" AD~A099 829 NAVAL SURFACE WEAPONS CENTER DAHLGREN VA F/6 \1/7
. FORMULATION FOR THE NAVSTAR GEODETIC RECEIVER SYSTEM (NGRS).{U)
MAR 81 B R HERMANN

UNCLASSIFIED NSUC/YR-BO-J“G NL -




" o)

ol = X

"I" ol PR
e

ml Bl P
&

[lezs s Il

—
.

Eodl o

§ Sy
o~

MICROCOPY RESQLUTION TEST CHARI ‘
NATIONAL BUKEAT B ANLARE T - 4










o UNCLASSIFIED
pi SECURITY CLASSIFICATION OF THIS PAGE (When Date Entered)
' REPORT DOCUMENTATION PAGE READ INSTRUCTIONS ;

BEFORE COMPLETING FORM
2. GOVT ACCESSION NO| 3. RECIPIENT'S CATALOG NUMBER

N-A099 829

5 TYPE OF REPORT & PERIOD COVERED

4 REPQRT. 8 .
| NSW R-f0-34R. /
& TITLE (and S iiTe)

§
. . ;
C ’ Formulalion for the NAVSTAR k q ) Final /*epf
i : . . [ XY /
; 2 ,r Geodetic Receiver System (NGRS) o ~ ~ S P ERPORMING ORC_REPORT NUNBER
J 7. AUTHOR(s) S. CONTRACY OR GRANT NUMBER(s) g
. , D Bruce R./Hermann i
' " |5 PERFORMING ORGANIZATION NAME AND AGDRESS 1. 2582".‘&o‘-“x“dﬁ."v"u’u?.’;'&' TAK {
Naval Surface Weapons Center (K13) 4\"" — i
, Dahlgren, VA 22448 65 2DV :
% 11, CONTROLLING OFFICE NAME AND ADDRESS . ;LMEQQLDATE
Headquarters / /, Margijigis 1 - :
v Defense Mapping Agency - U R GweenoF faces A
Washington, D.C. 20360 68

s MONITORING AGENCY NAME 8 ADDRESS(I{ different from Controiling Office) 15. SECURITY CLASS. (of this report)

L Bimie s e

UNCLASSIFIED :
i T8a. DECL ASSIFICATION/DOWNGRADING i
SCHEOULE

18. DISTRIBUTION STATEMENT (of this Report)

Approved for public release: distribution unlimited.

f 17. DISTRIBUTION STATEMENT (of the abatract entered in Block 20, i different from Report)

18. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue on reverse side il necessary and identity by bdlock number)

Geodetic Point Positioning
Doppler Frequency (Velocity)
Doppler Rate (Acceleration)

20 ABSTRACY (Continue on reverse side If necessary and Identity by dlock number)

*The NAVSTAR Global Positioning System (GPS) can be used for geodetic applications. The
NAVSTAR Geodetic Receiver System (NGRS) has been developed to demonstrate this capability. A
brief description of the NGRS hardware is presented along with the formulation that converts the obser-
vations of satellite Doppler frequency to range differences. The sensitivity of the range differences to
random error sources is also discussed. .

w FORM
1JAN 7D

1473

1
1
v
4
f‘ { NAVSTAR Global Positioning System (GPS)
NAVSTAR Geodetic Receiver System (NGRS)

4 ED1TION OF | NOV 88 13 OBSOLRTYER UNCLASSIFIED
S/N 0102-LF.014-6601
. SECURITY CLASSIFICATION OF THIS PAGE m 3: ‘nna




FOREWORD

The development of the NAVSTAR Geodetic Receiver System (NGRS) was funded by the
Defense Mapping Agency as a test bed to demonstrate the capability of using satellite Doppler data
to achieve high accuracy geodetic point positioning. The receiver was designed by Stanford Tele-
communicatijons, Incorporated, under contract to the Naval Surface Weapons Center (NSWC). The /
supporting hardware definition and the system microprocessor controller software were proposed
and implemented at NSWC by the Electronics Systems Department, Advanced Projects Division.
Technical and administrative assistance was received from the sponsor through the Defense Mapping
Agency Hydrographic/Topographic Center in Washington, D.C.

‘ This report has been reviewed by R. W. Hill, Head, Space Flight Sciences Branch, R. J. Anderle,
Research Associate, and D. R. Brown, Jr., Head, Space and Surface Systems Division.
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' INTRODUCTION

The Astronautics and Geodesy Division in conjunction with the Advanced Projects Division of

NSWC, with sponsorship by the Defense Mapping Agency, have developed a receiving system that

allows the NAVSTAR Global Positioning System (GPS) to be used for geodetic point positioning.

. Previous experience with the Navy Navigation Satellite System has shown that observations of Dop-
pler frequency from many satellite passes can be used to obtain positions at the receiving site with an
error of only a few meters. It was hoped that similar techniques applied to the GPS constellation
would allow even better results to be realized. It was to demonstrate this potential that the NGRS ;
was developed.

SYSTEM DEFINITION

The heart of the NGRS is the GPS receiver, which was developed by the Stanford Telecom-
munications, Incorporated, under contract to NSWC. The receiver was delivered in September
1978. Integration of the receiver and the other equipment that comprise the NGRS progressed
through the end of 1978. First data were processed in January 1979, and the system was declared
operational at the end of that month. The truck containing the NGRS was driven to Yuma Proving
Ground in early February for the initial tests alongside the Mobile Test Van, which contained a
Magnavox ‘‘X-set’’ configured for static real-time positioning. The NGRS remained at the Yuma
site until day 80 of 1979.

Figure I shows a block diagram of the NGRS, and a list of the equipment is given in Table 1. A
description of the satellites and the signal structure is described in a special issue of the Journal of
the Institute of Navigation'. Each satellite transmits on two L band frequencies: L, = 1575.42 MHz
and L, = 1227.6 MHz. The bandwidth of the signals is about 20 MHz and consists of a carrier
biphase modulated by two pseudo-random sequences having frequencies of 1.023 MHz (C/A) and
10.23 MHz (P). A data bit stream of frequency 50 Hz is added to each of the pseudo-random se-
quences. A replica of the C/A4 and P code is generated in the receiver and correlated with the incom-
ing signal. The replica is shifted in time until a correlation peak is obtained. If this correlation peak
is maintained, the local code is then locked to the incoming code from the satellite. The dependence
of this correlation peak on bandwidth is described in Appendix A.

The pseudo-range measurement is obtained by recording the time interval between the local
time epoch and the same epoch received from the satellite. This measurement consists of two parts:
the propagation delay and the time offset between the local and satellite clocks. Figure 2 shows this
relationship.

