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FOREWORD

This report contains a description of a computer code for solving two
hypersonic vehicle trajectory optimization problems, that is, maximum cross-
range and maximum plane change. The work was performed by David G. Hull

> and Jason L. Speyer of the Department of Aerospace Engineering and

Engineering Mechanics, University of Texas at Austin, Austin, Texas, 78712.

The program was sponsored by the Air Force Flight Dynamics Laboratory
under Contract F33615-79~C-3030 and work unit number 2404 07 32

and was managed by Dr. L. Earl Miller.
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SECTION 1

INTRODUCTION

The purpose of this study is to certify the ability of a particular

timizatior code to solve trajectory optimization problems associated with
kypervalocity vehicles, that is, the maximum crossrange problem and the
maximum plane change problem. The optimization problems are converted inco
parameter optimization problems (nonlinear programming problems) and are
solved by the augmented-Lagrangian method. The particular optimization code
which will be used has been created at the Atomic Energy Research
Establishment in Harwell, England.

The physical model used for the trajectory problems is described in
Section II. In Section III, the optimal control problem is converted into
a parameter optimization problem, and the optimization code is discussed
in Section IV. That part of the code to be provided by the user is
presented in Sec~ion V. The solution of the optimization problem is
carried out in Section VI, and the conclusions are presented in
Section VII. Finally, the documentation provided with the optimization
code, the listing of the optimization code and user code, and the

definition of the variables in the user code is presented in the

appendices.
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SECTION 11

PHYSICAL HODEL

In this section, the physical model used for the reentry and plane change
problems is discussed. The model includes the equations of motion, the earth,

the atmosphere, the aerodynamicse, the propulsion, the performance indices, the

bounidary conditions, and the inequality constraints.

2.1 BEquations of Motion

The equations of motion used for the reentry and plane change problems are
those for thrusting flight over a rotating earth. If the vehicle is assumed to
be flying west to east and 1f a positive bank angle is assumed to generate a

heading toward the north, these equations are given by

Do
]

V cos vy cos y/r cos ¢

¢ = V cos y sin ¢/t

r=Vasiny 1)
Ve (Tcosa-D)/m=gsiny+ wlrcos ¢ (8in y cos ¢ - cos y 6in ¢ sin )
y = (T sin a + L) cos u/mV + (V3/r - g) cos y/V + 2w cos ¢ cos ¥

+ (w?r/V) cos ¢ (cos y cos ¢ + ein y sin ¢ cos y)

o
[ ]

(T sin o + L) sin y/mV cos y - (V/r) cos y cos ¢ tan ¢

+ 20w (tan y cos ¢ sin ¢ - sin ¢) ~ (wr/V cos y) sin ¢ cos ¢ cos ¥

In these equations, o 1s the longitude, ¢ 1s the latitude, r 1is the radial

distance from the center of the earth to the vehicle center of gravity, V |is

PO

e e g B ¢
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the velocity relative to the earth, <y 1is the flight path inclination, ¥
is the heading angle, m 1is the mass, T 1is the thrust, D is the drag, L 1is
the 1ift, o 1is the angle of attack,  1is the bank angle, and o 1is the

angular velocity of the earth,

2.2 Earth
The earth ig assumed to be a sphere whose radius represents mean sea level
and is denoted by tg . As a consequence, the acceleration of gravity is given

by the inverge-square law
g = gs(rslr)z (2)

wvhere 8g 1s the acceleration of gravity at sea level. Also the altitude of

the vehicle above mean sea lcvel satisfies the relation

h=1 - re (3)

The values of the constants associated with the characteristics of the earth

are listed below:

rg = 20926428 ft

gy = 32.174 ft/sec? (4)

w = 7.2921151E-5 rad/sec

2.3 Atmosphere

In order to obtain atmospheric properties as a function of altitude, the
approximate atmosphere known as the 1962 U.S. Standard Atmosphere has been

employed, with the additional assumption that the composition of the atmosphere

——— . I YL - it B
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is constant. Here, the atmosphere is divided intoc a nunber of layers in

P TYTN

which the temperature gradient is assumed constant. Hence, the absolute

temperature in each layer is given by

Te=r +1(h-h), h>h (5) ,

(RN

where Tn is the absolute temperature at the beginning of the nth layer, 1n

FRTI W T O R

is the constant temperature gradient, and hn is the altitude at the beginning

P

of the layer. Once the temperature 18 known, the speed of sound is obtained

from the relation

O R

a = (kr 1)1/2 (6)

where k 1s the ratio of specific heats of air and R 1is the gas constant of

air at sea level. For those layers where the temperature gradient is nonzero,

ARG i hlins ok bttt L . u s

the density ratio, o = p/ps , can be expressed as

T-(l + gs/R 1n) N %

o= C
n

where pg 1s the density at sea level and Cn is a known constant for each T

layer, For those layers where the temperature gradient is zero, the density

ratio becomes
g = Cn exp (-gsh/R rn) (8)

The values of the constants associated with the atmosphere are presented

below and in Table 1:

k= 1.4
R = 3086.9629 ft?/sec? °K

Pg = 2.3769E-3 slugs/ft? 9
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Table 1. Atmospheric Constants
Layer h, Tn 1, e

(n) (ft) (°K) (°K/ft) n

1 0 288.15 -1.9812E-3 3.401824655257E-11
. 2 36,089 216.65 0 1.683376997149E4+00

3 65,617 216.65 3.0480E-4 9.817858914969E+80
' 4 104,987 228.65 8.5344E-4 1.506414967722E+29

5 154,199 270.65 0 4.394749884481E-91

6 170,604 270.%5 -6.0960E-4 4,717851690435E-43

? 200,131 252.65 -1,2192E-3 1.562793740651E-22

8 259,186 1890.65 0 5.028946984109E+01

During the optimization process, trajectories can be obtained which go to

very high or very low altitudes.

nential overflow, the following additional features have been incorporated

in the model atmosphere:

h<0:

h > 750,000:

Hence, below sea level, the density ratio is assumed to vary linearly with

750,000 ft.

To avoid a fatal error associated with expo~-

288.15 ~ 1,9812E-3 I

1. - 2.9262913E-5 h

180.65

8.111816E-18

altitude, and at high altitudes, it is assumed constant at the value for

(10)
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2.4 Aerodynamics
The drag and the 11ft are related to the drag coefficient CD and the

1ift coefficient CL as follows:

D= (1/2) osvch

(11)
L= (1/2) psv2cL

where S 18 the aerodynamic reference area. The drag and 1lift coefficients

can be expressed in terms of the axial and normal force of coefficients as

CD - CA cos a+ C

N 8in a

(12)
CL - CN cos a - CA sin a

The axial force coefficient is composed of a skin-friction term and a pressure

term, that is,

(13)
A TAgp AR

where

- 2+ +
C! Alh Blh C1
(14)

- 2
CAPR Aza + Bza + C2

In these relations, Al , Bl , and C1 are known functions of the Mach

number, M = V/a , while Ay 32 and C2 are known functions of Mach

number and angle of attack. Finally, the normal force coefficient is given

by

T Ve ...auLLMA

R Al s

a2 ek
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- 2
CN A3a + BBQ + C3 (15)
where A 83 , and C3 are known functions of Mach number.
The values of the constants associated with the aerodynamics are given
below and in Tables 2 throug.: 4.
, S = 125.84 ft2 (16)
Table 2. Axial Skin-Friction Force Constants
M Al Bl Cl
0.2 0] 7.80F-8 .0114
1.2 0 7.70E-8 .0076
5.0 0 5.60E-8 .0028
10. 2.40E-12 -7.11E-7 .0578
> 20. 1.38E-12 -3,81E-7 .0297
Table 3. Axial Pressure Force Constants
y A B €,
a < 16° a > 16° a < 16° a > 16° a < 16° o > 16°
0.2 -1.00E-4 -1.00E-4 -2.19E-3 -2.19E-3 .0350 .0350
1.2 -7.81E-5 -7.81E-5 -1.25g-3 -1.,25E-3 .0760 0760
. 5.0 1.09E=-5 4.86E-6 -9,62E-4 -1.13E-4 .0324 .0204
10. 1.41E-5 -6,60E-6 -9.00E-4 3.49E-4 ,0261 .0114
> 20, 1.33E-5 -6.25E~6 -8.19E~-4 3.58E-4 .0243 .0105
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Table 4. Normal Force Constants

Lubei .

M Ay B, ¢, :

0.2 1.33e-4 2.68E-2 -.030 %

1.2 -7.81E-5 2.90E-2 -.030 2

5.0 2,94E-4 1.41B-2 ~.035 §

10. 4,38E-4 6.50E-2 -.035 :
> 20. 4 .38E-4 6.50E-2 -.035

haadia ko

In the computer program, the above tables are read by linear interpolation.

Also, for M > 20, the M = 20 value is used because the extrapolation of the

above numbers could lead to wrong results.

2,5 Propulsion

For the plane change problem, rocket engines are used to aid in the plane

e bl i 1SN b ol 12ttt sicn e 2 s L

change and to increase the energy of the vehicle., It is assumed that the engines

burn once and that the propellant mass flow rate and the thrust are constant

during the burn. Hence, during the burn, the mass of the vehicle satisfies

tte relation

|
!
3
i

mem - B(t ~ tb) (17)
where 8 18 the mass flow rate and where mb and cb are the mass and the
time at the initiation of the burn.

The values of the constants assoclated with the propulsion characteristics

are as follows:

Tt fm e At T TS ST Ty S e S
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]

m = m, = 335.67477 slugs k

!

B8 = 0.34768573 slugs/sec ]

i

T = 3300 1b (18) 3

‘ i
m_ = 179.18195 slugs ;

%‘

at, = 515.35606 sec 3

]

where mp is the propellant mass and Atb is the total burn time. In the %
1

reentry program, the propellant mass is assumed to have been expended, so the

initial mass is Dy = 156.49282 slugs.

2.6 Performance Indices

In the reentry problem, it is desired to maximize the crossrange. Hence,

to have a minimization problem, the performance index is writter as

Ty (19)

For the orbital plane change problem, it is desired to maximize the
plane change. Maximizing the plane change is equivalent to maximizing the

orbit inclination because the initial orbit inclination 1s zero. The orbit

|
:
|
i

inclination is the angle between the inertial angular momentum vector

He=rx v1nertial (20

- and the angular velocity vector of the earth, where the bar denotes a

vector. From the definition of the dot product, it is seen that

cos i = (H ¢ w)/Hw (21)
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Algo, the Inertial velocity is given by

vinertial “V+oxr (22)

Finally, if the vector operations are carried out, the problem of maximizing i

becomes that of minimizing the cosine of the inclination at the final point:
J = (cos i)f (23)
where

cos ¢ (V cos ¥ cos ¥ + rw cos ¢) (24)
1/2

cog 1 =
[(Vcos ycos ¥+ rwcos )2 + (V cos ysin ¢)?)

2.7 Prescribed Boundary Conditions

The initial conditions for both problems are as follows:

t,=0, 6, =0, ¢ =0, h = 364,800

0 0 0 0
(25)
VO = 24,500 ft/sec , Yo " ~1.2 deg , Wo =0
For the reentry problem, the final condition is given by
hf = 100,000 ft (26)
The final conditions for the plane change problem are the following:
he = 608,000 ft , Vf » 23,500 ft/sec , Ye © 0 (27)

10

"



2,8 Inequality Constraints

The angle of atzack and the load factor, n = L/W , are required to

satisfy the inequality constraints

a <40 deg , n= <45 (28)

2.9 Nondimengional Variables

Nondimensionalization has the effect of scaling the variables and can be
very beneficial to optimization. In this system, all angles are in radians.
Furthermore, to simplify the notation, a nondimensional variable is denoted
by the same symbol as the dimensional variable and a tilde. Hence, the

following nondimensional variables are defined:

1/2 _ 1/2 _

1/2 _ = - - _ -
=V, r/rs =r, m(rs/gs) s w

t/(rs/gs) =t, v/ (ggrg)
(29)

= 5 = N =1 = - 1/2 = R
T/mogs =T, D/nogS =D, L/mogs L, m/m0 Em, B(rslgs) /m0 = B
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SECTION III

FORMULATION OF THRE OPTIMIZATION PROBLFM

In this section, the optimal control problem is stated in terms of the

nondimensional variables, and the parameter optimization problem is formulated.

3.1 Optimal Control Problem

The optimal control problem is to find the angle of attack and roll
angle histories which maximize the crogsrange for the reentry problem
which maximize the orbit inclination (or minimize its cosine) for the plane
change problem. 1In terms of the nondimensional variables presented in
Equation (29), the optimization problem can be stated as the following

minimization problem:

Find the control variable histories a(t) and }(t) which minimize

the performance index

Reentry J= - ;f

(30)
Plane Change J cos ¢ (V cos y cos § + Fw cos 3) "
i 1/2

[(V cos ¥ cos ¥ + T cos )2 + (V cos ¥ s8in {)?) ¢

subject to the differential constraints

~ ~

dd/dt = V cos y cos /(¥ cos §)

d$/dt = V cos y sin §/T
d¥/dt = V gin ¥
dV/dE = (T cos & - D)fi- 8dn 3/52 + 4%F cos J(sin 7 cos §

- cos y 8in § sin )

12




dy/dt = (T sin a@ + L) cos u/mV + V cos Y/T - cor Y/t2V + 20 cos ¢ cos

+ (w’t/V) cos §(cos ¥ cos § + sin ¥ sin ¢ sin ¥)

(31)
dy/dt = (T sin a + L) sin u/mV cos vy - (V cos y/r) cos ¢ tan $
+ 23(tan y cos ¢ sin ¢ - sin §)
- (@25/V cos ¥) sin ¢ cos ¢ cos § ,
subject to the prescribed boundary conditions
to =0, 00 =0, 60 -0, ro = 1.017432502
(32)
60 = 0.94420438 , ;0 = -2.0943951E-2 @0 =0
Reentry: ff = 1,0047786464
Plane Change: r, = 1.029054170 , V_ = 0.90566542 , Ye=0,
and subject to the inequality constraints
a < 0.69813170 , n < 4.5. (33)

For the reentry problem, the vehicle is gliding with the engine off. Hence,

the thrust, the mass flow rate, and the mass satisfy the relations

T=0, B=0, m=1 (34)
while the drag and 1ift are given by

D = 15268.635 CoV?

(35)
L = 15268,635 chvz
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For the plane change problem, the engines are ignited at E£ , whogse optimal

value is to be determined, and burn for the time period AEb = 0.63901697 .

PR PRl

Here, the thrust, the mass flow rate, and the mass are given by

;
0 0 engine off 3
T - i= )
0.30555556 0.83533982 engine cn 1
(36) 5
1. , 0<tx< Eb %
~- had ~-~ t T s I - i
m={1l. - B(E-1), TS E R +aE S -3
0.46620367 , Ebo-i t<1 3
while the drag and the lift become
D = 932.34367 cDov2
(37)

L = 932.34367 cLav2

The reason for the different constants in Equations (36) and (37) is that the

initial mass for the reentry problem is less than the initial mass for the

plane change problem (see Section 2.5).

2.2 Parameter Optimization Problem

In general, the optimal control problem of the previous section can be

stated in gtandard matrix notation (Reference 1) as follows:
Mimimize the performance index

It x,) (38)

14
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subject to the differential constraints
x = £(t, x, u), (39)
the prescribed boundary conditions

t,. =0, = given , ?(tf, xf) =0, (40)

0 X0

che control variable inequality constraints

c(t, x, u) >0, N 1)
and the state variabie inequality constraints

s(t, x) > 0. (42)

In the parameter c¢ptimization method which will be used to solve these
problems, the i1nequality co . - iints must be in an algebraic form. This can
be accomplished by forming an integral over the region where the inequality
constraint is violated. In other words, if e(t) > 0 1s a scalar inequality

constraint, an appropriate integral constraint is

v
o

t
E=-/ T (min (e, 012 dt > (43)
t

0
This integral constraint can be converted into a differential equation and an

algebraic inequality constraint. Let

X = ~[min (e, 0)]2 , 0 (44)

n+1 *a41,0

go that Equation (43) becomes

" Xe,e 20 (45)
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I1f the inequality constraints are converted into differential equations

and algebraic constraints, the optimal control problems can be restated as

follows:
Minimize the performance index
J =& (tg, )
subject to
y = £(t, y, v)
to =0, Yo z given,
to
¥(te, y) =0,
and to

Q(e ) >0.

£ V¢

(46)

(47)

(48)

(49)

The vector y now contains the original state x and the states introduced

by converting the inequality constraints.

~

The conversion of this optimal control problem into a parameter optimization

or nonlinear programming problem is performed in two steps. The first step
to convert the final time into a parameter, and the second step ic to para-

meterize the control historieg.

is

The final tZme can be made into a parameter by introducing the trangformation

T = t/r.f .

16
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This transformation allows the optimal control problem to be rewritten as

Minimize the performance index

J=¢ (Yf. tf) (51)
subject to

y' = 8lt, ¥y, uy )

(52)

=0, y,=glven, .= 1,
to

b4 (Yfp tf) =0, (53)
and to

Oyes te) 20 . (54)

Note that the prime demotes a derivative with respect to 1 and that this
transformation fixes the interval of integration.

The control histories can be parameterized in a number of ways, but the
gimplest 1is to use a set of nodal pointg and create the function by linear
interpolation (see Figure 1 where & and U are control variables). This

approach allows the kth control to be written in the form

u - uk(T. ak) (55)

where 8, is a vector of parameters, that 1s, the nodal points defining the
control history u
At this poinc, the unknown parameters are lumped into a single vector

X defined as

17




X = [tf. Biv v e e a?] (56)

where p 1is the numbar of control functions. For the plane change problem,
X also coatains the ignition time, tb , a8 the last parameter. The total

number of parameters ig N . If values are given to the components of X ,

that is, 1f the final time, the control histories, and the ignition time are
known, the differential equations (52) cen be integrated from " 0 to

Te " 1 to form the function Ve ™ yf(X) . In tum, y¢ can be eliminated

from the performance index and the constraints to form the parameter version

of the optimal control problem:

Minimize the performance index
J = F(X) (s7
subject to the equalicy congtraints
Ci(X) a0, {=1+K (58)
and the inequality constraints

C,(X) 20, 1=K+12M (59)

18
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SECTION IV

PARAMETER OPTIMIZATION METHOD

In thls section, the theoretical basis of the method which has been

selected for solving the optirization problem is discussed. Also, some

remarks are made about the code.

