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ABSTRACT

Analytical methods of analysis for the determination of stresses,
strains and displacements in both the adhesive bond and the adherends
of bonded composite waterial structures and bonded metallic structures
subjected to in-plane axial loads are presented. Joint configurations
include the single lap (loaded with and without end tabs), the double
lap, the single doubler and the double doubler. The methods will be
useful in designing and analyzing such joints under static, dynamic
and thermal loads, as well as accounting for stresses incurred during

fabrication and hygrothermal histories. As a particular example,

explicit solutions are shown for cases of identical isotropic adherends,

and joints with axial loads and steady state moisture content and
temperature distributions. This is done primarily for brevity; more

generalized solutions will be presented in a subsequent unabridged

. ¥

report.”

*Superscripted numbers refer to references at the end of report.
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I. BACKGROUND

There are over 343 reference: dealing with adhesive bonded ,..nis
in various structures, the need still exists for better, more inclus-
ive, easier-to-use solutions in order to design, analyze and optimize
adhecively bonded composite maierial structures.

The single lap joint configuratzion has been studied more exten-
sively than any other, and several analytical, numerical and finite-
element based methods and routines are available. Early analyses,
not addressing the composite matex.ial adherend, include those of
Volkersen,2 DeBruyne,3 Goland and Reissner,4 and Szepes. These are
discussed in detail by Kutscha and Hofers. Among the newer and more
comprehensive methods for analyzing singi..~lap joints are those by

Lehman and Hawley,7 Dickson, Hsu and McKinney,B Grimes et. al.,.9

Hart-Smith,lo'll 12,14 Srinivas,ls Oplinger,l6

17 Allman18 and Humphreys and nerakovichlg. Experimental veri-

12,14

Renton and Vinson,
Liu,
fication of the accuracy of the Renton-~Vinson analyses has been

20 and computer codes for ease in computation

made by Sharpe and Muha,
are available. The modification of this approach to include hygro-
thermal (high temperature and high relative humidity) effects has
been made by Watherhold and Vinsonzl.

The double lap joint has also been studied by several researchers.
There is ambiquity in the definition of the double lap joint, the
two configurations being what are herein referred to as the double
lap joint and the double doubler joint. Methods presently available

6 Lehman, Hawley et al.,7 Dickson

22,23

include those of Kutscha and Hofer,

et. al.,8 Grimes et al.,9 Hart-Smith, Srinivas,15 Keer and
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Cnantaramungkorn,24 Oplinger,16 Allman, 18 Sen,-25 and Humphreys ;

and Herakovichlg. Most of these do not contain thermal considerations, j

and none contain hygrotherral effects.
2
]
|
|
i




II. GENERAL ANALYTICAL APPROACH

Consider 2 or 3 flat panels joined together by an adhesive bonded
joint, subjected to uniform in-plane mechanical loads in the x direc-
tion, and a continuous tempeirucure distribution and a continuous mois-
ture distribution varying in the x direction and in the thickness
direction, z. If these panels are sufficiently wide in the y direction
then the combined structure can be considered to be in a state of
plane strain in the y direction.

For such cases many different joints may be analyzed by develop-
ing a general solution for the portion of the composite material ad-
herend depicted by the Wetherhold-Vinson model of Figure 1. The la-
minated element shown is subliected to stress resultants N, and N2,

1

stress couples Ml and M. and shear resultants Q1 and QZ' This adherend

2
element is also subjected to a given distributed normal load on the
upper and lower surfac:s pL(x) and pz(x), distributed shear loads on
the upper and lower surfaces Tu(x) and TL(X), and a continuous tem-
perature distribution Tz(x,z) and a continuous moisture distribution,
M (x,z). While solutions to the Wetherhold-Vinson model are generals
for most practical adherend stacking segquences, they are restricted to
those of midplane (x-y plane) symmetry, which are in a state of pl.ne
strain in the y direction. Thus, this solution is an analytical finite
element for the adherends in any of the joint configurations shown in
Figures 2 through 6.

The adhesive in these configurations is also modelled using an
12,14

elastic film approximation used previously by Renton and Vinson,

as well as several other researchers, and modified herein to include



hygrothermal effects.

in composite adherends, they will also be important for the pure

polymer adhesives.

By combining the analyses of the adherends and the adhesive the

joint configurations of Figures 2~6 may be analyzed.

