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Preface

The purpose of this thesis was to generate tables used
for the modified Kolmogorov-Smirnov statistic. These tables
are used for testing whether a set of observations is from a
Weibull (Gamma) population when the scale and location param-
eters are not specified but must be estimated from the sam-
ple. A brief Monte Carlo investigation is made of the power
of the test.

I would like to thank my advisor, Capt. Brian Woodruff,
who offered me considerable guidance throughout my thesis
project.

I would alsc like to thank my readers, Lt. Col. James
Dunne and Dr. Albert H. Moore, whose advise aided me greatly.

Finally, I wish to acknowledge my gratitude to my class-

mates for their encouragement when the going got rough.
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Abstract

‘ZZ;?The Kolmogorov-Smirnov tables for the Weibull and Gamma
distribution were generated in this thesis, These tables
are used when testing whether a set of observations are from
a Weibull (Gamma) distribution in which the location and
scale parameters must be estimated from the sample.

A power investigation of the test against some selected
distributions using Monte Carlo techniques was conducted.
This procedure shows that the test is reasonably powerful
for a number of alternative distributions.

A relationship between the critical values and the
shape parameters was investigated for the Weibull and Gamma
distributions. No apparent relationship was found for the
Gamma distribution. In contrast, an approximate log-linear
relationship was found for the Weibull when the shape param-

eter is between one and four. _.

~
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A MODIFIED KOLMOGOROV-SMIRNOV
TEST FOR THE GAMMA AND WEIBULL
DISTRIBUTION WITH UNKNOWN
LOCATION AND SCALE PARAMETERS

I. Introduction

One of the most important sets of data generated by the
Air Force is data dealing with the time to failure of equip-
ment. Failure distributions are of extreme importance to the
Air Force since they determine the reliability of almost all
mechanical systems in service.

Often these time-to-failure data are especially useful
if we can determine to what theoretical distribution they
correspond. That is, a test is carried out to determine an
agreement between the distribution of a set of sample values
and a theoretical distribution. This test is known as the
"goodness of fit test.'" If the frequency distribution of the
data compares well with the expected or theoretical distri-
bution, we can then use the theoretical distribution to rep-
resent the parent or underlying population. Two very useful
theoretical distributions that deal with time-to-failure data

are the Gamma and Weibull distributions.

Kolmogorov-Smirnov Test

The Kolmogorov-Smirnov statistic provides a means of test-

ing whether a set of sample values are from some completely
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specified continuous theoretical distribution, Fy(x) .
Suppose that a population is thought to have some specified
cumulative distribution function, say Fy,(x) . Then, for
any specified value of x , the value of Fy(x) 1is the
proportion of individuals in the population having measure-
ments less than or equal to x . The cumulative step-func-
tion of a random sample of N observations is expected to
be fairly close to this specified distribution function. 1If
it is not ose enough, this is evidence that the hypothet-
ical distribution is not the correct one.

If Fo(x) 1is the population cumulative distribution
and Sn(xi) the observed cumulative step-function of a
sample (i.e. Sn(xi)=§ , where K is the number of obser-
vations less than or equal to x ), then the sampling

distribution of

D = MAX|F,(x) - Sn(x)] (1)

is known, and is independent of Fy(x) , if Fy(x) 1is con-
tinuous. A standard table of the Kolmogorov-Smirnov test
(1:425) gives certain critical points of the distribution

of D for various samples sizes.

Chi-Square vs. Kolmogorov-Smirnov Test

Another alternative to carry out the tests of goodness
of fit, especially useful in the case where population pa-

rameters must be estimated, is the Chi-Square test (X ?)

2




The Kolmogorov-Smirnov test (K-S), however, has three major
advantages over the Chi-Square (12:68).

1. The K-S test can be used with small sample sizes,
where the validity of the Chi-Square test would be question-
able.

2, Often the K-S test appears to be a more powerful
test than the Chi-Square test for any sample size.

3. The K-S test will usually require less computation
than xz . This is especially true when a graphical test
is used, for if the hypothesis is rejected, the computation
stops at the point of rejection.

The two major advantages the Chi-Square has over the
K~S test are (12:68):

1. In cases where parameters must be estimated from
the sample, the x? test is easily modified by reducing
the number of degrees of freedom. The K-S test has no

; such known modification, so it is not applicable in such
cases.

N 2. The K-S test cannot be applied to discrete popu-

) lations, whereas X2 can be.
ﬂ Problem
j The standard tables used for the Kolmogorov-Smirnov

test are valid only when testing whether a set of observa-
. tions are from a completely specified continuous distribu-

tion. If one or more parameters must be estimated from the

3




sample then the tables are no longer valid. It has been
suggested by (12:68) that if the K-S test is used in this
case, the results will be conservative in the sense that
the probability of a type I error will be smaller than as
given by tables of Kolmogorov-Smirnov statistics. That is,
the actual significance level would be lower than that
given by the standard tables.

The existence of the probability integral transforma-
tion permits us to generate K-S type tables for any partic-
distribution, if the parameters to be estimated are param-
eters of scale or location. David and Johnson (4:182)
have shown that these parameters will be completely inde-
pendent of the distribution of any test statistic based on
the cumulative distribution function. The distribution of
the test statistic will, in general, depend on the function-
al form of the distribution of the original variables,
Since the K-S type test statistic is one based on the cum-~
ulative distribution function, the results of David and

Johnson apply in this case.

Background

Tables for the Kolmogorov-Smirnov test when population
parameters are unknown have been generated by Hubert V.
Lilliefors at the George Washington University. He gener-
ated the tables for the Normal distribution (8:399) and the

Exponential distribution (9:387).

4
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Objectives

This thesis has the following objectives:

1. To generate and present the Kolmogorov-Smirnov
tables for the Weibull and Gamma distribution when the scale
and location parameters are not specified.

2, To determine the power of the test in selected
situations using a Monte Carlo investigation.

3. To investigate the relationship between the criti-

cal values and the shape parameter for the Weibull and Gamma

distributions.




II, The Distributions

Weibull Distribution

Historical Notes. The Weibull distribution is named

after the Swedish scientist Waloddi Weibull, who published
a paper in 1939 (10:50) giving some of the distribution's
uses for an analysis of the breaking strengths of solids.
However, it was also known to R.A. Fisher and L.H.C. Tippett
who published a paper in 1928.

Application of the Weibull Distribution. In the past

ten to fifteen years the Weibull distribution has emerged
as the one popular parametric family of failure distribu-
tions. Its applicability to a wide variety of failure sit-
uations was discussed by Weibull, For example, it has been
used to describe vacuum-tube and ball-bearing failures.

The Weibull distribution is closely related to the ex-
ponential, but has two additional parameters, the shape
parameter and the location parameter. Thus, instead of a
single constant failure rate A , as in the exponential
case, a variety of hazard situations can be treated. For
a given Weibull distribution, the failure rate can be
either continually increasing, continually decreasing, or
else constant. Since many failures encountered in practice,
especially those pertaining to nonelectric parts, show an

increasing failure rate (due to deterioration or wear) the

6




Weibull distribution is useful in describing failure pat-
tern of this type.

The Weibull Probability Function. Let the random var-

iable x denote testing or operating time, and let n de-
note the ''scale' parameter, f the "shape" parameter, and
Y the "location" parameter. The Weibull probability den-

sity function (p.d.f.) is

)B-l

8
£(x|n,8,y) = BE=O__ exp' -(%x) ].Y<x (2)
n

The Weibull distribution function is

jsf(XIW,B,Y)

F(x) =
0
N
= 1 - exp -(—,]-Y-) , X2Y (3)

When g8=1 the Weibull distribution specializes to the
exponential distribution, and when £8=2 the resulting dis-
tribution is known as the Rayleigh distribution. The mean

and variance of the Weibull are given as follows:

Mean = y+nF(§%l) (4)
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Figure 1. CDF and PDF for Weibull and Gamma Distribution

Variance = nZ[F (ﬁig)—rz(éﬁl)] (5)

A Weibull distribution with y=0 and n=1 is illus-

trated for different values of the shape parameter B8 in

Figure 1.

Gamma Distribution

Historical Notes. The Gamma distribution is a natural

extension of the exponential distribution and has sometimes
been considered as a model in life-test problems. It can
be derived by considering the time to the Kth success in
a Poisson process or, equivalently, by considering the K

fold convolution (10:55) of an exponential distribution,

8
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The Gamma distribution is the continuous analog of the
negative binomial distribution (11:125) which can also be
obtained by considering the sum of K variables with a
common geometric distribution,

Applications of the Gamma Distribution. The Gamma

Distribution has been used widely in queueing systems. For
example, it has been used to determine the lengths of time
between malfunctions for aircraft engine and the lengths of
time between arrivals at a bank, super market, or mainten-
ance checkout queue.

The Gamma distribution is one of the most useful con-
tinuous distributions available to the simulation analyst.
If the variables from some random phenomenon cannot assume
negative values and generally follow a unimodal distribu-
tion, then the chances are excellent that a member of the
gamma family can adequately model the phenomenon. The
Gamma distribution is defined by three parameters, 9 ,
a and ¢ , where 6 1is the ''scale" parameter, a is

the ''shape' parameter and ¢ 1is the "location" parameter.

