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ABSTRACT

In order to obtain the cross-scan position of an optical
targe:, more than one scanning detectors are used. As expected,
the cross-scan position estimation performance degrades when two
nearby optical targets interfere with each other. Theoretical
bounds on the two-dimensional parameter estimation performance
for two closely spaced optical targets are found, Two particular
classes of scanning detector arrays, namely, the crcw's foot and

the brickwall (or mosaic) patterns, are considered,
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I. INTRODUCTION

Recently, considerable atten*tion has been focused upon the :
accuracy of paraméter estimates of an optical system for closely
spaced objects (CSOs) [1] - [7]. The intensity and location in-
formation of an optical image on the sensor focal plane is collect-
ed by a scanning detector as shown in Fig. 1. The detector output,
a time function, is a convolution of the optical image (which

contains intensity and location information) and the detector :

response., There are various types of noise sources at the output
of the detector, therefore estimating the image position and in-
tensity from the noisy output can not be errorless. Theoretical é
lower bounds on the accuracy of parameter estimates have been i
derived in [1] - [4]). !
The Cramer-Rao lower bound technique is used in [2] - [4] to
calculate the best achievable performance of any unbaised estimator é
of the unknown parameters. The results presented in [l] are
obtained using a different error analysis technique. Other than
some numerical problems pointed out in [4], which occurred at
small target separations, the approach presented in [1] should
have results identical to those obtained by the Cramer-Rao lower
bound approach. There are algorithms developed to perform the
parameter estimation for closely spaced objects from noisy
measurements, for example [5] - [7]. Monte Carlo simulation

results are presentcd in [5] and (7). In [5], the well known
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Fig. 1. Closely spaced object (CSO) resolution problem for
optical system with scanning detector.
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maximum-likelihood estimator is implemented for parameter estimation

and the Akaike information criterion [8] is employed to estimate
the number of targets in the CSO cluster.

All analytical and simulation results presented in the past
pertain only to the in-scan direction and assume a vertical
rectangular detector as shown in Fig. 1. Many detector array
arrangements have been considered by sensor designers to cb:ain
position information of a single optical target in the cross-scan
direction. Some typical detector patterns considered are shown in
Fig. 2. The time between detector crossings for the chevron and
crows's foot patterns can be used to determine the cross—-scan
position of the target. With two targets, this oproblem becomes
more difficult. Figure 3 shows three individual detector outputs
of a crow's foot pattern for different orientations of target

locations, It is obvious that with one linear detector (detector

M) output alone, one can not obtain cross-scan position information.,

From the results we have presented in (2] - [5], one can obtain in-

scan position information of two CSOs no matter how close they are
: if the detector output is noise free. It is, however, not true for
{ a noisy output; the estimation errors increase drastically as the
g CSO separation decreases. For the chevron pattern (detectors L
% and R), the cross-scan position information can be obtained witn-
; out error from noise free outputs for all target locations. For
é nnisy outputs, there are target locations, for example, case II of
1
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Fig. 3. 1Individual detector outputs of a crow's foot pattern
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Fig. 3, where the target position estimation errors may be very
large no matter how large the actual target separation is. This
is because there is a CSO situation for the detector R, A more
complicated detector array arrangement may solve this problem,

for evample the crow's foot pattern shown in Fig. 3. The
achievable estimation performance of the cross-scan position

of two CS0s for these particular detector patterns has not been
studied analytically previously. It is the purpose of this report
to derive the Cramer-Raoc lower bounds on the variance of parameter
estimates as a function of both scan and cross-scan saparations
for CSOs measured by detector patterns shown in Fig. 2. The
performance bounds presented in this report are derived with the

assumption that all detector outputs are utilized optimally for

unbiased parameter estimation; no varticular signal processing
procedure has been adopted in the analysis,

The general formulation of this problem and its associated
Cramer-Rao bounds are presented in the next secﬁion. In Section
III, results for linear, chevron, and crow's foot arrays using a
particular optical point spread function are presented. For other
point spread functions and detector widths, one can utilize
the formulas provided in Appendix A to calculate the associated

estimation performance bounds. In Section IV, the brickwall (or

mosaic) detector patterns are considered. Some typical results for

the same point spread function considered in Section III are pre-
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sented., Formulas that can be used to calculate the estimation
performance bounds are provided in Appendix B. A summary and

conclusions are given in Section V.

