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ABSTRACT

Measurements were made of the spin-lattice nuclear relaxation
time of 0.07% solutions of polarized helium-3 in liwuid helium-4 at
4 K by use of an rf-biased SQUID (Superconducting Quantum Interference
Device) magnetometer in magnetic fields ranging between 30 microGauss

and 3 milliGauss. After the effect of magnetic-gradient-induced relaxa-

tion was subtracted by extrapolation to large magnetic fields, it was

E found that the relaxation time was 40 hours in a 1 cm-diameter Pyrex

| cell. When the sample cell was prefilled with an amount of hydrogen
estimated to be equivalent to uniform wall coating of 30 molecular
layers thickness, the extrapolated relaxation time increased to 5 days.
It is estimated that this result was dominated by intrinsic relaxation

due to helium-3 dipole-dipole interactions in the bulk of the sample.

As a potential application, the performance of a proposed cryo-

genic nuclear gyroscope utilizing a helium-4 — polarized helium-3 gas
mixture with SQUID magnetometer readout in zero magnetic field is theor-
etically analyzed. The possibility of using a modified version of this
device based on a polarized helium-3 — superfluid helium-4 mixture

for the purpose of an experimental search for an electric-dipole
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moment in the helium-3 nucleus is also discussed.
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CHAPTER 1

BACKGROUND AND OUTLINE

1.1 Introduction

The nucleus of the He3 atom has intrinsic spin angular momentum
of %h. Thus, by the Wigner-Eckart theorem, the He3 nucleus can possess
no electromagnetic multipole moments higher than a dipole. Since the
nuclear magnetic dipole moment is represented by a vector operator, u,
the Wigner-Eckart theorem also specifies that <§> = Yh<T> where Th is
the nuclear angular momentum operator. The gyromagnetic ratio y has

been experimentally determined to be -2.038 x 10* rad sec™! ¢! for

e e e g At aeh R

3 - . . . .
He”. A similar relation could be written for the electric dipole moment

-
ﬁe, but for reasons that will be discussed shortly, ue is either

extremely small or zero and can be ignored for the moment. Hence, at
low energieé, the only significant interaction between <T> and external
electromagnetic fields is through the magnetic dipole moment.

If we now consider a collection of a large number of He3 atoms in

the form of a classical gas or liquid where the nuclear polariiation

is such that the components of the total nuclear-spin angular momentum
are much larger than h, then the magnetization, ﬁ, of the sample can be j
treated as a classical variable. Secondly, if the interactions exper-
ienced by the individual nuclei are of only two types, 1) that of a
dipole in a uniform constant field Eo = Boﬁ, and 2) random fluctuat-
ing interactions which are modulated by thermally-driven atomic motion

and which have only a weak effect during the time interval characteristic




of these fluctuations, then Bloch's equations describe the motion of ﬁ:l

dM /dt = - M, - MO)/T

dM  /dt = y(M x B M
y/dt =GBy m T

Y x,y' 2

’

-+ ~
In these expressions, MO = Mok is the equilibrium magnetization, Tl and
T2 are the longitudinal and transverse relaxation times respectively,

. . . g > .
and it is necessary to assume that w01 >> 1, where wy = - YBO is the

1,2
Larmor precession frequency.

The most notable aspect of this result is that the cffects of the
random fluctuating interactions are manifested only through the cxponen-
tial-decay time constants T1 and T2 provided that the "motional narrowing'
condition expressed in 2) above holds. These fluctuating interactions
can arise from a number of sources: Hes-l{e3 dipole-dipole interacticns,
Hes-foreign spin (electronic or nuclear) dipole-dipole or scalar inter
actions, and motion through macroscopic magnetic-tield gradients.

This being the case, we now ask the question of what happens if
go = 0. If we assume that the macroscopic magnetic field is identically
zero over the sample volume and the microscopic relaxation mechanisms
are isotropic, the answer is clear: Having removed the anisotropy
introduced by Eo and having assumed that no other anisotropy exists,

the relaxation rate (the reciprocal of the relaxation time) must now be

a scalar and Bloch's equations are simply
> >
dM/dt = - M/TR

Thus ﬁ/[ﬁ] is a constant of the motion and |M] decays exponantially with

a time constant TR. The system would then behave as a nuclear gyroscope.

to
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There are, of course, considerable technical problems in actually
achieving zero magnetic field over the sample volume. One must devise
a stable shielding technique to eliminate ambient magnetic fields, find
suitable materials that are devoid of ferromagnetic contamination, and
consider the question of the macroscopic B-field generated by the
sample magnetization itself. With discovery of flux quantization in
superconductivity,z'3 however, it was pointed out by Fairbank and
Hamilton4 that the problem of a stable shield that completely excluded
magnetic flux was theoretically solvable. Using this concept they
proposed that not only could a H63 nuclear gyroscope be built (which
we shall call the He3 zero-field nuclear gyroscope, HestNG), but that
with the addition of an electric field, such a device could be used to
search for the He3 nuclear electric dipole moment as well.

This proposal constituted the motivation for this thesis. In the
following section of this chapter we will briefly review the reason for
scientific interest in the electric dipole moments (EDM) of elementary
particles and how it is possible to look for an EDM of the He3 nucleus
using neutral atoms. The succeeding sections will then deal with the
key elements of the ZFNG and how they might be implemented with current

technology and with the goals and scope of this present work.

1.2 Electric Dipole Moments

It is well known that a quantum system that is in an eigenstate
of its total angular momentum cannot have an electric dipole moment
unless parity is violated. This is particularly obvious if one uses

the Wigner-Eckart theorem to express the expectation value of the




electric-dipole moment operator: <ﬁe> = Yeh<T>. The "'gyroelectric
ratio', Ye’ is clearly a pseudoscalar which can be nonzero only if
parity is not conserved.

On the other hand, it was pointed out by Landau that the violation
of parity in weak interactions does not guarantee that electric dipole
moments would exist.5 He observed that if charge conjugation were vio-
lated in such a way that CP were still valid then there would still be
no electric dipoles. Thus, the CPT theorem implies that time reversal
would have to be violated as well if electric dipole moments were to
exist.

The connection between time reversal invariance and clectric
dipoles can be made more directly apparent by means of a simple argu-
ment.6 If a particle has an electric dipole moment and is subjected
to an electric field E, there will be a term in the Hamiltonian of
the form - Ee . E. The energy shitt introduced by such a term would
then be - Yeh<T> - E. Now under a time reversal <I> » - <I>, E =+ E,
and this term would change sign. In comparison, the energy of a mag-
netic dipole in a magnetic field will #o: change sign under time reversal
since the direction of the currents that generate the magnetic field
will also change.

Thus, while the original experiment to search for an EDM on neutrons

that was done by Smith, Purcell and Ramsey over 25 vears ago was moti-

vated by the hypothesis that parity was not inviolate, continued activity

in EDM experiments has been sustained by interest in time reversal vio-
lation. This has been particularly the case since evidence of CP vio-

lation was reported by Christenson, Cronin, Fitch, and Turlay in the




decay of K? mesons.’

2 1
1
At the present, the upper limit of the EDM of the neutron has :
!
been reported by Dress, et al. as Iue(n)/el < 3 x 10'24 cm8 where e

- is the charge of the electror. The limit on the size of the EDM of
the electron stands at virtually the same level as the neutrong’10
while the limit on the EDM of the proton is several orders of magnitude
b larger.u’12

The basis for the Fairbank and Hamilton proposal to use a ZFNG to
measure the EDM of the He3 nucleus (which could arise from the unpaired
neutron) was an analysis by Schiff on the measurability of nuclear EDMs.
The primary problem, of course, is that the nucleus is charged, and the
application of an external electric field merely ponlarizes the electron
cloud so that the net electric field seen at the nucleus remains zero.

Schiff discovered, however, that there are small first order effects

which prevent exact cancelation and thus allow a small electric field

to be present at the nucleus. The largest of these effects is due to
the force generated by the interaction of the nuclear magnetic dipole
moment with the magnetic field gradient produced by currents in the

polarized electron cloud. This effect causes the nucleus to be sub-

3

jected to an electric field approximately 10—7 times the external field.1
Although this result is not terribly encouraging in comparison with

free neutrons which can be exposed to an unattenuated electric field,

there is at least one compensatory factor in the Fairbank and Hamilton

proposal. That is, if a dilute mixture of Hesin liquid He4 is used

(one part in 105 was originally suggested), it might be possible to

achieve nuclear relaxation times on the order of days or longer. Thus
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3
the He nuclei could be exposed to the electric field for ~ 105 sec

instead of the ~ 10.2 sec typical of neutrons in the neutron-beam EDM
experiment.

Thus it appears that the ZFNG approach to the He3 nuclear EDM has
sufficient merit to justify more detailed consideration given the impor-
tance of time reversal invariance. It is clear from the outset, however,
that this approach will not be without its problems. As an indication
of the difficulty involved, we note the rate of angular precession that

would be obtained in an applied field of 105 V/cm would be ~ 10“11 rad

sec™! if ]ue/el = 1072 cm. This is equivalent to the effect of a mag-

netic field of less than 10_15 G!

1.3 Essential Elements of the He3 ZFNG

From our rough description of the He3 ZFNG, it is clear that there
are four essential elements necessary for a useful device: 1) polarized
Hes, 2) a shielded region that has zero magnetic field, 3) a means of
measuring the orientation of the magnetization of the polarized Hes,
and 4) a usefully long relaxation time. In this section we will briefly
discuss the best techniques and devices that are currently available
for the realization of these requirements. As this is only an intro-
ductory discussion, however, no attempt will be made at this point to
evaluate how well a ZFNG would perform with these techniques.

1.3.1 Polarization of the HeS

Since we are contemplating the use of dilute Hes—liquid He4 mixture,

it is necessary that the He3 be substantially polarized. While signifi-

cant "brute force'" polarization could be achieved with currently available




superconducting magnets and dilution refrigerators (it is assumed that
the He3 is sufficiently dilute that Fermi degeneracy is not a factor),
in situ application of this technique would be difficult at best. For
one thing, polarization times would be very long (by design!), and for
another, the use of large magnetic fields is basically incompatible
with the zero-field requirement., This does not preclude, however, the
possibility of polarizing the He3 in one place and then piping into
the zero-field region.

Fortunately, Colegrove, Schearer, and Walters developed an easier
solution. They discovered a fairly simple optical pumping process which
readily yields a nuclear polarization of 10-20% in He3 gas in the vicin-
ity of 1 Torr pressure at room temperature.14 We will not discuss the
nature of this process here,ls but a description of the technique and
apparatus involved will be found in Chapter 2.

It should be pointed out that the most serious limitation of this
process is that it is restricted to low He3 densities. In order to
achieve useful densities for some applications it is necessary to use
mechanical compression or low temperatures after polarization. Since
the He3 ZFNG is intended to be a low temperature device anyway, this
does not present a serious problem: The He3 can be optically pumped
at room temperature, mixed with He4, and the mixture condensed into
the zero-field region via a glass capillary.

1.3.2 Zero Magnetic Field

We have already noted the advantage of using a superconductor as

a magnetic shield. Some technique must be developed, however, for cool-

ing the shield in such a way as to 'degauss' the shield, ©Z.e. to minimize
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or prevent trapped flux. Although it might be thought that the

Meissner effect would tend to expel the magnetic flux when the shield

is cooled through its transition, it is usually found in actual practice

that the shield tends to trap the ambient field. This is because even

a type I superconductor rarely exhibits strong Meissner effect unless

it is a single crystal having low impurity and dislocation densities.
Superconducting shields have been made and degaussed by a variety

of techniques, but probably the best and most useful for ultralow field

applications is the one refined by Cabreral6’17

making use of an expan-
sion technique. This technique makes use of cylindrical lead foil

shields which are closed at the bottom. The virtue of a foil shield is
that it can be pleated and folded flat prior to cooling and then opened

to its full diameter after cooling. It is then possible to cool a new

folded shield inside of a previously established shield. The old shield

is then torn away prior to expanding the new one. This cascading process

can be continued until a satisfactory shield is obtained. Cabrera has
obtained 4" diameter shields with fields below 1078 ¢ over 20" along

16,17

their axes using this technique. As a point of rcference, we notce

that a field of 10-8 G would yield a precessional period of over 8 h in
Hes.

In the original Fairbank and Hamilton scheme, a cylindrical rhield
of the sort that Cabrera has developed would constitute an outer shield
inside of which a spherical superconducting shield that was concentric
with the He3 sample cell would be cooled. It was this inner spherical

shield that was specified to have zero trapped flux. The practicality

of such a shield has yet to be demonstrated.




In this regard a valid question may be asked: Is it in fact nec-
essary to achieve the zero-flux state? It would seem possible to cancel
! out the uniform field component (Z.e., the average field) over the sample

volume. Provided then that the residual gradient were small enough such
that the motional narrowing condition held, that is, that the diffusion
time through the sample would be short compared to the differential
Larmor period, it would seem that the effect of the gradient would be

averaged out.

; As far as it goes, this conjecture is correct. Unfortunately, the
anisotropy introduced by the residual gradient makes the relaxation rate
also anisotropic. Thus, the direction of ﬁ is still in general not a
constant of the motion even though the average magnetic field is zero.
This issue will be examined in detail in Chapters 3 and 5.

Even though the trapped flux is zero, however, it is obvious that
there are other possible sources of magnetic fields that can affect the

motion of the sample magnetization. One such possibility is the rema-

nent magnetization due to ferromagnetic contaminants. Cabrera has mea-

sured the remanent magnetization of a wide variety of materials in a low-

17,18

field environment at 4.2 K, and has found several materials thdat

appear to have promise in ultralow-field applications. For example, i

samples of fused silica, AL 300 alumina ceramic, and Corning Macor
(machinable glass-ceramic) were found to not have any detectable dipole

8 "9 G em® for the quartz).l7

moments (< 107~ G em® for the ceramics, < 10
In general, clean insulators are preferable to clean normal metals since
the latter can produce thermoelectric currents in the presence of thermal

gradients.17




There are two remaining sources of magnetic field that are intrin-
sic to the ZFNG technique under discussion. One is the magnetic field
produced by a superconductor when it is subject to rotations, that is,
the London moment.19 This phenomenon, however, is not a significant
problem for two reasons: the effect is small and it is quite predict-
able. We will show in Chapter 5 that the uncorrected London moment
will cause a relative error of ~ 10_3 in the readout of an angular
displacement.

The other source of magnetic field that is intrinsic to the ZFNG
is the field produced by the sample magnetization itself. This prob-
lem must be resolved by maintaining proper symmetry. For instance,
it is clear without any detailed consideratior that if the sample cell
and the superconducting shield (which is perfectly diamagnetic) arec
both spherical and concentric, then the average macroscopic flux den-
sity (Z.e., the magnetic induction, E) must always be cellincar with M
and therefore cannot cause any torque on the magnetization. The issue
of whether sufficient symmetry can be achieved in actual practice will
also be discussed in detail in Chapter 5.

1.3.3 ZFNG Readout

The most likely candidate for readout is the SQUID (Superconduct-
ing Quantum Interference Device) magnetometer. Such a device can be
flux-coupled to the sample volume by means of a persistent superconduct-
ing loop consisting of two coils connected in series. One coil is
inductively coupled to the SQUID and the other to the sample volume.
This type of system has a number of advantages to commend it: 1) close

coupling, 2) vector field response, 7..., the output is proportional

i
-
t
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to the component of the magnetic field normal to the plane of the sens-
ing coil, 3) it is a low temperature device compatible with other
aspects of the proposed ZFNG, and 4) excellent energy sensitivity,

With regard to sensitivity, for example, a commercially available

29

rf-biased SQUID has a typical energy sensitivity of 5 x 10 7 J/Hz

for frequencies above 0.1 Hz.20

1

This corresponds to a magnetic field

0 G Hz_%

sensitivity of ~ 4 x 10~ when referred to a 1 cm diameter
sensing coil.

We will not discuss here the theory of operation of the rf SQUID
or the improved dc SQUID.23 It should be pointed out however, that the
basic response of the SQUID is a periodic function of applied flux where
the periodi~ity is associated with the quantum of flux ¢ = 2.07 x 1077
G cm2. In general, the output of the SQUID is '"linearized' by applying
an af sweep with an amplitude of %¢o to the SQUID. The output of the
SQUID is then synchronously detected, filtered, and the resulting low-
frequency signal is fed back to the SQUID causing the system to lock

22,23 This feedback signal is then linearly

onto a single flux quantum.
related to the input magnetic flux (as long as the system remains locked
and the loop gain is much larger than unity) and serves as the output
signal.

In application to the He3 ZFNG the feedback signal is coupled
directly into the input coupling circuit rather than into the SQUID
(see Fig. 2.6 in Chapter 2). This guarantees that the current in the
superconducting coupling circuit remains constant to within a small

error specified by the loop gain and the magnetometer noise. Thus if

the current in the coupling circuit is initially nulled, it will remain

11
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that way except for this error. Since the sensing coil is closely
coupled to the sample, it is clear that finite loop gain and magnetometer
noise and drift will have an effect on the He3 ZFNG. These factors as
well as the angular resolution that might be expected from the SQUID
readout system are also discussed in detail in Chapter 5.

1.3.4 Long Nuclear Relaxation Time

The last element necessary for a useful ZFNG is the requirement
of sufficiently long relaxation times in the zero-field condition.
Just how long is sufficient depends, of course, on the particular
application. In the case of the He3 nuclear EDM experiment, it wili
be seen that it is probably necessary to achieve relaxation times on
the order of several days or longer (Z.e., 2 2 X 105 sec) if this
approach is to be competitive with the neutron beam technique.

As we have already noted, Fairbank and Hamilton proposed using
dilute Hes—liquid He4 mixtures in order to obtain relaxation times of
this magnitude. The logic of this proposal is clear. The intrinsic
longitudinal relaxation time of pure liquid He3 lies in the range 300-
500 sec.24 (By the term "intrinsic relaxation' we mean relaxation due
to He3 dipole-dipole interactions in the bulk of the sample. For this

mechanism, 'I‘1 = T, in liquids and gases subjected to low magnetic

2
fields.l) Since it is well known that the intrinsic relaxation of a

monatomic species is inversely proportional to the spin density,l how-
ever, it is clear that a He3 density = 10_3 X liquid density should be
used., This is on the order of gas density under STP conditions. Al-

though He3 gas could be acceptable for gyro applications it certainly

is not for the EDM experiment: He gas would elcctrically break down




at electric field levels much less than the 105 V/cm that is feasible
for liquid He. Hence there is no alternative but to use Hes-liquid He4
mixtures.

The necessity of using dilute Hes—liquid He4 mixtures in order to
obtain the requisite relaxation times is clear. Because there are other
potential relaxation mechanisms, however, a low He3 density is not suf-
ficient to guarantee long relaxation times. In particular, there are
at least two additional relaxation mechanisms that can be important under
the proposed experimental conditions: relaxation due to motion through
magnetic field gradients and wall-induced relaxation.

Nuclear relaxation due to magnetic field gradients can be very
effective when the average field is reduced to zero. Since this mechanism
is well understood, it is more of a technical problem (although a diffi-
cult one if the diffusion coefficient is small) than a scientific problem.
This relaxation mechanism will be thoroughly reviewed in Chapter 5.

Wall-induced relaxation is an inherently more complex problem to
deal with, and while some research has been done on the subject in recent
years, there is still quite a bit to be learned. It was found in early
He3 NMR experiments that some wall materials {especially metallic sur-
faces) can be very effective in relaxing Hc3 at low temperatures.2 It
was also found, however, that when Pyrex or quartz cells were used, the
spin-lattice relaxation time of liquid He3 was not much shorter than the
theoretically expected intrinsic value thus indicating that these surfaces

26,27 Subsequent work obtained good agreement

are only weukly relaring.
between thcory and experiment when the Pyrex cell was carefully plasma

L L . 24
cleaned and 4 more sophisticated theoretical result was used.




Unfortunately, no relaxation time measuremcnts have been made on
. K 4 .
very dilute (< 0.1%) He -liquid He mixtures in Pyrex or quartz cells.
. . 2 .
Measurements have been made at moderate dilutions by Romer 6 (Tl = 90 min

for 3.5% He>, and T, = 120 min for 1.7% He®, both at 1.25 K) and Horvitz®®

{500 < T1 < 700 sec for 33% H63 in a plasma-cleaned cell for temperatures
ranging between 1.2 and 1.8 K), but these data are insufficient to allow
extrapolation to lower He3 densities. The primary problem is that the
relative contribution of HeS—He3 interactions on the wall and the He3~
foreign spin interactions is not known. The former contribution should
depend on the He3 concentration while the latter should not.

Thus it needs to be demonstrated whether or not relaxation times
on the order of days can be obta.ned in dilute Hes-liquid He mixtures.
Results of T1 measurements made on ~ 0.1% Hes—liquid He4 mixtures in
low magnetic fields at 4.2 K will be discussed in Chapter 4.

Although Hc3 gas cannot be used in the presence of the larger
~lectric fields necessary for an EDM experiment, it still remains a can-
didate for gyro applications. In fact, the vupid diffusion associatcd
with the gas phase is quite advantageous since relaxatien due to residual
ficld gradients would be considerably reduced. FTor this reason, we will

. . 3 .
briefly review results of T, measuremcnts on Heo pas in glass cells at

1
low temperatures. This subject will also be discussed in greater detail
in Chapter 4.

Fitzsimmons, Tankersley, and Walters have shown that it is possible
to obtain a relaxation time of 9 x 105 sec (- 9 davs) at a temperature

of 373 K provided that a glass of low permeability to helium is used

for the sample ce11.28 As the temperature is lewered below 100 K,
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however, the fraction of the time that a given atom spends adsorbed
on the surface becomes progressively longer. Because of the longer
correlation times and the greater density of spins associated with
the adsorbed phase and the wall surface, the relaxation time for an
adsorbed atom is much shorter than in the bulk. Thus the relaxation
time for He3 gas at low temperatures can become very short.zs_30

When the temperature becomes sufficiently low and the gas density
sufficiently high that the wall becomes effectively saturated (Z.e.,
the adsorption isotherm varies only slowly with gas density) the prob-
ability that a given atom is in the adsorbed phase varies inversely
with the ga~ density. 1In that case, the relaxation time varies approxi-
mately linearly with the density until the intrinsic relaxation in the
bulk becomes dominant.31 Above that density the relaxation time varies
inversely with density until liquid density is approached. It is clear,
then, that for a given cell size and material there is an optimal He3
density that yields the maximum relaxation time. Chapman and Richards
have found that in a 1 cm diameter, plasma-cleaned, Pyrex cell the

-7
2 g cm ° (equivalent to 75 atm STP)

optimal density at 4.2 K is ~ 10~
and that the relaxaticn time urder these conditions is ~ 5 X 103 sec
(80 min).31

Although the prospects for He3 gas at low temperature do not seem
very bright on the basis of this kind of result, the situation is im-
proved markedly by the discovery of Barbé, Lalo¢, and Brossel that cer-
tain frozen-gas wall coatings could be very effective in reducing wall-

”

. . . 3 . 3
induced relaxation of low-density He™ over various temperature ranges.

For example, they found that a wall coating of solid H2 at 4.2 K would

15
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vicld a relaxation time of 60 + 10 h in a sezled 3 cm-diameter cell
that had been filled with 0.5 Torr He3 at room temperature. In the
biare Pyrex cell the relaxation time was less then 1 sec and estimated
to be ~ 10-2 sec. The solid H2 wall coating gave good relaxation
times between 2 and 6.5 K. Other wall coating materials such as DZ’
Ve, Ar, Kr, and Xe also proved to be effective over higher temperaturc
ranges, but only H2 was effective at 4 K.

These measurements were made at densities that are probably too
iow to be useful for our purposes. Since the Hc3 adsorption on top
the solid H2 was probably well below monolayer coverages3 (this will
be discussed in Chapter 4), it is difficuit to say wvhat the relaaation
“ime would be at higher densities. Nonetheless this is an encouraging

caalt,

' 1 Outline and Scope of Thesis

The work that will be discusscl) in the toilowing cihapters will bhe
icerned with achieving two primary cbjectives: 1) measurcment ot 1lhe
3 4
nuclear relaxation times of dilute He -liguid He mixtures at 4 b, and
7 analyvsis of the expected performance of the H93 ZENG based on cur-
=t 1y known technology in light of the requirvements of the Hcs nuciear
"I experiment.
In achieving the first objective, it was considered importart to
v in as much experience as possible in the techniques that were proposcd

. , 3 . . .
Yor the He” ZFNG. Thus the relaxation time measurements were tade in

Tow magnetic fields (< 3 mG) using a SQUID magnctometer tc measure the

viignetization, and the He3 was polarized at room temperature using optical

16
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pumping.

It should be noted that the elucidation of the basic physics
involved in the various relaxation mechanisms, particularly wall-
induced relaxation, was not a primary objective although any data
that might be useful in this regard was certainly welcome. The con-
straints imposed by the primary objective of demonstrating long relax-
ation times and the desire to use low magnetic fields made it dif-
ficult and time consuming to make significant progress on this issue
as well.

In the first part of the thesis, Chapters 2-4, we deal primarily
with the relaxation problem. 1In Chapter 2, the experimental apparatus
and techniques are described. Chapter 3 reviews the theory of He3
miclear relaxation with particular emphasis placed on the relaxation
arising from diffusion through magnetic field gradients. This subject
is important for both the analysis of our data and the evaluation of
the ZFNG concept. In Chapter 4 the experimental results are presented
and analyzed.

The remaining portion of the thesis deals with the ZFNG and the
He3 nuclear EDM experiment. In Chapter 5 the ZFNG is dealt with. A

general analysis is made, but specific numerical estimates are based

*

[t should be noted that an approach similar to ours, but involving
different technology and experimental conditions, has been reported
by Cohen-Tannoudji, et al.34 Using a Rb87 magnetometer, they detected
the magnetic field generated by optically-pumped He3 atoms located in
an adjacent cell in ambient fields of 2 uG and lower. Their experi-
ments were done at room temperature using nested u-metal shields. This
type of shield is not sufficiently stable for our purposes although
independent field measurement or stabilization may be possible for less
critical applications,

17
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1 on a 3.8 cm-diameter gas gyro. With the possible exception of the

~ili-induced relaxation rate, this configuration is found to be super-
3. . 4 . .

o tor to a smaller He -liquid He configuration.

; The final Chapter deals with the EDM experiment. because the

St results in Chapter S are found to be discouragiag, the zero-field

onzipt is discarded as being inessential anyway. We note that it 1

: “vsosuagnetic-field eéabi?{t that is crucial to the EDM crmwerbment.

will be seen that more promising performance estimates ~an be obtal.aud
considering the magnetization to be freely precessing 4ot d hon-Zuers

>
form field, B - The applied elcctric field must thepr be in the same

>
fvoction as By- In order to obtain the rapid diffusicn necessery to

1 =irtaize gradient-induced relaxation and still have the abilivy to arp

)

b ]
&
¢
s
]




CHAPTER 2

‘ EXPERIMENTAL APPARATUS AND PROCEDURE

As was noted in Chapter 1, the basic experimental approach was

to build a crude prototype of the He3 ZFNG in order to do relaxation

measurements and to experimentally determine the difficulties involved

in some of the practical aspects of the device. This concept can be

seen in the schematic depiction of the lower portion of the experimental

cryostat probe shown in Fig. 2.1. 1In actual execution the experimental

apparatus in some regards fell short of our expectations. Nevertheless,
? ‘ we were able to extract a reasonable amount of information despite the
fact that the prototype could not function as a gyro in any real sense,

In the first part of this chapter, we will describe the apparatus

used in our experiments and some of the ancillary procedures. In the
second part, those considerations and procedures that were more directly
relevant to the relaxation measurements will be reviewed and examples

of the raw data shown.

2.1 Apparatus and Ancillary Procedures

2.1.1 Dewar and Magnetic Shields

Qur experiments were performed in a non-magnetic Cryogenic Asso-
ciates dewar having a liquid helium well of 8 in diam % 6% ft length.
(See Fig. 2.2.) The dewar had been modified by cutting it open and

replacing the aluminum-foil vapor-cooled radiation shields with one
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1/16 in thick vapor-cooled shield and a liquid nitrogen jacket. This
modification was deemed necessary in order to reduce the liquid helium
consumption rate. Helium consumption became an important consideration
since it was time consuming and expensive to establish a degaussed
superconducting shield. It was therefore advantageous to keep the
shield cold continuously until it was no longer needed. The unmodified

dewar consumed ~ 0.25 Rh—l.

After modification, this figure dropped
to 0.09 Qh-l but later deteriorated to 0.14 Eh'l and stabilized at that
level. The reason for this deterioration has not been determined.

Because of its length, the dewar was mounted in a pit by suspending
it from its top-plate flange in a sturdy tripod arrangement. This left
sufficient head room for the experimental apparatus to be hoisted ‘n and
out of the dewar.

The inside of the dewar was lined with a degaussed superconducting
shield made of 0.0025 in thick lead foil having a length of 56 in prior
to installation. The degaussing and installation procedures were out-
lined in Chapter 1 and will not be discussed further since they are
described in detail in Cabrera's thesis.17 Details concerning the con-
struction and performance of the actual shield utilized in our experi-
mert< will also be found there. Some aspects of the shield, however,
had a sufficiently important impact on our experiment to warrant a
short discussion here.

The 8 in shield was degaussed, installed and checked whilc the
dewar was located in two nested uL-metal shields in Cabrera's laboratory.

While located there, the measured magnetic field on the axis of the

shield was < 0.1 uG at points 60, 80 and 100 cm bhelow the top of the




shield. The dewar and shield were then transported to the author's
laboratory for actual use. Because it was feared that the top edge
of the open shield could not tolerate exposure to the earth's magnetic
field (~ 0.6 G), a u-metal collar was installed around the dewar in
the vicinity of the top of the shield prior to transportation. This
collar then became an integral part of a 1/16 in thick single-layer
p-metal shield which housed the dewar in its permanent location.

After relocation, the internal magnetic field was once again
measured, and it was discovered that although the field on the shield 4
axis was still < 0.1 uG in the region of 60-70 cm from the top, the
field became progressively higher as one proceeded below this region.

At the lowest point that could be measured with the magnetometer (100 cm

from the top of the shield, ~ 34 cm from the bottom) the magnitude of

the field was ~ 5 uG.

There are two possible reasons for this unfortunate turn of events.
Flux penetration occurred during exposure of the lower portion of the
shield to the earth's field because of the deeply convoluted folds near
the bottom of the shield,17 and/or the internal field inside the author's
single p-metal shield generated larger fringing fields through small
tears in the superconducting shield than the field in Cabrera's double
u-metal shield. This la*ter possibility was not even suspected until
a post-mortem examination revealed the presence of a number of small
tears caused by the process of expanding the shield from its folded
state.

The ratio of the internal fields 100 cm below the top of the super-

conducting shield before and after transportation was on the order of

23




50 to 1 whereas the field measured in the author's u-metal shield
was 2.5 mG as compared to 0.25 mG in Cabrera's shield, yielding a
ratio of only 10 to 1. It may still be possible, though, that the
fringing mechanism was solely responsiblc for what was observed
because of a non-linear effect arising from the additional magnetic
loading of the p-metal shield by the presence of a large perfect
diamagnet--the superconducting shield. A single p-metal shield is
near saturation in the earth's magnetic field but the inner shield
of a nested set is not. Thus it could be possible that the leakage
field inside the superconducting shield would not scale linearly with
the fields measured in the empty u-metal shields.

If it were possible to locate the sample cell in the minimum
field region (60-70 cm from the top), this situation would not have
been particularly troublesome. Unfortunately, however, the cryostat
probe was designed and constructed with the intention of locating the
sample cell near the bottom of the shield. As a consequence, stainless-
to-copper transitions which occurred in internal tubes in the cryostat
probe were located too high in the probe to allow the sample cell to be
placed in the minimal field position. Attempting to locate the sample
cell in the minimal field region would result in an unacceptable heat
leak and excessive helium consumption. Since it was feared that the
magnetic field would continue to increase below the lowest measured
point, it was decided to position the sample cell at the 100 cm point
where the helium consumption was acceptable. Almost all of our data
were taken at tuis position.

It was necessary therefore to locate the sample cell in an ambient

24
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field of a few microgauss. Since the direction and homogeneity were
not very well known, most of our data were taken in applied fields
which were at least a factor of ten larger than the ambient field.
The applied field was generated by the Helmholtz coils depicted
schematically in Fig. 2.1. Ambient-field estimation is discussed in
Section 2.2.6.
2.1.2 Optical Pumping Apparatus and Procedure

The physical principles involved in the nuclear polarization of
He3 by optical pumping are amply discussed in the original paper by

4 They also discuss a number

Colegrove, Schearer, and Walters (CSW).1
of practical aspects such as sample preparation, pumping bulb cleaning,
monitorihg the absorption of the resonant 1.083 um light, circular
polarizer construction, and the advantage of a He4 (rather than He3)
lamp to provide resonant pumping light.

