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A RAY THEORY I'OR MONLINKAR SHIP WAVES
AND WAVE RESISTANCE

Bohyun Yim

David W. Taylor Naval Ship Research and Development Center

Bethesda, Maryland

ﬁgfhrnct

Analytical and numerical methods for
application of ray theory in computing ship
waves are investigated. The potentially
important role of ray theory in analyses of
nonlinear waves and wave resistance is demon-
strated. The reflection of ship waves from
the hull boundary is analyzed here for the
first time.

When a wave crest touches the ship sur-~
face, the ray exactly follows the ship surface,
When the wave crest is nearly perpendicular o
the ship surface th: ray is reflected many
times as it propagates along the ship surface.
Many rays of refiected elementary waves
intersect each other, The euvelope to the first
reflvctad rays forms a line Like a shock
front which borders the area of large waves
or breaking waves near the ship.

Fot tle Wigley hull, vay paths, wave
phases, and directions of elementary waves
are computed by the ray theory and a method of
computing wave resistance is develcped., The
wave phase is compared with that of linear
theory as a function of ship-beam length
ratio to identify the advancement of the bow
svave phase which influences the design of bow
bulbs. The wave resistanze of the Wigley hull

is computed using the amp'itude function from
Michell's thin ship theory and compared with
values of Michell's wave resistance. The total
vave resistance has the phase of huwp and hollow
shifted considerably.

Introduction

Signif icant developments in the ship wave
theory have been made in recent years, These
include the application of ray theoryl:2" and
the experimental discovery of a phenowaenon
called n free surface shock wave.

Because a ship i{s not thin enough to apply
both the thin sii{p theory and the complicated
free-surface effect, theoretical development
of an accurate ship wave theory has been slow.
The problem should be evaluated differently
from the conventional means. Ray theory has
been used in geometrical optics or for waves
having small wave lengths. Ursell™ uaed the

*A cowplere listing of references is given
on page !5
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theory to conslder wave propagation in non-
uniform flow, snd Shen, Meyer, and Keller’ used
it to investigate wuter waves in_channels and
around islands. Recently Keller? developad a
ray theory for ship waves and pointed out that
the thenry could supply useful information
about the waves of thick ships at relatively
slow speeds, However, he had difficulty ob-
tuining the excitation function for wave ampli-
tude and solved only a thin-ahip problem. Inui
and Kajitanil applied the Uraell ray theory* to
ship waves, using the amplitude functlon from

linear vheory.

Because the ray is the path of wave energy,
it ie not supposed to penetrate th! ship surface;
and this was exphasized by Keller.“ However,
neither Keller nor Inui and Kajitani consider
nonpenstration of the ray seriously. Recently
Yim°® found the existence of rays which emanated
from the ship bow and reflected from the ship

surface.

In the present paper, further study has
revealed many bow raya reflecting from the
ship surface, craating =n area in which these
rays intersect each other. The envelope to
the first reflected ravs forms a line like a
shock front which bordess the area of large
waves or breaking waves near the ship. This
will be referred to as the second causatic. This
phenomenon was observed by Inui et al.’ in the
towing vank and called a free surface stock
wive (FSSW), ‘iuh has beeu done concernirg the
theoretical in\ . cigation of FSSW by incroduc-
ing a fictitious dep~h for a shallow water non-
dispersive wave,

The ray equation and the ahip boundary
condition are analyzed further to show the
existence of reflecting rays, except in the
case of a flat wedgelike ship surface. The
ray path is very sensitive to the initial bound-
ary condiiion near the bow or the stern, and
should be identified at downstream infinity
not by the initial conditina., The conservation
law of wave energy in the nonuniform flow is
different from that of the uniform flow due to
the exchange of energy with the local flow.
Therefore, the linaar wave amplitude as a
function of initial wave angle near the bow
or stern i{s weaningless and cannot be usad in
the ray theory. 1t is shown that the amplitude

function for the ray theory matched with the
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llnear theory far dowmstream is reasonable and
1ikely to produce a reasonable result as in
the two dimensional theory,

The wave phase in the ray theory is ob-
tained, together with the vay nath, indepen-~
dent {rom the amplitude function, Both the
phase and the ray path are quite different from
the predictfon of lincar theory near the ship.
The rvays far dovmstream are straight as in the
lincar theory yet have phases different from
the lineay theory; they are parallel to the
linear ray with the same wave angle but do
not coincide. The diffacence in wave phascs
is the main factor that makes the wvave resis-
tance dif ferent from the linear theory. Ray
paths and phase difference are computed for
varfou: parameters of the Wigley ship, with and
without a bulbous bow. The ray paths for
ditterent drafts and different beas-length
ratio of the Wigley hu'l are slightly different,
widening the wave area near the hull for the
wider beam and/or larger draft. However, the
phase difference is more sensitive to the beam-

length ratio and/or draft-length ratio, by
always advancing the linear wave phase.