The analog Doppler signal derived from the reconstructed carrier in the receiver is used to ob-
tain Doppler counts on both L, and L,. The time interval over which the count is made is deter-
mined by the local clock and is nominally 60-s duration. A continuous running counter is strobed at
the end of the interval to provide the integer count. The time from the end of the interval until the

1
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Figure 1. NGRS Block Diagram

Table 1. NGRS Components

Microprocessor INTEL 80/10 !

Frequency Standards HP 5061A .
i HP 5062C "
NAVSTAR Receiver STI 5007
B Time Interval Counters HP 5328A
1 Digital Clock HP 59309A
.6! Full-Cycle Counter NSWC
Video Display BEEHIVE
¢ L Band Antenna CHU CA3207
3 Tape Recorder DICOM 374
: Test Transmitter STI 5001A
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next positive zero crossing of the analog Doppler signal is also recorded. This allows a precise
measurement of the true time interval to be made. A pictorial description of the process is shown in

Figure 3.

The system operation is controlled by a microprocessor. To begin observing, the operator is
asked to key in the options he wishes to use for the current session. Each response is displayed on the
video terminal and sets flags in the controlling program. After a cassette tape is loaded into the tape
drive, the system is ready to begin observations. A search is initiated for the first satellite using the
Doppler estimate, which has been entered by the operator.

Two methods of operation are available: local and remote. In the local mode, the operator
loads the acquisition information directly into the receiver via the front panel switches. This infor-
mation consists of the satellite code identification number, the expected Doppler frequency with a
tolerance of +500 Hz, and the differential ionospheric delay between the L, and L, channels. Ac-
quisition of different satellites is made by entering new information when desired. The remote mode
offers the option of entering a list of acquisition information and start times into the microprocessor
via the the keyboard. The computer will then operate the receiver remotely, sending the new acquisi-
tion information at the preset times.

When the receiver has acquired the first satellite, pseudo-range measurements obtained from
, the time-interval counter are sent to the microprocessor each 6s. At the end of a minute, as deter-
' mined by the local clock, the two Doppler counts and the two fractional counts are sent to the
microprocessor. All the data accumulated during that minute are then recorded on the tape
recorder. The system continues tracking in this 1-minute cycle until the satellite goes out of view, or
the time arrives to search for a different satellite. The tape holds about 12 hr of continuous observa-
tions, and it can switch to a second drive when the first is full. The data from these cassettes are
transferred to a nine-track tape and are then preprocessed. The preprocessed data are kept on disk
packs for further processing as desired.

H
- TIME CORRECTIONS |
*" i |
L__ B 1l
o . . . . )
-0 Time corrections are necessary so that the Doppler observations and the satellite reference tra-
1 ‘ jectory are referred to the same time system. For our purposes, time is kept at the Master Control
‘ Station (MCS) at Vandenburg Air Force Base. This is GPS time and is allowed to follow its own
5 course; that is, it is not corrected for the variations in the earth’s rotation as is Universal Time.
¥ . . . '
=" Each GPS satellite has an independent frequency standard that must be corrected to GPS time,
3 The corrections for each satellite are predicted by the MCS and uploaded. Each satellite, in turn,
] transmits these predicted corrections to its apparent time in its navigation message. The user must
4
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then apply these corrections when he uses the data. In this way, all the data can be converted to a
common time system.

In the NGRS, the single frequency (L,) pseudo-range measurement is used to relate the local
time to GPS time (Appendix B). The pseudo-range observation gets its name because it is just a
time-of-flight range measurcment treated as if the clocks on both ends were synchronized. In reality
they are not synchronized; and so the measurement is not a true range, but includes the clock errors
plus propagation effects. Figure 2 illustrates the measurement. Epoch is an arbitrary instant at
which each clock registers the same numerical time. The observable is 1, and is time tagged by the
satellite epoch. However, the satellite epoch is offset from GPS time by 1, (note that ., as well as ,
and 1,4, are not constant but vary with time). The navigation message from each GPS satellite gives
the predicted values for 1. as a function of GPS time. Thus, the true time (GPS time) tag for the
observation is the satellite epoch time minus .. This is the correction that needs to be made to the
pseudo-range time tags to indicate the true time of transmission. With the use of the 1, observations,
the local clock offset 1, can be obtained by subtracting out the propagation delay t,. To calculate 71,,
the satellite position and the receiver position are needed. However, extreme position accuracy is not
necess * ' because the relative velocity is much less than the propagation velocity.

If a worst-case relative velocity of 1000 m/s is assumed, the slant range changes by only 0.001 m
in 1 us. Light travels 300 min 1 us. Therefore, a position error of 300 m in the slant range would pro-
duce only I-us error in the value of 1,. Microsecond accuracy in 71, is adaquate for this purpose.
With 1, known, the local epoch can also be converted to GPS time. If 7, is the local time, the corre-
sponding epoch converted to GPS would be ¢/

where
’T =1, +T~_Tu

In this equation, the senses in Figure 2 are used to determine the signs.

DOPPLER OBSERVATIONS

The Doppler observation consists of two measurements: the Doppler count is an integer that
represents the accumulated number of Doppler cyeles and is recorded at a regular interval T and the
time interval measurement is equivalent to a fractional ¢ycle count. The interval measured is be-
tween each T epoch and the next positive going zero crossing of the analog Doppler signal. Both of
these measurements are illustrated in Figure 3.

The signal that is counted is the difference between an oftset frequency fo and the true Doppler

Sa. Since fo = 28750 Hz, a count of sero Doppler would register 1,725,000 counts. The fractional

count is combined with the integer count in the following manner. Referring to Figure 3, the time in-
terval that represents the integer count is 7+ v, — 1,. Therefore, the average frequencyis m + (T
+ 1., — 1,) Hz. I'rom the average trequency. the approximate number of counts in the interval T
can he determined. This count, | 18




m
T+ 1ia—1:

The error introduced into m; by using the average frequency is discussed in Appendix C.

mr =m+ (T;_| - T,')

The Doppler data consist of two simultaneous observations: one from L, and the other from
L,. These two frequencies will be refracted differently by the ionosphere because it is a dispersive
medium. Solution of the resulting simultaneous equations allows a correction term to be evaluated,
and substitution of this term into either of the original two equations will produce a corrected obser-
vation. The mechanics of this process will be developed in the sections that follow. .

CLOCK MODEL

The clock model used in this development will be expressed as a phase function ®(¢).