4.1 Augmented~Lagrangian Method

The augmented-Lagrangian method 18 a particular formulation of the penalty

function method wnich allows convergence to be achieved without having to drive

the weights to infinity (see Reference 2). Here, the performance index is

defined as

where

m
J = FIX) +(1/2) | o, 2(X, 8) (60)
1=1

ci(x)-e1 S, 1=14K
&, &) = ' (61)
min [Ci(x) = 91. O} , 1 v K +1 M

and vhere o, 1is a positive, constant weight.

i

A description of the computational algorithm is as follows:

1.

Guess initial valuams for X , .91 , and 9 - Since X represents
the final time, the controls, and perhaps the ignition time, it should
be easy to run some constant control trajectories and find a velue for

X which givesa low value to the performance index F . For the

first run, the constants 61 are usually pet equal to zero. Finally,

the weights o, can be obtained by requiring each constraint term in

i

(60) to have the same order of magnitude as F .,

19
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2. Minimize the performance index with respect to X holding o1 and

°1 constant, This step represents an unconstrained minimization
which is performed with the Davidon-Fletcher—-Powell method.

3. Assuming that X = X(8) , tinimize the performance index with res-
pect to O , starting from the X which results from step (2).
The purpose of this step is to find new values of 8 such that the
constraints are satigfied. Only a single iteration of the optimization
is performed. For equality constraints, this is done with the
Newton-Raphson method, while for inequality constraints, s winimi-
zation problem 18 formed which guarantees that the corresponding
Lagrange multipliers remain nonnegative.

4, If the rate at which a constraint is being reduced is not sufficiently

large, the value of the corresponding weight 91 is increased.

5. If convergence has not been achieved, go to 2.

4.2 Optimization Coce

The code which ‘“e8 been selected for solving the optimization problem has
been obta.ned from the AFRE in Harwell, England. It {8 a general purpose code
for solving the nonlinear programming problem using the augmented-Lagrangian

method. The code contains five subroutines which are described briefly below.

VFO1A: This subroutine directs the optimization process.

VAO9A: This subroutine performs unconstrained minimization using the
Davidon~Fletcher~Powell method. The metric is represented in a
a factored form to presecrve positive definiteness so that a crude
one-dimensional gearch can be used. Convergence is superlinear.

MC11A: This set of subroutines (MC1l1lA, B, C, D, and E) performs matrix

manipulations such as factorization and the metric update.

20
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VEQ4A: This subroutine performs the optimization for satisfying the
constraints,

VFOlZ: This subroutine forms the augmented Lagrangian (60) and itg
derivative from the performance index (57), the equality constraints

(58), the inequality constraints (59), and their derivatives.

The documentation which has been supplied with these subroutines is contained
in Appendix A. Also, a listing of the code is presented in Appendix B. That
part of the code which must be supplied by the user is shown in Appendix C.
The user must provide a subroutine entitled VFO1B which computes the
performance index F and the constraints C as well as the derivatives Fy
and Cx . In order to minimize the amount of set-up time, it has been
decided to compute the derivatives numerically, using central differences.
This approach also allows the user to change the physical model without having
to change derivative subroutines as well.
This optimization code has been verified by applying it to the solution
of a number of problems whose solutions are known. These problems include a
simple quadratic function in two variables with a linear equality or inequality
constraint and the Rosenbrock function with a quadratic constraint. Also, the
optimal control problem known as the lunar launch problem hss been solved.
The problem 18 to transfer a rocket from the surface of the moon to orbital
conditions in minimum time, assuming that the ratio of the thrust to the mass
is constant, The control variable is the angle between the thrust vector and
the horizontal. To check out inequality constraints, am active upper limit
has been imposed on the steering angle. In all cases, the Harwell code per-
formed extremely well, and the known extremal solutions were obtained in a

correct or reasonable number of iterations.

21
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After solving the above problems, ii became apparent that some minor modi-
fications had to be made in the Harwell code.
was imposed and was exactly equal to zero on the first iteration, the program
aborted. To prevent this, the comstraint was set equal to a small positive
value. Second, for solving more complex problems, it became apparent that it
would be necessary to interrupt the computation, store some results on a tape,
and restart the computation. Such modifications have been made. Finally, for
solving the reentry and plane change problems, some procedure for preventing
the flight path inclination from becoming -90 deg had to be incorporated.
1f this happens, the heading angle equation blows up, and the program

terminates. This situation occurs during the one-dimensional search associated

with the unconstrained minimization. If too large a change is made in the

parameters, the vehicle can end up in a vertical dive. The problem has been

eliminated by monitoring the flight path inclination on every integration step.

If 1t gets lower than -60 deg , the one-dimensional search is terminated, the

search stepsize 18 reduced, and the search ieé restarted.

22
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SECTION V

USER CODE

The user of the optimization code must provide s main program and a
subroutine or sequeace of sutroutines in which the performance index, the
constraints, and their derivatives are calculated. These parts of the computer
program are discusged here, Because of the similarity of the two trajectory
optimization problems, it has been possible to combine them into a single
program. The listing of the user code is presented in Appendix C., The

variables in the user code are defined in Appendix D.

5.1 Main Program

The main program MRRV performs two functions. First, all of the
parameters needed by VFOlA are defined (see Appendix A). Second, the
process for interrupting the computation and storing intermediate numbers
on tape as well as reading intermediate numbers from tape and restarting the

computation is controlled.

5.2 Performance Index, Constraints, and Derivatives

Subroutine VFC1B calls subroutine SG, which computes the performance
index and the constraints, and subroutine SGX, which computes the derivatives
of the performance index and the constraints.

In subroutine SG, the tables defining the control variable histories
are formed from the current values of the parameters. The initial conditions
for the differential equations are defined, and the differential equations of
motion are integrated to the final time. From the final values of the states,
the performance index and the constraint residuals are computed. While the

trajectory is computed in nondimensional variables, the printout is in terms

23
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of dimensional variables. For the plane change problem, the engine is ignited

b and shut off at tb + Atb .

becomes less than -60 deg at any point of the trajectory, the integration

at t Finally, if the flight path inclination
is stopped, and the computation is redirected to the one-dimensional search
for a decrease in tae search stepsize,

The integration is performed using a fixed-step, fourth-order, Runge-Kutta
integration method (subroutine RUNGE), The number of integration steps has
been chosen by making calculations of the penalized performance index and its
derivatives for different step sizes and choosing the largest stepsize which
gives reasonable accuracy. This has been done to minimize the computation time
and to keep the integration as far away from round-off error as possible.

The integration subroutine makes repeated calls to the subroutine DERIV
which contains the differential equations of motion of the vehicle and the
differential equations for the inequality constraints. Here, the tables
containing the controls are read; the aerodynamic, propulsion, and mass char-
acteristics are determined; and the right-hand sides of the differential
equations are computed., The aerodynamic characteristics are obtained from a
call to the subroutine AERO which reads the aerodynamics tables. To obtain
the atmospheric properties,.AERO calls subroutine ATM62.

Subroutine SLIN1 performs linear interpolation of a table of data points.
It has been provided to read the control tables and the aserodynamics tables.

The last subroutine supplied by the user is SGX. Here, the derivatives
of the performance index and the constraints are computed by central
differences. Hence, two function evaluations are made for each derivative

computed.
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SECTION VI

PLI SR Y VR SRR

SOLUTION OF THE OPTIMIZATION PROBLEMS

M

The general procedure which hag been followed in the solution of the

optimization problems 1s to fird a nonoptimal, constant control trajectory
which gives a reasonable value to the performance index and is somewhat near

3 . the desired final conditions. This is done by varying the parameters

(final time, angle of attack, bank angle, and ignition time if necessary)
é systematically until a reasonable trajectory is obtained. Then, these

parameters are used as the initial guess of the optimal trajectory.

6.1 Reentry Problem

For the reentry problem, a reasonable set of nominal parameters has

been found to be tf = 3200 sec , a = 20 deg , and ¥ = 60 deg . The

results from integrating the equaticns of motion for these values of the

E
F
J!

i
E
i

4
4
32
4
4
3
E
!
4
3
é
-

parameters are presented Iin Table 5, Note that the nominal crossrange is

¢f = 26.4 deg and that the final condition is given by
C1 - hf/loo.OOO ~1=0,136 (62)

The main program contains all of the input quantities and fs presented

S - ey PPN S

in Appendix C for the reentry problem (IPROB = 1). The iteration process
starts from the nominal path (IRS = 0), and no more than TMAX = 1200 gec of
computer time are to be used on the first run. To allow the program to reach
the point where the time check is made, the external time limit has been set
i ) at 1500 sec. A total of eleven parameters (N = 11) is being used, of which
: one 1s the final time, five (NA = 5) are the ordinates of the angle of attack
table, and five (NM s 5) are the ordinates of the bank angle table. There is

oneconstraint (M= 1) which is an equality constraint (K = 1). Next, the first
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parameter X(1) 1is set equal to the nominal final time, X(2) through X(6)

e pde e -mmm

PRROR VIS Ry

are set equal to the nominal angle of attack history, and X(7) through X(11)

T

contain the nominal bank angle history. Also, the values of the normalized

s niar

time at each of the nodes are the same for each table, TTA(I) and TTM(I)

]

and are given by 0.0, 0.25, 0.5, 0.75, and 1.0 . The unconstrained

. minimization will terminate when the relative change in each parameter between

two iterations is less than EPS(I) = 1.E-4 * X(I) . On the other hand, the

congtraint satisfaction iteration will terminate when the constraint residual

S eiteessbs o o e AP i dMoca DMl s RE b s ik

satisfies the relation C(1) < AKMIN * C(M + 1) where AKMIN = 1.E-4 and
where C(M + 1) 1is defined below, Since C{(M + 1) = 0.136 , an accuracy

of 1,E~-5 1s being requested in the constraints.

The expected change in the performance index on the first iteration is
3 DFN = 0.5 . MAXFN 1is set equal to a large number (10,000) because the program
is now interrupted on a time basig rather than a function evaluation basis.

Every iteration in VFOlA is to be printed (IPRl = 1) as is every iteration

2 i Bt botna i I e} sl at o ) AT Boantho e irm

in VAO9A (IPR2 = 1). The work space W(I) is made to have IW = 2500 words as

suggesved by Appendix A. The optimization code will calculate the weight Ul 1

(MODE = 1) using the constraint scale factor C(M + 1) = 0.136 . To modify

to code for interruption, it is now necessary to input the constraint scale

factors in C(M + I) rather than in C(I) as stated in Appendix A. Also,

the parameter AK = 1E60 must be set here as well. The remaining quantities

and the rest of the main program direct the writing on tape and reading from

e Bbn peian s e

:
!
T

tape if the computation is Interrupted (CPU time > TMAX).
A summary of the results 1s presented in Tables 6 though 9, and the

characteristics of the converped trajectory are shown in Figures 1 through 3.

Four cvcles have been needed to achieve the desired accuracy in the final condi-
tion. It is interesting to note that a good trajectory is obtained after one cycle

and that the remaining cycles are used to satisfy the final condition better. The

27

VN - wmimeryag




0L6’
16
LE6"
9¢9°
e
SLL°
268’
oL’

Lint

9€0°
000°

grTL0T = X
7

£968ST°

X

000°0
00070
000°0
000°0
000°0
000°0
000°0
000°0
000°0
000°0
000°0

dK

000°0 9n°¢
000°0 SE°6
000°0 LTAR]
000°0 OL°nC
000°0 EL-nt
000°0 9l°'un
000°0 tn°is
000°0 Lo 89
000°0 €2 6L
000°0 26 ni L
000°0 09°061
(034)

dv nW
1-3985%(8"
Z-2985891°
1-38%€62% "

%8292
05952

9ng° 91
0L0°91
$62°51
£68°tt
598°ni
Ltg ni
L8l ni
9t L it
889 4l
209" nt
L65°nt
(53Q)
YH4 Y

€

0lL°u8
95°9L
$8°99
LL°Ls
09°8h
00° 6%
g2 ot
06°02
L1 08}
e
00°0
(934Q)
1sd

X

88°¢-  "En0t 1EB66 m2Ltly

- “h509 665221 SLO"ub
L - *6616  "hG9EEL GLO0°6E
e - ‘€961t ©L090SL 0nS-2€
st ‘noshl  "096L51 0Ot2°S2
16° ‘86891 “88SE9L 2nl°ll
66° ‘09681 “lS6EGL  LLBOL
LE°- *22602 “£Ll0f22 991°S
65"~ *9t2te " LhOE9L ©29”

18-~ ‘90982 "29£9%2 S00°

02°t= ‘00542 "008w9€ 000°0

(93d) (J3s/13d) (13)

(23Q)

VRWYO XL1IJ073A 3GNLIILIV IHd

T+ALS90%S°

69%%28°~

£9sEve”
T100%62Z°
LsLyse”

€01 = SuCTlIENTBAZ UOTIRATIaIQ/uofidung

83INBaY T I¥[L)

:£10308fe1] 9a3uvaS501) WNUIXEY

‘9 I1qEL

rome wm—an e

wl €6
8626
6L 06
£5°9¢
L1°08
9S*1L
0L'09
S8 Lu
59 t¢t
06°91
00°0

(93Q)
V13HL

2°6rS52 000"\
2 h62e 006"

£'6t0z 008"

& hElL 00l

$-62s1 009°

9 nllL 005°

L6101 oon’

L'w6l oot

8°60S 002°

6°n62 ool

0°0 000°0
(239)

IWIL nvlL

T-3E9LT19T°

1l
<D

]
]

c6¢£728° -

[]
>

AYAS: T

1]
E

£L1092°

(]
>

£8091°¢

{{ = SuofyiIRIaIII

28



TR B T WIS AR LR MO 7 I SO Y

r
_
636° 000°0 000°0 tn2 SLB'91 S6°t8 gg-z- "250¢€ 26666  9L1ly  1g°€6 86052 000"t
216" 000°0 000°'0 9£°6 880°9L 6n°9L Q1°- (5L0G  "ll9221 000°me oL f6 € n622 006"
<t6: 000°0 000°'0 tf-gy LOE"SL  LL'99 g (el 9SLEEL £66°8E SBt06 6°6£02 008"
6-9° D00°0 0000 Ll'mZ 268°wi L9-ls - JSL6LL 1lBOSI mIS'2E 19'9p 6°n8lLL oOL®
VN 000°0 0000 £i°'nf  298'nmt 0%-gh s’ (9LSmlL 068251 SBL'SZ w2 o 676251 009"
gLl 000°6  000°0 OL'nn  268'mt £6°BE 16 (80691 “L6nE9L 2zilL y9°y} 6°nl21 00§
t3n° 000°0  000°0 in°1S 26L°mi 02 0f 00"t 799581 “nEQEQL 09801 nl'09 6°6101 o00y"
e 000°0  000°0 21°8S 2SL°wi 8§'0z 0f - ohe602  t122£22 ESLTS  1g-in 0°59. o0f"
F3n'L 000°0  000°0 1E'6L £.9°#y LE-g 65"~ “inef2 291691 g.9- 99°€t  9°01S op2°
Se0°" 000°0 000°0 96°nlL 1S5S mL t)- g - ‘909n2  "166962 GQp° 0691  0°952 001"
cJo* 000°0  000°0 29°0S1 oMW WL 000 02°L-  "00SK2 ‘00849 0@ 00°0 0°0 000°0
(93q) (030) (930)  (230) (23S/14) (13) v130)  (93a0)  (o3%)
“ N dH dv nW YH4 TV 154 VRRVD  ALID07T3A 34NLILI*  IH4 Yi3IHL INIL nvy
(=)
o~
. T . i . 1
T-3S29%Z6 = a £590°%S = o ¢-d6T0TLT = 8
9-JZTL018°~ = ~o £2€28°- = g4 9%2228°- = r
1-358/6Ty = Uy 1szsver = Oy gytogs: = Oy
. 8 . L . 9 . S
{623L0°T = X <8829 = X 62S962 = X 081092 = X
. 9 . £ . é . T
99884 = X eT1LSE = X 0£0262 = X 6919T°¢ = X
TZ = suofyjenyeay SATIBATIB]/U0TIDUNg 61 = suojrjeasiy

§ITINS3Y 7 9124) :£10393(wag a3ueassoa) wnuixey *;/ ayqer

vy

C e e wen e . .
sgobaddincs VAN ol .o o . i - l!lli




00¢£L0°1

1988<¢°

696°

(11N
(4%
9:0°
0l0°
N

"

"

000°0
000°0
000°0
000°0
000°0
oo
00N
o3 0
o170 o)
oc3 ')
0083

&

000°0
000°0
000°0
000°0
000°0
000°0
000
000°0
000°C
006°0
0000

EY

s83[nsay € 3124y

(4 24
9E°6
€791
L w2
LT 11
(WA 1
e ts
21°8%
t£ 64
96°nt1
£3°051
t2340)
on

$88°91
60" 91
20€°61
268" w1
298" mi
2t8° wl
16L° 11
0SL " w)
€19 nl
096 0l
LTI T
(93Q)

YH4 Y

T1-38STST6" =

7-482¢691° =

1-48ST0C%" =

0(879Z° =

880L67°

o
[}

96°¢t8
6y°9L
LL°99
19°Ls
15°8y
£6°8E
020t
g§8-0¢

LE
t

]

