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In (1], we gave another proof of the boundedness of L,-projections onto

splines on a geometric mesh. In this paper, we obtain the sharp lower bound

for the inverse of the corresponding B-spline Gram matrix. I.e.

r
-1 nzk_1(q 1q)
16 M, = [———F] > 2k-1, for r=k, k-1.

r
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* SIGNIFICANCE AND EXPLANATION

"~ Least-squares approximation by polynomial splines is a very effective ;
means of approximation, particularly when the knots are appropriately |
nonuniformly spaced to adapt to the particular behaviour of the function being
approximated. Unfortunately, the stability of this process has been
established only for nearly uniform knot sequences. The stability can be

linked to the norm of the inverse of the Gram matrix of a (appropriately ;

e gl i

scaled) B-spline basis. In an earlier report inj'we studied an important

special case, that of a geometric knot sequence and there showed the norm of

the inverse of that Gramian to be bounded independent of the mesh ratio. —.
In the present report, we continue these investigations and show, in
; P particular, the surprising fact that the norm of the inverse of the Gramian is

’ least (i.e., the stability is greatest) when the mesh is most nonuniform. .

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the authors of this report.
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L, -lower Bound of Lz-rrojoctionl onto Splines

on a Geometric Mesh

Yo Yo Feng' and J. Kozak"
1. Introduction

We begin with the explanation of some notations.

n n
K (iq) s = — I " 1('I) T (q-A), the generalized Euler-Frobenius polynomial of
nit i=Q =0
Ik
order n. t : = fngq
n nl
(r) Pt a1’ 2 binomial coefficient.

‘n.i(q) (4 = 0,1,¢een=1) 3 = the coefficients of the polynomial defined by

1 1
. nn(X;q). Y, "

Y (=) nit"

n-1
I a dant -

jmg Mol

.;ji (12 0,1,000m=1, 3 = 0,000i(n=1-1)): = the cosfficients of polynomial defined by
,

(et nmt-yzz 1Y g

.nri(q) =9 4=0 n,i q

Given a biinfinite geometric knot sequence t : = (qi):: for some q € (0,°) with
t t = 1im t , I = (t ,t ) .
e 1rge 1 e

we denote by

n-1
N : = (t +n-t1) (t n] (°-:K)+

n,i i

the corresponding B-splines normalized so that
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E “n.i(x) =1

and by sn,t : - span{Nn i}, the space of splines of degree n-1 with knots t.
’
We can consider the projectors P t C(I) + 8 defined by the condition that
k,r 2k~-r,t
L § 8 (N, g
§ (N, 1 Moxorp, 388 = O, ,0)
b
with (f,g9) : = [ f£(x)g(x)dx.
a

Then Pk’° is the interpolation projector and Pk,k the usual L,-projector onto Sk,t‘

This paper is a continuation of [1]. In [1] the uniform boundedness of

icch -

r
LI C o LY '
Y @

r
B2 i)

for g ¢ (0,) with r = k, k-1 was proved. Here, G;‘ is the inverse of corresponding
B-spline Gram matrix. In this paper we obtain the sharp lower bound for IG;1I.. I.e. we

prove that for any q ¢ (0,%) and r = k, k-1, the inequality

r
- , _.lqg1q)
1o 1| - |2k > 2k = 1
oI, (=)
2k-1'72 14

holds.

In order to prove this, we need some properties of nn(x;q) which were studied in (1)

and [2]. For the reader's convenience we copy some of them as follows.




. Proposition 1 (2) nn(hq) satisfies a "difference-delay” equation

I[o(hq) s = 9

1

-1 +1
yrverrs ((1=2)q"1_(a" @) = (q" =ML (@)}, m = 01ee. .

n,mmq) -

Proposition 2 (1] The polynomial Iln(hq) satisfies

nuq) = AT M 2 (Mg (1.1)

cagblors o

The coefficients 'n,i(q) can be computed recursively by

&

- -1, ntt_n=i n+l=4_
anﬂ’i(q) (g=1) ((q '=q "n,i(q) + (q 1":1,1-1(‘") ' (1.2)
. where
% an'o(q) : =1, ln'_1(q) - 'n,n(q) 1 =0

Proposition 3 (1] The coefficients an,i(q) satisfy

' |
L;’ ay, i@ = qn(n-21-1)/2gn'n_1_1(q) . (1.3) ‘
|
g and for n » 2 the integsr coefficients a:ljl are symmetric v
¥ (1) _ (i(n=1-1)-3) !
, E ln'i 'n,i , all 3 . (1.4) ?
I
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particular

() _ (n-1
i ( i )

. n=1y _ (n=2y _ (n=2
8, " (n2) () - (59) - (63

2. ‘The sharp lower bound for IG;1I_

Before proving the theorem we need to do some preparation.