The wave resistance of the Wigley hull 1s
computed and shown to have a cousiderable shift
of phase of hump and hollow.

The most interesting phenomenon of a ship
with a bulbous bow is the reduction of slopes
of rays and the second caustic, i.e., the
larger the bulb, the greater the reduction,
This fact was observed in the towing tank.3
There exists a bulb size u‘bc\ totally elimi-
nales the reflecting rays, Howaver, the phase
ditference due to the bulbll is very small
showing that the phase difference, which has
been observed in the towing tenk, is the effect
of nonuniform flow caused by the main hull.

Ray Equations

The concept of ray theory in ship waves is
analogous to the concepts used in geometrical
optics and in geometric acoustics. A ship is
consideved advancing with a conatant velocity
~U which i{s the direciion of the negative x
axis of a right handed rectangular coordinate
system O~xyz with the origin O at the ship bow
on the mean free surfaca, 20, z is positive

upwards.

First the phase function s(x,y,z) is de-
fined so that the equation (s = constant) re-~
represents the wave front where the value of s
15 the opticai divtance frct the_wave source,
¢.4., the ship bow. When Keller? developed
his ray theory of shipa by ex' anding boundary
conditions and a solution, which should satisfy
both the lLaplace ejuation and the boundrry

nditions, in a series of Froudd numbe. syuares

cg
F°, he obtained:
n 2-
(Vs) 0 )

3
8, = -1 (5, +V% )" at 2=0

R Y TR . .
e T o T
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By eliminating S, from these two equations he
vbtajned a dispersion relation

2 2.4 2 -
(!x+ly)-(st+¢xux+¢ysy) Atz =0
(2}
where $ is the double model potential. When
steady state wmotion is assumed with respect to
the moving coordinate system, 0 - xyz,

LI 0

When the angle between the normal n to the
phase curve s and the:lxis is denoted by 6,

n = Icosd + Jsing (3)

Then the wave number vector is defined by

K=k T+kJzsl+s]
- - - (Y]
® nk = ik cogd + jk siné at z = Q
From equatinns (2) and (4)
1 2
* -[u cosf + v sine] &2

where

-¢x = u and ~»y -V

These reaults are an approximation within
the order of F4, and the phasc function and its
related squations are all limited to their
values at z = 0. Thus, from now on, unless
otherwise mentionea, all the physizal values
are at * » 0. The ray equation of ship waves
ia obtained from the irrotationality of the

wvave nusber vector

ok ak
—,,——luo (6)

ax 3y
From Equations (4) through (6},
{2 sind (u 348 - v cost)

3
+ cos8 (u cosb + v aine)) 5%

+ {2 cos® (-u sin® + v cosd)

X 30

+ siné (u cos® + v sing) v )
du Jv
» 2 aind (cosd ey + 8in® 5;)
v

du
- 2 con® (coasb 5; + 8ind 3y
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This {8 the ray vquation which can be
solved by the method of charscteristics, and
{3 vquivalent to simu'taneous otdinary differ-
ential equations,

dy  {v- 4 sin® (u cost + v aine)) )

dx  {u- % coss (u coss + v sinn)}

ab Ju v
‘n 22 sing (cosu ¢t siny 3;9

-~ 2 cord (comd %¥-+ sing %%))/(2 8in8 (u sins (9)

= v co#f) + cosd (u cosd + v sinv)}

Here u cost 4 v sin € is the velocity component
normal to the phase curve of the flow relative
to the ship. Becausc. the wave is stationary
relutive to the ship, the phase velocity
through the water surface should be

- u cosd ~ v siné

The group velocity ie cne-half of the phase
velocity. Thus the ray dire.tiou in Equation
(8) is along the resultant of the group velo-~
city taken normal to the phase curve und of the
velocity of the basic flow as Ursell has showm,
Because the wave energy is prcpagated at the
group velocity, the ray path ls interpreted as
the path of energy relative to the stip. This
can be obtained by solving Equations (8) and
(9) with the propar ‘nritial condition. The
phase 8 cen be obtained from aquations (4) by

l-fid;

ar in poteniial theory; s(x,y) is a function of
(x,y) but is unrelated to the integratio:: nath,
However,

ds = k cost dx + k sing dy (10)

can be solve. _.ogacher with the ra; ecquations
alony the ray path.

Rays oi Ship Waves and Linear Thaory

To investigate the path of & ray of a
ship wave, a ship, represented by a double
model source distribution m (x,¥) on
y = o, h>z>~h, 18 cousidered. Although the
iinear relation between the source strength
m and the ship surface

y » tf(x,?) (11)
18
wem g 2)

the sctual double wodel ship body streamiine
should be obtained by solving

% .\_‘; (13

through the stagnation point where u and v ate
the velocity components of the totat velocity
caused by the Jdouble model sourcve distribution
m and the unifcrm flow relative to the ship.