III. WETHERHOLD-VINSON ANALYSIS FORK AN ADHEREND ELEMENT

From Reference 21, the governing equations for a portion of an

adherend subjected to all the loads dis ssed above are given below,

wherein each symbol should be subscripted i, in order to use it sub-

sequently as a building block in analyzing each of the various joint

configurations.
de
—_— 4+ T =T =0 (1)
a u I
x
daQ
X
—= 4+ 0 =0 =0 {(2)
a u L
pY:
de h
—_— - Q 4+~ (1. + T,) =0 (3)
d X 2 u L
X
a‘w® a3s a¢ aty
My=-D —7+F—3+G—+H—
d ad a a
x X x X
dt a3q ar
+ I —= + q.___§ + T —2 4+ h(x) vove
dx dx dx

These effects are important to polymer matrices

Lo LTRSS TTT Pa—— - L T AR ATy A e ——T AL e ’
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! - M (x) - M) (4) !
!
: d3¢ d¢ d3TL dTL d3r
N, =A—3+B—+C 5 + D + C
a d d d d 3
X X X £ X
at ao au®
- T
+D-—-—+E—-—-—2-+A-—--N-Nm
o d d
X X X X
]
i - * :
+ E o + h (x) (5) i
L
| i
Qx = KS ¢ (x) (6)

In the above the N, M, and Q quantities are the usual stress
resultant, stress couple and shear resultant quantities as defined
ia numerous references such as Reference 26. Once they have been

determined, a conventional laminate analysis may be used to deter-

R mine the stresses in each ply. The quantities w® and U° are the
midplane lateral displacement and in-plane displacement respectively,

and ¢ is proportional to the rotatinn of the midplane. Thus, there

]
are six equations and six unknown since for this problem which in- ?
cludes all of the loads shown in Figure 1 are prescribed. However, |
| in what follows we will treat this problem as a building block, where
the loads are, in general, unknowns which must be determined.

Also in the above the lettered constant coefficients in (4)-(6),
which involve material properties and geometry, are defined in Refer-~

ence 21, and are simply too lengthy to be included herein.
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Iv. ANALYSIS OF THE POLYMER ADHESIVE'

Consider the adhesive laver in a single lap joint as shown in
Figure 2. I1f we denote the displacements of the upper adherend and
the lower adherend with subscripts 2 and 3 respectively, then the
normal strains in the z direction and the shear strains in the x-2

plane can be written as

Wy (xy,-hy o) = Walxg, By H) 6, (x)

= -;; + aa AT + Bam (7)
n a
Up(xyrmhy ) = Uglxgs By ,p T, (%) 8)
n Ga

where °o and To are the unknecwns, normal stress and shear stress in
the adhesive respectively, Ea and Gu are the modulus of elasticity
and the shear modulus of the adhesive in film forms as delermined

27,28 n is the thickness of

for example by Renton, Flaggs and Vinson,
the adhesive in the z direction, a, and Ba are respective.y the
coefficient of thermal expansion and hygrcscopic expansion as dis-

23 for instance, AT is the change

cussed by Pipes, Chou and Vinson
in temperature between the : zmperature of the material point con-
sidered and the "stress free" temperature, and m is the moisture
content in weight percent existing in the adhesive.

If, in Figure 2 we label the adherend "above" and "below" the

adhesive as elements 2 and 3, then (7) and (8) can be differentiated

with respect to x and rewritten, in general utilizing (1) through (6)

e b, V- SUPPAE PP U PO

ot . .l it it i s i

i et
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as, where x2=x35x
dw2° dw3o 5210 d2¢2
0 = - TV T TV, Tt V3 b, t Y, by Yy
a a a
X X X X
d2¢3 dco dzTuz
TV Tzt Yy = Y8 Tu, T T2 T Yo L,
X X X
42
L, d (AT) dm
MERETT —57 + vy, (%) na p - n B, g- (9)
X X X
h, aw.®  h, aw.° a%q
- o (o] 2 2 3 - - o
0=0°-uy°+ 2 + =2 + Y, T+ §, —2
2 3 > g . 3 1 "o 2 5
X x X
_ _ a%s, a*e, _ do,
t Yz byt Y, 05t Yy 72 % Fz%t Y1
b4 X X
dZT dzT
— - U, - Ly _
+ Yg TuZ + Vg . 5 + Yag TL3 + Yll mg—i— + le(x) (10)
X X

where the s and ?i are given in Refererice 21, as well as the inter-
mediate steps in the derivation. Thus, using eguaticus (1) - (6),

(9) and (10) we can easily analyze all tue joints of Figures 2-6,

for dissimilar or identical composite material adherends as well as
for metallic adherends. Because of space limitations the solutio..s
for the algebraically simpler, identical isotropic metallic adherends
will be treated herein. More generalized solutions are treated ir

Reference 1.