Lemma 2.1 The following equalities hold

My g (-2 5a) o1 3 k(k=1) (k=1)? .
= -4 ®2x-1,5 7 Bak-1 j)qJ
_2k-1 - =1, L
sz_1(q 1 =0

o
Y (3=1(24=1)) , _(3=i(21+1))
Sak=1,3" T %2k-1,k-1 ¥ L \f2keq,k-1-21 F 20k-1,k-1-21)

R T U3mi(2i-1)) | (3=4(2i41))
Bak-1,3 % " %2k-1,k-2 ¥ L (P2ker,k-21 * 20k-1,k-2-21)

For convenience, here and below we use

if r<0 or r > i(n-1-i) as well as i <0 .

In particular




2k-2
%2k-1,0 © (x-1 )

2k~2
Box-1,0 " (k-z )

8imilarly

roy 3 (k=1)(3Kk=4) (k=1)(k-2) )
: do Caeas T Paezy)T Y

(3) o 7 (alFm | -ig2aen),

Boke2,4 ' ™ 22k~2,k-2 &y V2ke2,k-1-21 8ok-2,k-2-21

= (3= 3 10#1))
82k-2,k-2-1

i=0

(3

Proof: By the definition of ‘n,i(q) and an,i

k
Moy (=a 12} 2k-2

k.1
= a tq)t=q)
2k=-1 2k=-1,1
sz_1(q-1) i=0
2k-2 1(2k=2-1) . °1+ja(j)

- 120 jEO (=)a 2k=1,4

o, 1= % (2k=1-1) (2k=2-1) + ik

% K(k=1)
min 01 =q
0<i<2Kk~2




- - 2 k(k=1) = 3 (ket=i) (k-2
¢ 1 =0 =3 k(k=1) = 2 (k=1=1)(k=2-1)

then
n (-qk:q) 3 k(k=1) 2k=2 4(2k=2-i) v,+]
2k-1 2 1 (P 1
v e @ ) L (=) a1,
2x=1 (" i=0 j=0
3 ke - -1y2.42 1
I R L LR R ket-4 7 1Y ()
. q l (=) q 8)k=1,k=1=1
; i=0 j-o ’
3
3 2 .2 1 '
. k21 (k 1§ i (_)k_1+1q2 1(1+1)+ja(j)
d gk 2k=1,k+i=1
3 x(k=1) [(x-1)2 k=1 (k=1)*=32
k=12 (3 3
= (=)' 'q 8ok-1,x-13" *
=0 d imt =0
1 i1+ 1 s(ae1)+3
(4 aid) +q ad )
2%~1,k=1-1 2k=1,k=-1-4 !

T

3 - -1y2 -
. )12 k(k=1) (kI” (@' -y Y+ (al3-i(2i-1))
=0 2k=1,k=1 2k=1,k=2 jop  Zk=1,k-1-24

e e~ AR

+ + a(j-i(21+1))

(4-1(2i=1)) (3=1024+10) ] 3
2k-1,k=1-24 ta )| a

(-]
y= 1 (@ k-1,k~21 2k=1,k=-2-21

i=1
b and (2.1) follows.
By (2.1) and (1.5) we get

‘ (0) _ (2k=2 §
- %2k-1,0 = 22k-1,k-1 (e )

a al0} o [2k=2 ;
Bak=1,0 = 32k~1,k=-2 (k-z ) .

The same kind of argument proves (2.4).