In the linear ship wave theory & smooth
source distrtibution produves two systems of
regular ship wavas: the bow and the stern
waves starlaing rom the bow and stern,
respect ively, rejresented!’ as

n " <

day) = [ A0 e {ts) Guy,0} dv (14)
-n/2

where

8k, aec20 ﬁx;xi) cosd + y uine} (135)

x, ® the x coordinate of the buw or ster-

i

ko * '4}

u
§ * accelejation due to gravity

£2.(0) = amplituae function which is a
function of source distribution u

The regular wave { is the solutiou of
linear ahip wave theory far from the nhlp.ll
Actually, it is easy to nee.that Lhe exponential
function satisfies Loth the laplace squation
and the linear fses~surface boundary condition
for any value of x{. Havelock interpreted
Equation (14) by ?él?glling the {ategrand as
elepentary waves,'“® i.e., the regular wavea
are aggregates of elementary vaves atarting from
the bow and starn of a ship. The normal
direction of sach elementary wave crest is
nw i cost + § gind,

Because the local disturbance of the double
wodel decays rapidly away from the ship, even
in nonlinear theory in the fer field, the
regulsr wave should be of the fora of Equation
(14) with poasibly di{farent values of x{ and
A(8). When the iutegral of § is cyzlu&ted by

the method of the stationary phaset” by taking
roots of
3
55 (xiy,0) = 0 (16)
or
N tunze + % tangé + 1 = 0 an

in generul two values of 8 are obtained for a
given value of each x and y, satisfying,

2 8" £18)

i

i
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-B"

X
—

¥l

ftanu| = 8

-4

o 3% dey

ad the vaiue ot the integral of Equation (14)
tor any x,y in x/{y{28" can be evaluated by

the statfonary phase method as the sum of two
waves:  transverse waves (0 deg < (8{ < 35 deg)
ad diveigent waves (35 deg < i¢l < 90 deg).

Except for the amplftude function exactly
the same result for the relation of X,y and ¢
an i the linear theory can be obtained from
Equat ivn (8) by substftuting u = [ and v = O,
Thus, this means chat the energy of cach
eluenentary wave propagates on the uniform flow
along a straight line ray. The rays are con-
tined x/!y? > 8%, both of the elementary
waves at = 0 and & =« 90 deg correspond to the
vay ¢ /x o= O, and 8 = 35 deg corresponds with
the tav x/|y| = 8%, One ray between theae two
tays corresponds to two elementary waves where
one is transversel and the other {s divergent.

When the velocity is not uniform due to the
tlow pertarbation caused by a ship, the ray is
not straight but curved near the ship as
shown in Figure 1, It is known that wave energy
tlux divided by the relative frequency with
tespect Lo the coordinates for which the fluid
volacity 15 vero, 18 conserved along the
cutved tay tube, 1f the coordinates are fixed
it space, then the ship waves are unsteady
teiative to e fixed coordinates and the
Dlvgquency iy

s, " U k cosb (19)
0.20 — .
0.18| s 4
’ = -0.6689 (Om;Gﬂ =
0.1559“‘ = 0662 -0.1175; 0.08
014; 1
0.12]
3
vy 010! ]
0.08 {
. SECOND
0.06 CAUSTIC -
00~ §
0.0?
0.0 02 04 06 08 1.0
} &

Figare 1 - Ray Pa:hs for a Wigley Hull
(b = 0.1, h = 0,0629)

- - e,
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because only the transformation ot coordinntes
(,y) to (x - Ut, v) ls heeded Lo get the un-
steady flow, Strictly speaking the relative
frequency is

Sl m gk ucost + kv siny = k U cosn
but for our discussion, the approximate value
serves the purpese. This means that for a
uniform flow the wave energy is constant
along the ray because for a unittorm flow u =1,
vel, k= g/(U2 coslt), and 0 is constant
along the straight ray. However, the wave
energy is not constant along the curved ray in
nonunifore flow, but s dependent upon the
local velocity components and © because the
relative frequercy is a function of the local
velocity and 8 as in Equations (5) and (19) and
U changes along the curved ray. The wave
energy will change considerably along the
curved ray near the bow or stern because u and
v change to zero at the wave source, the
stagnation point, while in the far field iu
will be constant along the ray as in llnear
theory. RNear the stagnation point, the wave
number increases according to Equation (5) and
the wave energy also increasus due to the energy
conservation law.® Thus, the wave may break near
the stagnation point,

Becaugse wave amplitude is so difficult to
obtain from the ray theory?, the linear theory
has been considered as an approximation,'! A
good result was obtained for a two dimensional
fluw problem.9 However, extreme care is needed
in the three dimensional theory because o chang-
es by a large amount along the ray, neai the
stagnation point, und the wave energy depends
upon 8. The matching amplitude function of ray
theory with the values from linear theory should
be done at the far field where 6 and the direct-
ion of the ray ave, respecitvuly, identical for
both cases tor each elementary wave. In addi-
tion, the initial condition has to be taken in
the neighborhood, but not exactly at, the stag-
national point because, although the stagnatioa
point is the wave snurce, at the stagnation
point the ray equations are indeterminant, .
and v being zero. However, because of the large
change of u and v near the gtagnation point, the
ray path 1s very sensitive to the initial values
of x, y and 6; the nearer to the stagnation
point, the more sensitive. Tharefore, the iden-
tification of vay paths should ‘e correlated
with the values of & at infini y. Tlen al! the
ray paths can be properly and .niquely identitied
by Ha.