The Gamma probability density function (p.d.f.) is

a=1
f(x|c,0,a) = iﬁ:&l_a_ exp(— LE%EI) (6)
F'(a)o
6,a>0 x2c20
9
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The Gamma distribution function is
X
F(x) =.)rf(X|C,9,a) (7
0

This integral does not have a closed form expression.
Its values have to be determined by numerical calculations.
When a=1 , c¢=0 the Gamma density is the exponential
density function with an expected value of 68 . If a
is an integer value, K , then the Gamma distribution is
commonly referred to as an Erlang-K distribution. Further-
more, if 6=1 , then as o becomes large, the Gamma dis-
tribution approaches the normal distribution. If we set
=v/2 and 08=2 (where Vv 1is the degrees of freedom) we
get the Chi-Square distribution. The mean and variance of

the Gamma are given as follows:

Mean af+c (8)

Variance = a6?2 (9)

A Gamma distribution with ¢=0 and 6=1 is illus-~
trated for different values of the shape parameters o in

Figure 1.
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III. Methodology

The method that follows was the one used in calculating
critical values for the modified D statistic when the
scale and location parameter are not specified.

For a fixed sample size n , random deviates x(l),
x(z)...x(n) were generated from the Weibull and Gamma dis-
tributions. Next the random sample x(l),x(z)...x(n) was
used to estimate the scale and location parameter by the
method of maximum-likelihood. The resulting estimates of
the scale and location parameter and the constant value of
the shape parameter are then used to determine Fg(x), the
hypothesized distribution function. Finally, D=max|F,(x)-
Sn(x)l was calculated for the sample size n . This pro-
cedure was repeated 1000 times, thus generating 1000 inde-
pendent values of the D statistics. These 1000 values
were then ranked, and the 80th, 85th, 90th, 95th and 99th
percentiles were found. This entire process was performed
for sample sizes from n=4 to 30 .

After tables for the test procedure were completed, a
power comparison was conducted.

What follows is a more detailed description of the
steps taken in this procedure. Figure 2 illustrates this

procedure.

11




Start

Generating
Random Variates
from Gamma (Weibull)

Distribution

Determining
the scale & location
parameters by
Method of Maximum
likelihood

Obtaining
D=max|F(x)-Sn(x)|

Go To Step 1
(1000)
Determine
the 80th, 85th,90th
95th,99th percentile
Figure 2. Summary of the Procedure.
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Generation of Random Weibull Deviates

The Weibull pseudo-random deviates were generated by
1
x = |-1n (u)|® (10)

where u is a pseudo-random deviate from a uniform (0,1)
distribution and 8 1is the shape parameter. These deviates
were obtained on the CDC 6600 computer by using the Inter-
national Mathematical and Statistics Library (IMSL) sub-

routine GGWIB (19:306).

Generation of Random Gamma Deviates

The Gamma pseudo-random deviates were generated using
rejection methods by various computational algorithms de-
pending on the value of the shape parameter o . These
algorithms are contained in the IMSL subroutine GGAMR
(14:1541). This subroutine was used to obtain the Gamma

deviates on the CDC 6600 computer.

Maximum Likelihood Estimation of

Weibull and Gamma Parameters

The procedure used to derive the maximum likelihood es-

timates, n , B8 and vy , of the Weibull parameters, n ,
8 and y , and 6 , a and ¢ ,-of the Gamma parameters,
8 , o and c¢ , was developed by Harter and Moore (7:639).

They developed an iterative procedure for censored or un-

censored samples for the three parameter Weibull and Gamma

13




distribution, For each of these distributions, the likeli-

hocd function is written down, and the three maximum-likeli-
hood equations are obtained. 1In each case, simultaneous
solution of these three equations would yield joint maxi-
mum-likelihood estimators for the three parameters. The
iterative procedures proposed to solve the equations are
applicable in the most general case, in which all three
parameters are unknown, and also to special cases in which

any one or any two of the parameters are unknown.

Weibull Maximum Likelihood Estimates

The probability density function of the random vari-

able x having a Weibull distribution with location param-

eter Y20 , scale parameter n , and shape parameter R

is given by

8-1
£(xln,8,v) = (BEDyexp(-(XX)F)
n
! n18>0: XZY>O (11)

p The natural logarithm of the likelihood function of the

) order statistics Xy, X X of a sample of size n is

g1
given by (7:640)

v, n
L = 1n n'+n(ln 8-2 1n n)+(8-1) 2 In (x;-v)
c=1
\ n .
. - Z (x4=Y)/n 8 (12)
c=1
M
' 14




The maximum-likelihood equations are obtained by equat-
ing to zero the partial derivatives of L with respect to

each of the three parameters; these partial derivatives are

given by:
-8 n
- R s D Gyt (13)
i=1
n n
%% = Z 1n (Xi-¥)-zl(xi-Y)/n]B In [(x;-v)n] (14)
i=1 i=1
n n
%‘ = (l-B)Z(xi-Y)_1+8n-BZ(xi-y)B—l (15)
i=1 1=1

Gamma Maximum Likelihood Estimates

The probability density function of the random vari-
able x having a Gamma distribution with location param-
eter c20 , scale parameter 6 , and shape parameter «

is given by

£(x,c,8,a) = [1/T(a)8] [(x—c)/@]a-l-exp[-(x-c)/ej

8,a>0  x32¢20 (16)

The natural logarithm of the likelihood function of the

order statistics X11%gs .0 Xy of a sample of size n is

given by




.4

L =1n n!-n 1n T(x)=-no 1ln 6+(a-1)
n n
. Zln (xi—c)- Z (xi—c)/e (17)
i=1 i=1

The maximum-likelihood equations are obtained by equat-
ing to zero the partial derivatives of L with respect to

each of the three parameters; these partial derivatives are

given by
n
L -na/6 + Z (x,-c)6? (18)
38 @ 1 ,
i=1
n
aL — rd
Flia -n 1ln 8+:£: In (xi-c)-nF (au)/T(a) (19)
i=1
n
3L _ -1
Lo 1m0 (xgmerhenss (20)
i=1

where the prime in %% indicates differentiation with re-

spect to o ,

Calculation of Test Statistic D

For the Weibull distribution there was no problem in
calculating D in Eq(l) since Fy(x) bhas a closed form ex-
pression Eq.(3). Since the Gamma distribution does not have

a closed form expression, an integral calculation had to be

16




done in order to determine F,(x) before calculating D .
This integral calculation was accomplished using the IMSL
subroutine MDGAM (16:946) which evaluates the probability
that a random variable from a Gamma distribution having
shape parameter a with ¢=0 and 6=1 is less than or

equal to x

X

-t _a-1
o}

In order to use this subroutine, the generalized three
parameter Gamma density function considered in this thesis
had to be transformed to the one parameter Gamma density
function used in the subroutine. This transformation was

done as follows:

y X=C
-yl =(=7)
Fy) = (S22 7 o 8 7 gy (22)
c F(a)8
Let, z=x-c dz=dx.
Then, x=c¢-+z=0
and
y-c -z
za-l 5 .
F(y) = 5 € dz (23)
0 T(a)8

Next, let t=§ , dt=§—
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Then z=0-+t=0

z=y=-Cc—t

=y=C
]

and y-c
[ o1 -t
F(y) = W e dt (24)
0

which is the same integral in Eq(21) with x=-y-5-c-

Power Comparison

The power of the test using the modified D statistic
was compared for four alternative distributions. These
power comparisons were made using Monte Carlo simulation.
The procedure is very similar to the procedure used in creat-
ing the critical values for the D statistic. Five thou-
sand random samples of size n were generated for each of
the four alternative distributions considered. Then the D
statistic was calculated and compared to its respective cri-
tical value obtained from the table generated. The number
of rejections of the two different null hypotheses (that
the distribution was from a Weibull or Gamma distribution

with known shape parameter) were counted,

Analysis of Critical Values vs. Shape Parameter

The tables generated in this thesis for the Weibull
and Gamma distributions will depend on the value of the shape
parameter. For different values of the shape parameter we

will have different tables. For this reason we

18
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have presented tables for eight different shape parameters.
These shape parameters are .5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5,
4.0

Since there is an apparent relationship between the
shape parameter and the table's critical values,an investi-
gation of the possibility of finding an expression or equa-
tion that indicates the relationship between the shape
parameter and the critical values was conducted. Both re-

gression and graphical methods were considered.

Computer Programs

The computer programs built for generating the Gamma
and Weibull distribution were made very flexible. That is
they were built to generate tables for any shape parameter
input into the programs. The programs used to generate the

Gamma and Weibull distributions are presented in Appendix D.

19
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IV. Use of Tables

In the Kolmogorov Smirnov test a theoretical or as-
sumed distribution F(x), 1is compared to an observed
distribution Sn(x) . If the maximum deviation of
|F(x)-Sn(x)| exceeds a certain limiting value , da,n
the assumed distribution is rejected.

The steps in applying the modified Kolmogorov Smir-
nov test when the scale and location parameters are es-
timated are as follows:

1. Determine the values of the scale and location
parameters by one of the methods of parameter estimation.

2. Specify completely (including the shape param-
eter) the hypothesized distribution F(x)

3. Determine the desired level of significance, o ,
and the desired or planned sample size, n . The level of
significance, o , 1is the risk of rejecting the hypothe-
sized distribution if it is in fact the true distribution.

4, Using the tables generated in this thesis, select
the critical value, da,n

5. Select a random sample of n items from the pop-

ulation to be tested, and order the observations.

6. Determine the maximum value, d , of

D = |Fo(x)-Sn(x)|

20




where
s, = i/n when xi$x<xi+1
7. If d>da, reject the hypothesized distribution.
If d=d the hypothesized distribution cannot be re-

o, |

jected and we say that it is reasonable to assume that the
hypothesized distribution is the true distribution.
These steps are illustrated in the two examples which

follow.