II. ANALYSIS

Let us assume there is an array of M detectors in the focal
plane of a scanning optical sensor; some typical patterns of these
detectors are shown in Fig. 2. Let (xk,yk) be the center and ek
be the orientation of the kth detector with the center of the
focal plane scanning along the x-axis as shown in Fig. 4. Let

Py (t,x,y) be the output of the kth detector to a unit strength

point scurce located at (x,y) at t=0T A point source is called a

unit strength point source, if for (x,y)=(xk,yk) and 6k=90°, the
output gignal pk(t,x,y) satisfies:
w 2 ‘
[ mlxyat = 1. (1)

lt is important to note that, pk(t,x,y) is a convolution of the
point source blurred image (e.g., point spread function, PSF, ror
a monochromatic source) on the focal plane and the response of the
kth detector. 1In general, it is a complicated function of the
detector location (xk, yk) shape, orientation (ek), and the
instantaneous target location (x-t,y) on the focal plane at time t.

A single point source located at (x,y) with amplitude a will

+In the remainder of this note, a point source (or, target) location

is always referred to its location on the focal plane at t=0.
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have a noiseless output

sk(t) = apk(t,x,y) (2)
at the kth detector at time t.

The problem treated here concerns the measurements of a pair
of point sources from the output of an M detector array. Let
(ay, (§1, ?l)) and (a,, (§2, ?2)) be the amplitude and location of
the point sources. The noiseless output of the kth detector can

be written as the following:
s, (t) = a;p, (t,%,,y;) + a,p, (t,X5,¥,) . (3)

We wish to determine (ai, (§i,§i)), i=1,2 from noisy measurements,

taken at the output of each detector, i.e.,
Y (t) = s, (£) + n (£), k=1,2,...,M, (4)

where nk(t) is a white Gaussian noise with two-sided power spectrum

density No/2. Furthermore, these noises are mutually independent,

that is

E[ni(t)nj(T)] = 0, for all t and 1, when i#j. (5)

The Cramer-Rao lower bound on the variance of any unbaised
estimator of the unknown parameters: amplitude of object 1, a
amplitude ratio, R = a,/a;, location of object 1, (§l,§l), separa-
tion, r, and orientation of objects, 6 (the angle between the

detector scan direction and the vector (§2,§2) - (§l,§l), as shown
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Fig. 5. Unknown parameters of a pair of CSOs,
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in Fig. 5, can be obtained by inverting the Fisher information

matrix, F, whose (i,j)th element is [9]

_ 0 ln A 9 1ln A
Fij = E17s o, ] uj (6)

where ay denotes the ith vnknown parameter, narely, a)=ay, a2=R,
a3=§1, a4=§l, ag=r and a6=9, and where 1ln A is the log likelihood

ratio [9, p. 274]

In A = I\,lo{zl;y'f(t;)s(t)dt —[msT(t)s(t)dt}, (7)
and
[ w » ']
s, () yq(t)
s(t)= sz(t) ’ y(t)= Yz‘t) . (8)
| sy (t)] | ¥y (£}

Substituting (7) and (8) into (6), and using the statistical model
of the problem described in (4) and (5), we have

M

o f3 s, (t) 9 s, (t)
F., = Nl k k at}. (9)
1] 0=l \ 8 o 3 o

3

Having an explicit expression for the output function pk(t,ii,§i),
i=142 and k=1,2,...,M, one can compute Fij according to (9). 1In
the following sections we will consider two simple cases where the

partial derivatives, a-sk(t)/a 00 i=1,...,6, can be cbtained explicitly.
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III. LINEAR, CHEVRON, AND CROW'S FOOT DETECTOR ARRAYS

In this section, a special class of detector patterns is

considered. The detector array consists of M parallogram detectors
with the: shorter width along the scan direction as shown in Fig,

The detector pattern is called a linear array if all 6k=90°,

2.

L4

a chevron array if Gk takes only two values, one greater than and

one less than 90°, and crow's foot if ©

a combination of linear and chevron arrays). For simplicity in

the analysis, let us make the following assumptions:

1) the center of each detector is located along the scan

axis, i.e.; yk=0 for all k.

2) the output of each detector to a unit strength point

source located at (x,y) has the same functional form:

pk(tIXIY) = p(t-(x’xk) +y COtek)l

where p(*) is a symmetric, non-negative-valued function.

more, let p(t) be the autocorrelatior function of p(t),i.e.,

e(t) = Jr p(t)p(t~t)dr.

-'.

K takes three values (i,e.,

(10)

Further-

(11)

It is easy to see that p(0) =1 from tne definition of pk(t,x,y) in

(1).

Rewriting (3) in terms of the parameters considered in Section

FThis implicitly assumes that the detector has infinite length or

no edge effects on the detector output.

