
SECURITY Ck.ASSIFICATI OF THIS P4~GE (Wh~n Dd ~id

REPQ DOCUMENTATION PAGE BEFORE- COMPLETING FR

"2Ž~*AFSRtýTRc -4 5y -

4. TITLE (and Subtitle)Tp 
O EOT EID OEE

QOn FeedbakLwfoRooiSytm#-2 7.

7. AUTHOR(a) 
a. CONTRACT OR GRA6NT NumBER(a)

.fw fL./obnson ,j_ F4962 -8~~~~p

10 RGAM ELEoME NT, PROJECTR-SK

9. PERFORMING ORGANIZATION NAM-EAND AODRC;S 
AAA. WRORAM ELEMENT.BPROJCISK

M.I.rTor for Information and Decision Systems,,'- 9'769/.01

I I. CONT!2OLING OFFICE NAME AND ADDRESS 
12. REPORT DATE

AFSRK April, 1981
Boiling Air Force Base u'" IuenO Aa

D.C. 20332 6

14. MONITORING AGENCY NAME & AODRES.;(If diffaront from CorntroIlin.1 Offica) 15. SECURITY CLASS. (of this8 report)

"CZ1 ~ Unclassified
1/ /.' ".15aS. DECL ASSI FI CATION DOWNGRADING

I6. DISTRIBUTION STATEMENT (of thin Repw~t)

Approve~d for public release; distribution unlimited. r%-ee,

17. DI1STRIBUTION STATEMENT (of et.* abstr~act entered ini Blc 20, It dill-rent fro R~o11 M Y 2 2 1981 *

A
IS. SUPPLEMENTARY NOTES

To be presented at 8th IFAC World Congress, Kyoto, Japan, August 1981.

13. KEY WORDS (Contink..,., reverse aide if c1gc.*a y and identify by block rium ber)

AasT TIACT ,Coanlfu* o rearzr, sltje It nvc. ,*- m ed 4dr.ilftf 5vap li at on

A variety of .'ntrol problems arising from roboticsaplciosc

bhe restated as optimal control problems of minimum-time state tran.&

.j fer in the presence of state-space constraints an~d constraints of

incompletestate information. The traditional approaches to solving

such problems are Pontryagin's Maximum Principle(P

.19-&20'. in the case of open-loopcofltrol, and Bellman's Dynamic "'ro-

gramming met hod%_L &ii.m~an _190

DD I'JOAM EDIT47 N OF INOV 65 15 OeSOLE rv F

SEcIbAITY CLASSIFIC06TION OF TAIS PAGE (1
4
7sen D.!. Entered)



SAEOSR-TIR- 8 0 4 5 6
April, 1981 LIDS-P-2.083

DT "
ON FEEDBACK LAWS 701 ROBCTIC S EL 'I.

SMAY 22 1981
T. L. Johnson

Senior Scientist. Control Systema Department
Bolt Beranek and Newman Inc., 50 Moulton Street
Cambridge, Massachusetts A

and

Lecturer, Dept. of Electrical Engineering & Computer Science1

M.I.T. Room 35-205B
Cambridge, Massachusetts

IWI'RODUCTION trajectory by a "teaching" procedure (e.g.,
Unimstion, Inc., 1979). The trajectory

A variety of control problems &rising from recorded during this procedure is then
robotics applications can be restated as "played-back" as a sequence of position com-
optimal control problems of minigum-time mands to joints which are servo-actuated; the
state trawiier in the presence of state-space rate of playback may be iicraeaad in a
constraints and constraints of incomplete- sequence of preliminary trials, until the
state information. The traditional approach- bandwidth or power limitation& of the servos
es to solving such probl(ae are Pontryagin's are encountered. This nethoeology is relativ-
Mazximm Principle (Pontryagin et.al., 1962). ely quick, intuitive, and yields reliable
in the case of open-loop control, and performance when the disturbances to the
Bellman's Dynamic Programing method (Bell- robot and worksp-ce are relatively small.
man, 1957). While a number of technical Although this state-of-the-art approach to
difficulties exist, approximate solutions of trajectory formation is very effective, it
such problem can generally be computed off- possesses inherent limitati-ea and is already
line (sea Kahn and Roth, 1971). Perturbation being superceded in more demenoing applica-
methods for obtaining local feedback laws are tionm such as locomotion and manipulation.
also available (Whitney, 1972, Hemami, 1980). one limitation in that a human controller