Example for the Weibull Distribution

A certain engineer is involved with the development of
a new turbojet engine. It is important to determine the
failure time of this new engine before it is introduced to
the market. Six identical engines were tested. The failure
time data obtaineéd from these tests were:
‘ .034, .168, .266, .563, 1.344, 3.118 years.
: The engineer believes tihat the failure time of this engine
. follows a Weibull distribution with shape parameter equal

e to one and scale and location parameter undetermined. We

. will now conduct the test developed in this thesis at the
5% level of significance to determine if the engineer's

v hypothesis is reasonable. That is,

A

Ho: The distribution is Weibull (shape=1)

Ha: Another distribution

i First we determine tiile scale and location parameter by
L
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TABLE I

i ox, [F(xp) | Sp(x)  [F(x)-S (x;)] IF(xi)-Sn(xi_l)
1| .034|.036 .167 .131 .036

2 | .168}.166 .334 .168 .001

3| .266/.250 .501 *,251% .084

4 | .563|.457 .668 .211 .044

5 |1.344| .767 .835 .068 .099

6 [3.118].966 |1.000 .034 .131

Note that =max]F(x)—Sn(x)| is .251,

the method of maximum likelihood. The following values
were obtained: scale = ; =,923 location = a = .0003
Using these estimates and B8=1 , in Eq(3) we can obtain
values for the hypothesized distribution. We can then con-
struct Table I. Using the table of critical values for the
Weibull distribution for shape=1 we find for oa=.05 and
n=6 that d.05,6 =,383 . Hence, since .251<.383, we can-~-
not reject the null hypothesis. We conclude that a Weibull

distribution with shape parameter equal to one is a reason-

able model for the engine failure data.

Example of the Gamma Distribution

Major Smith is the maintenance squadron commander at

22
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Big AFB. During the past six months he has been trying to
determine the lengths of time his crew takes to complete a
maintenance service for an aircraft engine. This informa-~-
tion is wvital to him since it will permit him to schedule
his crew in a way that will optimize service time. Major
Smith, presented this problem to Lt Jones. Lt Jones gath-
ered the following service time data:

.397, .524, .691, ,973, 2.548, 2.933 hours.
Lt Jones told Major Smith that he believes that these data
follow a Gamma distribution with shape parameter equal to
one., Major Smith wants to use the test procedures of this
thesis at the 5% level of significance to determine if Lt
Jones' hypothesis is reasonable. That is,

Ho: The distribution is Gamma (shape=1)

Ha: Another distribution

First we determine the scale and location parameter by
the method of maximum likelihood. The following values
were obtained: scale = § = 1,009 location = ; = ,341
Using these estimates, and a=1, in Eq(24), we can obtain
values for the hypothesized distribution function. We can
then construct Table II. Using the table of critical val-
ues for the Gamma distribution for shape=1 we find for level
a=.05 and n=6 that d.05,6=‘383 . Hence, since ,220<.383,
we cannot reject the null hypothesis. We conclude that a
Gamma distribution with shape parameter equal to 1 is a

reasonable model for the length of time of a maintenance

service, 23




TABLE I1
i Xy F(xi) Sn(xi) IF(xi)—Sn(xi)l IF(xi)-Sn(xi—l)l
1 .397 | .054 . 167 .113 .054
2 .524 | ,167 .334 .167 .000
3 .691 | ,293 .501 .208 .041
4 .973 | .466 .668 .202 .035
5 12.548 | .888 .835 .053 *,220%
6 12,933 | .923 1.000 077 .088
Note that d=max|F(x)-Sn(x)| is .220,
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V. Discussion of Results

The results obtained in this thesis are discussed in
this chapter. Results applicable to each objective are
presented in the sequence in which the objectives were pre-
sented in Chapter I. All tables referenced in this chapter

are located in Appendix A and B, and all figures in Appen-

dix C.

Presentation of the Kolmogorov-Smirnov Tables

The Kolmogorov-Smirnov tables for the Weibull and
Gamma distribution when the scale and location parameters
are not specified are presented in Appendix A and B respec-
tively. The critical values in these tables were subject
to simulation variability. This variability was reflected
in the third decimal place of the critical values. Due to
this variability the critical values in many tables are not
monotonically decreasing functions of sample size when the
sample size exceeds 15.

This variability is not unusual for any kind of Monte
Carlo simulation. There are several methods which can be
used to eliminate this variability. One method is to in-
crease the simulation sample size. 1In this thesis the
critical values were obtained with 1000 samples. If the sim-~

ulation would have been done with more than 1000 samples, the
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variability would have been less. For example Table

(Ref. Appendix B) was obtained with 5,000 samples and as

can be seen the simulation variability has been reduced.

The critical values are monotonically decreasing for in-
creasing sample sizes at all levels of significance. All
the tables were not generated with 5,000 samples because to
do so would require a large amount of computer time. Anoth-
er method to reduce simulation variability is to run the pro-
gram with a different seed several times with a relatively
small number of samples in each run. Then the critical val-
ues are obtained by computing the means of the critical val-
ues found on these several runs. For example, the programs
used in calculating the tables in this thesis (1000 samples)
could have been run five times with a different seed every-
time. Then the critical values would have been obtained by
computing the mean of the five program runs. Again this
procedure was not carried out because it, too, would require

a large amount of computer time.

Validity of Computer Programs

The validity of the computer programs (Appendix D) used
to generate the tables presented in this thesis were verified
by comparing the critical values obtained with the computer
programs with the critical values obtained by Lilliefors in
his exponential table (9:387). This comparison is possible

because both the Weibull and Gamma distributions become an
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exponential distribution when the shape parameter is one
and the location parameter is zero. When the shape param-
eter was input to one, the location parameter to zero and
the scale parameter set to be estimated in the computer
programs the critical values obtained were almost identi-
cal to the critical values obtained by Lilliefors in his
exponential table. These results can be seen in Table III

for sample size n=10

Power of the Test

The power of the test was carried out as discussed in
Chapter III with only one exception. The Monte Carlo sim-
ulation for the power of the test for the Gamma distribution
was obtained with 2000 samples of size n=30 instead of the
5,000 samples indicated in Chapter III. The reason for this
change was the excessive amount of computer time required to
do the test with 5,000 samples.

The results obtained are presented in Table IV and V,
Table IV represents the probability of rejecting the null
hypothesis of a Weibull distribution with shape parameter
one using the modified D statistic of this thesis wh=n
the sample size is 30. The numbers are the result of Monte
Carlo simulation with 5,000 samples for each distribution.
Table V represents the probability of rejecting the null
hypothesis of a Gamma distribution with shape parameter one

using the modified D statistic when the sample size is 30,
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TABLE ITII

Comparison Between Thesis Program Critical Values

and Lilliefors Critical Values

Level of
Significance .20 .15 .10 .05 .01
Critical Values
Obtain by .263 .277 .295 .325 .38
Lilliefars
Critical Values
Obtain by .265 .279 .301 .323 .381
Thesis Programs

TABLE IV

Power of the Test for the Weibull

IModified K-S test for the Weibull

distribution

g??::lﬁl:?on Using critical values from Table 23
n = 30 _

H.: Weibull(shape=1) |95 ur w2 ==.01 w2
eibull .05 ] .044 | .056 .01 .0071.013
Beta .98 | .976 | .984 .94 .933(.947
ormal .96 | .955 | .965 .86 .8501.870
og Hormal .41 1 .396 | .424 .18 .169(.191
amma(shape=1) .05 | .044 | .056 .01 .0071.013
amma(shape=2) .46 | .446 | .474 .26 .2481.272
eibull(shape=2) .05 | .044 | .056 .01 .0071.013
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TABLE V

Power of the Test for the Gamma

hodified K-S test for the Gamma
distribution

quer]ying
Distribution Using critical values from Table 8
n = 30
Ho: Gamma(shape=1) qus My w2 &=.01 H1ooH2
Gamma .04 | .031} .049 .01 .0061.014
Beta .68 | .660} .700 .34 .319].361
Normal .42 | .3981 .442 .26 .2411.279
Log Normal .10 | 087} .113 .04 .031].049
Weibull(shape=1) .04 | .031)} .049 .01 .006].014
Weibull{shape=2) .01 ].006] .014 .001| .000{.002

The numbers are the result of Monte Carlo simulation with
2,000 samples for each distribution.
In both Tables IV and V, U, and U, represent the
lower and upper limit of the 95% confidence interval for the
i probability of rejecting the null hypothesis. This confi-

dence interval is given by:

' b - j B éﬁ = T

) P(P Za/z\/§-<p<P+Za/2 o P(U,<p<U2)

L where ﬁ is the proportion of rejections in the computer
K runs and ZOL/2 is the upper ao/2 cut-off value from a

standard normal.

! Table IV indicates that when the null hypothesis is
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true, the test does in fact achieve the claimed significance
level., The test has a very high power when used on Beta and
Normal distributions, but not so high for the log normal dis-
tribution. The results obtained for the Gamma distribution
with shape parameter equal to one were the same as those for
the Weibull with shape equal to one. This result was expect-
ed since both distributions are an exponential distribution
under this condition. In contrast, when the test was done
with a Gamma distribution with shape parameter equil to two
different results were obtained. This demonstrates that the
test does reasonably well against the Gamma distribution

with shape parameter not equal to one. In contrast, the

test is not very powerful against a Weibull with shape par-
ameter equal to two. This suggests that the test may not be
able to readily distinguish between different members of the
Weibull family.

Table V indicates that when the null hypothesis is true,
the test approximates reasonably well the claimed .05 signi-
ficance level and exactly the ,01 significance level. The
test has a reasonably good power when used on Beta and Nor-
mal distributions, but no so good for the log normal distri-
bution. The results obtained for the Weibull distribution
with shape parameter equal to one were the same as those for
the Gamma with shape equal to one. This result was expect-

ed since both distributions are an exponential distribution
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under this condition. 1In contrast, when the test was done
with a Weibull distribution with shape parameter equal to
two, different results were obtained. Unfortunately, the
results obtained for the Weibull distribution with shape
parameter equal to two were poor. They indicate that the
test could not distinguish between a sample generated from
a Gamma distribution with shape parameter equal to one to

a sample from a Weibull distribution with a shape parameter
equal to two.