12
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II with the above assumptions, we obtain

‘sk(t) = alp<t-(x1-xk) + Y1°°tek) +

alRp(t-(ifumose-xk) + (§l+rsin6)cotek). (12)

Substituting (12) into (9), we have Fij in terms of the following

functions:

p(T) =f p{t) p(t-T)dt (13)
B(1) =-f p(t)p(t-T)dt (14)
and (1) =—f B(t)p (t-1)dt (15)

The expression of each element of F is given in Appendix A.
The lower bounds on the variances ¢f the estimates for

ays R El' ?1, r, and & are:

CRB (a)) = (F Y, | (16a)

CRB (R) = (F'l)22 | (16b)

CRB (%;) = (F 1), (16¢)

CRB (¥,) = (F H),, (16d)

CRB (r) = (F 1), (16e)

CRB (0) = (F-l)66 (16£)
13
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The results in this report are oresented in the following normalized forms:

————

E, & yCRB(a,)/a, (17a)

Eg & mﬁ (17b)
x & ﬁm(?l)/ix (17¢)
R ETa
LA JFPS(T)/r (17e)
o & yCRB(O), - (17£)

where dy is the detector width in the scan direction. All results

3
C>

]
> g

=
>

t
>

will be presented at SNR1=10 for each detectnr, where

SNR, A al/o (18a)

and . 1/2 |
o A[ pz(t)dt] = 1. (18b)

It is easy to convert these results to any signal-to-noise ratio,
SNR, by the following relationship:

Eu) at SNR = (Ew at SNR1=10) x (10/SNR) (19)

where w = a, R, §1, ?l, r, and 6.

For the numerical results presented here, let us consider that

14
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the function p(+) is generated by convolving an infinite length
rectangular detector of width, dx' along the scan direction with

a point spread function of the form ([10]

E (x-xo)z + (y-yo) 2
7 exp |- 5 ’ (20)
27a 20

sf(x'Y) =

where E is the image irradiance at the center of the diffraction

pattern and

o = .3040 dx’ (21)

The value of 0 is selected such that 90% of the total energy is
collected by a detector centered at (xo,yo).

Figures 6a and 6b present the Cramer-Rac bo-inds on the
estimation errors for a linear array detector (detector M in Figqg.
2) for the amplitude, a,+, and the in-scan location, El, respectively.
The upper half of each figure is the Cramer-Rao bound computed
for the 1-D problem, in our previous reports [2] - [4], where
targets are located along the scan axis. The iower half of each
figure shows the equal performance contours plotted on the sensor
focal plane for the 2-D problem with one target at the origin and
the other at position (x,y). Because the detector pattern is
scanning along the x-axis, the equal performance contours plotted
in the lower half of each figure are symmetric about the cross-
scan axis (y-axis). This symmetric property is in common to all

figures shown in this report. Notice that the equal performance
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contours in these figures (6a and 6b) are independent of the y
component of the second target location. It indicates that there
is no way one can obtain cross-:scan position information from the
output of a single detector alone. In Fig. 6b, we see that the
CRB's go to infinity as the crue separation goes to zero. This
is correct for an unbiased estimator; however (biased) algorithms
exist which produce finite errors At zero separation., Not
considered here but of great importance for CS80's is the CSO
detection problem (see Ref, 5). At small separations, it is )
equally difficult to recognize that there are two unresolved
targets as it is to estimate their parameters assuming that there
are two targets. The singularity in estimation error at zero
separation will be seen to influence the performance bounds for
more complicated detector patterns later in this section,

Figures 7a and 7b present the Cramer-Rao bounds on the esti-
mation errors for a chevron array (detectors L and R in Fig. 3) for
the amplitude, a, and the orientation of objects, 6, respectively.
The upper half of each figure is a plot of the surface formed by
the Cramer-Rao bound, which is a function of the second target
position (x,y). The surface is cut-off at a fixed value. The edge
of the plateau forms the innermost egual value contour on the lower
half of the figure. The value of the Cramer-Rao bound approaches
infinity as the (x,y) position approaches (0,0). Note that the

maplitude estimation error does not approach infinity except at the origin

18
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(where the two targets are colocated), while the estimation error
for the orientation of the objects approaches infinity at target
orientations aligned with evither one of the detectors. Since the
target separation is zero for one detector, the CRB or estimation
errors for that detector is infinite. For orientation estimation,
information from both detectors is required resulting in infinite
error for an unbiased estimator of 6. As with a single detector,
this is a reflection of the CSO recognition problem. For amplitude
estimation, it is sufficient to use information obtained from the
detector which does not have CSO interference.

Figure 8a to Figure 8f present the Cramer-Rao bounds on the
normalized estimation errors defined in Egs. (l7a) - (17f),
respectively, for the crow's foot detector (detectors L, M, and
R in Fig 3). A similar format to the results shown in Fig. 7a
and 7b is used. One thing in common to all these figures is that
the errors increase monotonically toward the center (0,0) but none
of these parameters has errors aoproaching infinity except at the
origin. As seen in Fig. 3, for any target orientation, there
will always be at least two detectors which measure a nonzero
separation. Since all parameters can be estimated using informa-
tion from two detectors, there are no singularites as was the case
for the chevron pattern.