(1) = $+ 2n(uo +v(1)) t + (1) n
where

®(r) = total phase accumulated since t = 0

é = phase at t = 0; i.e., P(0) = ¢

vo .= nominal oscillator frequency (constant)

v(t) = deterministic frequency variation

n(t) = random phase noise term

This form of the phase will represent both the local standard reference as well as the satellite
reference.

The instantaneous frequency is ®(/)
where

(1) = 2n(vo + V(1)) + 2mA1)1 + n(r) @
andatr = 0,

(0} = 2n(v, + v(0)) + n(0)
The argument ¢ will represent GPS time as kept by the MCS. All other clocks will have offset and rate dif-

ferences when compared with the reference standard. A clock keeping perfect GPS time can be represented by
a phase function of the following form:

0, ,-\“ ) nv,t (3)

R et e e




‘ where v, is a known invariant constant. Time is kept by keeping track of the phase ®,(¢). A time
interval would be represented by the difference of two phases at different instants.

-1 = ! [®nlf2) - &, (£,)] seconds
ZnV()

With the clock model defined as above, let the satellite clock be represented by

O.(1) = ¢, + 2n(vo v (1)) 1 + n(1) )

and the local clock by

b,.(¢) = ¢l + 2n(vo, v (1)) 1 + ne(t)

DOPPLER SIGNAL MODEL i

The signals recovered will be the transmitted signals perturbed by the ionosphere (troposphere and
relativity effects will be ignored in this development). The ionosphere will be introduced as a time delay
similar to the geometric propagation time. Let the total propagation delay be represented by 7,

where

1, = 1 (r + D) and r(r) = slant range from the satellite to receiver
c

The second term, /(1), is the ionospheric delay.

Signals transmitted at 1, are received at a later time /, + 1,, or conversely the signals currently
received were transmitted earlier at 7x ~ 71,. Before transmission, Equation 4 was multiplied by a
constant ¢, for broadcast on L,. Similarly, Equation 4 was multiplied by g, for broadcast on L,.
The received signals are represented by Equations 6a and 6b.

3 O, —1,) = q:i[$. + 20(o, + VI — 1) + Nlte = 7)) (6a)
1 Ot —1,) = s[4 + 200o + V. Wk = T,) + nlta = 1,)] (6b)
L, J In the receiver, two similar signals are derived from the local clocks; these are represented by
’: Equations 7a and 7b.

. O (1) = 1 [bu + 2n(vas +v,) e+, (1) (7a)

E ®,5(tn) = 0albu + 20Wor + V1) 1a + i ()] (Tb)

P The receiver mixes the locally generated signals with those received and derives an intermediate fre-
™ quency which is then processed. This intermediate frequency phase function will be written as the
: difference between Equations 6 and 7:

-y -——--.1:‘—‘*:. - B R
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R YR,

u(tp) = (1x — Tp) - (1)

= Q|¢\' - Q|¢R + 2"[(I|(Vm + v )tk T,,) -01(vor + v )tk
+ qmte —1,) - (1r) (8a)

D,(te) = D1k — Tp) - @, (tr)
= (h¢< - Qz¢k + ZH[Qz(VOx +u Ntk — Tp) -0:2({vor + v, Ykl

+ q:nx(fn —Tp)‘anl.(’R) (8b)

The Doppler observation is essentially a measurement of phase at two different times. For ex-
ample, from Equation 8a, the phase difference T seconds apart would be

¢I~‘l(’l€ + T) _¢!'I(’R)
A detailed expansion is written below as A®:

AD =, (1 + T) - Op(14)
4 = 2nigfve. +vlin + Dllte + T = 100e + D] - G v + vlt)lltn = 7,(t0)]

‘9|[an +v(te + Dlte + T] +Qz[Vo: + v, ()] ’R}

+ qinte + T-1tx + T -nlte =~ T, (1] - @ilnilte + T) =1 (10)] (C]

This expression does not contain g,$, or ¢,¢x because these are constants and disappear in the sub-
traction. In like manner, if there were a channel bias term ¢4, in Equation 8a, it would also not ap-
pear in Equation 9. Therefore, this observation of A® is not sensitive to a channel bias as long as the
bias remains constant over the interval 7.

It will be assumed that the frequency drifts contained in v, and v, are small enough so that the
differences over a time 7T can be neglected. To demonstrate this, suppose v.() is on the order of 4 x
107" Hz/s. This is a representative number obtained from the specification of the HP5065A Rubidium fre-
quency standard®. The frequency drift for this unit is given as less than + 1% 10™"" parts per month. Multiply-
ing this by 10.23 MHz and dividing by the number of seconds per month produces the number stated above.
Over the interval T, the difference ¢, [v.(1x + TXte + T) - v.(tx) tx) equals 4 x 107", T. Using T = 60 s and
q. = 154, the resulting phase drift is 2n(4 x 107"') (154) (60) = 2.3 x 10 " radians, which is small enough to ig-
nore. However, the random variations represented by n(r) must be considered. Frequency instability is usual-
ly represented as a fractional frequency variation A4f/f over an interval 7. This implies a phase instability,
which can be illustrated if the following operations are performed.

Let

Af 1y = &
N

Then




AfTY = fk

and

wo e ! )
e s Dvonwa = J g [ a - gT A ()
'n ‘w ’

Therefore, the drift due to the random contributions from the local reference frequency standard
[assuming 7 = 608, A/ ATY = 1 x10 ", f = §x10*Hs and o, = 315)is 2n(107'%) (315) (5 x 10*)
(60) = 0.47 rad. This magnitude of phase instability is considerable and constitutes a major source
of error in determining the phase difference A®. This phase noise will be collected and represented
by the parameter w where

w=gintte + Tt e + TH-ne = 700D -einitte + T) =04 o
Since v.(r) and v, (1) were shown to vary little in an interval T, equation 9 can be simplified to
Ady + ) - 2nlq v v T 4 T 1) -1tk + 1)) - @ive +v) T+ y

Division of A® by 2n produces a number N, which is the Doppler count (th: number of ¢vcles in the
interval 7).

N, = A"’,“:,‘ D e+ NT ¢ ) - T ¢ T -@uva v T s h (11
=N =N

This is easily rearranged to place the ditterence in v 's on the left hand side.

