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INTRODUCTION

This report is concerned with the use of variational principles to solve
a mixed boundary and initial value problem. From a previous paper1 we under-
stand that the far end conditions are not imposed fof solutions in an initial
value problem. This implies that the boundary value problem can be solved ih
strips of arbitrarily chosen intervals of time. The size of the computation
can be reduced substantially if the time interval taken is sufficiently large
and number of strips small. This depends, of course, on the accuracy of the
method.

A procedure can be obtained for a recursive relationship in the time
domain, where the final conditions of first strip can be regarded as initial
conditions of the second strip. These recursive solutions can be obtained by
using variational principles with the aid of the bicubic Hermite polynomial

spline functions as finite elements.

ESTIMATION
A dynamical system can be modeled by the following partial differential
equation.
L(z) ya(g) = -Q(z) (1)
with appropriate boundary and initial conditions. 1In the above equation L is
a linear operator, in both spatial and temporal domain, y; is the dependent

variable, Q is a forcing function and ¢ represents all independent variables,

1Shen, C. N. and Wu, J. J., "A New Variational Method for Initial Value
Problems Using Piecewise Hermite Polynomial Spline Functions,” presented at
the 1981 Army Numerical Analysis and Computer Conference, Huntsville, AL,
February 1981.



both spatial and temporal.

The inner product < > of an adjoint forcing function a and the solution
(ya(z)) of Eq. (1) can be used for the purpose of estimation. This inmer
product is

Glyal = <Qva> (2)

The estimate y, which differs from the actual solution y, of Eq. (1) by an
increment

Sy =y -vya » (3)

then becomes

Glyl = Glyy + 8yl

<Q, (ya+éy)>

Glyal + <a,5y> (4)

which 1s in error to first order in 8y and Q. This 1s undesirable because the
error depends on the variation 8y which is supposed to be arbitrary. Thus the

estimate will not be accurate.

THE VARIATIONAL PRINCIPLE
A more accurate estimate can be made by constructing a variational
principle1 for Eq. (2). By using the adjoint variable ; as a Lagrange
multiplier for Eq. (1) added to G[y] we have
Ily,yl = Glyl + <y,(QHLy)>

= <Q,y> + <Y, Q@ + <y,Ly> (5)

lShen, C. N. and Wu, J. J., "A New Variational Method for Initial Value
Problems Using Piecewise Hermite Polynomial Spline Functions,” presented at
the 1981 Army Numerical Analysis and Computer Conference, Huntsville, AL,
February 1981.



In order that J be a variational principle for G the following requirements
must be satisfied.
(a) J is stationary about the function yg which satisfies the relation in
Eq. (1).
Lys = =Q (6)
(b) The stationary value of J deduced from Eqs. (2) through (5) is
Jy,y] = Glys) > Glyal 1)

Consider first the stationarity of J by taking the variation of Eq. (5)

8§J = <Q,8y> + <8y, + <8y,Ly> + <y,Léy>
= <8y, (Ly+Q)> + <8y, (Ly+Q)>

- <8y,Ly> + <;,L6y> (8)
We will make an effort later to impose certain conditions in order that
the following equality holds:
<y,L8y> = <8y,Ly> (9
where i is the adjoint operator.

By combining Eqs. (8) and (9) one obtains

§7 = <8y, (Ly+Q)> + <8y, (Ly+Q)> = 0 (10)

Since the variations 8y and S8y are arbitrary it leads to the requirement that

the stationary values yg and yg must satisfy

Lyg = -Q (1)
Lys = -Q (12)
Equation (11) is the same as Eq. (6), therefore J is stationary about the

function yg.



Equation (12) is the adjoint equation in terms of the adjoint operator L,
the adjoint variable ;, and the adjoint forcing function a.

It is noted that 8J in Eq. (10) vanishes and is independent of the
arbitrary variations 8y and 6;, in contrast with Eq. (4), where 8G is in error
to the first order' in 8y. By using 6J instead of &G one can claim that the'
estimate is more accurate and free from the arbitrary variations.