00°0
(93Q)
184

§8°2-
oL°-
SL™-
12 -
sl’

16"

vot

ot-~
66°-
18"~
0z°1L-
(930)

‘IS0t "200001
“SL09 “w@221
L6 Cw9LeEf
*SLl6LL  *8980S1
“9LSetl "288L61
“8069L  "0gnE9l
"99681 2288
*52602 -iefee
WTIT- ST TRE T}
‘90982 " 65£952
‘00582 "008N9E
(23s/714) 13)

VHHYD  1113073A 3401111

{590°%S
S1ezeg -

19269¢°
soLve6z”

Leneses

v

suorjenieay U>ﬁUN>ﬁh@Q\ﬂOﬂUUﬂﬂh

:£10323(wa) a3ueassoi) wunupxey

SLL" Ly 98°t6
666°tn 60°£6
£66°8E S9°06
%1528 19798
“gL°§2 f£2°08
LT 09°1L
658°01 £L°99
£S1°6 L8 Ln
w9’ 99 €t
$00° 06°91
000°0 0070
(9340) {930)
THd V13Kl
~o
d
oy
ox
Nx
‘B 2@1qelL

9 6852 000°1
8°%622 006"
8°6£02 008"
8 °e8lL o0l
6°6251 009"
6°nl21 00§
66101 OOWR"
6°09L 0GE "
0°0LS 002"
0°642 ooL"
[ 1] 000°0
(238)
3INIL nvl
. 1
Z-1892691° = '
[£2228°- = T
(szo8.° = Sk
. S
9109z° = °X
. T
65T9T°C = X

% = sSUOYJIBII]]

30

.}-

gy T T e




1
:

Iy e

108L0°T

$988ST*

696°

Wi
8Ll
(31
oetL*
E9n"1
9t0"
000*

= X

= X

000°0
000°0
000°0
200°0
000°'0
000°0
000°0
000°0
000°9
000°v
000°0

dn

000°0
000°0
000°0
000°0
000°0
000°d
000°0
000°0
0000
000°0
000°0

dy

(N R+ 988°91 L6°€@
9€°6 260°91 0%°92
t€ 91 ¢0E St Li'99
LLi w2 268°wL  19°26
LT 1% 298"l 1G°gn
Ol wy  2€9°wL £6°g¢
LR 15 16L4°n1  02°0Ff
¢L°8S  1SL'wt gg'02
1£°62 0l9nL  lf°@
96 %1t 095wt 1t
t9°0SL guw'wl 00°0
(930) (9340) (930)
W " vHdTY 1S4
. T
S-390.08T1 = ]
o 184
1-400212% = X
. L
{9879°2 = X
. €
%60.52¢ = X

882~
oL°-
SL°-
12°-
sL-

16"

00°1

of°~
65"~
18 -
021~
(93q)
YHRY9

*150f *000001
"Si09 "wB9221
“2Lé “E9LEE
el 998061
‘91Sel €896
"80691  “2gnfoi
“99681 “w2gfgl
‘62602 “itefez
“in2te  "s9if9y
‘90982 " 65£962
‘00582 ' 00989E
(23s/14) (L3)
A112073A 3ani1ly
91€¢e8 - =
LETSYE: =
BOLY6C" =
ZEIIST” =

Sl 2w
000" ny
£66°8¢E
n1s 2t
SBL"G2
122 L
658° 01
£SL°¢
nt9"
500"
000°0
(930)
IHd

¢ = suorjenyeaj aarieATIag/uof3sunyg

SIINsSay 4§ a124)

98°E6
60°€6
$8°06
19°98
£2 08
09°1¢
£€L°09
18°Le
99 €€
06°91
00°0

(930)
V13H1

:£10323feay 28ue1ss0a) wnupxey ‘6 I[qey;

86852 000°t

8 w622 906"

8°6t02 o009

8 2@l o00l°

6°6251 009"

6°wl2lL 00§
6°6101 o00n"
6° 29l 00f -
6'01S o002
0°562 oot
0°0 000°0

(33%)

INIL nvl
6€22¢8°~
cve08eL”
89109¢"
6ST91°¢

1 = Suoyjeiaj

K} |




,_
3 SN8aaA 1 puw © :28uUeISSOI) WnAIXER 1 JANBEI |
(ae9) |
0002 000! 0
v ¥ ) 4  § I | L)
2 . .
00"l GL'0 050 20 00°0
0 T T v £
™~
[1a]
<l ,
(Bep)
P
4




P

ool

(4)
@

oot

ood

0t ML Pt S bt 450 77

snsaan Yy pue * ¢ :98URISSO1) WNAIXNTR

0o¢

(G9p)

2

(Bop;

oS

R s &

33




BRI S0 g T T PR ST ) S P YR 7 N R e T T TR 6 g ST E T R Y W

L e e v e s — -

e e . i ————————— -

000¢

3 sSNSI3A A pue A :23upiSs01) wnuIXEy °f 2andyy

(des) |

00°t

€L°0

288 0562 =4}

1 4]

(d08/)4)
<Ot x A

12

e

-l

13 4

(0sp)

34

i — - r T—
ro e a—— - -~ h
. -

ey e T

\ ot Lol




o oy LN

D Y TR s 43 T i S ke S LW e et qom i g -

-

optimal angle of attack seems to be at the value for maximum lift-to-drag

ratic, although this has not been verified. With regard to the roll angle,

the vehicle starts out at a high roll angle, 8n that it dives into the atmos-

phere, and then gradually reduces the roll angle until it is heading northward

with a very small roll angle. The vehicle achieves a crossrange of approxi-

mately ¢f = 47 deg and experiences a maximum load factor of around 1.5 g's.
It should be noted that the weight 9 has not been increased during

the optimization process. This means that, after each cycle, sufficient

progress has been made in converging to the constraints. On the other hand,

6

1 is changed during each cycle, and the Lagrange multiplier v, = o

17 1%
appears to be approaching a limiting value. This multiplier and the optimal
controls can be used to generate initial values of the Lagrange multipliers
needed for starting the shooting method.

The complete computation required 1640 sec of CPU time (Cyber 170/750)
and a total of 3000 function evaluations. This amounts to 0.55 sec per function
evaluation, or 12.6 sec per function/derivative evaluation (23 function evalu-
ations). The integration has been performed with 250 integration steps, and
it may be possible to reduce the time by using forward differences. However,

the convergence characteristics would deteriorate.

6.2 Plane Change Problem

For this problem, a good initial guess of the final time, the angle of

attack, the bank anfle, and the ignition time have been found to be tf

n = 40 deg , u = 60 deg , and tb » 1624 deg . The corresponding trajectory

= 2733 sec ,

is shown in Table 10, from which it is seen that the orbital inclimation is

if = 22.2 deg and the constraint residuals are
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C1 = hf/608,000 - 1 = ,863003E-2

C, = vf/23,500 -1 = ,882155E-2

Cy = vy = ,109738E-1 (63)
C4 : Yy = .0

C5 : Yg = .0

The last two constraints are the inequality constraint on the angle of attack
(@ < 40 deg) and an inequality constraint on the bank angle (y > 0), In the
solution of the minimization problem, the bank angle at the final point tried
to go to a large negative value, The last inequality constraint has been
included to keep this from happening.

The set~up for the plane change problem (IPROB = 2) 1ig similar to that
of the reentry problem. An additional parameter, the ignition time, is
present making a total of twelve (N = 12). Here, there are five constraints
(M = 5), of which three are equality constraints (K = 3), At first, the values of
EPS had been chosen to te 1.E-4 * X(I) . However, because of the extreme
sengitivity of the problem to the ignition time, it has been necessary to use
EPS(I) = 1.B-5 * X(I) . Finally, the constraint scale factors C(M + 1) for
the altitude, the velocity, the flight path inclination, and the ineauality
constraints have been set equal to .009 , .009 , .N11 , .N01 , and onm ,
respectively. The first three values are rounded constraint residuals,and the
last two have been chosen to prdduce relatively small weights.

A summary of the iteration process 1s presented in Tables 11 through 14, and
the converged trajectory is illustrated in Figures 4 through 6. After four

cycles, the constraints are satisfied to four significant figures. The

converged angle of attack history stays near 40 deg (maximum CL ) at the
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On the other hand, the bank angle is near 70 deg during the entry part of
the trajectory and decreagses to 0 deg during the exit part. The maximum plane
change 1is 1f = 33,7 deg , and the load factor does not exceed 0.5 g's.

The CPU time for the four cycles is 4175 sec on the CYBER 170/750
computer, This amounts to approximately 0.5 sec per function evaluation and
10 sec per derivative evaluation.

For this problem, the Lagrange multipliers v do not seem to be approach-
ing a 1imit. & possible reason is that the problem is so sensitive to the
value of tb that additional accuracy is needed in the numerical integration
to achieve better convergence accuracy. Also, in generating numerical deri-
vatives, the same perturbation size is used for each variable. More consistent
results can be achieved by tailoring the perturbation size to each variable.

The behavior of the bank angle of the final point can be explained by
agsuming that the earth is not rotating. The initial point rf the trajectory
is located on the equator, and the vehicle is trying to put the velocity vector
on the orbital plane with the highest inclination. As long as the longitude,
0,18 less than 180 deg, the bank angle for maximizing the inclination is
positive. However, once the vehicle crosses the equator into the southern
hemisphere, it must bank in the opposite direction (u<0) to obtain additional
inclination. By restricting the bank angle to positive values, the maximum
inclination should be obtained when 95 = 180 deg and u = 0, The optimal
trajectory presented here has these features, as can be seen from Table l4.

On the other hand, it should be possible to increase the inclination by

relaxing the inequality constraint to U > =90 deg .

45

et it el

Jrvgn

ot b RIS IN s bu i o idail t AY t

TPy P T FIEURN

S v vt

oy Y




A .

Fp.

o ey o pr——— &

SECTION VII

DISCUSSION AND CONCLUSiONS

The maximum crossrange and the maxiwum plane change problems have been
formulated as parametar optimization or nonlinear programming problems. An
existing code for solving the nonlinear programming problem with the augmented-

Ltagrangian method has been selected and modified slightly for solving these

problems, The derivatives needed for the optimization method have been computed

numerically. As a consequence, the entire program can be viewed as a model
for solving virtually any trajectory optimization problem.

A difficulty in solving trajectory optimization problems lies in the
model used for the problem. For example, in performing the one-dimensional
search, it is possible to change the parameters so much that resulting trajec~
tories go to extremely hiph altitudes or extremely low altitudes. This has
caused an exponential overflow In the atmosphere subroutine. In another case,

the regulting trajectories ended up in a vertical dive, causing the numerical

integration to blow up because ¢f the gingularity in the heading angle equation.

Initially, this difficulty had been elimipated by removing the singularity,

which means increasing the number of differential equatjons by one and increasing

the numerical complexity of the program (time becomes a dependent variable).

Later, by additional modification of the optimization code, it has become

possible to monitor the flight path inclination and terminate the one~dimensional

search when Y gets too small., Another difficulty arose by trying to modify
the drag polar so that the inequality constraint on the angle of attack could
be eliminated, The optimization process has found a way to use the change

to its advantage and has produced an unrealistic trajectory. Finally, in the
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plane change problem, the bank angle at the final p« nt wants to go to a
large negative value. At this point, it is not understood what aspect
in the model makes it useful for this to happen. Hence, an inequality
congtraint hag been imposed on the bank angle to keep it nonnegative,

Once the modeling problems have been eliminated, the reentry problem
is relatively easy to solve., This is not the case for the plane change
problem, as can be seen from the number of iterations and the computer
time required. Possible reasons include the number of constraints involved,
sensitivity of the problem to ignition time, and numerical accuracy, either
in the integration or in the computation of derivatives. With regard to
constraints, the plane change problem is easy to solve if the bank angle is the
only control and the altitude is the only constraint at the final point. Adding
the other final conditions reduces greatly the progress achieved on every
iteration., Also, including the angle of attack as a control reauires the use
of the inequality constraint on a .

The particular method for computing the derivatives, central differ-
ences, has been chosen because it is easy to modify the model. (If the
derivatives are computed from differential equations, any change in the
model produces a change in the derivative equations.) Although it has not
been done, it is possible to cut the computer time roughly in half by only
integrating over that part of the trajectory which is affected by a per-
turbation. Also, the computer time can be reduced further by using forward
differences, or one function evaluation per derivative calculation. This

reduction in accuracy will affect the accuracy with which the constraint

can be satisfied.
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The manner in which the optimization problems have heen solved is
sufficient to demonstrate the ability of the optimization code to handle
such problemn. Questions concerning the number of nodes needed to obtain
an accurate solution and the placement of these nodes are still open, but

they can be answered with a moderate amount of computer time,
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DOCUMENTATION ASSOCIATED WITH
THE OPTIMIZATION CODE
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Harwell subroutine Library \"4 F 0 ] A‘AD
1. Purpose

To find the minimum of a function F(x) of n variables x subject to both
equality constraints ¢y(x) = 0 i » 1,2,00¢:k and inequality constraints
€y(x) 301 ak ¢+ 1,000ym (k = Q0r k s m 45 allowed but k must be g n),
Derivatives of all func: ions with respect to x must be provided both the
vector (3FAXy, OF/dX2,.000,3F/3x,) and the matrix whose 1th column is
(3c(/dxq, 9C{/3x3y00eeydC/3%X,) for § » 1,2...,ms These functions and
derivatives must be spcciﬂ.od in a user subroutine VFO1B (see section 4).
An {nitial estimate of the solution must be provided which need not be
feasible., The subroutine allows sdvantage to be tsken of the possibility that
some of the constraints are linear, and also of certain other types of infor-
mation sbout the problem, if available. If all the constraints are linear,
the use of VFO1A is not most efficlient, and one of the LA or VE routines
should be used. The method is a penalty function - Lagrangian method (see
section 8) and VFO1A calls VAQ9A to carcy out the associated unconstrained
minimizations.

2. Acrqument List

CALL VFO1A(N,M,K,X,EPS,AKMIN,DFN,MAXFN,IPR1, IPR2, IW,MODE)
An INTEGER set to the number of variables n (N 3 2).
An INTEGER set to the total number of constraints m (M 3 1).

An INTEGER set to the total number of equality constraints k.

®x =x X 2

A AL array of N elements inwhich the initial estimate of the solution
must be set. VFO1A returns the solution x in X.

EPS A REAL array of N elements, in which the tolerances for the unconstrained
minimizations must be set. EPS(I) should be set so that EPS(I)/X(I) w»
AKMIN, roughly speaking.

AKMIN A REAL number in which the relative error tolerance roquir d in f.lhe
constraint residuals must be set. VFO1A will exit when max| c1(x)
scaling factor for cL} & AKMIN for the active constraints ii] (see
section 7).

DFN A REAL number in which the likely reduction in F(x) must be set. This
is done in the same way as for VAO9A, = see the VAO9A specification
sheet.

MAXFN  An INTEGER in which the maximum number of cslls of VFO1B on any one
unconstrained minimization must be set. Roughly speaking 2 or ) times
MAXFN calls of VFO1B are likely to be made altogether.

IPR1 An INTEGER controlling the frequency of printing from VFO1A. Printing
occurs every IPRi iterations, except for details of increases to the oy
which are always printed, No printing at all occurs (except for error
diagnostics) if IPR) s 0. All priating controlled by IPR1 is suitebly

annotated. VFOla 1
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IPR2 An INTEGER controlling the frequency of printing from VAQU:., 1PR2
should be set as describued in the VAOYA specitication shect.

IW  An INTEGER giving the amount aof storage available in COMMCH, VeO1L/W(.).
Set to 2900 unless wishing to change the restrictions (see Soction Y),

MODE An INTEGER controlling the mode of operation of VFOlA, If uny positive
detinite estimate is available of the hessian matrix of the penalty
function, set |MODE| = 2 or ), otherwise set lHODE1 a1 (cee VAOSA
specificatian sheet). If estimates of the oj und U; paraneters are
available (see section 8) set MODE < 0, otherwise set MODE > 0. A
normal setting for a one-=oft jdb with no information available is
MCOE « 1,

3. The named COMMON areas
Certain named COMMON arvos must be declared and set on entry to VFO1A.

COMMON/ VFO1E/C(150) Set scale factors (»0) for the constraints in
C(1),C(2),040¢,C(M), Choose the magnitude of
these scale factors to give an irdicattion of the
magnitude of the constraints evaluated about the initial
approximation x. If any constraints are
violated by an amount greater in modulus than
that which is set, then the setting is increased
accordingly. These scale factors are transferred
to C(M.1), C(Hv2).u...,c(2ﬂ) by VFO1A.

COMMON/VIO1F/GC(25,50) Set the derivatives of any linear constraints on
entry rather than in VFO1B. This is the most
efficient and the numbers are not disturbed., The
manner of setting is described in section 4.

COMMON/VFO1G/T(150) If MODE < 0 is used, then set the parameters
81409, eeey O 4n T(1), T(2),...,T(M) and the
parameters 7;,0,, sceyTp in T(Me1),T(Me2),...,T(2M),
The meaning of gh.u parameters may be found in
the report TP552 ~ see section 8,

COMMON/VFO11/G2P(325) 1t IMo0E| « 2 or 3 set the estimated hessian
matrix of the penalty function in G2P(1),...,
G2P(N®*(N+1)/2). The manner of setting is that
descrived in the specification sheet of VAOSA under
the heading MODE.

q. The user subroutine VFO1B
The user must declare a subroutine headed

SUBROUTINE VFO1B(N,M,X)
REAL X(1)
CCMMON/VFO1C/F
COMMON/VF01D/G(50)
COMMON/VFO1£/C{150)
COMMON/VFO1F/GC(25,50)

This subroutine must take x, the vector supplied in X(1),e0.,X(N) and set
F(x) {n ¥ c1(x)....,cn(_§'f in C(1),e04,C(M); (ar/a;&....ar/axn), in G(1),...
G(N); and set (0C4/dXq,.++0C;/Ixn)x in GC(1,1),0..,6C(N, 1) for aT1 T = 1,2,000,M.