V. SINGLE LAP JOINT SUBJECTED TO IN~PLANE LOADS,

UNIFORM TEMPERATURE AND MOISTURE CONTCNT

Consider the cenfiguration shown in Figure 2. The adherends i
can be divided into components 1 through 4 employing (1) through (6)
to describe each assuming that in components 1 and 4 there are no
surface normal or shear loads, in component 2 no Ou’ and component
3 no O+ In element 2, o, and Tp, are og and T and in element 3,
o, and 1 are % and T of the adhesive.

Hence for the four comnonents, (1) through (6) are used four g
times with appropriate subscripts, and aleng with (9) and (10) are
used to determine the adhesive stresses % and T The re:ult is
a set of 26 equations, 26 unknowns and 26 boundary conditions.

The solutions for all gquantities are found to be:

Fo. component 1

NX = P Cos 0; Qx = - P Sin 6 (12,13)
1 1 .
0 Psia 14 |
C,l‘ - ‘bg{ = ié_‘__@_ ( )
Ky
‘ 15
F\¥|= - Pﬁq SRG‘Q (15)
_ TUpe NTaN™ (16)
e = Plose + M +N_ %, + C22
< i<

where K = Ehfj-v4) for wn .ISr.-'H‘or.n’g ddherent

by _ m hiy ‘
Eo 2tdZ , N ‘-T-S E(smdi !

-nj,

and hJT= Y;
LY

2z
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JC- > .
o ki nga\ Xor Cyxyt Cig (17)
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For component 2

Nx;_ = Ciy e ( PS:th}x + o LO’LFX) + C‘-‘/e . (o(SA—w B — d Coa PA»

(“1+PZ) 2+€")
P CudE (s prs o) - g._?__:“cwwwa«m
(407 (%%
(18)
O, = St (S«..fﬂx+ucca.f9\)+cue ¥ (i Sem px - pcn;g
%Py EL+(3‘:\
+ (™™™ (ps‘..p,,_acm(s x)-Cse” Cs€ ™ (i
i x 1 Ld‘&— (.
(o 5+(33%) (x%+6%) Prplnpr)rtes
. - (19)
b <3 é:o__ﬂ_;b_(@upxww»)»rcue (a8 px - 8 Con
% %hl.(uc‘-k(’) (<2+3Y) <)
+ Cze (ps.__p,.. o Compx -g;_g_ oc.&wa C :‘
(w3 ) (u“%”( p |
ey (20)
P _(_u'_(%:cﬁl [l"‘sﬁs"“ﬁﬁ + ("(2'(’2) c“_(m]

+Cie” 2 53 x =240 G
T [(a Sinp (-‘]

L
bt Clle

@*+0)"

[2% Scu By — (a’-¢) CnPﬂ

o™ VA 0y + 2P Cen :
g [V v 2P ] e
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f;cD I_C‘He '(C”'(GF Phﬂ»)‘( Cm’éx)‘(a/.gm-ﬂ,c 1‘5 C«.:Lﬂ )
- C“’e-“*(dan.(g)u T(}S““P‘).‘— C‘?Q -l é‘d-&'“ﬁp rﬂ(m(ﬂ*)lj

c 0 0 <

o
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; ’ 3 o

E | —(4¢v) h [Cwe x(ﬁ.&.’.‘ﬁx + X C@ﬂx)
1 (l-v') 2voD (“‘2“"\51') atye S:‘ :

; FCOye Y (A dpx— 4 u:.(s»)

+ CLQQ-O""‘ (p S&.pya — Cvz__ﬂ&)

RV S
+ 03 e (Wh_ﬂn-r‘ﬁCasz)]-;-C_le.,_(J} i
(29) §
For component 4: %
|
|
| ps
| q’w = & (32) |
E Ky ;
| Muy = Plly-xy) So (33) 4
| | |
| P . rfunt 34 1
Uye = | 228 + N %+ Ca3 e
K f<
~ w0l | Paw® | [ %P - (35)
W [——-—]{X‘f L. A R Xyt Czy
% (" >N
For the adhesive: :

G Cro ™ Can “ 2 -
o O ‘ﬁ;)é*'Cue S‘m,(;h +sze GQF)(,-‘-C"]Q ‘.Sw/-‘)(. (36)

To e c*(e-“p c""‘é“’ t Cu’ewl S“‘-S** wae-(»cs‘?-ﬁ)o + o3 & S Py (37)