Using the relationship in Eq. (11) the stationary value of J from Eq. (5)
is

J[;SSYS] = <5’YS> t+ <;S’Q> + <;S’LYS> = Glyg] (13)
Since J is stationary and 8J + O, then
Glys] » Glyal (14)
which is the requirement given in Eq. (7).
It is noted that Eq. (10) contains no boundary terms to be satisfied.

This bears an important point in the future discussion.

BILINEAR CONCOMITANT
We will find out the conditions for the assumed equality in Eq. (9) to be
true. Let us consider the following bilinear concomitant:2
D = <;,Ly> - <y,£;> (15)
The above expression can be integrated in two different ways and can also
be written in terms of boundary conditions and initial conditioms. It is

assumed that these boundary conditions are assigned in such a manner that the

2Stacey, W. M., Jr, Variational Methods in Nuclear Reactor Physics, Academic
Press, 1974. :



above bilinear concomitant is identically zero for all independent variables,
Hige1€lars

D=0 (16)
Then the first variations of D also vanish,

8D = GD(G;) + 6D(8y) = 0 (17)

Since §y and S8y are independent of each other, then

SD(Sy) <8y,Ly> - Ly,LSy>

0 (18)

§D(8y) = <y,L8y> - <Sy,Ly>

0 (19)
Equation (19) is identical to Eq. (9), which is the assumed equality
previously, The implication is that if Eq. (16) is true then Eq. (9) or (19)
is automatically true.

Since Eq. (15) can be expressed in terms of some integrals involving
boundary conditions, Eq. (16) can be true if these boundary conditions are
satisfied., The next section will discuss integral of bilinear expression and

its boundary conditions.

INTEGRAL OF BILINEAR EXPRESSION
The integral of a bilinear expression for a two-dimensional second order
problem in space-time can be written as
Xp tp =
I=[ [ lyx,t),y(x,t)ldt dx (20)
Xo to

where V[y,y] is a given bilinear expression in the form
Yly,yl = ayeye + Byey + Yyye + Lyxyx * uyxy + Vyyx + eyy  (21)

The subscripts t and x indicate the partial derivatives of the function y and



Equation (20) can be integrated by parts. Two different forms of inte-
gration and end conditions can be obtained. The first form of the integral is
Xp tp - Xb t

- tb
I=- [ yLydtdx + | (aye+Yy)y|
By e X to

tp - X
dx + f (Ryx+vy)y| dt (22)
) to %o

which is obtained by integrating by parts on the adjoint variable. On the

other hand, we can perform integration on the original variables to give

Xp tp -—- Xp -~ = tp th = = Xb
I = —f f yLydtdx + f (ayt+By)y| dx + f (Ryx+uy)y| dt (23)
Xo to Xo to to Xo
where
Ly = (ayede - Bye + (v¥)e + (Rydx = uyx + (Vy)x — €y (24)
and
Ly = (ayp)e + (By)e = Yye + (Ryx)x + (Wy)x — Vyx — €y (25)

For a two-dimensional second order system in space-time domain, Eq. (15)
becomes

Xp Etp - X tp -—-

D=/ [ yLydtdx - [ [ yLydtdx (26)

Xo to X0 to
By equating Eqs. (22) and (23) and solving for D in Eq. (26), we are convert-
ing the double integral into two simple integrals in terms of the boundary
conditions.

We can express the quantity D as the sum of two parts D) and Dy as

D =1D] + D)



The terms in D} involve the initial conditions of vy and y as

Zb

D] = fx {op(yebYb-YtbYb) ~ %{YtoYo~YtoYo)
o .

+ (Yp=Bp)¥bYb ~ (Yo—Bo)Yo¥oldx (27).