The optical pumping apparatus is depicted schematically in Fig.
2.3. The optical pumping cell and lamp were slightly modified versions
of units that had been designed and built for another application. The
optical pumping system was designed to accomodate two pumping lamps,
one above, and one below, the optical pumping cell. In actual practice,
however, only one was ever used.

The optical pumping cell was a cylindrically shaped Pyrex bulb
having 2 in diam X 6 in external dimensions and an internal volume of
~ 300 cm3. The weak electrodeless discharge in the optical pumping
cell (necessary to populate the metastable 238l state) was excited by
a power oscillator at a frequency of ~ 600 kHz.

The pumping lamp consisted of a linear discharge tube (with
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reservoir) and a cylindrical mirror, both of the same length as the

pumping cell. The lamp was driven by a radio amateur transmitter
at 13.56 MHz (industrial frequency).

The progress of the optical pumping process was monitored by
use of the absorption monitor shown in Fig. 2.3. This is the same
technique originally used by CSW and relies on the close coupling
between the nuclear polarization of the ground state atoms and the
polarization of the metastable atoms which are responsible for the
absorption of the resonant 1.083 um light (2381 - 23P). To relate
the polarization to the light absorption, we used the expression

given by Greenhow,35

AL/1 P(15 - 10P + SPZ)/(6 + 2P2)

14

5p/2, if P << 1,

where P = (N+ - N_)/(N+ + N ) is the ground state polarization, I is
the intensity of the light absorbed by the metastable atoms, and Al
is the change in the absorbed light intensity that occurs when the
polarization is destroyed. In actual practice, we made polarization
measurements by adiabatically reversing th: magnetic field (~ 10 G,
generated by 3 ft diam Helmholtz coils) for a few seconds and then
returning it to its original direction. In this case the change in
light absorption was 2AI when P << 1.

The absorption monitor shown in Fig. 2.3 should be discussed
briefly. Light was sampled by two glass prisms coupled to two glass
fiber optic bundles, one viewing the lamp directly, the other viewing

the lamp through the optical pumping cell. This was done to make the
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optical pumping assembly as compact as possible. Light from both of
the fiber optic bundles were then passed through the same interference
filter so that only 1.08 um light reached the PbS photodetectors.

The lamp rf drive and consequently the lamp intensity were amplitude
modulated by a 500 Hz signal from the reference oscillator of a lock-
in amplifier. Modulation depth was kept small in order to avoid non-
linear effects from the lamp which occur when the rf level drops too
low. The outputs of the photodetector were then coupled into the dif-
ferential inputs of the lock-in preamplifier. By making small adjust-
ments in the light-collecting prisms, the lock-in output can be nulled
and small changes in the absorption can be detected while small changes
in the lamp intensity are rejected.

The total 1.08 um absorbed by the metastable atoms in the pumping
cell is on the order of 1-2% depending on the weak discharge level.
Since we v e interested in the value of 4I/I, however, it is not
necessary to accurately know the absorption coefficient and the monitor-
ing system was not intended for that purpose.

It should also be noted that there was a price to be paid for the
compactness of the fiber optic scheme: The overall optical efficiency
of the system was quite low and as a consequence the signal-to-noise
ratio was inferior to the value that would be obtained in a more :=on-
ventional system.

In actual use the optical pumping system performed adequately.
When operated in isolation, 10% polarizations were typically obtained.
When it was assembled together with the cryostat probe and operated

in its working position (about 15 in above the dewar top), 5% polariza-




tion that could be achieved. A possible reason for this degradation
in performance was the reduction in magnetic field homogeneity due

to the nearby u-metal shield around the outside of the dewar. It

was discovered, however, that a 5% initial polarization yielded a
condensed sample magnetization that was quite adequate for our purpose
(see Sec. 4.1.1 of Chapter 4). Hence, no further efforts were made

to improve the optical pumping system performance.

2.1.3 Gas Handling and Purification

The gas-handling and purification apparatus consisted of two
major parts. The first part is a gas-handling table. It was origin-
ally designed for the purpose of producing sealed-off He3 optical
pumping cells and thus included vacuum pumps (mechanical and air-cooled
diffusion pump), pressure gauges (oil manometer, tnermocouple, and ion-
ization), gas storage bulbs (Hes, He4, HZ’ etc.), an activated-charcoal
trap that was cooled by liquid nitrogen, and a calibrated leak. The
He4 and Hz,were useful for cleaning glass surfaces by means of a hot
rf plasma discharge.

This system was modified by the addition of a stainless steel
flexible hose with 0-ring sealed quick-coupler that allowed connection
to the second, remotely located, part of the gas handling system.

The second part of the gas handling and purification system con-
sisted of that portion in proximity to the optical pumping cell. In
an earlier version, this consisted simply of an additional LNz—cooled
charcoal trap, an ionization-gauge tube and 1 cm-bore va.uum stopcocks

for the charcoal trap. This system was all glass and when carefully

cleaned achieved 10-7 Torr. The additional trap served as both an
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additional purifier for the helium and as a sorption pump for other
gases and vapors. In our most recent version of this part of the
apparatus (Fig. 2.4) two changes were made: 1) Viton-sealed stain-
less steel bellows valves and tubing were used, and 2) a He4 superleak
purifier and a 1 liter He4 storage volume were added.

The change to stainless steel was motivated primarily by safety
considerations. In particular, the large bore vacuum stopcocks with
vacuum cups for plug retention eventually require excessive amount
of torque as a result of slow extrusion of the vacuum grease, and they
consequently become liable to breakage. In addition, the He4 storage
container would potentially be a hazard if it were made of glass since
it would be subjected to several atmospheres of pressure. The stainless
plumbing and ionization-gauge tube were located outside the large Helm-
holtz coils that provided the magnetic field for the optical pumping in
order to keep ferromagnetic parts away from the optical pumping cell.
Only glass plumbing was used inside these field coils.

The price that had to be paid for the ruggedncss ¢© the stainless
plumbing was a poorer quality vacuum. The base pressure for this system
was 2 X 10_6 Torr. The stainless could not be plasma cleaned, and with
the presence of Viton seals, could be subjected to only very mild
(150° C) bakeout temperatures. CSW estimated that a vacuum system
capable of an ultimate pressure well below 10—4 Torr should be sufficient
for optical pumping of Hes, however, and as we have noted, our optical
pumping system performed adequately.

In order to purify the He4 needed for our experiments, it was

elected to construct a Vycor superleak purifier. Since we were going
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to be studying dilute Hes-liquid He4 mixtures, it was obvious that

the purity of the He4 would be of greater importance than that of the
Hes. Of greatest concern was contamination by molecular oxygen since
it exhibits electronic paramagnetism. As will be noted in the next
chapter, the interaction with an electronic spin is approximately 106
times more effective in inducing nuclear relaxation than is the inter-
action with another nuclear spin. Since most of our experiments had
He3 concentrations in the neighborhood of 1 part in 103, the O2 concen-
tration in the He' should be kept below 10-9,

Our design of the superleak purifier was based on data published
by Brewer, Champeney, and Mendelssohn36 on superfluidity of He4 in
porous Vycor (Corning Glass No. 7930). Details of the purifier design
are shown in Fig. 2.5.

The Vycor disc (0.050 in thick x 0.30 in diam) was sealed with
indium and clamped by pressure exerted by a stack of loaded stainless
steel Belleville spring washers. Indium was also used on the unsealed
side in order to provide cushioning. The spring washers were compressed
sufficiently to provide ~ 30 1b of clamping force as estimated from the
manufacturer's specifications. This was approximately ten times the
maximum force that would occur from gas pressure on the clean side of
the purifier so that there was no danger of the Vycor button becoming
unseated during use.

The operation of the superleak was straightforward. The 1% in i.d.
glass helium dewar which was used with the superleak was filled with
liquid helium and then cooled through the lambda point by pumping on

the bath. At the same time the superleak tube was open to the storage
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container and was being pumped on by the small mechanical pump asso-
ciated with the gas-handling table. In order to prevent back stream-
ing of pump o0il vapors, this pump was throttled sufficiently to keep
pressure .n the pumping line above 0.2 Torr. When the onset of super-
fluid flow occurred in the Vycor (at a temperature well below the lambda
transition in the bulk liquid) a rapid rise in pressure was noted in the
pumping line and the valve to the small pump was closed, leaving the
superleak open only to the storage container. Pumping on the bath was
continued until 10-15 minutes had elapsed after minimum bath pressure
was reached. This allowed ample time for the liquid levels to equili-
brate.

After this point the pump was shut off and the dewar backfilled
with an atmosphere of helium gas. The bath was then boiled away by
inserting a copper rod into the dewar. After a short delay, the liquid
in the superleak tube would also vaporize and start to warm up. When
the pressure in the storage volume reached a presct value, the relief
valve (see Fig. 2.4) would fire and the valve between the superleak and
the storage container would be closed. This completed the purification
procedure.

In actual use, the superleak worked quite reliably. In order to
obtain greatest consistency in performance, however, it was found to
be helpful to maintain the Vyccr in a helium atmosphere when it was
not in use. Since exposure of a glass dewar to helium at room tempera-
ture will quickly cause the thermal vacuum to become soft, it was
necessary to replace the dewar with a brass can between purification

runs. Exposure of the Vycor to a normal atmosphere between purification
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runs was found to gradually reduce the flow rate of superfluid through
the superleak and thus require longer equilibration times. Since
porous Vycor is known to be hygroscopic (it can be used as a dessicant)
it was speculated that water adsorptioﬁ was responsible for a reduction
in the average pore size.

As a rough check on the purifier, a sample of the purified helium
was sent to an analytical lab37 for mass spectrometer analysis. All
impurities were found to be below the limit of detectability: 1 ppm,
except for water and hydrogen which had 3 ppm detectability limits.
2.1.4 Magnetometer and Electronics

A block diagram of our magnetometer system is shown in Fig. 2.6.
Both the SQUID sensor and the mode of operation of the sensor in a mag-
netometer system are virtually identical to those described by Zimmer-
man, Thiene, and Harding,21 and Giffard, Webb and Wheatley.22 For this
reason, we will discuss only those aspects of our system which may be
unique or upusual.

The SQUID sensor and the sample cell were separated by - 20 cm
in order to minimize the effect of a relatively large piece of niobium
on the sample magnetization. The two were coupled by the superconduct-
ing input circuit which was made entirely of 0.002 in diam insulated
niobium wire. Coupling to the sample cell was accomplished with a
6-turn, 1.07 cm diam coil wound in a V-groove on a Delrin38 form. For
maximum coupling efficiency, the inductance of this coil (~ 1 uH) approx-
imately matched the inductance of the signal ccil mounted in the SQUID.

In addition to these two coils, there was a small series inductance

consisting of one turn around a 2.8 mm diameter close-wound solenoid of
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of no. 40 copper wire. This solenoid carried the feedback current
from the magnetometer electronics and allowed the magnetometer to be
run in the ''current nulling"39 mode that was briefly described in
Chapter 1. The feedback resistor was selected to yield 2.5 V at the
output per flux quantum in the SQUID.

The superconducting input circuit was also equipped with a heater
as shown in Fig. 2.6 which could be used to drive a small portion of
the circuit normal when necessary.

All together, the SQUID magnetometer system had an estimated

3

total equivalent input flux noise of ~ 2.5 x 10-4 ¢o Hz ® where

6, = 2.07 x 1077 G cm® = 2.07 x 107> Wb is the quantum of flux in
the SQUID. By using the vertical Helmholtz field coil calibration
of 1.45G A-1 (the source of this number will be discussed in Sec.
2.2), and by measuring the amount of current into the vertical field
coil that was necessary to produce a quantum of flux in the SQUID, it
was determined that 10.5 uG of uniform field normal to the plane of
the pickup coil produced one ¢o in the SQUID. Thus the equivalent
magnetic field noise of the magnetometer referred to the pickup coil
-3 x107° ¢ HzF.
After some initial experimental trials involving the actual obser-
vation of the magnetization of the polarized He3, it became apparent
that it would be very useful to add some specialized electronics beyond
the basic magnetometer system. In particular, it was decided to add
some circuitry which would sense the currents being applied to the

field coils and then supply proportional currents to the feedback trans-

former in such a fashion as to make the magnetometer virtually insensitive
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to the applied magnetic fields.

The primary reason for this decision was due to the manner which
was selected to measure the sample magnetization. This technique,
which will be discussed below, involved suddenly shifting the direction
of the applied field by switching on the horizontal field coils, and
then observing the resulting precession of the magnetization with the
magnetometer. Since the pickup coil was nominally orthogonal to the
horizontal field, the magnetometer was not very scensitive to the hori-
zontal field component. Thus, as long as the sample magnetization was
large, this technique presented no problems. When the magnetization
signal became small compared to the signal due to stray coupling between
the horizontal field and the coupling circuit (but was still large com-
pared to the noise), however, it became both difficult and a nuisance
to adjust the chart recorder gain and offset so that a useful record
could be obtained.

Thus a compensation circuit was clearly useful for the purpose
of eiiminating the magnetometer responsc to the horizontal field coils.
In addition, it was decided to build a compensation circuit for the
vertical field coils for additional operating convcnience. Block dia-
grams of these circuits are shown in Fig. 2.7. TFor details on these
types of circuits, the reader is referred to any standard reference on
operational amplifier applications.40 The circuits which we built were
capable of handling up to about 10 mA and had bypass switches in case
compensation was not desired.

2.1.5 Cryostat Prcbe

The outer jacket and primary structural member of the cryostat
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probe was a 66 in X 4 in o.d. x 1/8 in wall tube made of G-10 glass-
epoxy laminate. This material was chosen because of its low thermal
conductivity, good mechanical properties, and nominally non-magnetic
character. Aluminum flanges were attached'on the ends of this tube
with epoxy adhesive. A sliding aluminum flange with a rubber O-ring
seal was captive between these end flanges and served to mate to the
dewar top-plate. This allowed the probe‘to be slowly lowered into
and withdrawn from the liquid bath while preventing convective mixing
between the helium vapor and normal atmospheric gases.
The sample cell, field coils, and magnetometer were housed in a
demountable aluminum can which bolted to the lower G-10-tube flange
with an indium seal. The primary function of this can was to provide
mechanical protection for the internal apparatus. Aluminum was chosen
because it exhibits very low remanent magnetization at low temperatures.l7
The sample bulb and a portion of the capillary fill line together
with the coil assembly are shown in Fig. 2.8. The fill linc was a nom-
inal 0.5 mm-bore Pyrex capillary with a ~ 0.1 mm-bore constricted sec-
tion 1 cm long just above the sample cell. This constriction was included
in order to limit diffusion in and out of the sample cell after it had

been filled with liquid. The sample cell was blown out of Pyrex and had

an outside diameter of ~ 9.5 mm and an estimated inside diameter of 9 mm.

After the capillary and sample bulb had been connected to the opti-
cal pumping svstem, but before the rest of the probe was assembled, the
capillary and sample cell were subjected to a plasma cleaning procedure.
This involved filling the capillary and sample cell with 10 Torr of

clean helium and then s.multaneously torch baking with a soft flame
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and igniting a plasma discharge in the helium with a hand-held tesla
coil. The helium was then pumped out while this process was continued.
This whole procedure was repeated several times until no further pro-
gress was noted in the purity of the helium spectral lines emitted

from the discharge as observed with a pocket spectroscope. In addition
to the plasma cleaning, this technique has the advantage of flushing
out impurity species since at 10 Torr pressure, the helium is well 1in
the viscous flow region even in the 0.1 mm-bore constriction.

The coil assembly shown in Fig. 2.8 held both the vertical and
horizontal field coils as well as the pickup coil. The entire assembly
was made of unpigmented Delrin with the exception of the small picces
of RTV silicone rubber shown and natural Nylon screws.

It should be noted that the entire coil assembly was supported by
the fill-line capillary and an additional glass capillary which served
only as mechanical support. The assembly was clamped on the capillary
with the RTV silicone rubber acting as a cushion. This was done in order
to keep the coils centered on the sample bulb regardless of differential
thermal contraction between the glass capillary and the rest of the cryo-
stat probe. It was considered prudent to avoid subjecting the capillary
to the stress that would occur if both ends were clamped with respect
to the G-10 housing. This technique was not totally successful as will
he discussed in Chapter 4.

The vertical channels in the Delrin block were included in order
to allow the exchange gas to convectively cool the sample cell during
the condensation of the HeS-He4 mixture.

Both the vertical and horizontal Helmholtz coils consisted of a
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total of 12 turns of no. 40 copper wire wound in V-grooves machined

in Delrin coil forms. The two halves of each Helmholtz pair were
wired in series but with center taps so that the current in exch half
could be controlled separately if desired. This made it possible to
feed current in opposition to the two halves so that a known magnetic-
field gradient could be applied to the sample.

The vertical coil pair had a 7.09 cm diamcter yielding a calculate:
field-to-current ratio of 1.52 G A~1 and a maximum variation of the
axial-field component of ~ + 3 x 10_4 over the sample volume. The hori-
zontal pair had a diameter of 8.10 cm yielding a calculated field-to-
current ratio of 1.33 G A_l and a somewhat better uniformity than the
vertical pair.

Becausc of the presence of the superconducting shield, however,
these numbers can only be approximatc. By considering the superconduc<-
ing shield to be spherical, it is not difficult to see that the correc-
tion to the magnitude of the magnetic field is on the order of (a/RS)S,
where a is the radius of the coil and RS is the radius of the shield.
(This result is obtained in Appendix ( as a part of the more general
calculation needed for Chapter 5.) 1In our present case this correction
amounts to an effective reduction in the ficld-to-current ratios by
~ 5%. Since the nuclear gyromagnetic ratio of He3 is accurately known,
these ratios were experimentally determined (see Sec. 2.2.5) and were

L for the vertical pair and 1.27 G A"l for the

found to be 1.45 G A~
horizontal.
Only the horizontal coils were used experimentally to generate

field gradients. The gradient generated by a Helmholtz pair fed in
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opposition is given by41
- 2
(3B,/3x) _ = 48mNI/(125 /5 a%) , (2.1)

where x is the axial coordinate for the horizontal pair, N is the
total number of turns, and a is the cylindrical radius of the coils.
In this expression, the current is in amps. dimensions are in cm, and

the field is in Gauss. Numerically (2.1) yields (BBX/Bx)xzo -

= 0.394 G cm-1 A_l for the horizontal pair. The lowest order relative
gradient error is second order and is expected to cause a maximum
variation of *+ 4% over the sample volume. It can be shown that the
effect of the superconducting shield on the gradient is small--a
reduction on the order of (a/RS)5 which is ~ 1% in the present case.
In addition to the field coils for the sample cell, a 2.5 cm diam
solenoidal winding having a pitch of 7.87 turns em™ ! (9.9 G A-l) was
provided for virtually the full length of the fill capillary. This
solenoid was used only during the sample filling process in order to
prevent the possibility of exposing the polarized He3 to any non-

adiabatic variations in magnetic field.

2.2 Experimental Procedures

2.2.1 He4 Requirement

The He4 pressure in the optical pumping bulb prior to condensation
of the mixture is determined by the setting of the relief valve used
to limit the pressure of the purified Hc4 in the storage volume.
Initially it was thought that the proper He4 pressure would be that

which was sufficient to just fill the sample cell. It was estimated
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that ~ 2 atm of He4 in the optical pumping cell would accomplish this.
There was some concern, however, about how long the filling time would
be under these circumstances. A long filling time was considered to
be undesirable because of the possibility that it could become a sig-
nificant fraction of the He3 wall-induced relaxation time in the 0.5
mm-bore capillary with its large surface-area-to-volume ratio.

As a consequence, a dummy apparatus consisting of the sample cell
and its constriction, a helical segment of 0.5 mm-bore capillary hav-
ing the same length as the fill line in the cryostat probe, a spare
optical-pumping cell, and two stopcocks was constructed. This dummy
apparatus was sufficiently compact to allow the sample bulb and helical
fill line to be immersed in a liquid helium bath in a small glass dewar
so that the filling process could be visually observed. It was found
that although the sample cell initially filled quite quickly (~ % full
in 10 sec), the upper 1/3 of the cell was very slow to fill. This was
probably due to two factors: 1) the drop in the pressure in the pump-
ing cell, and 2) the greater wall thickness of the sample cell in the
top portion (see Fig. 4.5 for an enlarged schematic depiction of the
sample cell). This latter factor meant that the path of lowest ther-
mal resistance was through the bottom of the cell. This situation
could lead to stratification of the liquid and slow thermal relaxation
of the upper portion of the sample cell.

It was found, however, that if an initial pressure of 2.7 atm was
used, the sample cell would fill quite quickly (~ 20 sec). Although
this pressure would eventually lead to the liquid-vapor interface being

somewhere in the fill line, it was not judged to be a significant
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problem, and this figure was adopted as standard. It was then experi-
mentally determined that a pressure of 4.9 atm in the He4 storage
volume would be quite sufficient to yield 2.7 atm in the pumping cell.
The relief valve was then set to this value. According to manufactur-
er's specifications, the cracking pressure of the relief valve is sub-
ject to a 5% variation.

2.2.2 H63 Density

The range of He3 concentrations that can be used is constrained
by the limited pressure range over which the optical-pumping process
is capable of producing a useful polarization. Given the fact that
this process works in the vicinity of 1 Torr pressure, it was estimated
that Hes-He4 ratios on the order of 10_3 would be obtained at 4.2 K.

In making this estimate, it is important to note that in dilute mix-
tures of He3 in He4 under the saturated vapor, CV/CL = 1.4 at 4.21 K,
where Cy is the He3 concentration in the vapor and CL is the concentra-
tion in the.liquid.42 Thus, since the density of He4 at NBP is approxi-
mately 7.5 times that of the saturated vapor,43 the He3 number density
is approximately 5 times greater in the liquid than in the vapor. This
leads to a considerable increase in the He3 density over the value that
would be obtained if no He4 or only He4 gas were used.

Because of uncertainties involved in making a priori estimates of
the He3 density in the sample cell, it was decided that a measurement
of the Hez-He4 ratio should be made. After one of our experimental
runs where 1 Torr of He3 had been originally loaded into the optical
pumping bulb (this was a typical value), the vapor in the pumping cell

was pumped out and discarded and the liquid sample was then withdrawn
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into a sampling vessel for mass spectrometer analysis. The results37
showed the He3 concentration to be 6.9 x 10'4. This corresponds to a
molar density of 2.2 x 10°% mol cem™> which is equal to the density of
0.48 atm of an ideal gas at STP.

In those few experimental runs where the initial He3 pressure
was other than 1 Torr, it was assumed that the He3 density in the
sample cell mixture was directly proportional to the initial He3 pres-
sure. This pressure was measured with an oil manometer which could be
read to + 0.05 Torr.
2.2.3 Start-up Procedure

If a cryogenic wall coating (e.g., hydrogen, or argon) was to be
used, or if it was necessary to remove the cryogenic wall coating from
the previous run, the first step in the start-up procedure was to pump
out the sample cell while the cryostat probe was at room temperature
and backfill with an appropriate pressure of the wall-coating gas. The
stopcock at the top of the capillary was then closed off and the -obe
was cooled down by slowly lowering into the dewar. A generous amount
(1 atm at room temperature) of helium exchange gas was kept inside of
the probe. The cooldown process usually took about two hours. The
heat capacity of the probe was sufficiently small that it usually dis-
placed more liquid helium than it boiled off, and the liquid level in
the dewar would typically be two to three inches higher after the probe
was fully lowered than at the start.

After the cryostat probe was in position in the dewar, the pumping
cell was cleaned and loaded with Hes, and the He4 storage tank was

pressurized with purified He4. The optical pumping apparatus was then
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checked. If an acceptable absorption signal was obtained the run was
then begun.

Before condensation of the sample, the magnetic fields were set
as follows: optical-pumping Helmholtz coils, 10 G; capillary solenoid,
1 G; sample cell vertical coils, 0.1 G. Care was taken to insure that
all of these fields had the same polarity. After the He3 was polarized,
the weak discharge was turned off and the high pressure He4 was admitted
to the pumping cell by briefly opening the appropriate stopcock. The
Hes—He4 mixture was then condensed into the sample cell by opening the
capillary stopcock. This stopcock was left open during the duration
of a run so that the pumping bulb could act as a ballast volume. This
prevented large increases in pressure in the sample cell due to changes
in the temperature profile along the cryostat probe as the heliim bath
level fell during normal boil-off.

It was usually possible to monitor the condensation process with
the magnetometer. A typical condensation curve is shown in Fig. 2.9.
The magnetometer invariably lost lock at the start of the condensation,
probably due to the large thermal impulse. If the magnetometer was

immediately reset, however, the buildup of the magnetization due to

e e e——————————

accumulation of liquid could be clearly observed. Buildup of the mag-
netization usually ceased after about three minutes. After about five
minutes, all magnetic fields were turned off except for the field at
the sample cell which was reduced to a few mG.

In the early runs an exponentially decaying signal having a time
constant on the order of minutes was noted soon after condensation.

It was determined that this signal was not due to nuclear relaxation
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Fig. 2.9 Typical condensation signal.
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of the Hes. and it was therefore attributed to magnetometer drift due
to thermal relaxation of the interior of the cryostat probe. Subse-
quently a one hour equilibration time was allowed at the beginning of
a run before any data was taken. This was done not only for the sake
of reducing magnetometer drift but also for the sake of allowing the
He3 density in the sample to equilibrate.
2.2.4 T, Measurement Procedure

Most of our measurements were of the longitudinal nuclear relaxa-
tion time. In principle, this measurement could be made by simply
monitoring the decay of the sample magnetization with the magnetometer
as it remained aligned in the applied field. In practice, however,
because the nuclear relaxation times were generally quite long and the
potential for magnetometer drift due to thermal effects existed (par-
ticularly during and after a helium transfer), we elected to use a
transitory precession technique for measuring the magnitude of the
magnetizatipn.44 The dc output of the magnetometer was useful as a
guide to deciding when to make the precession measurements.

The transitory precession technique is shown schematically in

" Fig. 2.10. In order to make a precession measurement of the magnet-

ization, the vertical field go = Boﬁ was first adjusted to a standard

value B__ = 55 uG. Then a horizontal field B._ = B was switched on
34 sX sz

causing a sudden shift in the direction of the applied field by 45°.

The magnetization would then precess in a cone having a half-angle of

45° at a frequency (V2 Y/2m)B_, = 0.25 Hz. The output of the magneto-

meter, which was recorded on a chart recorder, would vary sinusoidally

with an amplitude directly proportional to the magnitude of the magnet-
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Fig. 2.10 Diagram of the transitory precession technique used to
measure the magnitude of the sample magnetization.
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ization. After two complete cycles had elapsed, BSx was switched

off, leaving the magnetization once again aligned with Bsz' Examples

: of the chart recorder output from two sequential precession measure-
ments are shown in Fig. 2.11.

The magnitude of BSZ was chosen to be sufficiently small that
BSx could be switched manually, yet still be much larger than the
ambient field.

It should be noted that it was not essential that the field be
shifted by 45° as long as the angular shift was the same from one
measurement to the next. This was a convenient choice, however, for
the following reason: Because of a gradient in the ambient magnetic

field (this will be discussed in detail in Chapter 4) the magnitude ]

of the average magnetization decayed somewhat during precession due
to dephasing. This loss in magnetization is clearly seen in Fig.

2.11 as a baseline offset that remained after ng was switched off.

In order to estimate the relaxation time, it is necessary then
to compare the initial magnetization of one measurement with the final

magnetization of the preceeding one. Since the precession cone had 3

a half-angle of 45°, however, it was possible to estimate the initial
magnetization (with sufficient accuracy for our purposes) by measuring
the height of the first peak wtih respect to the inifial baseline, and
to estimate the final magnetization by measuring the height of this
peak with respect to the final baseline.

Thus, if S . is the height of the first peak with respect to the

nf

final baseline in the n-th measurement, and S is the height of

n+l,i

the first peak with respect to the initial baseline in the (n+1)-th
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Fig. 2.11 Typical data record of two sequential measurements of the
sample magnetization using the transitory precession
technique. The time between measurements, At,, ranged
between one hour and more than a day depending on the
estimated relaxation rate.
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( measurement, then the longitudinal relaxation time between these two

. measurements is

t
| _ -1
Ty = Ae [0S /S D1

where Atn is the time interval between the measurements. The use of

this expression obviously assumes that the decay of Mz is exponential
in time. Corroboration of this assumption will be shown in Chapter 4.
The effect of dephasing due to a magnetic field gradient is shown
schematically in Fig. 2.10 as a slight inward spiralling of the trans-
verse component of ﬁ. J
2.2.5 Full Free-Precession Decay Measurements
It was occasionally useful to use the precession technique where

the transverse component of the magnetization was allowed to decay to

zero. There were two reasons to do this: 1) it yielded a reasonably
accurate measurement of the average field over the sample volume thereby
allowing calibration of the field coils, and 2} it permitted an estimate

of the average field gradient to be made. The relationship between the

waveform obtained in a free-precession decay and the magnetic field
profile (or shape factor) will be noted in general terms in Chapter 3. j
The procedure that was used to make the average field measurements i
started exactly as was described in the previcus section. In order to
make a more accurate frequency measurement, however, Bsx was left on
and the transverse magnetization was allowed to decay to zero. Fig.
2.12 shows an example of such a decay. Since the applied fields are
much larger than the ambient field, the precession rate is approxi-

- > N > . - . > .
mately |wo| = Y(IBS| + B + 8), where B is the ambient field, B_ is
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X the applied field, and s = ES/IES[.
‘( The process of suddenly switching the applied field and letting
' the transverse magnetization decay to zero while recording the waveform
of Mz was carried out in the following sequence: Bszi *(Bsxf + Bszﬁ)*
Bsxi +(- Bsx§)+(- Bsx§ - Bszﬁ)+(- Bsxi). (The field reversal step
Bsxi +> - Bsx{ caused a precession of small amplitude that was not
recorded.) The precession frequencies obtained when Es = Bsxi and
ES = - Bsx; were averaged in order to eliminate the effect of Bax'
In this way, the horizontal pair of field coils were directly cali-

| brated. Similarly, the frequencies obtained when ES =+ (Bsxf + Bszf)
| were averaged, and the vertical field coils could be calibrated by
vector subtraction of Bsx' No precessions about the z axis were used
since the pickup coil was only sensitive to the z component of M.

The field calibration obtained for the vertical coils was 4.5%
lower than that expected for Helmholtz coils in free space, and simi-

larly the calibration for the horizontal pair was 4.9% lower than the

calculated value. As has been noted, these discrepancies are consis-

tent with the estimated effect of a 8 in diam superconducting shield.
It is also possible that dimensional changes between room temperature
and 4.2 K could play a role although this would presumably cause the
field level to increase rather than decrease.
2.2.6 Ambient Field Estimation

It was useful for us to make an experimental estimate of the
magnitude of the ambient magnetic field at the sample cell indepen-
dently of Cabrera's measurements.17 There was a possibility that

remanent fields associated with our cryostat probe could have a sig-
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nificant impact on the ambient field. Once the magnitude of this
field was known, the applied fields could be kept sufficiently large
so that the effect of the ambient field would be minimal.

The technique that was used to estimate IEaI was to suddenly
turn off Bo and allow the sample magnetization to slowly precess in
the ambient field. This was done in several different experimental
runs, typically near the end when the signal-to-noise ratio was becom-
ing marginal. A typical example is shown in Fig. 2.13.

The ambient field was not sufficiently homogeneous to make this
a very accurate measurement as can be seen in this figure. It can be
estimated from these precessional decays, however, that the ambient
field was on the order of 3 uG. This compares to a value of 5 uG

obtained by Cabrera.
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Fig. 2.13 Precession and decay in the ambient magnetic field
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CHAPTER 3

THEORY OF H93 NUCLEAR RELAXATION |

Nuclear relaxation is the process of thermal equilibration
between the nuclear degrees of freedom and those of the lattice.
The random thermal motions of the lattice coordinates are coupled to
the nuclear spins through the spatial and angular variation of various
nuclear electromagnetic interactions. letails of this process depend
on the initial state of the system, the presence of externally applied

fields, electromagnetic moments of the nuclear species involved, and

the nature of the lattice.
For the specific case at hand, thesc various attributes can be

characterized as follows:

PR

‘ 1) The nuclear spins are initially preferentially oriented, 7.e.,

polarized, such that the sample has a macroscopic magnetiza-

5 :
tion. 5
2) The applied uniform magnetic field, go’ will be considered i
to be of arbitrary magnitude (including zero) but in any case !
will be sufficiently small that the equilibrium magnetization,
ﬁo’ is completely negligible.
) 3) The nuclear species is spin-% with only a magnetic-dipole
moment .
4) The nuclei belong to a monatomic specics in a classieal
liquid or gas. The lottice can be considered to be a true
thermal reservoir.
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As was noted in the first chapter, the specific magnetic interactions
include the HeS-He3 dipole-dipole interaction, the Hes-magnetic gradi-
ent interaction, and Hes-foreign spin dipolar or séalar interactions.
In this chapter, we will review the theory of nuclear relaxation
in sufficient depth to deal with the physical circumstances described
above. The general theory will first be discussed and applied to a
simple example. We will then review some of the theoretical models
that have been developed to deal with gradient-induced, intrinsic,

and wall-induced relaxation of He3

3.1 General Theory

We will now briefly summarize the semi-classical formulation of
spin-relaxation theory in liquids and gases as discussed by Abragam.1
We will also follow his notation in most cases.