Since perturbations of the ship decay
rapidly away from the ship, 6 also rapidly
approaches 8x, The relation between the initial
value and the value at infinity of 6 has little
meaning, although it was misunderstood beforel:
because 6 changes very rapidly nes- the stag-
nation point.
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Rays of Ship Waves and Ship Boundaries

Ship waves created by a smooth ahip hull
propagate as regular bow and stern waves from
the bow and stern stagnation points to infinity
along rays. Because a ray carries the wave
energy it cannot penetrate the ship surface. 1f
the linear free-surface condition is considered
with the exact hull boundary condition, as has

been popular in recent ship wave analysis ',
the straight rays which pass through the hull
boundary have to be considered, For a ray
theory with the exact hull boundary condition,
the ray is not allowed to penetrate the ship.
In fact, when the initial wave crest touches
the ship boundary {t can be proved that the
ray of such a save grazes along the shap
boundary without penetrating the ship boundary.

In Equation (8) when the wave crest
touches the hull

u cost + v sing = O (20)

because t is the angle between the normal to
the crest and to the axis, and the velocity
normal to the ship hull is zero on the hull,
Equation (8) then becomes

.y
dx u

showing that the ray touches the ship hull
streamline from Equation (13),

When the wave crest touches the hull,
from Equations (11) and (13)

v
ol (¢3))]
and from Equations (20) and (21)

tan® = ;—1 2)
X
Differentiating Equation (22) with respect to
x along the ship hull

f
'3 XX
v e (23)
dx £ 24

However, inserting Equation (20) into Equation
(9) yields

Ju v 2, du v
cott = + =" cot 9§ 5; - cotd 3y (24)

3-._3'

v
u(l - Iy cotf)

Differentiating Equation (21) with respec*t to
x along the hull yields

L Yau v v dudy v 3y
By _ _udx " 3x udydx  dyx (2%
K B

From kquations (20), (21), (2¢), and (25)
it can be shown that Equations (23) and (24)
are equivalent. Tuat 1is, when the wave crest
touches thr ship boundary, the cay equations
and the ship ‘ull streamline equations are
equivalent.

— o em e e = . e e ey s e
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When the wave crest {s perpendicular to
the ship hull

% - tant (26)

1f Equation (26) 1s inserted into Equation (8)

gi-- tany -% 7

The ray also touchea the ship initially,
However, Equation (9) {s not compatible with
Equation (26) on the hull., This can be proved
in a similar way as follows:

Differentiating Equatinon (26) with respect
to x along the ship hull

f
a8 XX (28)
dx f + 1
x

Inserting Equation (26) into Equation (9) gives

du v 9u dy
48 | 2 tanu (3x + tané By) - Z(By + tand ay)
dx

u (I + 2 tany)
u -

From Equations (25), (27), and (29), noting

I

T ax

9 2 f
as | — (30)

dx f " +1
x

Equations (28) and (30) are compatible only
when fxx = 0, or fx = constant,

That is, only when the ship is a flat plate
does the ray of the wave, whose crest is perpen-
dicular to the ship, follow the ship boundary.
This means that when the ship bow 1is like a
wedge, the ray of the bow wave, whoae crest is
perpendicular to the wedge surface, initially
follows the wedge surface,

When the ray equations are solved numer-
ically by the Runge-Kutta method, with initisl
values near the bow stagnation point, the rayv
touches and follows the ship boundary at

8, m==+aqa 3n

where o 1s the half entrance angle of the ship
bow and 6, denotes the initial value of 8,

When 6; increases from this value the ray
moves gradually away from the ship as shows in
Figures 1 through 4, The -ays are curved near
the ship but at far downstream they are siraight
and the ray direction becomes exactly the same
function of 6 as the linear theory. Thus at
infinity the rays are inside |dx/dy| = 8%,
However, when 0, approaches zero, the curved
ray near the ship gradually approaches the
ship, and eventually crosses the ship boundary,
as ir Figures 1 through 4. Here the wave
reflection should be considered to prevent the
ray penetration of the ship hull.
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Ray Reflection

Thaere are no waves coming from places
other than the ship bow or the ship stern. In
the ray theory, the flow [ield perturhed by the
ship deflects the ray path starting from the
ship bow toward the ship. Thus, some rays
of bow waves impinge on the ship hull.

Because the ray theory is for small Froude
rumhnrs epd the wave phenomenon is comsidered
only on the free su-face, it 1is reasonable to
conslider only reflected waves, as ip geometrical
optics, neglecting transmitted waves vhen the
oncoming waves impinge on the ship hull.

