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Synthesis of Antenna Patterns
With Null Constraints

1. INTIBOI)i (lION

[he prohiemn of forming nulls in the radiation pa-tti rn )f an ant enna, in rdori

to suppi-s iot Feroni o from certain direction,;, presentlv' rec-eives must atten -

t in. Mfost work is in thie a 'n f adaptive null i ot vs et as dsos- x

A pplebaum , ' o a perform a ace index such as the signal-noise ratio is maxi -

m itzed. In the is wil8..". jarm mrs ace the dominant noise So)urce,, this proros

,nit nmt ically plaespttern mulls in' I he dire'ct ions of the jarnmners. A seemia'l.v

dffo i- at aiproach is that fr Drane -i'cllvoonna, w .here another index, antenna

nis maximnized, subject to ;i set ofI null constraints on the pattern. In both

i fthiods the pe r-fw-mmcf ind-' is lie qiant itv" )f prime interest, w ho i-es 'he,

r'ft the aint onna pattern is not sufficiently clear, wAhich to an antenna enuineer

VFhf purtos"' -F this papje r is to show that the problem can he fo rmulat ed as a

dirco aintennm mIaItorn svnth(,sis rhiitand that exact expressiions for, the effects

of the Foid -r patti nulls, in t f'ims oF nattern change and gain cost, can he

A1)I+Imlhau, I,. t 197;) Adaiptive rayi~s, 1171:1. Tr ans. Antennas Propzaationm
A 1-24: 8i -8

2.Dran-, :. fd \lllxenna, J. (170) Gain 'xiiation and controlled null
tflaf'ient -;1r1ilneouslv - fciievd in no.'-:,! aii'ivpaterns, The laidio

1in.MS IAG ILII-II IiIU



derived. The synthesis method is based on Gaussian or least -mean -square

approximation 3 which allows a simple and very attractive geometrical interpre-

tation in a unitary space.

The relation of the present approach to those of signal-noise ratio and gain

optimization, which has been indicated 4 ,5 is also discussed.y

2FORMULATION OF THE PROBLEM

We consider a situation where an antenna is being illuminated by desired

signals and also by infinitelly strong interference signals from certain discrete

directions. The optimum antenna pattern for this case is reasonabl *y defined as

the desired pattern in the absence of the jammoers, the so-railed quiescent pattern.

suitably modified so as to form pattern nulls in the interfereonce directions. The

degrees of freedom available in the antenna pattern are thus used in a first-hand

way to form the pattern nulls, with remainingy degrees of freedomn being ued o

app~roximat ion of the quiescent. patterin.

The corresponding antenna pattern synthesis problem consists of determin-

ing the closest approximation p,, to a given quie-scent pattern 1),, subject to a set

o)f null ronst raints. The solution of this pcr~blem requires a definition of

V "~~distance' betw.een two patterns; this w ill he dF-fined in) Gauss, sense as the metan

square difference between the piatterns. This pariticular meotrnc provides an

ove rail mreasure of approxi mat ion and, in c-ont rast to (for instance) ( hebvshev

a pproxlimat ion, gives no bound on) the maximnir do-viatbiin from) the des iced functioin

at any pa rticular point. Ilfowever, it is the o)nly-, metric that allo\%s the approxi -

mat ion problemi to be solved with an-,' sense )fFfteneralitv.

Trhe gjen(-ral antenna with N degrees of freedioni is discussed in Appendix A.

IkI-re for s im plicity we consider a linear- arr-aY of N isotrop~ic a ntenna elements
with uniform half-wavelength spacing. Setting u sin () (see Fig'ure 1), the antenna

far-field patt(-rn is described by the arraY factor

3. Schell, A. and Ish inraru, A. (19W)) Antennai pattern -sx nthla-sis, in A ntf-irna
Theory,l'a rt I, (-A. Collins and Zur-ker, ?ilcCi- -ifill , \'A

4. ),laYhan, J ., Sminons - A. , a)nd ( unr im nrys. \\. (1980t) %Vid - haind nulino
with adaptive at-rays usinv tapped dc - ii', P10Iti.I 11 1I; !\ A P-S
Svnrposiun) li~eSt, (Qu-hec, (nadadn [)1 110-1 l3.