The shape of the contours shown in Figs. 8a - 8f can be ex-

plained by the following heuristic argument: The estimation

21

e e eeme s B - ~ ™ N i ¥ g ok g v o Y 5% PO
N R N S e, A > yevd A

L b L

ke cile i




ke
b
A
3
3

g L )

SR ’?’I‘H"ﬂ;-.-va.,"":“:g'x Rk
5

TR T

——— -

s

‘ 'momm\i

”V“ “

!‘o “uuuu
0

“ \\

M0 "h:‘“\

0 \\
. t‘ Y

SCAN AXIS 0

N

G2 !
I~ DETECTOR WIDTH '

nes

210

CRAMER -RAO BOUNDS ON ay (FRACTION OF 3

Fig. 8a.

amplitude estimation errors for a

foot detector pattern.

-3

ANGLE

The Cramer-Rao bound on the
crow's

CRB

e e .,._.‘ T e et e s e
< Ty e ) b
e - H M M - ey et
s S ot SR E oo sithatet metai s b L L L s eeearke e et e 2 N BB

sl

e
s s diban

tab b ke 3 2 s bl A it L s

RPN




MRS G

e TR e ARy T g e v

/-; ) .4 0:3i‘

i ’H "
; /h N,WO‘ \" oy
o I.;o.o,"o'o:ofot{. vv N von

133 s

T T TR

100

ST DETECTOR WIDTH

i ™ -
e : o 2
a : \ 3
£
¥ ) 2, 3
£ : N 1
i " . 3
i a
L]
1

Byl

CRAMER-RAOQ BOUNDS ON R (FRACTION OF R)

ANGLE

O

A TR g e N g

RAE T,

Fig. 8b. The Cramer-Rao bound on the
amplitude ratio estimation errors for ;
a crow's foot detector pattern. ]

2

~ S e e et g e e e o e -
B SR T L b " PR N g T -
- N A NOTRRTERE Y iz ke NG P Aidm f T )




-
3
- Ml
:‘,
;.
& §
)
- :
¥ f
< §
= ‘v, M
- i
;
= !
‘EI
4
:
-
i |
4 i
L .
:
;L ‘
E.
.
: i
i :
'
i
i
1
1
i
:
[ t
o
o
1
.
: .
:
]
(.
i
L N

%.

s

ees

\SCAN AXIS

N

005 [ 4851 Y] |

DETECTOR WIDTH

ANGLE

o

2170

CRAMER-RAO BOUNDS ON X (FRACTION OF DETECTOR WIDTH)

Flg. 8c.

The Cramer-Rao bound on the
1n-scan location estimation errors for
a crow's foot detector pattern.

ro
>

st i, AT T

EVIT BT I BRI AT 1

RPT

ot b ezt il il bl

PRk

wovtele i i St .

it it o il

o e bl s L e

iactdale

ik —snnmiat 222t L




et

- §
3 : 1
3 ! ;
] ]
g 4
3 ;
2 E
3 ' 3
] E
A 0.20 :
- 4
: q
] 0.18 F
0.12 :
1

&& o Rz
‘Q"'n\\\u " <.

R

2% \\\§\\
o l SN
. 0 ‘ ‘ 0 0 /e,

e O 0.’;'. 3}\\:

e hidrd gl

i}

o
o
[EONRS NPT DR ) 17+ A W Y P

il i oo

.

w

i
135 "

.

- P
o

[NGPRS Nt ohd Bt

SCAN AXIS X 0.0 0s 10
- ‘\ 1 DETECTOR WIDTH

v 3 7

l .'l ; ‘:\ - l../ ’/'/ §J

= l . ” ../ {

t‘. . 2 s .
: et

, ﬁ ) CRAMER-RAQ BOUNDS ON Y (FRACTION OF DETECTOR WIDTH) _

2 !
f : Fig. 8d. The Cramer-Rao bound on the :

; ' cross-scan location estimation errors i

3 ' for a crow's foot detector pattern.

-’ ! 1

N «
25 ;

‘M—:..‘-g).--’:...“...n.-..... T e e g et e
2 N S \y, A LY YA A e B g g‘ei...e-“_:_ e
rmaad o -

it ¥ e e



KN A L oo s m e TN T TS ST W TR e weTE e amr e

-
. ' |
.20 g
: ,////////, T \\ * :
4 ,,ZZZ//II[ l " \' “ ‘ \ \\Q\‘ “‘\\‘ e 12 ?
7 u, \ A ) .

: ‘ ey II”; II ’I[l ,’I " ' . ‘ .‘ “ \\ \\\Q\\QR:‘ :“ .