-6~
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P An analogous argument gives
i
T
}.
: ST YT 2 k(x=1) (xinz ;
: —_—er 4 (a + B q (2.5)
; k=1 L 2k=1,3  "2k=1,3
YZk"I (q=1) =0
k=1 1 )
n2k-2(q 19) 7 (k=1)(3k=4) (k=1)(k=2)
=q ("2): 2,3 + Bzx 2 j)qj . (2.6)
x~-2 - it ¥} ey
Yoy -glat) J=0
A straightforward calculation starting with the formula defining nn(qu) leads to the
expressions
k 3
. _,(q19) - < k(k-1) k=2 -
_Lk-i_ﬁ- 2: 1 2 n (1 + q-’-ooo-'-qi)z (1 + q+ono+qk 1)
- YZk_1(q-1) i=1
3 1]
ete S R(x=1) (k2t)? )
| = () q Lo 1,43 (2.7)
i
L]
i 1
; n, () 1 (k=1)(3x-0) x=2
’
2%-2 . (Z2) & T (1 + qreeesqh)?
] (q=1)2%"2 k=1 gt
; Yox-2'"
1 p
- (2k-2 2 (k=1)(3k=4) (k=1)(k=2) q qj . (2.8)
k=1 2k=2,)

3=0

From (2.5), (2.6), (2.7), (2.8) it is easy to f£find the following relations

(& (2.9)

= +
% ) doyot,i = %2k-1,1 " Bax-1,4

P T H s e WO
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k=1 + 8 = 2

Dok=1,1 ) dok-2,1-

2k-2,1 ~ L “2k-3,1-3

and

=d

d
2)(-1'1 2‘(-1,(k'1)2-i

Bk=2.1 = Y2k-2, (k-1)(k-2)-1i

where
d s =g : =0 if 1 <0

Lemma 2.2 The following equality holds

L L
a(li = 1 ‘(f: it ) a(f; i=1
ne r=g-1 "¢ r=f4i-n+1 !
(1)
Proof By (1.2) and the definitin of aﬁii
s
i(n=-1-1)
a (q) = q(n 1) (n=-1-1)/2 a(!!,)
n,i 220 n,i

and

-g-

2k=2,1 ~ %2k-2,i T Fak-2,1 T “Cok-2,i1

£

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(*)

s e




- n=-1-41 I cee n-i=-1
'n,i(q’ q (1 + qteee+q )an_1'1\q) + (1 + gtecedq H 'n-1,1-1(q)
(2.16)

1(nii-i) ( g

(r) g (r) i
1,1t LN EURYL

. glrm i n=1=1)/2
=0 rej-i r=3+i-n+1

Comparing with (*), {2.15) follows.

Corollary 2.1 The following inequalities

(L) (2=1) 1 e . -
‘n,i > an,i for & < [2 iln-1-1)}, 0 €} <€ n=-1

(2) (%) el n-1
an,i > an,i-1 for 0 € £ <i(n=1=-1), 1 € [ > ]

hold.

Proof We use mathematical induction to prove (2.17), (2.18). Suppose for n=-1 (2.17),

(2.18) hold. Using (2.15),

(£) (2-1) (£) (£=i=~1) (2) (2+i=-n)
n,i - an,i (an-1,1 n~1,1 )+ (an-1,i-1 - an—1,i-1]

Since (1.4)

(2) - (i(n=-1~1)=%)
an,i an,i

L < % iln=1-i) as well as 0 €. € n=1 .




a(l) » ‘(1-1-1)

, if 1< % 1(n=2-4)

n-1,4 n=1,1 '
1 i
[5 i(n~2-1)=~ 3]
(L) 2 2 (2-i-1) 1 1
1,1 2 %ne1g > LR if 3 i(n=2-4) < 2 < 7 i(n-1 1) .

However

s A Ao a4+

(2) > (2-1~1)

1
n=1,i ‘n—1,i for 0 € £ < 3 i(n=1=-41) .

The same kind of argument shows

a(l) > a(l+i—n)
n-1,1i-1 n-1,i-1

Now, we bring the induction hypothesis to the next level and (2.17) is proved since it

obviously holds for n = 2,

In order to prove (2.18), it is enough to prove (2.18), only for

0< 4L ¢ % (i=1)(n-1) because of (2.17) and (1.4). By (2.15)

L L
LC2 BN £2 alt) L atn) 1) + ) (r) - a'® )

X a
o n,i n,i-1 c=fmit1 n-1,1 n-1,i- =t +imnt+1 r=-1,1-1 n-1,1-2

(2-4) _ _(4+i=n)
+ (81,1 ™ o1, 102)

By induction hypthesis and (2.17), we know

(r)

(r)
qh-1,1=1

n-1,i-2

> a

(xr) (r)

3 1,4 %p-1,4-1 00




. as well as

.(l-i) > a(2-1) > .(l+t-n)) > .(l*l-n) .

