
TURBULENCE MODEL COMPARISONS FOR SMEAR LAYERS AND AXISYM0METRIC -- ETCIU)OCT 79 B JI WALKERI lIIlfllffIIIflflflflf
EIIIIIIIIIIIIu
IIIEIIIEIIIEEE
mIIIIIIIIIIIIIu
EIIIIIIIIIIIIl



0 LEVEL
TECHNICAL REPORT RD-80-1

0 TURBULENCE MODEL COMPARISONS FOR
SHEAR LAYERS AND AXISYMMETRIC JETS

B.J. Walker
Systems Simulation and Development Directorate
US Army Missile Laboratory

II

October 1979

,I DTIC
, rApproved for public release; distribution unlimited. LE Ci~l. SELECTE3

0FEB 3 1981

B

SMI FORM 1021. 1 JUL 79 PREVIOUS EDITION IS OBSOLETE 81 2 02



DISPOSITION INSTRUCTIONS

DESTROY THIS REPORT WHEN IT IS NO LONGER NEEDED. DO NOT

RETURN IT TO THE ORIGINATOR.

DISCLAIMER

THE FINDINGS IN THIS REPORT ARE NOT TO BE CONSTRUED AS AN

OFFICIAL DEPARTMENT OF THE ARMY POSITION UNLESS SO DESIG-

NATED BY OTHER AUTHORIZED DOCUMENTS.

TRADE NAMES

USE OF TRADE NAMES OR MANUFACTURERS IN THIS REPORT DOES

NOT CONSTITUTE AN OFFICIAL INDORSEMENT OR APPROVAL OF

THE USE OF SUCH COMMERCIAL HARDWARL OR SOFTWARE.



UncIssi fiPd
SECURITY CLASSIFICATION OF THIS PAGE (*hen .Dote Fnt-d

REPORT DOCUMENTATION P EREAD INSTRUCTIONS
PAGE BEFORE COMPLETING FORM

t REPORT NUMBER2. GOVT ACCESSION NO. 3. RECIPIENT'S CATALOG NUMBER

4. TITLE (andSubtitle) 5. TYPE OF REPORT & PERIOD COVERED

Turbulence Model Comparisons for Shear Layers and Technical Report
Axisymmetric Jets 6. PERFORMING ORG. REPORT NUMBER

7. AUTHOR(a) S. CONTRACT OR GRANT NUMBER(s)

B.J. Walker

9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENT, PROJECT, TASK

Commander AREA & WORK UNIT NUMBERS

US Army Missile Command
ATTN: DRSMI-RDK
Redstone Arspn ] Alahamn ISRflQ

It. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE

Commander October 1979
US Army Missile Command 13. NUMBER OF PAGES
ATTN: DRSMI-RPTRpc1dtr.n. AQrn.= Alab~m q gpg 133

.4. MONITORING AGENCY- 'AME & ADDRESS(I different frown Controlling Offlce) IS. SECURITY CLASS. (of this report)

Unclassified

IS.. DECLASSIFICATION/DOWNGRADING
SCHEDULE

IS. DISTRIBUTION STATEMENT (of this1 Reporf)

Approved for public release; distribution unlimited.

17. DISTRIBUTION STATEMENT (of the abetect enteret in Block 20, Il difflrent frown Report)

IS. SUPPLEMENTARY NOTES

T9
" 
7EY WORDS (Contin.* on t,*er*e aide It necessary end Identify by block nmnber)

Rocket Exhaust Plume Pseudo-Vorticity
Vortex Interactions
Energy Dissipation
Shear Flow

40. AEsiRACT (Cinfu age DI nmy a idasify blok n'mwber

.4 Comparisons were made between experiment and theory to assess the capability
ol turbulent mixing models to predict the fluid flow-properties in the

mi:ing region of both shear layers and Jets. Jets exiting into both moving and

qtii.'scent streaos were investigated. Both chetical.v non-reacting and reacting
..I:4:r lavers wer, investigated. Attention was centered on two turbulence

models: (i) kf2 and (ii) kW.. The same numertchl flow field code was

utilized with both turbulence models thus allowing a direct comparson of the

W ,0 'GMn o,. EorI., DO' 9WV6 5SoL EYE
JAN Unclassified

SECUWtTY CLASSIFICATIO N O F THIS PAC E (111h. '*I Ente ed)

.. ..I,.
I I I ill I I I I I • n nn ,,,. . .



Unclassitied

SECURITY CLASSIFICATION OF THIS PAGE(Whp Dale Bied)

20.
turbulence models without fear of diffcrences in the numerics masking the
results.

Results showed that significant errors can be made when utilizing these
models for prediction of shear flows of interest. The flow structure for these
shear flows is in no way accounted for by the models and hence poor predictions
result. It is felt that the basic vortex structure will have to be modeled
before significant improvements in the modeling will occur.

Accession For

NTIS c'I
DTI2 T': El

.~ Dzi t io,/

Availability Codes
,Avail and/or

!Dist Special

{'9'

Unclassified

SECURITY CLASSIFICATION OF THIS PAGE(When Vote Enteted)

4.0



CONTENTS

Section Page

1. Introduction....................................................... 7

11. Mathematical Flow Model ........................................... 7

Ill. Startline Conditions................................................. 13

IV. kw' Turbulence Model Formulation ................................... 23

V. Non-Reacting Shear Layer Comparisons................................ 53

V1. Non-Reacting Jet Comparisons ....................................... 69

VII. Reacting Shear Layer Comparisons.................................... 80

ViII. Conclusions....................................................... 89

Appendix A - Location of the Dividing Streamline ....................... 97

Appendix B - Laminar Mixing Model ................................ 115

References........................................................ 123

Symbols.......................................................... 125



ILLUSTRATIONS

Figure Page

I. Compressibility Correction Factor for ke2 Turbulence Model................I I

2. Boundary Layer Initial Profile ........................................ 14

3. Shear Layer Initial Profile............................................ 16

4. Generalized Specific Profile........................................... 17

5. Results for Boundary Layer Initial profile............................... 19

6. Results for Shear Layer Initial Profile .................................. 20

7. Results for Generalized Specific Profile ................................. 22

8. Comparison of Results Utilizing the Three (3) Input Methods for Determining
the Initial Profile ................................................... 31

9. Velocity Profile Comparison for Air/ Air Shear Layer - Table 6. Case

Number I......................................................... 55

10. Velocity Profile Comparison for Air/Air Shear Layer - Table 6, Case
Number 11......................................................... 56

