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The oroblem c¢f generating orderad trees was studied rather
J
cxtansival: in the recent literatures 71,2,3,4%,5,6,73]. :

A3 Lin all crohlems concerning the generation of a set of

combinatorial obiects, there are three major asvects of the problen. -

After defining a certain linear >rdering ovsr &Lho set

o
‘ combinatorial objects that we are intevested in we need to (i)

4
k]
i23lgn an algorichm for generating the combinatorial objncts :
-~ N PR R e -
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{gh2 relative positicn 1n the linecar ordzring) of a given

. and (iii) design -an algoritihm for gcnerating

2zt whea its rank i3 given. There, in most
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-deration, namely, tc choose a
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actualir concaruned with the generation, ranking, and unriaking

of 2 ¢rnzzan rezresentation of the combinatorial objects.
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‘Furthemore, a chosoen representation might possess a natural

| linear ordering (for example, the lexicographical ordering

! .
! of sequences of integers) which might or might not be consistent
with the linear ordering over the combinatorial objects that
was defined earlier. In this paper, we study ranking and -
unranking algorithms for k-ary trees when they are represented
Oy sequences of O's and 1!'s and sequences of integers from
!l to a where n is the number of internal nodes of a tree. N
S8v a (regular) x-ary tr2e, we mean an ordered tree in which
every internal nc-le has (exactly) almost k sons. We define a linear .
ordering of the set of w-ary trecs as follows i
Dofialcoor Lo SLvan Tud X-ary Lrees T oand T', we say that
T < 7' £ (i) T is ewpty {L.e. T has only a single node) and T'
13 not enmoiy, 272 (ii) T 13 not empty, then for some 1 5 i s Kk,
T, = T for o= 1, 2, . A=l and T, K& =<« T!, wheore
; 3 i i .
?i, T:, ..... LT T{. Té,....., Ti doaotre the suvtrees of T
re T, NA R AR
LAY ali-vawa Tt 2 raaular Y-arr tra2 can be raproseonted
vt Sectiange 7 S e gt (03, LT s Labet an intaornal nodle with
L B e S Rt B B S A T - R e PR D
Tt = L.l o= riinzi, mhgn the sequence of n{k-1;+1 's J
St n s S sz TaLaol L5 oA Laitule renresentation of the tree. ?
> s7odisLoo oot 3acsh o sejuences i3 always a O, by :
conventian, w32 Zrcsp =i last O. [t can Le shnown that 06,77 ¢ g
Theszran o ¢ A seguence of n !''s and (kx-1)n O's

reapresants 32 k=-ary trec 1 aad only LI in any greiix of the
a

seguencs, =~z naztar of 1's is larger than or egual to
{«=11 timzsz 22 number 2 2's.

rafar o such a renresentation as the 0-1

2 3 “-awer troes I* can ke 3howrn =ha%

Tuaaram 2 : The lexicegrarhical ordering of the 0-1

£ k-ary trnos is consistent with the linecar
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AnoTiaer wAay O Capresent a X-ary trae is by sequence

I

a
0f positive integars which are the level numbers of the lecaves

of e tZre.n, road o in thhe left to rignt order. By the level

e D —p—




T

oLt a leat, we¢ mean the number of internal nodes in the path

from the root to the leaf. It can be shown that "3.,47 :

Theorem 3 : A sequence of (k-1l)n+l integers P

aa .....a where | € a, € n f L = e e e e c(n-1)+ -
172 k(n=1)+1 i or i = 1. 2, o kin-l)+l .
represa2nt a x-ary tree 1f the sequence is reduced to O by 3

a sequence of left reductions. (By a left reduction of a sequence
we mean to repnlac2 the left-most k consecutive identifical integers
qQ 9.....¢ by the integer qg-!l).

"Me shall refer to such a rapresentation as the
level-nunber revresentation of kK-ary trees. It can be shown that :

announced

Theorem « : Tae lexvicograpnical ordering of the S catio

s
level-numver repcssentativns Ol A-ary crees 1s consistent
\

witit £he linecar ordering in Definition . vistributiony
Tigqure | shews an example, Availability Codes
Avail and/or
Dist *
Special
' N Delasr i Saohone

Toeooniurr L bl sec-ior A roduction schemn whicn LS

il lan o g

- : Tites T Do, ilen
A regeilarr L=y Zres o ogpth o, intoraay nedes, we romove first
[ ' - . - - . 3 4 5
the lelt roast k=l i2aves of the tree and then reccnstruct g
Q@ r2iilar Mears Lvoes wina o=l lnternar addes as in the follows 4

Let vy be =i left most son 27 x in a R-ary tree. IS v has
less tian L scns, renove ¢ and ler the sons of ¢ hecome sons 3
2f X 13 shown in Timare 201). If y has more than Xk sons, let

S exIrssive 300 ocoume sons 9f 1oas s3nown

TaQ LIt omo

Ui

4

in Flgur2 2ivl. (K 1s ecual to 3 in the exanmples In

Fisure J 23 2amt inh)). How, suppose the left most X-i leaves B
nave gz2:n racmsved from a keary tree. Consider the sequence @
oI rnTiToal ondes X, ®o,....., X, Wwhere % is the right N
1 pd I .
broz :r I zhae first leaf removed and x1 is the father of
the w-_7 ina? reoemovel. Applyviag the reduction sten to #y S
. . . N ) ' i
i T , Arlothen w Lee--e., we shall obtain a regular 4

L= el
Wears Tros owiti o n-l o internal nodes. (We agive here only an intuitive
dartgripTion of Tho ogucticna S5*ep. Althouon Lt is not totally