In the semi-classical formulation, the spin system is described
quantum mechanically by use of the density matrix with its equation
of motion, while the lattice coordinates are introduced into the Hamil-
tonian as classical stationary random functions of time. A suitable

*

ensemble average can then be made to obtain the desired result.

The Hamiltonian for the spin system is written

hi = h[H_ o+ H ()],

*

It will be recalled that the spin density matrix represents an average
over an ensemble of spins or spin systems. The equation of motion must
then be averaged over an ensemble of lattice systems in order to take
into account the statistical nature of the lattice coordinates. A full
quantum treatment would describe both the lattice and spin systems with
a single density matrix.
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where hHo = - E . B = - yh? . E

o o The perturbation Hamiltonian, hHl,

is assumed to represent a stationary random interaction with a zero-
mean expectation value. If a physical situation arises where this
latter assumption does not hold, HO can be redefined to include the
non-zero mean of the perturbation.

The equation of motion for the spin density matrix operator p(t)

is
i dp/dt = [H,p()].

In the interaction representation (denoted by an asterisk), this

becomes
* * *
idp /dt = [Hl(t),o (t)],

where an arbitrary Schrodinger operator Q(t) is converted to the inter-
action representation by the expression
. id v -if t
o
Q(t) =e Q(t)e
We note that working in the interaction representation is equivalent in
this case to working in a frame of reference rotating with an angular
> > i
velocity Wy = - YBO. (It should be remembered that this applies only
to the spins. That is, the position coordinates are not transformed
by Ho.)
If we now assume that the perturbation H,(c) is characterizable
by a correlation time T and most importantly that Te is sufficiently
* %* * *
short that p (TC) - p (0) << p (0) for all matrix elements of p , then

it can be shown that1
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dp*(t)/dt = -/dT [H;(t),[H;(t - 1), o*(t)]], [3.1]
[o]

*
where the bar indicates a lattice ensemble average. The bar over p

*
will henceforth be omitted and it will be understood that p (t) will
refer to an average of spin density matrix operators. It should be

emphasized that equation [3.1] is valid only only on a scale of times

that are much longer than T

*
The requirement that p changes very little in a time interval

X -

Te implies a sufficient condition that ]Hllsz << 1. This condition

is called the '"motional narrowing' condition because of the effect it
has on NMR linewidths. Although the motional narrowing condition is
necessary for general validity of the theory, there exists a narrow

context in which it may be replaced by a different requirement. This
point will be discussed in the section on gradient-induced relaxation

(Sec. 3.3).

Of course, one is generally not interested in the motion of the
density matrix itself but rather in the motion of the expectation values
of the observable variables, which may be calculated from the density
matrix. Thus, if Q is an operator representing an observable of

interest, then

Q> = Tr(eQ),
and
d<Q>/dt = Tr[(dp/dt)Q],

where Tr signifies the trace of the following operator. Since the

motion of p in the Schrodinger representation (lab frame) includes
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. . » s > I3 .
the precessional motion around the static field Bo, it is actually

more convenient to calculate a different expectation value:

%* * *
<Q> = Tr(p Q), where Q is still a Schrodinger operator and p is

*
in the interaction representation (rotating frame). <Q> is the
value of Q that would be measured in the rotating frame where only

*
the motion due to the perturbation Hamiltonian Hl is seen. Hence

d<Q>" /dt = Tr[(dp /dt)Q], [3.2]

where it is assumed that Q is a time-independent Schrodinger operator.

Deist

By combining [3.1] and [3.2] we have

a<Qr /dt = - <A> [3.3)

where

A =/ dT[HI(t - T),[HI(t).Q]]- [3.4]

(o}

3.2 A Simple Example

As an illustration of the foregoing, we will apply the general
theory to a simple model. In this model, we consider the disorienta-
tion produced by subjecting a spin to an externally applied random ;

magnetic field, gl(t). The Hamiltonian is then

hi = hHo + hHl(t),
where

Ho = - YBI, = wpl,, vy = - YB,»

H = - YI . El(t) - Y%Blt_q)(t)l(q),

and

+ -
B, (t) = 0.
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In the latter expression for Hl(t)’ we have used spherical vectors:

s(t1) _ 5(B,, + 1B, ), B - 8 [3.5]

1 ly lz;

G gy s, 10 o [3.6]
X y z

e s kL e

In this notation, the commutation relations between the components

>
of I are

@18 - @ - myn*h B |

By letting Q = I(k) in equations [3.3] and [3.4], we have

d<1(k)>*/dt = - YZTr p*(t) EE;dlndT Bf—q)(t B T)Bg-q')(t) ) é
9" o ]

c @ o, re? (t),I(k)]]} : [5.7] ,

'!

Using the identity
fBe™ < B+ [A,B] + I [A[[AB]] + 37 [A A [ABII) + oo\,

it is seen that

iH t -id t i t
L, (@ " | @ et

e =

I(Q) (t) = e

Making the substitutions into {3.7] and evaluating the commuta-

tors yields the result

* iw_(q+q')t ' :

a<1®>"yae = - e © (@' - k) - q' - k) (T \
qq'

(qea'+k),* 5.8]

. F_q_q.(-qwo)<1

where qu,(m) is a one-sided Fourier transform of the correlation
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: function G 1):
, qq.()

A F = drel¥Tg , 3.9
. qq'(w) [ Te qq.('f) [3.9]

?, and

AN ) Q")
Goqr (M = Y BV (e - DB (0). [3.10]

*

q
: complex conjugate when used with variables that are not operators.

B We note that F_q_q,(-qmo) = F q,(qwo) where the asterisk denotes a

In equation [3.8] two kinds of terms appear: those which have
an oscillating factor exp[iwo(q + q')t] (nonsecular terms), and those
for which wo(q + q') = 0 (secular terms). Now if the Larmor frequency,
W, is much larger than the relaxation rates, Z.e., the rate of change
| of <?>*, then the effect of the nonsecular terms is negligible com-
¥ pared to the secular terms and they may be omitted. If this condition

is not satisfied, however, there is still one situation which admits

! a simple analysis: the case where W, = 0. In this case, all terms

in [3.6] are secular.

In either of these two cases we see that equation [3.8] repre- :

sents a set of first order coupled linear differential equations with

()"

constant coefficients in the expectation values <I The solution

of these equations is thus straightforward in these two cases.

If we now consider in detail the most common circumstance, Z.e.,

wy >> Tilz, and retain only those terms in [3.8] for which q + q' = 0,

we find

()% jge = - —a- 1 (-119% 2(k-q) ) (k). * [3.11]
a<1 5% /q¢ :g;( a-k) (24-k) (-1) F_qeq (<10

(K),*

In these equations, we see that the variables <I

are decoupled

a D "‘""*t’""\:r& ""{\i‘v\i,' .



) (k),* (k) * -
from each other; d<I > /dt depends only on <I > . More explicitly,
[3.11] yields

. ,
d<I(°)> /dt = - 4Re[F_ll(-mo)]<1(°)>*, [3.12]
and
(1) »* 1) *
a<1™M>"sae = - (F__(0) 2F_ll(-wo)]<1( )" (3.13]
. (-1).* . .
where Re denotes the real part. The equation for <1 > 1is simply

the complex conjugate of [3.13] and is therefore redundant.

Equation [3.12] shows that <Iz> decays exponentially in time:

<«1(0) (1y>" - <1(°J(o)>*e't/T1

where

-1
T1 = 4ReF_ll(—wo).

The physical significance of this expression for the longitudinal
relaxation time can be made clearer if the right hand side is expres-
sed in terms of the spectral densities of the Cartesian components of

-
Bl(t). To do this, we define the correlation functions

5
GQB(T) =Y Bla(t - T)B . (t), (2,8 = x,y,2) {3.14]

13

and their one-sided cosine and sine Fourier transforms

jaB(w) =.A: dt cos(wrlGQB(T), {3.15a]
Ky (@) =/ 4T sin(@T)G 4 (7). [3.15b]
¢}

Using definitions [3.5], [3.9], and [3.10] we find that

-1 . \ .
Ty = Jxx(wo) Ty

il ) N (4} } - Kk . .16
((0 + kxy((o) Lyx(wo) [3.16]
Now if it is assumed that LQB(I) = GQBGQB(T), and/or that GuB(T) =

66




= GaB(—T) = GBa(T) (the latter equality being a consequence of the

L assumption of stationarity in [3.14]), then this expression for Til

. reduces to

-1 . .
‘ T = 5 y) * 3, ). [3.16']

This is a simple and physically very plausible result. In
- essence, the longitudinal relaxation rate is simply the sum of the
power spectral densities of the x and y components of the perturba-
tion field Yﬁl(t) at the Larmor frequency.

The equation for the transverse component <I(1)>* is slightly

o more complicated. Equation [3.13] has the solution

|
<I(l)(t)>* = <I(1)(O)>*exp[(i6w - T;l)t] [3.17]
g where
;! = Re[F_ (0) + 2F_ (-0 )] [3.18]
] and
Sw = - Im[Foo(O) + ZF_ll(-wo)]. [3.19]

Equivalently [3.18] and [3.19] can be written

-1 . =1
T2 - Jzz(o) * §T1

= 3,0+ 5l ) + 5y W], [5.20]

and
Sw

it

Bl ) + k) - 5, @)+ ()] 1

Bk ) + ko ()], [3.21] ;

where we have used the same assumption that was used in obtaining

(3.16'] from [3.16].
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The motion of the transverse component of <I> is characterized

-1
2

tional precession around the z axis at a rate dw as seen from the

not only by an exponential decay at a rate T, , but also by an addi-

rotating frame. The total precession rate as seen from the lab frame

is therefore w, * Sw. 6w is called the dynamic frequency shift, and

in many circumstances it is too small to be of any consequence.
-1 -1
1012

not be specified without knowledge of the correlation functions

Although the detailed dependence of T , and Sw on w, can-
Gaa(T), the fact that Gaa must be maximum when T = 0 and small when
T =T, allows some general statements to be made. In particular,
since Sw arises from sine transforms [3.15b], dw = w, in the low

and T-l consist

frequency 1limit Wy << T;l. On the other hand, T1 ,

only of cosine transforms [3.152] and thus become relatively indepen-
dent of w, in this limit. These general conclusions will be verified
below when a specific form of the correlation function is considered.
It should be remembered that these results were obtained under
the assumption that the Larmor frequency is much larger than the relax-
ation rates. This made it permissible to neglect the nonsecular terms.
We now consider the case w, = 0 as a separate matter.
When w, = 0, all terms in equation [3.8] arc secular, and conse-

quently it becomes

v D [N
a<1®D>zae = =" (' - K0(q - g - ket
qq’

(q+q'+k)

* F (0)<I
-q-q*'")

Obviously, since Ho = 0 there is no distinction to be made between
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<I> and <I> . Also, since Bo = 0, there is no unique direction
defined so that it is merely sufficient to calculate d<IZ>/dt =
d<I(°)>/dt; the derijivatives of <Ix> and <Iy> are obtainable by

cyclic permutation of the coordinates. Thus

d<Iz>/dt - 2Re[' F0_1(0)<I(1)> + 2F_11(0)<I(0)>]

- -3 <1 > - 3 <JI > i 1 )<I >
[ 3,07 = 3y Uy * 3)<1,)

where it is understood that jaB = jaB(O)' Hence, we obtain the f
matrix equation

d<I>/dt = - R§°)<Y>, [3.22a]
where

Tyy T 2z Ixy T Ixz
(o) -~ ; ; -
Rc Jyx T2z T Ixx Jyz . [3.22b)
~ Jax T ey Ixx T lyy

it i ;= ati .22
If it is also assumed that (aB 6dBGa8’ then equations [3.22] ]
become
-1
> = - > = N 2
d<Ia /dt Ta <Ia s o= X,¥Y,Z ; [3.23a)
where
-1 . . .
Tx = Jyy i, (+ cyclic perm.) . [3.23b]

In order to make the foregoing more concrete, we now assume a
specific form for the correlation functions. For simplicity, it will
-+
be assumed that GaB(T) = GaBG(T)’ 1.¢., that Bl(t) is isotropic. A

correlation fur-tion that is analytically convenient and which
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actually arises in approximations to various physical processes

SERVA:
~ C
G(t) = G(V)e , [3.24a]
where
4 TV RS
0) = y° B} < BT .2
G(0) = vy le . By [3.24b]
E Evaluating the one-sided sine :ind cosine transforms [3.15] gives
. 22 )
Jaa(u) = G(O)ic(l + uhfc) , [3.25a]
k : ST
Cndy = G(MwT Tl s T 3.25h
F - (0wt o) { b]
= wt 3o
¢ v
Thus,
h T_l v AT A
= 2y~ B ;o 3. 266
1 YTOBY L NED B [3.26a]
w1 -1 : -
L= T [2.267
] 2 i '
and
AT ; . 3.20¢
‘ [GINRN [) J
With regard to the dvnamic v ooov snidt, it is clear from
[3.26c] that 50&/(»0 << 1 since the theory can be valid only if Tl >> T,
In the case of the relar.: or csalb}. the observaticon is
frequently made that when R R T i oblained here.
L - L -
While this is often the cas for ma» o laxstion mochanisms, Adragam
points out that it is iaaccuratc - . e a1l is universally truc.
1 We will see that relaxation Jdue ro o netso Fieild gradients 1s in fact
" an example of a situation where [ s . .n tne o © 1 limit.  For
i v C
the case wo = 0, eyuations [5..3 : it ical results are

is




obtained if one simply lets w, = 0 in equations [3.26a,b]. This is
obviously the result of the assumption of isotropy which was made
to simplify the present discussion.

In the general expression for T;l [3.20] there is a term jzz(o)

5
which appears as Yy~ BfaTc in [3.26b]. This term is called the 'secu-

lar broadening'" term because it is determined by the zero-frequency

component of the spectral density of B Physically, this is due

1z°

to the fact that Blz is the same in the rotating frame as in the lab

frame, and it is those components of the perturbation field which
appear at zero frequency in the rotating frame that are capable of

causing reorientation of the spins. Thus, in the w T, >> 1 limit

("extreme narrowing' limit) where T1 « w;Z and is considerably smal-

ler than it would be in the w_ = 0 limit, 12! is dominated by the

2

secular broadening term and is therefore useful for estimating the
zero-field relaxation rate.

We now inquire into the behavior of the relaxation rates as a
function of Te in the context of the present example. In particular,

we wish to note the effect of allowing T. to become sufficiently large

2 . . . . . -
that YZ BfaTc = 1 in violation of the motional narrowing condition.

2 2 .2 2 2 _2,-1
<< T , ~ ~ ~ 3
1f W Y Bla’ {3.26a,b] show that TI/TC T,/T (y" B7 .17} S0

27 ¢ lo ¢
that TI’TZ > TC as TC becomes long. On the other hand, if

2 2 2 2 2 2 .
>> T o~ -+ T -
w Y Bl > then 1/[ w /(ZY 1 ) as T . hUS, the long1

tudinal relaxation time appears to become longer as Te becomes longer

irrespective of violation of the motional narrowing condition provided
2 2

that B >> B[ .
o la

The question therefore arises as to whether the present theory
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when 82 >> BZ even though the

can yield correct results for T
1 o] la

motional narrowing condition is violated. As this situation can
readily arise in the case of slow diffusion through a magnetic gra-
dient (e.g., in a liquid) this question will be considered further

in the following section.

3.3 Relaxation Due to Diffusion Through Magnetic-Field Gradien. s

The theory that was discussed in the previous section can now
be applied to a real physical situation: relaxation due to motion
through magnetic-field gradients. To do this, the identification
-+ > > >
Bl(t) = Bl(r(t)) is made and a means found to characterize r(t), an
atomic trajectory, and El(;) so that the necessary functions and their
Fourier transforms can be calculated.

This type of problem has been dealt with by a number of different
authors concerned with varying physical situations; some will be refer-
red to here, others will be mentioned later in this section. Kleppner,
Goldenberg, and Ramsey45 obtained approximate cxpressions for nuclear
relaxation when the atomic mean free path is limited by the walls of
the container. Schearer and Walters46 dealt with the sitvation in a
gas where the mean free path is much shorter than the container dim:m-
sions. They werc concerned with a uniform gradient and a Larmor freo-
quency such that W, >> TD—I, where Ty is the diffusion time through
the sample cell. Barbé, Leduc, and Laloé'47 (BLL.) on the other hand
dealt with an arbitrary field configuration (within the limits of the
motiona. .arrowing condition) and assumed that wo << T;l, where Tf is

* mean time between collisions. They also assumed a short mean free




*
path compared to the sample dimensions.

For the situation we are interested in, Z.e., a classical liquid
with very low Larmor frequencies, the diffusion equation with appro-
priate boundary conditions provides an accurate description of the
long term statistical motion of the He3 atoms. This was the technique
used by BLL and we will follow their approach here. We will start by
discussing the problem in an unspecified sample geometry. Subsequently
the expressions appropriate to a spherical sample geometry will be
written. The spherical case is important because it is the actual
geometry which must be used. In Chap. 4 and in particular in Appendix A,
a cubical geometry will be utilized since it lends itself to approxi-
mations which are useful in calculating the relaxation due to a nearby
ferromagnetic dipole.

3.3.1 Unspecified Sample Geometry
We start by writing a general expression for the required corre-

lation functions:

_ 2 - -+ -
Gyg (1) = ¥° B (r(t - T))B (r(t)) .

> 3 . . .

Let p(ro,t)d r, be the probability that a given He3 atom is in the
3 d . >
volume element d r, centered at TS at time t . Also let P(ro,to;
>
r,to + T)dsr be the conditional probability that given that a certain
->
atom was located at ro at time to’ that it will be found in the volume
> -

element dsr located at r at time to + 1., If we assume homogeneity and

stationarity these probability densities may be written

*

In actuality, the BLL paper is concerned with the effects of an in-
homogeneous rf field in NMR experiments, but their results are readily
applicable to relaxation in static field gradients as well.
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> )-V—I
p(ro’to h g

and

-+ > >
P(ro,to;r,to +T) = P(ro;r,r)

where V is the sample volume. Hence

2 3 > > 3 > > >
Y-/vd r, p(ro,to)Bla(ro)-/-d T P(ro,to,r,to + T)Ble(r)

v
2 -1 3 - 3 +.+ >
Yév J/:d r B (rqi/:d T P(rgir B, (7). (3.27]

-
It is now assumed that P(ro

GaB ()

n

-
sT,t) satisfies the diffusion equa-
tion

+‘~>- N Z—r.
P(r_;T,t) /3t = DVrP(ro,r,t)

[3.28)
with the boundary conditions
p».‘to‘é» -> 32
(ro,r,J~ (r-ro), [3.29]
~ s > > B .
(A VrP(ro,r,t)]S =0, [3.30]
> -1
P(ro;r,m) =V s (3.31]

where D is the diffusion coefficient, §r is the gradient operator op
-+

r, and A is the unit normal on the su face § of the sample volume.

Using the separation of variables technique, we write

>

+.+ f—)- \
P(ro,r,t) = pg(t) (ro,r,

Substituting into {3.28],

. - 2
() ldgsdr = #7152 o
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" where the sign of the separation constant is dictated by [3.31].

Considering the equation for g(t)

dg/dt + Dk%g = 0 ,

e e i,

we have g(t) = g(O)exp(—t/rk) where

T = ok (3.32]

Now considering the equation for f(;o,;), we have
(§i s KHE =0 [3.33] .

] and [3.30] becomes

(§rf PR =0 (3.34]

The Helmholtz equation [3.33] with the boundary condition [3.34] constitute i

. . . 2 .
a classical eigenvalue problem where the eigenvalues k™ form a discrete

-
spectrim, and the associated eigenfunctions ¢kk(r) can be assumed to

be a complete orthonormal set. Thus

s > 3 .
fcpkz(rmk.i.(r)d rs 08, s [3.35a]
and
To (o (F1) = 6(r - 1), [3.35b] |
k& .

where we have added the index & to distinguish between any degenerate

modes.

The complete solution of [3.28] satisfying the boundary condition |

[3.30] can now be written
-t/T
> > -> - k
P(ro,r,t) = X:Akﬂ(ro)¢k2(r)e . [3.36]
kL i
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Using equation [3.29] and [3.35a] yields the coefficients Akl(;o):

> > > > -> -
P(riT,0) = 8(r - T) =D A, (T )d,, ()
K.

giving
-> _$* >
Agp(Ty) = Vk£(ro)

Substituting this into [3.36] and (3.36] into [3.27] yields the

desired expression for the correlation functions:

201 n x o ar
GaB(T) =yv 3 Blu(k,R)Blﬁ(k,n)u ; [3.37]
k2
where éla(k,l) and Ela(k,ﬁ) are expansion coetficients for Bla(;) and

BlB(;) in terms of the orthonormal functions ¢ky(;):

B ¢ \ = ‘S 7 k,* " T
B o (K %) '/rd rB, (r)g(r1 [3.38a]
v
> - N . I )
B, (r) = 3 By UKoedd) i [3.2+b;
kX

Before proceeding to specific cases, some general observations
should be made. First, we note that k = 0 15 an eirgenvalue; eouation
[3.33] becomes Laplace's equation which hax one solution that satis-

fies the boundary condition [3.34]:

-
¢O(r) = const =V

by
It is recalled, however, that it is alwuys assumed that B1 = 0.
Hence

Bla(k-O)—V fd rBM(.)—O,
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so that the k = 0 term in [3.37] is always zero.

econdl it is seen th j
Secondly, it is seen that GaB(t) and hence Jas(w) and kae(w)
transform as the components of a symmetric second-rank tensor under
rotations of the coordinate system. That GaB(T) is symmetric can

be seen from the fact that B, and consequently GaB(T) are real.

la
Thus
-1/1
2l o k
Gyg () = YV g B o (k. 2)B (K, D)e
-T/Tk

t

2,-1 g~ =+ <
L L
Yoy % Blo (K 0B (K, Ve

= GBa(T)
The tensor property can be seen from [3.38a] and [3.37].

The symmetry property GaB = GBa allows cancelation of the cross-
correlation terms in [3.16] which results in [3.16'}, [3.20] and
[3.21]. The fact that GaB also transforms as a symmetric tensor is
useful in that it means that there is a coordinate system x'y'z' such

that G This allows the simplification of the relaxa-

Q'B' = 60'8'GQ'6"
tion equations for w, = 0, [3.22] to the diagonal form {3.23]. By
examination of [3.23] it is seen that in both the general cases con-

. . . . . NS |
sidered in the previous section, 7.¢., w, 2 Tl 5
, 2

and w_ = 0, it is
o
sufficient to consider only the .wutocorrelation functions Gaa(T) and
their transforms j (w) and k (w). In the w_ = 0 case, of course,
o o o
the proper coordinate system must be utilized.
Incorporating the result that the k = 0 term may be omitted with

the fact that only a = B terms are needed, allows [3.37] to be written

' -T/T

- - 2
G (0 =y L is kmlfe K, [3.39]
k,2
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]
where 2. signifies that the k = 0 is omitted.

‘ Having seen that Tk-l = Dk° # 0 for all terms in [3.39], we
| may proceed to write the one-sided Fourier transforms:
l
! . _ W2yl S 2
‘ Jau @) = YV ; lBla(k,l)l T+ w rk) [3.40]
; and
! -1 2.2.-1
o ko @ = Z |B oK 2)] wTk(l + W rk) . [3.41]
This general formalism may now be applied to a spherical sample
geometry.

3.3.2 Spherical Sample

The eigenfunctions are
> - -
¢n2m(r) = Aanl(Bgnr/RO) ng(e,(b)

. where j,(z) is the gth order spherical Bessel function of the first
kind (not to be confused with the cosine transform which will always
have a double subscript), Bﬂn is the nth zero of the first derivative

. L s _ . . .
of Jz(z). Jz(Bln) = 0, Ylm(e’¢) is the usual spherical harmonic, RO
. is the radius of the spherical sample cell, and Aln is the normaliza-

tion coefficient:

1
3 2.2 -%
2n [Rofp JQ(BRnD)dP]
a

A =
=
= I8R3[1 - 2+ 1)BIY)52¢8, ) [3.42]
= %Ro[l - 2( anl s (Bgp . .
The separation constant, k2, is given by
: 2
: 2
K* = (3, /R)” [3.43]

so that the time constants Tln are
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2,22
Tgn = Ro/(Bg D) - [3.44]

Now BO1 = (0 and is therefore excluded. The next smallest zero is

Bll = 2.0816 which means that the slowest diffusion mode has a time
constant 1., = 0.2308 Rg/D. For numbers that are typical of our

11
experimental situation, Ro = 0.5¢cm, D = 10-4 cm2 sec—l, we have

T,, = 10 min. It is interesting to note that the slowest isotropic

11

mode 02" 0.0495 Rg/D decays in less than one-quarter the time the
1,1 mode does.

To make any further progress, we must specify the perturbation
field El(;) in some fashion. The easiest way to do this is to assume
that the sample volume is free of any magnetic-field sources so that

each of the Cartesian components of El(;) must satisfy Laplace's

equation. Hence,

2
By, = Z C,(,mr Y, (6,0) , [3.45]
2m

where obviously the Ca(l,m)'s are constrained by the reality condi-

tion on Bla and Maxwell's equations. Using equation [3.38a] and the

fact B is real,

1o
~ - ‘* R‘+3
Bla(n,l,m) = La(z’m)AlnIQnRo s [3.46]
where 1
1, = f 0%, (8, p)do [5.47]
tn -~ J, )9 Pan . e
Iln can be explicitly evaluated:
1, = %j,(8, )/B5 [3.48]
n Iy £n n .




Substituting from {3.48] and [3.42],

2 .2 -1
{“ﬁnlsin - 24+ 1)]} . [3.49]

20+3

2 2.2
2 = s , “R°
lBla(n, ,m) | 2lca(9,m)l L R

From equations [3.39], [3.40], [3.41] we then have the correlation

functions and their transforms:

by
2 lc (0 ,m) | %342 U/t
_ 3y o "o 2n
G (1) = 21 - e [3.50]
oo 27 B2 [82 SRk 1))
2 &nt"Ln ’
. nim
: 52 ¢ (eom Rt
£ Joyw = 5= iy B e i [3.51]
b o D 4 2 - 2 0
o 2m (39 + R4D 2)[817 - 2(& + D]
nzm “11 Q 11
" ¢ (omy [ FR27 4%
Koo @) = . 2 Z : I R B S R (3.52]
| 21D - Bon(Fap * @R DB - L2+ D)
nfm
j As a specific example, we consider o uniform field gradient
3

i axially symmetric about the x axis:

Bl(r) = g(ix - 3jv- k2 [3.53]

where g is a constant. In this case, the only non-Zero expansion

coefficients in equation [3.45] are

C (1,t1) =« %y§fsg l
1. i
C (1,%t1) = - [1‘1 vaT/s g [354]
b
v Lo
C_(l’o) = -5 v-1n/‘) g
, Hence
{
i
% 80
¢
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2

. 1 2.2.4.-1 2 4 2
(W) = 78 YRD %; {(Bln - 2) (B rw

0

=]
~

>
s

]

R4D'2)}'1 s
[o]

i) = 45 ()

[3.55]

The sum is [3.55] is most readily evaluated in either of two limits:

W Typ = woRg/(Ble) << 1, or W Tiq >> 1,
In the case onll << 1
2 4 24 .21 4 2 -1
g;{(sln - 2)(B] * wRD D} = %; [8],(By, - 2)] = 0.0229

[3.56]
We can now write the ''low field'" relaxation times. For wo = 0,

equations [3.55], [3.56] and [3.23b] give

= RS B ) b2, 241
TZG = TyG = SJZZ(O) = (5/2)(0.0229y"g ROD } o,
-1 [3.57]
Tg= 2,,0,
-1 -1 -1
SO TzG = TyG = (5/2)TxG .

-1
>
In the case wy > Tl , but w,T

9 &

11
and [3.55] give

-1 -1 .
T ® TzG - SJZZ(O) ’
(3.58]
Toa = 5,00 « 2 T8 = (7/2)i ,(0)
26 = I2z 2 26 EERPY

-1 -1
Hence TlG = (10/7)T2G .

This illustrates the assertion that was previously made: the condi-

tion woTqq << ] does not guarantee that Tl =T

In the opposite limit, Z.e. w Ty >> 1, the sum in [3.55] can

ro

<< 1, equations [3.16'], [3.20],




be approximated as follows:

-1 24 0 -] -1

4 -2 2.4 -2 2
b= wR D) Y BT -2) . [3.59]

2 4 2
%;{(Bln b 2)(Bln * Wk

This approximation is not as good as that used in the opposite limit
[3.56], nor is the convergence nearly as rapid. Nonetheless, a num-

erical summation reveals

~
™
()
H
N
—
—
2
o] —

Using this result in equations [3.55] and [3.16'] yields

-1 . ) 2.2 -2
TlG = SJZZ(wO) = (5/4)g"y Dmo . [3.60]

This is identical to the result obtained by Schearer and Walters46

in the limit worf << 1, where Te is the mean tim« . *ween collisions
*

in the gas. It is noteworthy that this result is independent of Ro

=2
and proportional to wo'

With regard to T’G’

1t has already been noted that the secular

term will dominate in the extreme narrowing (wOT >> 1) limit.

11
shifts from (7/2))22(0) when w0111<< 1

Equations [3.58] show that T;C
. 5
to Jzz(o) when WoT11 > 1.
For the sake of completness, we also write the expressions for

the dynamic frequency shift using this particular gradient configura-

tion. Combining equations [3.21], [3.52}, and [3.54] wec find

*

The Schearer and Walters calculation is hased on a gradient that

has axial symmetry about the z axis and therefore has a different
numerical coefficient than [3.60]. Our choice of gradient configura-
tion was made in order to facilitate the analysis of experimental
data in Chap. 4.




1
o = g Telug) + Kyl = (/20K ()

Sw/wy = sy RD AL (8] (8, - 2)(8 wiRgD-z)}—l
In the limit onll << 1, this becomes
. 2 2.6 -2
Gm/wo = 0.0263 y“g“Ron -
-3 SETARREE
and in the opposite limit, WoThy > 1, we have
2
Gw/wo = 0.50 (gyRU/mo)“
= 0.45 (1;,/T))
3.3.3 Relaxation When the Motiona' Jdrerowing Condition is Violaved

In our discussion of gradient-induce: relaxation, we have assumed
until now that the motional nar-owin:s cundition holds. 1In the case

of a uniform gradient such as we have ju-t discussed, the motional

. o . 2022 < 2222 2,26 -2
narrowing condition requires v Bl[ll : (5;10)R0g Yrg? 0.02 gy ROD

. . . . -7
<< 1, For our experimental situation this means that g << 3 x 10 ° G

cm-l.

As it turned out, our experimental conditions did not meet the
motional narrowing criterion. Since we still wish to be able to ana-
lyze the da* in spite of this, we must now deal with the gradient-
induced relaxation in the opposite limit, ¢{.¢., when D » 0. Specifi-

cally, we wish to understand the behavior of the longitudinal (or

spin-lattice) relaxation and the naturc of the transverse decay of

il i S8




the precessing magnetization when the moticnal narrowing condition

> -

is strongly violated but when 'BI

(ril <« ;HUI everywhere in the
sample volume. The matter of spin-lattice relaxation will be dealt
with first.

The situation we arc now concerned with has a simple physical
interpretation: As a spin slowly diffuses through a gradient it sees
a local field that varices in direction {and magnitude) at a rate that
is slow compared to W In this cusc.the spin can ''adiabatically
follow”1 the local ficld. More precisely, the value of the component

->
of <Ii> (the subscript referring to a speciiic spin) that lies along

the local field direction is now an approximate constant of the motion.