cannot readily commriicate comands to such a
However, no currently operational robots are robot. The robot is also unable to anticipate
known to be based on solutions of such optimal or accomsodate unexpected changes in work-
control problem, nor is it likely that this space configuration; the teaching ?aradigm
will come about. Some of the reasons for cannot be readily extended to allow for feed-

this situation can br given: (a) complete back from additional sensors (e.g., touch or
equations of motion are extremely complex, and machine vision). The objective of the precent
are often rwt available; (b) trajectories note is to extend and affirm the suggestion
must usually be planned in a .hort tim-period of Young (1978) that discontinuous feedback
preceding execution-there is no time for laws are naturally-suited to robotics problems.
detailed design studies or numerical analysis to describe two further examples of discontin-
for every motion being performed; (c) relia- uous feedback laws, and to explore further
bility and repeatability or accuracy of motion notions for the synthesis of such systems.
a!e often more important than minimizing
execution time; (d) optimal control laws Rationale for Discontinuous Feedback Laws
often require too much store$* or real-time
computation during execution of the motion; Accepting the fact that optimal feedback laws
(a) nonlinearities are often sufficiently for this class of problems generically exhibit
severe that local linearization gives poor discontinuous behavior (Athens and Falb, 1966.
results (even if fts heavy computational ce- Kahn and Roth, 1971), one is maotivated to
quirmants are overlooked), seek simpler methods of determining loci of

discontinuity. The theory of variable-
By contrast, current practice Ls often to structure controllers, developed originally
determine a feasible open-loop position by Emel'yamov (1967) and extended by his
_ _ _colleagues (see Utkin, 1978) has provided new

design methods for certain classes of systems;
I-Portions of this research have been performed it Is a remarkable observation that the

at the nIT Laboratory for Information and Dtc- performance of such systems can be qualita-
ision Systems with suppourt provided by the tively quite robust, even though their pre-
U.S. Air Force Office of Scientific Research ci2e trajectories may depend strongly on the
under Contract No. F49620-80-C-0002. initial state, disturbances, or modelling

errors (Young. 1978).

.. be presented at 8th IFAC World Congress, Kyoto, Japan, August 1981.
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The auLnor has previously suggested UJohnson, Suppose that t is the first time of contact
1978) that thore is a cl AP relationship of 1
this therery and the theory of control laws betwee ball and hand, and let t1 dnote a
described in linguistic texin, eag., a a time just prior to t while t 1deootas
digital computer program (Zaduh, 1973). 1u1 a imae
Example ',, in the sequel, exhibits thistae- just alter t 1 . Alssuming f(t) is apprximitely.+

tionship. Discontinuous ccntrol in robotics constant on the interval (C tl+ ), it can be
applications can thus arise from the nature '

oa the tjuik description as well as from dis- sat to zero without affecting the conclusions

continuities in the mchanical system and of the following analysis; this is done for

environment, as illustrated by Exsmple 2. A simplicity in the sequel. Either an eiastic

third reason for developing discontinuous or inelastic collision may occur at tI. If an
controls arises from implementation consider&- inelastic collision occurs. and the ball is
tions. Discrete sensors and actuators are caught, the combined dynamics for t>t are
usually cheaper and more reliable than con- I

tinu'ris ones; they arise naturally in discon- (M+U)im - -(H+-)sg + fO; Zx2t)
tinuous control law synthesis. Discrete
signals are also preferred for signalling t2t
task initiation, completion, or interrupts to I

a control computer. Finally, digital comput- zM(tl) - - zm, the location of

are typically perform binary operations faster ) impact

than (approximations to) real number opera- imat) - (3)

tione.
If an el.Lstic collision occurs, then

The following two examples illustrate the use
discrete feedback control in two very aimpli- mzU - --mg, z (t) - Z ml; I(t 1 ?
fied problem arising in robotics, which lie
just beyond the current state-of-the-art. YM• - -Mg + f(t); Y(tO) . ZM, z
Sinice a general design theory for such cases
is not yet available, each example is solved •(t 1 ) -

on its own merits. (4)