Let * e ray at the wave angle 6 on the
ship bounuary (x,y) be reflected to 6y and
fx = tang, as in Figure 5.

Then,

or

Br - 20° -8 (32)

Figure 5 -~ Angles of Waves Reflecting on
the Ship Hull

Whenever the ray intersects the ship
boundary at (x,y) with angle v, then the value
of 6 at (x,y) will be changed to 86y = 205 - 9,
and x,y,8 are continuously calculated by the
Runge-Kuzta's method. Tuen the ray will reflect
as in Figures 1 through 4. Here if 9, is zero,
1t is easily seen in Equation (8) that the
impinging ray angle () changes to - (@ for the
reflacted ray angle. This fact can be easily
shown to be true even for 6g » 0 by just the
rotation f <he coordinate system.

Numer ‘cal Experiments of Ray Paths and
Free Surface Shock Waves

Becaus: the ray equationr ‘'an be solved
only numeric.lly, careful numerical experiments
with the ray equations way give valuable in-
formation. For simplicity, the Wigley hull
source distribution with

1 df
m=__ 1
2n dx
where
£ (=D {1 - B (33)

is considered for various numbers of b and h
which are related to the hull beam and draft,
respectively. The sctu 1 hull shape corre-

T EREReE L . “ v

sponding to the source Equation (33), is ob-
tained by plotting the body streamline passing
through stagnationh points as the solution of

where u and v corresponding to Equation (32},
are shown in Appendix A together with u_, u_,
and v, for the ray equation. Equations™(8)3
(9, aud (10), rogechier wlith the streamline
equation, are solved by the Runge-~Kutta method
with initial conditions (x,y,8) near the stag-
nation polints with various values of 0.

Many ray paths both reflecting and non-
reflecting from the surfaces of various Wigley
hulls are shown in Figures 1 through 4. These
paths were computed by a high speed Burroughs
computer at David Taylor Naval Ship Research
and Development Center., The reflection condi-
tion is incorporated in the high-speed computa-
tion with a routine to find the intersection of
the ray and the ship boundary which is pre-
calculated and saved in the memory. The step
sizes of .ntegrations and interpolation were
determined after many numerical tests, and the
shrwn results are considered to be reasonably
accurate, For a given initial condition, the
solution is stable and converges well.

In Figures 1 through 4, some common fea-
tures of rays can be drawn as follows. The
rays in - 1/2 < 8o < 0 far behind the ship
vehave like rays of lineatr theory except wave
phases are advanced in the ray theory and those
near 6, = O are vavs propagating from the ship
bow and reflecting ‘rom those of ship hull.

The rays near the ship are very different from
the linear theory as Inul and KajitaniI pointed
out. The curved rays from the bow have a far
larger slope than those of linear theory and
the phase of each ray is considerably advanced.
The magnitude of the phase difference is more
geasitive to the beam-length ratio and the
draft-length ratio than the magnitude of the
ray slope.

When 6, = 35 deg, the ray will be Lhe
outermost ray and ihe gay angle at = wiil be
approximately tan”™' 877 as in the linear theory
and there s the corresponding initial value of
8 or 8 near the bow, or the origin, However,
the 81 which is cerresponding to a single value
of Bw i& very sensitive to small changes of X
and y near the origin., At a fixed point near
the origin there exlists a unique correspondence
between 64 and 6.

When from the 64 which is corresponding to
84 = 35 deg, the initial value of ¢4 increases,
6w also increases and the ray angle decreases.
In general, wher 0j = 0, 6, 18 still a negative
value. When 84 increases further, o approaches
zero and the ray pass 1s very close to the
stern. At this point, there exists a certain
increment of 84 which makes the ray barely
touch the ship stern, at 3§ = §4o, When 84
slightly increases from 84, the ray reflects
from the ship hull near the stern. With the
increment of 64 the reflection point moves
toward the bow. When 6 = 84, the ray once
reflected touches the stern again. When 684
increages further from 841}, the ray reflects
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twin e tron the shiop hull,  To this way, turther
merement ot o makes the vay veflect trom the
ship hull three, four .., times, However, at

L vear the value of o, the ray tries to pene-
trate the ship hull at the starting point of
the bow, This cannot be allowed hecause this
kind of ray should come from outside of the
shitp, Let the border point of ¢ be 0.