Thus, after transversc components of the magnetization have been
damped out, the magnetization will hocome nonuniform and will tend

to assume the same configuraticn a: ?d(r= Lol
The ability of a spin to adiahatically Tollow the local field
is obviously not perfect, and over 2 pericd of time it will become
disoriented. From a thermodynamic poict of view, in fact, it makes
sense to identify the longitudinal retaxation rate with the rate of
decay of the component of the mapnet:cation in the direction of the
~ . > > > .
local field, Bl(r) + BO, rather than with the rate of decay of M_.
o . . , , , Cw 46 .
This is the point of view taken by Schearcr and Walters (SW) in
one of their derivations of an expression for i, of a gas in a uni-
s
form gradient.
In this derivation SW reasoned as follows: As an atom moves on

a flight between collisions, it sees the local field rotate slightly

because of the gradient. By transforming to a frame that is under-




going instantaneous rotation such that the local field always lies
along the z axis, there appears an effective field E{e) that is
orthogonal to the z axis and lies along the axis of rotation. As
the direction of Efe) depends on the velocity of the atom, this
effective field will be seen to fluctuate rapidly. From this refer-

ence frame, the correlation time is now Tf, the mean time between

( )

collisions. The correlation function h T) =¥ B(e)(t —T)B(e)(t)

is readily calculated for a gas and the expression for Tll 1s obtained
by using the relations

-1

(e))

(e)(w )+ J( )(m ).

deG(e)(r)cos(m)
o

We now adopt this point of view but under somewhat broader con-

where

(e)

i

(w)

ditions than those assumed by SW. That is, although we still assume
-> &> > A . B -
lBﬁr)I << ]Bol (e.4., the leccal Larmor frequency is taken to be - YBO
- >

rather than - Y(B1 + BOD, we do not assume that the substance is
necessarily a gas or that the gradient is uniforn,

- -

Because of the assumption that ]El(;)] << !BOI, the effective

fields in the rotating frame are given in first order by

(e) .
YBy O (t) = By (€)/B

(e)
Res!

By, (t) = - B, (/B

anywhere in the sample cell. Now it is well known that if the power

spectral density of the variable x(t) is j(w), then the spectral

density of c%(t) is czwzj(m).48 Hence
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j (e) (w)

2.
(w/wo) Jyy (w) ,

XX
[3.61]
Ieod @) = W) W
and
(T(e) = 3, « ;(e) ()
=3,y 00 + 30
-1
=T »

where Tié is the longitudinal relaxation rate that was calculated
assuming the validity of the motional narrowing condition.

Thus, by considering the longitudinal relaxation rate to be
defined with regard to the local field, we obtain the same result
that would be obtained by blindly applying the BLL theory without

regard to the motional narrowing requirement. Of course, the valid-

ity of this approach depends on the motional narrowing condition

being satisfied in the frame where the local field is stationary.

In order to test this requirement, we must estimate vy (B(e)) Te
This is readily done by calculating (B(e)) from jéa)(m): :

Y2(B£e))2 = (e) 0) = 4/ (e) (wydw/2m .

(The factor of 4 arises from the fact that one-sided transforms

have been used.)
Now when the diffusion equation is used to describe atomic

motion, we have seen that

U S
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-1
-1 ' 2y 2
OO IR D D N (251 eS¢ RN o [3.40]
k,%
If it is assumed that a value of x exists such that lEla(k,l)lz

2.2

negligible for all k > k, then for wr_ >> 1, where T_ = (KZD)-I
K K

the shortest significant diffusion time constant, jég)(w >>r;1) « const.

(e) -2

Thus in this model G (0) = < due to the cancelation of the w
behavior in the high frequency limit of J (w) by the w factor in
[3.61].

This problem arises becuase the diffusion equation i: incorrect
for frequencies w 2 T%l. In particular, the instantaneous velocity

is infinite in the diffusion model. In actuality, the spectral density

will decline faster than m_z above T—l

g - For example for a gas where

the atoms undergo random flights, J (w >> T ) < W -4 as is shown by SW.

For our present purposes, we will simply cut off the frequency

integral at 1;1. Thus, for example, assuming that T, >> Tg,
-1

T
w’[B, (k 2|2 f'rsz

Y (B(e))z =2 Z 1+ wznf

o}

o) |2
% :E: (k )

kL Y Tka

dw

R

A

(Z/W)(wgtKTf)-IV-1 :E: Yzlﬁly(k,l)lz

v g ,
But yzsly =v! > v IB 8]
L

Hence,

e Al i B s




Y@L s @am a6 8l << 1.

Thus under the conditions we have assumed, the motional narrowing
condition is amply satisfied in the frame where the local field is
stationary. As a consequence, the usual motional narrowing condition
is unnecessary provided that 1) we are only dealing with the spin-
lattice relaxation time, and 2) lgl(;)l << IEOI.

In the case of the decay of the transverse component of the
nagnetization (or the decay of the magnetization when w, * 0) the
situation is quite different. Because of the presence of a secular
term in the relaxation rate, it is essential that the motional narrow-
ing criterion be satisfied. If it is not the decay of the transverse
magnetization is in general not exponential.

In the limit where the diffusion coefficient is zero and
l§o| >> lﬁl(;)l (as before, spin-spin interaction is ignored) the
evolution of the average transverse magnetization in a free-precession
decay is easily understood: it is simply the Fourier transform of the
"shape function'" of the Larmor frequencies taken over the sample vol-

> A~
ume.1 To be more explicit, if ﬁ(r,t = 0) = Moi, then

iw t
Mff(w Je ° dw
o o o}

. O 0 iut
M0 exp(lwot) ff(wo + u)e  du

Mo(t) = M+ if

where f(wo) is the shape function Q/}Tw)dw = 1), and wg is the cen-
tral Larmor frequency. In this case the magnetization is extremely

nonuniform. In addition, the decay of the average magnetization does




not represent a relaxation process since the entropy of the spin

system does not change. The magnetization can be made to reappear
at some later time by use of the well known spin-echo technique.1

If the diffusion coefficient is noizero, however, true relaxa-
tion will occur due to the differing phase histories of each of the
spins. This situation is perhaps most easily studied by use of
Torrey's modification of the Bloch equations. 49 He applied the Bloch
equations to the magnetization of infinitesimal volume element in
the sample cell and added the effect of diffusion of the magnetization
into and out of this volume element. This diffusion is of consequence
whenever there are magnetization gradients present in the sample.

The Torrey-Bloch equations are simply

> > >
oM, SOt =y X B) oM /Ty Vo Dva, [3.62a]

4 X5Y y

M /3t = y(M X B) - (M_ - M )/T, + V » DVM [3.62b]
z z z o’ 1 z ' :

1

the rates due to mechanisms not associated with the magnetic-field

The relaxation rates T'1 and T;I that appear in these equations are

gradient, and we will assume that they are sufficiently small that
they may be neglected here.

As an example, Torrey applied (3.62a) to the case of precession
in a small uniform gradient which is symmetric about the z axis.

That is
> > > - ~ ~ ~ ~ o
B(r) = Bl(r) + Bok = g(- &xi - kyj + zk) + Bok

where ]§o| >> |§1(;)|. He then obtained the well-known result

e o o b - A o s 5




M_(T,t) = M_(F,t) + iM_(F,t) = M_ exp[i(w_ - vez)t - LoyZg2ed]
A X! y ’ [o} P 0 Y8 3Yg .

[3.63]

The first term in the exponential factor in [3.63] is the
dephasing that would occur in the absence of diffusion and the sec-
ond term is the irreversible damping. It is easily seen however,
that if it is postulated that the motional narrowing condition is
strongly violated, then the dephasing effect will cause the average
magnetization to disappear before the - 1/3 Dyzgzt3 term becomes
particularly significant. Thus, the only clear way a pronounced
exp(-ts) behavior can be observed is through the spin-echo technique.

Hence, with regard to the free-precession decay of the trans-
verse magnetization one can make the following general statements:

If the motional narrowing condition is well satisfied, the magnetiza-
tion will be uniform throughout the sample volume, and it will expo-
nentially decay at a rate Téz as given by the BLL theory. If on the
other hand, the motional narrowing condition is strongly violated,
the magnetization will no longer be uniform. In this case, i1f the
average magnetization is the quantity being measured, then the

effect of diffusion can be ignored in the first approximation and

the average transverse magnetization will decay according to the

Fourier transform of the shape function of the Larmor frequency.

3.4 Intrinsic Relaxation

We will now briefly review the subject of intrinsic relaxation
due to the dipole-dipole interaction between He3 nuclei as they move

relative to one another. This subject was initially treated in a

90




paper by Bloembergen, furcell, and Pound50 (BPP) which contains a

l lucid discussion of the physical interpretation of the results.

! More recent reviews of the general theory of this subject as treated

L TN . T TRL T R e

by the density matrix formalism can be found in an article by Hub- ‘1
! hard51 as well as in Abragam.1 i
More specifically, we outline the calculation of T starting

with the general expressions [3.3] and [3.4]:

* *
d<Q> /dt = - <A> [3.3]

where

b Mt HE k. D et A AL A A oAb LR A

A =f dt [HI(t - T).[H;(t),Q]] . [3.4]
(¢}

Since we are interested in Tl’ the operator Q is specified by

1= T 1@ 2 1) ]
2 |

(0)

->
where Ii is the z component of the nuclear spin operator Ii for the

1-th nuclear spin and similarly I§tl) = Ixi + ini. The dipole-

dipole interaction Hamiltonian is taken for H, and can be written in

1
the fornm
_ (@), (-qQ) - (a),(-9)
hH 53 Fij vij z Pty , [3.64]
i#j
where ;
(q) _ 3 . ‘:
Fii° = %ql %1572 C157%15) [3.65] |
(o) _ 2 ((0),(0) L (1), .(-1) (0. (-1
vij =313 IJ. ¢ U IJ. + 1 IJ. ) .
v L D) el (3.66]
ij i h) 1 J

v#2) D (3]
ij i
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and (rij,eij,cbij) are the spherical coordinates of the relative
position vector of spin j with respect to spin i. The coefficients
in [3.65] are given by a = -6 /175 yzhz, a, = -3 V/2n/15 Yzhz, and

ay = -6 ¥21/15 Yzhz. We note that F.('q) = Fg?)*, V.('q) = V.(q)-r,

ij ij ij
v@ 2 y@ g 5@ L p@
1) J1 1) J1
As usual, the unperturbed Hamiltonian is

= (o)
hHo = - hyBoI ’
or
H = w I(o) .
o o}
By using the expression
(100, @y o @y -a)

which is readily obtained from the usual commutation relations for
the spin operators, the expression for the operator A in [3.4] can
be written

-2 .
A=t 30 qexpl- iw (qa+ q")t]
qq’

o [3.67]
iw q't T g
In order to evaluate
[F(Q')(t - T)v(-q'),F(q) (t)v('q)] -
[3.68]

1y 3 @90 - @y v yEay )
4 i) kP ij k& ij ki

the following assumptions are made:
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a) Three-body correlations are zero or small compared

to two-body correlations, Z.e.,

(q") (q) ~ -(q") (q)
Fij (t - DF 7 (t) = 6j2kij (t - T)F 7 (t)

b) The sample is homogeneous and the relative motion
of the spins is random and isotropic. More explicitly,
if p(¥o)d3ro is the probability of the relative position
vector of spin i with respect to spin j being ;o at

>
t = 0, then it is assumed p(ro) = const. In addition,

> >

if P(ro;r,t) is the conditional probability that given

- > > > R . .

r..=1r at t =0, that r.. = r at time t, then it is
ij o ij

> > -> > .
assumed P(ro;r,t) = P(|r - Tol’t)-

If these two conditions hold it can be shown that

(a") (a) - (q") (q) - (@)
R O I S A O L S O O

»q'
and Gg?) is real. This result automatically eliminates the non-
secular terms in the expression for A, equation [3.67]. These assump-
tions are clearly invalid in proximity to the sample walls. This
exception will be ignored here but will be discussed briefly in Sec.

3.5.

With these assumptions [3.68] becomes

Cs

i#)
Substituting this into [3.67] and evaluating the commutators yields1

*

IO S N 1)<1(°)>JZ'[J§;)(%) v 3Pl . [3.69]
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By using this result in [3.3] and noting that all the terms the sum

; over j in [3.69] are identical, we finally obtain the desired expres-

sion:

Tip = 2/ 21 1)N3[J§J%J(wo) . Ji(Jg)(z%)] ’ (3.70]

where N3 is the total number of spins,
(q) fdr cos(mT)G(q)(T) , [3.71] |

and we have added the subscript "B to designate intrinsic relaxation
in the bulk.

A In like fashion, the expression for T;; can be obtained:1

T = = @r - l)N[J(Z)(Zw ) + 10 J(l)(w ) + J(°) ] .  [3.72]

From the assumption of isotropy and homogeneity and from equa- 1

tions [3.65] it is easily shown that

(o) Rty 3@ 0y < plO2 L g2 L (22
Jij (0) . Jij (0) : Jij (0) = lFiJ‘ I . IFij I . |F1] |

[3.73]

Hence, as long as the motional narrowing condition is satisfied with

respect to the dipole-dipole interaction, and w, is sufficiently

(q)

small that the spectral d mnsities J (w) may be approximated by

their zero-frequency value, then TlB = TZB’

It now remains to calculate the correlation functions and their

Fourier transforms. In the case of a liquid, a reasonable first

approximation is to assume continuous diffusive atomic motion where




T

the distance of closest approach between spins is limited by a hard-
sphere interatomic potential. This approach results as a limiting
case to Torrey's jump-diffusion model based on the theory of random
flights,52 and has the advantage of allowing an exact calculation.
This calculation proceeds in virtually the same fashion as in

Sec. 3.3:
G§?)(T) = thsro p(?o)F£;Q)(¥O)J/Q3r P(¥0;¥,t)F£?)(¥) . [3.74]

- -
where p(ro) and P(;o;r,t) are defined as in assumption b) above. As
e -
before, we take p(ro) =V l, V being the sample volume. For P(;o;;,t)
we use the solution to the diffusion equation satisfying the initial
L. > o> [ S
condition P(ro;r,O) = §(r - ro):

2 exp[- (r - r)°/8pt] [3.75]

> > -3/
P(ro;r,t) = (8mDt)
where 2t has been substituted for t in the usual expression since

> >
r,T  are relative vectors between two spins which are independently

diffusing with a diffusion coefficient. D.°° Making these substitu-

>
tions for p(ro) and P(;o;;,t) into [3.74] and using the definitions

of Fg?)(;) the correlation functions becomesz’1
-1 °°,’
Gg?)(r) = (2/ﬂ)ai (Vas) j;(u) exp[ - 2DUZT/32]du [3.76]
o

where a is the distance of closest approach between two nuclei, and
jl(u) is a spherical Bessel function of the first order and kind.
Using [3.71] we obtain the desired spectral densities,

m -1
Jg?)(w) - (2/w)a§(aDV)-{A(ji(u)uz(uz ¢ 0’ du [3.77)




-

where Ta = az/(ZD).

The integral in [3.77] can be expressed in terms of elementary

functions.52 Letting x = (Zwra)%
2 22 g4 1
I(x) = (2/m) Jl(u)u (U + x'/4) du
o [3.78]

-5 - .
X 2+e x[(x2 - 2)sin x + (x2 + 4x + 2)cos x]}.

Now except for viscous liquids in high magnetic fields, the

condition ona << 1 would be satisfied. Hence

I(x) = (2/15)[1 - (5/12)x], X << 1,
Substituting I(0) = 2/15 into [3.77] and [3.77] into [3.70], the
classical result

-1 -1
TlB B TZB B

1

(87/15)y*h21(1 + 1)ng(Da)” [3.74]

is obtained. In this expression n., = NS/V is the spin density.

3
For the sake of later reference, we note that in the opposite

3 -3/2

limit w T, > 1, I(x) = x ° = (zona) For H03 and other liquids

of low viscosity, however, this result is somewhat academic because
of the extremely high magnetic field (2 107 G) necessary to reach
this limit.

This result suffers from two obvious defects, both of which tend
to be accentuated by the fact that the dominant contribution to the
correlation functions come from the region rij > a:

1) The model of continuous diffusion is an inadequate

description of atomic motion for time scales on the




order of or less than the mean time between
collision and for distances on the order of or
less than the mean free path. This means that
the zero-frequency result [3.79]) would be in
error by a factor on the order of unity and

3/2) result could be

that the high-frequency (wg
completely incorrect,

2) The uniform radial distribution function

implied by the hard-sphere interaction is also
inaccurate.

It is clear that it is necessary to use a more realistic model
of the dynamics and structure of the liquid state if the result
[3.79] is to be improved upon. One effort that has been made to
accomplish this was that of Oppenheim and Bloom53 who used the
concept of a time dependent pair distribution function in order to
introduce the effect of a non-uniform radial distribution function.

In the case of a classical liquid in the low frequency limit

(woaz/ZD << 1), they obtained the ecxpression

Til = 4Try4h21(1 + 1)n;(na)‘1f F(y)y‘ldy
B 0

where
oo 1 )
POy = f (80017g,,000,73/20 2
and where g(x) = g(r/a) is the radial distribution function. This
expression is identical to (3.79) when the hard-sphere radial distri-
bution function is assumed.

Oppenheim and Bloom specifically applied their theory to liquid
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He3 by numerically evaluatingJ/Jz(y)y-ldy as a function of temperature
and density by using the Lennagd—Jones potential and Kirkwood's super-
position principle. Their results show that this integral is "remark-
ably insensitive to density and temperature" and yields a T1 which is

approximately 15% lower than [3.79] where the parameter a is taken

to be the Lennard-Jones radial parameter (2.56 x 10—8 cm for He).

Horvitz24 has found that the Oppenheim and Bloom result agrees
well with T1 measurements made on liquid He3 in a Pyrex cell that has
been subjected to a stringent plasma cleaning procedure.

Harmon and Muller54 adopted a different approach in their analysis
of nuclear relaxation of liquid ethane. They started with Torrey's
jump-diffusion model and extended it by introducing the effect of a
nonuniform radial distribution function. The size of the correction
to [3.79] obtained by this approach naturally depends on the parameter
<r2>/a2, where <r2> is the mean-square jump distance. Although Harmon
and Muller find it necessary for this parameter to be nonzero in order
to obtain agreement with their ethane data, the agreement of the
Horvitz data with the Oppenheim and Bloom result (which does not pro-

vide for jump-diffusion) makes it doubtful that this is the case for

liquid He3.

3.5 Wall-Induced Relaxation

. . 3
We now consider the nuclear relaxation of He™ at low temperatures
where the He3 comes in contact with a dielectric surface via an adsorb-
ed phase. This situation is more complex than the other relaxation

mechanisms for two reasons:




- > e APy - v ~-‘«—w

1)  The adsorbed phase is in reality not a distinct homo-
geneous phase. Heterogeneity arises not only from the
fact that substrates are typically heterogeneous, but
also from the variation of the adsorbate-substrate
interaction as a function of the separation of the two.55
In fact, experimental evidence shows that for helium a
density like that of the bulk liquid at the saturated
vapor pressure is not obtained until approximately three
atomic layers away from the substrate surface.s6

2) Wall-induced relaxation arises not only due to the
intrinsic HeS-He3 dipolar interaction, but also due to

the interaction of the He3 with foreign nuclear and elec-

tronic magnetic moments that are associated with the wall.

These foreign moments can either be part of the wall
constituents or an adsorbed contaminant such as 02.
Electronic spins are particularly important since they
are more effective in relaxing the He3 than nuclear spins
are by a ratio of (ue/un)2 = 106.1

These complexities not only introduce theoretical complications
but also introduce problems in experimental design and analysis. In
particular, the nature and density of foreign spins on the wall is :
frequently unknown, and the degree of surface heterogeneity can also
be sufficiently unknown to cloud experimental results. Some experi-
mental results will be noted below, however, that indicate that the

use of a cryogenic wall coating consisting of a solid inert gas is

useful in reducing some of these difficulties. ]
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With regard to a theoretical model, we will keep things simple
by maintaining the convenient fiction that the adsorbed phase is a
separate homogeneous phase with an enhanced relaxation rate that can
exchange atoms with the bulk sample. By using this approximation it
is not difficult to derive the relationship between the relaxation
rate in the adsorbed phase, Tiid, and the measured relaxation rate
-1

L that is due to this relaxation mechanism. The

situation is further simplified by two additional assumptions:

in the bulk, T

1) The rate of diffusior. in the bulk is assumed to be
sufficiently rapid that the sample polarization may
be considered to be homogeneous throughout the bulk.

While this assumption is not true in experimental

57

situations where T is particularly short, it

1Ad
*

is demonstrably true in ours.

2) It is also assumed that N, /N >> 1, where N__ and

3B' 3Ad 3B
N3Ad are the total number of He3 atoms in the bulk and
adsorbed phase respectively. In the case of a spheri-

cal cell, N /N3B =3 SE/(nSRo) where s, is the number

3Ad 3

of He3 atoms per unit area of surface.
With these assumptions, the solution of the two coupled rate
equations relating the polarizations of the bulk and adsorbed phases

yields the result28

*

In the case of diffusion in a sphere where the magnetization is
specified to be zero at the surface, the diffusion mode with the
longest time constant decays in a time T = R2/(m2D). In our
case T = 240 sec. This compares with an_expérimentally-estimated
value of Ty that is well in excess of 10% sec. Thus it is clear
that Tjy is not limited by diffusion in the bulk.
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Tiw = N3p/Nopg) Tiag * Tad) o (3.80]

where T,, is the mean time that an atom spends in the adsorbed phase.

Ad
It should be noted that in general T1Ad is anisotropic; Z.e.,
T1Ad is a function of the local surface normal with respect to Eo if
the relaxation mechanism is due to dipole-dipole interactions.58
Since in our case, however, only the bulk magnetization is observed,
we can take T;id to signify the relaxation rate that is obtained from

an average over a spherical surface.

At this point we will briefly discuss the intrinsic component
-1
1Ad°
great length since the experimental data that will be discussed in

of T It is not particularly useful to discuss this subject at
the next chapter were not taken over a broad enough range of condi-
tions (particularly Bo) to allow a significant check of any detailed
theoretical model.

In general, the theory of intrinsic relaxation of adsorbed He3
is identical to that discussed in the previous section except that
the relative motion between He3 atoms is now confined to a planar sur-
face. That is, T;l is given by [3.70], and after averaging over all
orientations of the surface with respect to Eo’ the ratios between
the three spectral densities [3.73] still pertains. The correlation
functions and consequently the spectral densities may be calculated
using [3.74]. This has been done by a number of aut:horsss_61 by
modifying Torrey's analysis52 to describe two-dimensional motion.

In practice, two limiting cases can be considered: the limit of

continuous (two dimensional) diffusion, and the long-jump limit where
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it can be considered that two initially adjacent atoms no longer
interact after a single jump.

In the former (continuous diffusion) case, the calculation is
quite analogous to the one outlined in the previous section although
the results are no longer expressible in terms of elementary func-
tions. When w Ta >> 1, where Ta = az/(ZD) as before, it is found

o
3/

- -3/2
that Jg?)(wo) x woz in contrast to the wo‘ dependence found in

three-dimensional diffusion. If it is assumed that T, << Tad’ then
ey << 171 it is found that J?q)(w )
Ad 0 a i) 0

« [const - Qn(wora)]. This low-frequency logarithmic divergence 1is

in the frequency range T

-1 . . .
<< S 3
cut off for W, Tad and TlAd becomes constant in this limit,
In the long-jump limit, the correlation functions are readily

calculated using Poisson statistics. The spectral densities are

-1
proportional to TC[I + wéri] where e is the mean time between

jumps.

Chapman and Bloom have measured T, 6 of He$ gas inside of a 1 cm3

1w

61

spherical Pyrex cell tlat had been coated with an annealed neon film.
The gas density was 6 x 1072 g em™> and measurements were made at 2.6,
4.2 and 8.0 K and over a range of values for B, They found that the
continuous diffusion model correctly described the dependence of le
on Bo, but that the long-jump model did not. (It was assumed that

TlAd >> Tad S that le and TlAd are directly proportional to each

other.) At 8.0 K, a fit of the model to their data gave T, = 2 x 107

7

sec. At the lower temperatures, however, Ta became about an order of
magnitude shorter (e.g., 10'8 sec at 4.2 K) than this. Chapman and

Bloom point out that this is not a reasonable result since a shorter
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correlation time should lead to weaker relaxation that that observed.
They suggest that this could be due to the partial formation of the
second, more loosely bound, adsorbed layer. Thus while the 2D-dif-
fusion model appears o be adequate for the description of a mono-
layer of He3 on annealed neon (or other similar surface), it is prob-
ably too crude to deal with relaxation at a liquid-solid interface.
Wall-induced relaxation due to foreign spins can be modeled in
a similar fashion.61 In the case of electronic spins, however, there
are additional complications; e.g. the coupling may be scalar as well
as dipolar and the relevant correlation time may be determined by
the electronic-spin relaxation time.1 The use of an inert-gas wall
coating of sufficient thickness should reduce this problem to a
negligible level provided that the O2 contamination of the gases can

be kept sufficiently low.
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CHAPTER 4

EXPERIMENTAL RESULTS AND ANALYSIS

4.1 Initial Experimental Results

4.1.1 Effect of Sample Condensation on He3 Polarization

The first experimental question that had to be answered con-
cerned the loss of He3 polarization during the process of condensing
the HeS-He4 mixture into the sample cell after traversing nearly 2 m
of ¥ mm-bore glass capillary. It turned out that this process was
more efficient than had been feared. When the He3 was polarized to
~ 5% at 1 Torr pressure, the sample magnetization was such as to
yield a magnetometer signal equivalent to a uniform applied field of
1-2 % 10—5 G. This gave a signal-to-noise ratio in excess of 103
with the magnetometer output filter having a 0.1 sec time constant.
This was fortunate in that it allowed a number of relaxation-time
measurements, typically between 10 and 15, to be made in a given
experimental run,

Since the sample cell is approximately spherical in shape, the

internal macroscopic flux density is approximately uniform and related

to the magnetization by62

X, << 1 [4.1]

Bmo = 8mM/3 = (8n/3)(%hy)Px3n 3

4 »
. 3 . . . 3 .
where P is the He™ polarization, Xz is the He™ concentration, and n,

is the He4 number density. A uniform applied magnetic field Baz




that produces the same magnetometer signal as B o is related to Bo

_ 3 . . .
by B . = (Ro/Rc) Bmo (see Sec. 5.3), where Rc is the pickup coil

a

radius and Ro is the sample radius. Thus ]

. 3 -1
P = (RC/RO) [(8n/3)%hyx3n4] Baz .

Estimating (Rc/Ro)3 = 1.66 and taking typical values Xz = 6.9 x 10-4,

B = 1.7 x 10™° G, and n, = 1.8 x 1022 %3, we find P = 2.4% in
a typical run. The efficiency of the condensation process is retain-
ing the He3 polarization is therefore on the order of 40-50%.
4.1.2 Initial T; Measurements
In the first experimental run that made use of the Tl-measure-

ment technique described in Chap. 2, a series of T1 measurements were

made under nominally constant conditions with an applied field,

Bo = 50.9 uG. (In this run, 2 Torr of He3 was polarized so the He3
concentration in the sample was twice the typical value of 6.9 x 10—4.)
The purposes of this run were to obtain accurate measurements of T1
and to check the reproducibility of these measurements. The results
are shown in Fig. 4.1.

The error bars in Fig. 4.1 were obtained by a standard propaga-
tion-of-errors calculation63 based on estimates of timing error, mag-
netometer noise and chart recorder resolution. Also included was
an estimate of the small systematic error introduced by the uncer-
tainty in the direction of the applied magnetic fields due to the
presence of an ambient field having an unknown direction and a poorly

known magnitude. All of the error estimates of the individual T1

measurements that will be discussed in this chapter were made in this
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fashion. The weighted average of the measurements made in this run

was 1.39 x 104 sec (3.9 h).

This relaxation time seemed to be much too short to be attribut-
able to intrinsic relaxation. This was verified in a subsequent
experimental run that was virtually identical to the one we have just
described except only 1 Torr of He3 was used. Since the He3 density
was halved, the relaxation time should have increased if intrinsic
relaxation was playing any significant role. The relaxation time,
however, did not change.

4.1.3 Field-Dependent Longitudinal Relaxation

After the above measurements were made, it was discovered that
Tl was strongly dependent on the magnitude of Bo’ In particular, it
was found that the relaxation time was an increasing function of Bo
up to the 1 mG level above which T1 would level off in excess of
1.25 x 10° sec (35 h).

Now a'general conclusion that can be drawn from our discussion
of simple relaxation mechanisms in liquids and gases in Chap. 3 is
this: If the relaxation rate T-1 is a strong function of Bo, then

1

there is a relaxation mechanism that has a correlation time Te such
that woTe > 1. Since our results show a field dependence for

w, < 1 rad sec—l, the responsibie mechanism must have a correlation
time in excess of 1 sec. The only mechanism that can reasonably fit
this requirement is relaxation due to a magnetic-field gradient. We
have already seen that the slowest diffusion mode has a decay time
on the order of several hundred seconds. One might therefore expect
lm

that T, w;z + const because the first order gradient would generally

1
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have the dominant effect due to its association with the slowest
diffusion mode.

Unfortunately, things were not that simple. In the first place,
the measured values of Til did not have an inverse-square dependence
on Bo' Secondly, the first-order gradient that would be necessary
on the basis of the theory in Chap. 3 (e.g. equation [3.60]) to
account for the measured relaxation times would be inconsistent with
the gradient inferred from the free-precession decay measurements
discussed in Chap. 2. It turns out, however, that the observed field
dependence is quite consistent with what would be expected from a
dipolar field arising from a ferromagnetic contaminant located a dis-
tance from the sample cell that is small compared to the size of the

sample. This hypothesis will be discussed in further detail in

Sec. 4.3.

4,2 Measurement of the He3 Diffusion Coefficient

As we have seen in Chap. 3, it is necessary to know the diffu-
sion coefficient of He3 in liquid He4 if we are to analyze the relaxa-
tion data. Since this information does not appear to be available
in the literature for our experimental conditions, we have made our
own measurement of this parameter.

Before describing this measurement, however, we note that it
can be shown from the theory of diffusion in binary mixtures that
provided the mass concentration of the component of interest (He3 in
our case) is vanishingly small, then the motion of that component

(Z.e., n3) is given by the ordinary diffusion ecquation




1
|
!

an /3t = - szn3 ,

64

where D is independent of the concentration, x In this limit,

3
the theory also shows that 3n3/3t is unaffected by a thermal gradient
provided, of course, that the gradient is not big enough to cause
convective motion. Since in all of our experiments x; < 3 X 1073,
we will assume that these results apply.

As was noted in Chap. 2, the horizontal field coils were wired
so that they could be fed in opposition in order to produce a known
gradient. In Chap. 3, the relaxation rate due to the gradient con-
figuration produced by these coils was calculated. Since all of our

data amply satisfied the condition wyT1q >> 1, we use the expression

[3.60]

1—
G "

2

- 2.2 -2 2
T (5/4)g"y"Dw " = (5/4)(g/B)°D , [4.2]

where it is seen from equations [3.53] and [2.1] that
g = 487NI/(125 V5 a%) = 0.394 1(G e’ Y ,

I being the current in amps that is fed to each coil. If a series of
relaxation measurements is made with various values of g, D can be
experimentally determined by a least-squares fit of the data to
-1 -1 2
TC = (T])  + (5/4)(e/B)°D [4.3]
g=o
The results of such a sequence of measurements are shown in
Fig. 4.2 along with the curve obtained by a weighted least-squares

fit.63 These measurements woere made with B0 = 1.45 mG so that the
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effect of the ferromagnetic contaminant dipole was minimal. The
weighted fit yielded the results (T]') = (8.02 ¢ 0.2) x 107
sec™), and D = (8.4 + 0.8) x 107> cn® cec-1.”

Although there do not appear to be any published measurements
of the diffusion coefficient of He3 in liquid He4 at 4.2 K, Harrison
and Hatton65 have reported on measurements made up to ~ 3 K on mix-
tures having He3 molar concentrations as low as Xy = 0.137. A rough

extrapolation of their data on this lowest molar concentration to

4.2 K yields an estimat~ that agrees reasonably well with our result.

4.3 Relaxation Due to a Nearby Ferromagnetic Dipole

4.3.1 Results of Model Calculation

Having seen that the observed field-dependent relaxation is
inconsistent with a uniform-gradient model, we now turn to an analy-
sis of the relaxation that would be expected from the next most
likely perturbation field: a dipolar field arising from a nearby
ferromagnetic contaminant. We will show that there is sufficiently
good circumstantial evidence in support of the validity of this
model to allow us to deduct this effect from our data so that the

field <ndependent mechanisms, Z.2., wall-induced relaxation and

*

It should be pointed out that the experimental conditions under
which these measurements were made were not accurately known. That
is, although the conditions were intended to be at the NBP of Hed,
the sample pressure and temperature were not directly monitored. In
particular, the practice of overfilling the sample cell (see Chap. 2)
could lead to the liquid-vapor interface being sufficiently high in
the fill-line capillary that the sample pressure could be somewhat in
excess of 1 atm. All we were really interested in, of course, was the
value of D under the same conditions that all the other measurements
were made.
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intrinsic relaxation, may be studied.