11. pu Profile Comparison for He/N 2 Shear Layer - Table 6, Case Number V..58

12. Velocity Profile Comparison for He/ N2 Shear Layer - Table 6. Case Number

III ............................................................... 60

Of~ Density Profile Comparison for Hc/N 2 Shear L-ayer Table 6. Case Number
..l .............................................................. 61

2



ILLUSTRATIONS (Continued)

Figure Page

14. Velocity Profile Comparison for HeN 2 Shear Layer - Table 6, Case Number

I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 6 2

15. Density Profile Comparison for HeN 2 Shear Layer - Table 6, Case Number
IV . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 3

16. Velocity Profile Comparison for He; N: Shear Layer - Table 6. Case Number
V ...... ............................................................... 6 5

17. Density Profile Comparison for He; N 2 Shear Layer -- Table 6, Case
N um ber V ............................................................. 66

18. Comparison of Calculated and Measured Effect of Density Ratio on
Spreading Rate (ke2 Turbulence M odel) ................................... 67

19. Comparison of Calculated and Measured Effect of Density Ratio on
Spreading Rate (Saffman kw' Turbulence Model) ........................... 68

20. M, = 2.2 Air Jet into Still Air. Comparison of kE2 and kw' Turbulence
Models without Compressibility Centerline Velocity Profile .................. 71

21. M, = 2.2 Air Jet into Still Air. Comparison of k(2 and kw' Turbulence
Models with Compressibility Centerline Velocity Profile ..................... 72

22. M, = 2.2 Air Jet into Still Air. Comparison of kE2 and kw' Turbulence
Models with Compressibility Radial Velocity Profile at x/rj = 22.9 ............ 74

I
23. M, = 2.2 Air Jet into Still Air. Comparison of ke2 and kw' Turbulence

Models with Compressibility Radial Velocity Profide at x/rj = 43.9 ........... 75

24. M, = 2.2 Air Jet into Still Air. Comparison of ke2 and kw' Turbulence
Models with Compressibility Radial Velocity Profile at x/rj = 61.7 ............ 76

3I



ILLUSTRATIONS (Continued)

Figure Page

25. M, 0.89 H2 Jet Into M.= 1.32 Air. Comparison of ke2 and kw' Turbulence
Models with Compressibility Centerline Velocity Profile ..................... 77

26. Mj = 0.89 H2 Jet Into M. = 1.32 Air.Comparison of ke2 and kwo' Turbulence

Models with Compressibility Radial Velocity Profile at x/rj = 11.02 ............ 78

27. M, = 0.89 H2 Jet Into M . = 1.32 Air. Comparison of k*2 and kw' Turbulence

Models with Compressibility Radial Velocity Profile at x/rj = 19.16 ............ 79

28. M, = 0.89 H2 Jet Into M,= 1.32 Air.Comparison of kW2 and kwo' Turbulence

Models with Compressibility Radial Velocity Profile at x/rj = 30.88 ........... 81

29. Two-Dimensional Reacting Shear Flow Schematic .......................... 82

30. Velocity Profile Comparison for Reacting Shear Layer - Table 8, Case ........ 85

Number I

31. Temperature Profile Comparison of Reacting Shear Layer - Table 8, Case
N um ber I ............................................................. 86

32. Temperature Profile Comparison for Reacting Shear Layer - Table 8, Case
N u m ber 11 ............................................................. 87

33. Velocity Profile Comparison for Reacting Shear Layer - Table 8, Case

N um ber II ............................................................ 88

34. Temperature Profile Comparison for Reacting Shear Layer - Table 8,
C ase N um ber IIl ....................................................... 90

35. Measured and Predicted Temperature Distribution for Reacting Shear
Layer Resulting from Nitric Oxide and Ozone Combustion .................... 91

36. Temperature Profile Prediction for Reacting Shear Layer Using Laminar
Viscosity M odel - Table 8, Case Number Ill .............................. 92

4

.I



.71

ILLUSTRATIONS (Concluded)

Figure Page

37. Temperature Profile Prediction for Reacting Shear Layer Using Prandtl
Mixing Length Turbulence Model -- Table 8, Case Number Ill .............. 93

38. Temperature Profile Prediction for Reacting Shear Layer Using Donaldson

Gray Eddy Viscosity. Turbulence Model - Table 8. Case Number IlIl........94

Al. Plane Mixing Layer ................................................. 99

A2. Plane Mixing Layer Fluid Element (Top Half) ........................... 99

A3. Plane Mixing Layer Fluid Element (Bottom Half)........................ 101

A4. Checkout Program Listing for Dividing Streamline Location ................ 104

A5. Checkout Program Listing for Dividing Streamline Location Plus

Entrainment Integrals ............................................... 109g

B!. Program Listing for the Laminar Mixing Option Addition to the

Shear Layer Program BOAT.........................................118

*1 5



TABLES

I able Page

I . Experimental Turbulence Kinetic Energy Profile........................... 21

2. Calculation of Turbulence Kinetic Energy Across Jet and External Boundaries

Using Experimental Data From Table I ................................. 24

3. Shear Layer Input Profile Data for Brown and Roshko He, N2 Experimental

Run (Figure 13a).................................................... 25

4. Initial Profile for Brown and Roshko He/ N2 Shear Layer (Figure 13a) -

Boundary Layer Initialization ......................................... 27

5. Initial Profile for Brown and Roshko He/ N2 Shear Layer (Figure 13a)

Specified Profile Initialization ......................................... 29

6. Initial Conditions for Shear Layer Comparison Cases...................... 57

7. Initial Conditions for Jet Mixing Comparison Cases....................... 69

8. Initial Conditions for Reactive Shear Layer Comparisons ................... 83

6



I. INTRODUCTION

In the development of a predictive tool for the fluid flow field due to the interaction of

the rocket exhaust plume with its environment, the mixing region analysis is critical. The

manner in which these streams interact and the accurate prediction of this interaction is

paramount to several missile systems applications. Missile signature and vehicle design are two

of the most important of these applications. In order to properly simulate the mixing region.

the numerical calculational procedure must be accurate and the turbulence model must be

physically correct. Having a physically correct turbulence model is certainly the most

demanding of these two requirements.

Turbulence has been investigated for many years now and is usually characterized by its

randomness and disorderliness. Despite the randomness and disorderliness however,

statistically distinct average values are obtainable for the velocity, temperature, and density for

example. The randomness and disorderliness is characterized by scale size. Not only is the fine

scale characterized by vortex interactions but likewise for the large scale. This large scale

motion has been studied intensively over the last several years by scientists at the California

Institute of Technology and offers a better understanding of the physical phenomenology of

turbulence.