I ujita, Al. arid lkrK. (1'78) Asymrpi t ic fe'tiirif, a:n daclptive airr anu
its ;ipplica;t in to ar-xpattoin ;,yntht-sjs. 'Vrans:wli-ti, 11A('IK if aparr



FIELD POINT

ARRAY

V. y y y ANTENNA

Xi x 2  XNj

EXCITATION Ixnl

I XiiIXNI APERTURE

FIELD Ip(u)I AjIL

u = sin 0

-1 0 1

Figure 1. The Array Antenna, Its Aperture and
Far Field

N

p(u) ne - i7Tflu(1

where xn denotes the complex excitation of the nth array element. The svnthesis

problem can now be stated mathematically: Find the pattern p,(u), such that the

mean-square differenre

1 2
~(p. ) !Jp(u) - p,(u)' dui minimumi (2ai)

-2



A -

subject to, rhr crInsirants

wheore-lu ril-menrt he ;rnuriular Irreatirn Irf the AI iner'f('r'enr'( soUrce. ,

NlXr airS5i'( that li( drhiied quiescent lpatteirii is ttiven :is Srrii~if N hir -

flirrflh(' as represent rd bY Eq. (1). FErr' the c~nra as' , A herel p. 1) ) 11:s :i

fUnetir)nal formr, p nirv he silliplv app rrxrrveted b-, the' first N te ,sr its

tr'rrrr'-eri's xpaisiri.Althorugh the svn-th's is porertrjr, ih (i mnvlv I

sr(lr(j U~f'nt ZLr)[ I"I\irrI r t I Ins, it, is ezis ilk sh. ior t le ad torT( r' I ho5 ~!ir
silvIM rf i 1)'A fr rrir1';Irtii II f tim 'Infit ia I D tt erm. \X' alsI) -ire.P tfl~i 1ho' 'IL! )

ziints in E'.(1)Itre I o lvid pende'nt, As defrieuid TI ti ne Ixt I,it .

3. MEHOD oF soldt 'rio*%

tesvuir he-si i probrhie1n rrrsed ihove is ;no (St rnmvenientlv. desriheI inl mu

ulit~irv 5;plt, A lichl albt .5 fr mu lemir i nterpirrtatiuon ,rflte irprrximmrntiris

"I"I rh'srhe the arvi' i pa' ~tter'n xer Introdruce an N-rh mensirnal complex pattern

spieP, spainned bv basis functions fe -Vr Y1 he, innerpt dc ftnpten

1)adq %;.e define as (p, q) (1 2) fp(u)rt(u)*du, w'ith the asterisk denoting corm -

1/
plr'x ronjugat e, aind for the nrm ca( p we use ip -(p), p) '.I nde r this inner
product th' lrasis functions a re orthonormal.

Sini i lar n, we int roduce an N -dirrens ional excitation space N in which an
array excitation .vith corefficie'nts {Xn I is rep resented bya corresponding excita-

tion vector x (xi x x ). The inner product we define as (X. _v) - Yx v

and the norm Xr (X, X)

The spares P and X a re related byv a one -to-one mapping, the explic(it Fir rm ruf

which is given by-, Eq. ( 1). Furthermore, as a consequenre of nrut choice for th('

nner p roducuts

with xand x de(noting the excitations oif 1) arid q respectivelY, and hence

q

l.Stpevskal, If. (19P70) on antenna power' pattern sx'nthesi s, I IC IC I Trins.
Antennas Propagatimn A P-it: 12:1-124.
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which we assume to be linearly independent in aceordance with the similar

assumption aboul the pattern nulls earlier. In pattern spice each constraint

vYctior (,o r esponids to a pattern

i i2u ru iiru

Iib -iTu e m e-i2u m -iNruq ~ () (' e e e + . . - , e

sin [Nlr(u - u ni )/21 -iir(N\ l)(u-u ) '2

sin [ir(u - U ,) e 2t

For large N the amplitudes of these beaams have the familiar behavior of a sine-

function centered at u - u m, resulting from the constant amplitude-linear phase

excitation represented by the constraint vectors.