This means that rays of initial value of ©
boetween «, € v < ujy reflect from the ship
hull.  As is clear in Figures | through 4,
tnopeneral, all the rays before reflection do
not mtersect cach other, however, reflected
ravs ihterseet other rays. ‘The once reflected
ravs antersect not only with each ray once
reflected from ship boundary points close to
cach other, but also with at least one ray
hefore reflection,

In the stationary phase, cach ray has an
amplizude.  Likewise in the ray theory, each
tay varries it's energy. The reflected ray way
have approximately the sanme energy as the ray
at vy = Ujo or Ua % 0 where the amplitude
function of the linear theory is in general
more significant than amplitudes of the other
valuea of wva. Because the phase must be
approxumdtely close to each other for the waves
near v - 0, the wave height ol the once re-
tlected vay may be close to three times that
ol the transversal wave for g = 0. When the
vnvelope of the once reflected waves is drawn,
the domain bounded by the ship surface and
the envelope, denoted by Dm, must be distinctly
ditterent from cther domains because in Dm
there are not only once reflected rays but also
twic or multi-reflected rays on which more than
three reflected rays intersect by dan argument
similar to that used for the once reflected
ravs. The envelope of the once reflected rays
buehaves like the shock front which was observed

1 bapan

In general, a line is called a caustic when

- ene side of the line one can find a continuous

d1stributtan ot rays but not on the other side,
and along the caustic the wave slope 1s found
to be large.  The wave near the rav angle ta =
39 dey bo the caustic, and the wave height near
the caustic far downstream can be obtained by
an application of the Alry function in the
tinvar theory., The envelope of the once re-
tlected ravs mav be o kind of caustic formed

by the tertacted bow wave rays due to the non-
uittorm tlow prrtvrbvd by the ship, Shen,
Hoyver, and Keller? studied such caustics caused
by the stoping beach of channels and around
islands,  Thus, the additional caustic of ship
wiaves may be called the second caustic of ship
waven, and should not be confused with the first
vaust i which is the known caustic at B, = 35
Ay,

second caustic of Ship Waves ot Various Ships

For the Wigley hull, several different
values of parameters b and h were taken to
find thefr effect on the sccond caustic. In
addition, the effect of a bulbous bow on the
second caustic was considered., The most
Jist ingulshable physical characteristic of the
seeond canstic s its distance from the ship
hull, This is related to the distance of

T s ea s ey e vy
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reflected rays from the ship hull, If the
number of reflection rays increases, or if 0y
increases from 84y, the maximum distance be-
tween the ray and the ship hull decreases.

The distance, before or after the ray reflection,
approximately behaves like a sine curve. The
maximur distance between the ray before the
first refleciion and the ship hull divadea

by the x coordinate of the poiut of the first
reflection a/x; is plotted in Figure 6 for
various ships. The value of a/x) for different
values of 0j are approximately the same for a
given hull and are related to the area between
the second caustic and tha ship hull where there
may be breaking waves or turbulent waves. Thus,
if the area 13 large, viscous dissipation of
energy becomes large. Accordingly, the measured
momentum loss behind the ship for the breaking
waves becomes large.

The values of a/x}, increase with increas-
ing beam-length raitio. However, the most
interesting part 1is the effect of the bulbous
bow.l0 When the bulb size is increased or the
doublet strength is increased the curvature of
the ray near the bow becomes less, although the
streamline near the bow is such that the en-
trance angle is slightly large The values of
a/x] decrease with increasing bulb size, and
eventually the ray for 8, % O cannot propagate
without penetrating the ship hull at the begin-
ning. That is, there is no reflecting ray
coming out of the bow with a bulb of the proper
size, as shown in Figure 7.
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(radius, LI 0.0214h, depth, z) - 0.5h)
A(8) = P(0) + 1 Q(8) (34)

These phenomena associated with the second
caustic are exactly the same as those of the
"free surface shock wave' which was observed

in the towing tank,

Finally {t should be pointed out that the
ray of the wave whose crest is perpendicular
to the hull surface tollows exactly along the
flat surface as was proven by Equations (28)
aad (30) and the following paragraphs. This
means that rays originating from the vertex
of a wedge: vary likely nevrr reflect on the
vedge surface. This is because tays near the
ray which follows the ship surface did not
intersect each other near 9§ = -n;2 + a, o
2 = = n/2. Rays near fi, =~ 0 impinge on the
ship surface due to the effect of the water-
Line curvature of the ship. Therefore, 1if a
ahip has a wedge bow, the second caustic must
be found near or behind the shoulder. Be-
cauge the f{rst caustic near the bow may be
very prominent and both waves near the first
caustic and waves near the stagnation point
break, careful experimental analysis and more
theoretical study of the bow near field may be

needed.