I1. MATHEMATICAL FLOW MODEL

The mathematical flow model utilized in this investigation consists of the axisymmetric

jet mixing equations for a reacting gas mixture. This set of coupled partial differential

equations is solved utilizing a mixed implicit/explicit finite difference procedure. The

governing equations are parabolic and are solved in streamline coordinates using a marching

scheme. This technology was essentially developed by the Joint Army, Navy, NASA and Air

1orce (JANNAF) Plume Technology Working Group in 1972 with the development of the

Low-Altitude Plume Program (LAPP). Technology developments since that time have

occurred and are being incorporated in the JANNAF Standardized Plume Flowfield (SPF)

Program. The improvements to the mixing portion of this program include the employment of

a discretized shear layer which grows due to the mixing of thejet and the external streams. This

allows a more optimum placement of the grid points in the flowfield. Hence, this procedure of

retaining the (x, ) computational grid and discretizing the shear layer has led to a much more

efficient handling of the numerical procedures used to solve the problem. Other improvements
such as the formulation of the energy equation in terms of total enthalpy rather than temp-

era lure leads to more accurate solutlions in higher energy rocket propellants. In addition a

'mass flov, check has been added to insure that mass flow is truly being consened. This

.7



model has beer f, ::i,iiated by Aeronautical Research Associates o1" Princeton (ARAP) and

...., ttutes a vital working portion of' the SP: program being developed by them for the

JANNAt: Plume Technology Subcommittee. This code has been called BOAT in previous
references in the literature 19]. Detailed derivations of the governing fluid dynamic equa-

tions uitilized in this investigation can be found in the literature [9- 121 and will only

brielly be presented here. The governing equations are

Global Continuity

(Pu) + (pvr) =0 (1)

Species Diffusion

aF. 3F 1Le F.
pu 3x pv r r -r f-- vr 3r +w i  (2)

Axial Momentum

P aU + U ( 2U+ (3)

ax D r ax r r\Hr a-F3

Energy

1H + H 1 D pr aH
ax + r r ar Pr @r)

r + r u P-- (Le- 1)

aF. 1
(hi h ) r ar

state

P PMW

el



These equations are then translormed from the (x.r) to the (x, t#) coordinate system with the

trans format ion

34r our

(6)

__ - )vr

Utili/ing the transfornation in (6). the governing equations become

Axial Molentum

3x PU ax T _ A -a -

2
where A -E our

F ncrg.

ax Y a Pr } ap T IuPr D]

+1 3 A M -1)J( - h)

i

* -x-- =  
, + -'u(9)

rP

Le A + -9

A +I "o turbulence kinetic energy (IKE) models were used to determine the turbulent

visco.sit that appears in the governing equations. The first was the Kt2 model developed by

Spalding and co-workers, and tile second was the kw' model developed by Saffman anti co-
workers. A detailed derivation of the latter model development for this investigation is

given in Section IV of this report. Details of the Kc2 model can be found in other

references I 121.
9
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The governing turbulence equations for the k2 model are given by

Dk- 1 r t 3k I + 't - TKE (10)

=-- - -~ - PCITKDt r r 0k Dr 3r

De 1a rjt et(u2 2

DP 1 = () C L1 C P (11)
Dt r 9r a Dr 1 k 3r c2 k

ENERGY
DISSIPATION
RATE

where

lt = C pk 2  (12)

C

Note that this model utilizes five empirical constants - Cp Cj, CE. , (it.

For axisymmetric flows ---

11 C '' Au,6 (13)

C = C2 {- t , Au, 6

When these corrections are made to the constants, the model is known in the literature

as the k(I turbulence model.

It was determined by exercising the model that the kel model could not accurately

predict weak shear flow, i.e., flow in which the two streams interacted at nearly the same

velocities. Therefore a correction was made for weak shear flows by altering the constant C as

follows

For weak shear flows

II!, C = 0.09 G (P/c") - 0.0534F (15)

lO

NOTE: c, Thc,;e fymbols ar, the ixe
throughout rport



1S

where d)F =F TX A,

P/E = fn (k)

lhe resulting changes in the kf I model were then known as the k2 turbulence model

and is utili/ed as such in this investigation.

In addition, the kW2 model does not contain an), terms to handle compressibility effects.

Hence, a compressibility correction was introduced into the model when large velocity

differences between the mixing streams became important. The compressibility correction that

was used resulted from an empirical formulation due to Dash 1 11. The compressibility

correction factor k is multiplied by the constant Cp and (12) becomes

C 2C pk (16)

it =

where k is a function of the maximum turbulence Mach number

(17)

M -a _ max

max

The functional form of k is shown in Figure 1.

1.0

x

8-

E~ .6-

II

.. 2-

0
0 .1 .2 .3 .4

.. M T max

Figure 1. Compressibility correction factor for kt2 turbulence model.
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The kw' turbulence model was also utilized in this investigation. The governing
equations for this model are developed in detail in Section IV, and are as follows

Dk 1 a { Lk- + Ct ul - pk
'57 r~ +kl1 ar1  wTKE (18)

2 r t  + C 2 Pw 1-u

( ap) 2_ (pk) r.,

+ C3 Dr ar CA PSEUDO-VORTICITY(19 )

where

lt  C 5 pk

t (20)

This model also uses five constants, Ck,. C012, CW1, C-4, Ci. and when compressibility
effects are important, an additional term is included in the turbulence kinetic energy equation

(21)
C k6p kp Du 2

MWe C pePe

These equations were transformed to the (x. ¢,) coordinate system utilizing (6) and the
following equations result from the transformation of (10) and (11).

For the kE2 model

Turbulence Kinetic Energy (TKE)

(22)-O k  +uA

12
I

A:



TA
I u rbi encc I )issipation

1e i +(A C IP C2 (23)

2
ourA t (24)

Au Ju 2 
(25)

Sinilnlrl Ior the kw' modelt I Wand ( 19) we transformed to the (x. 0) coordinate svstem

.ith tile rCUlt that

Ilirbulence Kinetic IFnerg. (K II

Ak I I A 2-k rU 1"(26)1~ +c3z

kw~ Ck 6 vkA Ju )2

U MW e C Pe': (4

Turbulence Pseudo Vorticitv

227x 7T 27)

+ C3  j (.r-)2 (ok) + C W33 c 4 ---

%here A is defined in (24)

$

When compressibility etlects are not important. (',, is taken equal to /ero. Hence, the

compressihilit% term is built into the I KU equation.