In the above, the values of o and B are determined from the roots

of the following equation
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! ’+\cu) i1 [ §
2v0e . s— ___..—J(f '
i ‘ = Bx R 2’;3 fmﬁv (38)

W
. +
wilerein Oo = e (a+1B)x

Also in the above egquation all Cij are determined by the boundary
conditions for this problem. For ease of comparison, the numbered
subscripts shown correspond to those used in Reference 1. The bound-

ary condition for this problem are:

a: X, = 0; u‘l’(O) = 0; w‘;(n) = 0; M (0) =0 (39)

(o) _ .0 =
wy (L) = wy(0) Q (L) = Q,(0)
- o] = 11°
¢, (Ly) = ¢,(0) U3 (L) = U;(0)
Ml (Ll) = M2(0) le (Ll) lx2(0) (40)
at X2 = L2
Nxz(Lz) = 0; MXZ(LZ) = 0; sz(Lz) =0 (41)
at X3 = 0
Nx3(0) = 0; Mx3(0) = 0; Qx3(0) =0 (42)

et it Bt
‘ o i

i
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at X3 = L3 and X4 =0
(o} @ =
o _ 0
M3(L3) = M4(0) Nx3(L3) = Nx4(0) (44)

When (39) and (44) are used ir (16) and (17), it is found that

C = C = 0 (45)

The remaining boundary conditions tbat are used result in an
18 x 18 set of eguations as given below which are easily solved by
machine computation for a given geometry and set of material proper-

ties. The boundary conditions listed in (40) through (43) are in

order:
Prwel’ +(si, =, . [ 4 {— Co (ai-ba'pie g ¥)
¢b D(akp?)
PG 4p (ahp) = o ettt 0 1) -4 Cug (2 0]
*—

o Lews (g oo
‘{’Cog«(}(l -at) - Cy3 p(F, .1,7“)—]

t 340-0h [Coo+ Cﬂ_]
L2850 &

+3(8+3v)
A

L[c“'(dz',pz)'-zcﬂdﬂ T+ Cll(dl‘pb) - 4CI3 ‘((3] e © ¢ &
Loeh(ui+p?) :
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y .
+(:} "] ﬁ [—-C‘\,{"TC:,\’—Ch,'TC('}
2,550 D

| 3
+ G+ h [— Gyt + Cux 3+ (e ‘“’C”p]
U-¢)2voD (2 @Y)

(46)

e a—

"_P&.'WG : 3 [C,ooL-Cu(s ~Cip —Ci3p -rCz_r(“l*(.“L)J
Ke o Hohn(aig] |

(47)

- PLidee zkx{:@‘)L [C“’ (<-p) =2 Chap+ ¢ (<8¢ 2¢,3 «.“J

e et oo 9
-PSae= L (Ctoi"c-up"‘clz."(—cwp)‘\‘Cz_( (48)
«pt)

r
(PLm_G + NT+N m) L, = 1 LCH (“l'ﬂt)"z Codp + Cw(“l'FZ) - ZC.MQJ

K K(az't(i‘)l
) 2
—_”_d);_b_(clodf(lt(z"clld"'cl?G)
34O
Y [ConmCupcaacup ity o]
als
— §h . 2 4L ' 242 C
'qbk [C“‘(d -ﬂ)+2d\6 (‘f 'f‘(¢ —p)C.Q—Zd(SCH’J
T _ (|+J e e o QO
-k - @] (e

]
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A T X S Ciaa+ Cis @)

\

Ik -

_ «<La .

l o ‘(32:-(51) Ciye <?S“‘(5Lz T alemgie)
+C,re°u’z'(0ts4‘-f3“")— @(m_FLL)
+Cwe"“'z’(€&.l~!ﬂ).x_ ""‘CQF’L‘"’)
' _ C\?e‘dLL(d&L.PLz*@C"’“FLD) +Cuy
| o= L Coe™ [ 24p Seufpra +(p) Capis] (51)
: (o( 2+pz)
?}.

rCuet [ ey S pry 244 Lapre ]
E -l € [10((3 L-,_PLL - (uf“‘--ét) CAJ.‘S‘-LJ
+ Cad ™ [(wrg) dipiat2oplapia I + Casle

k _ _,_b_._ [CW ectL.I('P S‘;JQLL <+ o(CulﬁLz_)
2(ef Y
\ + Core™tr (“S“;[;L‘ - ¢ ('n‘st")
+ C“‘, e,otl-x.