Wave Amplitude and Phase

Because the perturbation due to a ship,
or both regular waves and local disturbances,
decays at far field, the linear theory must
hold in the far field. In particular, the
wave Tesistance can be calculated from the
energy passing through a vertical plane x=
constant far downstream; the linear theory
which 15 precperly matched to the near field of
the ship will be used for calculating the wave
resistance. As explained in Equation (14) and
the following paragraphs, the expression for
regular waves far downstream is known to be of
the form of Equation (l4) where the amplitude

function
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way be taken as an approximation from the linear
theory but the phase difference xj must be oh-
tained from matching with the near fileld. If
the near field is also expressed by the linear

theory

o 1
P+1Q=nky f !
-h o (35)

2
koz sec 0 ik x aect
Cadz Exe sec 6 ¢

where fy is the derivative of Equation (11) with
respitt to Xx. When the inner integrand of
Equation (35) is integrated with respect to x,
the value with the limit x = 1 will form stern
waves and the value with the limit x = 0 will
form bow waves.!l Then the bow waves can be

represented by

n/2
G ™ f A () exp {18 (8)) a0 (36)
~n/2
where
A, (8) =P +1Q N

When the phase s is computed from Equation
(10) along with the ray path from Equations
(8) and (9) considering that s = O at the bow
near the origin, there are two results different
from those of linesr theory: (1) the ray path
is deflected as 1f the #lementary wave of the
linear theory started from (xj,0) not from the
origin, and (2) the phase change denoted by
As should be considered. That is, the
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equivalent Linear elementary wave may Lo
written as

M
A0 exp [1 k. sec™n
b o 38)

’(x—xl) cost + y san‘ + i ko As]

where x} is obtained as an intersaction of the
tangent to the ray at « and the x axis and

3
kols = kos - kU secn ‘(x—xl) cosh + y stnﬂ‘

{39)

The value of

s, (u) = %5 - y, sect (40)

can be obtained 2t any point along the ray,

In general, x) Is negative and s2 (») is
posirtive meaning that the bow wave phase in the
ray theory is larger or more advanced than the
phase of the linear theory. This fact has long
been observed in experiments in towing tanks.

The advancement of wave phase [s computed
for varvious ships and the values of sy and x)
at x = 2 are shown {n Figures 8 through 10,
When the beam~length ratio increases and/or
the draft-length ratio increases, the values
of sp increase and the values of x, decrease
for all valueyr cf o,. As compared with the
increment of the siopes of rays near the ship,
the increment of the phase angle is more
sensitive to the beam- and/or draft-to-length
ratios.

The most interesting phenomenon about the
phase diflervnce i» in regard to the bulbous

bow.10 That is, the phase Jifferences for hulls

with and without bulbs are almost the same even
with a consi{derably larger bulb. In the past,
because of the observed phase difference of
ship waves, the bulb was located far forward

to obtain good bow wave cancellation.!!
According to the present analysis, If there is
no other revason, the bulb position need not be
far forwaid. Because the nonuniform flow cre-
ated by the ship is much more significant than
that of the bulb, as far as phase change is
concerned, both the ship bow waves (in general,
pusitive sine waves) and the bulb waves
(negative sine waves) propagate through the
sqme region and cancel each other.

As for the amplitude function, although
1t was shown by boctors and Dagan’ that 1ay
theory produced the best result for a two-
dimensional submerged body even though they
used a linear amplitude function, the gurface
plercing three-dimensional case may be quite
different. The amplitude function is mainly
related to the singularity strength which sat-~
isfies the ship hull boundary condition and

some improvement might result by considering the

sheltering effect, However, in the present

study, the linear amplitude function is used to

simplify the problem, showing the effect of
curved rays.

i SR

Wave Resistance

If all the elementdary waves are asgsumed to
be propagated without reflection, the amplitude
function and the phase Jifference studied in
the previous sections will supply enough infor-
mation for the calculation of wave resistance.
Because at far downstream, the wave height
may be considered linear, the Havelock wave
resistance formulald may be used for the waves
represented by Equations (36) through (40),
considering that the wave with the changed
phase 85 (G) has the amplitude

ikgeyp (8)
(B, +1Q) e b

n/2
R - -
2 v Gt “o
N /2
ik s, ()
|(Pb + in) e 2 2 cos ud
vr in Srettensky's formula16
2
1617k

¢, = i o Z:Ej

[ §=0
(42)
P |
47§\2 .
LG, e
: y 1A (@5) e ;
b))
w
o
whete

1k°szb (03) )

Ay (df) e

Q1
f/dez m exp 1"0"; (zdJ + ix) + ikosz‘
~h 0

m u-L { (43

2n X
dj'[5+5‘l+ éie-z}%]k-secﬁj

w = width of the towing tank nondimension-
ailzed by ship length L

(LAY
O
cj =2 for § > 1
Because
Lkosz(e) 2 2
e, + 1Q) e [ = [p, + tql
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the phase ditference of each elementavy wave
does not change bow wave resistance from the
Lincav theory,

The stern wave amplitude is exactly the
same as the [inear value

A0 =P+ 1Q
5 5 5

but the phase ditterence 84 () should be com-
puted by the ray theorv together with the ray
path which (o shown in Figure 11, Then {t 1s
also vbvious that the stern wave resistance is
the same as the linear stern wave resistance.
The total wave resistance may be obtained simj-
larly by considering that the total wave ampli-

tude is

fks, ()
(Ph + 1ub) v =b + (Ph + iqs)
) (44)
ik“ (=75 ) - sece

Hete, the bow and stern wave imtetaction ap-
pears an the wave reststance.  That is, only
the interaction term changes due to the phase
hange caused by the nonuniform tlow,  Ihis
tact dn exactly the same as in two-dimensionat