In order to simply model the effect of relaxation due to dif-
fusion through a dipolar field, we consider a cubical sample cell
having sides of length L with a ferromagnetic dipole ; located a
distance b from the center of one face of the sample (see Fig. 4.3).
It is assumed that the relative orientations of ;, ﬁo’ and the vector
between ; and the center of the sample do not have a major effect on
the magnitude of the relaxation rate so that all three may be taken
to be in the z direction as a first approximation. In addition, it

Y>> 1, b) bo<< Loand o) Bl >> (B,

is assumed that a) wo(ﬂ/L)zD_
everywhere in the sample volume, where El(;) is the dipolar pertur-
bation field. Assumption a) is demonstrably true for our experiments.
Assumption b) is justified a posteriori: all of our experimental
information is consistent with the results obtained with this assump-
tion. Assumption c¢) arises from our validity discussion in Chap. 3.
An estimate of IEI on the basis of fitting the data to the results of
this model will indicate that c¢) is moderately well satisfied.

With these assumptions it is not difficult although somewhat

tedious to use the results of Chap. 3 to calculate TIC. The details
3
of the calculation are presented in Appendix A, and only the results

will be discussed here. Explicit results can be obtained in two

2
e . > -
limiting cases: 1) onb << 1, and 2) onb 1, where Tb = b /D.
In case 1), we obtain
O ﬂyzmz/(8VbD), W, << [4.4]

1G

where V = L3 is the sample volume. In the opposite limit,




Fig. 4.3 Geometry and coordinate system used to estimate the relaxation
due to an external ferromagnetic dipole.
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-1 2.2 % 4 -3/2
Tig = [3™m™D*/(4 V2 b Vlw M5 ety > 1. [4.5]

Thus the dipolar perturbation field leads to a w;S/z dependence

in the limit onb >> 1 and L >> b. It is not difficult to see from

the discussion in Appendix A that relaxation arising from a remotely

located dipole, b >> L, would yield a w;Z dependence. Since B0 spans

¥

a range of almost two decades in our data, a discrepancy of W, is

3/

quite marked, and our data clearly favors the w; 2 dependence.
Before making a detailed comparison with our data, a general
comment is in order. In our review of the intrinsic nuclear relaxa-
tion of monatomic liquids in Chap. 3, it was noted that a model based
on continuous diffusive relative motion between atoms led to a w;3/2
dependence in the limit that W Ty >> 1. Here T, = az/(ZD), where a
is the distance of closest approach between two atoms. Since dipolar
interactions are involved in both intrinsic nuclear relaxation and
in the present case, it is clear that the present case is a kind of
macroscopic analog of intrinsic relaxation. There are, of course,

-11

gross differences of scale. For liquid He, T, = 10 sec while for

the present case Ty = 102 sec. It should also be noted that while

it is inappropriate to use the diffusion equation to describe atomic

motion for times < Ty its use for times < Ty is very well justified ‘

except in the case of a low pressure gas.

4.3.2 Comparison of the Dipole Model with the Data
In order to test our ferromagnetic dipole hypothesis, the func-
tion

! =T, + 0B [4.6]
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was fitted by means of the weighted least-squares technique to the
data from the first experimental run where a systematic measurement
of T1 Vs, Bo was made. The data and the resulting fitted curve are

shown in Fig. 4.4. The fit parameters were T, = (1.45 + 0.04)

1 sec_1 63/2.

]
x 10° sec (40.4 h), and a = (2.04 ¢ 0.1) x 107}

The
fit to data obtained from some of the other experimental runs using
[4.6] will be shown in following sections.

The question that now arises is whether there is a reasonable
probability that there is at least one ferromagnetic dipole of suf-
ficient magnitude and in sufficiently close proximity to the sample
to account for the value of a that has been obtained. To answer
this we note that there are only three materials that are sufficiently
close to the sample to satisfy the b << L condition: Pyrex glass,
Delrin plastic, and niobium wire. Cabrera17 has measured the reman-
ent magnetization of typical samples of all of these materials at
4,2 K using‘a SQUID magnetometer. Of these materials, Delrin is the
most suspect since it was found to be invariably contaminated with
numerous isolated ferromagnetic inclusions. Particularly suspect :
was the Delrin coil form (Fig. 4.5), since it came to within an esti-
mated 0.06 cm of the sample.

In order to be more quantitative we use equations [4.6] and [4.5]

to write

a = 3w(yD)%h2/(4 V2 b4V) . [4.7]

If we take b = 0.1 cm and estimate the sample volume to be V = 0.38 cms,

equation [4.7] together with the measured value of a yields the esti-
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DELRIN COIL
FORM

PYREX SAMPLE
BULB
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Fig. 4.5 Detail of sample cell and pickup coil form showing possible
location of a ferromagnetic dipole.
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matem = 2 x 10 8 G cm™. This can then be compared with the results

of measurements made by Cabrera on two thin-wall cylindrical samples
of Delrin of dimensions %' diam x 4" length X .010" wall. These
samples were axially scanned by slowly sliding the cylinders over a
close fitting cylindrical post that had a superconducting pickup coil
wound on it (Fig. 4.6a). Fig. 4.6b shows the results of these scans.
The reference marks in Fig. 4.6b show the peak signal that would be
obtained from a point dipole of magnitude m = 2 x 1078 G cm® that was
embedded in the sample wall and oriented in the axial direction.
Cabrera points out that this type of measurement always given a lower
bound on the size of the dipole. Although the evidence shown in Fiyg.

4.6 cannot be conclusive since the measurement was not made on our

coil form and since the value of m inferred from [4.7] is very sensi-
tive to the value chosen for b, it is clear that our hypothesis is
very reasonable indeed.

There is additional supporting evidence for the ferromagnetic
dipole hypothesis. For one thing, a microscopic examination of the
coil form revealed a brown contaminant speck near the inner surface.
(The coil form was made of unpigmented Delrin which has a white,
translucent appearance similar to that of natural nylon.)

Another piece of corroborating evidence was also obtained in an
unexpected fashion. In the first 15 experimental runs the cryostat
was kept cold continuously in order to avoid disturbing the apparatus
unnecessarily. Between each of the subsequent runs (excepting between
19 and 20), however, the cryostat probe was removed and reinserted

into the dewar in order to remove and apply cryogenic wall coatings.
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Fig. 4.6 (a) Detail of apparatus used by Cabrera to measure remanent
magnetization associated with 4' long % 1/2"-diam X 0.01" wall
Delrin cylinders. Detection coil was coupled to a SQUID mag-
netometer.
{b) Scans made with this apparatus along the length of two
different Delrin samples.
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In the analysis of data from these runs it was noted that the fit
parameter a in equation [4.6] was slowly declining from one run to

the next. It was speculated that this was due to a shifting of the
coil assembly (which was clamped to the fill capillary with an RTV
rubber cushion) with respect to the sample bulb because of the

effects of thermal cycling. A subsequent disassembly of the apparatus
indeed revealed that there had been a downward shift of the coil
assembly by 0.15 - 0.2 cm. The numerical decline that was noted in

o was consistent with this amount of motion.

-3/2
o

It should also be noted that the B behavior was otherwise
immune to changes in experimental parameters. For instance, this
behavior was unaffected by wall coatings and He3 density. In addition,
factors such as changes in the bath temperature, vertical location of
the cryostat probe in the dewar, whether the magnetometer was on or
off, and current changes in the pickup loop corresponding to 1 ¢o at
the SQUID either had little or no effect on the relaxation rate.

The prepoaderance of this evidence suggests that the source of
the field-depenlent relaxation has been correctly identified. In
the follow:ng sectiois, we will identify T'i with the sum of the wall-
iaudecd aild intrinsic relaxation rates, both of which should be quite
independent of the small applied field, Bo. This is equivalent to
assuming that the microscopic correlation times associated with these
two remaining relaxation mechanisms are very short compared to the

- . -1 -
smallest value of wol that was used in our experiments (wo 2 2 x 10 2

sec).
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4.4 Wall-Induced Relaxation and Intrinsic Relaxation in the Bulk

Lo . e -1 _ -1 -1 .
Hlaving made the identification le = le + TlB’ we now wish to

analyze our data in light of some of the models that were discussed

in Chap. 3. Comparison of our data with that published by other
workers will be made in order to facilitate this analysis.

As a result of this, we will see that there are two effective :

& for He3 at 4.2 K: 1) use a wall coating of

1

solid H,, and 2) use He? as a buffer for the adsorbed phase. In

ways of reducing T

addition, our data will show that the two techniques may be used

together with advantage.
4.4.1 Effect of He
In order to discuss the interplay between wall-induced relaxa-

tion and intrinsic relaxation in the bulk, it is uscful to summarize

the results obtained by Chapman and Richards31 (CR) from Tl measure-

3
5

.3 . . L -
ments of He 4uz at 4.2 K over a range of densities 2 x 10 <p

-2 -3 . .
7 x 10 “ g cm ~. Their results are particularly useful to us ]

because their sample cell was virtually identical to ours and simi-

lar cleaning procedures were used. Their measurements, however,

were made with BO = 1 kG. CR found that their results could be

represented by

-1 }

T100 = Clnm3 + Cz/nm3 [4.8] |

I

hrd ]

where N3 is the lle” molar density, C1 is a constant that did not *

vary from run to vun, and ¢, is a constant that was found to depend
on the c¢leanliness of the sample-cell wall.

CR itdentified the first term with the intrinsic rate in the bulk,
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T B’ and the second with the wall-induced rate, T 1 The reason

1 1W’
that Ti; is proportional to n s has been discussed in Sec. 3.4.
. -1 .
The reason that le C2/nm3 can be seen from equation [3.80],
Tiw = N3p/Nopd (Mg * Tagd o [3.80]

if certain conditions are met. The primary condition is that the

3 . . ,
He” molar surface density, s be independent of n_ ; Z.e., n

3m 3

should be large enough for the surface to be saturated so that the

m3’

adsorption isotherm is relatively flat. Secondly, it is necessary

that TlAD + TAd

[3.80] is written in the form

be independent of n oz 1f these conditions hold and

-1
Tly [4.9]

= 353/ [ sRO(Tyag + Tagdl o

where 3/Ro is the surface-to-volume ratio for a sphere of radius Ro’

then the inverse relationship between T;& and nos is apparent.

Actually, CR assumed (as will we) that T << T

1Ad so that [3.80]

Ad
and [4.9] become

= 4 '
Tiw = N3pT1ad"N3ad [3.80']
and
-1 _ '
le = 35m3/(nm3RcT1Ad) . [4.9']

The justification for this assumption in the case of Pyrex or other

weakly relaxing surfaces is that C2 in [4.8] is in fact se1 ,itive ‘

24,31

to surface preparation. If the opposite limit were true,

T >> TlAd’ the state of surface cleanliness would have little or

Ad

no effect on the measured relaxation. Thus, with the various assump-
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tions that have been made

C, = 3s o/(RT

) [4.10]

1Ad”

CR determined C1 by fitting [4.8] to their data and found

C, = (4.9£0.2) x 1072 sec™ cn® mo17t, Although they don't specify

the values of C2 that were obtained, C

their data plot by noting that Tloo is a maximum when ni, = CZ/CI' We
J
thus find that 1.4 x 107/ < C, <2x 107% sec™! mol cm-s, depending

, can be readily inferred from

on the surface cleanliness.

By using these values for C1 and C2 in [4.8] we can estimate the
relaxation time that would be obtained for the typical He3 density
used in our experiments (Z.e., ng T 2.16 x 10_5 mol cm°3 when the
optical pumping bulb was initially loaded with 1 Torr He3) but in the
absence of the liquid He4: 10 < T < 150 sec. Since the value of
le quoted in the previous section is ~ 103 times 150 sec, it is
clear that the presence of the liquid He4 buffer has drastically
reduced Ti;. As an alternative comparison, we note that the longest
relaxation time obtained by CR was ~ 5 x 103 sec (1.4 h) at a density
of 3.3 x 10™> mol cm ™.

It scarcely needs to be pointed out, however, that for our
intended application the presence of the He4 is certainly not an un-
mixed blessing. For example, the use of liquid He4 has the effect
of reducing the He3 diffusion coefficient by ~ 104 and thereby
inecreasing the zero-field relaxation rate due to magnetic-field
gradients by that factor. In addition we will sce that the use of

Liquid He4 will also shorten T, _ somewhat (- 40% at 4.2 K under SVP),

1B




although the presence of He4 gas should have little effect on T

1B°
inferred from CR together

By using the range of values for C2

with [4.10], a range of values for TlAd can be estimated. Taking ’

Ro = 0.5 ¢cm, sm3 = 1,7 x 10-9 mol cm-2 (1015 atoms cm_z), we find
5 x 1073 < Tipg <7 % 1072 sec.

These simple considerations can be readily extended to HeS-He4

mixtures. To do this, we take advantage of the relatively high
temperature involved and make the approximation that He3 and He4

*
are identical with regard to their adsorption properties. In this

case, then, we write

Sm3/sm4 = nm3/nm4 ’
Sm3 + Sma = Smt = const ,
and
N3Ad/NSB = ssmt/(nmtRo) [4.11]
where nmt = nm3 + nm4. Thus,
R [3s_./(n__R )]T’1 [4.12]
] 1 ' m3 mt mt o'" Ad ’ :

|
where C1 may or may not be the same as C1 depending on whether the

He4 has liquid or gas density. (It is assumed that n o3 is much
smaller than liquid density.)

If we assume that the presence of He4 cannot increase TlAd and

%

This approximation is reasonable given the crudeness of the present
analysis. At lower temperatures, this approximation becomes invalid
as the He? tends to exclude HeS from the wall.®> This occurs because
He3 has a slightly larger effective atomic volume due to its greater
zero-point motion.




that Spt 1S virtually independent of nms/nm4, we see by comparing

[4.9'] and [4.12] that the minimal effect of a He4 buffer is to

. -1 .
multiply le by the factor nms/(nm3 + nm4) << 1, With the use of

4 . .. . . .
He ', then, one can lengthen the intrinsic relaxation time in the

bulk by reducing nos3 without incurring a penalty from le.

Experimentally, however, we now face a somewhat more difficult
: . 3 . o .
situation. In the case of pure He  one is reasonably justified in
1. . . . , )
Ad 1S fairly independent of n oz SO that relaxation
in the bulk can be experimentally separated from Tia by fitting [4.8]

assuming that T;

3 4 . .
to the data. In the case of He -He mixtures, however, this may not
be the case for clean or coated walls where the intrinsic relaxation
process in the adsorbed phase may be significant. Since the intrin-

sic process in the adsorbed phase would also be proportional to nos

one cannot identify the component of Tlm that 1s proportional to n .

exclusively with the first term in [4.12], Z.e., Tié.

Although the technique of using samplec cells of differing radii
could be used, we did not do so. Relaxation measurements were made,
however, at three different H03 densities: p3 = 0.4, 1, and 4 Torr

pressure in the optical pumping bulb. 1n order to interpret these

. . . 53 .
results, we will resort to using the Oppenheim and Bloom™” theoretical

-1
1B

experimentally verified.24 Hence,

estimate of T,, for pure liquid ile3 (see Sec 3.4), which has been

=1 V!
Mg = C105m 2
where
'

C, = 1.97 N\y4h21(1 + 1)/aD , [4.13]




and where N, is Avogadro's number. Tlaking for D our measured value

A
-5 2 -1 -8 .
8.4 x 10 © cm” sec ~ and 2.56 x 10 = cm for the Lennard-Jones radial
] - - -
parameter, we find C, = 7.9 x 10 2 sec 1 cm3 mol 1. For our typical

® mol ecm™> this yields T, = 5.85 x 10°

3 X -
= X
He™ density n 2.16 x 10 1B

3
sec (162 h).

Although this is not a particularly desirable way to proceed,

this is sufficiently accurate to allow estimates of Tlid for the pur-
pose of comparison with the CR data. In addition, it will be seen

in Sec. 4.3.2 that this theoretical estimate of TlB is only ~ 15%

greater than an experimental lower bound on TIB' Hence we can say
1 - - -
with reasonable certainty that C1 <10 1 sec 1 cm3 mol 1.

obtained from [4.13] we have plotted

By using the value of Cl

-1 _ ..-1 ' . . .
le = le - Clnm3 in Fig. 4.7 from each of the three experimental
runs where different values of nos were used. Also shown are the

estimated values of Tiid where we have used [4.11] to estimate
- -7
NSAd/NSB = }.3 x 10 °,
On the basis of the results shown in Fig. 4.7 two comments can
be made:
1) No conclusion may be drawn concerning the dependence
of T, on n_, from this data alone. It should be
1w m3
noted that the experimental run where the largest He3
density was used (p3 = 4 Torr) was widely separated in
time from the other two. In addition, this particular
run occurred after 02-contaminated He4 had been admitted
to the sample cell (see Sec. 4.4.3).

2) Despite the large difference in Sn3? it is seen that the
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Fig. 4.7 Estimates of the wall-induced relaxation, Tii, and the reclaxa-
tion rate in the adsorbed phase, T;id’ as a function of the

He3 pressure in the optical pumping cell, Ps
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estimates of T that we have obtained (3-6 x 1072 sec)

1Ad
are quite similar to those that can be inferred from the

3 .7 x 102 sec). It is tempting to

CR data (5 x 10~
conclude that this shows that in spite of the plasma
cleaning, Tiid is still dominated by foreign-spin inter-
actions, in particular by electronic paramagnetic centers.
Since the CR data were taken in a field of 1 kG

(wo =2 x 107 rad sec'l), however, it is not possible to

do so without demonstrating that T W has no significant

1

field dependence below 1 kG. Since Chapman and Bloom61

have found that He3 on annealed Ne has a correlation time

of T =2 x 1077 sec (see Sec. 3.5) this possibility

cannot be discounted.
4.4.2 Cryogenic Wall Coatings

Because le becomes very short for the low He3 gas densities that

must be used for optical pumping of He3, it normally becomes impossible
to obtain any measurable nuclear polarization by use of this technique
at temperatures below ~ 20 K. It was discovered by Barbé, Lalog€, and
Brossel32 (BLB), however, that the use of certain solid cryogenic wall
coatings could be used to dramatically reduce the wall-induced relaxa-
tion of He3 at low temperatures and thus allow significant nuclear
polarization to be achieved. In particular, they found that the use
of a solid H, wall coating of ~ 30 molecular layers at 4.2 K caused

2

the relaxation time T, = T was completely negligible) of He3

-1
1= Tiw (Tpp
gas at a density of 2.7 x 10'8 mol cm-3 to increase from < 1 sec

(estimated to be 1072 sec) to 60 + 10 h. The sample cell diameter
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B |

was 3 cm.

BLB also found that the various cryogenic wall coatings were

effective in allowing significant nuclear polarizations only over a
limited temperature range below the freezing point of the coating gas.
* I For instance, H2 was effective in the range of 2 < T < 6.5 K, and D2
was found to be effective for 6 < T < 8.5 K. Additionally, the noble
gases Ne, Ar, Kr, and Xe were found to be effective over the ranges
8-13, 14-36, 16-50, and 17-33 K respectively.

In a detailed discussion of this phenomenon, Barbé33 notes that
the upper limit is simply due to the increasing vapor pressure of the
wall coating which quenches the metastable (2351) atoms and thereby
inhibits the optical pumping process. He finds, however, that the

low-temperature limit is due to a rapidly increasing Tl which has

1
W’

1W

< 5 sec when the temperature

a temperature dependence of the sort T .. « exp(E/kT). For example,

in the case of a H_ wall coating, T

2 IW

approaches'3.7 K.
It is therefore clear that the obvious function of a wall coat-
ing, Z.e., that of covering a magnetically dirty surface with a
relatively nonmagnetic material, is not the dominant reason for the
dramatic improvement in le. The most important function is to reduce
energy of adsorption, Ea’ for a helium atom on the surface. In the
case of low density He3 gas where the wall is unsaturated, this can
have two, possibly three effects on le:
1) The mean sticking or adsoprtion time, which is given
o}
Ad T Tad

than a monolayer, is reduced so that the probability

by 1 exp(Ea/kT) when the coverage is much less

129

PP NSRS Ok S
.

-




that a helium atom is adsorbed, N /NSB’ is likewise

3Ad

reduced.
2) The correlation time, Tc’ for an adsorbed atom becomes

shorter so that under the assumption that w T, <1,

1Ad

3) The intrinsic relaxation mechanism in the adsorbed phase

T becomes proportionately smaller.

is reduced since the He3 surface density is smaller.

The first two of these are discussed in detail by Barbé.33
Whether the third effect is significant or not depends on the nuclear
and electronic spin density of the wall coating, the latter presumably
being negligible if the 02 contamination is small.

In our experimental situation, it would not be expected that the
He3 surface density would be greatly altered by the presence of a
wall coating. It still could be possible, however, that a wall coat-
ing might be helpful in reducing the correlation time for atoms in
the adsorbed phase as well as serving to cover magnetic sites in the
glass surface. For these reasons, we decided to do some preliminary
experiments with wall coatings.

In our experiments, several different wall coatings were tried
at 4.2 K using the procedure described in Chap. 2. It should be
pointed out, however, that since our experimental procedure required
condensation of the Hes—He4 mixture after the coating had been frozen
on the sample cell walls, it is possible that the wall coating was

ablated to some extent during the interval when relatively warm gas

was entering the cell.* Thus it is unknown whether any given wall
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coating was uniform or not or even whether all of the cell surfaces
were covered or not. It can only be assumed that our results repre-
sent a lower found on the effectiveness that & given wall coating
would have under ideal circumstances.

Hydrogen wall coatings were used in two experimental trials
(Fig. 4.8). In the first trial, an estimated equivalent of 30 mol-

ecular layers of solid H, was used, and in the second a much thicker

2
coating of ~ 280 molecular layers was tried.’ In the former case we
obtained T1°° = 141 + 3 h, although the longest relaxation time that

was actually measured was 128 + 8 h. When the thicker H2 coating was
used, T1°o dropped to 57 + 1 h. The reason for the thicker H2 wall
coating yielding a shorter le than the thin one has not been deter-
mined.

In any case, it is clear that ~ 30 molecular layers of H2 wall
coating had a definite impact on le. By comparing T1°° for the bare
cell (40.4 h) with the valve obtained with the thin H2 coating we see
that le < 57 h in the bare cell. In other words, wall-induced reluxa-

tion was responsible for 2 70% of the relaxation rate that was measured

in the bare cell.

*

Although some attempts were made to throttie the flow of the sample
gas through the stopcock connecting the optical pumping bulb with the
fill-line capillary, the presence of the stopcock grease made it vir-
tuslly impossible to obtain anything other than an on-off response.

TThe estimates of the equivalent coating thickness were based on the
assumption that all of the wall-coating gas ended up on the sample-
cell surface. This assumption is reasonable since the sample cell,
because of its location and its thin walls, would cool before the
fill capillary as the probe was lowered into the dewar.
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1B

previous section exceeds the value of le obtained with the thin H2

4
We also note that the theoretical estimate of T._ made in the i-
|
coating by ~ 15% and the longest measured relaxation time by ~ 27%. !

. 1. .
1p was dominant over le in this case.

Because of this and the lack of an accurate measure of TlB’ a quanti-

Thus it seems likely that T

tative estimate of le (for the thin H2 coating) is not possible.
This result, however, does suggest that yet longer relaxation times
are possible at lower He3 densities.

In two other experimental runs, a generous (~ 700 atomic layers)
coating of solid argon was tried. Argon was chosen because it has no
nuclear magnetic moment. In the first trial argon that was specified
to have an O2 level of < 0.1 ppm was used and yielded le =39.1 + 0.4 h
which is virtually identical to the bare cell result (40.4 + 1 h). In

In order to see if O, contamination in the Ar would have any effect, Ar

2
that had been doped with 3.9 ppm of O2 was used in the second trial.
In this case, we obtained T100 =39.5 + 0.6 h. These results are shown
in Fig. 4.9.

Our results were thus sim:ilar to those obtained by BLB: at 4 K
an argon coating had no effect when compared to a clean Pyrex surface.
In light of our remarks on the disposition of the wall coating after
admission of the He sample, however, it must be admitted that a firm
conclusion cannot be drawn on the basis of our negative result. How-
ever, if the hypothesis that the effectiveness of a wall coating was
predominantly due to the covering of a magnetically dirty surface with
a non-magnetic substance were true, our sensitivity was such that a

coverage of only ~ 10% would have been sufficient to cause an observable

change in Tlm’




"4 9°0 F 5768 = "1 Burcop Co yarm pue

‘Up0+ 1°65 = BHH ‘3urdop No Inoy3lIM  "umoplood o031 Jotad

uodxe jo saadel dTwole moﬁ ~ 3O juaTeAInba Syl y3IM parl1y
-21d sem (19O o[dues Syj USYM pOUTEIQO BIBP 93IBI UOTIBXBIdY 6°f ‘814

(2/6-9901) 2,628

G v ¢ ¢ , O

PS T _ T _ O

Pe
ADD |

Yol
U8 1
Yo -

LI

134

U
yG'e
Ue -

[PPUNEIEN PRE W > L




T o T i T T “'"""1

4.4.3 Effect of 02 Contamination

» Because of the time and effort necessary to operate the super-
leak He4 purifier, commerical grades of He gas were tried on two
occasions in order to see if the superleak purification procedure
was important or not. On the first occasion Matheson "Ultra High
Purity" grade helium (total impurity content < 10 ppm, 02 concentra-
tion < 2 ppm) was used and on the second occasion helium having a
total impurity content < 1 ppm was obtained from Liquid Carbonic
Corp.

The use of the lower purity helium gave some rather pronounced

results. The initial magnetization was so small (~ 10-2x the usual

3; value) that only one relaxation-time measurement was made. Even
more surprising, the sign of the magnetization was the opposite of ]

' that observed on all other occasions. The reason for this is not

i, known. No difference in experimental conditions (e.g., current polar- , i

ity to the optical pumping field coils, guide solenoid, and sample

cell field coils) could be found, although the possibility of a mis-

take cannot be absolutely ruled out until the experiment is repeated.

The one relaxation-time measurement yielded T1 = 2.7+ 0.3 hina

field of 145 uG. In this magnetic field we would have expected

T1 = 19 h in the bare sample cell with the superleak-purified He4.

In preparation for the subsequent run in which the higher purity

. 4
commerical He was to be used, the cryostat probe was removed from

the dewar and the sample cell was pumped out. In order to reduce the

possible effects of residual O, contamination from the previous run,

2

argon was admitted before cooling the probe down again. It is now
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thought that this maneuver was of dubious value and that the probe

should have been disassembled for a new plasma cleaning of the

sample cell. Consequently, the fact that T « Was found to be shorter

1

in this run (30.6 ¢ 0.3 h) then in runs where superleak-purified He4

was used is probably insufficient to judge the relative purity of

b ) the gas from these two sources.

4.5 Conclusions i

TR T AT

The primary objective of our experimental work was to determine
whether the long intrinsic nuclear relaxation times that are predicted

in the bulk of dilute He3~1iquid He4 mixtures can be attained in actual

F. practice when other relaxation mechanisms may be present. With respect

to this objective the experimental results have been encouraging. It

has been found that with a H2 wall coating, the wall-induced relaxation

was reduced to the point where a T, in excess of 5 days was achieved

1
in a 0.069% mixture of He3 in liquid He4 at 4.2 K in a 1 cm diameter
Pyrex cell. Since this result appears to be limited for the most part
by intrinsic relaxation in the bulk, yet longer relaxation times should
be achievable by using lower He3 concentrations.

The problem of obtaining long relaxation times in a zero-average
magnetic field (or equivalently, the problem of obtaining a long T2)
is well understood. For example, by using care in selecting materials
and in making the superconducting shield, a gradient on the order of

-8 -1

10 ° G c¢cm ~ should be possible. If this had been the case for our

experiments, we would have found that the gradient-induced relaxation

time would have been on the order of 9 days when BO = 0. Thus it
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appears that zero-field relaxation times on the order of several days
are quite possible. "

It is clear that a number of unresolved issues have been raised
in our discussion of our experimental work and that of others. In
particular, an issue which is of importance to us concerns the nature
of the dominant magnetic interaction in wall-induced relaxation when
wall coatings are used. The question of whether the thickness of the
wall coating is of importance also needs to be studied.

It is clear however, that although some aspects of sur experi-
mental technique are useful, there are more efficient ways of studying
wall-induced relaxation per se. Since our experiments were motivated
by the desire to achieve long relaxation times, the rate of data acqui-
sition was inversely proportional to our success. The use of sample
cells with much larger surface-to-volume ratios, for example, would

reduce the duration of an experimental run from a week or so to hours

or less.
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CHAPTER 5

He3 ZERO FIELD NUCLEAR GYROSCOPE

5.1 Introduction

We have already discussed the basic concept and techniques
involved in the He3 ZFNG in Chap. 1 and have described the use of
some of these techniques in greater detail in Chap. 2. A schematic
depiction of the He3 ZFNG is shown in Fig. 5.1.

Although the original He3 ZFNG prescription called for a polar-
ized Hes-liquid He4 mixture, we saw in Chapters 3 and 4 that the
small He3 diffusion coefficient in the liquid phase can lead to con-
siderable shortening of the relaxation time in low magnetic fields

because of relaxation due to magnetic field gradients. In this chap-

ter we will therefore allow the possibility of He3-He4 gas mixtures

as well. Because of the much more rapid diffusion in the gas phase,
however, a simple constriction would probably no longer be adequate
to control diffusion in and out of the sample cell. Thus it is
likely that some sort of mechanical closure would be required.

An additional departure from our previous discussions is that
we will now entertain the possibility of a much larger sample volume
and a smaller sample magnetization than were used in our experimental
relaxation studies. Hence, in the numerical estimates that will be
made in this chapter, the sample diameter will be taken to be 3.8 cm

{(1%"), and the sample internal flux density will be taken to be 10*6 G.
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Fig. 5.1 Schematic depiction of the He3 zero-field nuclear gyroscope.
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Although it is clear that we estimate these modifications to be
advantageous, it should be pointed out that these choices are somewhat
arbitrary and are not guaranteed to be optimal. It will become clear
that there are too many uncertainties at this point for an optimal
set of gyro design factors to be determined.

In the following sections of this chapter we will examine in
detail the following key elements of the He3 ZFNG performance:

1) He3 relaxation time, 2) the angular accuracy with which the dir-
ection of the sample magnetization may be determined, and 3) residual

motion of the magnetization due to time-varying or magnetization-

dependent magnetic fields which are therefore impossible to null.
The related topics of anisotropic relaxation and the dynamic fre-
quency shift are most conveniently discussed as relaxation topics
even though their effects could in practice be difficult to distin-
guish from motion due to uniform magnetic field.

Within the constraints of our present state of knowledge, our
objectives in this chapter are to 1) illuminate the relationships
between the various design parameters and the performance elements
we have just listed so that important tradeoffs may be better under-
stood, and 2) to roughly estimate how well a He3 ZFNG might be
expected to aciually perform within the capabilities of current tech-

nology.

5.2 He3 Nuclear Relaxation Considerations

. . 3 4 .
We now consider the relaxation of He -He mixtures in zero-

average magnetic field at 4.2 K. Since this topic has been discussed

|
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in detail in Chapters 3 and 4, we will merely review the results
which pertain to the ZFNG performance.
5.2.1 Intrinsic Relaxation

For our present purposes, it is sufficient to consider the
intrinsic nuclear relaxation of a monatomic species in the simplest
approximation, Z.e., under the assumption of a classical gas or
liquid with a hard sphere interatomic potential. For a gas the

result 1553

1 %

Té = 2y4h21(1 + 1) (mm/k0O) 5,

nsa— [5.1]

where kO is Boltzmann's constant times the temperature, and m is the

mass of the He3 atom. For a liquid, we have equation [3.79]

Tél = smy*nlr(r + )n/(150a) , [5.2]

where as we have noted in Chap. 3, D is independent of n, in the limit
n3/n4 > 0. In both [5.1] and [5.2) a is the hard-sphere radius.

It is noteworthy that the relaxation rate for the gas is inde-
pendent of the mean free path so that the addition of a magnetically
inert gas such as He4 will have no effect on this relaxation mechanism.
This is not true for a liquid buffer where the mean free path is com-
parable to atomic dimensions. According to equation [5.1] the density
of a liquid buffer can have an effect insofar as it affects D. This
situation is reflective of the fact that only the relative motion
between two He3 atoms during a collision has any significant impact
on the relaxation process.