2 VFOl
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{Excepting the linear constralnts wli:ivn shnla te 5et on entry, as the
numbers are constant]. Some timwe m - 4130 he s.vsl If required by also inclue
ding COMMON/VFO1G/T(150) and by not ~valua' ity 'i(4,1),...,GC(N,1) when

C(I) 3 T(I) for any I > K. Note that the uptircur values Fix), (9 F/O%q4000,
ar/dxn, etc. are left in these named TOMMUN arcq:n on exit from VFO1A. Note
also that in the double precision version the uscr subroutine name is VFO1BD
and there is a D appended to the named COMMON areas.

Se Redefining named COMMON areas

Local storage for VFO1A is through named COMMON areas. These have been
set on the assumption that M & 25 and M £ 50. If it is desired to remove
either or both of these restrictions, then it is necessary to increase the
storage available in some or all of these areas. This can be done by defining
the named COMMON areas in the users MAIN with the increased atorage settings,
in which case the extra storage will be effective throughout the whole program.
The complete list of named COMMON used by VFO1A and the corresponding values
of N and M are as follows.

COMMON/VFO1C/F \M,K, IS, MK, NU independent of N and M

D/G(50) 2N
E/C(150) 3M
F/GC(25,50) N,M
G/T(150) M
" H/GP(50) ¥ @ = max(M,N))
I(G2P(325) N*(Ne1)/2
3/V(50) n
K/WW(150) 35
L/w(2500) ¢ B
M/22(100) 2u
N/LT(100} M

Notes: -
* On increasing M, whan N < 25, redefine GC with bounds (N,M) not (25,M).

VFO1A has been coded under this assumption, as it requires less storage.
(VFO1A treats GC as a single suffix array).

*sfFor M very large, pz storage locations may be prohibjtively large. However
it is very unlikely that this amount of storage will actually be needed by
VFO1r (no problem has yet been encountered for which more than (2N)¢ locations
have been required). Hence in these circumstances, either declare W with
{2N)2 locations (or whatever can be spared), ard set the inteqer IW to this
number in the calling sequence of VFO1A. If more locations are required,
then VFOLA will stop and print out the storage required.

6. General

Use of COMMON: named COMMON only - see section 5.

workspace: SK words unless N or M _is redefined, when it is not
usually more than ~43N2 + NM « O{max (M,N)) words.

other routines: Calls VFO1B {user subroutine), VFU12Z (private), VAO9A,
MC11A, MC11E., VAO9A calls MC11B in addition.

nput/Qutput: No input, all output on stream 6 (line printer), con=
trolled by user througn IPR1 and IPR2,

Rastrictions: N ¢ 25 end M ¢ 50 but can be lifted - see section 5.

VFOlA
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Ratg of routina: August 1973
7.  Accuracy

It may be that VFO1A 15 unable to achieve the accuracy requested in the
paramater AKMIN. In this case a diagnostic is printed. To find the cause
of this, first examine tne print out of the VAO9A iteration. If this is
anomalous (08 & 0O for instance) suspect a mistane in the programming of VF018
particularly in obtaining derivatives. If VAOSA seems O.K., then other
possible ceauses are (i) there is no feasible point (in which case 0y = = and
cg » const 4 0), (11) EPS has been set too large relative to AKMIN, (1ii)
AKMIN hes been set to small relative to the machine precision, (iv) the
problea is too ill-conditionad.

8. Met hod

That described in R. Fletcher. "An {deal penalty function for constrained
optimization”, C.5.5.2, December, 1973, The penalty function for
inequalities {s

6(x,8,0) = F(x) + 3 )i. o, (ci(‘:_:) -8 )3
and each iteration involves minimizing #(x) for fixed 8,0. After each itera-
tion the & and ¢ parameters are veried so that the sequence of minims X6,0
tends to the solution of constralined problem. The value of the product
@ oy tends to the ith Lagrange multiplier of the problem. Any information
about Lagrange multipliers, or about the hessian of 8 can usefully be
incorporated,

Convergence is guaranteed (in exact arithmetic) and this implementation
of the method can be expected to converge at a second order rate.

October, 1973

VFOlA
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Harwell Subroutine Library

VAO9A[AD

1o Purpose

. To find the minimum of a function F(x} of several variables, given
that the gradient vector (aF/dx‘,OFAixz,...,aFﬁxn) can be calculated,

The subroutine replaces VAOIA to whicCh 1t 1s superior in various ways (see
section 5), and should be used whenever derivatives can be evaluated readily,
It should however not be used either il storage space is at a premium (use
VAO8A) or if the fuprtion is a sum of squares (use VAO7A). The subroutine
complements VAOBA, the latter requires four times the storage, and some
comparisons (R, Fletcher, A.E.R.E. Report,R7125 (1972}) indicate that
VAOBA is marginally slower and more affected by round off error, As VAOBA
is more difficult to use, it is suggested that VAOSA should be

used in the first instance on any problem. If VAO9A fails then VAOGA should
be tried as it is guaranteed to converge if the effect of rounding errors can
be neglected,

2. Argument List
CALL VAOSA(FUNCT,N, X,F,G,H,W, DFN,CPS,MODE ,MAXFN, IPRINT,IEXIT)
FUNCT An IDENTIFIER of the users subrautine - see section 3,
N An INTEGER to be set to the number of variables (N 3 2).
X A REAL ARPRAY of N elements in which the current estimate of the
solution is stored, An initial approximation must be set in X

on entry to VAOSA and the best estimate obtained will be
returned on exit,

F A REAL number in which the best value of F(X) corresponding to
X above will be retumec,

G A REAL ARRAY of N elements in which the gradient vector
corresponding to X above will be returned, Not to be set on
entry.

H A REAL ARRAY of N*(N+1)/2 elements in which an estimate of the

hessian matrix aZF/(ax.axJ) is stored, The matrix is represented

in the product form LDL where L 1s a lower triangular matrix with
unit diagonals and D is a diagonal matrix, The lower triangle
of L is stored by conlumns in H excepting that the unit diagonal
elements are replaced by the corresponding elements of D, The
setting of H on entry is controlled by the parameter MDE (q.v.).

w A REAL ARRAY of 3a«N elements uscd as working space,

VAOSA 1
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EPS

MODE

IPRINT

VAO9A

A REAL number which must be ~ct 50 a3 vo give VAOSA an
estimate of the likely redu:cion to he obtained in F(x).

DFN i3 used only on the fitr-<t ituration so an order of

magni tude estimate will sultice, The information can be
provided in different ways depending upon uic sign of DFN which
should be set in one of th: following ways:

DFN>O the setting of DFN itself will be taken as
the likely reduction to be obtained in F(x).

DFN=O it will be asmumed that an estimate of the
minimum value of F(x) has been set in argument
F, and the likely reduction in F(x) will be
computed according to the initial function value,

DFN<O a multiple |DFN| of the modulus of the initial
function value will be taken as an estimate of
the likely reduction.

A REAL ARRAY of N elements to be set on entry to the acauracy
required in each element of X.

An INTEGER which controls the setting of the initial estimate
of the hessian matrix in the parameter H. The following
settings of MODE are pemitted,

MDDE=1 Apn estimate corresponding to a unit matrix
is set in H by VAORA,

MODE=2 VAONA assumes that the hessian matrix jtself
has been set 1n H by columns of its lower

triangle, and the conversion to LDLT fomm
Js carried out by VAOSA, The hessian matrix
must be positive definite,

MODE=3 VAOSA assumes that the hessian matrix has been
set in H Ln product form. This is convenient when
using the H matrix from one problem as an initial
estaumate for another, in wiich case the contents
of H are passed on unchanged.

An INTEGER set to the maximum pumber of calls of FUNCT permitted,

An INTEGER controlling printing. Printing occurs every
|IPRINT| iterations and also on exit, in the fom

Iteration No, No of calls of FUNCT,IEXIT (on exit only)
Function value

X(1),X(2),...,X(N) 8 to a line (5 in VAOSAD)
G(1),G6(2),4..,G(N) 8 to a line (5 in VAOBAD)

The values of X and G can be suppressed on intcrmediate
iterations by setting IPRINT<O, All intermmediate printing can
be suppressed by setting IPRINT=MAXFN+i. All printing can be
suppressed by setting IPRINT=0,
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1T An INTEGER giving the r son for exit from VAOGA, This
will be set by VAOSA as .o0llows

IEXIT=0 (MODE=2 only). The estimate of the hessian
matrix {8 not positive definite,

IEXIT=! The normal exit in w ich |DX(1)]<EPS(I) for
all I=1,2,...N, where DX(I) is the change in
X on an iteration,

IEXIT=2 G'DX:D. Not possible without rounding error.
Probable cause is that EPS is set to0 amall
for computer word length,

IEXIT=3 FUNCT called MAXFN times,

3. User Subroutine
The user must provide a subroutine headed
SUBROUTINE XXX(N,X,F,G)

REAL X(1),G(1} (REAL®8 in VAOSAD)

Rt e r o b ke e 8l SR SN ot + i B & L o 3 3 Wb Ai ool B & s 00 0 b e AL BB et L s e ke LS

where XXX is an iao2ntifier chosen by the user,

This subroutine should use the variables x supplied in X(1),
X(2),..¢,X(N) to evaluate the function and gradient vector and place
them in F and G(1),G6(2),...,G(N) respectively, K XXX rust be passed to
VAOSA as VAOBA's first argument, see section 2, and appear in an
EXTERNAL statement in the program that calls VAOBA,

sk, B i e s

4, Geperal 1
Use of COMMON : none i
Workspace: N* (N+1)/2 words + 4N words provided by the user in

H and W,

Other routines: calls MCI1IA, 8, E,

acharbad Oetord wuds

Input/Output: controlled by tr~ user through IPRINT, All
sutput is on stircam 6 (line printer).

Restrictions: none
. System dependence: none

Date of routine: April, 1972,

VAJA 3
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S. Method

The method used is a quasi-Newton method described by Fletcher
(Computer Journal, Vol, 13, p,317, 1870), and is a modification of
‘ earlier methods of this tyr such as that implemented by VAOSA, The
. method is superior to that ., VAOIA on three counts,

(1) 1t uses a formula to update the hessian approximation H
which has proved to be more efficient and reliable,

(2) 1t uses a 'crude' line search which has been shown to be
more efficient than an 'accurate' line search,

(3) 1t represents H by the product LDLT, which epables the
positive definiteness of H w be guaranteed, even in the
presence of round=off error,
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Harwell Subroutine Library

- MCI1A/AD

o Purpose

MC!1A is a subroutine for use in pr?blens which involve the addition
or subtraction of rank one matrices o zz° to positive deum.te,ror semi~
definite symmetric matrices A stored In factored fom A = LDL', such that
¢the resulting N x N matrix

A:'A-ro'z_z:r

18 also known t0 be positive definite or semi-definite. Note thatl is

lower trisngular with cuzl, and D is diagonal with d1 3 0., Apart from

1ts abvicus use in updating matrices which resain strictly positive
definite, MCI1A can be useé (i) to accumulate a sum of renk opne terms into
an initial matrix A=O, (i1) to carry out projection and allied

opcrations on A which reduce the rank, and (iil) to update matrices A of
rank k < n where it i8 known from other considerstions that the renk
remains unchanged. All these operations preserve the correct rank and are
not seriously affected by round=off error, The method is that eescrl.bed
by M.J.D. Powell and R. Fletcher (1973), 'On the updating of LDL
factorizations', T.P. 510,

The matrix A is represented using the minimal storage of N*(N+1)/2
elaments where N f8 the dimension of the problem, To facilitate
operating with A, a nusber of independent subroutines have been provided,
written as entry points MC118/C/,../F. These operations include reducing
a matrix to its factors, sultiplying out the t‘u:t.orsi operating with the
factors of A on 8 vector z to obtain either Az or A™'z, and replacing the
factors of A by the matrix A=), These fscillties aré described in more
detail in section 4,

2, Argument List
CALL MC11A (AN, Z, SIG,W, IR, MK, EPS)

A A REAL one dimensional arrey of N*(N+1)/2 elements in which the matrix

A=I.DLT mst be given in factored form. The order in which elmments of
L and D are stored is d‘,cz‘,CS"ooa,&N',dz'Qsz'-oc'Cszooc eee

dN-!"'N.N—I'dN' The factors of the matrix
R cAs 0-517 will overwrite those of A on exjt,
N An INTEGER (Np!) which sust be set to the dimenaton of the problem,

Z A REAL one dimensional array of N elements in which the vector z must
be sst, The array Z {s overwritten by the routine.

8IG A REAL variable in which the scalar ¢ must be set. SIG is not
restricted to *1., but if SIG<O then it must be known from other
considerations that A i# positive definite or semi~definite, spart
tram the effects of round-off error,
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w A REAL arrey of N elements, If SIG>O then W is not used, and the
name of any one dimensional arrey can be inserted in the calling
sequence, If SIG<O then W is used as work space, 1In addition for
SIG<0 it may be possible to save time by setting in W the vector
y defined by Lv=z, The ways in which this can occur are described
unpder MK below,

IR An INTEGER €0 be set so that |{IR| is the rank of A, If the renk of A
is expected to be different from that of A, set IRGO. On exit from
MCt1iA, IR(20) will contain the remk of

M An INTEGER to be set only when SIG<0, as follows, If the vector
Vv defined by Ly=z has not been calculated previously, set Mi=0,
Tr MCIIE tus been used previously to calculate A™'z, then v 1s a by-
proauct of thif calculation and is stored in the W | parunter of MCILE,
In Uus case transfer y to the W parameter of MC1I1A and set MK=1,
It z tas been calculated as Z = Au for some arbitrary vector u using
mnD, then again v is a by-pmmct of the calaulation and is
available in the W parameter of MC1i1D, In this case (or any other
in which v is known) set v in the W parameter of MC11A and set MKs=2,

EPS A REAL variasble to be aet only when SIG<O and A is expected to have
the same rank as A, ggqaln ill-conditioned cases a non-zero
diagonal element of D (K-LDL ) might become 30 small as to be
indeterminate, Two courses of action are possible, One is to
introduce s small perturbation in order that X keeps the same rank
as A, This is the normul course of action and is ucl'u.eved by setting
EPS equal to the relative mshlne precision e, ¢ is ~ -7 in single
length arithmetic and ~ 1010 {n double length on the xm 370, The
other course of action is to let the rank of X be one less than the
rank of A, This it achieved by getrting EPS equal zero,

3. General

Use gf COMMON: none

Workspaze: N*(N+1)/2 + N + N words provided by the user in A,2 and W,
If SIG>0 W need not be supplied,

Entry points: MC118/C/.../F - see section 4,
Other routines: none,
1 t tput: none,

Tising: One call of MCI1A requires ~ n2 mlt.ipucau.ons, unless .
81G<0 and MK=O when the figure 1: ~ 1% n « One call of i
any of MC11B,C or F requires ~ n /6 mltipncauons. One )
call of either MC11D or E requires ~ 0 /2 sultiprications,

Restrictions:  none.

Syatem dependence:  none.
Date of routine: Jaruary, 1973,
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4, Other Entry pointg

Other entry points are provided to facilitate operating with A
which is stored in compact fomm. In all of these A i8 a REAL one
dimensional array of N*(N+1)/2 clements, and N3 ls an integer set to the

dimension of the problam, Each eniry polnt is essentlally an lndependent
svhroutine, and could be taken out und written as such if desired,

MCIIB ~ factorize a positive definite symmetric matrix given in A,
CALL MC11B(A,N,IR)

A Must contain the elements of A(.ln the order a",az‘....,am,ln,lsz,...
. H that is as
i LA TR S L TR L L

successive columns of its lower triangle). On exit A will be over-

written by the factors L and D in the form described in section 2 under A,

z

Order of the matrix A.

e

An INTEGER set by MC11B to the rank of the factorization., If

the factorization has been performed successfully IR=N will be set.
Ir IRN then the factorization has fatled because A is not positive
definite (possibly du¢ to round=of{ error). In this case the
rfactors of a positive semi-definite matrix of rank IR will be found in
A. However the results of this calculation are unpredictable, and

MC11B should not be used in an attempt to factorize positive semi-
definite matrices,

11C -~ multiply out the fectors LDLT to obtain A,

CALL MC11C(A,N)

>

Must be set in the factored fomm described in section 2 under A,
On exit the factors will be overwritten by the explicit matrix A,
the order of the elements being that described for input to MCI1B.

N Order of the mtrix A,
MC11D ~ calculate the vector 2*=Az where A i8 in factored fom.

CALL MC11D(A,N,Z,W)

A Mist be set in factored fom,
N Order of the matrix A,
z

A REAL array of N elements to be set to the vector z. On exit
2 contains the vecror z°=Az.

