
ITERATIVE ABEL INVERSION OF OPTICALLY THICK, CYLINDRICALLY SYMM--STC(U)

U N, AUG 81 S .J YOUNG FO'4701-8G-C-0GA1

NACLASSIFIED TR-008116623)-3 SD-TR-81-43 NL7A-AOF 9ARAE CRhE EGUDhACEETY N H EECSLB:/ 2/



EPORT SD-TR- 81-43 L V L~~

Iterative Abel Inversion of Optically Thick,
Cylindrically Symmetric Radiation Sources

Prepared by
S. J. YOUN4G

Chemistry and Physics Laboratory
Laboratory Operations

The Aerospace Corporation

El Segundo, calif 9OU D TIC
~ELECTE

S~OCT 2 81981

21 August 1981

APPROVED FOR PUBLIC RELEASE;
DISTRIBUTION UNLIMITED

"ilkPrepard for

AIR FORCE ROCKET PROPULSION LABORATORY
Edwards Air Force Base, Calif. 93523

SPACE DIVISION
AIR FORCE SYSTEMS COMMAND

Los Angeles Air Force Station
P.O. Box 92960, Worldway Postal Center

Los Angeles, Calif. 9000

81 10) 27 232



i

This report was submitted by The Aerospace Corporation, El Segundo, CA
90245, under Contract No. F04701-80-C-00 4 with the Space Division, Deputy for
Technology, P.O. Box 92960, Worldway Postal Center, Los Angeles, CA 90009. It
was reviewed and approved by The Aerospace Corporation by S. Siegel, Director,
Chemistry and Physics Laboratory. Lieutenant James C. Garcia, SD/YLVS was the
project officer for Technology.

This report has been reviewed by the Public Affairs Office (PAS) and is
releasable to the National Technical Information Service (NTIS). At NTIS, it
will be available to the general public, including foreign nations.

This technical report has been reviewed and is approved for publication.
Publication of this report does not constitute Air Force approval of the

report's findings or conclusions. It is published only for the exchange and
stimulation of ideas.

Ies C, a, 1st Lt, USAF F oran P. nhardt, It Col, USAFroject fficer Director of Advanced Space Development

FOR THE COIMANDER

Dornan ro. eco, Co

Deputy for Technology



UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE (*%en Date Entered)

REPORT DOCUMENTATION PAGE READ INSTRUCTIONSBEFORE COMPLETING FORM

12. GOVT ACCESSION NO. 3. RECIPIENT'S CATALOG NUMBER

SD .R -81-43. -AP

4. TITLE (and Subtitle) 5. TY OF REPORT a PERIOD COVERED

,JTERATT'T "2 ABEL INVERSION OF
L THICK, CYLINDRICALLY

SYMMETRIC RADIATION SOURCES, L T NUMBER
L .TR-008(6623)-3

I. -........ ,UAT O -GRANT NUMBER(a)

Stephen J' Young *j F04701-80-C-0081

9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENT. PROJECT. TASK

AREA & W8,j,-NIT NUMBERS

The Aerospace Corporation t /
El Segundo, Calif. 90Z45

11. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE

Air Force Rocket Propulsion Laboratory / 21 August 1981
Edwards Air Force Base, Calif. 93523 .... -Wm UrrAgS

7
14. MONITORING AGENCY NAME a ADDRESS(If different from Controlling Office) IS. SECURITY CLASS. (of this report)

Space Division Unclassified
Air Force Systems Command
Los Angeles, Calif. 90009 Is. DECLASSIFICATION!DOWNGRADINGSCHEDULE

16. DISTRIBUTION STATEMENT (of this Report)

Approved for public release; distribution unlimited

17. DISTRIBUTION STATEMENT (of the ebetract entered in Block 20, If different from Report)

18. SUPPLEMENTARY NOTES

I. KEY WORDS (Continue on reverse side If necessary and identify by block number)

Abel Inversion
Iterative Abel Inversion
Plasma Spectroscopy

20. -ABSTRACT (Continue on revrese side It necessary and Identify by block number)

An inversion algorithm for obtaining the radial emission and absorption

coefficients of a cylindrically symmetric radiation source from transverse
profiles of monochromatic radiance and absorptance is described and
compared with the algorithm of Elder et al. It is shown that the present
method converges to the correct solution, whereas the Elder et al. method
does not.

oo FORM 1473/ . . UNCLASSIFIED
IF ACS MLE UCASFE

SECURITY CLASSIFICATION OF THIS PAGE (V -" Dae Entered)



ITERATIVE ABEL INVERSION OF OPTICALLY THICK,

CYLINDRICALLY SYMMETRIC RADIATION SOURCES

The transverse monochromatic radiance and transmittance

profiles for a cylindrically symmetric radiation source are

related to the radial emission and absorption coefficients by

the radiative transfer equations(1)