Exampla 1: Catching a Ball Conservation of energy and momentum can be
invoked (now taking f (t)-O) in order t• i

daduce which of these situations will occur,In this example, the '*band" is idealised as en ofn[hemsigvloie'tt 1

a cup-shaped weight of mass M which can be and to find the missing velocites at t-t V

acted on by vertical and horizontal forces in Contervation of mmntum is
order to catch a (vertically) falling ball of +
mass a. First, it is assumed that the hano is P -* a (t) + ?m (t - ma (t1 ) + H+M.tl)
beneath the ball and the interception dynamics (m)
are analyzed. Then, a simple control law to (5)
achieve catching from an arbitrary initial while conservation of energy(omnitting potential H

position, using remote sensing of the position energy, which is approximately constant, from
of the ball (a primitive form of vision), is both sides of the equation) Is
given in algorithmic form. E -2 + -2 . +2

) ,- Ematt1)ml
The geometry of the problem is shown in Figure 1 1 t
I. Suppose that X(t " xM(t) - 0 to analyze Hz,(t 1 ) (6)

the catching procesM. According to Newtonian Viewing the:%* a sultanau,, equations for
me.chanics, the ball'a notion is given approxi-
astely

2 
by i (t+) and iM(t1), bouncing is predicted when

- 6 ; z (to) - z * ; le(to)(O (1) there is a solution with z (tl)>.M(t)
A simultaneous solution yields the possibili-

where g is the acceleration due to gravity and ties

z=o is the initial position of the ball at to, (+) -+ P$-uM(E(M*m)-P2 
A/2iu*eft (7)

the time it is dropped. The notion of the I

hand is given by
"As" a special case, suppose that L.(t1)-0, i.e.,

- -m g + f (t); z.,(to) - r; 9(to)-O the hand is at rest at the time of impact.

(2) Then it can be shown that a real-valued
where f z(t) repreamts the control force. ao.jwion of (7) always exiLsts and that

3
0therwise. in an inelastic collision, energy

2
1n air, a viscous drag force depending on dissipation will occur at t 1 so that the physi-

cross-sectional area is also present, and cally realizable solution ;.(t+) - !M(t* ) comes
could be used in estimating the ball's mass. a

This digression is not pursued here. about. This is not explored further here.



zMM (tl) (a) UNlTIL z,(t) z1 4(t)+ Ez

Thus bouncing will occur whenever K>m, whirh IF I zM(t)-Za(t)k< E AND I z(t)-xm(t)k< E.
is typically the case. A further analysis -- z -
shows that if M>., a finite negative velocity THEN RETURN
of the hand prior to impact (;M(t-)<O) will ES RETL O EI _ - LSE [HISSED THE BALL. Go TO ERROR
prevent boumcing, in the limit m". zu (tY)a RECOVzRY]

* t1). i.e.. prfect tracking will be re- END
quired; if the ball is vary heavy (m>M), or
has a ver~y large velocity ft impact, then a The first REPEAT loop uses, position feedback

catch can be ad* even if r(ty is positive, an the ; -position arror (intended with a

i.e., if the hand comes to meet it. Typically, xI
one expects uK but not m< It, so that a very the ball as fast as possible. The second

small movement to produce a slightly negative REPEAT loop uses integral control on the
hand velocity prior to impact will ensure a x-error to more accurately position the hond

succoesful catch. below the ball, and derivative feedback on
the z-velocity error (intended with a "small"

In a catch, the hand must roreiy intercept gain, Kz) so that the hand has a small down-
the ball's predicted trajectory before the ward velocity when the ball strikes it.
ball arrives at the point of interception, Although the details of this control law are
and than wait to oake a small final maneuver essentially irrelevant, it is primarily in-
to avoid bouncing. if the ball is to be tended to illustrate two points: (a) it is
struck, (say, in the x-dir&ction) quite a not necessary to explicitly predict the traj-
diffetant strategy in required: The ball's ectory of the ball (i.e., to preplan the
trajectory mst bm intercepted precisely at trajectory) or to know thie precise mass of
the time the ball reaches the interception the ball; (b) The conurol strategy is dia-
point, with a velocity which is approximately continuous at the tlme between the two
perpendicular to the trajectory. REPEAT loops, which is determined by the

action of the ball itself. In the second
Now suppose that the ball's position. xm(t), example, the control law discontinuity arises

9 W can be measured, that the band position primarily from state-variable constraints
2 rather than from the task description.