((5 Se Bl -—u(C..Q.(SL.n)
— Cia €™ (d Supra t @ WrPLY) + Cav

(52)




o — g e PP, W T T =% =T T

-2 -
ol ol
C= Cwe L((Q ey a Case z) tCne (“‘S‘“ﬁ“ (e
— e AL )
'1“(‘:7__ L(FL“.ﬁLL* «.Cox,oLr.)-— C:3e L(d&“ﬂcz_?‘{ﬁa&/j(.:_,)
2 2, _
+ Czs(a + B7) =0 (53)
- 2 2
0= Clqu + ClSB + C16“ + Cyqo + Cofa™ + 87) (54)

- ———— (C,,0 - C. R -C,,a - C,B) + C (55)
2(a2+82) 14 15 16 17 29
0 = -cloa + c B + Cl a + Cl38 + 627(0 + B ) (56)
——-L- C e [‘fq a2} (o v (Tl 2at ne -
Dateg ple (ﬂlim_plq, (« LB+ )Cn.(sL,J

e [c«v G ipieptiapls ~Hxs(e*pt) Capl s ]

e 5 [""{«p () diges + («1-Ca’pl, p7) Cagpsts |

} (.' «L3 _
-:’D'l J‘{}t) tcl“(i [6(‘5&1-Fz) S,,;w‘ﬂ[_.; + « (d 1_ 3;() C&b/}L}J

+ Cure™d [ w(a® 9 Spis + A(F34?) Confics )
t Ci e [/’ (32 ,a‘).im BL3 +o( 3pé-<?) Coz_ﬂsz
+C,;z -.tLS[_g((d- L)S‘“_(gl__;—-(:l(ﬁ 3-( Caz/‘ﬁjj} poevcC

l
]

ot o L e B SR A i
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- C . :L “ / ' r.- L
2y L3 _ 3‘1(:«)_{1“,0&“ ”C‘-ﬁ_(aq - G e SoBs
2D 2140 G L —wt3, - | ‘:
+ Cae apls +Cye P dipls)

~ (55

| {Cw e™t? [243:5 Laprs 1 («%g%) Coz3 L35 |

20Gh (a%p3)*

+C, e*b3 [(«Z_PZ)LPL3 '—Zo(ﬁ Ccz[d L'sj

-l

3
tCnre ['Za(lﬁc)lw'/.&L.a'f‘(ul—ﬁL) Coa i3 |

[ +Ci3 e‘“b;[{x‘—(ﬁ)-ﬁ.‘..{&; - 248 ccz,/et-sj}

‘ -
| - .?(84—:»’) Carls
206h

5 Tt - i)
| 2,¥v0 D L
+Cue™? (« Lnfits 1 Blaprs)

- Cio &3 (w onpls TP 3 pLs)

t Gy (- w SapLst C“ﬂ“ﬂ

3

F () h” [‘"Cw &L ( BLipls + « Coppis)
(1-5) 240 b (=403 o |
_C,J—eoﬂ-a (u(S‘,;,,BL_;-r ﬁbzﬁ:.})
- Cu.@-au'}<p S‘:”PL'?‘ -« C«rz,pt.})
e (eSapostflapts) |

+ C,.L, =0 (57)
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3 “ L3/ . ¢ \
: ( 2 @ } F- Cine LJ(QS‘JWPLJ T“(JJL{BLB) + Cuy e“ 3(0‘ 54...9;_3 - @ (Au...\[iL_})
o (a+8"° ! , ‘

—C|2€—1L3<ﬁﬁi~PL3 - #«CGapls) + (3 e'w"(oa&;‘_(sL;; 8 LB 3 )

PSin®

(58)

(a'Lpz)z— { Cioe™ [20p Siupis + (w09 Cnpis]

~Cyye*h3 [(&‘-(s‘)i...pts ~2xd Ccropl.l]
e ]:z,«pS;;._p«.z ~(«*-5%) ca,psz
- Ci3 e“’“"[(d‘-p")&'...(s/.g t245 Crz.,ﬂl..r] + Caxl3s

- ?'(:,1:(-“) [Cw edL3(F&;pL3+ o CQGLJJ
+C,ye™td (a.&‘«ng »-fi&z(&u)
i & (plipis - « Capts)
tCre™ ™ ( dufistpp Cﬁ-ﬂ’-—’):]

+ C29 = PL481n6 (59)

(wipz) [CWQ“LJ (pﬁa‘wpu + o(Cn(JLJ)
‘ "Cue‘““h3 (*S‘*PL}-FL@FL‘?)