The terms in Dy involve the boundary conditions of y and y as

b - = I
b= It {2 (yxbYyb~—¥xb¥Yb) ~ Lo(¥x0Yo~Yx0Y0)
o
+ (Vpup)ybyb = (Vo~Ho)YoYoldt (28)

In order that D = 0 in Eq. (16), it requires that

D] =0 (29a)
and

Dy 0 (29b)

END CONDITIONS FOR THE ADJOINT SYSTEMS
We may take four different cases in discussing the end conditions for the
adjoint systems in order to satisfy the requirements in Egqs. (29a) and (29b)
(a). Ihe Wave Equation: 1In this case Eq. (24) becomes
Ly = (ayp)g + (Bydx = O (30)
and the coefficients are
Yb = Bb> Yo = Bos Vb = Hbs Vo = Mo

ap # 0, ag # 0, & # 0, and 25 # O (31)



Let us assume that the adjoint variables are

Yb = K¥o, Yo = kyp (32)
Yeb = ~ob '%kyro, Yro = ~0o lopkyp (33)
Yxb = ‘lb-llokao and  yxq = ‘lo-llkaxb (34)

where k is constant.
The above boundary values satisfy the requirement that D} = Dy = 0 in
Eqs. (27) and (28). Thus it also satisfies Eq. (16) that
D=0
(b). Heat Equation: In this case Eq. (24) is
Ly = =Byt + (y¥)e + (Rygdx = 0 (35)
and the coefficients are
Vb = Mbs Vo = Hos @ =0, a5 =0
Yo * Bbs Yo * Boy & 0, £, #0 (36)
Let the adjoint variables be

b = (Yo=Bo)ky¥o, Yo = (Yp=Bp)kyp (37)
Ixb = =4 Mo (Yb=Bb)KYx0s  Yro = 2o (Yo Bo) kyxb (38)
We also have Dy = Dg = 0 and D = 0. |

(c). First order partials of x in Eq. (24) are missing, i.e.,

Vb = Hbs Vo = Mos Yb * Bph, Yo * B (39)
Let
T = (Yo=80)k%0, Yo = (1b=Bp)kyo (40)
;tb = ‘“b—lao(Yb‘Bb)kYto’ ;to = ‘“o—lab(Yo‘Bo)kYtb (41)
;xb = "lb-llo(Yb"Bb)kYXo» ;xo - ‘lo-llb(Yo‘Bo)kYXb (42)



We also have D} = Dp = 0 and D = 0.
(d). First order partials of t in Eq. (24) are missing.

Yb = Bpy Yo = Bos Vb # Uy, VYo ER VI

op * 0, o9 # 0, 2, # 0, and & # 0 (43)

Let
;b = (Vo=Uo) kYo, ;o = (vp=up)kyp (44)
;tb = ‘“b—lao(vb‘ub)kYto: ;to = _ao—lab(“o‘“o)kYtb (45)

Yxb

‘Qb—lgo(“b'“b)kao: ¥Yxo

il
n

=67 2 (Vo= o) kyxch (46)
We also have Dy = Dy = 0, and D = O.
From the expression D = 0 in Eq. (15) we can conclude that 6D = 0 in Eq.
(19) and Eq. (9) hold, which leads to the condition in Eq. (10) that
83 =0

for all arbitrary variations 8y and dy.

FIRST VARIATION

Since the variations 8y and 8y are independent of each other, the part of
8§J in Eq. (10) with variation 8y can be expressed as
= Xy tp - Xy tp -
§3(8y) = [ [ SyLydtdx + [ [/ éyQdtdx = 0 (47)
Xo to X0 to

where Ly is given in Eq. (24) and contains second order partial differentials
~in y. It is intended to include only first order partial differentials and
the function y itself in 8J(8y). This can be achieved by considering the

variation of the bilinear expression I in Eqs. (20) and (21) which gives

§T = 81(8y) + 81(8y) (48)



where
Xp tb

§T(8y) = | f. [(ayetvy)dye + (Byptestuye) 8y + (Lyctvy)Sygldedx  (49)
Xo o

A different version of the above variation can be obtained from Eq. (22) as

- Xp - Xb tp
SE(8y) = - SyLydtdx + |  8y(oye+yy) | dx
Xo Xo to
tp - Xh
+ [ Sy(Aygtvy)|  dt (50)
to Xo