Now if we use equation [4.1]
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Bmo = (8H/3)(%Yh)n3P ,

and require that B = 107° G, then ng = 101 71 ¢cn™3. on the basis

of our experimental experience we can assume P = 10'2 so that we need
18

ng = 10 en™> (2 x 107® mo1 cm~3). This is ~ 10% of the He> density
that we used in our relaxation studies. Substituting this into [S5.1]
yields TIB = 6 months. The use of equation [5.2] along with our
experimental value for D (Sec. 4.2) yields a result that is about 45%
of this.

Despite the fact that these results are somewhat optimistic due
to the neglect of the attractive interatomic potential between helium
atoms, it is improbable that these relaxation rates will be signifi-
cant in either the liquid or gas case when compared to the other relax-
ation processes.

5.2.2 Wall-Induced Relaxation

As we have discussed in Chap. 4, both He4 buffer and a solid H2

1w?

sample would relax due to wall effects alone, by many orders of mag-

wall coating are effective in reducing T the rate at which the

nitude in the region of 4.2 K. Unfortunately, there appears to be
no data on the relaxation rate of HeS-He4 gas mixtures in Pyrex let
alone Hes-He4 gas mixtures with cryogenic wall coatings. 1In addition,

the data that Barbé, Laloé and Brossel obtained on Tiw with a solid

H2 wall coating were obtained with a H63 density ~ 1/70 of the value

we are planning on using.32 How le will behave as a function of He3

density when a solid H2 wall coating is used is not clear and needs

experimental work.
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It is our estimation, however, that if a He4 density of 10-5 mol

cm-3 is used in conjunction with the solid H, coating, T, will be

2 1W
in excess of 105 sec. We will see in the next section that this
value of He4 density should lead to an acceptable relaxation rate
due to magnetic gradients.
5.2.3 Gradient-Induced Relaxation

As we have seen in Chap. 3, nuclear relaxation due to diffusion
through magnetic-field gradients is readily treated. This mechanism
differs from the previous two in that it is anisotropic even in the
B, = 0 limit. The results that were obtained in Chap. 3 and will be

utilized here are valid under the conditions that 1) the motional
narrowing condition, ng?Tfl << 1, holds; 2) the average of the per-
turbation field El(;) is zero; and 3) the mean free path is small com-
pared to the sample cell diameter.

Now if it is assumed that the field sources are located at a
distance that is much greater than the sample size, as would be the
case for both trapped flux in the superconducting shield and the field
nulling coils, then we may adequately model the situation with a uni-

form gradient. For the purposes of calculation, we take a similar

gradient configuration to the one used as an example in Chap. 3
> > 2 " »
B (r) = g(- ¥ix - ¥jy + kz) . [5.3]

We now need to specify the state of relative angular motion be-
tween the sample magnetization and the gyro case with respect to which
the gradient field is fixed. In the situation where the sample mag-

netization is stationary with respect to the gyro case, it has been
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shown that

- -1 -
dMa/dt = . TaGMa ) a = X,Y,z . [5.4]

With the gradient configuration [5.3] we have seen in Chap. 3 that

T;é - T;é = 5/2 T,g = 0.057 ngszD_l [5.5]
where Ro is the sample radius.

Now it is reasonable to assume that a value of g = IO-SG crn'1 i
can be attained. Thus, if we wish to obtain TG = 106 sec (12 d), %
then it is required that R2D°1 < 400 cm2 sec. If one were to use a :
1 cm diameter cell, it would be necessary that D 2 1.5 x 10_4 cm2 %

sec-l, a condition which can be readily met for all densities of He4

buffer short of liquid density. On the other hand a 3.8 cm cell would

require that D > 0.03 cn? sec™! or n, < 8x 107 mol em™>. It will

be seen in discussion of other issues that it is advantageous to use
the larger diameter and lower density for which we have Tll < 27 sec.
Of perhaps greater concern than the lifetime-limiting aspect of

relaxation due to magnetic field gradients is its anisotropic nature.

If the magnetization does not lie along one of the principal axes,

the orientation of the magnetization will not in general remain con- )

stant in time even in the absence of any average magnetic field. If,

for example, the gradient fieid is given by [5.3], then it is easily

seen from [5.4] and [5.5] that

S S S
do/dt = - %[TxG - TzG]SIH‘e {
[5.6]

-1 . .
- (3/10)TxG sin28 |




where 8 is the angle between ﬁ and the z axis. Thus for the para-
meters used above, the worst case @ = 45°) would yield a drift rate
of 3 x 107/ rad sec”? (0.06 EEE‘sec-l).

Up to now we have considered the situation where the magnetiza-
tion remains stationary with respect to the gyro case. We now briefly
discuss the situation where the magnetization appears to rotate with
respect to the case with an angular velocity IO. (Since we are dis-
cussing a gyro, it is perhaps more appropriate to think in terms of
the case rotating with respect to the magnetization with a velocity

- ;o.) If the duration of the rotation is much longer than w;l,
then we have seen that the relaxation rates T&é are no longer appro-

priate. Instead, the appropriate relaxation rates are Tlé’ the relax-
1

- -
ation rate of the component of M in the direction of W, and TZG’ the

relaxation rate of the transverse component. In general, T1G # TZG’

Aside from this, however, it is seen in Chap. 3 that these relaxation
aG’

>
For example, if the gradient were given by [5.3] and the rotation Wy

: -1 -1 -1 -1
= % =
were along the x axis then TlG 2(TZG + TyG) (7/10)TxG’ and

-2 -1 - -1 . .
Ty = ¥T1g * Tyg = (27/20)T ;. On the other hand, if the opposite

rates are of the same order as the T provided that w,T << 1.

11

>> 1, holds then !« (worll)'2 whereas 72} will

situation, w T, Gl 2
have dropped only slightly. In this regime TiG becomes negligible
-1

compared to TZG'

We note that since T1G # T2G the relaxation is still anisotro-

pic, Z.e., if 6' is the angle between ﬁ and 50 then we have instead
of [5.6]

v N TS T
B /dt = - H(T,; - T )sin26




There is one remaining consequence of magnetic field gradients
when wy # 0, Z.e., the dynamic frequency shift. In the frame where
ﬁ would be stationary in the absence of any field gradients, ﬁ will
actually precess about ;o with an angular velocity 6w when field grad-
ients are present. In the case of a uniform gradient, we have the

approximate relation (Chap. 3)
Swiwy = 5(1);/T)e)

. -2
<< 1 and varies as w for w. T >> 1,
o] o1l

-1
T 26

As a result of this discussion we can draw the following general

Since T 1

i ant for
16 1S constan W, T

11

8w is at a maximum when w, = At worst, then, dw = T;é = T

conclusion: if the magnetization rotates with respect to the gyro
case at a constaut rate W, (which may be zero), then the maximum drift
that will occur in any direction due to magnetic field gradients will

1

be on the order of 2! rad sec .

2G

5.3 He3 ZFNG Angular Readout Resolution

One of the three magnetometer systems is shown schematically in
Fig. 5.2. For the purpose of our analysis of the ZFNG performance,
we will use data obtained by Clarke, Goubau, and Ketchen23 (CGK) on
their tunnel junction dc¢ SQUID. This device is somewhat different
than the rf-biased SQUID that was used for our relaxation experiments,
but at the present it has the advantage of having a somewhat better
low-frequency performance than any of the other SQUID magnetometers.

Typically the noise performance of a SQUID by itself is specified

]

by S¢/¢o’ where S, (v) is the equivalent flux noise spectral density

¢
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Fig. 5.2 One of the SQUID readout systems for the He3 ZFNG.




from all sources referred to the SQUID inductance L, and ¢0 is the
quantum of flux (¢ = 2.07 x 1077 G cm® = 2.07 x 10710 Wb).* This,
however, does not take into account the consideration of how effi-
ciently the flux in the coupling inductance, Li’ can be coupled into
L.

In order to specify the performance of Li plus the SQUID together,
the energy resolution per Hz, En(v), is frequently used as a figure of

merit. %0 E_(v) is defined by

_ _ 2
En(\)) - Lisi(\)) = %Lls¢(\))/M

- 35, (v)/K°L [5.7]

¢

where M = k(LLi)% is the mutual inductance between Li and L, and

Si(v) and S¢(v) are the equivalent input current and SQUID flux noise

spectral densities respectively.

It is easily shown66 that flux applied to Lp, the sensing coil,
is most efficiently coupled to Li when Li = Lp’ and under this condi-
tion the SQUID noise specified as an equivalent noise spectral density

of a uniform magnetic field applied normally to Lp is |

_ 2 2
Sg. (V) = (2/NpAp) Lp[S¢(v)/k L]

2
(Z/NpAp) Lp[ZEn(v)] , (5.8]

where Lp has Np turns and encompasses an area Ap. (The B' subscript

*
Although we have been using cgs units for the most part, it is more
convenient to use MKS units in magnetometer discussions,
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is used to denote an equivalent uniform magnetic field in order to

distinguish it from a real magnetic field.) Writing

L = apN [5.9]
we have

5 %, -1
Spr = 2[2apEn] Ap ) [5.10]

We must now be more explicit about Lp in order to evaluate ap.
It will be assumed that Lp consists of a compact array of circular

turns whose cross-section dimension is much smaller than the mean

radius of the coil. In this case67

o = RCK [5.11]

where Rc is the mean radius of the coil (in meters) and « is given by

K/uo = Rn(RC/h7 e [5.12]

Here uo = 4T X 10-7 NA-2 and b is the dimension of the cross section
of the windings. If the cross section is square ¢ = 0.885 and if it
is circular, ¢ = 1.02. Since k varies only logarithmically as a
function of Rc/b it may be considered roughly as a constant. Combin-
ing [5.10] and [5.11] we then have

% 2 -3/2
"T -

- [5.13]

2E ) ¥R
(2E )

It is seen that the magnetic field resolution of a magnetometer having
. . . . 3/2

a compact circular sensing coil varies roughly as RC .

For a 4 cm diam coil, we are safe in assuming 5 < K/uo < 8, and

for specificity will take K/u0 = 6.5. (Because of the proximity of
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the diamagnetic pickup coil to the sample, the dimension b should be
as small as practically possible.) +

Before proceeding to calculate the angular resolution that might

. be expected, we note that there are two sources of coupling ineffi-
ciency that have been ignored. One is simply the stray lead inductance
between Li and Lp. The other is that the pickup coil diameter must be
somewhat larger than the sample cell diameter. It is easily shown
that if Emo is the internal magnetic field in the sample cell of radius

Ro’ then the flux coupled into a filamentary coil of radius Rc whose

->
plane is normal to Bmo is

! 6 =BA =TRR B . ]
X P ap oc mo i
Hence %
3 i
B, = (R /R)7B [5.14] §

where Ba is the equivalent uniform field that would have to be applied
to Lp in order to yield the same signal as Bmo' This can be explicitly |
taken into account by referring SE, to Bmo instead of Ba and replacing

[5.13] with

¥ o %.3/2,-3
Spy = (2/m) (2E )RR [5.15]

This correction is not particularly important as long as the three
orthogonal pickup coils can be nested fairly closely about the sample
cell. For simplicity we will assume that all the pickup coils have
the same diameter.

If we now define § to be the readout error, Z.e., the instantan-

-
eous angle between Bmo and the vector that would be inferred from the

e s PR TN
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magnetometer outputs, and assume that 1) magnetometer noise is nor-

mally distributed (Z.e., gaussian), 2) gains and noise characteristics
of each of the 3-axis readout magnetometers are equal and their noise
uncorrelated, and 3) Bmo >> O where Oﬁ, is the variance of the mag-

netometer noise referred to Bmo’ then we have the result that

2 2 -2

= 2
OW “OB'Bmo . [5.16]
2 .
Now Ogy is related to SB,(v) by
(]
2 2
g =f SB,(\))|H(w)| dv [5.17]
o]

where H(w) is the frequency transfer function of the magnetometer and
its output low-pass filter normalized such that H(0) = 1. For conven-

ience, we simply take

H(w)

1]
—
<

< v y

0 otherwise

SQUID-based instruments, like any other dc instrument, exhibit diver-

gent "1/f" noise below some frequency vl/f' This has the effect of

limiting the resolution of a dc measurement even if one is willing to
spend an arbitrarily long period of time to make the measurement.

Thus if Ve >> the contribution of the white noise portion of the

Y1/

spectrum above vl/f will generally dominate in [5.18] and og, = V.-

5
On the other hand, if v then o, « invc, and it becomes impos-

¢ SVi/f B

sible to make any further significant improvements in ¢_,, by narrowing

B'

the bandwidth.




In the case where the white portion of the noise spectrum domi-

nates, we have

2
B!

2 3 -6
> =
Cn, 2 S Ve (8/m )EnwKRCRo Ve Ve >> vl/f . [5.18]

Bw

Here SBw = SB,(v > vl/f) and likewise for Enw' Thus

2 (4/ﬂ)(EnvacRi)%/(RgBmo) v, >> v (5.19]

Ow 1€

30 J

As a numerical example, we take the CGK data E_ = 7 x 10” Hz

2 x 10.2 and use the values v, = 1 Hz, x = 6.5 Mo

Vg ©
_ -2 -10 . .
RC = 2x10 “m, and Bmo = 10 T to obtain the estimate
o, =4 x 107 rad = 8 Sec. This corresponds to 0., = 3 X 107! ¢,

BI
Another issue which is of importance is the matter of drift in the
SQUID output. This drift is generally thought to be principally

attributable to temperature changes that occur at the SQUID and along

its electrical leads as the level of the helium bath drops. CGK claim

an average drift rate of ~ 2 x 10'5 ¢0 h_l over a 20 h period for a

dc SQUID that was temperature stabilized to + 50 pK. This corresponds

to an apparent magnetic field drift of ~ 1.9 x 10_11 G h—l in the

measurement of Bmo' This could mimic a gyro drift as large as 5 x 10-9

rad sec_1 fof Bmo = 10-6 G. If the three magnetometers tended to drift
together, the angular drift could conceivably be smaller than this.

It should be remembered at this point that SQUIDs are only capable
of measuring magnetic field changes. Thus a technique of purposely
precessing the sample magnetization could be used in order to establish

or recheck the zero level for each of the readout systems. Since this

is an ac measurement, the zero-level measurement can presumably be made

-1
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with sufficient agcuracy to insure that it does not contribute signifi-

cantly to the overall readout error.

5.4 Residual Magnetic Torques

The presence of any residual magnetic field E(;) for which the

- > . .
spatial average over the sample volume B(r) # 0 will cause precession

of the magnetization at a rate ~ YE(;). We will assume that those
sources of g-which are truly constant in time [such as trapped flux in
the superconducting shield and dc¢ current in the magnetometcr coupling
circuits) can be nulled by using trimming coils.

Those sources of %hwhich are not constant and therefore not capable
of being nulled will be our chief concern in this present discussion.
There are three sources which fall in this category: 1) the magnetiza-
tion of the sample as it interacts with asymmetric aspects of its sur-
roundings, 2) the magnetic nolse fieid produced by the magnetometers,
and 3) the London moment. The last of these is the least troublesome
since it is quite predictable and can therefore be readily compensated
for. The first of these is not predictable, but should be reproducible.
It should therefore be possible to compensate for it oince sufficient
experience has been acquired with a given apparatus.

We will now discuss each of these topics separately.

5.4.1 Drifts Proportional to the Jwm:le Magnetizatior

5.4.1.1 Interaction of the Magnetization with Passive Elements

. . 3 -
For our purposes we can consider a given 'le” nucleus as lying
isolated inside the center of its spherically symmetric electronic

shell which is surrounded by a medium that is uniforinly magnetized




on the average. Thus, even though the macroscopic magnetic-flux
density arising from the magnetization inside of a perfect, uniformly : J

. Y + + . -
magnetized sphere is B = (8m/3)M, it is seen by superposition that

the average field at a given nucleus is zero. This, of course, is an
idealization. In reality, the sample cell is not perfectly spherical
and the diamagnetic superconducting shield has a myriad of imperfections:
sphericity errors, access holes, superconducting leads, ete.. It is
necessary therefore to estimate the effect these various assymmetries
will have.

We start out with a result that is proven in Appendix B: the

>

average magnetic field seen by a given nucleus, B1 , in an arbitrarily

ocC

shaped but uniformly magnetized sample located in an arbitrarily shaped

>
superconducting shield is related to the sample magnetization M by

symmetric, second rank tensor. That is,

-
= UM . [5.20]

@+

loc

U can be reduced by writing U = sI + Q where I is the unit tensor,
s = 1/3 Tr(U), and Q is a traceless symmetric tensor.

If it is assumed that the average magnetic field from all other
sources is zero and that motional narrowing condition holds (which it
must since we have assumed a uniform magnetization), the equation of

-5
motion of M exclusive of relaxation effects is simply

>

Y™ x

W

->
dM/dt

loc

yIsM x M + M x (QM)]

VM x QM) . [5.21]

154




Since Q is symmetric there exists a principal axis coordinate
system in which it is diagonal. If the components of [5.21] are
written in the principal axis coordinate system, we have

dM /de = MM (Q,, - Q)
[5.22]

+ cyclic perm.

These equations are formally identical to Euler's equations of motion
of a torque-free rigid body.68 Thus ﬁ will execute a polhode-type
precession with respect to the gyro case. By design, of course, this
motion is to be made as slow as possible.

As an example of this formalism, we consider a situation having
axial symmetry about the z axis: Q _=Q = - %QZZ. In this case

XX Yy
sz/dt = 0 so that MZ is a constant of the motion, and J

2 2
dM /dt7 = - WM
X,y P X,y
where
wp = - 3/2 YMZQZz . [5.23]

Thus M precesses around the z axis with an angular velocity wp. If
Mz changes due to relaxation or motion of the gyro case, the preces-
sion rate will also change.

Even without explicitly calculating Q it is possible to derive
some useful information from this formalism. For instance, Q can have
contributions from several different sources. Two of these sources
are asymmetry in the sample cell and asymmetr, in the superconducting
shield and other superconducting parts. Now the former source is dif-

ficult to alter once the gyro case is manufactured. Since Q involves

e —— A A ik

—
L
[9al




only five independent variables, however, it is quite possible to

invent a simple scheme using adjustable superconducting components to

null out Q regardless of what the original source of the asymmetry is.

In addition, this formalism gives us the prescription for balancing

out the perturbations due to necessary components such as access holes

through the shield and superconducting leads: one need only maintain
cubic symmetry in order to assure that Q is zero. These perturbative

components will, of course, introduce gradients as they interact with

the sample magnetization, but this effect can be kept acceptably small

provided that the dimensions of the superconducting components in
proximity to the sample (Z.e., the pickup coils) are kept small.

We will now present the results of some explicit calculations
(Appendix C) in order to obtain a sense of how critical this
problem is. First the effect of asphericity of the sample cell will
be discussed and then the analogous expressions arising from aspher-
icity of the superconducting shield will be written for purposes of
comparison. In both cases the results are valid to first order and
higher order terms are neglected.

If the radius of the sample cell is expressed in the form

R (8,4) = R [1 + f"_‘,magmvzm(e.cb)] [5.24]
240

*

where lalml << 1 and(xbm = (-1)ma£m, then as might be expected, QC
depends only on %o in first order. (QC is that part of Q due to
cell asphericity only.) In order to keep things simple we will con-

sider the case where this quadrupole deformation is axially symmetric
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around the z axis so that “211 = aZtZ = (. In this case
-5 0 0
QC = 4 vn/5 a4y 0o -% 0 . [5.25]
0 0 1

If we let GRO = RanOYZO(G = 0), then

a5 = van/5 (GRO/RO)

Thus the precession rate due to cell asphericity, wpc, is given by

€
I

e " (24m/10) (8R_/R JYM,

- (9/10)(6R0/R0)Y8m0c058 [5.26]

where 6 is the polar angle of the magnetization.
I1f, by the way of a numerical example, we take iéRof = 0.13 im
(5 micro inch) and the usual values for Bmo and Ro’ then we would have

lw_ | = 1077 rad sec™ or 0.03 Soc sec™ .

pc

As would be expected, the situation with the superconducting
shield is not as critical. Writing the shield radius Rg(8,¢) in the
same form as [5.24]

= 4 {
Ry = R (1 + ?_; By Vo (€501

’

L#0
where the same restrictions to o are applied to Bim’ and likewise

limiting our consideration to the casc where 82 = 82+l = 0, we

1+
r

obtain the expression analogous to equation [5.27]:




|
F
.*

-

_ 3
Q = - 12 /75 R /R B0 | 0 -5 0

The precession rate due to an axially symmetric quadrupolar error in

the shield is then

3
wps = (27/10)(6RS/R50)(R0/R50) YBmocose [5.27]

where we have defined GRS analogously to 6Rc. It is seen by compar-
ing [5.26) and [5.27] that if a tolerance of GRO can be achieved for
the cell radius then the equivalent specification for the shield radius

is given by
SR = 173 (R__/R )R
s so’ o c '

Thus if the shield diameter is 15 cm and the best that can be done on
the sample cell is GRC = 0.13 um then there is no point in specifying
GRS any smaller than 10 um.

Up to now our analysis has been appropriate to the situation
where the magnetization would otherwise remain fixed in direction with
respect to the gyro case. We now ask the question of what would happen
if there were relative motion between the sample magnetization and the
gyro case. In particular, in a fashion that is quite analogous to
the analysis of relaxation due to magnetic field gradients, we briefly
consider the case where there is a constant but arbitrarily directed
rate of rotation, ;o, between ﬁ and the gyro case.

This problem is readily analyzed by using the transformation
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properties of the tensor U and transforming to the coordinate system
where ﬁ is stationary. The elements of the transformed tensor, U',
will contain both secular and nonsecular terms. Under the usual condi-
tions that allow neglect of the nonsecular terms with respect to the
secular ones, we find that U' has axial symmetry about the axis of
rotation. More precisely, if the z aris lies along the axis of rota-

tion, then the neglect of the nonsecular terms gives

u, 0 0
utr=10 U o , [5.28]
0 o0 u
A4

where Ua = %(Uxx + Uyy).

Since we have already explicitly considered the case where U
(or Q) is axially symmetric, we know that the net effect is to cause
ﬁ to precess at a rate, wp, given by [5.23] about the z axis. The
primary difference, of course, is that the z axis is no longer neces-

sarily a principal axis of U but is specified by JO.

5.4.1.2 Interaction of the Magnetization with the Readout Magneto-

meters: Effect of Finite Loop Gain

Because the response of a SQUID is periodic in the applied flux,
most of the instrument applications of the SQUID make use of feedback
in order to form a flux-locked Ioop.22 The effect of this is to sub-
stantially increase the dynamic range of linear response, and the
resulting device is therefore sometimes referred to as a linearized
SQUID. Since the use of feedback does not affect signal-to-noise

ratio considerations,66 this aspect of SQUID operation was omitted in




’ our discussion of the ZFNG readout resolution (Sec. 5.3).
There are two ways feedback can be applied in instrument appli-

. 22,66
cations:

by applying feedback flux directly into the SQUID, and
by applying feedback flux into the superconducting coupling circuit.
As noted in Chap. 1, the latter approach is very attractive for the
ZFNG application in that it considerably reduces the reaction current

in the persistent coupling circuit. This technique is shown schematic-

ally in Fig. 5.2. The price that must be paid for actively controlling

e T T

the current in the coupling circuit is that the sample is exposed to a
greater extent to SQUID magnetometer noise and drift than it would be
if the feedbatk went to the SQUID instead. This issue will be discus-

sed in the next section.

Referring to Fig. 5.2, we would like to calculate the current,

i(t), in the input circuit due to the applied field at the pickup coil,

Ba(t), subject to the closed loop condition imposed by the magneto-
meter. Knowing this, we can then calculate the average reaction field
{(Z.e., the spatial average), Bi(t), that will be seen at the sample.

The flux quantization condition requires that
] i = = 2
Ba(t)Apr + Vo(t)Mf/Rf + 1(t)Lt n¢o 0, [5.29]

where the choice of n = 0 is a matter of convenience. As before, Ap
and N_ are the area and number of turns of L_and L, = L, + L_ + L

P p t i P f
= 2Lp. This value for Lt is due to the requirements that Lp = Li >> Lf
for maximum coupling efficiency.

If equation [5.29] is Fourier transformed, and we define the for-

ward and reverse transfer functions
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Gy =V (w/i(w) , [5.30]

and

8y = Me/ReL, [5.31]

respectively, then [5.29] yields

jfw) = - B A Np{Lt[l + GL(w)]}‘1

ap

R

. -1
- BaApr{2Lp[l GL(w)]} . [5.32]

Here, GL(w) =G is the loop gain.

jvBvi

Now the average field appearing in the sample volume due to i(w)

is equal to the field at the center of the sample cell. Thus,

By (W) = M N 1(w)/2R, [5.33]

uoNgAp{dRch[l + GL(m)]}'1 . [5.34]

Following our previous discussion of pickup coil considerations,

equations [5.9], [5.11] and [5.12], this becomes
B, (w) = - m/a {[1+ GL(w)]K/uo}'lsa . [5.35]

At this point, we consider the application of [5.35] to two dif-
ferent cases: a) in the low frequency limit where the sample magnet-
ization ﬁ is sufficiently stationary that we can assume GL(w) = GL(O),
and b) where ﬁ lies in the x-y plane, rotating with angular velocity
woi. In both of these cases we have for each orthogonal pickup loop

3 .
(B)), = (Ro/Rca) (Bmo)a (equation {[5.14]), where a denotes both the

a’ a

pickup loop and the Cartesian axis along which its normal lies.
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A et

In case a) w is taken to be small enough that the phase shift
in the SQUID electronics is negligible and GL(w) is therefore real.
Just how small w must be in order to satisfy this requirement depends
on the design of the magnetometer electronics, Z.e., on the modulation
frequency we and on the design of the low pass filter that is neces-
sary to make ‘GL(wm){ <1.%2

Under the assumption that GL is real, we can write
B.=UB [5.36]

where Um is a diagonal tensor in the coordinate system of the ortho-
gonal pickup coils. The elements of Um in this coordinate system

are given by

3

Uaa = - m/4{[1 + G, (w)] Ka/uo}-l(Ro/Rcu) [5.37]

Thus in case a), the problem is formally identical to the passive

perturbations that were considered previously.

In case b) we no longer assume that GLa(w) is real. This case
thus serves to illustrate the effect of a phase shift in the loop.
Since in this example we are assuming that ﬁ lies in the x-y plane
(Mz = 0) and is rotating at a rate woﬁ with respect to the gyro case,
the in-phase components of Ei have no effect on the average; Z.e.,
equation [5,23] shows that wp = 0 when MZ = 0. In presence of phase
shifts, however, Ei can lead or lag M on the average and cause ﬁ to
slowly move out of the x-y plane. This effect is termed radiation

dumping in NMR.

b

e




1f, as usual, we assume that nonsecular terms may be ignored, it
->
can be shown that the rate of change of 0, the polar angle of M with

respect to Go, is given by
da/dt = gmeohm[(Um)xx + (Um)yy] [5.38]

It is noteworthy that although both the precession effect in
case a) and the damping effect in case b) are gyro drifts, the former
is determined by the traceless tensor Qm = Re[Um - %—I(TrUm)], whereas
the latter is determined by Im(Um). Thus the precession effect can
be minimized if the magnetometers are balanced such that (Um)xx =
(Um)yy = (Um)zz’ but the damping effect can be minimized only by mini-

mizing Im[GL(uL)Q)]-1 for all values of w, that are likely to be encoun-

tered.

As an order-of-magnitude estimate of both of these effects, we
can evaluate YBmo(Um)aa from [5.37]. Taking IGL[ = 105, Bmo = 10-6 G,
and (“/4)(u°/K)(Ro/RC)3 = 10-1, we find the gyro drift rate due to
finite loop gain to be on the order of 2 x 10" rad sec™!. This com-
pares to an estimated drift rate of 10_7 rad sec—1 due to sample cell
asphericity.
5.4.2 Motion of the Sample Magnetization Due to Magretometer

Noise and Drift

The technique of feeding back into the input c. iing ci.cuit
implies that the noise current in this circuit is simply equal (except
for a correction on the order of the reciprocal of the loop gain) to

the total magnetometer output noise multiplied by the reverse transfer

function, 8yi’ equation [3.51]. The presence of noise currents in
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the input coupling circuits will cause a magnetic noise field Bn to
appear at the sample and this field can cause random motion of the

sample magnetization. At the outset we will confine our discussion

to stationary random noise; the matter of magnetometer drift will be

considered separately at the end of this section.

Before proceeding to the specific problem at hand, it is help-
ful to review a few aspects of low-frequency-divergent noise. For
that purpose, we will follow an analysis made by Radeka69 to which
the reader is referred for further details and references.

The approach that is taken is to consider low-frequency-divergent
noise to be the result of applying braodband white noise to a physical
system or filter having an appropriate frequency transfer function.

It is convenient to think of the white noise as being generated by
§-function impulses that are Poisson-distributed in time in the manner
of temperature-limited shot noise. The filter has a transfer function
H(w) and impulse response h(t):

H(w) =/ e 9T (t)dt G = v°D)

- 00

h(t) =/ Hw) et 3 =f Hw)e "ty

-00 -0

Thus if x(t) is the input, then the output, y(t), is simply the convo-

lution of x(t) and h(t):

t
y(t) =f x{(t")h(t - t')dt' . (5.39]

Letting the (one-sided) input noise spectral density be n oo then

the (one-sided) output spectral density is




2
Sy(v) = [HWw)| N, -

We are interested in a class of filters H(w) such that

H @ = G ™2 a>o0.
Thus,
- -
sya(w) [w] "o [5.40] |
as desired. The Fourier transform of Ha(w) can be obtained by con- i

5
<

sidering (b + jw) ¥? and taking the limit b > 0, resulting in'° }

0 , t <o

h (t) = .
a %2V r 2y, t>0.

Now if white noise is generated by a random sequence of pulses
+ qd(t - tj) where the times tj are Poisson-distributed and occur at
an average rate ﬁ'sec'l, then it can be shown that the noise power

spectral density is given by71

_ =2
N = 2ng- .

(We assume that there is no dc component, Z.e., that the positive and
negative pulses both occur at an average rate n/2.) If this noise is
applied to the filter specified above starting at t = 0, it can be
shown using Campbell's theorem72 that the ensemble variance of the
output oia(t) at a time t later is given by

t
cia(t) ﬁqi/r h2 (¢ )de

(o]
s
1 ]
m f hiendt
[0}
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Hence for H(w) = (jw)-a/2 ’

n t
o2 () —2—"°~—ft'(°"2)dt'
12 (a/2) J,

ta—l

= X2 , a>1 . [5.41]

2(a- 1) (a/2)

We now discuss the specific cases of o = 1, 2, 3.

a=1:

3

] This generates 1/f noise. h) (1) = (mt) %, t > 0, so that input

and output processes are related by
%t -%
@) = 1 - e enae

In attempting to evaluate [5.41], however, we realize that 1/f noise
is high-frequency as well as low-frequency divergent. This does not

i represent any real problem since all physical measurements have a high- ﬂ

frequency cutoff. By averaging over a time €, Radeka69 obtains the
approximate result
t/e t

2
o2 () = (n._/2m) [5.42]
yl X0 {1 + fn(t/e) , t )

IN
™

v
™

a = 2:

This case is also commonly occurring. hz(t) is simply a unit 1

step function at t = 0 so that

t
y,(t) f x(t1)dt"

[>.]

From [5.41] we have

X0

2 -
. . 0a(t) = At [5.43]
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This is the familiar result obtained in a random walk. We may there-
fore conclude that a random walk has a w_z spectrum.

a = 3:

This case will be seen to be relevant for the He3 FPNG. Here

t
ys(t) = (2//5{/:m(t - t')%x(t')dt' ,
and
oli(0) = (n /e’ . [5.44]

We are now in a position to estimate the motion of the sample

magnetization when subjected to a magnetic noise field such as would
be generated by the magnetometers. In order to do this readily, we
assume that the magnetization would otherwise be stationary with
rsspect to the gyro case and that the magnetic noise field: 1) is
isotropic with uncorrelated components, 2) is uniform over the sample
volume, and 3) is sufficiently weak that the average motion of the
magnetization is a small fraction of one radian for all times of inter-

* -1
est. Assumption 2) is not necessary for frequencies w << Ty

If we define the coordinate system such that ﬁ(t = 0) = iM, the

equation of motion gives

dMy/dt = YManx ,

or
t
M (E)/M = vaan(t')dt

Thus, as we have just seen, My(t)/M is a random variable whose power

* -
Normally, for well-behaved noise, one would specify that the motion
be small in a correlation time of the noise field. Since 1/f noise
does not have a correlation time, however, we substitute assumption 3)
instead.




iy

!

spectral density is related to that of an by the coefficient (Y/w)z.
By assumption 1) above, we also have <Mi(t)> = <M§(t)> where the angle

brackets are used to signify an ensemble average. Hence,

<0%(t)> = Mi(t) + Mﬁ(t)>/M2

R

2<M2(t)/M2> .
y
This leads to the desired relation

S. = 2y°S Jw? 5.45]
S—YB/w [']

where SB is the power spectral density of onc of the Cartesian com-
ponents of En’ and S6 is the power spectral density of the polar
angle ©.