T,,“n)’ T‘,‘[N ¢ r) - ' 4\| _(‘II(VI)~+V~)T—QI(UUI +V,)T')‘ w ('2'
g ve. + v)) 2n

In Equation 12, NV, is the observation. The rest of the terms in the brackets represent that portion ot
the count that is due to the Doppler oftset and the instability of the frequency reference,

Let us hypothesize that the propagation delay r (7) is composed of the geometric slant range

r(1) and the ionospheric delay /(7). which were introduced carlier. IF this (s substituted into Fquation
12, the result is
rUa)-rlte + TY v L) L v 1) (-{'V- laiva +v ) Toeiva, ¢ v TT - we 2nl (g3
¢ vo. tv)
hY
In like manner, an expression tor £, can be developed:
*' | AL - e 4 T 4 L) e v Ty edN e ldeve 3 v Toeatva +v)T) - wy 2nd (g ap)
. ) THUNE AR
B Since the geometric range (1) will be common to the two frequencies, it can be eliminated by sub-
“ tracting Fquation 13a from bFquation 13b.
4 L) - It ¢ Ty - {ltee) - Ltte + T
o ¢ MM et e e ! weooows (14)
] Vo + v, (,l (I: ql «; 2" 'I' 75
p 9
' N
.f'.‘.




This expression equatces the part of the range that is frequency dependent, on the left, to the obser-
vations N,, N,, and 7 on the right. The ionosphere can be modeled by expressing the quantity /(¢)
bv an integral expression’.

vt

-1 wi(r) rdr
I ® = - — (]5)
(, ) 2(4).2 J".-"u’ (rl__A.l)lll

where

r.ty) = satellite position at 7,
r.(fe) = rvece. or position at 1, + 1,
w, = 2ng,(va. + v.)

A similar expression can be written for /(1. + T) having the limits r.(t, + T)and r(tx + T). The
transmitted frequency appears only in the constant coefficient w,. The difference /,(tx) -, (tx + T)
can be written as the difference of two integrals like Equation (15).

BT T

-1 w?(r) rdr wa(r) rdr
Ltte) - Litte + T) = 307 f,, (rE kT _fr,.'.m. m (e
The expression in braces will be identical for £.,, and so it can be redefined as a constant / such that

frgt
B gt

© WM w?r) rdr an
/ f. e (fl‘— A.f)i‘r;' fv‘wvutlv (r* - kiy?

Then Equation 16 can be simplified 1o the following form:

/l(’n)' ll(rk + I - I /
2w
lLikewise,
Iire) - ltre + 1y -1
2w}

Inserting these into Equation 14 and solving for 7 produces an empirical result for the value of the
two integrals defined in Fquation 17,

! 8"1(‘”"(’)) (va. ~v.)) ‘\" - '\'1 + (v, vy T & - er -
qi - q3 7y (. «, .

1 W, i W, (‘8)
n |y, 78

This can now be substituted into either Equation 13a or Equation 13b to produce an ionosphere-
corrected observation of the range difference r(s,) - r(1, + T). These are written as Equations 19a
and 19b:

M) rin + 1) cd N lava +vd T - eive Hvid Ty, 2n
¢ (va. + V)

' 7 !
Rl l(v,. + v)!

10

(19a)




l
§
1
1
1 rtx) - ritn + T) = (‘{ N: - [q2vo, ¥ v) T - Qa(Vor + vi) 7] - ya/2n
, ql(v()\' + V,)
3 + d (19a)
! 8"10;("0« + V.«)2
*
: ERROR ANALYSIS
Now that the conversion from raw Doppler counts to range difference has been developed, it
will be informative to investigate the sensitivity of these expressions to errors in the measurements.
The last term in Equation 19 can be combined with Equation 18 to eliminate some of the constants.
This new parameter is defined in Equations 20a and 20b:
J. = / = m*_fgi___ }& - &I_I + (Wor +v;)
8n’qi(ve, +v.))? (qi - @ilvo. +v.) q. q:
T |l - el 1w oo oW (20a)
q\ q. 2n q q>
, Jy = ! = qi /.YJ - ,:_/! + (Vo Vi)
8n’qi(vo. +v.)? (i - qifvo. +v.) q q:
'. Tfe - e - 1 o - w (20b)
q. G 2n q q,
The parameters that will be considered to be uncertain are v., v, Ny, Ny w . wrand T.
Special consideration must be given to y, and w,, since they are highly correlated. The form of
Equation 10 can be used to describe both y, and w,.
R wi = gintte + T-1)-nte— 1l -adntte + T)-nilte)l
4‘ Y, = (h[n-(’u + T - T‘,) -ndle — 7,,)] - Qz!"h(’k + T)-nt1x))
:‘.: Using these, the quantity w, /¢, - w, ‘¢,. which is common to both J, and J,, can be written:
‘ )
Wi o W = ‘n.('n + T- T,,) -nlle — T‘,)l - @ itte + T - nl(’R)]
5 {, q, '
- e + T-1)-nle =10 - € [nitte + Y-t}
b} (0]
X
Here the satellite phase noise contribution combines 10 add to z¢ero, which leaves only a reduced
e contribution from the local frequency reference.
) 1

TS S o

R BE -w-'? R e e e




) W 21 = (& - &) M(te + T)-nl.(tﬂ))
q q: 2 q.

= —1.06 X 107 [n.(te + T) - Nultn)l

Thus, in addition to partials of J, and J, with respect to w, and w,, the partials dw,/dn and
dw,/3n will be defined.

alp. =g, (gﬁ - g[)

an q: q,
al\Uz = — awl _q_l
an an q: |
’
1
where

n= [nl.(tR + 1 - Vh(’n)]

The partials of J with respect to the seven parameters are written below:

’ aJ., = -cq3 1 M - }i’ + (vor +vy)
: av‘ (]l2 - qf (vo, + V\)z G q:
e - e 1 [w _ w
q q: 2n q q:
aJ, = -cqi 1 Q/_' -~ l\_{_z + (vor +vy)
v, Gt -q}  (vo. tv)? q, q;
T [@ - @] 1w _ w
' q: 2n q. q;
A Y
- aJa = (‘qlz T & - &
- dv, (i - gHWo. + v.) 1 q.:
’I
b 1’ aJ. = ) cqi T 1w - @
e v, (gt - g))va. + v)) L q:
! 8. = Wk
g N, (qi - ¢H e + v,
‘i:. a.,y. _ ('q| e
by aN, (G - qi)va. +v.)