In general, the results obtained for the power of the
test for the Gamma distribution were poor in comparison to
the results obtained for the Weibull distribution even
though the null hypothesis in each table was the exponen-
tial distribution.

Three possible factors could have caused these differ-
ent results for the Gamma.

1) The critical values used in the Gamma test were
generated with 2,000 samples while the critical values used
in the Weibull distribution test were generated with 5,000
samples. This implies that the critical values for the
Gamma distribution had more Monte Carlo variability than
those for the Weibull distribution,

2) The power of the test for the Gamma distribution
was conducted with 2,000 samples while the test for the

Weibull distribution was done with 5,000 samples.
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3) The cumulative distribution function for the Gamma
was determined by an integral calculation. This integral
calculation is subject to errors since the values obtained
will be limited by some tolerance. For the Weibull distri-
bution such a problem does not exist since its cumulative

distribution function has a closed form.

Relationship Between Critical Values and Shape Parameter

As discussed in Chapter III a relationship between the

critical values and the shape parameter was investigated.

For the Gamma distribution no apparent relationship was

found as can be seen in Figures three through 17, Possibly
by increasing the number of shape parameters in the inves-
tigation a relationship could be found. Another possible
explanation for the apparent lack of a relationship is Monte
Carlo variability in the critical values. Increasing the
number of samples used to generate the critical values for
the Gamma distribution may reduce the variability sufficient-
ly to enable a relationship to be found,

For the Weibull distribution an approximate relation-
ship was found when the shape parameter is greater than one
as can be seen in Figures 18 through 32. The approximated
equation found to represent the relationship between the
critical values and the shape parameter (between one and four)
is

In y = a, + ax

32

|



where ay 1is a constant, and a; is the coefficient of

the independent variable. The variable x is the indepen-
dent variable which is the shape parameter, and 1ln y rep-
resents the natural logarithm of the critical value.

This equation was the best expression found to repre-
sent the relationship between the critical values and the
shape parameter between one and four.

The equations obtained for all levels of significance
using three different sample sizes are presented in Table
VI.

The R? value on the table indicates how good the log-
linear equation represents the relationship between the cri-
tical values and the shape parameter. From these values we
can see that with the exception of sample size 15 at level
of significance .01 all R? values are greater than .85 .
This indicates that the log-linear equation is a good approx-
imation for the relationship. For example, sample size 15 at
level .20 had R?=.,95, and sample size 15 at level .15 had
R?2=.96 . In fact, of the 15 regressions done, 10 had an R?
equal to or greater than .90. From these results it can be
concluded that the log-linear equation is a good approxima-
tion for the relationship, but not an exact one.

The values presented in Table VI ‘were calculated using
the Statistical Package for the Social Sciences (SPSS)(17:11).
These equations can be used to obtsin approximate critical
values for Weibull distributions with any shape parameter be-

tween one and four.
33
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VI. Conclusions and Recommendations

Conclusions

On the basis of the results obtained in this thesis

the following conclusions are drawn.

1. The tables generated for the modified Kolmogorov-
] Smirnov are valid., Monte Carlo studies have shown that the
test achieved the claimed significance level when the null
hypothesis is true and have good power against several al-
ternative distributions.

2. A log-linear relationship between the critical
values and the shape parameter was found for the Weibull
distribution when the shape parameter is greater than one.
In contrast, there seems to be no simple linear type rela-

tionship for the Gamma distribution.

. Recommendations for Further Study

X Based on the observations made during this investiga-

! tion, the following recommendations are proposed for further

study:
d 1) To increase the number of shape parameters used in the
.
J investigation of the Weibull (Gamma) distribution to see if

a better expression can be obtained for the relationship be-

;! tween critical values and shape parameters,

2) To increase the range of shape parameters investigated
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for the Gamma distribution to see if an expression or equa-
tion could be found.

3) To increase the range of shape parameters investigated

for the Weibull distribution to see if the log-linear re-
lationship between shape parameters and critical values re-
mains valid for shape parameter greater than four.

4) To compare the power of the test between the Chi-square
and the modified Kolmogorov-Smirnov test for some selected

distributions.

5) To modify the Anderson-Darling and Cramér-von-Mises
goodness-of-fit tests in a manner similar to the one pre-
sented in this thesis for the K-S test. The result of
the three modified tests can then be compared to determine
which is most powerful.

6) To conduct the power of the test for the Gamma with
5,000 samples to see if the results could be improved with

! a reduction in the Monte Carlo variability.

e
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4 _+ 356 356 391 ) 426 . _ek80 |
, 5 335 1352 L3784 1405 Tl ]
| 6 T ,3c3 .31 336 £359 _ __ _ .399. |
: 7 _t 278 2295 2309 s 701 —ettas__}
; ) . 260 277 2294 , 321 374 ]
9 »250 0264 2281 W04 .3¢2 |
10 .235 2 24€ , 264 24990 2338 _
|11 1 221 232 2247 270 _e3i5 _ |
| __12 , 229 0232 _ 245 S268 ____ __ +313 _ _}
L_a3 1 2206 2218 2235 V262 #3008 |
16 . 196 210 0223 , 201 206
15 »183 2139 213 236 __.290 _ _| ‘
16 182 . 194 203 L2285 et |
17 176 2186 2231 . 221 286 __|
ERCCNIEN S 183 196 $220 ___.2¢7 }
19 166 2175 ‘ 119 212 o208 |
.‘ 20} .163 170 BLI ,.200 W202 ____
! 21 * 2165 2175 188 0208 . «2%0°_ __]
' |22 <160 16€ , 184 . 199 e240 _ |
N L__23 f 156 2165 2176 £193 .29 __ |
, 24 3 , 1869 a5t o122 2190 __ .21 _ _.
’ 25 ' y164 156 1168 WABT_ W23
26 143 2154 . 155 ,183 €220 __
27 Y +150 162 b 17T o .e213
28 2137 146 159 2174 213
29 A0 . a148 - 21602 WA _ st _
10 2133 albt 2153 2 166 2212

Table XI. Shape Parameter Equal to 2.5
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SAMPLE 2 LEVEL OF SIGNIFICANCE FOR C3MAX(F(X) =S(X))
_S_I_;_r_ _r__ 220 .15 .10 05 01
!

% i 350 5 366 U, 436 «491

] r v 324 2363 7361 s 191 1

* - <301 +313 +331 +362 420

7 279 296 s 314 +342 NY 3

— $266 281 $299 326 «376— —]
- -} 239 5252 v270— 296 *33 — -

10— 237 T269 V263 5208 *386 — —
—1 — 2216 2230 s248 « 270 0320 -~
—12 2213 s22y s242 3267 —e3(P -
—t 3——1 5207 s218 V23— s 252 2286
—14 [-_.mc— 20 .220 200 «286
— “188 +201 3216 235~ o275 =

e w178 s199 206 <229 +280
—tr— 179 189 +206 + 22€ «2€6
—18 —}——--517% $18Yy +197 v218 .254
L‘"lv i168 3178 <192 212 «289 ——
~—20—1% 2163 172 +183 w197 $239 — ——

2t <158 S167 .17&———:zoz'~---“-.zzr'~j

22 157 - 154 841 + 195 W2
——23—1% *150 - w160 31780 188~ e 230
F—-2t <151 $160 —172 v191 T 273 ——
—25—1 168 15 ¢ 169 s 184 o215 1
———26 T162 +151 +161 ~181 °2(S

27 1 139 168 3159 177 =205 —--

28 +136 148 +155 3176 .202
29—} ——3136— - o104 +153 176 - L198- ——-
~39 2130 138 ~23%8 r Y4 2%

Table XII. Shape Parameter Equal to 3.0
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T T' e -
SANPLE CEVEL OF SIGNIFTCANGE FoR A cF0 <so0r 1
) O AT o T e e —————
N 1 .20 15 .10 .05 .01
—_ e ———— R ]
! ) 1352 2368 s 401 o 44 088 |
5 . 322 o _e33¢ 1355 387, o459
[ 299 0312 2329 P 13 S .1.12____1
7 1 277 »291 L2118 o34t _.393 ___
" 2262 278 292 o315 o373 __ !
9 __ ] W243 4257 .273 . 302 o3€9__ |
10___ +239 2252 2264 1289 J300 !
T S .217 0226 o247 «269 3t ___1’
12 211 220 2234 .258 . _ _ ____e307___|
33 ,202 212 229 252 0289 ____]
14 +193 4274 2212 e20t 283!
15 186 e 239 «213 «239 0275 _ .
16 1182 0171 211 . 230 272 ___|
i | 17 \ o175 2187 2200 £ 219 265 __ |
N 1. . .172 2180, 1196 0218 e250 |
19 - + 165 0470 s1%9 «209 218
! (20 . .161 o171 +181 202 22 __ |
) , 21 ] $160___ 1167 2180 o 19% 0229
» tgz 2157 0166 <181 <200 227 _ _ ]
N ! 23 150 161 21714 185 _ . e217 . |
') l__-__z_«__i-.___-_lf‘.a,,___ +153 * 169 101 _._e216 ___
|25 U3 .52 +162 s 180 X
,4' 26 139 Y +155 2179 235 _ |
. 2r 139 +150 2159 o174 __e2(6  __
. 28 .38 A6 157 173 ,211.
\' | __29 133 o480 0349 L1E7 212
v 32 2130 alle 2187 al163 2199
M
Table XIII, Shape Parameter Equal to 3.5