R

S(z) = 2 3(r) cosh G(z, r) r dr (1)f (r 2 " z2)1/ 2

z

and

R

-lnT(z) = 2 K(r) rdr =2G(z, R) (2)
f (r 2 -z 2-) 1/2

where S(z) = N(z)/T (z); N(z), T(z), and z are, respectively,

the transverse radiance, transmittance, and coordinate; 3(r),

K(r), and r are, respectively, the radial emission coefficient,

absorption coefficient, and coordinate; R is the source radius;

and
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These equations are valid for arbitrary optical thickness of the

source. The problem addressed is the solution for J(r) and K(r)

from N(z) and T(z) by inversion of Eqs. (1) and (2). No considera-

tion is given here to the problen of random or bias error propa-

gation in the inversion.

Regardless of optical depth, the transmittance equation is an

Abel integral, and K(r) can be found immediately from

K(r) = ,1[ -ln T(z)] where W4 is the Abel transformation operator

1~ff df (z) dz
r dz 2 2 (4)
r (z -r

For optically thin sources, that isfor RK(r) << 1 for all r,

cosh G(z, r) 1 1 and the radiance equation also reduces to an

Abel integral equation. Then, Eq. (4) can be used to obtain

J(r) = oi S(z)]. If the source is not optically thin, an iterative

procedure can be used to obtain J(r).
! (1)

*1 Elder et al. proposed the following iterative solution

J(r) = JO(r) + JI(r) + J2 (r) +

where

1 0(r) = .4CS(z) (5)

and [IRnlrr-1 r 2/]

i n(r) =  1 n (r) Lcosh G(z, r) -----

frr2 z 1/
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The summation is truncated when Jn(r) is less then some

preassigned minimum. The authors claimed rapid convergence

with this method and quoted a 4% accuracy with only two iterations

for values of the centerline transmittance T(z = 0) as smaU as

0. 2. Unfortunately, although the convergence is rapid, it is

not to the correct solution. The flaw in the scheme is the

implicit correction of J(r) based on an Abel inversion of the

difference betwten the previous iteration result for S(z) and

the effective thin source value of S(z), that is, the value of S(z)

computed from Eq. (1) with T(r) taken as J 0 (r). Intuitively,

the correction should be based on an Abel inversion of the

difference between the previous iteration for S(z) and the

known profile S(z). The iteration scheme based on this reason-

Iing is

Jn(r) = Jn-l(r) -. 5 2 Jn-l(r) cosh G(z, r) rdr -S(z)

L z(r zZ~/

where (6)

Jo(r) ='d1S(z)].

Here, Jn(r) is the nth iteration result for J(r) and not a correction

term as in Eq. (5).

I* 3
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Inversions with Eqs. (5) and (6) were carried out for

simple example test cases in which both K and J are

constants. From Eqs. (1)and (Z), the transverse input profiles

are then found to be

S(z) = sinh [K (R z2 ) 1/23

and (7)

-In-(z) = ZK(R 2 -z 2 ) I/2 .

R and J were set to unity, and K was selected to give the center

line transmittance r(z = 0) = 0.9, 0.8,..., 0. 1. Inversions of these

profiles were then carried out with the two methods. Iteration was

continued until J(r = 0) differed by less than I% between

iterations. A numerical quadrature formula based on the method

of Barr( 2 ,3) was used for both the iterative calculation of S(z)

and the Abel transformation. The final J retrieved from the

two inversion algorithms are shown in Fig. 1. It is evident

that the method of Elder et al. does not converge to the correct

solution, whereas the present mefhod does. The rate of convergence

Ais the same for the two methods as is indicated at the top of the

figure by the number of iterations required to achieve the conver-

gence criterion.
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Fig. 1. Results for retrieved emission coefficient J using

two iterative inversion algorithms. The true value

is J = 1. Numbers along the top are the number of

iterations required for 1% convergence and are the

same for each method. Zero indicates that only an

Abel inversion was required.
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Extensive verification and use of the present inversion

algorithm has been made within the context of band model

radiation formulations for axisymmetric rocket plume sources. (3)

In that application, the only essential differences from the present

monochromatic application are that the kernel function cosh G(z, r)

is replaced by a different (and more complicated) function, the

radiance equation is formulated for N(z) rather than S(z), and

the absorptance equation is no longer an Abel integral equation

regardless of optical thickness. The significant consequence of

the latter difference is that in the band model application, simul-

taneous iterative solutions must be carried out for both J(r) and

K(r). The method was shown to be stable and accurate for a wide

range of values and profiles for J(r) and K(r).

.4!
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