¢
theory, ¢

The actual computation of wave resistance
is performed by the Srettensky tormula using
the relation

. v \ .
2 cos (."T!i-) = Ldn ! (dih -n? (45)

and the corvesponding values ot s» are obtained
by interpolation, When a portion of elementaty
waven neat 2 0 is retlected trom the ship
hull, the targer part of the energy in this
portion of elementary waves will be discipated
by breaking waves, and the wave resistance vl
decrease, but the momentum loss due to breaking
waves Will incredase.  1f such eteryy was con-
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of a Wigley Hull (b » 0.2, h = 0,0625) with and without
1b (lb =~ 0,.0285h, z) = 0.7h)

considered to he totally missing in toe wave
resistunce, | in the Srettensky formula for how
waves would start not from zervo but from a
certain number minimum 1 = J; such that

wheve vy is the value of ny trom whicn bow
waves start to reflect. If o,y = vy, «, =1,
and e4 =2 for 0 -y, and (f 0, -~ a7t

vpm 2 for gy, i

The result §s shown in Figure 12 where a
considerable shift of the phase of hump and
hollow of the wave resistance due to bow
stern wave interactior is noticeable,

06. . . .
Ha - 0.542.7
0.3
‘ 0277,
| -
y 02! 1203 -
» s -7 - 01‘5‘
- "/’ - 1
!
sz

Flgure 11 - Ray Paths of Stern Waves o
a4 Wigley Hull (b = 0.2, b « 0.0629)
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Figure 12 - Wave Resistance of the
Wigley Ship (b = 0.2, h = 0.0625)

Discussion

?
huecently Eggcral obtalned a dispersion
telation trom o low speed tree~surtace boun-
voslightly modit fed

dary condition which was .
Eggers showed

the one Babald used.

version ot
region near the stag-

that there was a stall
nation point where the wave nhumber became

tepdtive; sinee this was not permissible tov a
mterpreted to mean that

wave and 1t could be
He suggested

there was ne wave in the region.
that his torm might help alleviate the sen-
Sitivity ot the indtial condition to the tay
paths. Acvording to the chergy conservation
Tawd o1 the wave propagating through non-
unitorm tlow the wave energy tlux s proportion=
Al to o the wase number olung the ray tube.

When the wate aumber alony a ray s considored,
aitbough the Aeller dispersion retation hds an
mrinite wave number only at the stagnation
peiit, the bppers dispersion relation has an
intintte wave vumber it he {low vear the bow,
hus, near such o singular point or a singular
Line, waves may break and the present theory
cannot be applied. When Eggers® equation was
tcorpatated 1nto the rav equation in the
Present ray computer srogram it was tound that
VeTV sensitive teoa

atal ) vhamee ot oanatial value (,v,) and the

curved tav st ret tectod trom the shap huld,

the tay pati was sttt

In the vxpcrlmcnlu; conducted ad Tokyo
tniversily, the scveond caustic can be noticed,
and near the second caustic the flow tield is
violently ditterent from the linear theory,
However, it seems that extreme caution is
needed to distinguish the second caustic from
the first caustic., The case of experiments
with wedpes is interesting because, according
to the present theory, there cannot be a second
catist1c on the wedpe although the firse cavstic
ould be there.  However, the wave phases ol
the wedge should be advanced and quite sensitive
to the draft. and beam-length ratios due to the
nonuniferm flow caused by the wedge. On the
other hand, the present theory s still not
inte account the ef fect

cract altiough it takes
waves ol nonunitorm

o the propapation of water

flew due to the double model, Thus, the non- E
linear effect of water waves is not totally i
analyzed here. Nevertheless, the present )
theory supplies a great deal of hope to an 3
entiiely different ap-.voach to the ship wave
theory - the ray theory,

"

Although the strictly linear amplitude
ftunction is used for sioplicity in the present
study, a slightly improved amplitude function
may be easily incorporated by adding the
sheltering effect or other effects. However,
it should be noted here that, in any case, the
how wave resistance and the stern wave resis-
tance are the same as the results without the
ray theory and the effect of the ray theory
would appear as a shift of the phase of hump
and hollow in the total wave resistance. There-
fore, the computational results would not match
the results of towing tank experiments unless
the viscous boundary layer effect on the,gtern
wave ot some other effect is considered.
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Appendix A i

For the computation of ray paths of a
ship, the flow velocity and {ts derivatives on
suy are needed. A Wigley
medel source distribution

(X ¥,0), UV, Uy, v
hull has the doublg

1
i

zl 2
m=b(-2xl+l)%]—(-h——)}

et e

in
()<xl<l. y]-O. h:-'{_l,\—h :
Thus, - i
J 1 i
“u (x,y,0) = 2 [ [ m o Q;) dxl dz1 -1 é

o o
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- x i
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2 a
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