Now from equations [5.7, 9, 11, and 33] and the requirement that
L. = Lp we can easily find the expression relating SB to the noise

1

energy of the individuai SQUIDs:
_ 3 -
Sp = U E (W)/[2R_(x/u )] . [5.46]

Combining [5.45] and [5.46] we finally have

[ uyz ] E (W
S, = 9 n , [5.47]
O R | w?
Cc [o]

As was discussed in Sec. 5.3, En(v) has two principal components,
a white spectrum a 1/f spectrum. As a consequence, Se also has
two components, a w-z part due to the former component of En(v) and
a w—s due to the latter. We consider these two cases separately,

. . 3 . .
using the CGK data2 for numerical estimates.
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Starting with the a =

and [5.47] to make the identification

UOYZ
nxo =3
R (</H,)

where Enw is En(v) in the white part of

Using [5.43] this yields

Using the CGK value of Enw =

Rc and K/uo we have used previously, we

. -8
oez(t) = 6 x 10

Proceeding to the o =

This yields the numerical estimate

e -8
Og3(t) = 3 % 10
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2
2 - HoY Enw
Chp(t) 3
2R 7 (</u )

7 x 10'30 J/Hz

3 case, we find from the CGK data that

2 case first, we compare equations [5.40]

t

the SQUID noise spectrum.

t . [5.48] j

and the same values for

obtain

i
t? . [5.49]

En(v) = k/w, where k = 4 x 10_30 J Hz_1 * rad sec-l, for the 1/f noise.
Thus
20
o - HoY Tk 3
83~ 3 T ’
RC(K/AO)

and )

2 hOY k B

oes(t) = e e——— t7 [5.50])
TR (/U )

t . [5.51}

If we compare these two cases, it is seen that o, will proceed




¥

as t° up to ~ 3 sec after which it will proceed as t. It should be

noted that the low-frequency behavior of the CGK data is only specified

to be approximately 1/f and is not measured below 10“4 Hz. Equation
[5.50] should therefore be taken as an order-of-magnitude estimate
that should be reasonably valid for the range of times between 1 and
104 sec.

We will now briefly note the effect of magnetometer drift on the
motion of the magnetization. We assume that the drift reported by
CGK of 2 x 10~5 ¢° h'l was not due to a random process and for simpli-
city will assume that the drift is linear in time. For our proposed
geometry, this drift rate would result in a magnetic field drift of

6 G sec-1 in each pickup coil. If it is now assumed that

~ 5 x 107
the magnetic field at the sample is somehow perfectly nulled at t = 0,
then it is estimated that the magnetization will accumulate an error
of ~ 6 x 10-12 t2 rad after a time t sec due to magnetometer drift.
This corresponds to an average drift rate of ~ 4 x 10-7 rad sec‘l
over a 20 h period (the period over which the CGK drift measurement
was made). The effect of drift will dominate over that of 1/f noise
after a period of a few hours.
5.4.3 Effect of the London Moment

If a spherical superconductor, such as the shield for the HeS
ZFNG is rotated with an angular velocity $o, then a uniform magnetic
field, gL’ will appear in the interior according to the expression

derived by London:19

> -
BL = (ch/e)w0 (Gaussian units)
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Here, m and e refer to the mass and charge of the electron, and the

numerical value of the coefficient is 1.14 x 107 G rad ! sec.

- -+
Writing w o= - YBL’ we have the relation between the precession due

to the London moment and the rate of rotation of the gyro case:

> - -3 >
w = - y(2mc/e)w0 = 2.6 x10 " w

o
Even though this effect is fairly large it does not represent

any significant limitation on the performance of the ZFNG since it is

quite predictable and may be accurately compensated for.

5.5 Conclusion

We have theoretically analyzed the performance of a hypothetical

He3 ZFNG having the following specifications: sample cell radius,

R, = 1.9 cm with a maximum elliptical (Y, ) error 6Ro = 1.3 x 107° cm;
internal flux density due to He3 magnetization, Bm0 = 10-6 G (He3 den-
sity, 2 x 10—6 mol cm-s, 1% polarization); temperature, 4.2 K; He4
density < 8 x 10‘5 mol cm-s; solid H2 wall coating; ambient magnetic
field, ~ 5 X 1078 G, with a gradient € 10786 cm-l, maintained by a
concentric spherical superconducting shield; readout, three-axis
SQUID magnetometer utilizing feedback into the input coupling circuits.
With these specifications, it is estimated that the gyrc will
have an initial readout resolution (Z.e¢., before significant relaxa-
tion of the sample magnetization) of ~ 4 X 10—5 rad (8 ;ZE) in a 1 Hz
bandwidth and a residual drift rate in the range of 107 - 1077 rad

sec_1 (0.2° - 0.02° h_l) when averaged over a one day period. The

relaxation rates due to intrinsic relaxation in the bulk and magnetic




-

field gradients should both be less than 10-6 sec-l. The actual

relaxation rate that would be obtained under the specified conditions, f

however, is unknown because of inadequate information about wall-

induced relaxation. In spite of this, it is thought that relaxation

times on the order of a day or longer should be obtainable.




CHAPTER 6

He3 NUCLEAR ELECTRIC DIPOLE MOMENT EXPERIMENT

6.1 Introduction

Having analyzed the He3 ZFNG in some detail we now turn to the
question of whether it would be a suitable vehicle for an attempt to
measure the nuclear electric dipole moment (NEDM) of He3. In making
an evaluation, it is useful to have some reference sensitivity against
which our estimates can be compared. For this purpose we use the most
recently published results obtained by Dress, et aZ.8 from neutron

4
cm, where

beam experiment. They concluded that |D| < 3 x 10-2
D =ue/e, “e being the electric dipole moment of the neutron and e is
the electronic charge. More specifically, a weighted average of their

data yielded D = (0.4 + 1.5) X 10"24 cm. Thus, our target is an experi-

ment capable of detecting an EDM having a magnitude |DI = 10.24 cm.

It will be recalled from Chap. 1 that the basic approach to mea-
surement of the He3 NEDM by using the He3 ZFNG was to apply an electric
field, E, first in one direction, and then in the opposite direction to
the He3 ZFNG. If a NEDM existed and there were no magnetic field then

there would be a shift in the precession rate between the two intervals

given by
A%d = (1/h)2fEeD , [6.1]

where f is the factor calculated by Schiff13 which relates the applied
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external electric field E to the electric field that actually would
appear at the nucleus. Schiff found that f = 10-7. If it is now
assumed that an electric field of 10S V/cm can safely be applied to
the dilute mixture of polarized He3 in liquid He4,73 and we use

=24 -11 1

[D{ = 107" cm, then one would expect Aw_, = 3 x 10~ rad sec .

This is equivalent to the effect one would obtain if a magnetic field

16 G were to be reversed instead. In actual practice, of

of 7 x 10~
course, the experiment would consist of periodically reversing the
electric field at a rate of Ve Hz. The desired information would then

be extracted by use of signal averaging techniques.

A perusal of the He3 ZFNG resolution and stability character-
istics that were estimated in the previous chapter is quite discour-
aging in light of the above requirement. In fact, an analysis would
show that an attempt to use the He3 ZFNG to do the NEDM experiment
would require an unacceptably long period of time.

Instead of proving this statement, however, we will propose and
analyze a somewhat modified approach which will be shown to ameliorate
by several orders of magnitude most of the problems that make the appli-
cation of the ZFNG concept to the NEDM experiment very difficult. This
modified approach consists of forgoing the :ero-field concept and
instead applying a homogeneous, stable magnetic field Eo = Boﬂ such
that the He3 Larmor frequency wo = - YBO is some convenient value, say

1 rad sec-l.

(This would require that Bo = 50 pG.) In order to start
the experiment, the magnetization of the polarized He3 is established
in the x-y plane and then allowed to precess about the z axis at

frequency W, - {(See Fig. 6.1.) Now if a NEDM exists in Hes, the
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Fig. 6.1 Schematic depiction of an apparatus that might be used for
a He3 nuclear electric dipole moment experiment.
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application of an electric field E = Ek will cause the precession
frequency to shift to wy * 8w where 6w = h'leDe. Reversing the
electric field will cause a net frequency shift of 28w. Readout is
accomplished by the use of a pickup coil located i.. the y-z plane.

There are several advantages to this technique: 1) Although we
will still require that the ambient magnetic field be < 5 x 10~8G, it
is unnecessary to attempt to null this residual field. 2) The desired
information is in the form of a frequency-modulated 'carrier" at
(wo/ZH) Hz which should be above the 1l/f-dominated region of the SQUID.
This will significantly reduce the length of time necessary to resolve
a given frequency shift. 3) The fact that the magnetization is in the
x-y plane and that there is no pickup coil in this plane will consider- i
ably reduce the residual magnetic torques, Z.e., the variations in the
Larmor frequency. These advantages will be quantitatively evaluated
in subsequent sections of this chapter.

Before.proceeding with these evaluations, however, there is one
additional problem that needs to be commented upon. We have noted
that the He3 NEDM experiment must be done in the liquid phase. Yet
our analysis of the ZFNG in the previous chapter was predicated on a
relatively large (3.8 cm diam) sample cell which is only feasible if

the He3 is able to rapidly diffuse throughout the sample. In Sec.

5.2.3 it was estimated that the He.3 diffusion coefficient should

satisfy the requirement D 2> 0.03 em® sec™t. This clearly is impos-
sible with normal liquid He4 but is quite feasible in the liquid Hell
phase below the lambda point. For example, a measurement of the He3

spin diffusion coefficient at 0.93 K/4 indicates that D = 4,17 x 10-2
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cm2 sec-1 for a He3 concentration of 0.03%. At sufficiently low
temperature the He3 mean free path becomes limited by the He3 density
alone, Dielectric breakdown data73 indicate that there is only a

slight decline in the breakdown field below the lambda point so that

electric fields in the neighborhood of 10S v cm_1 still appear feasible.

6.2 Frequency Resolution Estimate

In this section we will obtain an estimate of the resolution of a
frequency measurement in the presence of additive noise but in the
limit of a large signal-to-noise ratio. The result that will be
obtained is virtually identical to the one that is obtained using the
much more rigorous and general techniques of estimation theory,75 but
our approach has the advantage of being simple and direct.

The process of measuring an inaccurately known frequency with
additive noise can be conceptualized as follows: The unknown frequency
is mixed with a known frequency such that the beat frequency is close
to zero, Z.¢., has a period that is long compared to the total measure-
ment time, T. The difference frequency is then measured by estimating
the rate of change of its phase as a function of time. This is done
by averaging the difference signal over a time At for N consecutive
intervals where N >> 1 and At is long compared to the period of the
original frequency. This averaging limits the bandwidth to frequencies
between + B Hz where the noise-equivalent bandwidth is given by
2B = (At) "L

If we let S(wo) be the one-sided noise power spectral density of

the original signal at Wy then the variance of the quadrature and
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in-phase components of the narrow-band noise that exists after mixing

175 By assumin 02 = 02
. y g0, =0

and averaging are both equal to S(wo)(At)
<< A(t), where oi and 05 are the in-phase and quadrature variances
respectively and A(t) is the signal amplitude, the variance of the
phase of each of the consecutive measurements is simply oi = oi/Az(t) =
= S(mo)(At)-lA-z(t). In this limit the error in the measurement of A .
has negligible effect on the phase error. For generality, we have
allowed the signal amplitude to be a slowly varying function of time.
The information we desire is now obtained by fitting the data to
the relation ¢(t) = ¢o + (6wo)t where éwo is the difference between the
known and unknowr frequencies. Using the linear least-.. .res tech- :

nique63 results in the following relationship between the variance of 1

5
the estimate of Gwo (or wo) and o&:

N
2 2 - -2
Gwo - OcSwo =4 Z i
1
where
’ N N 2
-2 2,2 2
o (i%i)(‘;ti/%i) ] (Zti/%i) :
1 1 1
and
oii = Oi/Az(ti) = S(wo)(At)'lA"z(ti)

We now approximate these sums with integrals:

N
z:/Tsiz:ﬁ/‘Tdt
- A Mt T o

N T
I (N/T)Zs‘lcwo)'/ AP(tydt = (/T 2[2E/5(w )]
i [o]
where T 2
E = ;5‘/ Ah(t\dt
(o]
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is the signal energy. (The ¥ is due to the fact that A(t) is the ampli-

tude of a sinusoid.) Defining a normalized amplitude
-k 2
a(t) = (2E) "A(t) so that a (t)dt =1, (6.4]
we find that A can be written

-1 2
A= [(N/T)2EEGS T (w)]”
where
tg E./lzaz(t)dt -0 taz(t)dt]z . (6.5]
2
Substituting the expressions for Zo;i and A into [6.2] we obtain the

desired result,

oi = Su)/ (2Et§) . 16.6]

(o)

If, as a simple example, we take A = constant then

2
o, = IZS(wO)/A2T3 . [6.7]

0
Hence, the resolution of a frequency measurement in the presence of a

3/2

small amount of additive noise varies as T where T is the total

measurement time.

By recalling our discussion in Sec. 5.4.2 this result is seen to
be quite reasonable. If a steady-state quantity with additive white
noise is averaged for a period T the variance of the average is pro-
portional to T-l. In the present case, however, the additive white
noise constitutes a phase noise. Since the frequency is the time

derivative of the phase, the frequency noise spectrum is related to

the phase noise by Sv = wzs¢. This has the effect of depressing the
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low frequency portion of the noise spectrum and causing the variance
of a frequency measurement to vary as 73

The advantage of wy # 0 is noteworthy. 1In this case, only the
portion of the noise spectrum in the vicinity Wy * 21T} affects the
accuracy of the measurement. This avoids the problem of 1/f noise
that was noted in the discussion of the He3 ZFNG readout resolution
(Sec. 5.3).

We now would like to apply [6.6) to the problem of the He3 NEDM
experiment. To do this, we need to do two things: 1) apply [6.6] to
the situation where the signal is exponentially decaying with a time
constant, T2’ and 2) use this result to determine the variance of a
frequency difference measurement Aw = w, - w_, where w_and w_ are
to be alternately measured for intervals of T sec each. It is clear
that these frequency measurements would be synchronized with the

where v is the field-

electric-field reversals so that T = (ZvE)' , .

reversal frequency. (For simplicity, the dead-time that would be nec-

essary during the field-reversal process is ignored in this analysis.)

We are primarily interested in a numerical estimate of the variance of
2

s, cZw , and in determining the dependence of agm on the parameter

u = T/Tz.

The application of equation {6.6] to a signal having an exponen-

tially decaying amplitude,
At) = A e /T2, (T, »> o (6.8]
o 2 o
is straightforward, and yields the result
o = 48 (w )A-:TMSf(u) [6.9]
w oo 2 )
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where

2 -1
Y u
f(u) = e (51nh u - EEETTG) s [6.10]

and
u = T/T2 .

In order to analyze the field reversing scheme for measuring Aw,
we designate each measurement pericd of duration T by the index k,
where w, is measured when k = 1,3,5..., and w_ is measured then
k = 2,4,6... Thus the initial signal amplitude at the beginning of

interval k is

Ay " Aoe'(k'l)T/T2 : [6.11]

We now imagine that the measurement process is continued for M complete
cycles, that is for a total time 2MT. Our estimate for w, is then
obtained from a weighted average of the measurements in the odd-num-
bered intervals and the estimate of w_is likewise obtained from the
even-numbered intervals. When this is done, the variances of w, and

w_are given by63

2 -3 )12
w, " :E: olwy; g ’
j=1 _
and M [6.1.] !
2 -2
ow_ = Z [o(wzj)] .
j=1

where from [6.9] Oz(wk) 4S(wo)A;i Tésf(u). Since the desired quanti-

ty is &w = w, - w , the desired variance is

+

=0° +0 [6.13]
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By making the appropriate substitutions and doing the sums indicated

in [6.12], the estimate of ozw is readily obtained:

2 -2 -3
Opp = 8S(WIA T, gy (1) [6.14]
where
gy(W) = g (1 - ¢ My [6.15)
and
L2 .. 2 2
go(u) = 2 sinh"2u/(sinh u - u“) . [6.16]

We see from [6.15] that the total number of cycles should be such that
4Mu > 1. Now when u << 1, g_(u) = 24 u_z, and in the opposite limit,
u>>1, g (u) = 2e2u. Thus g_(u) has a minimum at u = u s where it

is found that u, * 1.04 and g (u) = 68.87. Hence

. _ % ~1.-3/2 -
min 0, = 16.6 S (wo)Al T , T T2 . [6.17]
. . - - -11 -1 .
Numerically, [6.17] yields min Opp 1.6 x 10 rad sec = if we
5 % _ -11 -6 -5
take TZ = 10” sec and S (wo)/A0 =3 x10 "/10 " =3 x 10 ~ (Sec. 5.3).

This is an encouraging, although not particularly useful, result. It
will be seen in the next section that ) is not expected to be suffi-
ciently stable to allow long-term measurements that optimize frequency
resolution. Unless techniques are found to improve the stability of
w_, it will be necessary to alternate the electric field at a rate

o
such that T << TZ' In this case, we have g_(u) * 24 u-2 and

1~ -1
(w)ASTT, T, T<<T, . [6.18]

N %
T p &6 S

Numerical evaluation of [6.18] will be deferred to the next

section,
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6.3 Stability of the Larmor Frequency

As we have seen in Chap. 5, it can be expected that there will
be small variations of the magnetic field seen by the sample as a
function of time. The instantaneous Larmor frequency will therefore
also vary as a function of time and can be thought of as having a
Fourier spectrum of its own. These variations in the Larmor frequency
can easily obscure the frequency shift of the size we are looking for.
Sources of these variations include magnetic fields arising from mag-
netometer noise and drift, changes in the internal magnetic field aris-
ing directly or indirectly from the sample magnetization, mechanical
motion of the apparatus, and various temperature-dependent effects.

The first two of these were discussed in some detail in the previous
chapter.

Now it is clear that only the z component (defined by the direc-
tion of Eo) of small perturbative static or quasistatic magnetic fields
or rotations can have a first order effect on the Larmor frequency.
Moreover, as long as these perturbative fields (or rotations) are
small compared to Bo (or wo) then their static values will have only a
minimal effect on the experiment. That is, the worst effect a small
unknown static field can have is to introduce some misorientation in
the direction of B_. Thus, if B_ = 50 4G and the ambient field is

-~ -> - *
5 %10 8 G, there is a potential misorientation of Bo by 10 3 rad.

*

There is one other source of ambient field which has not been mention-
ed: the superconducting coupling circuit will freeze the instantaneous
Johnson noise current (to the nearest quantum of flux) when it cools
through its transition temperature. The rms value of the magnetic field
at the sample due to this current can be readily calculated and for our
proposed geometry with a n1ob1um coupling circuit (T = 9.5 K), it
should be less than 10-8
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The only way that perturbative magnetic fields or rotations that
are orthogonal to Eo can have anything other than a second order effect
is for them to have a frequency component at W, - In this case, they
can cause the sample magnetization to move out of the x-y plane but
will not have any direct effect on the Larmor frequency. We will esti-
mate the magnitude of this effect with regard to magnetometer noise and
will see that it is quite small,

6.3.1 Method of Analysis

In Sec. 6.2 we determined that it would be possible to resolve the
target frequency shift if T2 = 105 sec and T (the duration of a fre-
quency measurement for a given polarity of the electric field) were

approximately equal to T in the following subsections the various

2

sources of variations in the Larmor frequency will be examined to deter-

mine whether the Larmor frequency can be expected to be sufficiently

stable over an interval of 105 sec to allow observation of the target

frequency shift. It will be seen that in fact the Larmor frequency

will be insufficiently stable by one or two orders of magnitude.
Although we will note some possible improvements and techniques

that may ameliorate this situation somewhat, no presumption will be

made that they will succeed. As a consequence we will proceed to

1

= (2"r)‘1 >> T_". In this case, it will

analyze the case where v 5

E
obviously take much longer to make the measurement. As a result it
will either be necessary to have a longer T2 or to accumulate suffi-
ciently good statistics over a number of separate experimental runs.
In our analysis we will address this issue by estimating how long T2

would have to be in order to allow the measurement to be made in a
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single run,

In order to analyze the case where w

o is no longer considered to

be constant over the interval T (which is now assumed to be much short-
er than Tz), we view the output data as being the "instantaneous' fre-
quency wo(t). That is, the frequency is considered to be measured

over a continuous sequence of intervals of duration At, where

w;I << At << T. We assume that the precision of these measurements

is limited by the presence of additive magnetometer noise so that the
variance of the frequency measurement due to this noise (only) is

given by equation [6.7]:

oi (t) = 12 S(wo)/Az(t)(At)S', (6.7]
[o]

Now our estimates of w, and w_ are to be obtained from simple
averages of the frequency data over all the intervals where the elec-
tric field is positive, and negative, respectively. Since the signal

amplitude is not constant, however, the averages must be weighted by

the factor of o&z(t).63 Thus our estimate of w_ would be given by
o t
Y ow (8072t )5(1 £ s (2]
T o 1 wy i’”* = i
w, = s [6.19]
- -2
2 o t(eF(1 £ s ()]
i o

where S (t) = sgn Ez(t) is a square wave of unit amplitude specifying
whether the applied electric field is positive or negative. (We again
are ignoring the dead time involved in the switching process.) By

approximating the sums in [6.19] with integrals and using definition
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[6.4] where 2E =./-A2(t)dt, the estimate for &w = w, - w_can be

(e}
written in the form
- 2 _
Ao = 2/w (tyal(ey | Sz Alg, | [6.20]
0 2
o 1 - A
where
2
A =fa (t) s(t)dt . [6.21]
(o}
Since we have specified that wET2 = ZnVETz >> 1, we note that

A << 1. 1Its presence in [6.20] (particularly in the numerator) can-
not be neglected, however, since it assures that [6.20] will yield a
null estimate for Aw if wo(t) = constant. The factor of 1 - Az in the
denominator is a normalization factor that assures that Aw = Zwed if

mo(t) = weds(t). Since A must be estimated from the data and is there-

fore not exactly known, it is useful to choose a phase for s (t) that
minimizes A. It can be shown that A is minimum when the electric
field is reversed at t = 1/2 T, 3/2 T, 5/2 T,... Thus we consider
s(t) to be an even function of time (where the experiment starts at
t =20), and‘s(t) may be expressed as a cosine Fourier series. We
note that this represents a slight departure from the analysis in
Sec. 6.2.

Equation [6.20] is useful as it stands for determining the spur-
ious estimate of Aw that would be obtained if wo(t) were to vary in
some deterministic fashion for reasons other than the presence of a
NEDM. If, on the other hand, wo(t) is a random function of time where
only its power spectrum S (v) is known, we need an expression yield-

o

ing the ensemble variance <(Aw)2>. (This quantity should not be con-

. 2 . . .
fused with %A which is the variance of frequency measurements due to
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the presence oi additive noise.) If we rewrite equation [6.20]

[ -
Ao =fI(t)wo(t)dt [6.22]
where °
_ 2
1(t) = a%(t)[st) - Al/(L - A%, [6.23]
it is easily shown that
2 © ~ 2
<(Aw)*> =f dvsu, () | T () | (6.24)
(o]
where f(w)=i/.elmtl(t)dt, and Sw (v) is the one-sided power spectral
(i} o
density of Wy -

Since we are considering the situation where wETZ >> 1, If(w)l2

has the form of a series of Lorentzian peaks located at t (2j - l)mE,

j = 1,2..., with heights (4/m(2j - 1)™° and FWt = T} .

tion to these peaks, the presence of A in the numerator of [6.23]

In addi-

introduces another small term in i(m) which has the effect of cancel-

iing all of the tails of these peaks at w = 0. In the limit w << T;l

it is ez-ily shown that If(w)[2 « w?,

In applying [6.22] and [6.24] to cases where there are determin-
istic and random variations in wo(t), we will approximate s(t) with its
lowest frequency Fourier component: S(t) = (4/n)coswEt. This approxi-
mation is quite adequate for our present purposes and will underesti-

mate the effect of variations in w, on dw by ~ 20% at the most. With

this approximation
Tw = @m - /2w w)T,) e 1= (/20 - w1,

- - @/oT, 17, [6.25]
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where

A= @/ e G

6.3.2 Effects Due to Magnetometer Noise and Drift

o The normal to the plane of the pickup coil is nominally orthog-

; onal to the constant magnetic field Eo' Bccause of residual magnetic
fields and imperfect alignments in the experimental apparatus, it is
estimated that the cosine of the angle between Eo and En (the uniform
component of the magnetic field due to magnetometer-induced noise and
drift currents in the pickup coil) will probably not be less than 1073
rad. If this cosine is designated by B, we have from [5.46]:

uOYZBZ

S ) = ———

3 o 2R_(k/u,)

E (V) . [6.26]

Now if an attempt is made to measure @ _OFY w_OVer a long inter-
val (105 sec) it is clear that the 1/f component of En(v) will be

dominant and we can proceed in the same manner as in Sec. 5.4.2.

Writing En(v) = k/w in [6.26] and comparing the result with [5.45] 1
we can identify the value of no to be used in [5.40]. Ignoring the i
weak time dependence in [5.42], we have an approximate result for the ’
actual variance of Wy
2,2
2 M Y78k i
<(w0 - <w0>) > . [6.27] .
4nRC(K/uo)
! -3
5 Using the same numerical values that were used in Chap. 5, and 8 = 10 7,

i
i -
; 11 rad sec 1 is obtained.

the estimate <(w_ - <wo>)2>2 =2 x 10

Although this appears encouraging, we recall that for time scales
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this long, magnetometer drift will be more significant than 1/f noise.

16 G sec-1 quoted in Sec. 5.4.2 and multi-

14

Using the value of ~ 5 x 10~
plying by By, a drift rate of 10 " rad sec-2 is obtained for W
Thus after 105 sec, w will have deviated from its original value by

~ 1072

rad sec-l. Thus, unless significant reductions can be made in
magnetometer drift (and there appears to be some reason for optimism
. 23 . - o >
on this score” ) or some technique of orthogonalizing Bn and Bo (by
- . - . 3 > .
use of trim coils to adjust the direction of Bo) is used, the long-
term measurement appears to be impossible.

Assuming that it is necessary to have w >> 1 in order to reduce

ET2
the effect of magnetometer drift, we find from [6.22] and the approxi-

mate form for s(t) that

. 32 -2
oy = - 2w T, (@ T,) " . [6.28]
In order to obtain this estimate, we took w (t) = w__ + @ ,t. The
o) 00 od
best way to use this expression is to use the relation wp = m/T and

combine [6.28] with the resolution estimate, equation [6.18], in order

to determine what value of Tz is necessary to assure satisfactory

values for both Spn and Awd. Doing this we obtain

g

s* X
32 -1 |5 ) |3 Yod
i

T. = g - =
Aw AO m Awd

) [6.29]

. _ _ -11 -1 .. -14 -2
Using Opw = Awd =2 x10 rad sec = and Woq = 10 rad sec (as

above), we estimate that T2 = 3.3 x 105 sec (~ 102 h) should yield
adequate results. Substituting this into [6.28] we find that this

would require T = 2.5 X 104 sec (wET * 41).

2
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As to the effect of 1/f noise when wLT >> 1, we have from [6.24]

2
and [6.26]

< =5 () f Tw ey = @/msls, )
(o] o (o]

By using [6.26] and taking Sw (vE) = k/wE it is seen that expression
0

[6.27] is obtained except that it is multiplied by a factor of

(32/#)(wET2)_1. Thus while Awd « (mETZ)-Z, <(Aw)2>% « (wETZ)-%' Num-

-12 -
g =g x 10 12 rad sec 1 if wETZ = 41,

which is somewhat less than the estimate that was made of the effect of

erically, we estimate <(Aw)2>

1/f noise on a long-term measurement.

There is yet one other effect of magnetometer noise on the sample
magnetization that should be numerically estimated. As we have noted,
the spectral component of the magnetometer noise at w, can cause random
motion of the polar angle of the sample magnetization, 6. This effect
can be estimated by use of the discussion in Sec. 5.4.2. In fact, the
result we desire is simply 1/v/2 of that given by [5.48] since w, is in
the white portion of the magnetometer noise spectrum. Hence

%
8 ¢% rad. Since we will only assume that

e - 1r/2)rms x4 x 10
lcosel < 10~3 at the outset, the motion induced by the magnetometer
noise is clearly negligible.
6.3.3 Variations in the Larmor Frequency Due to Asymmetries

As we have discussed in Chap. 5, the average local field in the
sample volume due to the sample magnetization, ﬁ, is related to ﬁ by
a symmetric tensor. This general relationship encompasses the effects

of sample asphericity, superconducting shield asphericity, the presence

of other superconducting parts, and the effect of the real part of the
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reciprocal of the magnetometer loop gain.

In particular, the analysis of the effect of these asymmetries
under the condition of constant relative rotation between M and the
gyro case (Sec. 5.4.1.1) is relevant to our present problem. There we
saw that in the frame rotating with angular velocity woﬁ with respect

->
to the gyro case (where M would appear stationary except for the

effect we are discussing here), there is an additional precession
around the z axis occurring with angular velocity wp given by

wy = -3 YQZZIMICOSG . [6.30]

We recall that Q is the traceless portion of U,

where U is the symmetric tensor relating the spatial average of the
local magnetic field (Z.e., as seen by a given nucleus) to the sample
magnetization: Eloc = UM. We also recall that [6.30] holds regard-
less of whether or not ;0 lies along a principle axis of U.

This additional precession, wp, represents a frequency shift
that is proportional to Mz' MZ can vary as a function of time due to
a number of effects. The most significant of these is the exponential
relaxation of Mz with the time constant T,.

Since we have assumed that it is possible to initialize the
experiment so that |cosf| < 10_3, wp should be reduced by a factor of
~ 103 of the value that was estimated for the ZFNG. Now in Chap. 5
it was pointed out that the largest contribution to Q would probably
arise from sample cell asphericity, and it was estimated that
%'Ysz‘ﬁl ~ 107/ rad sec ! would be about the best that could be done

if Bmo = 10'6 G. By making cosf < 10‘3, the maximum value of wp (at

a5,




the start of the experiment) would be ~ 10-10 rad sec_l. This is only
a half of an order of magnitude away from what is required for the He3
NEDM experiment.

As was the case with magnetometer drift, it is clear that revers-

ing the electric field at a rate such that w >> 1 will be efficacious

ETZ

in reducing the effect of this slow variation of wp on the measurement
of Aw. By using [6.20] together with the approximate form for s(t) and

assuming that T, = T2, we find that

1

Awp = (80/3n)wp(wET2)'2 . [6.31]

Thus if w = 10-lO rad sec-l, the value of mET2 = 4] suggested previous-
p
ly would make Amp =5 x 10712,

This result, which indicates that the effect of asymmetries will

be negligible when compared to that of magnetometer drift, depends on

being able to maintain the tight tolerances suggested in Chap. 5. If

this should prove to be difficult, certain trimming techniques may be
feasible. fhe problem of trimming is considerably simplified in the
present scheme (as opposed to the ZFNG approach) since only one para-
meter (e.g., sz) need be adjusted.
6.3.4 Effect of Mechanical Motion

Any small changes in the rotational velocity of the experimental
apparatus in the direction of 50 will appear as shifts in the Larmor
frequency. For example, the basement floor of a building can tilt with

5

an amplitude of ~ 10~ rad (2 sec) with approximately diurnal periodicity.

This can have two effects. First, the component of the earth's rota-

> >
tional velocity Qe in the direction of Wy will vary, and secondly,
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the time derivative of the motion itself can appear as a frequency
shift.

The first effect is commonly dealt with in gyro testing programs
by orienting the sensitive axis (Go) along ﬁe so that the effect of
tilt is only second order. Thus, if the (small) angle between 5e and
50 is & and it is subjected to a variation &%, then Idwoﬁ = Qé?éﬂ.
Hence with 6® = 10™° rad and P < 2 x 1072 (1°), we would have

1 rad sec-l. In gyro applications, the second effect is

8w | = 107
o
not of great concern since presumably the tilt is largely periodic
and does not accumulate very rapidly.
In the EDM experiment however, the second effect can also be
troublesome. For example, a periodic sinusoidal tilt (Z.e., rotation)
> -
about W, with an amplitude of 10 > rad on a daily basis would cause a

10 rad sec_l. This would appear as

a peak in the Fourier spectrum of w, at 10.5 Hz.

maximum shift in w, of ~ 7 x 10

The use of a concrete isolation pad which is separate from the
building floor could alter this situation. Since the motion of such
a pad could presumably depend on factors such as temperature stability
it is not possible to estimate the Fourier spectrum of its tilting

motion without making careful measurements under controlled conditions.