XMW(t), z(t) is available from internal mes-

urent, and that forces f (z) and f (t) can xaple 2: Convettna Vertical Force to
x 2 Horizontal Locomotion

be applied independently. Assume that accur-ate velocity estimates can be obtsaind from A single massless link of length Z0 taoainated !

the position measurteles. At t�o h at the upper and by a mass a, and at the lower
initial time, suppose za(to)-Z., x*(t0)-O, and by a mass mO, is considered in the example

•'while z (to) - at, O<920,XM(tO) - x%,.i (a" 0 (Figure 2). A vertical force, F(t), may be

simple implementation of the rendezvous applied to the upper mass: When this force
strategy for catching the ball is the follow- lifts the link above a horizontal surface at
ing pseudo-Pascal algorithm: z-O. it is free to swing back and forth in

one direction (defiled as the x-direction);
PROCEDURE CATCH when mema ma is in contact with the surface.

BEGIN it "sticks" unless en upward vertical force
component Ise subsequently applied to it. This

REPEAT assumption approximates the effect of a

Lf(t) - 0 friction contact between ma and the surface.

Wt) - N1 (t)-xm(t) The intriguing feature of this example is
that there exist simple strategies whereby

x(t) " -ixe (t) the purely vertical force F(t) can be used to

propel the link in a forward horizontalXr• le~~<X notion. Thone result from a proper combina-

1 0 tion of two ations:
X F: The link falls down (like an inverted

REPEAT pendulum) when m0 is on the surface and

fz 1 (t) - -K(z (t)-z (t)) no vertical force is applied (F(t)-).

St) x 1 (t)-xW(t) S: The link swings back and forth in a stable

i - i n (W) pendulum wtion when a O is off the surf-

j~ i rhesamping nteral]ace and a vertical force is applied to
counteract gravity (M(t)>(mM+01 )g).

• ~f Ct) ,,,-K i1

0I 1
A2 x



The equations of motion are first derived Case F: Let FO3 and F be defined as in
with thu turface hre zO (CiaS) andthen whenttin the two casu e wheze m is not in co nt Case S. During Case F, it is assumcd thatit is in cont-ct (Case F). (xoZO) remain fixed at their initial values,

and that z 0. Newton's equations for zI areCase S_.__ Let FO denote the force on 0.
01 12 az; F - img- Flsn(18)

exerted through the link by ma, and F1 0  1 = .1 g F1 0 in6 0 (

denote the force on Ul exerted by nodefined a 1 -F 0coe 0 (19)
in th direction of the link for each masse. In differentiating the constraints (13) and
Newton's equations for m0 are (14), x0 and z are held constant. The

O ,u 0 +` 0 1 `sn%0 (9) equation for 60 is derived in a similar

-0 , F0 1 c eo (10) fashion to Case S:

And for aI they are 60 - FcO60o/m1 L0 - gcose 0 /z 0  (20)

m.Ji - F - sg - F10sine0 (11) Since x0 and a0 are fixed, (xl,zl) could be

found directly from the algebraic constraints
£111 . -F 1 0 cos 0 (12) once (20) war solved. However, differential

expressions snalogous to (16) and (17) are

where g den..e' the acceleration due to more useful for guidance purposeo:
gravity. The constraint of equal and oppo-

site reactions (rigid link) is F0 1 =F 0 .* The 1 (-.0 02 + sin 0 )cSE0 - Faine 0coso/mi

link imposes constraints between (xoZ 0 ) and (21)
(xl.zl) which are most readily expressed in z (002 + gsine0 ) ine0 - g-Fcos%/n1terms of 80: 

(22)
1 0 +X os (13) As expected, (20)-(22) do not depend on mo,

and because m0 doesn't move in Case F.