= -Cq

AN (qi-qDve +v)

+ + a4
Q
S
a



an = -quz
N, (gt - giNve, +v,)q,
aJ. = -cqi
awl (qlz - q;)("os + V,)2"q|
. an = —Cq|
Ay, (gi - qi)ve, + v, )20
aJ. = cq.:
dy, (@t - g )vo, + v,)2n
aJh = Cqlz
Ay, (gt - g)vo. + v,)2nq,
3Jo =  ogive tvi)  foo _ @
aT  (qi- 71 ve. + v.) q: q:
al, - (‘tii(\'_ol + v ) Q- &
aT (@ - wirva +v) g q
The error in J due 1o these parameters is obtained from the total derivative:
di= 9 av+ 3 gy, + 3 any BJ gu+ ) g1 1)
E dv, v, aN dy aT

If values are assigned to the constants, the sensitivity of J to each of the parameters can be
evaluated. The appropriate constants are

Vo = 10.23 x 10* Hz
v.=0
Vou = 5.00 X 106 HZ
v, = 0
¢ = 2.99792458 x 10* m/s
~ q. =154, q, =120
- o) = 315.07825, o, = 245.51425
F T=60s
" N, = N, = 1725000
9 1 Wi =w: =0
" ™ . .
. Using these, the numerical values for the partials are
’ 3J, = -00992m/Hz, 24 = -0.1634 m/Hz
K v, ov,
. 3. =0.0288 m/Hz, 27J» =0.0474 m/Hz
o 3\1, aV,
¢ 13
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3J. = 0.2941 m/count, aJ, = 0.4844 m/count

3N, aN,

9J. =-0.3775 m/count. 9J» = — 0.6217 m/count

aNz aNZ

8J. =-0.0468 m/rad, 97> = -0.0771 m/rad ]
al‘J| alpl *
98J. =0.0601 m/rad, 27+ =0.0989 m/rad '
oy, Ay,

9Ja =2396.0128 m/s, _9J» =3946.1000 m/s ,.j
aT aT ,

In a similar fashion, Equation 19 allows the definition of D, and D, as the uncorrected L, and
L, range difference observations:

Da = Nl - [qI(V0s+Vs)T"Q|(VoL+VL)T] —wl/Zn (228)
[l QI(VOs + Vs)

; D, = ¢ {Nz - [q2(o, + V)T = 03(vor + v1)T] - w2/20 (22b)
' q:(vo, +v.)

The partials of D, and D, with respect to the same set of parameters are

aD. = -cT - ¢ {NI - [(h(VOs + v)T - Ql(VOL + VL)T] - ...".p_‘_}
dv, Voo + v, G1(vo, +v.)? 2n
oD, _— -cT _ c N, - [q:(ve. + v)T - @i(vor + v.)T] - _‘VL}
[—' . avx Vos + Vi qZ(VOs + V.\')z 2"
~
- aDu — ‘CQ[ T
J dv, G (vo. +v,)
. J aD, - -ce. T
’1‘ dv, q:{ve, T v,)
) aD, - 3D, g
4 aN, AN,
-; aDn = ¢ , aDh = C
‘ aN, Gqi(vo, +v,) N, G:(vo. +v,)
1 aDu = -
. Ay, 2nq,(vo. + v.)

14




an = =-C
dy, 2nq,(vo, + v.)
an = aDa = 0
aw. awz
aD. - ¢ [- g1(vo. + v.) + @i(vor + v,)]
aT q1(vo, + v,)
* 9D, = ¢ {- q:(vos t v,) + g2(ver + ve)l
a T qZ(VOx + Vt)
The sensitivity of D to each of the parameters can be evaluated using the same set of constants
as before. The partials with respect to v, are a function of the actual Doppler count and are a
minimum when the Doppler frequency is zero. This is because the terms
q.(vo. T v,) T-0vo, +v,)T
and
q2{ves T v,) T- Qa(ver + v )T
equal 1,725,000. When N, = N, = 1,725,000, the term in braces is zero. In order to represent the
‘ worst case, N will be adjusted to the equivalent of a +4000 Hz Doppler frequency in these two par-
\ tials only.
. 3D, - _1758.3036 m/Hz,  2D» =_1758.3048 m/Hz
' dv, dv,
9D, = _3597.4143 m/Hz,  2D» =_-3597.3957 m/Hz
aVL aVl.
3D. =0.1903 m/count,  9D» =0.2442 m/count
a N| a N2
9D. =0.0303 m/rad,  2D» =0.0389 m/rad
oy, dy,
o 9D, = 54709 m/s,  2D» =_7021.0 m/s
‘ aT aT
"
. A comparison of the values of the partials for D and J indicate that, in all cases, the greatest con-
,’i tribution to the observation of a range difference will come from the D’s not the J's.
¢
B Equations 19a and 19b are equivalent; therefore, the range difference observation can be ob-
1ained from either. However, inspection of Equations 202 and 20b shows that, for a given error in
; any of the quantities in the braces, the resulting error in J,, will be less than in J,. This is because of
3
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| VIR A,

S D

the different multiplying factors involved. Also, Equations 22a and 22b indicate that an error in the
count N, time interval 7, or in the phase noise . will be less in D, than in D,. Again, this is because
of the multiplying factors. This conclusion is also apparent in the values of the partials listed above.
In all cases, the partials of D, and J, are less, respectively than those of D, and J,. However, the er-
ror propagated into the ionospheric corrected range difference observation due to errors in Nor p is
the same irrespective of whether D, or D, is used as the basis of the measurement.

v o AT, Bl KN

R

This can be illustrated in the case of an error in N by employing the appropriate partials. The
partials derived from Equations 19a and 20a are

ar = 9D. AN, + 8J. AN, + 8J. N,

dN, aN, aN,
Ar = ¢ AN, + cqi AN, + (-<q2) AN,
q:(Vo.v + vx) (q% - q%)(vﬂc + Vx)Ql (Qf - q%)(”o; + Vs)
Assumning that AN, = AN,, this results in ;‘i

Ar = ¢ 9 - q: ] AN
(gt - g3 )vo. + v.)

A similar expression can be written from Equations 19b and 20b:

Ar = 9Dw AN, + 80 AN, + 3Ju N,
an, 3N, 3N,

Ar = ¢ AN, + €q. AN, - cqy AN,
q:(vo. + v.) (gt - gi)vo. +v)) (gt - g)vo, +v,)

Assuming that AN, = AN,, this also results in

Ar = ¢ [ 4, - q: ] AN
(g7 - @) (Wo. +v.)

A similar result is obtained when the error parameter is . Consequently, if the primary error source is due
to uncertainties in /N or y. either expression produces an equivalent error in the final range difference
calculation. Since this is the case, the next section will dwell on evaluating the errors from D, and J..

