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ABSTRACT

In (1], we gave another proof of the boundedness of L2-projections onto

splines on a geometric mesh. In this paper, we obtain the sharp lower bound

for the inverse of the corresponding B-spline Gram matrix. I.e.

r~q
IG2k-E( - ) 2k-i, for r-k, k-1.

-2k- (-qr;q)
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SIGNIFICANCE AND EXPLANATION

Least-squares approximation by polynomial splines is a very effective

means of approximation, particularly when the knots are appropriately

nonuniformly spaced to adapt to the particular behaviour of the function being

approximated. Unfortunately, the stability of this process has been

established only for nearly uniform knot sequences. The stability can be

linked to the norm of the inverse of the Gram matrix of a (appropriately

scaled) B-spline basis. In an earlier report Zj, we studied an important

special case, that of a geometric knot sequence and there showed the norm of

the inverse of that Gramian to be bounded independent of the mesh ratio.---

In the present report, we continue these investigations and show, in

particular, the surprising fact that the norm of the inverse of the Gramian is

least (i.e., the stability is greatest) when the mesh is most nonuniform.,,

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the authors of this report.



L-Lower Bound of L2 -Proj*ections onto Splines

on a Geometric Rush

Y. Y. Fong and J. Kozak

1. Introduction

We begin with the explanation of some notations.

I(q % - I (.)n-(n) I (q X), the generalized Ruler-,robenius polynomial of
nit n 

io0 J0

order n. t - n q

~ni
n = (r )I' a binomial coefficient.

an1 i(q) (i - 0,1,...n-1) i - the coefficients of the polynomial defined by

n- ,i q)Ai it n 1
: =aIn(),.q).n Yn = n

1-0 Yn(V_1)n nit

a
(
n

) 
(i 0,1,...n-1, j - O,...i(n-l-i)): - the coefficients of polynomial defined by* n~i inli

q(n-i)(n-l-i)/2 a(j) qj

a n,iq)" " n,i "

n , i ~ i 4-A

Given a biinfinite geometric knot sequence t s - (q ) for some q e (0,-) with

t j . lim t i, I: - (t ,t )

we denote by

Nni s-t i+n-t i )  i ti 1l,...ti 4 n] (.-x)+ " 1

the corresponding B-splines normalized so that

*
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InM (x)-I

and by S : spa{Nn ,} the space of splines of degree n-i with knots t.

We can consider the projectors P k,r C(I) + S2k-r,t defined by the condition that

P k,r f  a i M 2k-r,i

(Nr,i N2k-r,j a (f) - r,i'f)

b
with (f,g) t f f(x)g(x)dx.

a

Then pk,O is the interpolation projector and Pk,k the usual L2-projector onto Sk,t*

This paper is a continuation of (1]. In (I] the uniform boundedness of

r

r --
2 k - (-q q ) I

for q c (0,-) with r = k, k-I was proved. Here, G" 1 is the inverse of corresponding
r

B-spline Gram matrix. In this paper we obtain the sharp lower bound for IGI I. .e. we

prove that for any q e (0,-) and r - k, k-i, the inequality

IGrl~ JukI q "I 2k - I
r~ l( q ;q )KG 1 -1 2 -

holds.

In order to prove this, we need some properties of n (X;q) which were studied in [1]n

and [2]. For the reader's convenience we copy some of them as follows.

-2
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P rmosition 1 [2] 11 (Aiq) satisfies a odiffer~nce-delay" equation

It 30(X~q) -1

11~ ~ Mq" '(-Xqn q Auq) - (q n+-A)UI(lq)

Proposition 2 (1] The polynomial 11 n Mq) satisfies

11 n sXq) - ~*ni Yn(n-I)/2, (qn.X-'q) (1)

j The coefficients an~i(q) can be computed recursively by

a ~~~)- (q-1) -1((q nI-q ni)an (q) + (q n -1)a i (q)) * (1.2)

where

an,0 (q) a , -,..(q) - %(q) 1 0

Propositioni 3 (1] The coefficients an,i(q) satisfy

a iq).qUC n-21Il)/2an nj .q (1.3)

and for n > 2 the itategor coefficients an ) are symmetric

(J)? .a ~nli)J), all j .(1.4)

-3-
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In particular

(0) = (nl) '(1.5)
n,i

a(l) . (n-2) (nI) -2 n -2~ (1.6)

2. The sharp lower bound for IG Il
r

Before proving the theorem we need to do some preparation.