' n-1,4 ° “n=1,1-1 " %n-1,1-1 n=1,i-2 ]

Therefore (2.18) holds for n and so (2.18) is proved, since it is obviously right for

ns=2, : ? i

Lemma 2.3 The following equalities

1
- 3-1(24-1)
i %ok-1,9 = 2 g ‘;:12 k=1 * L ';:12 k-1-24 * :
' r=j=k+1 ’ im) rmjek+1-1(21-3) ‘ -
!
- - - b
. J=1(21=1) 0 . J=1(24+1) 2 ) i |
rej-kbimi(2041) KBTI ti(2gar) FT2RT172 b3
J=1(21+1) (
r) ;
+ a ) (2.19) !
rejok+1-1(24+3) 2X-2/K"2-24 :
gyt K2l e XT2R2 L e yeke1mi(21-1)  2KT2ekm1=21 ]
A (2.20)
1 ’ -1(24+1
. + T ‘;:)2 x-2-24) *
¥ r=f=k+1-1(21+1) '
1 !
¢ hold. |
) P
q Proof From (2.1), (2.4) and Lemma 2.2, by straightforward calculations, (2.19) and (2.20) ! ﬂ
¥
can be proved. ;
'(' - ,
“—'ﬁ H
. Lemma 2.4 For j € z% (k-1)%], the inequality .
¥ {
%x-1,3 ¢ %2%-1,0 * dx-1,3 1

holds.

-11=-




2oty

Proof Since

2%K-2
Ox-1,0 * S2k=1,3 ™ (k=1 ) tmgoke1 92x-2,8
)
-2 a
teyaker XTTL .
In order to prove Lemma 2.4 it is enough to show
< %
2 [ ]
S2x-1,3 l-jék#1 “x-2,2
From (2.19) and (2.20)
2 [+ -Q
tmger XT24 X1
- Ik-i(21-3) J=1(24=1) (r)
- a + a
1m1 rejekei—g(2i-1) XKV ili2ier)  FC2k017AU
| riaen e R el L0 )
pmyrief(2aen) 2K2ek220 T o B sy | 2ke2,k2-2
T sy, (r)
= 82x-2,k=1-24 ~ ‘2k-2,u-2-21)

1=1  r=3i+1=4(24+1)

Ik-1(24-3) (x) (r=-4i) ))

M 8 k-2,k-1~24 ~ 22k-2,k-2-21

r=j=k+1-1(21+1)

Because of (2.17), (2.18) and (1.4), Lemma 2.4 is verified.

(2.21)

(2.22)

After the preceding preparations now it is time to prove the following theorem.

Theorem For any q € (0,2) and r = k=-1,k, the inequality

- I, _ (q“1q
lGr1I - |2kt - > =1
LPI G L U

-]2=

(3.0)




holds, and lim lc;’l - 2k-1,
Q'..

Proof Because of the symmetry of nn(hq). we can restrict our discussin to the cass

q¢€ [1,»),

Since (2.1), (2.3), (2.7), Lemma 2.4 and (1,1), we know

l
K-1 X |
Typaqld 1) _|n2k_1(q 1q) j
x=1 X !
Myeq(g 1) |Il2k_1(-q 1q9) !
2 |
(2:_1) (k{” de—1 1q1
- i=0 ’
2
(k=1)
2x-1 3
Lo Pok-1,1 7 U L
2
(=1 Ll g
, k1oL, Cmer
2
(k=1)
2k-1 i
120 28010 * 9gxm1,0 = (T ) daga,g)d
- -1 ,

and refer to (1] for equality.
The proof of the theorem relies on Lemma 2.4 mainly. In order to prove the
monotonicity of

nzk_1(qk;q)
—_————! for g€ (0,») ,

k
nn_'(-q 1q)

it is sufficient to prove the stronger inequality

2k-1,4 , k-1, 4
Coke1,§41  F2k=1,3+1

for 0<3< (3 -0




= LTS

e

we fail to prove this inequality. But numerical results (see appendix) show the inequality

is true at least for n < 9.
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