S 2 3

E | . 0N
e
; 0.0
L
3

;‘ 20

138 T —— "
sttt S S N
: ~ ~ \
1 -~ -

\ L]
!
ANGLE

=

———d
F
o

"'\ SCAN AXIS \50 //9}5!}
i D

CRAMER-RAQ BOUNDS ON r (FRACTION OF r)

Fig. 8e. The Cramer-Rao bound on the .
target separation estimation errors
for a crow's foot detector pattern.

LI E Al skl o R oS et 67 i A e A L

v, '.
: M BTN
4 i - RN




i

T PN Ty

e T

e e g T T

el e -

A e e TR S e e T

l[' Wi \\\
N Ui
m"“\\ \\\““\‘\

h m/“i A »\‘\ W \\‘ ‘t‘o

II '
’ |
:ﬁ

h I'i'") h/ \\\\\ ;

L3

LAL]

"
138
SCARAXES L 0, as 20 ;
17 DETECTOR WIDTH
4-"/
FTi) L/

CRANMER-RAO BOUNDS ONGXFRACTION OF RAD |AN)

Fig. 8f. The Cramer-Rao bound

on the

Csa orlentatlon estimation errors for

a crow's foot detector pattexrn.

27

- —_— - et A S e
- N han - - R
T S e i
e PR USIVIPRC P R=-—_ s BELE € SRR S N gy
s et LW T R T

YT

TR

i e AL

FUTNIORUTIR EY I SIS




G Tkt ST TOPERpp—"

g o

T e

Pt g e

vy

T ) e

WY1 T

performance for individual parameters is a function of the in-

formation obtained by each detector in the scan direction. For
' h

example, the effective target separation measured by the kt

detector in the scan direction

Axk = r{cos® - sginé cotek] (22)

changes as the target pair orientation, 6, changes. Figure 3

shows the detector outputs for three target pair orientations,

namely, 0°, 45° and 90°, Table I shows the effective target

separation, Axk, measured by each detector depicted in Fig. 3

for the three target pairs. From Fig. 6a and 6b we can approxi-

mate the estimation errors as a function of Axk as follows:

2 _ 2
g“(a) = cl/(Axk)
(23)

o (axy) = cp/ (axy) 2,

k)
The overall estimation performance for a parameter w, o(m), can

be approximated as a function of the estimation performance for

Axk by individual Jdetector outputs, ok(Axk). If for simplicity,

we ignore the correlation between r and 6, we have

-1
oz(r) d ﬁ (cos6 - sind cotek)z/okz(Axk) (24)
k=1
and
M -1
02(9) = :E:rz(sine + cos® cotek)z/akz(Axk) . (25)

k=1

o 1t el ot sk it 1

i d o 1o el e

kb il ai,

s bt L,

ook ki e

e o A il Wit o a e,

dalelend Lo

e b,

g Ao

.




R Uk Wi L

TR

Sluaatinl ol

T

L e gy e

[ER S

Table I also shows the overall estimation performance for ay: T,

and 8 using Eqs, (23) - (25).

TABLE I

APPROXIMATE ESTIMATION PERFORMANCE FOR a;, &, AND 6

Target Pair Efﬂaﬂiveﬁ&uget!kqmmatﬁim Overall Estimation Performance
. [a)

Orientation S S b, o*(ay) o?lr) | o8
° r 2 2 4

0 r r c1/3r c2/3r c2/2r

450 0 /3 2 a1 | ac1re? | oyt

; 2 2 4

9)° r 0 o cl/2r c2/2r c2/2r

The approximate estimation performance for ay, ¥ and 6

shown in Table I explains the trend of the equal performance

contours presented in Figs. 8a, 8e, and 8f. Thus in Fig. 8a,

estimation performance is best at 45° orientation and worst at

30° orientation.

for R should have a similar pattern to that in Fig. 8a for a,.

Combining the patterns for r and 6 observed in Figs. 8e and 8f,

one should be able to interpret the patterns shown in Fig. 8c

and 8d on x and y, respectively.

It is expected that the estimation performance

This model is oversimplified in that it treats the detectors

independently. The analysis used to obtain Figs. 6-8 accounts

R I SRRTIRYT

ted bt

O O

P RO OV

rotadiede crz: v
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for correct combination of individual detectors and thus these

‘ results differ from those in Table I.

Ly o

To summarize the major points for the three classes of

detector patterns considered in this sectior

adii 4 AN L

3 i

(1) The linear detector can measure the location of a single E
target only in the in-scan direction. It can resolve two
CSO's only if they are separated in the in-scan direction.

e B i

(2) The chevron detector can measure the location of a
single target in both the in-scan and cross-scan directions.
It can resolve two CSO's if they are separated in either
direction but will have degraded performance if their
separation direction is aligned with one of the detectors.