Applying these definitions to Eqs. (2a) and (2b) results in the former equation

being formulated in pattern space and the latter being formulated in excitation

space, but by Eq. (4) they are readily translated from one space to the other.

Choosing to work in excitation space we obtain

C - -- a- 2  ra in. (7a)x °  - Oin.

T'a a m 0 m 1.. M (7b)

where xO and x" denote the excitation of the quiescent and the constrained pattern,
respectively.

Hlere "e note that in the same way as the condition of a pattern null, the con-

dition of a null in the pattern derivative (of any order) is readily expressed by a

constraint vector and included in Eq. (7). Setting the first derivative equal to zero

11



l ocates a sidelobe at that pa rt icula r pijit; sott it1' the pattiern arid it, (errvit iv4

-,qual to zero at the same paint bro adens the patti rrr null.7

Equatioun (7) shows that the de-sired 5' hutian 71 is rcthoL, nal ft, tie( ('nstrai mT

v'ector' {n,1 A geometrical interpi-etat ion oif this relation is iibta ineid if the
sopa cc N is drivrded into in NI -dimensi Ira subspaice spanned liv tlire veri rs

a d ii- (; A 1) -i i i ie n s roI ortrth ,n aI i 1)ncti nt Z.. Arx, tm-ct,, 7 -

22

Lquatiumn (10b) x-ields

o ~

arid therefore E in Eq. (10a) is minimzed h\v siltt inn 7' 7 ij~ijrc

x x -v(12)

and

c iron 'X , -x 1 (121)

Equations (12) and (13) constitute thic -Ititiii to, thliosip-Im

T he muethod if solutionl is rlostrmtmd in Iiprirm- 2. un xeOrr \hi-ii is (

hoippo lmtd has tllri10-i tions T :ml~ 7 inllh~r~-~s i .

m. Kiok, 1). mad Brandon, 1. W,80~t) 'I>io: ni ia ~-i
A ith bro;uc-ni-d zero, Ilectrurii-s I ar I irs l(, 11-

8i. Garitniarh(er I . (1959) The Theiiry ,f \hv iI ,d. 1, t1-5, 1,1iitd' i, n1



De ir d oilt C lo es A pr xi a i n )onfined t o 112bsp Zire

Equation 2l.b j p ieta lutaino the Approximatio ioPr rtooa oem:c e

V* I which spans Y, and therefore x is confined to the subspace 1.. IUnder

these circumstances the best approximation to 7 is obtained bly setting z o7

since oif all elIements 7 E Z, this point is closest to x

The antenna patte rn cor respond ingr to this Sioluti on will be discussed in

Sections 5 and

11 (:ONMIS~ION WITH1 OTH1ER METHIODS

In this section we intend to show that the present method of pattern synthesis

is related to the miethods of constrained i-ain maxim izat ion bv Drane-Mellvenna 2

and signial -noise rat io mcaximoization bY A pplobaum 1

Followving Drane-Alcllvenna- we seek the maximumn of the antenna directivitv

G in the 'look'' direct ir nu

W11, I !l(4 a)

f , it!



1) 01 1.'M (14h)

WVhen the-se 4*quaIt'InS are transforniod Into excitation spa( e they~ hecouiao

.here tlc %" t( 1

As before w.divide ecitit i , 41space N int, subspace Xspanned by the constraint

vecto is MV - 'and its -rth g co()al corn olenent Z, and then decom pose the 'r

x Into its prioflct ins, ll Hdiri9

7 v , xc Tc/ .C(N7a), (1I7b)

In view of Eq. (17b) we have x'a0, which uponl substitution in Eq. (17a) gives

G(u) -2 mix. (18)

Since 7. Ilz i is a vector of unit magnitude, clearly G attains its maximium when 7
is parallel to 7V The sought excitation vector thus is

T X7 f X(;Zf -) (19

where k. is a proportionality constant.