L A REAL array of N elements which is set by MC1ID to the vector v
defined by Ly=z*, If this vector is not of interest, replace W by
Z in the calling sequence to obviate the need to supply extra storagc,

MLA 3
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ACIIE - calculate the vector z°=A"'z where A is in factored fomm,
CALL MCI1E(A,N,Z,M_IR)

il At oo 2 v 29 20 B e L0 08 abdl:

A Must be set in factored fom,
N Order of the matrix A, |
2 A REAL array of N elementy to be set to the vector g, On exit Z

contains the vector z*=A 'z,
w

A REAL array of N elemenr..s which is get by MCII1E to be vector v
defined by Lyeg. If this vector is not of interest, replace W by 2
in the calling sequence to obviate the need to supply extra storuge,

IR An INTECER wiuch must be wetl to the rank of A,
AC1IF = calculates the explicit matrix A"' from the factors of A,
CALL MC11F(A,N,IR)

>

Mist be set in factored form. MIIF will overwrite s by th

elements of the inverse matrix A~!, in the order ';:"51"""!.\!3 as
for MCI1B,

N Order of the matrix A,
IR An INTEGER widich must be set to the rank of A,

Notes. (1) MIIF should not be used to solve equations, in which case
MC11E should te used. AMCIIF is intended for applications in which the
; explicit elaments of A~ must be examined, for example in the use of

variance-covariance matrices, (ii) MCIIE and F will RETURN withou’
calculstion unless IR=N,

E
E
i‘
1
]
4
b
1
1
5
.ai

Janusry, 1873
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Harwell Subroutine Library VEO4A£AD

1,  Purpose x
1
To find the value of Xx =<x2 > which minimizes a faadratic funcuon

n
Q(X) of n variables 3, subject to upper und lower bourds on some or all of

the variables, Q(¥) is defin:d by

n n n
T -
Q(x) = ¥x Ax - nTx. L F xiAUxJ - Zblxl (1)
it j=1 i=1

€X, §u It

I
i8 pennissible to let L1=u1 if required, and A is not restricled to being

where A 18 synmetric (ALJ'-'AJL)' and the bourds are of the form ¢

positive definite, Tre subroutine calculates the solution y = £, the minimum

value Q(g), and the gradient g(g) (noce §(x)=Ax=h). This problem is u

speclal case of quadratic programming for which a subroutine VEO2A exists,

VEO4A is more efficient and reliable for solving problems of this special fomm,
An application of the subroutine 1s to (welghted) lirear least squares

data fitung subject to bourds, If it 19 required to minimjize
T,
$(x) = (Bx-y) W(Bx-y) (2)

subject o the above bounds, where b i3 an mxn matrix man and W is an man

diagonal matrix of welghts W >0, tren set A=2BTWB ard b = ZBTw,y. Statistical

il

calculations for this problem are described in section 5, including an additionai

encry point to erable the variance-covariance matrix to be calculated.

2. The Argunent list
L 4

CALL VEO4A (N,A,IA,B,BL,BU,X,Q,LI,K,G)

N an INTEGER which must be set by the user to the nurber of variables,

A a REAL, two dinensioral urruy, cad dincngion atlrast N; the
elements in the upper troangle A(1,J) ToJ<N nust be set by the

VLA
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BL

LT

2 VAL

user to the corresponding AU in (1), and will remain untouched

by uUw subroutine, Elements A(I,J) NaI>J are used as working space,
an INTEGER giving the first dimension of A in the statement which
assligns space to A,

a8 REAL array of at least N elements, The user must set B(I) to the
b, in (1) B 1is not overwrlitten by VEO4A.

a REAL array of st least N elements. The user must set BL(I) to

the lover bourd ¢, on the I variable, If the bourd is non-existent ,
set l‘ to a very small number like -1E7S. BL is not overwritten by
VEO4A.

a REAL array of at least N elements, The user must set BU(I) to the
upper tound u, on the I™" varisble, If the bound is non-existent,
set u, to a very large number, BU is not overwritten by VEO4A,

a REAL array of at least N elements. VEOQWA returns the solution

§ in X(I).

a REAL variable in which VEO4A returns the value of Q(_g),

an INTECER array of at least N elements, set by VEO4A to a
permutation of the integers 1,2,...,N (see K and G below)

an INTEGER set by VEO4A to the number of free variables at the
solution § (those not on teir bourds). These are the variables
LT(1), LT(2),...,LT(K),

A REAL array of at least 3eN elements, G(1),....,G(N) are set by
VEO4A to the gradient g(E)., C is indirectly addressed so that

C(I) contains the gradient with respect to the LT(I) varisble,
whence G(1),....,6(K) will be found to be zero. G(N+1),...,

G(3sN) are used by VEO4A us working mpace.
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3. Gereral Inform tion

Use _of COMMON: none
Workspace: approx ljn2 words (talf of A) + 2n words in G and n integers
in LT.
ther routines: none
Entry points: VEO4B-see section 3
Input/Output: none
System dependence: none
Timing. The time required depends upon how many free variables k there
are at the solution, Typlcal f. ures for (k/n, number of
multiplications) are (., n3/|2), (.5,n3/6), (.75,n3/2).
Restrictions: none

Date of Routine: April 1973,

4 Method

That of Fletcher R, and Jackson, M,I',, (1973), "Minimization of a quadratic
function of many variables subject only to lower and upper bourds", T.P,528,
This method conbines gererality (any A), efficiency (times comparable to those
required for a factorization of A) ana stability (uses partial LI)L'r factorizations).

5. Statistical Calculations

When a sum of squares is being minimized as in (2), then certain statistical
quantities can readily be calculatea. Firstly, of course, S(g) is gliven by
QE) - ,yTW.y. If it is assumed that e bound variables located by VEO4A are
exact in the urderlying model, then an.cst.imat.e‘of the residual variance is
given by S(g)/(m—k). To estimate variances and covariances, an additional
entry point is provided, This calculates [A]”! where {Al indicates the submatrix
}A“] where i and j index only the free variables. The appropriute variance-
covariance matrix for the free variables is then 0“2 {Al-l. Estimates of

standard devin tions of the free varjables are glven by the square roots of che

VDL 3
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h

diagonal clém:nts of this matrix. Because the bound variables are known
exactly, ticy have zero varjance and covariunce,

The entry point VEO4B is essentially written as a separate subroutine,

It calculates lA}" anrd ie used as follows:

CALL VEO48 (N,A,IA,G,K)

N,A,IA,G and K must be passed on unchanged after exit from VEQ4A.
VEO4B sets the following:

A The off-dlagonal elements of [A]~' are set in A(I,J) for
J<ISK., The elements are indirectly addressed so that A(I,J)
contalns [A};:’ were r=LT(1) and ssLT(J).

G The diagonal elements of [A}~' are set in G(N+1),....., G(N«K).
They are agaln indirectly addressed so that G(N+I) contains

(A, . where r=LT(I).

2nd May 1973

VEOLA
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ey

67

v

DAL B . 2 -

M

I




e L e N ot

1000
1001

3
5

VFO1A PAGE 1

SUBROUTINE VFO1A(N,M,K,X,EPS,AKMIN,DFN, MAXFN,IPR1,IPR2,IW, MODE)

REAL X{1),EPS(1)
COMMON/VFO1C/F MM, KL, IS, MK, NU
COMMON/VFO1D/G(50)
COMMON/VFQ1E/C(150)
COMMON/VFO1F/GC(1250)
COMMON/VFO01G/T(150)
COMMON/VFO1H/GP(50)
COMMON/VF011/G2P(325)
COMMON/VF01J/V(50)
COMMON/VFO1K/WW(150)
COMMON/VFO1L/W(2500)
COMMON/VFO01M/22(100)
COMMON/VFO1N/LT(100)
COMMON/ TIME/ TMAX,T0,T1, IRS ,MINS,AK, ITN, IFN
COMMON/ INOM/ INOM

EXTERNAL VF012Z

DATA BOUND/1.E+8/
FORMAT(301I4)
FORMAT(8E15.7)
NU=MAX0(25.N)
IF(M.GT.50)NU=N

IX=N

ICS=M

ICBzMeM

IS=M

IL=1IS+«M

Ip=M

ILT=M

NN=N®(N+1}/2

MM=M

KL=K

R=1.

MK=0

INOM=1

CALL VFO1B(N,M,X)

DF=DFN
IF(DFN.LT.OE0)DF=ABS(DFN®*F)
IF(DFN.EQ.OEOQ)DF=F
IF(DF.LE.0.)DF=z1.
IF(HMODE.LT.0)GOTOS

DO 2 I=1,M

CC=C(I)
IF(I.GT.K)CC=AMIN1(CC,0EQ)
IF(ABS(CC).GT.C(ICS+I))C(ICS+1)=ABS(CC)
CONTINUE

DO 3 I=1 ,M
T(IS+I)=2EO*DF/C(ICS+I)##2
T(I)=0.

CONTINUE
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1002

1003

1004

1005

1006

82

81
80

10

VFO1A PAGE 2

IF(IPR1,EQ.0)GOTOA

IF(MOD(MINS,IPR1) .NE.O)GOTOU

PRINT 1002

FORMAT('OENTRY TO VFO1A'///'0CONSTRAINT SCALE PARAMETERS ARE')
PRINT 1001,(C(ICS+I),I=1 M)

CONTINUE

MD=IABS(MODE)

CONTINUE

DO 9 I=1,NN

W(I)=G2P(1I)

IF(IPR1.EQ.0)GOTO7
IF(MOD(MINS,IPR1).NE.O)GOTOT

PRINT 1003,MINS

FORMAT(////'O0UTER ITERATION NUMBER IS',I3)
PRINT 1004

FORMAT('OX(I)")

PRINT 1001,(X(I),I=1,N)

PRINT 1005

FORMAT('OTHETA(I) ')

PRINT 1001,(T(I),I=1,M)

PRINT 1006

FORMAT('OSIGMA(I)')

PRINT 1001,(T(IS+I),Iz1,M)

CONTINUE

IF(IRS.EQ.1) GO TO 82

ITN=0

IFN=0

IRS=z0

CALL VAO9A(VFO1Z,N,X,PHI,.GP W WW,DF EPS,MD,MAXFN,IPR2,I1EXIT)
IF(T1-TO.LT.TMAX) GO TO 80

DFN=DF

DO 81 I=1,NN

G2P(1)=W(1)

RETURM

CONTINUE

INOM=1

CALL VFO1B(N,M,X)

MDz=3

AKK=0.

DO 10 I=1,M
IF(I.GT.K.AND.C(I).EQ.0.) C(I)=1.E-8
CC=C(I)
IF(I.GT.K.AND.C(I).GE.T(I))CC=AMIN1(CC,0EQ)
TCD)=T(I)*T(ISeI)
WW(I)zABS(CC)/C(ICS+1)
IF(WW(I).GT.AKK)AKK=WW(I1)

CONTINUE

IF(IPR1.EQ.0)GOTO016
IF(MOD(MINS,IPR1).NE.0)GOTO16

PRINT 1007
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1007

1008

1009

1010

16

15

17

1

1011
12
14
18
13

1013
20

2012

2000

1012

VFO1A PAGE 3

FORMAT('OEXIT FROM VAO9A'/'OLAGRANGE MULTIPLIERS USED IN VAOSA')
PRINT 1001,(T(I),I=1,M)

PRINT 1008

FORMAT('OLARGEST SCALED CONSTRAINT VIOLATION'/
1' THIS ITERATION, BEST ITERATION')

PRINT 1001,AKK,AK

PRINT 1009

FORMAT('OCONSTRAINT RESIDUALS')

PRINT 1001,(C(I),I=1,M)

PRINT 1010

FORMAT('OSCALED CONSTRAINT VIOLATIONS!')

PRINT 1001,(WW(I),I=1 M)

CONTINUE

IF(IEXIT.EQ.0.OR.IEXIT.EQ.3)GOT020
IF(AKK.LE.AKMINYGOTO20

IF(AKK.GE.AK)GOTO11

DO 15 I=1,NN

G2P(I)=W(I)

DO 17 I=1,M
IF(I.GT.K.AND,.T(I).EQ.OE0.AND.C(I).GT.0EQ)GOTO17
ZZ(IP+1)==T(IS<+I)®C(I)

IF(I.GT.K.AND,2Z2(IP+I) .LT.=T(I))ZZ(IP+1)==T(I)
CONTINUE

IF(MINS.EQ.1)GOTONO

GOTO18

CONTINUE

DO 14 I=1,M
IF{WW(I).LE.AK.OR.C(ICB+I).GE.4EO*WW(I))GOTO14
DS=9EOfT(IS+I) "~

T(IS+I)=1E1%T(IS+I)

IF(IPR1.NE.O)PRINT 1011,I,T(IS+I)
FORMAT('OSIGMA(' ,I3,') INCREASED TO ',E15.7)
po 12 J=1,N

V(J)=GC((I-1)%NU+J)

CALL MC11A(G2P,N,V,DS,V,N,N,DS)

CONTINUE

CONTINUE

DO 13 I=1,N
IF(ABS(X(I)~-G(IX+I)).GT.EPS(I))GOTO21

CONTINUE

PRINT 1013

FORMAT( ' OREQUESTED ACCURACY NOT OBTAINED')
CONTINUE

DO 2012 I=1,NN

G2P(I)=W(I)

IF(IEXIT.EQ.O)PRINT 2000

FORMAT('OMATRIX SET IN G2P BY USER IS NOT POSITIVE DEFINITE')
IF(IPR1.EQ.QO)RETURN

PRINT 1012

FORMAT('OBEST SOLUTION OBTAINED'/'~~,(G(I),I=1,N)')
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3
40

LR

42

2001

50

51

52
53

55

VFO1A PAGE 4

PRINT 1001,F,(G(1),I=z1,N)
RETURN

CONTINUE
IF(AKK.LT.AK)GOTO40

DO 32 I=1,M

V(I)sT(ILe+I)

GOTO70

CONTINUE

MKs0

KK=0

DO 41 I=1,M

T(IL+I)=T(X)
C(ICBeI)=WW(I)
IF(I.GT.K.AND.T(IL+I).EQ.OEO0.AND.C(I).GT.0E0)GOTOM
KKzKK+1

LT(ILT+KK)=1
GP(KK)=z-BOUND
IF(I.GT.K)GP(KK)=-T(ILeI)
V(KK )=zBOUND

ZZ2(KK)=-C(I)

CONTINUE
IF(KK.EQ.0)GOT020

DO 42 1=%,N

G(IX+I)=X(I)

KKK=KK® (KK+1)/2
II=MAXO(KKK+NN,KK®KK)
IF(II.LE.IW)GOTOS0

PRINT 2001,II
FORMAT('OINCREASE STORAGE IN COMMON/VFO1L TO',I7,'ELEMENTS')
RETURN

CONTINVUE

II=IW-KKK

DO 53 I=1,KK
LI-LT(ILT+I)

DO 51 JJ=1,N
X(JJI)zGC((LI=1)®NU+JJ)
CALL MCV1E(W,N,X,DUM1,X,N,IDUM,DUM2)
DO 53 J=1,1

LJzLT{ILT+J)

i=0.

DO S2 JJ=1,N
Z22+X(JJ)RGC((LI=1)NU<JJ)
IIsIls1

W(II)s2Z

JJI s IW=-KKK

I1s0

DO 56 Is1,KK

DO 55 J=1,1

JizJJe1

W(ILed)=W(J)
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§6 II=II4+KK
CALL VEOWA(KK,W,KK,2Z,GP,V,T,Z,LT,JJ,WHW)
IF(IPR1.£Q.C)GOTOS9
IF(MOD(MINS,iPR1) .NE.O)GOTO59
PRINT 1020,KK
1020 FORMAT(I&4,' ACTIVE CONSTRAINTS, NUMBEPED')
PRINT 1000,(LT(ILT+I),I=1,KK)
PRINT 1021
1021 FORMAT('OLAGRANGE MULTIPLIER CORRECTIONS FOR ACTIVE CONSTRAINTS')
PRINT 1001,(T(I),I=1,KK)
59 CONTINUE
DO 60 I=1,M
60 V(I)=T(IL+I)
DO 62 I=1,KK '
LI=LT(ILT+I) i
V(LI)=V(LI)+T(I) 7
Z=4EO®ABS((T(I)=ZZ(IP+LI))/ZZ{IP+LI))
IF(Z.LE.1E0)GOTO62
DSz (Z-1EQ)#T(IS+LI)
T(IS«LI)=Z*T(IS+LI)
IF(IPR1.NE.O)PRINT 1011,LI,T(IS+LI)
DO 61 J=1,N
61 GP(J)=GC{(LI~1)*NU+J)
CALL MC11A(G2P,N,GP,DS,GP,N,N,DS)
62 CONTINUE
AK= AKK
70 CONTINUE
: DO 71 I=1,M
i 71 T(I)=2V(1)/T(IS+I)
i po 72 1=1,N
|
i
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72 X(I)=G(IXeI)
DF=1ES0
MINS=MINS+1
GOTO8
END
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SUBROUTINE VAOQA(FUNCT,N,X,F,G,H,W,DFN,EPS,MODE,MAXFY, IPRINT,
1 IEXIT)
REAL X(1),G(1) H(1),W(1),EPS(1)
COMMON/ TIME/ TMAX,TO,T1, IRS,MINS, AK, ITN, IFN
COMMON/ IGAMMA/ IGAMMA
IF(IPRINT.NE.O)PRINT 1000
1000 FORMAT(//'ENTRY TO VAO9A'/)
NN=N®(N+1)/2
IG=N
IGG=N+N
IS=IGG
1IEXIT=0
IR=N !
DF=DFN
IF( MODE.EQ.3)GOTO15
IF(MODE.EQ.2)GUT010 N
IJ=NN+t :
DO 5 I=1,N :
PO 6 J=1,1 ’
1J=1J-1
6 H(XJ)=0.
5 H(IJ)=1.
GOTO15
10 CONTINUE
CALL MC11B(H,N,D1,D2,D3,IK,1D1,D4)
IF(IR.LT.N)RETURN
15 CONTINUE
2=F
CALL FUNCT(¥,X,F,G)
IFN=1IFRe1 ‘
JF(DFN.EQ.0.)DF=sF=2 X
IF(DFN.LT.0.)DF=ABS{DF*F) :
IF(DF.LE.0.)DF=1,
20 CONTINUE
DFN=DF
CALL SECOND(T3)
IF(T1-TO.GE.TMAX)GD TO 90
IF{ IPRINT.EQ.0)GOTO21
IF(MOD(ITN,IPRINTY .NE.0)GOTO21
PRINT 1001,1TN,IFH
1001 FORMAT(2415)
PAINT 1002,F
1002 FORMAT((8£15.7))
IF(IPRINT.LT.0,GOTO2
PRINT 1002,(X(1),Iz1,N}
PRINT 1002,(G(I),1s1,#)
21 CONTIKUE
LTN2ITN»1
DO 22 1s1,M
22 W(IG+Y)sG{I)

PRVECRL LATIN Ve K
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34
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32
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CALL HC115(H.“.G.D1.V,IR.ID1.DZ)
GS=0.