Equating Eqs. (49) and (50), solving for the term containing integral for dSyLy

and substituting into Eq. (47) we have

= Xp - tp tp - Xp
§J(8y) = | (aye+yy) 8yl dx + | (Lytvy) 8y | dt
Xo to to Xo
Xh Ltp -
+ [ [ 6&yqdtdx
Xo Bo
Xp tp - - =
= J ft [ayetyy)8ye + (Bypteytuyx) 8y + (Lyxtvy)Syyldtdx = 0 (51)
X0 to

This is the key equation which uses variational principle in solving a
mixed initial and boundary value problem. The above equation contains only
8y, 8y, and 8yyx and none of the variations of higher derivatives. The

dependent variable contains only y, y¢, and yx and no higher partials.

TRANSFORMATION OF COORDINATES
The integral signs in Eq. (51) can be converted into summation signs if

discrete intervals for integration are used. We may take some scale factors

to nondimensionalize the problem by giving

10



to=0,tb=1

Xg = 0, Xp = 1

Moreover, Eq. (51) can be discretized by letting

3

Ht - 1+ 0<E<1

= Kx - j+l 0<ngil
where H and K are number of intervals for t

Thus the partial derivatives are

ay ay

y E e—— = H —
7 e o

oy oy

y ] K —
T oax an

and x

i

3

Hyg

KYn

Use of Egqs. (52) through Eq. (57) then leads to

= K1 . . /e v DL
§3(8y) = ) [ laiyg(1:3) + yy(4,3))6y(1,3)| ~ 5 an
j=1 0 to
- . I |
+ Z f [ZKyn(i»J) + \)y(i»J)]Gy(i,J)l - dg
i=] O Xo H

H

152,..05H

1,2,...,K

respectively.

g 1 Pip o arianla i
j= O y ’ Q H K "

1 0 i=]

H

S O - S| .
- .2 f { ll IO [(aHyg(l’J) + Yy(i’J))Hﬁyg(i’J)
J=

1 0 4=

+ (BHyg(1,3) + ey(1,3) + yry (1,3))6y(1,3)

. . - : 1 1
+ (zKyn(i,J) + vy(i,J))Ksyn(i,J)] 5 de} - dh

11

(52)

(53)

(54)

(55)

(56)
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GRID SYSTEMS
The (16x1) vector Y(1,3) has a grid of four (4xl) vectors Yl(i»j) through
Y4(i»j), thus
v(1,3) = ([y; (5T [y,(4,)T (Y3(1,)]T [y,(1,3)T (59)
Each of the (4xl) vectors has four components, consisting of the function, ifs

first partials in both directions, and its mixed partial.

y(Ei,n3) y(Ei,n5+1)

ye(&41,n3) ye(E1,M5+1)

Yl(i’j) = el Y3(i,j) = 2t el
yn(€4,n3) yn(&i,n5+1)

yen(Ei,n3) yen(E1sn341)

y(Ei+1,n3) y(Ei+15N5+1)
ye(E4+1509) (E4+15M3+1)

g, (1,4) = | e g (1,3) = | T
Yn(Ei+1,N1) ¥yn(&i+15n54+1)
YenCEi+1505) ven(Ei+1505+1)

(60)

If we increase the row index from i to i+l, then the grid point shifts down by

one step and the following holds

If we increase the column index from j to j+1 then the grid point shifts to

the right by one step and one obtains

Yl(i’j+1) = Y3(i,j) Yz(i,j+1) = Y4(i,j) (62)

12



The following diagram shows the relationship of the grid system.