In order to compare- the solution for maximum gain [Eq. (19)1 with the solu-

tion cf pattern synthesis [ Eq. (12)1I, we must specify the excitation for the desired

quiescent pattern iT . As is well known for the unconstrained case, the desired
excitation x for maximum gain in the direction u is gfiven by

14



'om pa ring this wit h Eq. 18h) r ind thIa t it ifed 7" Vf and the( identity of tfia

\\t note, that the paittern s-Nnthes~s method ind the r.iain roaxroizti~i n oth 4

lead to the same solution if in Eql. (1' tfeaie to lhe an-v desirf'i %"" t

w %hich max, or- mna not coincide aith _x i"i n hNv lcq. (1f;). [n thet latt('r

case, otestrictly speaking we are( ni figr'.tirnizinL, Lon.

Next we( consider Applebaum's approach in wh owh .%i see-k ai of ira a%

element weights, denoted by the row vector (w v thait na IX I 71'

thu( generalized signal-no)ise ratio

2d 
0

Here t is thet desired quiecent steno)! 'ti nul Al rh i.also -%;irritwo matrix.

The latter consists f, twio parts:

Il Al 4 Al (2-2)

where lf represents the quiescent envi r nrnint (receiver noise ,tnl,) aInd 1\1

represents the statistically independent, external interferernce So rCeS (janii mers ).

For the present comparison with pattern synthesis we can assume all array ele-

ments to contribute uncorrelated noise oif equal power 1V 2 . whreh leads to

M l VV)1 1 (23)

where I is the identit-, matrix.

The matrix Al. is derived as per Applebaum. IAssuming Nl janmmers located

in the directions fum M f , the total interference signal at the kth element is

NI i krtu

V k Vm in In (24)

where V 1)denotes the complex amplitude of the individual jammler. Thle termls

U kF of the nmatrirx M At ,ir uiven hY



A I

1" V 2-

ci 1

A pleasant cons equnc c ,f (qI. (2') is lhal M O';m 1iw , ritten as lhe su l i '

(ovariance matrices ()F the individuAl .ijm nrs and thcrfor(we

IV", 12 A, (27)

with
/ 7 1 1 11u i 7r ( N - ) u ,n I//

Me - - -- 111
Cl------------------------------------ (28)

-i N 1)U /'

Substitution of Eqs. (23) and (27) in Eq. (21) yields

() ,1 (29)

N V0 12+ lV 2 M 4 12 I 311
1 l l2 l !vm l- in]

In the limit of infinitely strong jan ..rers, a necessar c onditi(on for a non-

trivial result is

(7 * j , 1 *) 0 m m . . (:10 )

Noting that M . can be rewritten as the outer pr(duct (,f oh vetllors 7 azint "

.1.C 1 Ill'

where - is given by lq. (i) and I denot(e. 11w c(li plox conjuRatu t rans-pose, it

is easily shown that IFq. (30) is equivalent t,,

1;



T)0 in %1 (l

Slim liii,-iiiitii l-:(ls. (29~), (30P. NMI (3 1) N v thwu :tir rivv z .11 pi i h 1.i,

I I) axII il) l Iin

Il(,. te I .ih~j ;!

A ut i ,, (,t .ip r ii c TlSi,l's t eruIl i ii.t Cir. h i li ,i i. l2)

whlere the riiiiut -limi side of Eq. (2h) max- have rm% itisirc ii utu Tt n,., .5 1 I
/f r). Itio patt.itt 1)(1), tu-ith inlilliizes ie 1 .Cived i DOS1- ilA'- ;Old Sii:111i lt-iuslt

muairtains ai fixed value at ; desii'.d I-(k i -II thu La Is n' i uIis lti;

that I-;, plu) is S iveuidn

IJI 
I

wherc N, (u) is the kit, wf anguilar noi se p)w en (list ribution. Neit her in this c-ase
are the pr-iufrrtics (4 the, result in 4 antenna tiatteln known.

%V e have thus sh w n t h it the published mtethiods 1, 2,9 an be m ani pulated to
vivid the Saint ri-suit as our, pattern s.ynthesis nmethiid. Concept iorrall, however,
the latter rurthud ma . be rai~we appoalin~y since it is a moare direct approach and

9. Munci, I. A. , Tufts, 1). , and lewis, J . ( 1970) Constrained least-squa,-S
6ytitsi ae ,)4rri.ifh-nts fri at-rays (4 sensorrs and I digital filters,
11.t-1-: Tran-u. Aeri)supace aiid Elect -nmil S N-st. Aj-S-12:1!r7r-201.