III. SIARILINT ('ONIDITIONS

I hree methods wcre utilied to define the startline conditions whichare used to initiate

hl tfinitec illerence calculatiotial procedure. I he three methods are:

'I.



" B3oundary L.ayer Initial Profile

" Shear Laver Initial Profile

" (,cnerali/ed Specific Profile

Ili l1%t1 to methodsemplo. calculational procedures to generate the initial profile. The third

sinplk ,pcilies the \alue of all the \ariahs: at some initial downstream location. Each of these

methods %ka, utii/cd to calculate the shear la.er flo%%field for the two dimensional He N2 case

run c pciinictial .\ Brow n and Roshko I ior a densit\ ratio of -and a velocity ratio of 7.

I his corrcsponds to the experimental data gi\en in igure 13( of reference I I.

,\ Boundar\ Iaver Initial Profile Description

I he displacement effect of the let and external boundar. layers is calculated by

utili/ing a \,eoci profile that is deried from the combination of the "law of the Wall" and

the "I a%% ot the \kake." / wurt, 2 shows the applicahie geometric configuration.

r re  - "

EXTERNAL STREAM

=. .___ r rc
SPUITTER_ -

JET STREAM -. . -,

b r r_ _

,- U

Ai

Zo 0

Figure 2. Boundary layer Initial profile.
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Note that the shear layer starts growing at x = 0 from r. = r, + 6 on the external stream side and

r, = r, -6, on the.j,:t stream side. The protiles utiliied to calculate these initial radii are computed

from the velocity piof ile,

U. -- 1
= - 2.5 in - i.38 [2 - w(r)] (2)

T.
and 3

U - u

e = - 2.5 in - 1.38 [2 - w() ]
U

"here wti. is Cole's universal wave function

w(-) = I + sin 1 i} 7 (29)

and 4 is the rhn-dimensional radius

!r - rc1 (30)

J
or

= Ir rcl

e

In addition, the frictional velocities

Ute e (31)

T. pj

e e

b W

No%% if the displacement thickness is known, then the definition of this quantity

'4 r.+ 6.

* f i - (u)(MW) (T) rdr 32)
6 = (U (M

r.r

.. . .. ,, , ,. IIII I-



can be inverted to find b, provided I J isalso known. Similarly B, can be found and then r, and r,

can be evaluated. Knowing these values, the initial distribution is determine(!

B. Shear Layer Initial Profile Description

For this method, a fully developed shear layer profile is assumed to exist at the initial

streamwisc location. The initial shear layer wicth is calculated from the incompressible

relation 1121

1(33)

re - r. 
= 0.27 u e

Fi. ure 3 illustrates this notation

Upon establishment of the shear laver upperand lower boundaries utilizing(33). the properties

are distributed across the shear layer according to the simple cubic relations

U¢

EXTERNAL STREAM -------
e (x )

.. .." " zS -_ re r,

JET STREAM I" ,, 0- xo -' --. l(X)

u- x

Figure 3. Shear layer Initial profile.
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'I]

| Ai

t-



U -- u. - - T. p - F.

J e I 1.

burr

r - r
r" - r.

I hcli Ia 1,1 . grid points are spaced exenlh across it in increments of ai - N - 1

C. Generali/ed Specific Profile Description

I i, method ol inputting startline conditions does not rely on any calculations but
ncrekl uses the specified profile. IFiurv 4 illustrates this case where u( r),'l r), and x(r) are input
directlk at the startline location x - x. -1 his method can only be used in rare cases when a
mgnl itca[it amnount of cperinmental data is a,ailable.

In addition to these fluid d. namic initial conditions, an initial turbulence level must be
supplied at the initial ax ial staiion \. In the absence of known profiles for k and e or w.
the Prandil nt iing length model is used to deline the turbulent shear stress in terms of the
local velo it' gradiCtt utili/Ing lhe following relation

e* We(X)

EXTERNAL STREAM

JET STREAM

Ui

Figure 4. Generalized specific profile.
/ 1 7

I 
. .

4



P 1 Y = P 2 ( 3u) (35)

and the relation between the shear stress and the turbulent energy 171

k=u'v' (36)

0.3

D. Boundary Layer Initial Profile Results

For the He N2 shear layer of Brown & Roshko, the initial conditions should not affect

the resulting similar profile far downstream of the initial station. This was examined by

looking at the different methods of specifying the initial profile.

The use of the boundary layer initial profile was examined for the He! N2 shear layer of

Brown and Roshko for which the experimental velocity and density profiles are shown in

Figures 16 and 1 7.

6* was determined from 0 calculated by Brown and Roshko and the relation

between these quantities for a flat plate. i.e.

6 1.7208 Re =

0 0.664 Re

Since the momentum thickness was found to be 0.001 inches and the splitter plate thickness

was 0.002 inches, the displacement thickness utilized for this option was

6 (0.002) (2.592) =4.318 x 10 -4ft.
12

The Re difference between the He and N2 was not accounted for and the boundary layer

displacement thickness was taken as the same for both the jet and the external stream, i.e.

6. 6 =4.32 x 10 ft.
3 e

The resulting mixing profiles of the density and the velocity for the two dimensional

shear layer are shown in Fiqure 6. These results are given at a distance downstresin of x = 1.69

inches.

18

IM

4

."--..-



040

10

IT

C4C

96

ol

190

x 6.



cws

zd

QL

0.
A.

C i.

04-

200



F Shear Layer Initial Profiles Results

Ihis, method was used to calculate the initial profile from which the finite difference

sOlution ,sa\ tarted and tile results from this method are shown in Figure 7. The initial shear

lcr b,iCd on the cubic profile was calculated at x = .01 feet (8.33 x 104 inches) and

.alcukidion, \kere started from that point. The k(2 turbulence model was used in this

calculation iust as it ,as on the boundary layer initialization results given in Section D above.

\ote that these results are given for a position slightly further downstream x = 1.81 inches.

I his n akc- \ery little difference however, since the profiles have already achieved self-

F. Generalized Specific Profile Results

This method was also used to specify the initial profile to determine what differences in

result.s occurred because of differences in the initial startline. For this option, the mean profile

for the density and velocity were taken at x = 0 directly from the boundary layer initialization

scheme described above. However, the turbulence kinetic energy profile at x = 0 was taken

from experimental data rather than being calculated using the mixing length turbulence

option described above.