LeUum 2.1 The following equalities hold

k ~ 32
H (k-1q 

k q) )k-l 2 klk-1) (k-I )2
'Y2k-Illq-1)2 1 "1J-O0 (~'' "Bkljq

with

a - _a') -) (J-i(2i-1)) _+ (J-i(2i+1)).
2k-1.j' a2k-I + jak-l,k-l-

2 i 2k-lk-1-2X'

(2.1)_(J) + ( a t J-i(2 -1)) + _(j- (2 +1)))
2k-1,j : 2k-I,k-2 2k-l,k_2i 2k-1,k-2-2i

For convenience, here and below we use

(r)
an) - 0, if r < 0 or r > i(n-l-i) as well as i < 0 • (2.2)
n,i

In particular

-4-



- 2k-2)

2k-2 (2.3)
~2k-12k-2

Similarly

-qk-I ;q -1(k4 (k-1)Ck-2)
Zt2 2 ~k- q2 T (c, -k2f 2k )qi (2.4)

Y2k-2 (q-) J-0 k2j k-,

with

(J) 48 (J-i(i-1) a(Ji(2i+1l)))a 2k-2,j ' 02k-2,j s a a2k2k2 + (a 2k-2,k-.1-2i +a 2k-2,k-2-2i

i-a 2k-2,k-2-i

Proofs By the definition of an~i(q) anda()
n, ±

11 2k g(- q) 2k-2 (q(qk ±

Yk (-)2k-i I 2kI~

2k-2 i(2k-2-i) 1 Sj J

I- i1 0 2k-l,i

with

* 0 (2k-1-i)(U1-2-i) + ik

2 k(k-1)

04i(2k-2 ±

Lot

-5-



2 M-1) =(k-l-i)(k-2-i)

then

71~~ q- q k(k-1) 2k-2 i(2k-2-1) ±p +

2k-i k-i-i 2 ~ j (ii+

k-iI~-1 k-i) J-0 2- ii

3-+ 2~-1 I k1)2)
j I- q- a-- qaj

i- - 2k-l~k+i-1j

- C-) q 1 [kfi)2a 1g 1qki k-i k-I (k-1) ;-12

J-0 2k1~- i-i j 1

1 I~-)j()~ i(i+1)+J
(i(q2  ai J

2k-I ,k-1-i 2k-i,k-ij

3- 2 ar i (- Ji2-)

+a(J-i(2i+1))) (a (J-i(2i-1)) + a,(j-(2i+1))) qi

and (2.1) follows.

By (2.1) and (1.5) we get

a 0a(0) ,2k-2)
2k-i, 2k-i, k-i (-

a(0) -(2k-2

The same kind of argument proven (2.4).



An analogous arguent gives

ak 3 2

1 _ (q 1q) k(k-1) (k-.1(
2k-I 2k- q (a 2k-l' 

+  
2k'10j)q (2.5)

Y 1 (q-1 )k i.0

k-I1

n (_2q k'l q) 2-(k-1)13k-4) lk-11(k-2)

= q 2 ("2k-2,j + '2k.2,jq . (2.6)
2k-20

A straightforward calculation starting with the formula defining Rn (Xiq) leads to the

expressions

(q 2k-i ) k(k-l) k-2
2k- l  kI . (2k-I) q2I (1 + q+o,+q )2 +1 + -+,+qk-1

Y2 k.1(q-l) 
ik-1 C J-1

3 2
I k(k-l) (k-I)

- (2k-1) q2  d2k_,,Jqj (2.7)

J-

k-I 1
2 q q) 2k-2 1 (k-l1)(3k-4) k-2 12

2k- 2 - ( q2) qH 0l I + q o+q
¥2k.(q-1) ira1

1

": 2k'2) I (k-1)(3k-4) (k-1)(k-2) j (2.8)

k1J-0 2k_*

From (2.5), (2.6), (2.7), (2.8) it is easy to find the following relations

(2k -1) d2k-1,i . 2k-l,i + '2k-1,i 
(2.9)

-7-

I -'



(2-)da +2a (2.10)(k;2) 2k-2,i = 2k-2 ,i 2k-2,i 2k-2, i

k-i
d 2k...± I d 2k.2 i.. (2.11)

J-0

kc-2
d 2k2, I d 2k3ii(2. 12)

and2k2*i2-,j

d 2kl~i= d2k-1..(k-1) 2_-i2.3

d2k-2,i -d2k-2,(k-1)(k-2)-i (.4

where

d a~ :0 if i< 0

Lemma 2.2 The following equality holds

M ~ (r (r)
a n, I a +-Ji+ a n*,- (2.15)

rr-L.j-n+1 nli-l

Proof By (1.2) and the definitin ofa )

a ni(q) q I a q£ (*q

and



a n,1Cq) =qf +~ 4..'+ql )Anl~ q) + (I + q4...+qn a1 a 1 1 1i-(q)

(2. 16)

q(n-i)(n-l-i)/2 I 2--) ( r + a a(r iq3
J-0 r-j-i1i r-j+i- n+1 -1

Comparing with (*), (2.15) follows.

Corollary 2.1 The following inequalities

a1l a (11 for I f . un-i-i)], 0 L 4 n-I (2.17)

and

a a I) for 0< f < L(n-i-i), 1< (l~. (2.18)I~ n,i-12

hold.