R o

(3) The crow's foot detector can measure the location of

a single target in both the in-scan and cross-scan directions. 5
y 1
§ It can resolve two CSO's if they are separated in either ?
direction.

el

(4) For all detector types, the resolution and measurement
performance improves with increasing signal-to-noise ratio.

- ISt s cando et i M e e
.

R 30 ?
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IV, BRICKWALL DETECTOR PATTERNS

In this section, the detector array consists of M rectangular
detectors with €k = 90°. The center of each detector is not
necessary located along the scan axis as shown in Fig. 2. For
simplicity, let us assume that the cutput of each detector to a

unit strength point source located at (x,y) has the same functional

form:

Pplte %, y) = p(t=x+x)p, (¥ =Y) (26)

where px('), py(-) are symmetric, nonnegative-valued functions

and (xk, yk) is the center of the kth detector. Let p(t) be the

autocorrelation function of px(t). i.e.,
p(t) ==f px(‘t)px('t-t)d‘l‘. (27)

Rewriting (3) in terms of the parameters considered in Section

II with the above assumptions, we have

sk(t) = alpx(t-xl+xk)py(yk-y1) + asz(t-xl-rcose+xk)py(yk-yl-raine).
(28)

Substituting (28) into (9), we have Fij in terms of p, 6, bz py,

and ﬁy. The expression for each element of F is given in Appendix

B. The lower bounds on the variances of the estimates for ay. R,
;l' ;1, r, and 6 are the diagonal elements of the inverse of the

Fisher information matrix, F, as in Eqgs. (l16a) - (16f) of Section

I1I.
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The results presented in this section are values of the

normalized errors defined in Egs. (l7a) - (17f) in the last

section. All results are presented at SNRl-lo of target No. 1.

SNRl is defined in (l18a) with
1l/2

oy & £y (0) _/_-m p l(trat| =1, (29)

For a different signal-to-noise ratio, the same formula given in

(19) applies. The same point spread function (Egs. (20)-(21)) is

used in the numerical examples presented here.
Figures 9a ~ 9f present the Cramer-Rac bounds on the

estimation errurs defined in Egs. (l17a) -~ (17f) for a brickwall

detector pattern shown in Fig. 10. The results presented here

are very similar to those shown in Figs. 8a - 8f for the crow's
foot pattern in terms of the shape of the equal performance

contours. Notice that for the same signal-to-noise ratio for

each detector in both patterns* the overall signal-to-noise ratio
of the brickwall pattern is lower than that of the crow's foot
pattern. For example, for a target located along the scan axis
(x-axis), the ratio is about 1,5 to 1, This difference should be

taken into account when a comparison of parameter estimation per-

formance between these two patterns is made. The amplitude of

each detector output to a unit strength point source is a function

of the cross-scan separation between the point source and the

¥To achieve the same SNR per detector requires matching the blur
circle to the smaller detector size in the brickwall pattern.
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Fig. 9a. The Cramer-Rao bound on the
amplitude estimation errors for a
5~detector brickwall pattern.
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Fig. 9b. The Cramer-Rao bound on the
amplitude ratio estimation errors for
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center of the detector as indicated in Eq. (26). The normalized
peak amplitdue of each detector output is plotted as a function of
the cross~-scan target location in Fig. 10 for the detector pattern
shown in the figure. The brickwall pattern differs from the pre-
vious chevron and crow's foot patterns in using amplitude rather
than separation estimates from individual detectors to obtain
information on tafget sevaration in the crosgss-scan direction. 1In
spite of this difference, the resulting performance is gquite
similar to that achieved by the crow's foot.

The brickwall pattern occupies much less area on the focal
nlane than does the crow's foot pattern. However to achieve the
performance presented in Fig., 9, optimal signal processing of the
outputs of at least 5 detectors was assumed. Simpler suboptimal
processing may be carried out by combining adiacent detectors as
shown by the dotted lines in Fig. 10. In this way, a crow's foot

pattern may be synthesized from the mosaic pattern.
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V. DISCUSSION AND SUMMARY

In this report, we have derived the Cramer-Rao lower bounds
on the variances of parameter estimates for two CSOs separated in
both the in=-scan and the crdss-scan direction as measured by two
classes of detector patterns, Numerical results are presented for

a particular point spread function and a fixed detector width in the

scan direction for both detector patterns. The trends of the equi-

performance contours of each parameter of interest for both patterns

are quite similar. For the cases considered in this report, the
achievable parameter estimation performance of the 5-detector
brickwall (mosaic) pattern is, in general, poorer than the 3-de-
tector crow's foot patterns for targets with SNR of 10 per detec~
tor. This is because the overall received SNR of the particular
brickwall (mosaic) pattern considered is lower than that of the
crow's foot pattern. To achieve the same performance using the
mosaic pattern would require more detector columns (>2) as well as
a greater signal processing load. However, the brickwall (mosaic)
pattern may still require a smaller focal plane area to achieve
the same performance as the simple crow's foot pattern.,