I he turbulence kinetic energy profile was taken from experimental data for flow overa

flat plate. This data was taken from Figure 5 of K lebanoff[ 3 1 and has been tabularized in Table

I as a function of v'6 where 6 is the shear layer width.

TABLE 1. EXPERIMENTAL TURBULENT KINETIC ENERGY PROFILE

,,__ 2+V2W'2 / 2+v'2+W'2Y/m u /U _ v'/U _ w /U 112 / U U 2

0 .087 .032 .065 1.2818x10-2 6.409x 10-3

0.1 .071 .040 .052 9.345x10-3 4.673x10-3

1 0.2 .066 .040 .050 8.456x10-3 4.228x10-3

0.3 .060 .038 .048 7.348x10-3 3.674x10-3

0.4 .056 .036 .046 6.548x10-3 3.274x10-3

0.5 .051 .033 .041 5.371x10-3 2.686x10-3

0.6 .042 .029 .035 3.830x10-3 1.915x10-3

0.7 034 .022 .029 2.481x10-3 1.241x 10-3

0.8 .021 .018 .021 1.206x10-3 6.030x10-4

0.9 .012 .012 .012 4.320x10-4 2.160x10-4

1.0 .007 .007 .007 1.470x10-4 7.350x 10-5

21
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Next, the velocity profile that was generated at x 0 using the boundary layer

initiali/ation scheme above is interpolated to obtain velocities at each y/6 location. This was

done for both the jet boundary and the external boundary. These results are shown in Tahle 2.

Also note that the initial shear layer thickness 6 is taken from the boundary layer initialiiation

scheme. 'Iw combination of thc data for both the external and jet streams provide the specific

shear layer profile data used to calculate the mixing layer. This is given in Table 3.

Ihis is compared with the initial turbulence data which was calculated utiliuing the

mixing length model as described above. This initial profile expanded to 50 points across the

shear layer is shown for the boundary layer initiali/ation method in Table 4 and for the specific

profile method in Table 5.

Comparing Table 4 with Table 5 .. ows large differences in the turbulence kinetic

energies for the calculated and input initiali7ation schemes. Note that for the calculated

scheme of Tahbl 4, 0 k < 792.6 while the data based ot experiment is in the range0.079 < k <

5.657. Hence, the turbulent intensity is down two orders of magnitude. Similarly, there are

large changes noted in length scale parameter f. However, when these shear layers have been

calculated out to a distance of 1.69 inches, Figure (7) shows that the initial profile differences

have wNashed out and the density and velocit\ piofilcs are virtually the same. F-igure (8) %\as

obtained from ii'ires (5-7).

Therefore it has been shown that this calculational scheme is not sensitive to initial

conditions when the behavior of the shear layer is examined far enough downstream where the

flow becomes sell similar. Hence. any of the initial profile methods may be used with

confidence.

IV. kw' TURBULENCE MODEL. FORMULATION

In order to make meaningful comparisons of various turbulence models for use in

rocket exhaust plumes. an invest igation of several models was made. [he following turbulence

* models wcrc investigated:

• Prandtl mixing length

" l)onaldson-Gray eddy viscosity
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TABLE 2. CALCULATION OF TURBULENCE KINETIC ENERGY
ACROSS JET AND EXTERNAL BOUNDARIES USING
EXPERIMENTAL DATA FROM TABLE 1

JET BOUNDARY

Y/6 k/U U2 yt k ut T
0.0 6.409x10-3 32.81 10.00000 6.8992 0.0 300
0.1 4.673x10-3 32.81 9.999847 5.0305 25.84 300
0.2 4.228x10-3 32.81 9.999694 4.5514 27.462 300
0.3 3.674x10-3 32.81 9.999541 3.9550 28.541 300
0.4 3.274x10-3 32.81 9.999388 3.5244 29.449 300
0.5 2.686x10-3 32.81 9.999235 2.8914 30.255 300

0.6 1.915x10-3 32.81 9.999082 2.0615 30.980 300
0.7 1.241x10-3 32.81 9.998929 1.3359 31.610 300

0.8 6.030x 10-4 32.81 9.998776 0.6491 32.136 300
0.9 2.160x10-4 32.81 9.993623 0.2325 32.536 300
1.0 7.350x10-5 32.81 9.99847 0.0791 32.810 1 300

EXTERNAL BOUNDARY

Y/6 k/U2 Uo, Y k ut T
0.0 6.409x 10-3 4.69 10.00000 0.14097 0.0 300
0.1 4.673x10-3 4.69 10.00015 0.10279 3.6915 300
0.2 4.228x10-3 4.69 10.00030 0.09300 3.9241 300
0.3 3.674x10-3 4.69 10.00045 0.08081 4.0800 300
0.4 3.274x10-3 4.69 10.00060 0.07202 4.2094 300
0.5 2.686x10-3 4.69 10.00075 0.05908 4.3247 300
0.6 1.915x10-3 4.69 10.00090 0.04212 4.4283 300
0.7 1.241x10-3 4.69 10.00105 0.02730 4.5186 300
0.8 6.030x10-4 4.69 10.00120 0.01326 4.5933 300
0.9 2.160x10-4 4.69 10.00135 0.00475 4.6508 300

; 1.0 7.350x10-5 4.69 10.00150 0.00162 4.6900 300

tFrom the He/N 2 B.L. initialization ouput-

6 JET 10.0000 - 9.9985 = 1.5x0 3ft (0.018 inches)

6EXT = 10.0020 - 10.0000 = 2.0xl0 3 ft (0.024 inches)

UNITS: y - in.; U - ft/sec; k - ft 2 /sec 2 ; T- OK.
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TABLE 3. SHEAR LAYER INPUT PROFILE DATA FOR BROWN
AND ROSHKO He/N 2 EXPERIMENTAL RUN (FIGURE 16)

PT. y u T k a He aN 2

1 9.998470 32.810 300.00 0.0791 1.0 0.0
2 9.998623 32.536 300.00 0.2325 1.0 0.0
3 9.993776 32.136 300.00 0.6491 1.0 0.0
4 9.993929 31.610 300.00 1.3359 1.0 0.0
5 9.999082 30.980 300.00 2.0615 1.0 0.0
6 9.999235 30.255 300.00 2.8914 1.0 0.0

7 9.999388 29.449 300.00 3.5244 1.0 0.0
8 9.999541 28.541 300.00 3.9550 1.0 0.0
9 9.999694 27.462 300.00 4.5514 1.0 0.0