- C‘ze'w'g (ﬂ&(-\.!GLJ -~ & Cd:-(GLz)
+Cize %3 (a &;pt_; I /6 Coz/ﬂc)j

+ C27 = = PSin6 (60)
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- L Coo eaL3((33.'..pL3 -f-a(Cra..PLB)
- 2, 42 ' )
He (5 FCu e (wie B4 ~ @ apLa)
+Ciz € (pSinpls - & a@ls)
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+Yh
142.0 k_

{C.% ™3 ]_—(oc‘-/s‘) Conpls -2 a3 &;PLgl
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+ Cu. 6-

3 [(vf‘—(i‘) Caprz + 2465 pLs]
P Cr & e L gl - 246 Caprs T

;L,z'('LHI) ol , oll3 .
24(1-V) '

TCu ™ tapes + Cae™ du pus) |

+# N,o + N,"+ C,o =0 (61)
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- C,:;e_‘u'a (O(S«Q.!GLJ +(6 Ca{ét_;)
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r
|
|
!

i + C26 = PCos®H (62)

With the evaluation of all the constants above, the solution is
complete, and parametric, design, and analytic studies may be under-

'; taken with the aid of a computer utilizing this analytical solution.

VI. SINGLE LAP JOINT WITH END TABS SUBJECTED TO IN-PLANE LOADS,

UNIFORM TEMPERATURE AND MOISTURE CONTENT

Consider the configuration shown in Figure 3. Here, the single
lap joint construction utilizes end tabs, the same thickness as the
adherends bonded onto the adherends such that the in-plane loads have
the resultant at the center of the adhesive and 8=0°. This is typi-

cal for test pieces used in laboratory evaluation of the adhesive

properties.

Again the joint adherends can be divided into four components
as shown. Again (1) through (6) may be used four times with appro-
priate subscripts, and aloag with (9) and (10) are used to determine
the adhesive stresses 9 and T Also, the coefficients a and B are

determined from (8%). The result is a set of 26 equations, 26 un-

knowns and 26 boundary conditions.
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For component

(o)

2D

1

10ns uwre founc Tl be:

P + NT + N®
( ) X, + C

40

P
2
1 Xl + C

41 42

For components 2 and 3, equations (18) through

(63,64,65)

(¢6)

(67)

(68)

(29) can be used.

For computational reasons, the reader may wish to change the numbers

of the subscripts of the constants C, because they will have differ-

ing values for ¢ch of the problems coneidered herein.

For component

X
]

£
h

4

- - (h + n) X 2 + C X, + C

2D 4 43 4 44

(69,70,71)

(72)

(73)

(74)

PP
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agail, for tne adnesive, Lguation$ [5U, anc (27} ma) be used,
wltn changed subscripts, if preferrec, Ior this problemn. ALSC, Tne

roots ¢ and ¢ are determined from Eguaticr (38). The poundary con-

ditions for this problem, see Figure 3, are:

(&}

at Xl = 0; U 1(0\ = 0; w l(0) = 0; ¢1(0) = 0 (75)
a+ Xl =L, and X, = 0; Same as (40)
at X, = L,; Same as (41)
at X5 = 0; Same as (42)
at x3(L3), x4 =0 Same as (43)
at X, = L,: Nx4(L4) = P; xx(L4) = 0; ¢x(L4) =0 (76)

When (75) and (4¢) are used in (67) and (68),

C,n=C,, =0 (77)

Again for the boundary conditions to determine the pertinent

C an 18 x 18 set of equations must be solved. They can be written

1]
as the following:

PO SEOVVU S U eald . L i R A Lk

N




- R
T; R le~ + :41L1 = right nancé siae oI (4o ey
2D
3
0 = right hand side of (47) (79)
-P :
— (h + n) = right hand side of (47a) (80) ;
2 ,
|
0 = right hand side of (48) (81) i
| P+IT+NT
(———) Ll = right hand side of (49) (82)
, K !
; P = right hand side of (50) (83)
|
]
The three boundary conditions at x2 = L2 and the three at x3 = 0

are identical to (51) through (56). '

w3(L3) = w4(0) is the same as (57).

i left hand side of (58) = 0 (84)
P
; left hand side of (59) = - (h + n) (85) ;
1 2 §
left hand side of (60) = 0 (86)
U3(L3) = U4(0) is the same as (61)
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with the evaluation of all of the constants above, the solution

i1s complete, and parametric, design and analytic studies may be

i o i

undertaken with the aid of a computer utilizing this anclytical solu-

iLion.