We have nct implemented an algorithm to do 2-dimensional CSO
detection and parameter estimation. No simulation performance re-
sults have been obtained to compare with the theoretical bounds

presented here. The signal processing load for the 2-D problem

increases as a power of the number of detectors in the pattern, if

b ot Ui bl el st

it 5 oot il

-2
%
1
!
.
i
3
E
3

AT PR NORTIR RN PR

[ RTCIIRTR | TSN




T

il

T

ey

TR

- e oy

an optimal performance algorithm is implemented. For a sub~
optimal algorithm, the predicted performance presented here may
not be easy to achieve. This is an area which requires further
investigation.

General trends in estimation performance were summarized at

the ends of Section III and IV.
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3 APPENDIX A. THE FISHER INFORMATION MATRIX FOR LINEAR, CHEVRON, %
4 AND CROW'S FOOT DETECTOR ARRAYS 5
E ' Let £
: . 8y (£) = alp(t-rk) + a;Rp(t=T, =8, ), (A.1) g
é ’ where

F A Ty = xl-xk-—ylcotek (A.2)

é _ and

‘ By = rcosf - rsinécotf, . (A.3) é
{ : Then, the derivatives of s, are:

¥ 3 s, ()

: = p(t-rk) + Rp(t-rk-Ak), (A.4a)

33

A f(e) (A.4b)

b = a,p(t-1,-4,), A.4

; 3 R 1 k "k

%

£ 3 sy (t) B .

; = - a,[p(t-t,) +Rp(t=-1 =4 )], (A.4c)

: - 1l k k "k

v 3 Xy

L B .-.'-k(t'.' . .

3 — — alcotek[p(t-rk) + Rp(t-rk-Ak)], (A, 44)

i Y1 i
3 1
3 :
,_ 2 sy (t) . .
i . = -alR(cose - 8ind cotek)p(t—Tk-AK), (A.4e)
Yy 43

E :




S s e

Lol e o a4

NPT T e 7

R TL TR

9 Sk(t) . =
e ——— T - - >\ H 1
- a;R r(sin9 + cocsé cotek)p(t T Ak), (a. 41 |
. j
where p(t) is the 1lst order derivative of p(t) with respect to t. 1
Substituting (A.4a) - (A.4f) into (9) and rewriting it in terms ol
i of the following functions: E
o(t) = f plt)p(t-lat, (A.5a) ¥
[~ . 3
3(r) == [ p(t)p(t-n)at, (A. 5b)
-0
and o E
pir) == f ple)p(e-1)dt, (A.5¢) ;
we have
3 E
- 2 -
Fij - 'ﬁ;" lg_.l(fij)k for l'J-'l'Z'..'S (A.G) §
where
_ 2
(fll)k = (1+R%) p(0) + 2Rp(4,) (A.7a)
] (fls)k = alR(cose - sinecotek)B(Ak) (A.7¢) %
(f16)k = -alR r(sing + cosecotek)p(Ak) (A,.74) j
(£,,), = a’p(0) (A.7e) f
22'k 1 .
(£,.)y = =a2 p(A) (A. 7£) ~
23’k 1 k * ;
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2 .
(f24)k = a, cotek p(Ak) (A.79)
(£..), =-a,2(1+R%)H0)~-2a, 2R0'(A, ) (A.7h)
33'x 1 1 k *
' ¢ 2 . X .o ;
; (f35)k ==a, R(cos® -sxnecotek) [p(Ak) + Rp(0)] (A.73) ;
5 o . d - 2 . Y .o S
4 | (f3¢)) = 3, Rr(sinbé+cosbcots, ) [p(A,)+Rp(0)] (A.7k) :
L £ = A.71
__ (£44)x ==cotBy (£4,), ( ) ;
f = A.7m
( 45)k cotek(f35)k ( )
£ =. A.7n .
: | (fee), =-a 2Rz(cose—sinecote )2510) (A.70) !
i s 55'k 1 k - * ;
: q
‘ . i
4 : - A 2p2 . . o i
: (f56)k = a,"R r(cose-51n6cotek)(31n9+cosecotek)p(0) (A.7p) E
E } (f66)k =~a12R2r2(sine+cosecot6k)2510) (M.7q) ?
] and g
SRR é
| (£13) = (Frgdy = (Fyg)y = (Fq)y = O
‘ where B and b‘are the 1lst and 2nd order derivatives of p, res- %
é . pectively. Inverting this 6 x 6 symmetric matrix, F, one should ;
4 be able to obtain the Cramer-Rao lower bound on the estimates as
] shown in (l16a) - (16f) of Section III.
; i:
45
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APPENDIX B. THE FISHER INFORMATION MATRIX FOR BRICKWALL DETECTOR E
PATTERNS
g Let i
| ;
s, (t) = alpx(t-tk)py(yk-yl) + ~'=\1Rpx(t-'rk-rcos.nb)py(yk-yl-rsintb)(B N i
; | =
} where ! %j;
E‘ )
E’ T = Y -X, o (BQZ) ‘)1‘
k 1 7k i