10 9.999847 25.840 300.00 5.0305 1.0 0.0
11 10.000000 0.000 300.00 6.8992 0.5 0.5
12 10.000150 4.6900 300.00 0.10279 0.0 1.0
13 10.000300 4.6508 300.00 0.09300 0.0 1.0
14 10.000450 4.5933 300,00 0.08081 0.0 1.0
15 10.000600 4.5186 300.00 0.07020 0.0 1.0
16 10.000750 4.4283 300.00 0.05908 0.0 1.0
17 10.000900 4.3247 300.00 0.04212 0.0 1.0
18 10.001050 4.2094 300.00 0.02730 0.0 1.0
19 10.001200 4.0800 300.00 0.01326 0.0 1.0
20 10.001350 3.9241 300.00 0.00475 0.0 1.0
21 10.001500 3.6915 300.00 0.00162 0.0 1.0

UNITS: y - in.; U - ft/sec; k - ft 2 /sec 2 ; T - OK.
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TABLE 4. INITIAL PROFILE FOR BROWN AND ROSHKO He/N 2SHEAR LAYER (FIGURE 16) - BOUNDARY LAYER
INI!TIALI ZATION
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TABLE 5. INITIAL PROFILE FOR BROWN AND ROSHKO He/N 2
SHEAR LAYER (FIGURE 16) -SPECIFIED PROFILE
INITIALIZATION
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* I arindel-Spaldirie kt 2 tiiihiilence kirclic. cnC L\ model

* Satnirall k<il ltlrbulnceiILC kinetic c ir ' model

I lie Saltlman model was cho,,n because this model has heen t rniulated to account tr

a specitL ph,.sical phenomena v"hich is not explicitl\ modeled in the other three. I his model

%%a,, harn ulated. prima ril\ on empirical arguments. to account tar shear tlo s .%hich do not

ha c a constant densit\ I hese densit\ dilIhrences arisc ci iher due to di terences in molecular

%%eight, sf the shear Ia er flutds ( hcterogeneus f luids) or du to cornpressibilitx ettects ( Mach

Number ) in hoMogeneous lluids. ht h t these c Itcts are modeled in ttec turbulence equations

I ormula t ion

Cmpressibiit eftects arc accounted tor in the kt2 turbulence model, but in an ad hoc

mann: I the turbulent \,iscosit\ contains an empirical correction term k( M,,- I \hich \aas

tormulatCd using onl\ a %er. limited set o experimental data. I here are no additional terms in

the model that account for this etlc I.

In order to use the Saillman model to make coinparisons \hith data it %as necessar\ to

extend this model to a c\lndrical gcometr aid to Inormulate it using a Imite ditlerencing

scheme common to the other three models in\estigated ()n in this \4a\ can ditterences in

results he solely due to the turbulence modeling and not due to the numerics. In addition, the

equations are formulated in a stream function coordinate systeln.

Consider the SalIman formulation

e e_ U - e + 1 3- e e)-

+ oe 3U - +

k-EQUATION

SU x + -2y - I VORTICITY+ y X EQUATI ON

! L- (Ie 3(2))
2 y w y

- y ~y \
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A = 0.09 a" = A V= 5/3 V = 3'W' - 2k2

I hese equations can be generalized for either 2-I) or axisymmetric flow to be

De _A 1 /yj pe ae) \ - I1U\
St- 2 -- y + - pew

Dw 2  Al 1 ( j e 3 'k 2 1 3 j~3

Dt 7y w -4- a,'pw -

Jy Y

-1 (e)S3y y e

In ordei to appl\ tlhese equations to an axis. minetric rocl t exhaust plume. choose j I

:- r. L iIine i dIfercnrt notatiols for the turbulence kinetic energy (k LI'' + x ' heC

cqUll lol', h'cOl1C

_k 1n 1 -A + all ,, 1-u- - k
Dt 2 r ')r rt r A t Dr

D I 1 1 W__ k
Dt 2r t +r ~ r ark

3

%4herc e k & t  A e

SO rev.ritiug these equations.

Dt 7r r,.r r t ,y + Cl1 w t  - k,

D, 2I 1 / j 2 2 U +ZC (3-W)3 (k)
5-t Tr r ) ) + C277 2  - +r

3
+ C4

43'

.. 0 . . a . -0 .



where:

C =cx A =-Ay C-'- -'
1 A 2 3 4

C A - C 2 = I'c" - 2k C = - (0.09) (1) C 4 = - 5/3

-% 25 " -

C, = A C2 = -(0.9) - 2(.41)

C= (.09) -  C2 = 0.1638 C3 = - 0.3 C4 = - 1.6667

C1 = 3.33333 C2 = 0.1638 C 3 = - 0.3 C 4 = 1.66667

Now define

2
z -W

Dk _ 1 (r 3k + Clz 39r - pkz (37)
0Dt 2r 3r r 5 r1 t

Dz 1 3 'r 3z 1 3u C 3 z \3
I + (pk

Dt 2r 3r \rt r_2 + C()Dk

+ C4pZY (38)

where C 5 pk

and

C5 =0.09

Expanding (I) for a steady flow gives -

-k @k r t  - + Cj - pkz (39)
1 x U + PV r r- r -

34
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This equation can be transformed from (x,r) - (x,4) utilizing a transformation of dependent

%ariables.

3r = pur (40)

x ovr (41)

x x

r Q Pvr( 3

utilizing (42) and (43) in (39)

fk _pu vLkpr t-L

+ c-ZhtE 3r - pkz

our2 o za

p u3 D Our . k V +C Z. ~pkz 2

92 q T

3k _1 a pur 2 3k, + j 1Z r Du~ kz 44)
ax + ClI1tZ a u

Expanding (38) for steady flow gives -

3z 3z 1 3 ( a)ax a-r v - 2r r rt r (5

O+ - 2--- + ~ ) (pk) Tr + C"
C 2 pz +
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utilizing (42) and (43) in (45) gives

vz pvr z (z pu F
P u 7p + jP 5Tp 2 r t, t urtLr ]}

z2
Ci

+ 2 _ 3  pur 30 pur ( ok + Z 2

z pu D pur 2  az + P2zur u
p x 2 j 1 - 1 t -5 + 2z

+C3Z pu r pp _ (p k) + Z3/ 2
3 23/

+ p@ 2  p-(k) + C4 Oz2

since p is always positive. Dividing by pu gives

/ '/2
2 Cz

3z _ 1 3 ourvi l~ _ + 2 pur3u

+ C-Z- ur0 ) (ok) + C 4 z  (46)

Hence, the turbulence model equations in the transformed plane are (44) and (46)

2

k _ 1 D pur 2Pt k + r u I z (

9x T u- 5
2

3 1 ur I( t 0 3/2

S+ C Z (o k) + CZ (46
+ 3 z 2C4 (46)

U
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xhere:

C 5 pk

t 2
z

2

C = 0.095

and the other constants are as they appear on page 34. To account for the effects of

compressibility, Saffman introduces an additional term into the k-equation. This is the last

term in his equation given below

S-22
A 9e - pe (Th)

where the subscript "I1" in the last term refers to properties of the external stream.