DO 29 T=1,N

W(I8+1)=-G(I)
GS=GS~G(I)*W(IC+I)

IEXIT=2
IF(GS.GE.0.)G0T092

G30=GS :
ALPHA=-2 ,%DF/GS
IF(ALPHA.GT.1.0) ALPHAz1.0
DFsF

TOT=s0.

CONTINUE

IEXIT=3
IF(IFN.EQ.HAXFN)GOTO92
ICON=0

IEXIT=1

DO 31 I=1,N
2=ALPHASW(IS+I)

IF(ABS(2Z) .GE.EPS(I))ICON=1
X(I)=X(I)e2Z

CALL FUNCT(N,X,FY.G)
IFN=IFN+1

IF(IGAMMA.EQ.0) GO TO 33
DO 34 I=1,N
Z=ALPHA®W(IS+I)
X(I)=X(I)=2Z
ALPHA=0.1%ALPHA

PRINT 35,ALPHA
FORMAT(1X,%ALPHA=*,F10.5)
GO TO 30

CONTINUE

GYS=0.

DO 32 - ,N
GYS=GYS+G(I) "W\ IS+I)
IF(FY.GE.F)GOTO40
IF(ABS(GYS/GS0) .LE..9)GOTO50
IF(GYS.GT.0.)GOTO4O
TOTzTOT+ALPHA

2z210.
IF(GS.LT.GYS)22GYS/{GS-GYS)
IF(Z.GT.10.)Zs10.
ALPHASALPHA®

FcFY

GSsGYS

GUTO30

CONTINUE

DO 41 Iat1,N
X(I)=2X(I)~ALPHA#W(1S+1)
IF(ICON.EQ.0)GOTO92
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2:3.%(F=-FY)/ALPHA+GYS+GS
ZZ=SQRT(Z%®2_GS®*GYS)
231.-(GYS+22-2)/(2.%22+GYS~GS)
ALPHASALPHA®2
GOTO030

50 CONTINUE
ALPHA=TOT+ALPHA
F=FY
IF(ICON.EQ.0)GOTO90
DF=DFF
DGS=GYS-GSO
DO 51 Iz1,N
W(IGG+I)=G(1)

51 G(I)==W(IG+I)
IF(DGS+ALPHA®GS0.GT.0.)GOT060

COMPLEMENTARY DFP FORMULA

SIG=1./GS0
IR=-1IR
CALL MC11A(H,N,G,SIG,W,IR,1,0.)
DO 52 I=1,N

52 G(I)sW(IGG+1)=-W(IG+I)
SIG=1./(ALPHA®DGS)
IR=-1IR
CALL MC11A(H,N,G,SIG,W,IR,0,0.)
GOTO70

60 CONTINUE

DFP FORMULA

2Z=ALPHA/ ( DGS-ALPHA®GS0)
S1G==22
CALL MC11A(H,N,G,SIG,W,IR,1,1E-13)
2=DGS*%#22-1,
DO 61 I=1,N

61 G(I)z=W(IGG+I)+Z%W(IG+I)
SIG=1./(22%pG3ee2)
CALL MC11A(H,N,G,SIG,W,IR,0,0.)

70 CONTINUE
DO 71 I=1,N

T1 G(I)=W(IGGe+I)
GOTO020

92 CONTINUE
DO 91 I=1,N

91 G(I)sW(IGeI)

90 CONTINUE
IF(IPRINT.EQ.O)RETURN
PRINT 1001,ITN,IFN,IEXIT
PRINT 1002,F
PRINT 1002,(X(I),I=z1,N)
PRINT 1002,(G(I1),Is1,N)
RETURN
END
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SUBROUTINE VFO1Z(N,X,PHI,GPHI)
REAL X(1),GPHI(1)
COHMON/VFOIC/F,H.K.IS.NK,NU
COMMON/VFO01D/G(50)
COMMON/VFO1E/£(150)
COMMON/VFQ1F/GC(1250)
COMMON/VF01G/T(150)
COMMON/IGAMMA/ IGAMMA
IF(MK.EQ.1)CALL VFO1B (N, M. X)
MK=1

IF(IGAMMA.EQ.1) RETURN
PHI=0.

DO 10 I=1,N

GPHI(I)=G(I)

DO 12 I=1,M

CC=C(I)-T(I)
IF(1.GT.K)CC=AMIN1(CC,0EQ)
Y=T(IS+1)%CC
IF(Y.EQ.OE0)GOTO12
PHI=PHI+Y®CC

DO 11 J=1,N

GPHI(J)=GPHI(J)+Y*GC((I-1)*NU+J)

CONTINUE
PHI=.SEQO®PHI+F
RETURN

END
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SUBROUTINE MC11A(A,N,Z,SIG,W,IR,MK, EPS)
DIMENSION A(1),2(1),W(1)

C UPDATE FACTORS GIVEN IN A BY SIG®Z®ZTRANSPOSE

—

10

11

12

13

15
20

21

22
23

IF(N.GT.1)GOTO1

IR=1

A(1)=A{1)+SIG ®*#2(1)ee2
IF(AC1) .GT.0.)RETURN
A(1)=0.

IR=0

RETURN

CONTINUE

NPzN+1
IF(SIG.GT.0.)GOTOuO
IF(SIG.EQ.0..O0R.IR.EQ.O)RETURN
TI=1./S1G

1J=1
IF(MK.EQ.0)GOTO10

DO 7 I=1,N

IF(A(IJ) .NE.O)TI=TI+W(I)*®2/A(1J)
IJ=1JeNP-1

GOTO20

CONTINUE

DO 11 I=21,N
W(1)=2(1)

DO 15 I=1 oN

IP=I+1

V=W(I)
IF(A(IJ).GT.0.)GOTO12
W(I)=0.

1J=1J+NP=-1

GOTO15

CONTINUE
TI=TI+VH#%2/5(1)
IF(I.EQ.N)GOTO14

PO 13 J=zIP,N

1J=1J+1
W(J)=W(J)-VEA(IJ)
IJ=1J+1

CONTINUE

CONTINUE

IF(IR.LE.O )GOTO21
IF(TI.GT.0.)G0TO22
IF(MK-1)40,40,23
TI=0.

IRz~ IR-1

GOTO023

TI1=EPS/S1G
IF(EPS.EQ.0.)IR=IR~1
CONTINUE

MMz 1
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30
49

n

51

52

53

54

55
56

61
62

TIM=TI

DO 30 I=1,N
J=NP=1

1J=1J-1
IF(A(IJ).NE.O.)TIM=TI-W(J)®82/A(1J)
W(J)=TI1

TI=TIM

GOTO41

CONTINUE

MM=0

TIM=1./81IC
CONTINUE

1J=1

po 66 I=1,N
IP=I+1

v=Z(1)
IF(A(I1J).GT.0.)GOTOS3
IF(IR.GT.0 .OR.SIG.LT.0..0OR.V.EQ.0.)GOTOS2
IR=1-IR
A(IJ)zVe82/TIM
IF(I.EQ.N)RETURN
DO 51 J=IP|N
1J=1J+1

AT =Z(J)Y/V
RETURN

CONTINUE

TI=TIM

I1J=21J+NP-1

GOTO66

CONTINUE
AL=V/A(IJ)
IF(MM)54,54,55
TI=TIM+VE®AL
GOTOS6

TI=W(I)

CONTINUE

R=TI/TIM
A(II)=A(IJ)%R
IF(R.EQ.0.)GOTO70
IF(I.EQ.N)GOTO70
BsAL/TI
IF(R.GT.U4,)GOTO62
DO 61 J=IP,N
1Jz=1J+1
Z(I)=Z(J)-VRA(ID)
A(TJ)=zA(IJ)+B®*2(J)
GCTOOU

GM=TIM/TI

DO 63 Js=IP,N
IJalJe1
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Y=A(IJ)
AT =B*2(J)+YGM

63 2(.5)=Z2(J)-VY

64 CONTINUE
TIM=TI
1J21J+1

66 CONTINUE

70 CONTINUE
IF(IR.LT.0)IR=-IR
RETURN

FACTORIZE A MATRIX GIVEN IN A

ENTRY MC11B
IR=N
IF(N.GT.1)GOT0100
IF(AC1).GT.0.)RETURN
A(1)=0.
IR=0
RETURN

100 CONTINUE
NPzN+1
II=1
DO 104 I=2,N
AA=A(IY)
NIzII+NP-I
IF(AA.GT.0.)GOTO101
ACID)=0.
IR=IR-1
TI=NI+
GOTO104

101 CONTINUE
IP=11+1
TI=NI+1
JK=11
DO 103 IJ=1IP,NI
V=A(IJ)/AA
DO 102 IK=IJ,NI
ACJK)=ACJK) =A(IK) Y

102 JK=zJK+1

103 A(1J)=V

104 CONTINUE
IF(ACII).GT.O0.)RETURN
A(II1)=0.
IRzIR-1
RETURN

MULTIPLY OUT THE FACTORS GIVEN IN A

ENTRY MC11C
IF(N.EQ.1)RETURN
NPzN+1
II=N®NP/2
DO 202 Nips2,N
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204

203

200
201
202

MULTIPLY A VECTOR Z BY THE FACTORS GIVEN IN A

300

30
302

303

JK=11

NI=II-1

IT=II-NIP

AA=A(II)

IP=II¢1
IF(AA.GT.0.)G0OT0203
DO 204 IJsIP,NI
A(1J)=0.

GOTO0202

CONTINUE

DO 201 IJ=IP,NI
V=A(IJ)®AA

DO 200 IK=1J,NI1
AQIK)=A(JK)+A(IK) ®Y
JK=JK+1

ACTJ)=V

CONTINUE

RETURN

ENTRY MC11D
IF(N.GT.1)GOTO0300
Z(1)=2(1)%A(1)
W(1)z2(1)
RETURN
CONTINUE

NP=N+1

II=1

N1=N-1

DO 303 I=1,N1
Y=2(1)
IF(A(II).EQ.0.)GOTO302
I1J=11

IPzI+1

DO 301 J=IP,N
IJslJ+t
YsY+Z(J)®A(ID)
Z(I)=YRA(II)
W(I)=2(I)
IIzI1eNP=1
ZONY=Z(N)~A(IT)
W(N)2Z(N)

DO 311 K=1,Ni
IsN=K
I1=11-NP+1
IF(Z(I1) .EQ.0.)GOTO311
IP=lel

IJ=11

YsZ(1)

DO 310 J=IP,N
TJalJ+?
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2(J)=Z2(J)+A(I*2(])
CONTINUE
RETURN

MC11A PAGE 5§

C NMULTIPLY A VECTOR Z BY THE INVERSE OF THE FACTORS GIVEN IN A

800

401

402

410
41

ENTRY MC1{E
IF(IR.LT.N)RETURN
W(1)=2(1)
IF(N.GT.1)GOTO400
Z()=Z(1)/7A(1)
RETURN
CONTINUE

DO 402 I=2,N
1J=1

I7=1-1

V=2(I)

DO 401 J=1,IN
V=V=A(IJ)Y®Z(J)
IJ=1J+N=J
W(I)=V

2(1)=V
Z(NY=Z(NY/ACTIS)
NP=N+1

DO 411 NIP=2,N
IzNP-NIP
II=IJ-NIP
V=2(I)/A(II)
IP=1+1

IJ=1I1

DO 41) JszIP,N
II=I1+1
V=V=A(II)®*2(J)
2(I)=v

RETURN

C COMPUTE THE INVERSE MATRIX FROM FACTORS GIVEN IN A

ENTRY MC11F
IF(IR.LT.N)RETURN
AC1)=z1.7A0Y)
IF(N.EQ.1)RETURN
NPzN+1

NizN=1

11=2

DO 511 Is2,N
ACID)z=A(II)
IJsI1e+1

IF( 1.EQ.N)GOTO502
DO 501 JsI,N1
IKsI1

JK=s1J

VzA(I1J)

DO 500 K=I,J
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JK=JK+NP-K
V=V+A(IK)*A(JK)
500 IK=IKe1
501 IJ=1Je1
502 CONTINUE
A(XJ)=1.7A(23)
II=IJe
AA=A(1J)
IJs1
IP=I+1
NI=N-1
DO 511 J=2,1
VzA(IJ)®AA
IK=1J
KsIJ-IPeJ
I11=21J-1
NIP=NI+1J
DO 510 JK=K,I1
ACJK)=A(JK)+VEA(IK)
510 IK=IK+NIP-JK
A(IJ)=V i
S11 IJ=IJeNP-J !
RETURN
END
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SUBROUTINE VEO4A(N,A,IA,B,BL,BU,X,Q,LT,K,G)
DIMENSION A(IA,1),B{1),BL(1),LUC1),X(1),LT(1),G(1)
IS=N
IAS=N
IV=N
'; ICACzN+N
i ID=ICAC
; . DO 9 I=1,N
é 9 G(I)=-B(I)
| DO 10 I=1,N
! X(I)=0.
LT(I)=I
G(ICAC+I)=A(I,1)
; IF(0..GE.BL(I).AND.O..LE.BU(I))GOTO10
! IF(0..LT.BL(I))X(I)=BL(I)
' IF(0..GT.BU(I))IX(I)=BU(I)
DO 12 J=1,1
12 G(J)=G(J)+A(J, 1) ®X(I)
IF(I.EQ.N)GOTO10
II=I+1
Do 11 J=II,N
11 G(J)=G(JI+ALT,J)®X(I)
10 CONTINUE
K=0
Ki=1
: 20 CONTINUE
; I0UT=0
DEL=0.
DO 21 I=K1,N
LI=LT(I)
IF(X(LI).EQ.BL(LI).AND.G(I).GE.0.)GOTO21
IF(X(LI).EQ.BU(LI).AND.G(I).LE.0.)GOTO21
IF(G(I).LT.0.)GOTO22
2=X(LI)=-BL(LI)
J=1
GOTO23
22 CONTINUE
2=BY(LI)=-X(LI)
' J=0
: 23 CONTINUE
IF(G(ICAC+I).LE.D.)GOTO24
BETA=zABS(G(I))/G(ICAC+I)
IF(BETA.GE.Z)GOTO24
2zBETA
D= .5%Z% ABS(G(1I))
Jz-1
GOTO026
24 CONTINUE
DsZ® (ABS(G{I))=~.5%Z%G(ICAC+I))
26 CONTINUE

s
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IF(D.LT.DEL)GOTO21
DEL=D
ALPHA=2
I0UT=1
IIN=]
IF(J.LT.0)IIN=C
LB=J
21 CONTINUE
IF(IOUT.NE.O)GOTOZ9
27 CONTINUE
Q=0.
DO 28 I=1,N
LI=LT(I)
28 Q:Q+X(LI).(G(I)-B(LI))
Q=.5%Q
RETURN
29 CONTINUE
S1G=1.
IF(G(IOUT).GT.O.)SIG:-l.
LIOUT=LT(IOUT)
LIIN=LIOUT
25 CONTINUE
SAS=G(ICAC+IOUT)
IF(K.EQ.0)GOTO31
DO 30 I=1,K
30 G(IS+I)=G(ID+I)'A(IOUT.I)
31 CONTINUE
DO 37 I=K1,N
LI=LT(I)
IF(LI-LIOUT)32.37.33
32 Z=A(LI,LIOUT)
GOTO34
33 Z=A(LIOUT,LI)
34 CONTINUE
IF(K.EQ.0)GOTO36
DO 35 J=1,K
35 222-A(1,J)%G(IS+4)
36 G(IS+I)=2
37 CONTINUE
G(IS+IOUT)=SAS
IF(K.EQ.0)GOTO42
G(IS+K)=-A(IOUT,K)
IF(K.EQ. 1)GOTO42

I=K

DO 41 II=2,K
I=1-1
Zz=A(IOUT,I)
I1=1¢1

DO 40 J=I1,k

40 1=2-G(IT+J)*A(J, 1)
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42

50
51

60

61
62

70
T

72

80

G(IS+I)=2

CONTINUE
IF(SIG.EQ.‘.)GOTOS\

DO S50 I=1,N
G(IS+I)z=G(1SeI)
CONTINUE
IF(K.EQ.0)GOT062

DO 61 I=1,K
IF(G(IS+I).EQ.0.)GOTO61
LI=LT(I)

J=1

Z=BL(LI)=-X(LI)
IF(G(IS*I).LT.O.)GOTO60
J=0

Z=2BU(LI)-X(LY)
CONTINUE

Zz2/G(1S+I)
IF(Z.GE.ALPHA)GOT061
ALPHA=2Z

LB=J

IIN=I

LIIN=LI

CONTINUE

CONTINUE
X(LIOUT)=X(LIOUT)+SIG'ALPHA
IF(K.EQ.0)GOTO71

DO 70 I=1,K

LI=LT(I)
X(LI)=X(LI)+ALPHA'G(IS+I)
CONT INUE

DO 72 I=K1,N
G(I):G(I)#ALPHA'G(IAS+I)
IF(IIN.EQ.O)GOTO9O
X(LIIN):BL(LIIN)
IF(LB.EQ.O)X(LIIN):BU(LIIN)
IF(IIN.EQ.IOUT)GOTOZO
K2z=K=1

SG=G(ID+IIN)

I1=TIN+1

DO 80 I:=I1,N
G(IV+I)=A(I,IIN)
IF(IIN.EQ.K)GOT086
12=11IN+2

S0=1.,/8G

DO 85 I=IIN,X2
V=G(IV+I1)
VD=V/G(ID+I1)
S1=50+V8yD

R=S1/80
G(ID#I):G(ID+I1)'R
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82
83
84