1,(1,3) 13(1,3) = y,(1,3+1) 4(1,3+1)
[v(i,3iN [Y(i,3+1)]
¥, (1,3) " (1,3 = v, (1,i+]) 1, (1,3+1)
o ii<i+1,j> ii(i+1,j> = ij(1+1,j+1> i1(1+1,j+1> T
[Y(i+l,3)] [y(itl,3+1)]
v, (i+1,3) 7, (1+1,3) = v, (i+1,3+1) v, (i+1,3+D)

SPLINE FUNCTION
We may express the variables y(isj) and Sy(isj) in Eq. (58) in terms of °
the (1x16) spline function aT(&,n) and the (16xl) node point function y(i,3)

as follows.

y(1,3)(g,n) = aT(g,n)y(i,3) (63)
where
aT(g,n) = {{al(g,mI1T [a%(g,m]T [a3(g,m]T [a*(g,n)]T (64)
and
sy(Liid(g,n) = al(g,mev(id) (65)

A typical term for a product can be written as

§y(1,1)y(1,3) = [8v(1,3)1Ta(e,n)aT(g,n)y(1,3) (66)

13



BICUBIC HERMITE POLYNOMIAL SPLINES

With the aid of Eq. (59), Eq. (63) may be expressed as

g(,3) (g ,n) = [al(g,m 1Ty (13) + [a2(g,m)) Ty (1)

+ [a3(g,m1Ty3(13) + [a*(g,m]Ty,(1,3) (67)

The bicubic Hermite polynomial spline is continuous in the functional value,

its first partials in two directions, and its mixed first partial in both

directions. The bicubic Hermite polynomial spline gives

T
(&) ¢(n)
v[E) ¢(n)
al(g,n) =
6 (&) v(n)
v(g) Y(n)
B T
p(&) ¢(n)
w(g) ¢(n)
a2(g,n) =
p (&) y(n)
w(g) y(n)
where
6(E) = 1 ~ 382 + 283
YE) = g - 282 + g3
o(g) = 382 - 2£3
w(g) = -g% + €3

14

ad(g,n) =

a*(g,n) =

$£(&)
ve(8)
pe(8)
wg (&)

0

6(&) p(n)
Y(E) p(n)
$(&) w(n)
p(g) w(n)

p(&) p(n)
w(g) p(n)
p (&) w(n)
w(E) w(n)

(68)

—-6F + 6E2
1 - 4& + 3g2
65 - 682

-2¢ + 3£2 (69)



At grid points (nodes) the value of § or n takes the value of 0 or 1. Thus we

have

$(0) =1 () =0 (1) =0 w(l) =0
¢g(0) = 0 Ye(0) =1 $g(1) = 0 ve(l) = 0
p(0) =0 w(0) = 0 p(l) =1 w(l) = 0

pe(0) = 0 wg(0) = 0 pe(l) =0 wg(l) =1 (70)

It is noted that the diagonal elements of the matrix are unity and the off
diagonal terms are zeroes. Similar expressions are held for ¢(n), etc. in
terms of n. For example

6(n) =1 - 3n2 + 2n3 , etc. (71)

CONSISTENCY AT NODES
To show that Eqs. (67) through (69) are consistent at the node points, we

will check only the following cases.

(1) For the case £ = 0 and n = 0, from Egs. (68) and (70) we have

a2(0,0) = a3(0,0) = a*(0,0) = [0 0 0 0]

al(0,0) = [1 0 0 0] (72)
(a) y(L, (g, £E=Q = [al(E,n)]Tg=0 Yl(i’j)
n=0 n=0
= [1 00 0]¥;{L,3) = y(1,3)(0,0) (73)

15



(b) ye (53 (g,n) [£ag = [ale(E,m)1Teog v (153)

n=0 n=0
1 = T B » . B
o£(E) #(n) ¥(1,3)(0,0)
Ye(E) ¢(n) ye(1,3)(0,0)
o£(E) W(n) yn1:3)(0,0)
VECE) ¥(n) yents3)(0,0)
i _1&=0 . _
n=0

= [0 1 0 0]Y;{1,1)