Proof We use mathematical induction to prove (2.17). (2.18). Suppose for n-i (2.17),

(2.16) hold. Using (2.15),

(.2 a (.2-1) (.2) a(1-i-i )+(a (A) a(12+1-n)
ansi an~i = -(a i - 1 1  + -~- -~ -

Since (1.4)

a M a (~--)
n,i n,i

and

i (n-I-i) as well as 0 L 4 n-i
2

We get

-9-
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a CL) a (CLi-I) if I i(n-2-i)
n- ,i n-l,i ' 2

1 i

(9.) • i(n-2-i)- 2] (9-i-i) 1
an i a 2 21> at;'- , if i(n-2-i) < 1 4 1(n-1-i)n1I n-1,i n- 1 2 2

However

a a"_ ' : ' ) for 0 C £ C - i(n-l-i)
n-1 I n-1,i

The same kind of argument shows

(A) •(A+i-n)
n-1, i-1 an-l,i-1

Now, we bring the induction hypothesis to the next level and (2.17) is proved since it

obviously holds for n - 2.

In order to prove (2.18), it is enough to prove (2.18), only for

0 4 £ 4 - (i-1)(n-i) because of (2.17) and (1.4). By (2.15)
2

(1) M a r (r) I (r) a(r) i2

a, i - ani_ an i - n_ l + I (a_1.-Ii -a n_,,2
r-L-i+l r='+i-n+1

+4 (a-i) -(+i-n)+an_,,,i  -1~,1_2J

By induction hypthesis and (2.17), we know

a(r) (r)
n-l,i-1 n-1,i-2

and

(r) Cr) 0
a a

-10-
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an well as

(I-i) (-i) a(+-n)) (A+i-n)
an-li a n-l ,-I a n-l~i-1 a in- 1,-2

Therefore (2.18) holds for n and so (2.18) is proved, since it is obviously right for

n - 2.

Lemma 2.3 The following equalities

a2k1,j (r) + a I (r) +
2 r-j-k+1 2k-2,k-1 +iI rJ-k+l-i(2i_3) 2k-2,k-1-2i

J-i(2i-1) J-i(2i+l)(r) (r
2k-2,--2--i -r)

r"j-k+ 1-i(2i+1) rm -k+l-i(2i-1) )2k2,k12i

J-i(2i+1)
+ I (r) (2.19)

r- -k+1-i(2i+3) 2k-2,k-

(r) j-i(2i-1)" 2k-2, k-I a~k2rk--2
i-J-k+1 r-j-k+1 -I r-J-k+l-i(2i-1) 2k-2,k-1-2i

(2.20)
J-i(2i+l) (r)+ I a~k2,_22i

r-j-k+l-i(2i+l) 2k-

hold.

Proof From (2.1), (2.4) and Lemma 2.2, by straightforward calculations, (2.19) and (2.20)

can be proved.

12

Lemma 2.4 For j ([- (k-1)2], the inequality

a 2k-l,i4 -2k-1,0 d 2k-l,i

holds.

. V;. -11-
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Proof Since

2k-2

G2k-1,0 " . 2k-l,j (k-1 A- d2k-2,L
A, j-k+lI

(2.21)

j
" 2 1 a2k-2,L

In order to prove Leama 2.4 it is enough to show

aik-l'( 4 2 *2k-2,L . (2.22)

A- J-k+ I

From (2.19) and (2.20)

L-?k1 2k-2,1 a 2k-1,j

J-k-i(2i-3) (r) J-i2i- (r)
i e2k.2,k -121 ar2k 2,k.1.2

i-I r-j-k+1-i(2i-1) r-J+1-i(2i+l)

J- (2 -1) WJ-k-i(2 +l) () _ 2
I a 2k_2, k_-221 a 2k-2, k-2[-2

r-j+1-i(2i+1) r.j-k+l-i(2+3 )

J-i(2i-1) (r) (r)

iI r-j+1i(2i+) 2k-2,k--i 2k-2,-2-2i)

J-k-i(2i-3) (r) (r-4i)
Sr-j-k+ Ii(2i+) (2k-2,k-1-2i " a2k-2,k-2-2i))

Because of (2.17), (2.18) and (1.4), Lema 2.4 is verified.

After the preceding preparations now it is time to prove the following theorem.

* Theorem For any q C (0,-) and r - k-1,k, the inequality

IG I - l r tq ) 2k-1 (3.0)
r III 2k 1-q rq)

-12-
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holds, and lir IG'I - 2k-1.
rq+"

Proof Because of the synmetry of Iln (iq), we can restrict our discussin to the case

qnq c [1,-).

Since (2.1), (2.3), (2.7), Lemma 2.4 and (1.1), we know

k-i k

It2k- (-qk i~ In U-1 (-kt~

(k-i)
2  

(k- 1)
2-

I (2a - (2k ) i

( k- 1) (i )2

(2a k l 0  d (2k- 1) d k l , )q 
'

i-a

- 2k-i

and refer to (1] for equality.

The proof of the theorem relies on Lemma 2.4 mainly. In order to prove the

monotonicity of

2k- (-qk q)l for g e (0,-)

it is sufficient to prove the stronger inequality

a____ d2k-i,j2k-l 2k-j for 0 j 1 (- 3a 2k-1,J+l d2k-le j+l2

-13-
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we fail to prove this inequality. But numerical reaults (ee appendix) show the inequality

is true at least for n 4 9.
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