Sbwisi3 Thal he roiuction wten will indeed always yield a zeqular

A 1 a1 e S ¥ £ r e o




K-ary tree, these will all become very clear in next section.)
Let T be a regular k-ary tree. %e shall use R(T) to denote
the regular k-ary tree obtained by the reduction procedure
described above. Figure 3 shows an example. It can be

shown that :

Theorem 5 : Let T be the set of all k-ary trees with
n interaal nodes with the level numbers of the first k-1 leaves

being a , a,,....., a_y- Let R(T) denote the set of

ecs obtained by the roduction procedure described above.
Then R(7) is the set of all k-ary trees with n-1 internal nodes

and wich =he level number of the first leal being a, 1—1

or larger. Turthemore, for T and T' in T, if T < T

J. Quanzin and Unranxing Algoritag

e ot e e e e e o vty e n W em e e e e w wm =

W show now o orasking and an unranking alugorithm for k-ary

oy

O's ard 1's.

3 whoepn they Are ronvasanked by s2qguenaes 2

Lol o Lsaocr o Tae -1 CJoepresciteation o oa tree T, Lot a denocw
the 0-1 r presentaticn of the trce R{(T). Iz can be shown that :

TL.20oreT 2 : 1 i3 obtained from a vy deleting the
: . - .. . st
first k-1 2's and the rignt most 1 in front of the k-1~ O.
Let Ind2:2{2) denote the number of k-ary tree of n internal

nodes whosze I-! ra2oresentation is larger than a in the

laxicograziaizal ordering of 0-1 seguences. Let A(al, a2,....., ai)
(1 £ k-1) Zzanzt2 hz number of kx-ary czrees with the first i level

aumbarys s %7 2,, 2,,....., @ . IC can de shown that :

enote the O~! representation of a

L3
x-ary Ttz with s first k-1 level numbers being s Byreeeee, AL
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index(a) =
where win, b, i)
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cir can b described as follows : suppose Yo aras given

A(a1+l) + A(al. a2+1) + A(al. Ay 63+1)

a, +1)

S S A(al, a2,....., ak-l' X

+ index(4)
k-1 S

M(n+!, a,+l, k-1) + T N{(n, a,+1, 1i-2)
1 . i
1=2
+ index(é)
rb-b-1i kn-b-i

Xn-b-1i a-b

.

is the asis of a ranking algorithm,

Julic vovious.

tmrankiag algorithm iLs the reverse of thz ranking

dntavminad tn ha thn smallent

integ2er j such

-
~
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4
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~
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~

doetormined to be tie smallest integer j such

a=!, a,+l, x-t)}) - T(n, 3j, O}
i
P { is determined recursivaly to be the
p-1

H{nsl, a +b, k=13 - T
i=2

d{n, ni+1, i-2)

= fhouid be notaed that the ranking and unranking

2ated here are natural extensions of that
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[t should b2 evicdent how the ranking and unranking

algorithm presented above can be modified when the level-numbers

representations of k-~ary trees are employed. Indeed, let 1 denote ih

level-rumber representation of T and 1 dcnote the level-number

representation of R(T). Theorem 7 can be restated as :

Theorem 8 : let 1 denote the level-number representation
of a kx-ary tree with its first k-1 lecaves being a az,....., a
Then

1tadex(l) = Nin+}1, al+l, K=-1)

The only Jdillerance is how to obrain 1 from l. This can

un done L ocarrying ocut o a seguoence o9f lofh reductions to identify

rnLeraal nodes wailenh are woved up in the

e sunntreos o8

seviugtion schene, Thaa lewvel numbers of the leaves of cucn subtreces

o. MR S U B R S - o Ferl B ¥
reodst.
- T23.0"% Tan also be applied mo the case in which
1 Sogusar Lnisy trer 13 ropgresented by a2 permutation as
Zefined 1 Traianeowski "L Again, we leava the details to

o
Tt
(¢]
r
(Al
bS]
(2]
(b}
)
H
1
[
W
b ]
9]
"
[




i e e

G U

¢ U s ¢

/

« ¢

J

cn

b

e nP e 7.6~

H

. .',E. r;..; LI

nwmher raf

-~

\ \\\A N
bad /ﬂ d/..nu

a“k._ m/s;"

.Lx)

W 7P-/..— G

.\-_ (RG]
///‘ \ =~

3. = !‘l}“u ‘/vn

"
J.!




R G T O R W L O A R = » = * = e
2 A ,.
e SOl AT AN T LT R SIS N R R TR TAT L T e T R B ¥ & >
; e AT T R BTN TN S IR R IO T R TR TR T N 0

'Y | Yo .




References

e}
fouy
4

Knott, G.D., A numbering system for binary trees,

Comm. ACM4, 20 (1977), 113-115.

-
2] Roten, D., and Y.L. Varol, Generating of binary trees
from ballot segquences, 5. ACM, 25 (1978), 396-404.
3] Ruskey, F., Generating t-ary trecs lexicographically, -
SIAaM J. Comput., 7 (1978), 424-439.
-
Tul Ruskey, F., andéd T.C. Hu, Generating binary trees
lexicogranhically, SIAM J. Comput.,
5 (1%77), 734-733.
537 Trojanowsiki, A.E., Ranxing and listing algorithms for
¥-arvy trees, SIAM J Comput., 7 (1973), 492-509.
| 4
" 27 Zaks, S., Lewicoqranhic generatisn of ordaored trees,
Tih. Comput. Sci., 10 (1230}, 63-82.
| S
} Zars, ., Aand D, wimtkAardn, Sogovarsisen Draas oand abbhiae
| Co.oinatourial vbjects lesxicogcecannicaily,
SIn J. Compuit., 3 (1979), 73-381. -
i
r
i
,