= ye(1,3)(0,0) (74)
(c) yen(Ls ) (E,n) | ecg = TalenE,m)1Teg ¥y (153
n=0 n=0
- . = _
= | ¢£(E) ¢on(n) y(i,J)(0,0)
Ve(E) ¢n(n) y¢(1,3)(0,0)
$£(E) ¥n(n) v, (1:3)(0,0)
- _|&=0 L .
n=0

= [0 0 0 1]y;¢1,3)

= yen(1:3)(0,0) (75)
The above expressions show that the function, its first partial in one
direction, and its mixed partial are consistent and continuous at the node

point £ = 0 and n = O,

16



(2) For the case £ =1 and n = 1, from Eqs. (68) and (70) we have

(a) Thus

(b)

(c)

al(1,1) = a%2(1,1) = a3(1,1) = [0 0 0 0]

a*(1,1) = [1 0 0 0]
y(3)(g,n) [y = la*(g,n) 1T v, (1,3)
n=1 n=1

=[100 0]Y4(i,j) = y(1,3)(1,D

ye (13 (E,m) |goy = [a%g(E,m1 gy ¥4(13)
n=1 n=1
- L o -
pg(€) o(n) y(1:3)(1,1)
wg () p(n) ye(1:3)(1,1)
pg () w(n) v (13 (1,1
wg (&) w(g) yen(1,3)(1,1)
g=1
L -~ e ]

= 101 0 0]74{1,3) = v (1, 0(1,1)

yen (3 (E,m) |gap = [a%gn(E,m1Teay ¥4(163)
n=1 n=1
[ | T 4 . . -
pg(E) pn(n) y(1 3 (1,1)
wg(8) pp(n) ye(13)(1,1)
pg(8) wp(n) yn{Es3)(1,1)
wg(E) wp(n) yenth3)(1,1)
_ _l&=1 L s
n=1

=[000 1]Y4(i,j) a an(i’j)(l,l)
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(76)

(77)

(78)

(79)



It can be proved that all the 16 elements at four corners of the grid are
consistent., It can also be proved that the function, its two directional

first derivatives and its mixed partial are continuous at all grid points,

WAVE EQUATION
Let us take a special care for further study of the mixed initial and
boundary value problems. We choose the wave equation where the parameters in

Eq. (24) are

B=y=u=v=¢g=0 (80)
and « = const # 0 (81)
£ = const # 0 (82)
Then Eq. (24) becomes
Ly = ayee + Lyxx = -Q (83)
Eq. (58) is simplified to
sae3) = 3 gg fcl) 6§(i»j>yg(i»j>dnlzb

1 0

3

H ok 1 - . . Xp
+ 7 - [ sy(L, Dy, (1,31)qg]
i=1 H O

Xo

K H 1 11 - ..
+ 3 Y == [ [ éy(1,3)qdedn
j=1 i=1 HK 0 0

KH 1 1 o - : =
+ 3 Y [ == sy Dy (4,3)
j=1 i=1 0 0 K ¢ ¢

K - .
B\ Syn(1> 1)y, (1,1 ]dedn = 0 (84)
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Differentiating Eqs. (63) and (65), and substituting into Eq. (84) we

have

- K
§J(8y) = )

H = e L | th
22 [6¥(L,1 [ aCg,mag(e,mdn|  v(1,1)
j 0 to

1 K

H gk -, .,.T,1 Xb ,
+ 7 == 1se{LD1 [ a(e,man(e,mde] (13D
i=1 H 0 Xo

+ % % sr ™t ace, mace, makd
j=1 ol _— 0 0 a » N Q » N £dn

K H gg - .. Tl 1 :
+ 77 S rev@d] [ [ ag(e,magTCE, mdedn v(1,D)
j=1 i=1 H 00

K H gx - . .,.T1 1 ;
+ 3 ) sy [ [ an(e,manT(g,mdedn ¥(1,3) =0 (85)
j=1 i=1 H 0 0

Eq. (85) may be written into a different form as

- K - R n
§3(8y) = ) [6¥(th,3)] Pog(tb)Y(tb»J)
j=1

R - T _
> Z [GY(to’J)] PQE(tO)Y(to:J)
J=1

H =
+ z [GY(i’Xb)]TPOn(xb)Y(i’Xb)
i=1

| T _
- 121 [67(1,%0)] Pon(XO)Y(l,XO)