17



12) 1 N , t , - I -N

The* unknuvtn t riitf tetst IWIN ItI' (b-1-11111110- flt iii IL1. (01), 'All],11 OZA le f l

the rittUw I'A g .rttt u ~it r.S

X, VI N1 N 1 T Nil 'N I

Applttg Cramre's rulet, , . F int subslitutiniL h)t k Inl tq. (3~4) Nieds

a tI 7- ' ,,7

w he re the Granm determinant G G;V .  is the duttt',nnant ,f the citf

fir jent mat rix in Eq. 05~) (see Gtnachcr and 1) Il i the de-terminant (r the

same coefrcient nmatrix with the fith ctduivin replaced by thi nnVti

E~quat ion (36i) expresses the .-ptinium exe itat tin xas the qui escent vx( ititt t

x, nminus a weighted sum the fit, cist raint vectotrs (ci insta~nt tniplit ni- nea

phase extcitat ions). The pattern 1p,(U) ctirresponding t(, the tx tatjnx; is t mined -

iatplvy )btained, using Fqs. (1) and (6), as

p)(u) p"M-. ''I q (ut I



;1nrl thuis tile s,,il,,i t, our initial priilen Eq. (2) is seen to consist of thle de-

sired quiesenft patterni miro MI suwimrp svd sine -birans. THis resut tigrve's

t th the knownrease- f ; ,,inpte inteifriene soiurceI

Thecanel~ti~i bzim q(0 11re1present hl degrees or fred ire and ~c i

it roUSt he isii t, tvtl/c I pittcrn niulls , ith treso. Hoiwever, It I- i-

iivth it each ItIf t hose bIi iss a, -te r ,ned shi, v t the d I Iree(t in F the rre I 1 -

srntiir. ttirieri -Cre. I'hur' ith the firre ; i new, irtnjiri n.'

ilnpltitude's hbtll the titions ,f ti b-tris nefrd t, heIwtr (apart Frii the

rquirfienf-i-t f ai !1' 1r : -: iii aldative nuIlitli! svsten flits 11a.N p.551ihl

a i i (,nv.pfle rite in paitter n spjit tirin in Nilati 5)

6. R FFIII F N.IIIN(1 I L1, (()NSTI UiNS ON TIii P1 %TTERN

it i.-i- liti th:at F( I- ;m2 t trln:. l itt 0, rn t:2 it cortjin titi ns dies

fl'ir tn rrttrr ve ti nt~. sort a-~rn nd Ow ixttnt , r-s offits

I i ;tter, J piitir;Il a;isi %%l ;- t :d ria i tftst. H~e ille inL, tar( 11051-

artCS for the- iiferenve it ,I.%cn th, trrr-srrnt atnd The n-wstr;iintd pattern se11:

1. ll'attorrr iiianiLtr -f IP p t. Tis verall Ileasure is relevant

F ir sharped heaIrri patterins ''r fir parttorns utecrilre iver' the, efltire ,ngula r secto~r.

2. G(;n ( st r, G( (u I - ((u I thih is te reduction in Ii~tivitv in the

i,1k ilitirt in inr is ifr interiest, pajrt i(-iutrlv fir pencil In-nuts.

I,,% dc filItitin, t he patt I-n ihalnie C rI rrIIrMrI .q'(1 h imvinst rained s(lut In p

lwever it is aI hapn'. r(inidener that the itim cost ir is rainirr(rie s;imoultant-

irisk ais discuissed in iort in 4.

[he patto-rn i-h;iniue ma'v he w ritten usinv Eq. (13) I i~ethe r A.ith EqIs. (4) and

(!I)

[Hc last ti-ri rn E~q. Cikh) ian hre ii ni-selv 8xrse i the ati, If 1t%, Grarn11

leterim nts, le:eiineI.