8u1

8u2
843
8uy

84s
849

85

853
852
851

86

87

BETA=VD/S1

IF(R.GT.4.)GOTO841

DO 81 J=12,N
G(IVed)=G(1IVed)-VRA(J,IV)
IF(I1.GT.K2)GOTO83

DO 82 J=I1,K2

JizJel
ACJ,D)=A(J1,I1)«BETARG(IVsJd 1)
CONTINUE

A(K,I)=BETA

DO 84 J=K1,N
ACJ,D)=A(JI,I1)+BETARG(IVed)
GOTO849

CONTINUE

IF(I1.GT.K2)GOTO843

DO 842 J=I1,K2

J1zJet
A(J,I)=BETA*G(IVeJ1)eA(J1,I1)/R
CONTINUE

A(K,I)2BETA

DO 844 J=K1,N
A(J,I)=BETARG(IV+J)+A(J, I1)/R
DO 845 J=1I2,N
G(IVed)=G(IVed)=VEA(J, IT)
CONTINUE

LT(I)=LT(I1)

S0=81

I1=12

1221241

8Gz1./81

LT(K)sLIIN

G(ID+K)=8G
IF(IIN.EQ.1)GOTO8%1

II=1IN-1

DO 852 I=1,II

2=A(LIN,I)

DO 853 J=IIN,K2
AT, D =zA(J+1,1)

AK,I)aZ

CONTINUE

CONTINUE

DO 87 I=Ki,N
G(ICAC+I)=G(ICAC+I)+SGH*G(1IVeI)H82
K1=K

K=K2

IIN20

ALPHA=1E75

SAS=G(ICAC+IOUT)
IF(SAS.GT.0.)ALPHAsABS(G(IOUT))/SAS
IF(G(IOUT).LT.0.)GOTO898
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901
LR

92
93

- etk o A RERRENE - s,

94

96
97

98

[ TR

h T

VEOUA PAGE 5

J=1
Z=X(LIOUT)~-BL(LIOUT)
GOTO0899

CONTINUE

J=0
2=BU(LIOUT)-X(LIOUT)
CONTINUE
IF(Z.GE.ALPHA)GOTO25
ALPHA=Z

LB=J

IIN=IOUT

LIIN=LIOUT

GOTO25

CONTINUE

K2zK1e1
IF(SIG.EQ.1.)GOTO91
DO 901 I=K1,N
G(IAS+T)=-G(IAS+I)
CONTINUE
IF(IOUT.EQ.K1)GOTO97
LT(IOUT)=LT(K1)
LT(K1)=LIOUT
G(IAS+IOUT)=G(IAS+K1)
G(ICAC+IOUT)=G(ICAC+K1)
G(ICAC+K1)=SAS
G(IOUT)=G(K1)
IF(K.EQ.0)GOTO97

DO 92 I=1,K
Z=A(K1,1)
A(K1,I)=A(IOUT,I)
ACIOUT,I)=2
CONTINUE
IF(K2.EQ.IOUT)GOTO95
I1=10UT-1

DO 9u I=K2,It
A(IOUT,I)sA(I K1)
CONTINUE
IF(IOUT.EQ.N)GOTO9T
I1=I0UT+

DO 96 I=I1,N
A(I,IOUT)=A(I,K1)
CONTINUE

G(K1)=0,

K=K1
IF(K.EQ.N)GOTO027

DO 98 I=Kk2,N
Z2G{IAS+I)/SAS
A(I,K1)s2
G(ICAC+I)=G(ICAC+I)=-Z2G(IAS+I)
Ki1zK2
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100
101
102

110
m

GOTO020

ENTRY VE.- 3
IF(K.EQ.0)RETURN
ID=NeN
G(N+¢1)=1,/G(ID+1)
IF(K.EQ.1)RETURN
N1zK=1

DO 111 I=1 N1
It=1I1

ACIN,D==A(I1,I)
IF(I.EQ.N1)GOT0102
II=1I+2

DO 10t J=II,K
Z=A(J,1)

J12J=-1

DO 100 L=I1,J1
2=Z+A(J,LY*A(L,I)
A(J,D)==2Z

CONTINUE
AA=1./G(ID+I1)
G(N+I1)zAA

DO 111 J=1,1
Z=2A(I11,0)%A
G(N+J)=G(N+J)+2%A(I1,J)
IF(I.EQ.1)GOTO111
J1zJ+1

DO 110 L=J1,I
A(L,J)=A(L,J)+A(I1,L)*%2
A(I‘ .J):Z

RETURN

END
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APPENDIX C
LISTING OF THE USER CODE
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PROGRAM MRRV(INPUT,OUTPUT,TAPE10)
DIMENSION X(16) ,EPS(16)
COMMON/NFEST/NFEST
COMMON/VFO1E/C(150)
COMMON/VFO1F/GC(25,50)
COMMON/VFO01G/T(150)
COMMON/VF011/G2P(325)
COHMON/P/TF,NA.TTA(7).TA(?)-NH.TTN(7).T"(7)
COMMON/ CNSTR/ME ,MI ,MC
COMMON/ TIME/ TMAX,TO, T1,IRS ,MINS,AK,ITN, IFN
COMMON/ INOM/ INOM
COMMON/IPROB/ IPROB
DATA DPR/S7.29577951/
IPROB=2

IPROB=1

IRS=1

IRS=0

TMAX=1200.

N=11

NA=5

NM=5

M=1

MC:z=M

K=1

ME=K

MI=M-K
X(1)=3200./806.48263
po s 1=1,5
TTA(I)=FLOAT(I-1)%0.25
X(1+1)220./DPR
TTM(I)=FLOAT(I-1)%0.25
X(I+NA+1)=60./DPR

5 CONTINUE

Do 1 I=1,N
EPS(I)=1.E-48X(I)

1 CONTINUE

AXMIN=1.E=l
DFN=.5
MAXFN=10000
IPR1=1
IPR2=1
IW=2500
MODE=1
C(Me1)20.136
AK=1E60
M2=M+M
NN=N®*(N+1)/2
MINS=1

ITN=O

IFN=O
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MRRV PAGE 2

PRINT 20
20 FORMAT(1H1)
IF(IRS.EQ.0) GO TO 8
READ(10.16) IRS,MINS,MODE,NFEST,ITN,IFN,(X(I),I=1,N),(C(I),I=1,M2
1 ) (T(I),Is1,M2),(G2P(I),I21,NN) ,AK,DFN
16 FORMAT(9X,6(110),135(/,9X,5020))
PRINT 17, IRS,MINS,MODE ,NFEST,ITN, IFN,(X(I),I=1,N),(C(I),I=1,M2
1 ) (T(I),I=1,M2),(G2" 1),I=1,NN),AK,DFN
17 FORMAT(9X,6(110),135(/,9X,5E24.14))
PRINT 15
15 FORMAT(//1X®INPUT VALUES OF THETA AND SIGMA USED®)
PRINT 22,NFEST
22 FORMAT(1X®INPUT VALUE OF HESSIAN USED®//1X%  TOTAL FUNCTION #
$®EVALUATIONS SO FAR®I8)
8 CONTINUE
CALL SECOND(TO)
CALL VFO1A(N,M,K,X,EPS,AKMIN,DFN,MAXFN,IPR1,IPR2, IW,MODE)
IF(T1-TO.LT.TMAX) GO TO 9
IRS=1
PRINT 30,TMAX
30 FORMAT(//1X*,.....TIME LIMIT OF*G15.8#%EXCEEDED.......%//)
PRINT 31,T1-TO
31 FORMAT(1X#COMPUTATION TIME*G16.8/)
MODE=-3
9 REWIND 10
WRITE(10,16) IRS,MINS,MODE,NFEST,ITN,IFN,(X(I),I=1,1),(C(1),I=1,M2
1 ) J(T(I),1=1,M2),(G2P(I) ,I=1,NN) ,AK,DFN
PRINT 17, IRS,MINS,MODE,NFEST . ITN, IFN,(X(I),I=1 ,N),(C(I),I=1,M2
1 ) (T(I),I=1,M2),(G2P(I),I=1,NN) AK,DFN
PRINT 10,NFEST
10 FORMAT(//SX®TOTAL FUNCTION EVALUATIONS*1XI6)
END
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VFO1B PAGE 1 :

SUBROUTINE VFO1B(N,M,X)
DIMENSION X(1) 7
COMMON/NFEST/NFEST

COMMON/VFO01C/F MM, K, IS, MMK , NU
COMMON/VF01D/G(50)
COMMON/VFO1E/C( 150)
COMMON/VFO1F/GC(25,50)
COMMON/ IGAMMA/ IGAMMA

DATA NFEST/0/

CALL SG(X,F)

IF(IGAMMA.EQ.1) RETURN
NFEST=NFEST+1

CALL SGX(N,X,M,NFEST)

RETURN § END

JRTRER. SNV 37V - W, ¥
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SUBROUTINE SG(X,F)
REAL M,N,MASS
DIMENSION X(16),Y(9),2(9),DY(9)
COHMON/VFOTE/S(150)
COMMON/SS/85(50)
COMMON/ INOM/ INOM
COHHON/P/TF.NA.TTA(7).TA(7).NH.TTH(7).TN(7)
COMMON/ CNSTR/ME,MI ,MC
COMMON/ IGX/ 1GX
COMHON/TRAJ/A.H.N.KOUNT.TIHETB.HASS.NDE
COMMON/COSI/CF.VCGOR.CSI,SSI
COMMON/ IPROB/ IPROB
COMMON/ IGAMMA/ TGAMMA
DATA H,IGX,DPR/S.88096“15-2.0.57.29577951/
IGAMMA=0
TF=X(1)
DO S I=1,NA
S TA(I)=X(I+1)
DO 6 I-1,NM
6 TM(I)=X(I+NA+1)
TIMETB=X(1+NA+NM+1)
IF(IPROB.EQ.2) GO TO 59
TIMETS=10.
59 CONTINUE
NDE=6
DELT=.004 $ NIS=250
T=z0. :
Y(1)=0.0 $ Y(2)=0.0 $ Y(3)=1.017432502
Y(4)=,94420438 § Y(5)=~.020943951 $ Y(6)z0.
Y(7)=0. $ Y(8)=0.
KOUNT=0
TIMETL=TIMETS
DO 15 I=1,NIS
IF(INOM.NE.1) GO TO 25
IF(MOD(I,25).NE.1) GO TO 25
IF(I.EQ.1) PRINT 60
60 FORHAT(//.2X.'TAU'.4X.'TIHE',UX.'THETA'.QX.'PHI’.2X.'ALTITUDE'.1X
1'VELOCITY’.2X,'GAHHA',ux,'PSI',ux.'ALPHA'.SX.'HU',
26X.'AP'.6X.'MP'.6X.'N'./,
39X.'(SEC)’.3X.'(DEG)'.3X.'(DEG)'.3X.‘(FT)‘,3X.‘(FT/SEC)',2X.
7 '(DEG)'.3X,'(DEG)'.3X.‘(D£G)'.3X.'(DEG)')
CALL DERIV(T,Y,DY)
Z(1)=DPR%Y(1) § 2(2)=DPR%*Y(2) $ Z(3)=2.092642857'(Y(3)-1.)
Z(8)=259U7.772%Y(4) § 2(5)zDPRP?Y(5) $ Z2(6)=DPR*Y(6)
2(7)=806.48263%Y(7) s 2(8)=806.48263%Y(8)
PAzDPR*A § PM=DPR#M
TIME=805.48263*TeF
TEMP=VCGOR®CSI+W#CF
CI:CF'TEHP/SQRT(TEHP"2+(VCGOR'SSI)"2)
PRINT 20.T.TIME.(Z(J).J=1.6).PA.PH.Z(7).Z(8).N

1]
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20 FORMAT(1X,F5.3,2X,F6.1,2X,F6.2,2X,F6.3,2X,F7.0,2X,F6.0,2X,F6.2,2X,

1 F6.2,2x,F6,3,2X,F6.2,2X,F6.3,2X,F6.3,2X,F56.3)
25 CONTINUE

IF(KOUNT.EQ.2) GO TO 10
DELT1=TIMETL/TF=-T
IF(DELT1.LE.DELT) GO TO 11
10 CALL RUNGE(T,Y,DELT,NDE)
IF(Y(5).GT.-1.) GO TO S0
IGAMMA=1
RETURN
50 CONTINUE
GO TO 15
11 CONTINUE
CALL RUNGE(T,Y,DELT1,NDE)
KOUNT=KOUNT+1
IF(INOM.NE.1) GO TO 63
TIMEL=806,48263%TIMETL
IF(KOUNT.EQ.1) PRINT 61,TIMEL
61 FORMAT('H ,"IGNITION OCCURRED AT %,F10.5,* SECONDS®)
63 CONTINUE
IF(DELT1.EQ.DELT) GO TO 12
DELT2=DELT-DELT?
CALL RUNGE(T,Y,DELT2,NDE)
12 TIMETL=TIMETL+0.63901697
15 CONTINUE
CALL DERIV(T,Y,DY)
TEMP=VCGOR®CSI+WRCF
CI=CF®TEMP/SQRT(TEMP##24(VCGOR®SSI)¥*#82)
IF(INOM.NE.1) GO TO 26
2Z(1)=DPR*®Y(1) § 2(2)=DPR*Y(2) $ 2(3)=2.0926428ET7*(Y(3)-1.)
Z(U)=25947.7T72%Y(4) $ Z(5)=DPR*Y(5) $ Z(6)=DPR®*Y(6)
Z(7)=806.48263%Y(7) ¢ Z(8)=806.48263%Y(8)
PA=DPR®*A § PM=DPR®M
TIME=806.48263*T*TF
PRINT 20,T,TIME,(2(J),J=1,6) PA,PM,Z(7),2(8) N
26 CONTINUE
INOM=0
IF(IPROB.EQ.2) GO TO 72
Fz=Y(2)
SS(1)=(Y(3)-1.0047786464)/0.0047T786U64
$S(2)=Y(T)
$S8(3)=Y(8)
GO TO T4
72 CONTINUE
F=CI
SS(1)=(Y(3)-1.029054170)/.029054170
SS(2)=Y(4)/.90566542-1.
§S8(3)=zY(5)
SS(4)=Y(7)
S$S(5)=Y(8)
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35

28
4o

CONTINUE

IF(IGX.EQ.1) GO TO 40

DO 35 I=1,MC

S(I)=8s(I)

CONTINUE

PRINT 28,F,(S(J),J=1,MC)
FORMAT(1X./.1X.6F20.15./)
CONTINUE

RETURN

END
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100

200

300

SUBROUTINE RUNGE (T,X,DELT,N)
DIMENSION X(10),DX(10),DELX(10,3),XV(10)
CALL DERIV (T,X,DX)

T2 = T » DELT/2.0

DO 100 I = 1,N

DELX(I,1) = DX(I)®DELT

XV(I) s X(I) + DELX(I,1)/2.0
CALL DERIV (T2,XV,DX)

DO 200 I=1,N

DELX(I,2) = DX(I) *DELT

XV(I) = X(I) + DELX(I,2)/2.0
CALL DERIV (T2,XV,DX)

DO 300 I=1,N

DELX(I,3) = DX(I)®DELT

XV(I) = X(I) + DELX(I,3)

RUNGE PAGE ¢

400 X(I) = X(I) « (DELX(I,1) + DX(I)®DELT + 2.0%(DELX(I,2) + DELX(I,3)

T= T+ DELT

CALL DERIV (T,XV,DX)
DO 400 I=1,N
1))/6.0

RETURN

END
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SUBROUTINE DERIV(TT,Y,DY)

REAL L,M,N,NLIM,MASS

DIMENSION Y(9),DY(9)
COMMON/P/TTF ,NA, TTA(T) ,TA(7) ,NM,TTM(T) ,TH(T)

COMMON/ TRAJ/A M, N ,KOUNT, TIMETB,MASS, NDE

COMMON/ COS1/CF,VCGOR,CS,SS

DATA TW,W2,ALIM,NLIM/.11761928,3.4585739E-9,.69813170,4.5/

TzY(1) $ F=Y(2) $ R=Y(3) § V=Y(4) $ G=X(5) § S=Y(6)
SF=SIN(F) § CF=COS(F)

SG:SIN(GY $ CG=COS(G)

SS:SIN(S) $ CS=C03(8)

TF=SF/CF $ TG=S5G/CG

CALL SLINW(TT.A,TTA,TA.NA)

CALL SLIN(TT,M,TTM,TM, NM)

SA=SIN(A) $ CA=COS(A) $ SM=SIN(M) $ CM=COS(M)

VCG=V® (G

VCGOR=VCG/R

CALL AERO\R,V,A,SA,CA,D,L)

GR=1./RE82

IF(KOUNT.GT.0) GO TO 5

MASS=1,

THR=0.

GO TO 15

IF(KOUNT.GT.1) GO TO 10

MASS=z1.-.83533982%(TT*TTF-TIMETB)

THR=. 30555556

GO TO 15

MASS=.46620367

THR=0.

CONTINUE

N=L/MASS

TMDOM=(THR®CA-D) /MASS

TPLOM= (THR®SA+L)/MASS

TDOT=VCGOR®*CS/CF

FDOT=VCGOR%®SS

RDOT=V#SG

VDOT=TMDON-GR®SG+W2RR*CF® ( SG® CF-CG*SF*SS)

GDOT=TPLOM®CM/V=-GR®CG/V+VCGOR+TWR CFRCS+W2# (R CF/V) R (CG®*CF+SG®*SF#3S
)

SDOT=TPLOM®SM/VCG~-VCGOR®TF*C3+TW® (TG SS®CF~-SF)-(W2/VCGOR) ®*SF® CF®CS

DY(1)=TDOT®*TTF $ DY(2)=FDOTH#TTF $ DY(3)=RDOT*TTF

DY(4)=VDOT#TTF $ DY(5)=GDOT*TTF $ DY(6)=SDOT*TTF

IF(NDE.EQ.6) GO TO 20

P=1.-A/ALIM

IF(P.GT.0.) P=0,

DY(7)=~P®P

P=M

IF(f.GT.0.) P=0.