SaupLE LEVEL OF SIGNIFICANCE FOR C2MAX(F(X}=S(X)) )
,srf‘.__ T T .10 T.05 T T e T
4 __s349 2366 2392 2429 . __Ju82
5 _e323 #33S £ 157 , 382 ___J6k8 _
6____ 4296 2310 0329 4356___.___ . _e4(9
7 .272 . 287 £ 388 $333__ __ . ._.385 _
A b _.263 278 0292 .32 383 _
B 9 _ 237 _ +250 +269 . 296 o3¢0 _ |
L._30 . 234 2247 1264 B9 W382 ]
|31 o217 _ 22217 202 27t ____ . .3¢5 }
__12 v 210 _s228 «233 . 25¢ _e3Cs ',
13 2202 2213 +229 +249 .292 ;
te ] +195 ___ 0204 +216 . 200 .280 _ T
| 15} .186_ . 137 +241 w230 ___ ____.265
15 s 18 +123 +235 $227__ 272 __.
—1Z 0172 .183. +196 £ 217 o256 ____
14 2171 2178 2193 2218 .znz___L
A & ] 1163 $172 2185 _s207 250
F— 24 +160 2470 2192 . 206 200 L
| 21 e156 _ 164 2176 197 _e278 __ 1
r—zz «155__ £.064 2127 192 235 L
|23 s 0162 0173 +.190 ——elib____}
24 2147 +155 2168 0390 _e2% __ 4
29 alb?___ 158 165 »108%_ 216 _}
26 139 2106 _a157 oA W21 )
22 0137 —— s 105__ o159 471 _e209 ]
28 2133 s 168 2149 w162 0202 ___|
29 o a3 1% UY S— & 16T .. +198
30 2132 aded —als0 alsy 2392
Table XIV. Shape Parameter Equal to 4.0
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Tables for the Weibull Distribution
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SANMPLE JEVEL OF SIGNIFICANGE FOR SeMAX(F(X)=S(X))
SIZE
N .20 .15 .13 .05 .01
S s Lo ey 36%—en o 380 — — --ale 10 ——— b G 84—
——e— . 337~ —-.352— .368 02 50—
6 : .316 .333 «350 .383 o453 ;
e e e 299 —~ +309 —326—-- 356 .«34.—-—-;
—- =g~ —— 280 — —— -, 297 o314 - 340 --;«w—-f
P~ 9—— 1 7269 ——279— —29¢ 32— 3
—=-10— - " 258 —— = — 27 0— <289 <319 — 377 :
f ——11— }- — -, 28— ——~ 261 —— ~—,282 +304 — 34—
—12- - 236" 252— “26F <290 -1350.-—-?
- 13 3230 2 21— 256 283 34.0——-
——gy e 5 222 —— ———\ 236 —259 274 — 317 |
- 1§ —— 210— L222~ .29 — 265~ 32—
- 16— =] ———— 202 — == — 214 +229 -—253% 295 4—mnm
—— 17 -—f ~ . 199- . 212 ——229 225¢ -3¢0 ’
— —t8—— — 19 5203 —_——2 235 ————— P G
—19-~—-} ——-- 193" —.203- - ~e215 246 v2 86—
-— 20— 5168 +197 — 29— 229 ——— 260 ——
—2t——]———v161 54 G~ g 2( § 2 2§12 66—
[— 22— —-—— 1P ——— — 187 =197, 247 ~— 253
—-- 23— |- 177 $169— «199% +219-* 1258 ‘
——24— -~ 472~ 182 ey 924 214 25—
| —— 25— f——- — 17t <181 21974 —215 — 259
L — 26— | 165 —175 .183 w202+ v 225——
—27— 3162 176 e ] £ e s [ S —"
— —29 —— +160- +169— oi 81——————— 200 — 234
———29— 1 156——————— 1 Bl — ey 49— 23—
L“SQ-'—' (w o1 rivh- T e —xily - e |
Table XV. Shape Parameter Equal to 0.5




SaMALE LEVEL OF SIGNIFICANCE FOR DsMAX(F (X)=3.X))

SA:E B .28 15 .12 .05 .01
-« dmee foes g 339 o- — - —e358 — —ee . 0399 — 35 —519—
— 8 ferm——n 33— — o Bl o mme— 362 $394 Fhlty-—-—

6 ; L3 e L K ) o322 “‘“55""1

T [ —— 4285m= cm- . (30 -~ m— = =326~ ~— 3357 Ve 2y i
= — g e e 2PP e m o (293 - 3 g +339 +413———
- 9—=t —— 25— — 280 ~296 «32¢ +39¢————!
== g -t —— 25— — —, 270-— 289 —313 361 ——
Fm=12 o p o L 267 e 260~ —= - 4219 +305 — 33Ut
[ 2 ——— ;26— .25% <268 .293 +354-,———
-— 13—} -———y 229 ~~239 — 251 s 277 ~337— —
— g - —-22 -—,235 ——e249 274 2319 ——
—-—15—} 5208 — s220— -—~239 265~ +316
F - le——f--—— 20 - — 212 -~ 2 29— 252 — 363~
—~— 17 ~-- } ———197-—— +269 “226 249 v3Cir
- —t——} 19t ~199 —211 <229 w261
—— 1 =103 ——— 20— . -, 216 ~237 +290

~- 29—} 185 — +196 T e T i — y F —

21— T 180— 4190 246 38 23— 2 6 ]

22— 4T ——= —,185— +197 22 14 249 - ——
T 2y T -y —————, 18— ———31 97— 245 +250+
L—?t"' - 17— 3 180——————1 92 2240 2268
L-——zeﬂ——~ 171 179 - 191 1286 ¢2 S =i
- 20— - -——51€3- —s175 — 185 +199 236
b—--27 2 161 31691 83—y 2§ F——mme—y 2 3]
——28 ~—} - ——,169 —- 169 o1 80— —————y 20— 2 Bt
—- 29— f——— 156—~— — 163 173~ ~193 ~ 23—
e b e 4 7 e 493 aa>

Table XVI. Shape Parameter Equal to 1.0
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I .
{Ennogs LEVEL OF SIGNIFICANCE FOR D=HAX(F(X)=S(())
! SISE 1 .20 15 .10 .05 N3
“ «373 392 417 YT 552
5 301 .56 0302 21 wrs
3 « 329 o345 «361 o789 73
7 «299 +315 «236 267 b32 ]
[ . 285 305 $318 +349 ol
9 o279 o284 WAt 0326 355
, 10 02582 o274 «293 «319 T W37
D1 o254 260 .283 o211 o345
, % 12 e237 «254 o274 .298 «359
P .229 239 251 .284 0329
L e . 228 235 ' 268 o274 226
I 18 241 222 239 253 «316
AT | .233 213 .238 .253 304
E 17 . 238 0212 ei27 o209 0332
? 18 o131 $204 W212 27 269
; 19 ] 0136 0203 215 279 206
- T ¢ 188 *196 .208 .229 269
Lo 181 189 «207 225 .265
22 b o176 +186 «196 e210 o207
23 .176 184 +195 V244 o250
2 o172 182 +194 0242 o248
25 0139 o177 o190 o218 0253
2 o158 o170 o184 0202 0237
27 0162 o170 185 .201 W20
28 .159 o171 .182 o202 235 ]
29 °155 +163 o173 o186 233
an { a15h 2162 PV | . S - S
Table XVII, Shape Parameter Equal to 1.5
51




d6¥Fec _ LEVEL OF SIGNIFICANCE FOR D=daX(F (X)=S(X}) _
s‘;‘__ _ e20 o15 .13 05 1
B _
¢ o« T TTTTTL36T WIT9T eI <350 3Y44 j
% s T 1TTTTTL338 T 349 370 T Y1
6 .313 332 «351 379 57

TPTTTE T a8 <307 37 159 Y4}

B T T G227 295 <308 « 347 eiT
T R T "L 26k 277 2233 2320 357
F°10 T F T U.285 0 T TTTTTI63 237 3170 374
A T S S Y2 B «255 27T 3299 I
"'12""L" 7233 £ <236 <291 917]

L S TR S | 233 4 7273 3327
"“ Lo TR TTTTTL243 T T T 229 « 243 1) 317
f‘“"x; - . E07 V243 A 4 I5Y 79
;' 167" e T A 2209 <226 32510 .cmr“‘J
r T TR T T 100 T 3203 ta?s %2 298
P - 187 7195 rTi1s YT y{13
; 19 T T T LT 199 219 e23f Y42

-7 I ¢ 1827 2193 23 223 Y{:x3
Tt | A7 2188 Y4t 222 B3
O+ A SRS ¥ £4 183 <192 21T P-4 R
T3 P UUTTL.LTe T 2179 132 21T .ZR?““‘J
T"'zn"“J”‘ e 169 L] I79 206 Y|