Md x ci

T- I

I it, -fii ii ' . till,- . -r 11 it 1:1 ma i thatf ft,- -tpfllit sit Ilit tri 'F ft(- w ffi-



A simple estimate for emin is obtained when the constraint vectors y m can

be considered to be orthogonal. This is true whenever the jammers are spread

an odd multiple of 7r!N apart and is approximately true as soon as the jammers

are more than a beamwidth apart. Stated mathematically, the condition is

(V ) << rn IHV e n (40)-Ym' n ly 1 Vn
---

In this case the vectors ( }1 after normalization by Imy il 1 N form an ortho-

normal basis for the subspace Y, and thus we find

AI NI1

ri ' 2 _,, )I2 1 2

mi7, 0(41)
1 1

Equation (41) for E min seems reasonable since (1) the cancellation beams, which

are superimposed on p) to produce the nulls, are proportional to p0 (um), and

(2) the beamwidth of the cancellation beams and therefore their power content is

inversely proportional 'o N.

For the gain cost E g we obtain, using Eqs. (15) and (12), the alternative

expressions

P u )12 IPa(u )12 1 ,2 1(F ) - (7 . V)1 2

F , 2 9 Go(u) 1 ( ,f
0P 1 a alIra-x-

(42)

I. or the particular case where the quiescent excitation x - x ', corresponding t(, a
2quiescent sinc-pa3ttern pointed at uV Eq. (42) simplifies to E 9 ,'V I, wli'ch is

s.en to) h). equivalent t,, the pattern change e as given by Eq. (38). In this case,

therefore, rnfirrn iing the pattern change simultaneously minimizes the gain cost.

An estiinit- fr f- V can ho obtained when the constraint vectors are approxi-

mat.Iv orthioni;I aieain. Assuming a highly directive quiescent pattern and setting

F,,r simp1liitv 11 1 , it is e'asily shown from Eq. (42) that



2 (0) M

N p (o) ' III (il )

1

p (um ) sin(Nn'u m  ,2)
2 G (o) ~ (43)

o L po(o) N sin (u m / 2)
11

7. SUIMARY AND CONCLUSION

We have extended the general method of Gaussian antenna pattern synthesisi

to include null constraints on the pattern and its derivatives. The problem has

been posed as a constrained approximation problem and an exact solution has been

,obtained. The relation to other known methods to achieve pattern nulls under

mathematically well-defined conditions has been discussed.

For a linear uniform array we have shown that, with N] interference sources,

the c(nstrained pattern is the sum of the quiescent pattern and M weighted sinc-

beams. Each beam points exactly at the corresponding interference source,

irrespective of its relative locafion. In addition, we have derived simple quanti-

tative expressions for the pattern change and the gain cost associated with the

forred pattern nulls.

Finally, it is worth noting that we have formulated the constrained pattern

synthesis method in quite general terms, involving only the excitation at the

antenna input ports and the radiated beam patterns. The antenna therefore may

include any desired linear passive beamforming network. It is hoped that this

approach can further contribute to ann understanding if thv role played bY the

antenna in an adaptive nulling systel'.
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Appendix A

The General Antenna

The synthesis mnethod presented above can be generalized to an antenna with

an arbitrarx-1 feed network, such as shown in Figure Al. ApplYing a complex

excitation x nat the nth beamport gives rise to a radiated field distribution x f (u),~n n
where f n (u) is the far-field pattern and u the angular variable. The general

pattern thusi is

N

p (u) x xn fn(u) (Al1)

and our synthesis problem consists in finding a pattern pa(u) such that

P" fj(u) _pa 2)K (u) d u -minjimnum (A 20

Ipa (u rn )< inl . MT (.A 2b)

where the quiescent pattern p "(u) and the wveighting function w(u) are given. The

latter function can he used to assign more relative importance to a specific angular

sector by wvi~~htinv it more heavijyN, for in-stance.
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I'l es equat it ns a re the1 sa ine as vt te u tn if(frm air ray, but n(loW the rofst r ni nt

instead of the functions e 11hUsed earlier.

The uanrelltion [ranms thus her orec

W () r (ul) 'fl(u) I'l 1 . -AI (A 11)

ndhepatter'n

Al

p)z (u) t1 1(u) - Ll qn Wu) (A 12)

e iii e Ithazt the shape of the ranr el lat ion beam s no longer is independent of the

to mnipe direct ion u as it wkas for the sinmple arcray antenna.