DY(8)=-P%pP

DY(7)=DY(7)®TTF $ DY(8)=DY(8)®*TTF

CONTINUE

RETURN $ END
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SUBRCUTINE AERO(R,V,AL,SAL,CAL,D,L)

REAL L,M

DIMENSION TM(5),TAA(S5),TBB(5),TCC(S),TA1(S),TA2(5),TB1(5),TB2(5),T
AC1(5),TC2(5),TD1(5),TD2(5) ,TD3(5)

COMMON/ IPROB/ IPROB

DATA W.2'1.2'5' '100 0200/

DATA TANO.,0.,0.,2.84E-12,1.38E-12/

DATA TBN? 085"8 07 075"8 05 -6:‘8 0‘1 o ‘E-’ 0-3 08‘ 5.1,

DATA TCC/.0114,.0076,.0028,.0578, .0297/

DATA TA1/«1,0E-4,-7.81E-5,1.09E=5,1.81E=5,1.33E-5/

DATA TB1/-2,19E-3,-1.25E-3,~9.62F~4 ,~9.0E-4,~8.19E=4/
DATA TA2/-1,0E~4,-7.81E-5,4.86E~6,~6.6E-6,~6.25E~6/
DATA TB2/-2.19E-3,~1.25E-3,~1.13E~4,3.49E-4,3.58E-U4/ P
DATA TC1/.035,.076,.0324,.0261,.0243/ .
DATA TC2/.035,.076,.0204,.0114,,0105/
DATA TD1/i.33E-4,-7.81E-5,2.94E-4 ,4,.38E-4,Y4.38E-4/
DATA TD2/2.68E-2,2.90E-2,1.41E-2,6,.50E~3,6.50E-3/
DATA TD3/-.030,~.030,-.035,~.035,~.035/
DATA DPR,S/57.29577951,125.84/
H=20926428.%(R-1.)

VEL=25947.772%Y

ALFA=DPR® AL

CALL ATM62(H,TAU,SIGMA)
M=VEL/(65.770%SQRT(TAU))

CALL SLIN1(M,AA,TM,TAA,S)

CALL SLIN1(M,BB,TM,TBB,5)

CALL SLIN1(M,CC,TM,TCC,S)
IF(ALFA.GT.16.)GO TO 10

CALL SLIN1(M,A,TM,TA1.5)

CALL SLIN1(M,B,TM,TB1,5)

CALL SLIN1(M,C,TM,TC1,5)

GO TO 20

CALL SLIN1(M,A,TM,TA2,5)

CALL SLINI(M,B,TM,TB2,5)

CALL SLINY(M,C,TM,TC2,5)

CONTINUE

CALL SLIN1(M,D1,TM,TD1,5)

CALL SLIN1(M,D2,TM,TD2,5)

CALL SLINI(M,D3,TM,TD3,5)
CASF=zAA"HYH+BB%*H+CC
CAPR=A®ALFACALFA+BSALFALC

CA=CASF+CAPR

CN=D1®ALFA®ALFA+D2®ALFA+D3
CL=CN®CAL-CA®SAL

CD=CA®CAL+CN®SAL

IF(IPROB.EQ.2) GU TO 30
BBz15268.635%3IGMARVEN2

GO TO 40

BB=932.3U367%SIGMARVES?2

CONTINUE

D=BB*CD

L=BB*CL

RETURN

END
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ATM62 PAGE 1

SUBROUTINE ATM62(H,T,S)

REAL LM(8)

DIMENSION HM(8),TM(8),CS(8) _

DATA HM/0.,36089.,65617.,104987.,154199.,170604.,200131.,259186./
DATA TH/288.15,216.65,216.65,228.65,270.65,270.65,252.65,180.65/
DATA LM/-1.9812E-03,0.,+3.048E-04,8.5344E-04,0.,-6.096E-04,

1 -1,2192E-03,0./

DATA CS/3.401824655257E-11,1.683376997149E+00,
19.817858914969E+80,1.506414967722E+29,4.394749888481E-01,

24.717851690435E-43,1.562793740651E-22,5.028946984109E+01/

10

20

30

40

DATA GOR/ .010413309/
IF(H.GE.0.) GO TO 5
T=288.15-1.9812E-3%H
S=1.-2.9262913E-5%H
RETURN

IF(H.LE.750000.) GO TO 10
T=180.65

Sz8.111816E-18

RETURN

CONTINUE

Do 20 1s1,8
IF(H.GE . HM(I))Ms1I
T=TM(M) +LM( M) # (H-HM(M) )
IF(LM(M) .EQ.0.)30,40
S=CS(M)2EXP(-GOR®H/T)
RETURN
S=CS(M)RTR#®(_1,-GOR/LM(M))
RETURN :

END
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SUBROUTINE  SLINY(X, Y, AX, AY, N)
SINGLE LINEAR INTERPOLATION SUBROUTINE
DIMENSION AX(N), AY(N)

IF(N.EQ.1) GO TO 30

IF(X.LE.AX(1)) GO TO 20
IF(X.GT.AX(N))GO T0 30

DO 10 Is=V,N

K=1I

ZsX - AX(I)

IF(2,.LE.0.)G0 TO 11

CONTINUE

JaK~1

S = (AY(K) « AY(H))/(AX(K) - AX(J))

Y = AY(J) + S8%(C X - AX(J))
GO TO 100

Y=AY(1)
GO TO 100
Y=AY(N)
RETURN
END
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SUBROUTINE SGX(N,X,M,NFEST)
DIMENSION X(16) ,XF(16) ,XB(16),CF(16),CB(16)
COMMON/VF01D/G(50)
COMMON/VFO1F/GC(25,50)
COMMON/88/88(50)
. COMMON/1IGX/IGX
DATA EPSP/1.E-U4/
IGX=1
' DO 15 I=1,N

XF(I)=X(I)

15 XB(I)=X(I)
DO 20 I=1,N
DX=ABS(EPSP#X(I))
IF(ABS(X(I)).LE.EPSP) DX=EPSpP%#2
XF(I)=X(I)+DX
CALL SG(XF,FF)
DO 16 J=t1 M

16 CF(J)=88(J)
XF(I)=X(I)
XB(I)=X(I)-DX
CALL SG(XB,FB)
NFEST=NFEST«2
DO 17 J=1 M

17 CB(J)288(J)
XB(I)=X(I)
G(I1)=0.5%(FF-FB) /DX
DO 20 J=1,M
GC(I,J)=.5%(CF(J)=-CB(J))/DX

20 CONTINUE
IGX=0
RETURN
END
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APPENDIX D
GLOSSARY OF VARIABLES IN USER CODE
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Ch v v .y

LT O A DAL F ¢

e

PRUGRAM MRRV

varlable

AK
AKMIN
c(n)
DFN
DPR
EPS(I)
GC(1)
G2P(I)
1

IFN
INOM
IPROB
IPR1
IPR2
IRS
ITN
v

K

M
MAXFN

MC

MINS

Type
Real
Real
Real
Real
Real
Real
Real
Real
Integer
Integer
Integer
Integer
Integer
Integer
Integer
Integer
Integer
Integer
Integer
Integer
Integer
Integer
Integer

Integer

NDefinition

Measure of constraint convergence rate

Defines convergence for constraints

Constraint residuals and constraint scale factors
Expected decrease in performance index

Degrees per radian

Defines convergence in VAQO9A

Derivatives of the constraints

Second derivative matrix in factored form
Counter

Number of function evaluations in VAQ9A
Trajectory print flag. Print occurs 1if INOM = 1
Problem flag. = 1, reentry; = 2, plane change
Print flag in VFOlA

Print flag in VAO9A

Restart flag. = 0, first run; = 1, restart
Number of iterations in VAQ9A

Number of elements in work space W(I)

Number of equality constraints

Number of constraints

Maximum number of function evaluations in VAQ9A
- M

Number of equality constraints

Number of inequality constraints

Number of iterations in VFOlA
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Variable

MODE

(1)
TA(I)
TF
™(I)
TMAX
TTA(I)
TTM(1)
70

Tl

X(1)

PROGRAM MRRV, Cont'd.

Type

Integer
Integer
Integer
Integer
Integer
Integer
Integer
Real
Real
Real
Real
Real
Real
Real
Real
Real

Real

SUBROUTINE VFO1B

Variable

c(1)

P

6(1)
GC(1,)

IGAMMA

Type
Real
Real
Real

Real

Integer

Definition

Flag which indicates how ¢, o, and G2P are input

= 2M

Number of parameters

Number of parameters in angle of attack table

Number of function evalustions

Number of parameters in bank angle table
Number of elements in G2TF

Array where ® and o are stored

Node ordinates for angle of attack table
Final time

Node ordinates for roll angle table
Internal time limit

Node abscissas for angle of attack table
Node abscissas tor roll angle table
Initial value of internal time

Current value of internal time

Initial values of unknown parameters

Definition

Constraints and constraint scale factors
Performance index
Derivatives of F with respect to X(I)

Derivatives of C(J) with respect to X(1)

Flag; = 0, vy > -60 deg ; = 1, v < -60 deg
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SUBROUTINE VFO1B, Cont'd.

Variable Type Definition

I8 Integer Used in optimization code
K Integer Number of equality constraints
M Integer Number of conatraints
MM ‘Integer Used in optimization code
MMK Integer Used in optimization code
N Integer Number of parameters
NFEST Integer Number of function evaluations
NU Integer Used in optimization code
X(1) Real Unknown parameters
SUBROUTINE SG
Variable Type Definition
A Real Angle of attack (rad)
CF Real Cos ¢
c1 Real Cos 1 !
CSsI Real Cos ¢
DELT Real Integration step size
DELT1 Real Partial integration step before engine is started

or shut off
DELT2 Real Partial integration step after engine is started

or shut off i
DPR Real Degrees per radian i
DY (1) Real Right-hand sides of the differential equations

of motion
¥ Real Performance index
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SUBROUTINE SG, Cont'd.

Variable

IGAMMA

IGX

INOM

IPROB

KOUNT

MASS

MC

NA

NIS

PA
PM
S(1)
S§S(1)

SSI

Type
Integer

Integer

Integer

Integer

Integer
Integer

Integer

Real
Real
Integer
Integer
Integer
Real
Integer
Integer
Integer
Integer
Real
Real
Real
Real
Real

Real

Definition

Counter
Flag; = 0, v > =60 deg ; = 1, y > -60 deg

Flag; = 1, prevents update of constraint regiduals
when derivatives are being computed

Trajectory print flag; = 1, causes trajectory to be
printed

Problem flag; = 1, reentry; = 2, plane change
Counter

Engine flag; = O, engine off; = 1, engine on; = 2,
engine off again

Bank angle (rad)

Vehicle mass (nondimensional)

Number of constraints

Number of equality constraints

Number of inequality constraints

Load factor

Number of parameters in angle of attack table
Number of differential equations

Number of integration steps

Number of parameters in bank angle table
Angle of attack (deg)

Bank angle (deg)

Congtraints (3 C(I))

Temporary values of constraints

Sin ¢

Time (normalized)
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SUBROUTINE SG, Cont'd.

Variable

TA(I)
TEMP
TF
TIME
TIMEL
TIMETB
TIMETL
TM(1)
TTA(I)
TTM(I)

VCGOR

X(1)
Y(I)

Z(1)

Iype
Real
Real
Real
Real
Real
Real
Real
Real
Real
Real
Real
Real
Real
Real

Real

SUBROUTINE RUNGE

Variable

DELT
DELX(1,J)
DX(1)

1

N

nge
Real
Real
Real
Integer

Integer

Definition

Node ordinates in angle of attack table (rad)
Temporary computation

Final tims (nondimensional)

Time (sec)

Ignition time or burnout time (sec)

Ignition time (nondimensional)

Ignition time or burnout tiwe (nondimensional)

Node ordinates of bank angle table (rad)

Node abscissas of angle of attack table (nondimensional)
Node abscissas of bank angle table (nondimensional)
V cosY/r (nondimensional)

Angular velocity of earth (nondimensional)

Unknown parameters

State variables (nondimensional)

State variables (dimensional)

Definition

Stepsize

Increment in X(I)
Derivative of X(I)
Counter

Number of differential eguations
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SUBROUTINE RUNGE, Cont'd.

Variable Type Definition ;
%

T Real Independent varigble

T2 Real Intermediate value of independent variable

X(I) Real Dependent varigbles ¢

Xv(I1) Real Intermediate value of X(I)

SUBROUTINE DERIV

é

§

%

:

!
Variable Type Definition é
A Real Angle of attack (rad) g
ALIM Real Angle of attack limit (rad) 3
CA Real Cos a 3
CF Real Cos ¢ %
CG Real Cos vy g
CM Real Cos u %
cs Real Cos ¢ é
D Real Drag (nondimensional) ?
DY (1) Real Right-hand sides of the equations of motion é
F Real Latitude, ¢ (rad) é
FDOT Real ¢ (nondimensional) %
GR Real Acceleration of gravity (nondimensional) {
KOUNT Real Engine flag; = 0, off; = 1, on; = 2, off again =
L Real Lift (nondimensional)
M Real Bank angle (rad)
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SUBROUTINE DERIV, Cont'd.

var |_u|0_‘_ﬂ

MASS

NDE

NLIM

RDOT

SA
SDOT
SF
56
SM

SS

TA(I)
TDOT
TF

TG
THR
TIMETB

TM(1)

Type
Real
Real
Integer
Integer
Real
Integer
Real
Real
Real
Real
Real
Real
Real
Real
Real
Real
Real
Real
Real
Real
Real
Real
Real

Real

Mass (nondimensional)

Load factor

Number of nodes in angle of attack table
Number of differential equations

Load factor limit

Number of nodes in bank angle table
Temporary computation

Distance from center of earth (nondimensional)
r (nondimensional)

Heading angle, y (rad)

Sin a

¥ (nondimensional)

Sin ¢

Sin ¥y

Sin u

Sin ¢

Longitude, 6 (rad)

Node ordinates in angle of attack table (rad)
§ (nondimensional)

Tan ¢

Tan Yy

Thrust (nondimensional)

Ignition time (nondimensional)

Node ordinates in bank angle table (rad)
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SUBROUTINE DERIV, Cont'd.

Variable Type Definition

THLOM Real (T 8in a + L)/m

TMDOM Real (T cos a - D)/m

TT Real Normalized time, =

TTA(I) Real Node abscissas in angle of attack table
TTF Real Final time (nondimensional)

TTM(I) Real Node abscissas in bank angle table
™ Real 2w (nondimensional)

v Real Velocity (nondimensional)

VCG Real V cos ¥y

VCGOR Real V cos y/r

VDOT Real V (nondimensional)

w2 Real w? (nondimensional)

Y(I) Real Nondimensional states

SUBROUTINE AERQ

Variable Type Definition

AL Real Angle of attack (rad)

ALFA Real Angle of attack (deg)

Al Real Coefficient in CASF

A2 Real Coefficient in CAPR

A3 Real Coefficient in CN '
Bl Real Coefficient in CASF

R2 Real Coefficient in CAPR

B3 Real Coefficient in CN

CA Real Axial force coefficient
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SUBROUTINE AERO, Cont'd.

Vi Jaub g Type el fnfefon
CAL Real Cos a -
CAPR Real Axialeorce coefficient, pressure E i
CASF Real Axial force coefficient, skin friction %,
()] Real Drag coefficient !
CL Real Lift coefficient 2'
CN Resl Normal force coefficient %7
Cl Real Coefficient in CAsy ég
C2 Real sefficlent in CAPR 1
c3 Real Coefficient in CN §
D Real Drag (nondimensional) i
DPR Resl Degrees per radian i
H Real Altitude (£t)
IPROB Integer Problem flag; = 1, reentry; = 2, plane change 1
L Real Lift (nondimensional) '?
M Real Mach number %
R Real Distance from center of earth {nondimensional) ?
SAL Real Sin o i
SIGMA Real Density ratio :
TAU Real Absolute temperature (deg K) %
TAL(I) Resal Table for Al i
TA3(I) Real Table for Al %
TB1(I) Real Table for Bl
TB3(I) Real Table for B3
TC1{1) Real Table for Cl
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i
SUBROUTINE_AERO, Cont 'd. I
g 4
i
Variable Type Definition § é
TC3 Real Table for C3 e oo
T™(I) Real Table for Mach number '
L : :
T1A2(1) Real Table for A2, a < 16 deg
TiB2(I) Real Table for B2, a < 16 deg i
T1C2(1) Real Table for C2, a < 16 deg j
T2A2(1) Real Table for A2, a > 16 deg P
T2B2(1) Real Table for B2, a > 16 deg
T2C2(I1) Real Table for C2, a > 16 deg
VEL Real Velocity (ft/sec) %
4
v Real Velocity (nondimensional) }

SUBROUTINE ATM62

Variable Type Definition

CsS(I) Real Coefficients in density formula (n¢ndimensional) ' 5
GOR Real gs/R

H Real Altitude (ft)

HM(I) Real Altitude at beginning of layer m (ft)

1 Integer Counter !
LM Real Temperature gradient in layer m (deg K/ft) A ?
M Real Denotes layer ;
S Real Density ratio i
T Real Absolutéftenperature (deg K) f

™ Real Temperature at beginning of each layer (deg K) 1
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SUBROUTINE SLIN1

Variable

AX(1)
AY(I)
1

J

Type
Real
Real

Integer

Integer

Integer

Integer
Real

Real
Real

Real

Definition

Node abscissas

Node ordinates

Counter

Counter

Counter

Number of points in table
Slope

Abscissa

Ordinate

Temporary computation

et il ot 8 b 9 MR = £ resaash o e a5 RS toun 0 -k

[TV W IV S SN

PRESPIHT AR S WIVE Y NVY RIS Y D

e b b

]
!