- 25"-"4"’"""2'156 172 +186 e 21T Y414

- 26 T OTTVLeT 7T T TG «I8Y 197 232
T o159 187 +{3T +I3% YT Bl
28— 155 65 I3 195 229
= 287 152 <160 <1569 + 1387 230

i b » 152 155 47T 2158 222X

Table XVIII,
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T ek

el _-cuic OF SIGWIFIZINGE FOR DatAX(FO0-S¢OD |
SLE‘- . ___e2d 15 «i0 05 01
_——— e oo e —— ——
Tt TTTT, « 155 37w <L u5 YYs +522
TTesTTTYT ° 372 <365 <35 +3536 N1
) [ « 113 «329 «J 45 «376 o550
I S 4 255 <301 322 35% 2341
B "‘"’."27‘ S29T 23733 338 SuC3
g 2253 vl y-4.1) 315 <375
T T "W 2527 «26% 438 <339 37
B ¥ Sy 21 w253 272 2297 LY
12 223 L3y . 263 <289 1y £
TTTL3 T $ 227" 23T 2WTT +» 2569 «320 -
TG T T 45T 225 preT V261 TITT
15 . 213 eCle «229 « 250 PY-41)
18 } “oi97 2205 4l VIR7 4.1
B YA SRS 1% S <205 20 <238 417
" 13 135 «192 25 <228 341
19777 TTTTILeYT g% 4T 223 Y44
[ 23 . 178 <183 202 7222 26T —
el v175 {55 “199 <220 Y41 aamne
’’’’ F&4 2173 <173 89 <2U8 o237
23~ TV 167 2177 “139 Y48 rr4t;
[T 2% <165 177 <186 <205 N 4]
25T — 160 7T .153‘ —+«20% —e252
28Ty YT Y1877 T 168 T80 «19% <30
27 + 159 «{6o 177 196 Y47
TR8T T T T LAY «163 175 . 19% <226
A R SRS 1-7 S 1% 4 <167 181 41
CTT36 < 1) 2155 ~_ 100 215856 Y 449
Table XIX. Shape Parameter Equal to 2.5
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peamee b sEER 0P SIGNIFICANCE FOR JztA((F(X)-5(X))
- bl a5 .10 05 .31 B
,
i SR T {-F I 37y e YY) 14
TTTE T T T3y i P {3 S <392 1113
R S .1 ~.324 346 372 oy
8 7 LYY S2Y7 2313 19§38 I
3T T L2 «237 30T 37 2y T4 T
g T YT L2877 Ty “TEG 7312 37¢C
B 24 2262 213 “3UF 24"
gy T T ,236 T TTTTURS2 <288 V29T 7340
6 - L2 <227 +237 <264 <2 B8 «327
{ 13 T217 2227 417 —755 7320
}' TS TTTTETTTT TV 218 2228 «238 228U 30%
s TTRETTTIV2 =211 2T T748 ¥4
ie [ <195 iy 2221 4%} <082
Y 4 .13t ST W2 {7 237 - I |
T 18 ! T.183 1917 2 Te 273 {1
. 13 v 1588 TIo% 235 Y44} 2T%
' Bt 175" 8T ra 22T V260
t [— 21 17% 183 97 Y4%] <255
w [~ &2 P 14 177 <138 207 <23F
' 23 1 T T T 165 176 <135 2207 w249
} [ 24 S IB% Y175~ 3843 7202 Y4 Sanmmm |
L Z5 <162 183 TIET TS Y414
: X 7726 r + 158 +167 <176 197 2237
il ' 27 L I57 165 2175 TTI% 237
{ .- —28 T1eY T61 ec T3 i)
f \ il T1Ly 156 - “166 r33.14 23T
L i I a7 353 YA 1Y 224X
i
[ . Table XX. Shrspe Parameter Equal to 3.0
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SEMPLE F CSi. OF SIGAIFICANGZ FOF sevixe st
SAE‘: T —%
w
o o353 + 369 ale 2 445 522
t 5 2323 342 A156 L3187 L5854
; & 203 322 2ol 2371 T
} é .28 4295 318 37 bl
% P! 226 0253 £300 23312 A402 1
‘ 9 ,253 2269 L2486 RIL) J367
‘ 1k 2243 2261 278 A3a7 J374
E 1 2274 249 1266 288 337
t 12 222 2230 J2E1 J2A7 337
P ‘ 13 .213 220 2202 268 320
: 14 2211 2222 2237 2260 1238
' 13 2198 2213 2224 265 LT
16 £198% £203 2219 o260 2261
Y4 2183 .204 2216 2276 1292
18 o2 2139 22 e 222 2263
19 2186 £192 2203 2218 $27%
20 217 <187 2199 1221 2260
i 21 2173 213 2196 247 2258
. 22 167 176 2184 2205 J226
» 23 163 2175 L1088 2206 2245
—_—a alss all3 A3 2200 a2bd
) 25 L1610 2164 2180 2293 2252
26 2157 1166 2478 192 _.23]
21 o153 2165 allZl 196 227
28 i +15% 2163 «173 2192 1225
29 sl 2155 2163 al79 2220
30 sl67 «156 «163 .182 o214

Table XXI. Shape Parameter Equal to 3.5
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sadoLe LEVEL OF SIGNIFTCANCE FQR [=MAX(S(X) =S(X1)
SI&' .29 T o.es T Ta1
“ 367 WMDY ___ w39 .S 2 _
s IS 1 1 . 386 WSl
5 o306 . 3¢9 W43
7 °279 o34 st
] 268 #3135 s4(2
9 285 +310 134
10 «265 e . 306 *376
11 2y 247 .37
12 0223 + 285 _e3r___
13 o215 o _e282__ . e3Ed___
10 209 +258 <293
s C.108 . 245 +296
P 1e 10 L2139 2%
17 .189 <236 +290
15 181 » 220 +260
19 o183 . 218 274
20 ars . 221 260
21 172 . 21E +258
22 B B . e202 .26
23 166 204 224k ‘
26 o163 . 1200 .239
2s OIS Ll B . 201 252
26 _etS7_ . 191 .239
27 185 <192 235
24 150 <191 235
29 UENNEEE DI . 179 .227
30 +166 182 2214

Table XXII.

Shape Parameter

Equal to 4.0
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5 AMPLE LEJS. OF SIGNIFISANST FOR D=MAX(F (X)=S(X)) ]
slzc =
N .20 .15 .10 .C5 .01
" 7303 by 393 T .%96
5 <337 T 3Sed <568 S395 Ny ¥
[ . 313 «325 Y ) 383 ololels
7 L2683 <300 2330 <363 <18
[ “276 .29J +310 363 o1l
9 . 261 W 275 e292 «320 375
10 . 252 +2h6 <243 ) «3E5
11 B I8 2253 340 301 T <357 T |
- 12 2T, v246 NTY) <291 V352
13 . 225 .235 252 L277 L3284
1w «223 231 L W 37Y 8522
15 21l 22 7536 IF T31%
ib 2267 2213 233 <253 .33
7 ] 2212 Zib XY 294
7 1% . 195 2207 3 3'Y <258
19 <191 S20s .Z15 <238 2262
20 T187 <197 211 W23 75
. FEY s 181 . 191 2 0% 227 YL
: 22 178 187 v v L) 756
[ 23 17% +183 o195 210 «¢52
' 7% TI7t 18T 193 LT Y130
! 25 T1R7 177 <149 g3V %33 i
26 CiE7 J176 '3 4.} o 207 2L7 ‘
!‘7 27 — T I T8Y 7200 238
‘i 28 <157 <165 173 197 <238
- L“?B + I5€ «1be «175 3823 + 228
. IV « 1D 0403 173 254" - X 44}
.
» Table XXIII, Shape Parameter Equal to 1.0 (5,000)
b
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Appendix C

Plots for the Relationship between

Shape Parameters and Critical Values
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SHAPE VS CRITICAL VALUES
GAMMA

- LEVEL=, 23 N=S '

. 3.58 3,54

3,46

3.42

3.38

3.34

CRITICAL VALUES1@?

3.38
Y

3.26

4.08

3 22

g, 8¢ 1. 60 2, 49 .20
SHAPE PARAMETER VALUES

Figure 3, Gamma Level=,20 N=5
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SHAPE VS CRITICAL VALUES
GAMMA

8 LEVEL=.28 N=15

1.86
A

1

1.94

1,92

CRITICAL VALUES10?

A

1.90

1.88

8 A
“b. o2 2. 88 1. 68 2. 42 3.20  4.00
SHAPE PARAMETER VALUES

sl Figure 4. Gamma Level=,20 N=15
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Bia e X

CRITICAL VALUES1@?

. 1,46

1,44

1. 42

1,38 1. 48

L

1, 36

Il

1,34

1. 32
L.

1~
m

SHAPE VS CRITICAL VALUES
GAMMA

LEVEL=. 20 N=32

'iLBﬂ

2. 88 4.00

1.60 2.40  3.20
SHAPE PARAMETER VALUES

Figure 5. Gamma Level=,20 N=30
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CRITICAL VALUES1@?

i

3.54 3.58

L

3. 46 3,58

3. 42

SHAPE VS CRITICAL VALUES
GAMMA

LEVEL=. 15 N=§5

“a. ag

2. 8o 1. 60 2. 48 .28 4.08
SHAPE PARAMETER VALUES

Figure 6. Gamma Level=.15 N=5
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SHAPE VS CRITICAL VALUES
GAMMA
m
-, LEVEL=, 15 N=15
N
=
)]
L]
e
S
B
J
-
=n
=N
>
-
S
o
]
o
"
s
d-
[e]
[+
-1
&
m &
b.63 @63 1.6 2.43_  2.20  4.23
SHAPE PARAMETER VALUZS
Figure 7. Gamma Level=,15 N=15
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1.54

1.52

1.52

i.48

1. 46

CRITICAL VALUES1@®

1.42

1,42

SHAPE VS CRITICAL VALUES
GAMMA

LEVEL=. 15 N=33

.
i

v/

- T oy “
0,60 1,63 2.40  3.73
SHAPE PARAMETER VALUES

-
4. 53

Figure 8, Gamma Level=,15 N=30
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SHAPE VS CRITICAL VALUES
GAMMA