Then, the derivatives of s, are:
3 s (t) _ _ . o
; 3 = px(t_-l-k)py(yk-yl) + Rpx(t'-'tk-rcose)py(yk-yi-rnne), :
E‘ a (B. 3a) :
3 s (t) _ .
= alpx(t- H(-rcose) py(yk-y1-31ne) ' (B. 3b)
3 R
] sk(t) . _ . _ 5
— = -alpx(t- Tk)py(yk-yl)-alRpx(t-rk-lcnse)py(yk-yl—r51ne) '
- E
=" 1 (B, 3c) 3
; 9 s (t) . _ . _ '
N —_———————, = - - - - - - - - i \
; T a,p, (t rk)py(yk Y,)-a,Rp, (t=1, ~rcosb) py(yk y,-rsinb), :
] (B.34d) :
d sk(t) . _ ‘
1 —T:- = -achosepx(t-Tk-rcose)py(yk-yl-rsme)
- aersinOpx(t-Tk-rcose)py(yk—yl-rsine) '
] (B, 3e)
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] Bk(t) . —_ p
- =aersin6px(t-rk-rcose)py(yk-yl-rsine) 3

3 0
—aercosepx(t-Tk—rcose\py(yk-yl-rsine). :

(B.3f)

where ﬁx(-) and ﬁy(o) are the lst order derivatives of p  and Py 3

respectively. For notational simplicity, we will use Py and P,
in the rest of this Appendix to denote py(yk-yl) and py(yk-yl-rs1n6),

respectively.
Substituting (B.3a) - (B,3f) into (9) and rewriting it in

terms of p, the autocorrelation function of Py defined by (11l),

and its derivatives B, and'ﬁ, we have

M
2 . s
Fc-=""" f-- f h =12.006 B.4
i3 TN kgl( i3k’ or i,] 1200800 (Bed)
where
(£.), = (p,2+p.2R%)p(0) + 2p.p,Ro (rcost) (B.5a)
2
(flz)k = alplpzp(rcose) + alRp2 p(0) (B.5b) :
- . 2 . . . i
(£,4)x ==2,(p1P)+R"pP,p,)p(0) - a,R(pyP,+P,P,) P (rcosd) (B.5c)
(fls) = alRplp2 cosfp(rcosb) = alRplp251nep(rcose)
2 v .
-a,R p2p251nep(0) (B.54)
(fls)k=-aerp1p2 sinfp(rcosf) = aerplpzcosep(rcose)
2 .
-a,R rpzpzcosep(O) (B.5e)
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2plpza(rcose)

(£3)g ==%1

2° 2 .
(£4)x ="21 plpzp(rcose) - a, szpzp(O)

(£,5) =-a, 2Rp,B,sin6p (0)

(f26)k =-a12Rrp2§2cosep(0)

- 2 2 2.2, - 2 )

(f33)k =-a, (pl +p, R Yp (0) 2a, Rplpzp(rcose)
2 . 'y .

= a,y R(plp2 - plpz)p(rcose)

(£44)x

2 . 2.2 2 .o
(f35)k =-a, Rplpzcosep(rcose) - a,"R'p, cosp (0)

2 . . .
+ ay Rplpzslnep(rcose)
_ 2 \ X 2 . .
(f36)k = a, Rrplp251n6p(rcose) + a, Rrplpzcosep(rcose)
+ alszrpzzsineB?O)

2+ 2 2.2 2 2.° ¢
(f44)k = (a;"py +a; R°p, )p(0) + 2a, Rplpzp(rcose)

__2’ . 2. o
(f45)k ==a, Rplpzcosep(rcose) + a, Rplp231nep(rcose)
2.2 2 .
+ ay R Py sinfp (0)
_ I . n® 2. *
(f“)k = a; Rrplp251n9p(rcosﬂ) + a; Rrplpzcosep(rcose)

+ alznzrﬁzzcobep(O)

(£5g), =8, R [cos?ep, D0 - sinZ0p,%0 (0]
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(B.5f)

(B.59)

(3.5h)

(B.51)

(B.53)

(B.5k)

(B.51)

(B.5m)

(B.5n)

(B.50)

(B.5p)

(B.57)

(B.5r)
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(f56)k = alznzrsinecosqézzp(O) + Py p(oﬂ

.o + 2 2
‘fss)k --alzkzrz[pzzsinzep(O) - p, cos ep(oﬂ
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