EXPECTED OBSERVATIONAL ERROR

j
fi

An estimate of the error in each observation can be made by using the preceding partial
derivatives and the expected errors in each of the parameters considered. These expected errors will
be based upon the considerations discussed in the following paragraphs.
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The frequency offset v, will be expected to drift at a rate of about 4 x 10™** parts/s. Using the
nominal frequency for v,,, this is about 4.1 x 10™"' Hz/s, or 2.5 x 10™° Hz in a 60-s observation
period. The frequency offset v, will be expected to vary less than 1.2 x 107'® parts of v, , or 3.5 X
107" Hz. This latter number is from the HP5061A-004 specification.

The Doppler count accuracy is limited by the resolution of the fractional time interval counter.
At the nominal offset frequency of 28750 Hz, the + 10-ns resolution of the time interval counter is
equivalent to approximately 2 X 10™° x 28750 of a count. This is 5.75 x 10™* cycle, or 3.6 x 107" rad.
The white noise from the receiver is on the order of 0.1 rad rms, so the limiting factor is not the
counter, but this receiver noise. Thus, the Doppler count error will be taken as 0.1 rad, or 0.016
count, in the rest of this development. This error source should decrease with increasing signal
strength.

The phase noise yp comes primarily from the frequency standards. Equation 10 shows that it is a
composite of contributions from the satellite and local references. The satellite will be assigned an
Allen variance over a minute of 2 x 10”'? (Reference 4), while the local reference will be assigned 1 x
107"2. The phase variation over 1 min can be estimated from Equation 10 in the same manner as
before. This expression when evaluated becomes

g Intx + T) - ntx)] = 202 x 107"%) (154) (10.23 x 10°) (60) = 1.19 rad
In a similar fashion, the result for the local clock is
o lme + T) - nu(te)] = 2m(1 x 107*%) (3.15.08) (5 x 10°) (60) = 0.59 rad

From both of these, the magnitude of Ay = 1.33 rad.

The accuracy of the Doppler count interval is correlated with the count itself, since the interval
is triggered to begin and end by the zero crossings of the Doppler count. Since this signal has noise
attached to it, there will be a corresponding uncertainty in the duration of the interval. Using the
0.1-rad figure as representative of the noise and the duration of the nominal Doppler cycle as 3.5 x
10°% s, the time corresponding to 0.1 rad of this frequency is 5.5 x 107 s.

Finally the error in the observation will be calculated using the total derivative as in Equation
21.

A= 90 pv+ 3 py,+ 90 AN+ B AN+ Ode A+ 8Je Ay, + 9J. AT
av( aU, aN| aNz alp, aw; aT
The magnitude of AJ, is obtained from the square root of the sum of the squares of each of the
terms above. A similar expression will be used for AD,.
AD,= 9D. py + 3D. py, 4+ 3D, paN + 9Da py 4+ 3D. AT
dv, dv, aN, dy, aT

The results of the calculation, term by term, tollow:

9, Ay, = -2.5%x10"" m, D, Ay = -44%x10"m
dv, v,
8y Av, = 1.0x 107" m, AD. ay, = 1.3%10" m
adv, dv,
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o _e

AJ. AN, 0.0047 . DDAN T 00030m

anN, N,

9o AN, = -0.0060 m. ID AN, 0

a;N”_; () \‘)

——aJ" Ay, = 9J.  dw, An = -8 x 10 " m, ﬂ)_ Ay, = 0.040 m
Iy, dw, an dy,

0Jo Ay, = 9J. dw: pp=-8x10"m, ID. Ay, =0

dw, dy, an dy,

aJ. AT = 0.0013 m, D, AT = _0.0030 m

aT T

It is interesting to see that the accuracy of the ionospheric correction is limited not by phase noise
from the frequency standards, but by the errors in determining the Doppler counts N, and N,. This
noise comes primarily from random phase tluctuations in the receiver. If N, and N, are considered to be
independent, then the magnitude of the noise expected on the ionospheric correction observation is

R

IN, N,

AJ‘, o~ [(6],, A,’\"l> 2 + (a.l‘l Asz) 2 ] 172

0.0076 m

14

AJ,

The contributions from the remaining parameters are small enough to ignore.

The error in the range difference observation, 4.02 cm, is dominated by the frequency standard
phase noise. If this error source were reduced by a factor of 20 or more, then the limits would be set
by the error in determination of the count and the exact interval of the count. This factor of 20 is
equivalent to improving the Allen variance from 107" 1o § < 107" over the interval 7 and would be
comparable to the performance expected from a Hvdrogen Maser.

The levels of error in D), and J, predicted by the preceding analysis have been empirically
verified by actual data. NAVSTARS | through 4 (SV's «, 7, 6, and 8) were operational while the
NGRS was at Yuma in 1979, The Doppler data that were obtained from all four satellites were pro-
cessed so that 20-min segments were fitted to a third-degree polvnomial using least squares. The
residuals of this fit were used to determine an rms that is considered to be representative of the ran-
dom fluctuations of the Doppler observations. Uncorrected L, Doppler data corresponding to D,
and the ionospheric correction to L., corresponding to J,., were processed in the same way. The rms
values of the residuals for D, are plotted vs date in Figures 4 through 7, and the residuals for J, are
plotted in Figures 8 through 1.

Throughout these 44 davs, the local frequencey reference behaved normally, and so the jumps in
the calculated rms (¢.g.. those in Figure 4 between davs 45 and 54) are due to misbehavior of the SV4
frequency standard. Noge, however, that during these nine days there is no evidence of anvthing
amiss in Figure & Thicillustrates that the ionospheric correciion is not sensitive to the phase noise of
the trequency standards. This was the result predicted by the analysis of J,0 An especially graphic
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demonstration of this is available from SV7 in Figures 6 and 10. The rms of the residuals of D, for
this satellite were poor throughout the 44-day span; however, the ionospheric correction residuals in
Figure 10 are unaftected and are comparable with those from any of the other satellites. This feature
is certainly a plus for anvone interested in performing ionospheric measurements, because it means
that they need not invest in a very low-noise, and consequently expensive, local-frequency standard.

Since the error in D, is primarily due to Ay and the error in J, i1s due to AN, they should be in-
Jependent. Therefore, the predicted error in range ditference would be equal to

Ar = [(AD.)' + (A

Using the numbers derived previously, the range difference observation error shouid be about 4.0
cm. This is in excess of what is observed for satellites 4, 6, and 8, but less than that for satellite 7. 1f
the primary error source is due to the random phase fluctuaiions of the frequency reference, then
assuming that the phase fluctuations of the local reference are represented by o, , the estimates of
the satellite values can be made using the method previously outlined. The numerical value for o,
will be taken from the Allen variance at 7 = 60 s (Table 2). With this value fixed, a number
representative of the satellite frequency reference can be calculated using the following relations:

AD, = 9D. py,,
Jy,
and

H

Ay, = {qiInie + DY -l + el + D it
for this application

A, = 2mx 60X 10" {(10.23 x 1S3 x £) + (S x 315.07828)°}" “ 0,

Solution for & and substitution for the average AN, obrained tfrom Figures 4 through 11 over the en-
tire 44 days gives the resulis listed in Table 2.