K Ha =g o g
+ z z [GY(i,J)] q(i:J)
j=1 i=1

K

H - g
S 7Y (evd DY) = 0 (86)
j=1 i=1
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It is noted that the first two terms involve initial values, the next two

terms involve boundary values, and the last two terms involve interior

quantities within the region.

Equation (86) uses the f

Pog (tp)

Pog(to)

Pon(xb)

POn(xo)

Peg

Pyn
and

FEEy

ollowing notations

aH |1
- a(E,n)agT(E.n)dn|
K 0 t=ty,
aH 1
= — [ a(g,n)agf(g,n)dn|
g
K 0 t=t,
2K 1 T
— [ a(g,n)ay (&,n)dE|
K 0 X=X
2K 1
. T d
X IO a(gyn)an (g’n) €|X=Xo
aH 2K
P= Peg ¥ 47 Fmn

1 1
IO IO ag(&,n)agT(E,n)dEdn
1 1
IO IO an(&,n)anT(&,n)dEdn

. fl fl (g,M)Q(&,n)dEd
" U, g SRS PR

(87)

(88)

(89)

(90)

(91)

(92)

(93)

(94)

For a given spline function, such as bicubic Hermite polynomials, a(g,n)

is given in Eqs. (64), (68),

points are known, so are H and K.

determined and stored in advance.

(94) can also be evaluated.

and (69). For a given grid the number of node

20

Thus Eqs. (87) through (93) can be

For any given forcing function Q(&,n), Eq.



The (16x1) vector Y(i’j) in Eq. (86) was defined in Eq. (59). 1Its
components can be overlapped as given in Eqs. (61) and (62). We have found
previously that the first term in Eq. (86) can be dropped because it can
automatically satisfy the final conditions for an initial value problem. In
the second term the function Y(to»>3) is known because the coefficients are the
initial values. Although some of the boundary values Y(1>Xb) amd Y(1,%X0) are
given, most of these terms are to be determined. The entire problem is to
solve for y(i,3) by setting to zero the assembly coefficients of the
individual elements of §y(i,3),

It is a tedious task to assemble these coefficients. These will be

performed in the future as a separate report.

CONCLUSION

A bilinear form of the original and adjoint variable is employed in
determining the coefficients of the variations of the functions and their
first derivatives. There is no term involving the variations of any higher
derivatives.' A bicubic Hermite polynomial is used which gives continuity in
the functions and first partial derivatives in space or time, together with
the mixed first partial derivative in space and time. 1In solving mixed
boundary and initial value problems of a second order partial differential
equation using spline functions, the computation may be simplified
considerably if the variable in time can be truncated into arbitrary sections.
The entire problem is divided into several strips of distinct time intervals,

each strip containing mostly the boundary value problem.
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The variational principle for spatial and temporal problems with boundary
and initial conditions has been investigated. This variational principle is
very general in scope and can be applied to many linear partial differential
equations. The principle is applicable if the bilinéar concomitant is
identically zero. ‘ This leads to the requirement that a set of end conditioﬁs
for the adjoint systems must be found to satisfy this condition. Otherwise
the variational principle as stated may not be applicable.

Both the wave equation and the heat equation (with one dimensional
spatial direction) satisfy these variational principles. For future work the
analytic solution of these equations using the finite element method will be
studied. The assembly of the elements of the matrices involved in the
formulation will be demonstrated. The stability problem in numerical
solutions on these equations will also be investigated. This lays the

foundation for the gun dynamics problem to be studied in the future.
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