- LEVEL=. 18 N=5

. 3.85

3.08

3,85

"l

3.88

3.75
L

CRITICAL VALUES1@?
3,78

3.65

i

3.68

) “b. e 8. 82 1. 68 2. 48 3.20
\ SHAPE PARAMETER VALUES
ol Figure 9, Gamma Level=,10 N=5
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SHAPE VS CRITICAL VALUES
GAMMA

a LEVEL=. 18 N=15

2.29

2. 26

2.23

CRITICAL VALUES1@?
2.20

217

4
ot

-
b oo @. 82

1. 63 2. 48 3.20  4.08
SHAPE PARAMETER VALUES

Figure 10, Gamma Level=,10 N=15
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SHAPE VS CRITICAL VALUES

GAMMA
m
3. LEVEL=. 18 N=30
@
4

1.57

Ny
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0
':-J
! @
, .3
¥
{
. [
, “b.oo 2. 82 1. 60 2. 48 3.28  4.08
. SHAPE PARAMETER VALUES
[ .
. Figure 11. Gamma Level=,10 N=30
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SHAPE VS CRITICAL VALUES
GAMMA |
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O
<8
>
-
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Figure 12, Gamma Level=,05 N=5
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SHAPE VS CRITICAL VALUES

GAMMA

S

- LEVEL=. 85 N=1S
in

«Q

“"1

0

©o

s

2. 55
de

-

CRITICAL VALUES$1@?
2.45 2,50

49

T
4.08

238

2. 88 1. 68 2. 48 3,23
SHAPE PARAMETER VALUES

Figure 13, Gamma Level=,05 N=15
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SHAPE VS CRITICAL VALUES
GAMMA

[
37 LEVEL=. 35 N=32
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1.75
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A

CRITICAL VALUES10*

1.89
A
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<
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SHAPE PARAMETER VALUES
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Figure 14. Gamma Level=.05 N=30
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SHAPE VS CRITICAL VALUES |
GAMMA i
S 3
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e
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B
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)
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-
4
S
R
HQ
: o
, o
‘ 8
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in
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A
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4 <
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\ SHAPE PARAMETER VALUES
i Figure 15. Gamma Level=,01 N=5
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CRITICAL VALUES1@?

2. 95

N
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A

2. 83
) -

2.77

-

2.71

SHAPE VS CRITICAL VALUES
GAMMA

LEVEL=.81 N=iS

°b. oo

8. 88 1. 62 2. 48 3.20 4.00
SHAPE PARAMETER VALUES

Figure 16, Gamma Level=,01 N=15
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i SHAPE VS CRITICAL VALUES
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Sk

RCZ2e3TNSY 912, 107 33020 Y (T ™ 0, T,CINTES»I0X P37
ATV A, IS L, I I028 W, Ciz130,
LI322 -y, M8,

TAGRANM STSIT(T AT, JIT YT, TAFEE2JUTPYT)
4T D028 BBIIIN AR IATL NGt JNETNS AL AIAPSGIDOBRIAB P PIGIBTRIGAIY
Der A LLR BRALLLY 3" V0B SRl T li 68 L0ePPIDOSSORAPLS eI PIIGPIPIGSY
STUHIE P07 FTUTRITIS TARLEIS  FOR THI MUCIFIZD ¥-S T3
STITOFRNLI STIINCTIOTS WALIZ FOR THT WESIAULL JISTRIIITION
“23SME T STI?IL, N oLIe 2.
#5744 [F SCALT "ARIMTTE® T4:ETa IS KNOWN
#5121 [F THTTY "S 70 3: ILVIveTiD
eSIisr (F INAITL ) T 9 KNGUWM
POS22L IF (<€) 1S T AT SSIIMATED
4CTIz, IF LCRATINM(IY TS i OWN
vC3Ist IF 2 I3 TC 07 IST tmaTED
ST1zINLIIAL ISTIVATTY 1F THETA (OR KNIWN VALHE)
*Ca2IPITINL IRTT-ATIN IF N (J< KNCHWN ViLUS)zo oe Zen)
SEVIELHITIAL ISTIMATIO OJF ALPHA (0 <NOWN VALDS)
B8 000008 BPISE" JBINBRAJI s A0 8 6904304 4CVVNBSBPGITIISLBUEBIIIINS
B r@letB L4800t l 447280 2009972000 0480400003800PD00%050008000088
CONPLYZRAY /T (L ),

COMMCN/I SN/ 331,782y ST pM, 009 TL,EXL W MR

QrPLT PIZCTITY 85373

L K BN R B BE B B BE B R B )

OO OONDODOOGOOO00

NTVELIICY FYX(GDY,AA(180 %) . =
04:7D=21 0000.0D0

wezQ

FoAD , 8Ly SR2, 79,71, T1 ,3KL

WeiTe(,200

T 100 Jzu,T)

N=)

=3y

N3 9% <x=z1,1000

Ta.L GIWTU(DSEED,"<XLyNy V)

Call VIETY (Z,M)

fLal WEIWILLISS Y, TT 2V e

03 77 .z M

FXILIZL oY (e (17 (L) =38 NI/TSII**EKSY)
88 COUTINSE

T53%8.0

QGT:0.0

XMz N

20 500 Ist,.N

CIRD ¢

IFChL/?7V=FX(T) .CGT. THO)ITOPRIL/XN=FX (L)

IF(FX(T)=(R.=1I/ZXN 5T, 2Gi) POTEFX(I) =(RL=21)7 XN
$9¢ CCHTINJE

DI<=TnP

IFIBCT oGlfe DTIP DIFs0T

Al (KK)SDIF
99 coNTINgE

CALL V3&T8(31, 1000

WTTE(S 9300 Mo AA(200),3A(S50) AR (200),AA(950),AA€I3 )
107 CONTINJF

3T.P .
280 FIAMATUT/® 850 "=") /) 2X JGHSAMPLE 93X s "I " 13X,

SYINLEVEL OF SIGNTFICANC & FOR =  £X(T({)=3(X)},y
YIS TYRERSATES P SuP Y Ao K'Y S0 )
"w"ix'-:'p;‘o?‘oz.y’xg‘“oli,!aXQJHQZJ’IGX,
*eT4, ¢ .12‘(,‘!4." 1v’13'§<"' “))
360 FOKET( /g0 Yo LT ™ WYy 1", TYX1F . 03y (3!.179. 3))
e
SURSCOTIIT 4ZTILLIZ3), 8, EKED)

c S80 0P80 9IB RGeS B Iaasss ‘l'-Q‘O..Ill.“0‘.‘.“.....“.“.....""
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‘
»
‘
'
)

32
31

33

3b
T

75
35

37

53

Sée
55
56

23
%9

63
61

73

L]

< .o GNRLACE IB G Ao PALI 4 T w8 QR ALBAQRE 2B L 4l ohilosasdBINLS
TRl TLLD0Y s MITINY G TR Ta (L") g EKLDS) 9 XU35),P153)

ML TP I7(280)

Covrl 22 ND/S84. 387,937 95020 T29 5K, R

L K8

a2 T=e,

TTIE D

Stlr=Cl

TRlTatr)=T e

LA S S ELE B4

IF (~) €., R, 72

SoeTIVIE

Tugw

SLurss,

g-‘?gu:

EERT 1Y ]

[t 1 LA 2o

J0 Te Izt

=1

SLAMEE Wb ANSITT)

IF (15) 5,%3,7

0. 78 IsLyM?

gisl

ve el 2R(TT)

CC 10 =y, 57!

2T J=1) 5F,3,°7

Jizle=1

K20

=0

L A 3 I"‘I”-

SCEECS (T (T)=n( )N J)

IF 1551) 7,743

THSTi ()T WETA (1))

60 To 2

IF (#7) 35,13,2
T":’Tl(n=((?'(’(-'*‘-E*)‘('NH)'C(JJ))"E'((JJ))/51"“10’51(&“)
GC T0 9

X(3)=T4E74 (2 ))

LS20

N0 22 %1453 {
tLslet

LFslL*2

x(LP)=C (L) ,
TRES (T (AP =3 (1 1)) 7L )T EX(ID)
YO_)2=SW( I (- «T4) X ) «EX (I *SKIA (L) ®* CEKLUJI #L.) *EK(I)® (EN~-
gi&‘-)'(T(P)-CUJ)"‘='<(JJ)IX(L)"('_‘!((JJ)OS-I-E'R’E'((JJ) SIRK*IXP(=TIRK
2)/7 (X (L)I* (L s=IXPra2v)))

IF (YC.)) ®%,773,5h

LSsLS~1

IF (LS*L) 58,37.858

LS=LE4Y - - T T ’ i
IF (LS~=L) 3,358,783

Y(L.P)mEoX (L)

6 TC 38

X(LB)=L 4 0 Y(L)

60 TO 31

oF (YLL)-?ILL)) 39,7%,°9

LLlzii=t

GO TG 38

XCPISTLLY o7 (L) (XCLY=Y (LL)IZCY(LL) »Y(L))
IF (BRI (ML ) e X(L ) wloZ o) 73,7352
CruTINIE

THITL(I)2C (L O

sviJ)sze()))

TF (S92) 12.12.'1
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ok

-
——

Y
.

11
17

13

L3
Lb
&3
LY}

'Y
LY}

49
en
52
52
12
62
1b
78

15

39
LT
(33
.2

79
74

72

)

~

21N

1 -3'."":.

s,

mL Lo TR-IDG
;;<=f;<‘c!L:=("t)-?(JJ))-aLLG(THgTA(J)))O(T(r)-:gJJ;)0~x(;)
LLsLet

L:‘:Lo-

Xt ) ¢ (L} ’ y )

MR I L R AP R A PRAYSIREES 2 {A
;if);ti'-i‘=!‘(f./'(L)-FLC;(T“EYL(J)))OSL-SL%'THET\(J)“X(.)F(EN-
SEMY (L rTeTN J))-&,DG(T(H)-C(JJ!))’(T(H)-C(JJ))"‘(;)/TAETA(J)
Z‘Ot(L\'€'<":<"ﬂLDG(’T*)l!(L))'EXP(-’RK)/(:.'Exﬂt-ll<))
FOAYWLY) LT3 %

L3Sl

IF (LSsl) L7y e8.:7

Lozl

IF (L3=l) afyetys?