(14) Feedback law: Only the most simple form of

The time-derivatives of the constraints are feedback control strategy is described here.
used because the constraints must hold at and it is shown that feedback from only 60
each instant of time. Elementary algebra and 6O0 as illustrated by the solid feedback
and trigonometry can be used to solve for line of Figure 3, is sufficient to provide
F 0 nd F 10in (9) and (10). Further the features of useful locomotion described

algebra yields the key equation for e0: above. The discontinuous feedback law is
most readily illustrated on the phase-plane

60 - ,cOeeo/mlto (15) plot of 8o vs. 4o of Fgure 4.

In this example it is natural to assume that The feedback law is:
inertial measurements could be made only on

eit and thus it is of interest to have Whenever ( 0O(t),6 0 (t)) in Regions A,E or F

equations of motion directly in tcrms of the take F(t) -
inertially measured states (x1,z1) rather tev e t(t) i e

than (x0 ,z 0 ). These equations are: 0(0

Xl " - (=Lo/(moTh.))cc Goeo - take F(t) - (a0+u)g

(u0 /m1 (m04ml))sino 0 cos% 0F (16) For any initial condition inside the shaded
area except the point (w/2,0) , ths wOtion

2 of the system will eventually settle Into a
l _-(M 0z/(M 0 4ml))sin 0 O - g periodic motion. Initial conditi"os outside0 1 0the shaded regions cannot be correc.ed by this

+[cos 2 / Is 0+in2 .O/(RO4m)IF (17) feedback law. Disturbances such as variation
in surface heignt, friction, etc., result in

Purely algebraic constraints (13)-(14) can be perturbations to the trajectory, which are
used to find (OzO) and to check that stable if the system remains inside the shaded

region. Thus, one goal of accommodating small

z o0; otherwise a transition to Case F may

0 4
occur. Furthermore, note that (16). the form- Certain additional constraints and aasump-
ward acczleration of all is driven 6y the tiona, which may slightly decrease the size of

this area, have been a ntsntionally isn.ree invertical force F. providing the possibility this simplified analysis.
•,,!of locomnotion.

, 1*0



I
obstacles has been met. A second goal, of control strategies and tha choice of switch-
varying the speed of locomotion, can bi met ing loc, defined by intersections of natural
oy varying 8edn parametrically. The time per motions of the system under these candidate
cycle is roughly related to the area enclosed control laws appear to bc primary requirements

cyce i roghl reate totheare enlosd fr apracticl design theory of discontinu-by the periodic trajectory, while the horiz- for rrbotic temr . Presently,"onta disanc isapoi•aoy ous control for robotic systems. Presently,
ontal distance is approx'amtely .�0max min; the greatest difficultiis in the development

the ratio of distance to tise is an approx- of such a theory are the relationship of
iNmte masure of average forward velocity. linguibtically-describod goals to (teedback
The range of achievable velocities with this law selection, the lack of analytic methods
locomotion strategy is rather small, even for characterizing controlled motions of the
though the corresponding range of step 4izes system, and the inherent difficulties of
(between 0 aud 2LO) is rather large. The stability analysis for discontinuous systems

margin of stability of the larger step sizes (Johnson, 1980).
is considerably decreased, however. rEFErENCES .

The continued forward motion of m1 does not
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surface. Thus, the energy expended in lift- Eml'yanov, S.V. (1967). Sistamy automati-
ing during motion S cma in fact be converted cheekogo upravkniya a peremennoi
into forward acceleration during motion F, strukturoi. (Variable Structure Control
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events in the (full) state space which were Interecience Publishers, Inc., NY.
readily detectable, e.g. interception and Unimation, Inc. (1979). A User'o Guide to
rendezvous in the first example, and contact Val: A Robot Programing and Control
with the surface z-O in the second. These System. Danbury, CT.
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closed-loop system; otherwise the nature of
sliding m"ghL chants tarkedly and unpredict-
abiy within a discontinuity surface due to
trigononetric-type nonlinearities of the
equations of stion.

The selection of a finite number of candidate
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