6.3.5 Effect of Temperature Stability on w

We will now discuss one topic where the present formulation of
the He3 NEDM experiment is inferior to the ZFNG approach. Since we
are considering the application of a non-zero uniform field, Eo’ by

means of persistent current loops, the matter of the intrinsic stabil-




i

ity of Bo (exclusive of the other effects we have already discussed)
needs to be considered. In particular, there are three temperature-

dependent mechanisms that can affect Bo: 1) the thermal expansion of

the field coils,* 2) variation of the magnetic-field penetration depth
in the field coils, and 3) the Curie-law susceptibility of the quartz
housing.

The evaluation of these effects depends to a greater or lesser
extent on details of the design of the apparatus which go beyond the
scope of our present discussion. In order to obtain rough estimations
of their relative importance, however, we will assume that the sample
cell consists of a solid block of fused quartz with a spherical sample
cavity and deposited niobium circuits on the outer surface to act as

field sources. This assembly would then be concentrically mounted in

the spherical shield.

In the case of thermal expansion, we find that Gwo/wo = 680/8 =

= - 2080 where a = - 4 x 10_10 63 K—1 is the thermal coefficient of

. 76 .
expansion for fused quartz at low temperature, = and 80 is the tempera-

-11

ture variation. Taking ldwo/wol < 10 9 = 0.9 K, we find

[60] < 2 x 1072

K, a modest requirement.

Considering the effect of temperature variations on the magnetic
penetration depth, it is readily shown by use of an approximate expres-
sion for the temperature dependence of the penetration depth, A(Q) =
= A(0)[1 - (O/Oc)4]_%’77 where Oc is the superconducting transition

temperature, that GBO/BO = - 4A(0)93(66)/(Rf92) when O << OC. Here

*
It is assumed that this is the most significant source of internal

dimensional variation in a well designed apparatus.
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is the radius of the source coils (~ 6 cm) and A(0) = 4.7 X 10'6 cm

8 1o o3

Re

for Nb.7 This expression yields the estimate 6wo/wo x4 x 10

which is approximately one-half the size of the thermal expansion effect

and of opposite sign.

In the case of the Curie-law variation of the susceptibility of
fused quartz, there are two effects to consider. The first is the
effect on the current in the presistent field coils and the second is
the distortion of the B-field in the vicinity of the sample cavity.
Actually, we will ignore the first effect since the B-field produced
by a persistent current in a superconductor embedded in an infinite
homogeneous and isotropic medium is independent of the susceptibility
because of the flux-conservation condition. Thus, in the l1limit that
the field coils become much larger than the sample cavity, we can con-
sider the problem to be that of a spherical cavity embedded in an in-
finite medium where the B-field tends to become constant and uniform 1
at infinity.

Considering therefore only the first effect, we have
GBO = - (8ﬂ/3)(dx/d®)8ext66 R

where ¥ is the susceptibility of the fused quartz, and Bext = Bo is
the external magnetic flux density at infinity. Now the susceptibility
of high purity fused quartz is well characterized by Curie-law behavior

so that %

dy/dd = - co™? | c

where C = 1.5 x 10°° K.79 Thus




IR |

-— .-2 -
8B /B = (81/3)CO7"60

We note that in contrast to the other two temperature-dependent effects

. . 3 .
which are proportional to 07, the Curie-law effect is proportional to

5 -2
0 80. Thus at 0.9 K

-11

072, Numerically we find 6B/B = 1.2 x 107

we must have |8T| < 2 pK if we require |6w°/w0| <3x10
Careful temperature regulation is therefore important for achiev-

ing the required stability. As we have noted with regard to other ;

mechanisms that affect W, however, it is the spectral density of the

temperature fluctuations at v. that is of significance.

E

6.4 Relaxation Time Considerations

The various relaxation mechanisms have been adequately reviewed

in Sec. 5.2. Both the intrinsic relaxation mechanism and the relaxa-
tion due to magnetic field gradients should not require any additional
consideration beyond what was discussed in Chap. 5. Since it is neces-
sary to work at liquid He II temperatures, however, it should be pointed 1
out that a solid H2 wall coating is not likely to be nearly as effective
in reducing wall-induced relaxation as it is at 4.2 K.32 At the present,
there appears to be no adequate data to allow us to predict what the
wall-induced relaxation rate will be for very dilute mixtures of He3 in
liquid He IT in a quartz cell. It does not seem likely, however, that
the wall-induced relaxation rate (T;id) will become significantly great- 1

er than the value we obtained experimentally in our bare Pyrex cell

(Chap. 4) at 4.2 K. Some support for this conjecture can be found in

5
Horvitz's d:\tal“4 which shows T1 * 660 sec for a 33% He3 mixture at 1.8 K




(above the A-point), and Tl = 600 sec for this same mixture at ~ 1.2 K
(below the A-point).

In addition, the sample cell that we have been considering here

has a surface-to-volume ratio that is approximately one-quarter of
that possessed by our experimental cell. Since we estimated

le = 2 x 105 sec in our 1 cm diam experimental cell, it would be

4
expected that Tiw = 7 X 10" sec in a 3.8 cm diam cell. Thus under

the conditions we have postulated, relaxation times in the range 105-

106 sec are likely.

6.5 Electric Field Requirement

In this section we will discuss a couple of the obvious problems

that are associated with the large (105 V/cm) electric field that is

necessary for the He3 NEDM experiment. We will not, however, delve
into electric field homogeneity and electrode geometry considerations.

The most difficult problem arises because of the necessity of

locating the superconducting pickup coil (made of small filamentary
turns) in the electric field. (See Fig. 6.1.) This problem has two
aspects: 1) the electric field at the edges of the coil will be much
greater than the average field applied to the helium sample, and, 2)
it is important to avoid exposing the SQUID and its input circuit to
electric breakdown events. The pickup coil will be insulated from
the electric field electrodes by fused quartz which has a dielectric
breakdown strength of ~ 7 x 10° V/cm at low temperatures.80

The simplest way to model this situation is to consider a con-

ducting oblate spheroid in a uniform applied electric field which is

197




normal to the spheroid axis. (n the limit that the spheroid tends to
a disk, it can be shown that the maximum electric field is given by

(8/ﬂ)(RC/€) where Rc is the disk radius, ¢ is its thickness, and Eo

is the uniform field at infinity.81 Since the maximum electric field
appearing at the edge of a conducting ring should be approximately
equal to that appearing at the edge of a disk having the same thickness
and diameter, we see that it is necessary to have € > 1 mm if Rc = 2 cm
in order to avoid breakdown in the quartz.

This means that the pickup coil will have to be shielded with a

conducting toroidal shield having approximately this thickness. It is
neither necessary nor desirable for this shield to have high electrical
conductivity since that could cause additional magnetometer noise and

radiation damping of the sample. In fact, the shield should be made

discontinuous in such a fashion as to prevent circumferentially circu-
lating currents. ’

Another concern is that pre-breakdown currents might occur in the
liquid helium (but not in the quartz) and cause the electric field in
the sample to decay. This problem can be simply modeled by a parallel
plate capacitor. The decay time constant is then T = RC = PKE s
where p is the resistivity of the helium, Ke is the dielectric coef-
ficient and €, is the permittivity of free space. With regard to the
resistivity, Blank and Edwards73 were unable to detect any pre-break-
down currents and thereby estimated that p > IOIBQ-cm or 1016 §-m.

4

Since Ke * 1 for liquid helium we therefore have T 2 9 X 10 sec.

This should be adequate even in the event that the equality holds

provided that the electric field is reversed with the periodicity

suggested in Sec. 6.3.2, 7.e., approximately every 2.5 x 104 sec.
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6.6 Conclusions

While it is clear that the reformulated version of the He3 NEDM
experiment should come much closer to being competitive with the
highly develored neutron-beam technique than would the ZFNG approach,
it is not possible at this point to predict whether this goal can
actually be achieved.

There are several reasons for caution. The most obvious is that
the Fourier spectra of some of the more important perturbations (e.g.,
thermal effects and mechanical motion) are not presently known. Another
reason is that some of our optimistic assumptions may have to be compro-
mised in the design of a physically feasible apparatus. In addition,
there may be factors which have been overlooked.

If this matter is to be pursued, it is necessary that an experi-
mental feasibility study be undertaken in order to determine whether
sufficient stability may be achieved in wg to allow an EDM measurement
of significant sensitivity to be carried out in a reasonable length of
time. Because of the time scales and frequencies that have been sug-
gested in our analysis (e¢.j., electric field reversals every several
hours, T2 on the order of days) it is clear that the process of testing

and refining the apparatus could be quite time consuming.
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APPENDIX A

GRADIENT-INDUCED RELAXATION DUE TO A NEARBY FERROMAGNETIC DIPOLE

In this appendix we will obtain an approximate expression for
gradient-induced relaxation arising from a ferromagnetic speck located
near the sample cell. The motivation for this calculation as well as
a summary of the assumptions and results are found in Sec. 4.3. The
calculation is based on the general theory reviewed in Sec. 3.3.

In order to simplify the problem we will consider the sample cell

->
to be cubical with the ferromagnetic dipole m located and oriented as

shown in Fig. 4.3. The coordinate system is also shown in this figure.
Following the notation of Chap. 3, the magnetic field configuraion

in the sample volume is given by

oy

= B.(7) + B K
- l(r) * B

Since the motional narrowing condition was strongly violated in our
experiments, we will confine our considerations to the calculation of
the gradient-induced longitudinal relaxation time, TIG’ under the
+> > -+ >
assumption that lBl(r)I << B_ throughout the sample volume. B, (r)
-5
is the dipolar field arising from m.

According to equations ([3.16'] and [3.40]
1

2 -
-1 201 (x°D)
T,. = (B (k) + B (k)] ,

k =0 k =0 k =0

2y-1 E Z Z [Eh('ll)lz{kzo[l S R R (WY
k=0 k_=0 k_=0
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ar

where Bl+(k) = le(k) + iBly(k)’ and

~ > -> > 3
B, ) =/\£ XOLHOLES [A.2]

In these expressions D, V are the diffusion coefficient and sample
. - »
volume respectively and ¢, (r) are a complete orthonormal set of eigen-

functions satisfying

@+ kHe, ) =0,
k

~ -
VR
k/S

where fi is a unit normal on the sample surface S.

and

In the case of cubical sample cell of dimension L,
- >
¢, (r) = A(k)cos[kx(x + L/Z)]cos[ky(y + L/2)]cos(kzz)
k

where (kx’ky’kz) = (r/L)(&,m,n), &£,m,n = 0,1,2.... The normalization

coefficient A(i) is given by vy
ACR) = 2VZ [(8yq + D (8g, + DG + nv)~F [A.3]

>
By making use of the axial symmetry of El(r) about the z axis,

[A.2] becomes

~ —r _ e .Ri M g 3
Bla(k) = A(k) cos (2 ) cos (2 )}(;os kxx cos kyy cos kzz Bla(r)d T

> o ar\ 1 iker -iker > 3
= A(k) cos (2—) cos (T) 5'/\; e + e Bla(r)d r. [A.4]

Letting




[A.5]

we then have

(k) . [A.6]

We now make two assumptions:

a)  wTyp0 = wo(L/ﬂ)ZD'l >> 1, where in general

o 10
2 -1 2.,2 2 2,-1 -1
Tomn = (kD) " = (L/M)[R" + m” + n°] D

are the decay times of the various diffusion
gl modes.
b) b << L, where the dipole, E, is located at
(0,0,-b).
Assumption a) is well-satisfied in our experiments since W Ti00 2 900

for all of our data. Assumption b) is justifiable because it leads to i

a result that agrees well with our data as has been discussed in Chap. 4.

16° €

usable form. First, we note from [A.4] that the sum over 4 may be

The expression for T quation {A.l], can now be put in more

>
taken over all k-space (rather than just the first octant) and the

result divided by 8: i

-1

Ti6

-yien Tt |El+(1)|2{k20[1 + o)At
x

[A.1']

In addition:
. 2 2. .-2 -1
1) By assumption a) the factor {k“D[l + (k'D) wo]}
varies slowly over an increment IAkl = /L, and by
assumption b) |§1+(F)|2 likewise varies slowly with

respect to |ak|. Thus we can make the approximation
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{ T - (V/Trs)fdsk .

->
k

2) The cosz(ﬂn/Z)cosz(mﬂ/Z) factor in the expressions
for Efa(i) reduces the density of states in I-space

by a factor of 4.
3

3) The error introduced by taking A(K) = (8/V)° instead
of [A.3] is negligible.
Hence

| 1=y (32057} d3k|§1+(i)|2{(k20)[1 SN CS RE DAR TV

By assumption b) the expression for Ela(i)’ equation [A.2], can

also be simplified:

! B, () ='/v.Bla(;)¢K(;)d3r z/ B, (F)o,d°r [A.8]

UHS k

where UHS signifies an integration over the upper half-space, t.e.,

2z 2 0. s

With these approximate expressions, we can now summarize the

explicit calculation of Tié. The expression for the perturbation

field is given by
> > ~ S
Bl+(r) = Bd+(r + bk), b >0

. 3 + - > . -’ - .
where the dipolar field Bd*(r) = de(r) + 1de(r), is conveniently

expressed by

(6,9) . (A.9] .

B, () = (3m/r) (- VBT/15) Y
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With the approximations that have been made [A.5] becomes

> -+

| B, (0 (2/V)7 By, (e T
UHS

f

+ >

o (2/V)70(z)Bd+(; ¢ bRy elk T g3;

LT P ANSREIN U SNy

- (2/v)'%/0(z-b)ed+(?)eik'(r‘bk) & %

where

0(z)

n
(=]
N

N
(=]

Now it is convenient to use the Fourier representation of the

i theta function:

3 3 '_]:' x >
0(z - b) = (2m 7 f &7k'e™ T 0k
4
. where K
-ik!b ‘
X o> 2 e z
Ok") = (ZmTs (ke k) | ————| [A.10]
Y s s
1(kz in)
and n = 0+ is added for convergence.
Thus
~ > 1 - ~
B, (k) = (2/V)*(2m) 3/d3kv1(i,i')e(i€-) , [A.11]
where
> > '—"o-*
1,k = exp(- ik ) fdre™ T B (F), %4

Using the expansion

204

' -
Lt R S P -
- 'y I ] .




e+ A

3 iker R :
? e = an 2% 1Y, (@)Y, (@) (kr)

where jg(Kr) is an 2-th order spherical Bessel function, and the

explicit form for Bd+ [A.9] it is seen that

a -ik_b
R YA

1(k,k") = 4ﬂm(8n/15)%Y21(QZ)e .

By substituting this and [A.10] into [A.11] an integral over k; results

that may be readily evaluated by use of standard contour integration

techniques. This yields

: ~ Ty ¥ . . -1
I Bl(k) = - 2m(2/V) exp(1k¢ - kpb)(kz + 1kp)

where (kp, k¢, kz) are the cylindrical coordinates of k.

Hence

S 22 s SO NF-
18,0017 = [BC) + BI(-R)|

"

(2/V)[4wm(kpkz/k2)exp(—kpb)]2 ) [A.12] .

where k2 = k2 + k2.
z p

This result may be substituted into [A.7] in order to obtain Tié.

. - - R . . o
By letting u = bkz, v = bkp, Ty b®/D, a WoTy» and doing the trivial

integration over k,, we find

¢

[+ -] (e} 2
-2 o evylony Y ave [ au u
1G Y N N I
o -~ (U o+ v [(uT o+ v o+ ]

The integral over u may also be performed by use of contour integration
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techniques with the result

00

T]g = (2n/V)y2m2(Db)'la'i/f§4e'zv{2'%[1 v v aAHHE ey
o [A.13]

We can now make use of the fact that v4e-2V is sharply peaked at

v = 2 to evaluate [A.13] in the limits @ >> 1 and @ << 1 where approxi-
mate expressions for the factor in curly brackets may be used.

Considering first the case a = woTy = mobz/D << 1, we have

I+ 1+ a?ahh® 0= st

so that

Tié = m?y2/ (8VLb), w, << D/b% . [A.14]

This expression is valid if the condition wy << D/b2 is compatible
g -

with the requirement that ]El(r)]<< B, i.e., that mb 3« Bo' This

compatibility is assured only if m << Db/y. In Chap. 4 we assumed

b = 0.1 ecm, Thus if D = 8 x 10—S cm2 sec_l, we require m << 4 x 10~

10
G cms. Since we estimated m = 2 x lO-8 G cm3 from the data it is clear
that we would have not been able to experimentally verify [A.14]. In
addition, the condition w, << D/b2 would require that B_ << 4 x 1077 G,
a value smaller than the ambient field of ~ 3 uG.

Now in the opposite limit, W, >> D/bz, we have
% %
A+ 1+ o HF 1= Pz

Hence

T;é = 3n(ym)20%/(4/§‘Vb4w03/2) [A.15]

This was the expression used in Chap. 4 in order to obtain an estimate

of m.
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APPENDIX B

>

FORMAL RELATIONSHIP BETWEEN Bloc AND M

FOR A UNIFORMLY MAGNETIZED REGION IN A PERFECTLY DIAMAGNETIC SHIELD

We consider a uniformly magnetized region R located entirely in
a volume V bounded by a surface S (Fig. B.1). For purposes of this
discussion we assume that there is no trapped flux through S and con-
sider it to be perfectly diamagnetic for the low fields and frequencies
that are of interest. We now wish to calculate the average local mag-
netic flux density, %&oc, that is seen by a nucleus in R.

To do this, we note that there are no currents in V so that the

magnetic scalar potential may be used. Hence

- >
H= -Vod |
m
Ve =v% -4nV e VM= - amp (1),
m m
-
where o = " 3 * M is the magnetic 'charge'" density. 1In our particular

> > -+ > >
case, we are assuming M(r) = M inside R and M(r) = 0 everywhere else
in V.
The problem therefore reduces to solving Poisson's equation,
-
V2¢m = - 4ﬂpm(r), with the Neumann boundary condition on S:
(a¢m/an) =0 .
S
The solution to this problem may be formally expressed in terms of the

Green's function for the problem,62
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Fig. B.1 A uniformly magnetized region R located entirely in a
volume bounded by a surface S.

208




eS [v 0, (TG (F,7)d " ) [B.1] |

where (¢ ) 1is the average of ¢ on S.
mg m

~ . The Green's function in turn must satisfy

> +
BGN(r,r')/an' = - 4n/s ,

where s is the surface area of S. In general the Green's function

has the form

> > > -> -1 -+ >
GN(r)r') = (Ir - T'I) + F(r’r')

. . 2 >
where F is regular in V: V "F(r,r') = 0.
The boundary condition on GN does not completely specify GN; 1.e.,

if GN satisfies the boundary condition, then GN(;,z') + f(;) does also.

Now since (a¢m/an) = 0 imrlies that-/.pm(;)dor = 0, it is clear that
S v
this ambiguity has no effect on the expression for ¢m(;). It does,

> >
however, have an effect on the symmetry (or reciprocity) of GN(r,r').

Since we would like to make use of this property (Z.e., GN(;,;') =

= GN(;',;)), we can be assured that this will be the case if the

ambiguity in GN is removed by requirinsgs. GN(;,;‘)ds‘ = 0. By using
S
Green's second identity,

f(¢v2w - wied'r =f[¢(aw/an) - p(36/3n)1ds !
v S
and letting ¢ = GN(;,G) and Y = GN(;',;) it is readily seen that this 3
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. > > > >
requirement implies that GN(r,r') = GN(r',r).
We may now proceed with the calculation by using equation [B.1].
Integrating by parts we have

¢m(?) =/\;(vv . E(F')]GNG,?')dz'r' . _(¢‘m‘)s

-/v- * HEDGEEY) *fi«'G') - 6 G End’r » @Y |
v v

S
= M -f%; T, )% + @
N m
R S
Inside R,
> _ > > _ -1 - + .3 -+
BR = HR + 47rMR = - R /VQm(r)d T + 4mM
R
=+ 4mM - R'lfd3r'v’[ﬁ -fﬁch(}‘}-)dSr'] ) [B.2]
R R

Now as we have noted in Chap. 5, the local field seen inside of
microscopic spherical cavity in R is given by

>

> -
Bloc = BR - (81r/3)MR .

Hence, from [B.2]

> _ - - -1 3 2. . =4 >, 3 [
Bloc = (4m/3)M - R '/R‘d r V[M ’/R'V'GN(!‘.I‘ )d'r']

Taking Cartesian components of this equation, a

; _ - -1 3 3 , > >
i (Bloc)i = (41/3)M, - R ? dr [ &7r v VG, [ M
Y R R
} - U, .M. ,
i 20y .
¢ where
i U.. = (4n/3)6.. - R [ a®cd®rv vic (7,71
i ij ij i j N
R

e
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3 3 ' aa = 3 43 19 T
[/d r'd rViVjGN(r,r ) ﬂ:i rd’r viijN(r ,T)

R R R R

- 3 t 3 ) > -'0
-/:/:i r'd rVJ.ViGN(r,r )
R R
> -
by the symmetry property of GN(r,r'). Thus Uij = Uji

prove.
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APPENDIX C

e

FIRST ORDER CALCULATION OF Bloc IN A NEARLY SPHERICAL SAMPLE

IN A NEARLY SPHERICAL SUPERCONDUCTING SHIELD

In this Appendix we will consider a specific example of the gen-
eral situation discussed in Appendix B. In particular we will adopt
the assumptions of Appendix B and will additionally assume that both

R and V are nearly spherical and nearly concentric.

>

Bloc will be small compared to the macroscopic flux

Inside R,
> >
density, B ~ 8mM/3. It is nonzero for two reasons: 1) asphericity in
the sample cell, and 2) the presence of the superconducting shield.

<>
Bloc will not necessarily be uniform over R. Since we are only inter-

-
ested in the average of Bloc in a spherical volume, however, we will

>
only be calculating the uniform component of B It is noteworthy

loc”’

that a gradient in M arising from a density gradient (due to, for

example, a thermal gradient or the effect of gravity) does not affect

->

B1oc as can be verified by direct calculation.

Outside of R, the field arising from the sample magnetization
will be predominately dipolar. Higher multipole moments that arise

-
due to sample asphericity or a magnetization gradient can affect Bloc
only through interaction with imperfections in the superconducting
shield. (The reasoning behind this statement will become apparent

later in this appendix.) Since we are only interested in doing a first-

order calculation these higher moments will be neglected. This neglect

T e . - e




of higher multipole moments allows the problem to be split to two:

First we will calculate Eloc in a nearly spherical sample without

the presence of the shield, and then the issue of a dipole in a nearly
spherical superconducting shield will be considered separately.
>

C.1 §1oc in a Nearly Spherical Sample

As in Appendix B, we may utilize the magnetic scalar potential

P > . . . 62
m(r) which is given by

0@ = - 7+ fHEF - ae (c.1]
R
> > . i > . R > -
where H = - V¢m. Since we are assuming M to be uniform in R, V * H =0

everywhere in R except at the surface. Thus inside R we may write
o 7)) = X A, £y, (8 [C.2
m(r) - P ol Rmr Slm :¢) . ]

. . - m, * .
where the reality of ¢m requires that Al-m = (-1) Alm' Combining [C.1]

and [C.2],
2 > 3 -> > -1
P ApnT Ylm(e,tb) = - M- ?fd r'|r - r'| .
2,m R

Since we are interested in A, (which corresponds to the uniform com-

1m

ponent of ﬁ), we have

A r=-faoy. @7 [ ae )y - Tt c.3
lmr__ lm(‘\)[ I'r-rl ]' [‘]

R

At this point it is useful to express everything in terms of

spherical vectors and spherical harmonics. Thus

i
4
»
!
;
i

M*V=MV +5MV +MV
_Moo42(+- _+)
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where as usual M =M and M =M _+ iM , and likewise for 3. In
o bA + X y

addition, the well-known expansion for I; = ;'i'l may be used:
> -1 k k+1 * o
|r - r' = 47 2: + 1)]qu(ﬂ )qu(Q)

where r, and r_ are the larger and smaller of [;I and |;'| respectively,
and Q and Q' refer to the spherical angles specifying the orientations

of ¥ and ¥'. With these substitutions, [C.3] becomes

* ()
= -
At f Y ()M Y, + EMY_+ MV )]4n :4.; —LZk —
k
v @ndde (.4
7S] kq( Jd'r' . ic.4]
R T>
To proceed further, we may express 6 in terms of the angular
+ 62
momentum operator, L:
> ~ A 2. > >
V = 13/3r - (i/r7)(r x L) [C.5]
where
T=-i(@xV. [C.6]

With these expressions, it is not difficult to show that

_ /4n 3 1
vo = /3_ lylo(n) T F; [Yll(Q)L_ + Yl_l(Q)L+]’ [C.7a]

4

and
8m . 9 1 1
v = t/—‘Y - =+ =L.] + —Y (L ] [C.7b]
+ 3 1+1 or r O /3r 10 +
Now from [C.4] we see that we need to evaluate integrals of the
form




/dmlm (sz)vivkq )

By use of the relations62

LoYom = Mg [C.8a]

and

LYom = /QR ;™R tm+ 1) Yl,mtl [C.8b]

4 we see that integrals of this form can be decomposed further into

terms containing the integrals

*
L nintkq' = /dmlm(mylm. @Y, 0 @)

i where m' + (q' - q) = i. Integrals of this type are readily evaluated:82
i
. I = f Y, )Y, @Y, . &)
= 3
2.m_2 m_ % '
B 332" 1™ Bgmg T Ay M
j |
4 (28 + 1)(28 + 1)
¥ - 1 2 (L. 2.00[% 220 -
. an(2l, + 1) 172771717273 y
. L L8 .
Camm, |22, R [C.9]
where the quantities in the angle brackets are the usual angular momen-
tum coupling coefficients. By use of the triangle rule and parity, we
see that Ilmlm'kq' can be nonzero only when k = 0,2, It is also
required that m' + q' = m or that m = i + q.
: Having obtained these results, we now turn our attention to the
ﬁ last integral in the expression [C.4]:
Kk, kel 03, .
Iq -‘/R}r</r> M@ |

* R_(2') ;
=ﬁ'kq(ﬂ')d9'f ° r’z(r':/rlyl)dr’ *
)
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where Ro(ﬂ') specifies the radius of the surface at 6',¢'. For

example, in the case k = 2, we have
J, =2 [yl @)dar{1/5 + R (©@")/r]}
2q 2q o ’
If we now specify RO(Q') by its expansion in spherical harmonics,

R@) =R [1+ 2}31 o Yo (2]

where
ap o= G1)ay lalml << 1,
then
IR (') = ; on¥am @1
ﬁ
to first order. To this approximation, we then find qu = azqrz.

Likewise, the case k = q = 0 may be evaluated to obtain

2 2 .
Joo = /F(RO - r°/3) to first order.

Having thus shown that only o, have any effect on the result,

2m

we will now simplify the situation even further by considering that

only a_ . is nonzero. This corresponds to a deformation of the spheri-

20

cal sample cell to a spheroid with the z axis as the axis of symmetry.

The spheroid is prolate if %0 > 0 and oblate if Ay < 0. With this

simplification, carrying out the necessary algebra yields

= T - E/_- /4_.
10~ ~ 4 Mo < 3/ 3 'Y 15 OL20> ’ [C. 10a] i
- 2 2 /Z_ /Z_
A11 2 M_ <3 3 + 5 0.20> , {C.10b]

*

Alcl ® A

>
[




Substitution of this result into [C.2] yields the desired compon-

+
ent of 0m(r). It is convenient at this point to revert to Cartesian

Fo vectors. Doing this we have

N i
> {

»

:
: oM@y - -

where ¢£1) is the £ = 1 component of ¢m and

x|

= v/3/21 Re All

L H =-/3/27 Im A

y 1 [C.11]

H = - /3/am Ao

z

Using the expressions for A10 and A11 given by equations [C.10] we

| have the result

> - >
H= - (41/3)M + QM ,
where ' !
-5 0 o
QC = 4 /175 g 0 ¥ 0 . [C.12]
0 0 1
> ry >
In addition, since we have seen in Appendix B that Bloc = H + (47/3)M
B =qh
Bloc = QM -

It should be noted that the same result may be obtained by con-

sidering a uniformly magnetized ellipsoid that differs only slightly
from a sphere. In the case of an ellipsoid, of course, the internal -
field is always uniform no matter how pronounced the deviation from

sphericity.
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C.2 Dipole in a Nearly Spherical Superconducting Shield

We now consider the case of a dipole m = (4nRg/3)§ located near
the center of a nearly spherical, perfectly diamagnetic shield of
mean radius RSO' For our present purposes, we consider m to be a
point dipole and ignore the susceptibility of any materials located
inside of the shield.

The calculation of the 'reflected" field ﬁr = - $°mr that arises
due to the presence of the shield may be approached in much the same
manner as the previous calculation., We start with

> L -(2+1)
¢ (r) = % [Agy (F/Rgy) + By (X/Rg() 1Y, (6,4)
With a dipole at the origin, all Blm are zero except
B, =R Vam/3m
10 S0 2z
- -2 e :
B11 = - RSO 2m/3 (mx - 1my)
*
Bior = - By
Thus
-+ 2 2
0(®) = T By (Reg/T) Y1 (8,0) + %Agm(rmso) Yy (8,0) . [C.13]
where we are specifically interested in determining
(1
dpr * %;Alm(r/RSO)Ylm(e’¢) ’
i.e., the coefficients Alm‘
The boundary condition (fi * $¢m) = 0, where fi is the unit normal
S
¥
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to the surface S, must now be expressed in a useful form. We take S

Py

to be given by r = RS(6,¢) where

Rg = Rgoll + éé%sﬂmvzm(e,¢)1 , [C.14]

e

*
and as usual ,BZm, << 1, Bl_m (-l)mﬁzm- Letting

£(r,8,9) = r - Rg(6,9)
so that

[ ~ - &>
| A= VHVED 4

i

” the boundary condition may be written i

> -
(VE - V0 ) o =0 [C.15] ;
s

By expressing the v operator in terms of the angular momentum
operator (equations [C.5] and [C.6]) the boundary condition [C.15]

may be expressed in the form

__1—> .—r
Rs(a¢m/ar)RS = Ry (Lf) (L(pm)]r=Rs [C.16]

-> > >
where we have made use of the fact that both r * L and e (; x L) are

zero.

Now

> >
Lf = - Rg, El BonlYg,
m

<> 2= L
Lo = ;n::;lm(Rso/r) LY, (8,0) + % Agy (T/Rgg) LY, (8,8




and
_ -1 3
a¢m/8r = RSO % [A1m - ZBlm(Rso/r) ]Ylm(6,¢)

-1 2-1
L
f * Rgp ;2:5_ Agn(F/Rs )Y (8,0)

N Thus, by substituting these expressions in {C.16] we see that if

Blm = 0 for all 2,m (Z.¢., the shield is perfectly spherical) then

L. o _ o _ N
it is necessary that Alm = ZBlm, Akm =0, £ >2., As a result,

A, - A?m) and all of the other Appm 2T€ expected to be small if the

lm
Blm are small. It is therefore convenient to define the small para-

1
meters Alm’ where

and

-
By expressing Lf, t@m and a¢m/ar in terms of these new parameters,
!

1

(instead of RS), and 2) ignoring products involv-

we may easily obtain A n to first order by 1) evaluating the boundary

condition at r = RSO

1]
ing Almﬂkq since they are second order. Hence [C.16] yields

]
A, Y + lz ' _ -> . -+
%: Im' 1m = g Yy = - 3 1?-:'1 %} quBlm(LYQm) (kaq) [c.17)
q

*
Multiplying [C.17] by Ylm‘ and integrating yields the desired expres-
'

sion for Alm':

@Iy, @) * Ly, (@ 18
. Apgr = -3 k2=:1 Zm: quBm dsay, )nkq( ) o LY, (@) . [C.18]
q
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The scalar product of the spherical vector harmonics is given by

-+ >
(Do) * (Y) = BLY LY LY LYY e LYy LY

which may be evaluated by equations [C.8] and the consequent integrals |
are then given by [C.9]. We immediately infer from the triangle rule |
and parity that only the k = 2 terms survive and that of these terms
we must have m + q = m'.

An important consequence of this result is that the centering of

s e ——— A~ ..‘4

the shield (which corresponds to the Y term in the expression for RS)

Im
has no effect in first order and is therefore not as important as the
quadrupolar error.

At this point we again choose as an illustration the case where

only 820 is nonzero. Thus m' = m, and we obtain
Ao = (9//5T)B,08
‘
A;tl = - (/258,08
Substituting the resulting values for Alm = Aim + ZBIm into [C.13] and

returning to the Cartesian representation we find for the 'reflected"

field that
A(r=0)=- @1/3)®R/R)M + Qg
r 0’ 'S0 S
where i
-5 0 0
Qg = - 12/775 (Ry/Re) By | O -5 0 .
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