Table 2. Sateltite Phase Noise Derived From Doppler Obseryvations

SV AD, Satellite Phase Noise Assumed @ ocal Value
(cm) Lo, 0,
4 298 [BREE 1 1 x10"
6 2.587 1.4 x 10" 1 =10 "
7 10.61 SRY > 0 1 x10 "
R 3.76 1.88 < [0V 110"
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CONCLUSIONS

The formulation for converting Doppler counts into range difference observations has been
developed for the case of the NGRS. The two frequency data were combined to generate the first-
order ionospheric term. When this term is subtracted from the uncorrected L, range difference, the
result is the ionospheric-corrected range difference.

The sensitivity of the observation equation to errors in the observed parameters was in-
vestigated by evaluating the partial derivatives and using them in the expression for the total
derivative. Errors in the parameters were estimated and used to determine the error expected in the
range difference. These estimates were then compared with examples of real observations obtained
when the NGRS was on site at the Yuma Proving Ground. Agreement was reasonable and tends to
confirm that the analysis is correct. Further tests are planned based upon the predictions that can be
made from results developed in this report.
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APPENDIX A

: Frequency Spectrum of the P Code Modulation




‘ Define the phase argument of a cosine function to be 6(¢) where

08(1) = w1 + B, + kg(r)

The parameters w,. 84, and k are constants, and g(/) is a random gate function of unit amplitude.
The random character of g(1) is best demonstrated by Figure A-1. A mathematical expression for
£(1) can be devised by the time translation of an elementary gate function centered on zero as in
) Figure A-2. Using this concept, we can express the random gate function as the sum of translated
£ (1)’s multiplied by a random variable a,. !

e = Z ag-h) (A-1)

The value of a, is either one or zero depending upon the outcome of some random process related to
the subscript /.

glt)
1
« I I B B W W N S
UL A L8 1 1 1 LB R ] 1 LI L
-7r -6r -br -4r -3r -2r -1 0 T 2r 3r 4r S8r 6r 7r 8r
Figure A-1. Random Gate Function
g(t)
- 1
N
-
! /2] /2 "
l‘ 1
YR
" Figure A-2. Elementary Gate Function Centered On Zero
. If we choose 8, = 0 and & = n. then (/) becomes
]
} v _
: ) =w. 1 + ng(t) (A-2)
P 3
L. .
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Now according to the definition of g(r), the value of 8(s) can be only w.r + mor w,.r. This is the
biphuse part of the argument. When 6(¢) is introduced into a cosine function, the result is

cos B(1) = coslw, 1 + ng(n))
which when expanded becomes
Cos B(7) = Cos w.  cos ng(t) - sin w, ¢ sin ng(r)
Now, since ng(¢) is either 0 or n, the second term vanishes, which leaves just
Cos 8(1) = cos w, rcos ng(r) (A-3)

The second cosine factor here is either + 1 or -1 depending on whether the argument is 0 or n, which
in turn depends upon whether ¢, is 1 or 0. Since this is the case, we ¢an construct a new factor to
replace

cos ng(r)
which behaves in the same manner. Let this be m(r) where

m(r) = 2g(r) - 1.
Equation A-3 written using this new factor is

cos 0(1) = [2¢(1) - 1] cos w, 1. (A-4)

The random function /m(r) represents the pseudo-random code modulating cos w. 7. The Fourier
transform of the elementary gate function is

Fle'(nh=1 3N 972 = G(q) (A

5)
wt/2
Emploving the time shift property,

Fiha - Y= Hw)e '

allows Flg'(r - nt)} 1o be evaluated from Flg (1)} as shown below:

. ; /9 .
Hetr-nt)p=1 SOV = Glw)e
wTt/2

[t follows then that

Hep=1 Mot 3 ge o =Glw) 2 ae (A-6)

wt/2

2




with the implication thet the contribution from any term of the sum with a, = 0 is also zero. Thus,
the frequency spectrum of g(7) is a summaton of the form shown above with an arbitrary number
ot possible contributors missing. The terms missing are specified by the outcome of the random pro-
cess controlling « .

The basic tfrequeney spectrum (Equation A-S) behaves as a sin x/x function multiplied by a
series of complex function given by the summation in Equation A-6. The firse nulls of G{w) are
when

ZT!,;IT —

B

m.

This frequency is 10.23 MHz for the GPS P code. Thus, the bandwidth between first nulls is 20.46
MHz and contains the majority of the transmitted energy. Since energy per unit bandwidth is pro-
portional to |G(w)|, a comparison can be made by integrating [G(w)|* btween zero and infinity
and again between zero and the first null.*

J sintvdy == 57079

2

" 2

whereas

Josinfvdy o giis
o \?
This rano shows that the fraction of energy between first nulls is 90 percent of the total.,

[t is interesting to see how the gate function pictured in Figure A-2 changes when G(w) is cul off
due to the finite bandwidth of the transmission and receiving systems. We can approximate this ef-
fect by defining a gate function in the frequency domain W(w) such that it is unity between + w, and
zero elsewhere. This function (pictured in Figure A-3) is then multiplied by G(w). which gives the
product G(w) H(w). Since multiplication in one domain is equivalent to convolution in the other do-
main, the resulting function in the time domain is the pulse

piry = f w(e - &) e (&)
Since
w(r) = w, sinw,f 2 (Figurc A-4)
on w, 2

and g (1) is as before, zero for 1] > 1/2 (Figure A-5), the convolution integral is

puy - J e e 0D ey g
:T’ (TN 2(’ 3,)

Bt Sevnadss Svsceneesand Compneation, John Wiley and Sons, p. 150,

RR}
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or

p() = @ f sinw. /2 -8) 4
n T w /2 - B)

W(w)