Rewriting this equation

PU + P e I3U + (Ap e w

7 2 y w

S(¥ -i e Ae )U2 - pew (47)Ap aw'her tsub sript eddy visnthe ast erm i reviorsy poetesohyxeratem

Substituting this into the previous equation gives

- + V ye + 1Y

(48)
-e pe - pe w

37

Pia1Y

I'i tub
°

n OLLN "iC~i "ia been gie prvoul -



Now if we utilize the notation that the turbulent kinetic energy is given by k, Equation (48)

becomes

-U A + V k +k

(49)

2)2

where as before k E e

writing this equation in terms of the substantial derivative

Dt 1 y t k) + c"Pk

- kw- ( 1a ) ( kPt) /t-)2  (50)

Now for a perfect gas, the sonic velocity of the external stream, a, is given by

2 =Pl
a 1  yRT 1 =

Also for a perfect gas

C - C = Rp v

and

Y 1 R

Y c

~p

Utilizing these two relations

3X
/



/YY
a a11a i

R 1 Pl Y

C P 1  Yp] Pl

R 1 Yp1  P1

Cpll

a1 Mw 1 CP 1  (51)

Where the subscript I refers to the external stream. Utilizing this relation (51) in (50) above

leads to

Dt 2 Dy t + "-

2 (52)
R - (U~

- MW C pe - 'Mwex CPex PexI k tO)

Transforming this equation to cylindrical coordinates

-Dk _ 1 a / + 1"k 1l- -

Dt 2r 3r t pka

{ p 3 kt\1r 2  (53)
S- MWC PexPex

Now if we define

z - (54)
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and drop the mean value notation (53) becomes -

Dk 1 a /t ak + &'pk z-
P 5Dt T2 r t a

Rau 2 k H (55)

- exCpexPex

wherc

Apk - Apk
t = 7i 

(56)

Utiliting (56) the second term on the right hand side (RHS) of (55) becomes

f u = pk DU 0, uj 'it z  
(57)

a r 1 ar A

allQ p u 9U j Ot IU
I -ar A A

Substituting (57) back into (56)

P Dk _ 1 OLk
pk 1 (r p k + T- z t k.-i (58)

Dt 2-r tr A- t 9r

kzJ MI 
k t ( 2

MWex CpexPex

b

Hence. if we let

C all A _ A = 0.09-= 3.33333C1-A -A

C 6  =2.5
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Equation (58) becomes

PDk - 1 9 (rvt 'k) + Ciz ut5Dt 2Tr ar r

Pkz - C 6 R0kw t u(59)
MWexC pexPex

Where (59) differs from (47) in the previous formulation only by the last term.

Expanding (59) for a steady flow gives

pu Th + OV =_ 1 3 k .- 2!t +2

-x D r 2r 3r (r t 3r + j r (60)

S C 6 Rpkpt (3u 2- qkz ~
MWeCpePe r

Now (60) can be transformed from (x,r) - (x,O) using the transformation of dependent

variable

(9-)X Pu r G )

X X (61)

() =PV () (62)

r x

Utilizing (61) and (62) in (60)

u x + p

QV (63)

1 pur 3 pur 3k Icur 3ul2 r (r 3 I r t + C 1 C Z --

C6Rpkot  2 22 20Qkz ~ 6t u r (3uT)
MWeCpePe 2
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u k _pu (Qur 2 k + Cl w jur~au\ax 2p V- t a +t -- \4

-pkz C6Ro3kutu 
r2  2u 2

M -p~e2 T3 (64)

MWe Cpepe

Since pu always > 0 for the shear flows considered here

ax 2TT. T t 3- 1 k

2k - 2 2 2

kz C 6RP kwtur k3u) 2

u MWe C 2 65

Where it will be noted that (65) differs from (54) only in the addition of the last term

From Equations (65) and (56) -

C6p~ur 2 i I

2 + u 11 Z' -U
- C6 RP 2kur 2 ('aU"\ 2 (66)

CP2 MW P 2 3

az _ 1 Pur 2 jt 3z our au + C3 z ur 2(qp
5x 2U IP/ ad 1P 3\--

3,

a Cz 12
-- (ok) + 4 (67)

where the subscripts "2" and "ex" are synonomous. Now let A (pt+pur2)/I and utilize

the following finite difference formulation

42/



(a an +n + nm

a (fn,m n,m-1

Where:

an,m + - a n~m + an,m +1
2

a a n,m nm-
n,m -

f~4 fn,m + n,m- (68)

Utzilizing these fornmulas in (66)

Ak
n ,m

Ax A n m + k n,m + 1k knm A nm- (k nm-k nm.1

2Tnm 2

+ C i Z Ax nn ~m + ln,m 1

Itn ,m 6n~ n Zm Im

2 MW

un,m + Un,m-

.7 43



and

n+ m =k nm+ Ax 21,2 nr i (Aip)

{Anm ±-2 knm +1 nm] An,m -2 [klm-nM-1]}

k A
+ C 1Ax r jU -U n,m n,m-

1 ~t n n,m ~A ~~ n,m- 1j Un~m

C 6R knmu nmr t Ax 2

4Cp2MW 2p2 ,( Ai) 2 { n,m + 1 -un,m - J(69)

Utilizing the same difference formulas for equation (67) -J

Aznm Ax (-A nm+ {2 Z nm+ 1 znhI
n 2m 2~m A P

An,M - {IZn~r -nZ - 1m}

+ C 2 zn,mAx pu nmr(u m+i un, )

U nm pn,m 2A p

Cz Z u r 2Ax pnm -~~

+ 3 n,m n,m- nf + 1 n~
+2 2Aip

n 1 ~ -1

[n~m 2Aip

+ k n nm+ 12Ap n,m 1 }]+ AxUn (70)
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and
Ax (A