LBy O (L)

(O SaEE N

YLP) =L et X(L)

6L T 5¢

IF (Y(L)*Y(LL)) "Gy i2,L ¢

th3li-l

6 TG -7

Y(.0)=C (L) #v (L) (XCLY =X (LLY )7 CYILL) =Y(L))

TF (LASUYIL) e’ L)) =l I =b) $2y22,%1

CleTirIt

e ey (L3

cenNnzCiIh

IF (553) 285,2%,° .

IE (34570 0)) 17 479,79

TE (55193 2) 37,537,153

x{1y=CLJY

L7=0

b T .BL,y°S

Ll o

S 30,

0 18 13AP 4

SKLESKL AT (T) =X L)) ** (2K (J) wL0)

ECESReL LTI =Y (L)Y

Lal-t

LPal ot

Y(.PYEC (L)

TR (T LIRP) =X (L) I/ THST L) ) Y EN (D)
V(.)*(lo-i'(J))‘?RO?K(J’*(SKIO(EMOLH)'(T(H)-X(L))"(E((J)‘lo))
1/’4ETJ(J$“°((1‘-E“Q‘EK(J)'Z<K‘E!P(-Zik)l((T(l&P)-l(.))'(i.'E!P
2(=7R¥))) .
IF (YIL)) 33, 24,60

L3sLS~

IF (LSe) TisbteTn

LSS

oF (LS=L) 77 402,78

ALP) =, E~ A (L)

G T¢ 22 .

X(.PYR,EO( L) 4,""T(Y)

GG TG 22

IF (YO 10 LaY) 72,529,714

Llsli~t

Gh TA v

XC.F)®L L) #7CL ) XL =Y (WLI)ZCYILL) =Y(L))
I'IE'S(?(.?)~K(L))-1.E-“) 26924923
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4
!

23
24

S?
23

3

87
£3
53
69

36

27
23
29
3

66

CNeTivIE

CiN=z=X(L™)

"3 15 ¢

M PIEAL B3]

TF(RC) F ., 75,45

TP T IEeM
TN L EmeaaT L)) 52, 67,37
iz g et

USRS

TTLNRY €351

BlE .
<L=.,
T3 3 1372414

SYIQKS(T(T)=2( N )2 "X())

sLESLNlAs (T (TYI=To D)

T (TIPS (J)YPTHEET 2 () ) *EK(D)

SL2 LA e(IMeTATY R (A3 K )Y «EK(I) 4ALONITHITA(UIDI I + (2K (J) =14) *SL-
4020 (SIS T ) oS0 ))) P2 I Z(THETA (D) ®4EK(U)) #EMRPALOG (L o ~EXP
2(=7&K)}

IF(3a3) 15,27,

FLLELUC( )Y IN )=t eTol)) 8423930

TECLESTATT O U ST RETA(I I Y =2 t) 27,29,3)

IFCABSITC( D =S JJ)) =1, C=id) ULyagly

(13 PR 1S

CLuTINIS

c3isCe)

TEI2THEIT (D)

ELAME A 4 I })

RITURN

<N)
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y
}

RC;.S?C§§,T33}:*".11"G"".T7).--3.50?733,10le3d?
ATTISH )2 Lo o TO=LITL 5V, 3UATN, e e s -
-:E A 'v’ :."'.4-0

3Ce

I

Deg et (TN I T, LT YT, Ta S 3= JUTRUT)

@t 2. .94l UB4LIA BBt e B RNiqrlipidvleceliotNiasni bRprbpesnpratn
PYYT T E FY XL N S T U Aats, B iar GrbPa i PstIiBPRP P800 B000bgdedtssepssssd
TT4rS FIC334% SUNTISLIS YANLES  FOGR Th: MODIFIZD X-S TEST

4w, TIIUT O STITTATI T OVALLID FOUR THE GaMMA JISTRISJTION

v, . 100
TAL 7 caRLAITT IS KHGNN
TRITH "LTI-aTIN
THEIZ (ALOMA) T ¥ o
1Lo4e jTurTen
+SETz TE _OTATIVAT TT 4hu.

“§€Tsq [F 3 I TO A IITTwn L
“TIsTEITIL, SITIMATIN 5 F THITA (2R KNQWN VALIE)
SfezIi L i Ty, TITVCATTY IT % (0 KNCWMN VeLUL)=20. or P(y)
BALTIPICINL ISTTCATIN IR ALTMA (I3 XNCAN VALUD)
YN ESY IR I T Y WY B8 4444 ReB F QPRI RABORIRNGLGetBlIBEIPNEPlIIRNINSG
P I Y P P TR IR EF R FYPREY P P OIS Y DT I Y 2 L 2L R L
* S0PV (L0 )
CG'rCu/FRY /T (L00)
PAvECasb LA/, T 1,93
£I)7LL BICTIINY DSE
OT>2020F FYL80° 94N
0SEED=10300.000
Lk .
£2aMe 501,872,577, 01,02 ,41
WITz (9200
00 1.0 J=eed?
2 )
00 2.3 MMx1,1000 §
CALL G3IAMZ (OSTED y 22,y V55 4@)
TALL VSRTY (P,N)
P, 3 Z2L4N
TtH=AtD
3 LuNT2JE
CoL REv13(03J,7SUsAS)
S 33T LztiaN
W2 (P{L)=S N}/ T}
. A¥zASJ
' faLy MIGLY(W,XY,0R)2,[70)
FX(L)=RF)2
333 COuNTIN)E
' TCo%0.0
Bi=0.0
Xii=N -
N 00 500 I=t,y
rLs]
) IF(RL/KN=FX(Z) , AT, TIZ) TiPstL/X4=FXLI])
} IFCRL/CKa(RL=1) 7XN 5T, 30T) S0QT2FX(I) =(RL=-2)/XN
3% CONTINIE
K 21c=T0R
' IF (EOT «6Te OIF) D[Fs3QT

?% At () aQ1?
4

48 &g ecae s g

QOO0 NNOO

25567,%,01,Ti,A1,4R
I)y TeCipilym
100 0),G(50)

893 CNiTiNgE
Co L VYSETRH(RY,1 1)
METTE (T 1 ) 49 AR(3" YD, 3 B(RT )y AL 1IN, AALISEI,RALIID)
. i0c CUNTINIE -
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24

3

(¢ X ¢]

11

86

a7z

es
139

13s
83

11e
132
147
118

13

119
126

12a

138

122
127
12¢

169
151

-

ST?

LA G SaPL AR SR PEARA SPRLDE T IR % 3 Fhes SuPPErs $

SLIHLEYIL 2F STINTET IS 2 Fac TSPAX(E(Y)O"(X))’

*/y7 Y,-*l""".V"'“ Tultet) g/t

A LTI, T, T, 2 I, M, ql"i y' IH, 1)1l X,

>, -,151934-'1-’)*“.' 1)

70:7‘57(/"évylt’q“x"':“, EXy iFs a3y 4 (3Xy4F5,3))

(3]

.‘Etc)ll-.l'.lhlll L R N Y Y Y Y P L R Y YIS YR Y I YN Y YY Y

R P 24 ar B I BB LAs LPadsd NP2l uBE VISP 088020038008
SUIBLUTINT SV (03, Tt )

COpLN2EAYPIT (L )

COIMOP/Y (N5 S L g0, 587,001, TLyal R

36J4RALE P '“'\T“' Ty T el P DL Ty LA, BL P CytZy T4, EMyEN,ZLNN
chnLE F ‘ fﬁ‘ -Y"Cl,tlyc A’351025,331545,5&1,;*A,Sﬂ*:,s"ﬂt
r‘\Y’ VIXF g R840 06y SLe0GpI3T9)3TCyS9DL9IGANM
N \‘I,eL,.. JaTS4,A8UyC1LyT1,82,0822)

. C ‘&00) ,1’4.-_|’~ (L L) p&LAHA(LLLI)

TALTIS0) 32037 I 4AL(S0) 0L 3 UIPCELSII S THIZN

[

"""LT‘y\'- 1. ' )2”’)
ctl)=Ce
THETL(2)aT L
AL3HL (1) =42
ECEY
A v¥=0,20

gM e BME

M-SaMPeyl

LT T

FG E8C [#.4 4N

£1=1

ELNMET P 60LN5(TT)

IF(“R) trg 8B, %09

06 118 T={,

I1=1

AP Ni=0.9517T)

ro €2 J=1,1100

IF(J=-1) L3,112, 1t

JlzJe=2

IFCJ=JD) 6,133, 39

IS/ J4=037)) = 5,117

J23 =2

JTzJ=2

IF(SEL) 221G, 1170110
B2TsTNIT(JJ) 2.0, 74T A(J2) +THETA(JUD)
D=THIT2(IJ)»TUTTA( )
IF(O2T) 135,149, 43¢
NT20235(0T/h2T)

50 TO 12

MT29C0403

IF(SE2) 122,122,° 24

OZA=ALPHA( 1) = 2. DOPALPHAL J2) +LLERA (D)
CEzRLFMELI N =AL MA()D)

IF (Ca)..!ﬁ,l.z 0135
NA2NRRF (74 /N2Y)

60 TC t¢

fizeesre,

IF(SST) [2°f,12%,12
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