Figure A-3. Elementary Gate Function Centered On Zero Frequency

This bandwidth limiting causes appreciable distortion in the original pulse shape (Figure A-6);
however, this does not appear to degrade the resulting pseudo-range measurement to any great
degree. The GPS receiver cross-correlates the received pulses or chips with a locally gencrated code.
The result of the cross-correlation of one local chip with the received bandlimited chip is shown in
Figure A-7. This correlation curve is then advanced one-half chip, 12, and retarded one-half chip.
The retarded chip is then subtracted from the advanced chip defining a zero crossing, which in-
dicates the exact time of maximum correlation. The result of these manipulations is shown in Figure
A-8. This is a much more sensitive method of obtaining maximum correlation because the actual
correlation curve (Figure A-7) has a rounded 1op, whereas the advanced minus retarded curve has a
well-defined zero crossing due to the steep slope. This method of finding maximum correlation is
called a delay lock loop.*

If there were no bandwidth limiting, the chip shown in Figure A-5 would be received with
perfect fidelity. Consequently, the cross-correlation function would have a triangular shape (Figure
A-9) instead of the smooth curve of Figure A-7. The shape of the curve from Figure A.9
corresponding to that of Figure A-8 is drawn as Figure A-10. These two curves are more closely ap-
proximated if the bandwidth of the recciver is increased. This result is illustrated in Figures A-11
through A-14 for the case where w, = 2n/1, and in Figures A-15 through A-18 the case where w, =
In/1.

*R.C. Diaon, Spread Specirrun Svsgemis, Tohn Wiley and Sons, p. 208,
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Figure A-9. Cross Correlation Function of Two Gate Functions of Width

Figure A-10. Half Chip Early Minus Half Chip Late Correlation Curve
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APPENDIX B

LOCAL CLOCK CORRECTION FROM PSEUDO-RANGE MEASUREMENT

i i e it i 6 X e




The single-frequency pseudo-range is used to obtain the local clock correction. As was il-
lustrated in Figure 2 of the text, this correction, 1,, can be obtained if z, (the satellite offset from
GPS) and 1, (the satellite offset from the local clock) are known. The predicted values for 1, can be
obtained by decoding the satellite navigation message.* The corresponding value for 1, can be found
if the true slant range to the satellite is known at the time of each observation. A reference trajec-
tory, or the data from the navigation message, can be used to determine the satellite position. At the
time transmission, let this be 7 .(f,). The receiver position in inertial space at the time of reception is
r (r,). The slant range r is the difference

rity) = r.(t)-r.)
Therefore, the propagation time is 7, = r/c. Propagation delays due to refraction are not included

in this calculation, since the errors they contribute are less than the 1-us accuracy desired.

The pseudo-range measurement is concluded at ¢, when the satellite epoch is received. Conse-
quently, the local offset will be time tagged ¢,, which equals the satellite epoch of transmission 1,
plus the correction to the satellite clock T, plus the propagation delay t,. Therefore, the local offset
is

)=l trotr)=1,~1,

From Figure 2, the correction to the local epoch 1, must be
T,=t -~ To=Tt.-1,tT,

where 7. is obtained from the satellite NAVDATA message and is calculated using the station and

satellite positions at the times of reception and transmission, respectively. The pseudo-range obser-
vation is .

The data t, and its time argument ¢, can be collected and fitted by a polynomial whose coeffi-
cients were obtained using least squares. The polynomial would have the form

T.(1) = g act”

Using this, the local time is corrected by putting the apparent local time in for 7 and calculating the
correction 1,(7). Several iterations may be used to improve the accuracy.

*Van Dicrendonck, Russell, Kopitzke, Birnbaum, **The GPS Navigation Message'’, Navigation, Vol. 25, No. 2, Summer 1978.
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, APPENDIX C

MAXIMUM DOPPLER AND DOPPLER RATE




This simplified development establishes a worst case configuration for relative satellite-earth

station motion. It is useful in that it sets limits on the maximum expected Doppler frequency (veloc-

ity) and Doppler rate (acceleration).

The worst case is presumed to be a satellite at GPS altitude in a retrograde equatorial orbit
(Figure C-1). No GPS satellite is ever expected to be in such an orbit, so the results calculated here
will determine an upper limit on the velocity and accelerations along the slant range vector.

Figure C-1. Retrograde Equatorial Orbit Geometry

From the law of cosines

r'=rl+ri-2rr,cos8

Then

2r d_’ =2r.r,sin@ do
dt dt

Assume that w, and w, are constant.

d8
dt

=w=w, +w

S5
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: dr —y=rr.r'wsin@ (C-3)
dr
dv =rr.w [r"cos@ a8 _ingr ﬂ] (C-4)
dr dr dr

Set dv/dr = 0 to find the 8, which gives the maximum velocity:
rlcos@=rr,sin’ @

This can be rewritten by substituting for r’:

2 2 2
re+ e cos@=1+cos’0 (C-5) 6
r.r,

This result is independent of w. Substituting r. = 26560 km, r, = 6378 km results in a value for
8 = 76°. The combined angular velocity

w = 2n 4 4nm ~ 6n
86164 86164 86164

Evaluating Equation C-3 a1 ¢ = 76° gives the maximum velocity

= r.r,w sin 6 =1395m/s (C-6)
[r2 + r:-2r.r.cos 8}'?

man

At the two frequencies, L, = 1575.42 MHz and L, = 1227.6 MHz, the Doppler shift is approx-
imately 7326 Hz on L, and 5708 Hz on /.,. The acceleration is obtained by substituting Equation
C-3 into Equation C-4:

E &~ rwlrwcos 8 -sin’ 6 r'rrw]

- dt

B v _ yrw’r[cos 8- rrr, sin’ 6]

‘g dt

"q‘
¢ By inspection, it is evident that dv /dr will be greatest when 8 = 0. The second term in brackets is zero
B when 8 = 0 and is greater than zero for any other 8. Also, Figure C-1 shows that r will be a minimum
p at 8 = 0, which makes r™' and, consequently, dv/dt a maximum. At 8 = 0, Equation C-4 becomes
‘ 2
¥ (I_V I..‘.= . rhe =0.402 m/s’

dr (r: + r2-2rr]'"?

e
i
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The maximum Doppler rate is also at the angle of maxinium acceleration. At the two GPS frequen-
cies, these are 2.1 Hz/son L, and 1.6 Hz/son L,.

The error in the Doppler count over 1 min due to the use of the average frequency can be
estimated using these rates. With an L, rate of 2.1 Hz/s, the average frequency can be in error by
about 63 Hz at each end of the 60-s count interval. Assuming a value for the fractional interval equal
to a full cycle (using the zero Doppler frequency 28750 Hz), the count will be in error by 63/28,750
= 0.002. This is equivalent to a 0.04-cm error in the delta range measurement at L,. The
corresponding error at L, is 0.03 cm.
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