VII. DOUBLE LAP JOINT SUBJECTED TO IN-PLANE LOADS,

UNIFORM TEMPERATURE AND MOISTURE CONTENT

Consider the configuration shown in Figure 4. The double lap
joint with identical adherends can be modelled as in Figure 2, with
four components if there is a symmetry in geometry and loads in each
of the four quadrants of the structure. 1In a composite adherend
construction this means that a | ]x5 congstruction is required where
X is a» even number of magnitude 4 or greater in the thicker adherend

and X is an even numbur of magnitude 2 in the thinner ones. For

e B A e b i e s

isotropic adherends the geometric symmetry exists automatically.

Again, 26 equations, 26 unknowns and 26 boundary conditions result.

The coefficients o and B are determined from (38), where for this !
problem h is replaced by h/2 in (38) and all other pertinent equations.
The solutions are:

For component 1:

2
~
0
o
N
)
0
]
o
<
n
o
X
i
o

(88,89,90,91)

c
n
>

+ C (92)
X 1 70




For component 2, equations (18) through {23) can be usec, odut
for computational reasons the numbers used for subscripts may be
changed to avoid confusion with the other solutions.

Looking at Figure 4, it is seen that the midsurface of the
adherend at the right must remain straight due to symmetry. Since

|
the adherend is thin, i.e., h<<L3 and h<<L4, it is therefore accurate }

to make the following approximations for components 3 and 4, and (24) i
and (28) are used for N and u°® i
Xq 3

walX) = w,(X,) = ¢x3(x) =¢, =20

X4
(94)
M (X)) =M_ (X,) =Q (X)) =Q (X,) =0
x3 x4 4 x3 x‘ 4
(P/2+NT+N™)
Nx4 = P/2; 004 = " X, + Cog (95,96)

Again for the adhesive, (36) and (37) may be used, changing the
subscripts if preferred. The boundary conditions for this problem,

depicted in Figure 4 are:

at x1 = 0; Same as (75)

at xl = Ll and x2 = 0; Same as (40)

at X, =L

27 Same as (41)




at . = 0; Same as 40}
at X, = L, ana Xy = 0; Same as (43)
at X4 = L4, Nx4 = P/2; Qx4(L4) = 0; ¢x4(L4) =0 (97)

When (75) is substituted into (92) and (93),

C.70 = C72 =0 (98)

For the boundary conditions used to determine the remaining non-

Zero Cij' a 12 x 12 set of equations must be solved. They can be

written as follows:

C71Ll = right hand side of (46) (99)

¢1(L1) = ¢2(0), Same as (79)

0 = right hand side of (47a) (100)

Ql(Ll) = QZ(O)' Same as (81)

(P/2+NT+Nm)

Ll = right hand side of (49) (101)
K

P/2 = right hand side of (50) (102)

e ik imete




Tne three poundary condicilons at M., = L, are .denticas. (5.
tnrougn (53; and Ny (0) = (¢ identical to (54).
3
at X, = L, and X, = 0;
3 % L3 4 =0
left hand side of (6l1l) = C75 (103)

left hand side of (62)

pP/2 (104)

With the evaluation of all the constants above, the solution is

complete, and parametric, design and analytical studies may be

undertaken.

VIII. DOQUBLE DOUBLER JOINT SUBJECTED TO IN-PLANE LOADS,

UNIFORM TEMPERATURE AND MOISTURE CONTENT

Consider the configuration shown in Figure 5. The double doubler
with identical adherends can be modelled as in Figure 2, with four
components if there is a symmetry in geometry and loads in each of
the four quadrents of the structure. In a composite adherend con-
struction this that a | ]xs construction is required where X is an
even number of magnitude 4 or greater in the adherends and 2 or
greater in the doublers. For isotropic adherends the geometric
symmetry exists automatically. Again there are 26 equations, un-
knowns and boundary conditions. The coefficients o and B8 are
determined from (38), where in this problem h is replaced by h/2 in

(38) and all other pertinent equations.




ToY component L
I\Xl = B/2; Ql(xl) = 0; ¢, ();l) = 0 {105,106,107)
Mx,(xl) = Cloo (108)
(P/2+NT+N™)
U (X,) = (109)
0, 1 K
2
C X
- 100 ™1
wl(xl) " + C101 x1 + C102 (110)

For component 2, (18) through (23) may be used, but for compu-
tational reasons the numbers used for subscripts may be changed to
avoid cohfusion with cother solutions. @or components 3 and 4, (94)
through (96) may be used, and (27) and (28) used for Nx3 and Ug.

