, 400, 400 and 400. Because of the funnel shape
GG T 3 e

of the sampler, tapering from an inlet radius of 2% inches to a straight-
tube radius of 3/8 inch, a velocity of UB = 400 implies an inlet velocity
of 9. This means that the sampling velocity ratios UA are 1/9, /3, 1,
i
3 and 6. When the sampler operates at its design capacity of 1000 &/min,
the values of UB and Ui then become UB = 5847,482 c¢m/s and U1 = 131,5683
cm/s, so that UA varies from 14.62 c¢m/s UA 1) to 789.4 cm/s UA .
) e
i i
A broad range of particle sizes, of diameters, 6, 10, 20, 50, 100,
200 and 500 microns, composing monodisperse fields, was analyzed for each
stream function array. Results were tabulated and plotted in graphs of
sampling efficiency versus inertia parameter (Figure 7; gb vs log K),
collection efficiency versus inertia parameter (Figure 8; tm vs log K), and

sampling efficiency versus sampling velocity ratio (Figure 9; L vs EA).
Co
i

Discussion

The validity of the mathematical model has been discussed and
reported (Mellsen, 1979). Results of the present work (Table of Results)
show the sampling efficiency of a uniform field of 20 micron spherical
particles, in a wind that is six times the sampling inlet velocity, to be
in error by over 30% (gb = 1,306). Since smaller particles are carried
more readily with the air stream, the sampling of small particles gives
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rise to smaller error. The exact errors for very small particles cannot
be determined by this model because computing errors increase with de-
creasing particle size (Mellsen, 1979), the reason being that as particle
size decreases, a larger number of calculations is required.

The case of isokinetic sampling, where free stream velocity
matches inlet velocity (EA = should be characterized by both
i
sampling and collection efficiencies equal to 1 %E =1, Em= 1|. This

is displayed quite well by the predicted values of the model. For example
(Table of Results), a 6 micron-particle field indicates an error of only
1.7% (%3 = 1.017). and a 100 micron-particle field, of 2.5% (ga u .9748).

Although the model cannot be used for the prediction of
efficiencies in completely still air, very low free stream velocities can
be handled. The lowest free stream velocity currently tested and plotted
is 14.62 cm/s, but if desired, lower velocities might be tried. The
effect of varying free stream velocity while keeping the sampling velocity
constant is clearly illustrated in Figure 9 for selected particle sizes.

9, CONCLUSIONS

The effect of anisokineticity on sampling with the DRES large-
volume air sampler is sufficient to produce significant errors in sampling
and collection efficiencies. A mathematical model, formerly applied to a
straight, tapered-tube sampling probe, was modified to be applied to the
specific large-volume sampler developed at DRES. The results from the
model can serve to predict the magnitude of sampling errors. Several
free stream velocities for a fixed sampling rate were evaluated with a
number of monodisperse fields of suspended particles. Therefore, if the
wind velocity and particle size and density are known. the results of this
model can be used in correcting measured samples.
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NOTES

1. CONTOUR DIMENSIONS ARE APPROXIMATE. TRANSITION
AND POINTS OF TANGENCY SHOULD BE SMOOTH,

2. CONE TO HAVE 1/18" THICK WALL.

I

1 =4

58

0.812 + .002

5 31132

m

o 1

o 2 3/18 } [ 3/8
o B 2
R
2 1 g
See Note 1 N
1
b
~
"
EPOXY CEMENT
Gee Nots 2 s/1e
1/8——= L'—
(]

FIGURE 1: DESIGN DRAWING OF LARGE VOLUME AIR SAMPLER
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U Up C_

UA Uy Uy (cm/s) d (cm) K Co Em

400 1

T 9 14,62 .05 1.787 L3754 2.749
.02 .2860 .6708 4,912
01 .07149 . 8487 6.215
. 005 .01787 . 9358 6.853
.002 .002860 . 9550 6.993
.00 .0007149 . 9592 7.024
. 0006 -— -- -

400 1

I 3 43.86 .05 5.362 .4645 1.243
.02 .8579 .6418 1.717
.0l 2145 .8014 2,144
.005 .05362 . 9223 2.486
. 002 .008579 . 9681 2.590
.001 ,002145 .9773 2.615
. 0006 .0007721 . 9804 2.623

400

9 1 131.6 .05 16.09 .8950 1.004
.02 2.574 . 9286 1.042
.01 .6434 .9748 1.094
.005 . 1606 1.007 1.130
.002 .02574 1.015 1,139
.00 .006434 1.016 1.140
. 0006 .002316 1.017 1.141

400

27 3 394.7 , 05 48,26 1.628 . 9822
.02 7.721 1.595 .9624
.01 1.930 1.516 .9142
. 005 .4826 1,356 .8182
.002 .07721 1.161 .7005
.00 .01930 1.072 .6466
.0006 .006949 1.063 6413

400

k1) 6 789.4 .05 96.51 2.0 . 9805
.02 15.44 2.029 ., 9608
0 3.861 1.930 L9137
.005 . 9651 1.699 ,8045
.002 .1544 1.306 .6185
00 .03851 1.154 .5464
.0006 .01390 1.102 5217

Ug = 5847.482 cm/s, Yy = 131.5683 cm/s
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