Again for the adhesive, (36) and (37) can be used. The boundary

conditions for this problem, see Figure 5, are

= 0 = 0 -0 o(0) =0 (111)
at xl 0; Qxl(O) 0; ¢x(0) 0; U1
at xl=L1 and x2=0, at X2=L2, at X3=0, and at x3=L3 and x4=0,

! the boundary conditions are identical to (40) through (43).

at X, = L Same as (97)

4 47

TP T e e ©—




e

wner. (1. i< suustitured inve 09 andéd (1.0,

Ao 2 )

Again the boundary conditions to determine the pertinent Cij's

a 14 x 14 set of equations must be so..ved. They may be written as

follows:

* Cro1ly *+ Cjpp = right side of (46) (113)

Same as (79)
Cloo = right hand side of (47a) (114)
Same as (81)

Same as (101)

Same as (1N2)

The three boundary conditions at X2=L2 and the three at X2=0

are identical to (51) through (53) and Nx (0) = 0 identical to (54).

3

at X.=L, and X, = 0

3 73 4

left hand side of (6l1) = C105 (115)

P AT AT e 4 T e i
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same as [0«
Upon evaluating the corstants above, the solution is complete
and can be used for parametric, design and analytical studies.

IX. SINGLE DOUBLER JOINT SUBJECTED TO IN-PHASE LOADS,

UNIFORM TEMPERATURE AND MOISTURE CONTENT

Consider the configuration shown in Figure 6. The single doubler

joint with identical adherends can be modelled as in Figure 2, with
four compon=nts if there is a symmetry in geometry and loads in each

of the four quadrants of the structure. In a composite adherend con-

struction this means midplane symmetry in both adherends and doubler.
For isotrxopic adherends the symnetry in geometry exists automatically.

Again 26 equations, unknowns and boundary conditions are reguired.

The cvefficients o and B are determined from

{38).
The solutions are:
For component L:
N =P; Q. =20; ¢, =0 (116)
X1 Xq 1l
M. = Ci30 (117)
1
(P+NT+N™) -
J = — X+ C (118)
ol K 1
2
C X
= . 13071 )
wl(Xl) = oD + C131 Xl 4 C132 {(119)

e

PIVER
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For componente 1 oana L, zauations ifj) tnrougn 4.

Tor compuctaticnal reasons,

sScripts to prevent confusion with solutions to the other problems.

For component 4: Use (69) through (71) and (73)

(120)
4 133

2
Cc X
wOe_-133% L L.

(121)
2D 134 74 135

Again, the adhesive solutions are given by (36) and (37). The

coefficients a and B are found by solving for the roots of (38).

The boundary conditions for this problem are:
at Xl=0: Use (111)

At X1=L and X,=0, at X

1 2 2=L2, at x3=o and X.=L. and X,=0

373 4
the boundary conditions are identical o (40) through (43)
at X4=L _

From the boundary conditions at X,=0, c =o0.

For the remaining boundary conditions the determination of the

4¢ Use (76).

c

as shown below:

~Cy 301y
-—:;——-+ L131 Ll + C132 = right hand side of (46) (122)

C130 = right hand side of (47a) (123)

Same as (79), (8l), (82), (83)

~he user mav wish to change numpered suao-

iq require solutions to the solutions of an 18 x 18 set of equations




~,

Tl Lnlee pouUndary UonaLTions ot 1.:=;_; Qne Tne thiree d = ol
-aenuical Te (51 Taroudrn (O, .
left hand side ofi (57) = C135 (124)
Same as (84), (86), (87)
left hand side of (59) = C133 (125)
left hand side of (61) = C ¢ (126)

With the evaluation of all constants above the solution is
complete. Parametric, design and analytical studies can be under-

taken for design and optimization.

X. CONCLUSION

Through the above, many practical adhesive bond configurations
can be designed, analyzed and optimized, and various configurations
can be compared. 1In essence, one good computer program, utilizing
the above analytical solutions, can efficiently detail stresses, and
deformations throughout the adhesive film and the adherends in each
of the five configurations studied.

Although the most elementary solutions have been shown explicitly
herein (i.e., isotropic adherends, constant temperature and humidity),
solutions of a very general anisotropy of the adherends, transient
temperature and humidity profiles varying in both the axial and thick-

ne~s directions, time dependent in-plane mechanical loads, and lateral
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Figure 1. The Wetherhold-vinson Model
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Figure 4.
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Figure 5. The Double Doubler Joint
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