Zn + 1,mn Znm +2Q1 ()2 n,m + n,m + 1 n,mj
n,rn

- A Fz -z cl 2 n,m A _x _____

n,m- ~ n,m - if+ unm ln,

[ i Un 1 Cz 2 u r 2Ax
L. ~~+ 11+ 3rP ~r n,m + 1

4 ip (Alpn , m

~n,m -1Ln,m kn,m + 1knm /

+ kn~ {Qp + + C4 ZnmrnAx (71)

Z~ -Z + rn,m
n ,mm

+ , nm +-Ax 2~m A U -~ ~
n m n ip (A ip) i}

n~ nm- 2m~ ~ - Ur

U 2r m xpux~

b+ (Aip) 2 +~ 1Ap -n , - u~

+ n,~m + 1 nmp
44 L +1 2 knm + 1 n,m - 1

-Q Y2 Ax

n,mt - 1 + (72)

'1 45



cence equations f69) and ( 2 i atrc utilIi/ed to , alkiiitc th tc Lhanges in k a nd /a Ilong the

marching directionl ift Iesh poik I sIiside Itic calc (Iaio t Ioi I d lhI" Acf. special tIred tmelnt I 1

theCse Cq~iaillon Is neeecssar\ along the axis at the I los" as sho~kn helos"

11hC turIhulenlt kinetic elicit\ equtionl is giveni h% 'I

~k 1o ur 2 t Jk~ r 11 kz

Nos" along the amxs r 0

- u =

Hence, hehi rst and second termison the R1 IS ol ( 73)nmust hce ealuiated along the a sissince

thecse terms arc indetinite.

I he first termn is

2
1 D fur% t A (76)

2 R r2

Fhen dF, = d dR rdr

I-rom (69)

y -pur

and

iP p ur~r

d; = udR

and

dR I
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but

r 0 3k = 0

I hCeu Ot C the first t-IItI bCCotln Ce

2k

"t 2

I hC oId ltrII IN gl ll b\

z r duic - t  1+T

.JAppl.ing I "lospital's rule to it portion of th, term glCe,

2 uh +) - f ( ¢ ) -_ % ,-

2
r2u + u Sr

lim fM2 3 D

o g' ( )  1

6uNo\. taking the limit a r - o Tk - o and hence the second term o. I he third term is

unaflccted b) the limit process and "e hawe

A32k kz
x - t 7,2 Ui Along the amis j7

I he / eqLation is givel b\ (75)

4X

I
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I p + C2 z ur u
"x 2T I+ u

.) 1/2

+ CDk) +( 75)

I h Inst t, " o te nII, on tWe R II S ot 751 arc analogous to the first tvwo terms on the RHS of(74),

and arc caluated analogously. Ilence looking at the third term

C3z u 2  (T -,

lir r = o; 0

1aking the same subtitution as before. define

.2

then d

anid tIl hollld tiIn I7N I becornes

22

1
z

2 ur 2 , '

3 2 ( o k ) ( i- j
4

-. J



and taking the limit as r - o

lrn C z 2 ur' (ok) =0

r-O 

/

Ihe fourth term remains as is and the z-equation along the axis becomes

2z z/2

"- t + C u Along the axis (79)

Hence, evaluation of the turbulence model equations for the case when r = o along the axis

becomes according to (77) and (78)

3k 32k kz 2

DX 't 42u

3z ;2z z- = t 0 + C4
X t 2 4 u

Now when compressibility effects are important the last term in the k-equation must also be

evaluated along the axis

-2 2
C 6 Rp kur Pt (Du 2

MW 2 2P
2  2 (80)

I

In\cstigate this term in the limit as

r - 0 0

0k 0 0

50



TN

Ret' rite (0) as

u 2

C 6 R: 2kur
2

B 6=
MW2 C pP2q

Ihen using L_'Hospital's rule to (81)

2

h(( - _ ___h f,.
gi- g), ('/") 2,D

2 B()(') (

: -

Hence in the limit as r o this term adds nothing.

Ihereforc equations (69) and 72) for field me.sh points and (84) and (85) for points

along the axis determine the turbulence kinetic energy and the pseudo vorticity in the shear

la\er.

This formulation was coded and added to the BOAT portion of the SPil code now

Sinder dcxclopment. These coding changes were input via an update to the main code and are

detailed in Appendix B.

lhe I K[. equations along the axis are

k D2t k kz 2

,X i~t 2'2(82)

51

/-



t 2 + C4 (83)

3y

2 f nm+ - 2f nm+ f m

f
f f n,m +1 2n,m n,m - 1

A'2

Since In-L. n does not cxist. ass.,ume

f =f
n,m -n,m

then

32f n,m + n,m
3 ,2 (' 0 2

and for the special case along the axis

2f f - f
_ n,2 n,1

r=O (Ap)

therefore. equation (82) becomes

Akm- tA x (kn' - k2 n 1 ) _ k~, z iA
Ak n , m 2 (kn 2 k ,) n, 1 ,1 Ax

(A) n,1

So that

[jtAx ,?X k z
k(k:4 , k n, 1 n, 1 (84)

S, , Un, n1

Along the axis
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a d lihk II se

3

_ _t x / C 4  A x z 2

Z n + Z n + 2 2 Z - z n n, l ( 8)
*U + , nn,1

Along the axis

V. N()N-REA(] ING SHEAR LAYER COMPARISON

III order to eval uate the various turbulencei mixing models, predictions were made

corresponlid n to tile Carefll e\perimental measimeints made by Brown and Rosh ko

I I onci an extended period of tine lhe experiments wcre made in a laborator. utilizing

a splittii plate separating two 4 x I-inch 2-I) no/iles. I he principal aim of this experimental

s ork \%as to in\cstigate the effcct ol density dilerences bet\cen the two mixing layers. This

)as accomplished experimentally by using various illixtlles of lie and N. Ar was also used in
U x

some rare instances. Ihese t\No streams were turbulent with fhe Re number C. in theI)

range of 10". [he experimental device was run at lowN speeds in the range of - 50 fps.

Freestrean \ elocit v and density ratios oh tile order of- 7 were run experimentally. this work

sIo\\Cd that the large structure existed over all the densitx ranges tested.

Iliedictions were made for all the experimental runs made by Brown and Roshko and

are presented subsequently. Velocity and density profilcswerccalculated asa function of \ (x-

\.Oi here x.. is the virtual origin of tile shear layer and y is the distance above or below the

d\ iLd ng strCamlinC. I lie dividing streamline was located utilizing a numerical integration

scheme. Ihe details and limitations of this calculation is given in Appendix A.

Ill addition to tie velocity and density profiles that were compared for the data of

Br\ and Rdshko. the growth of the shear laver as a function of velocity ratio was compared.

a hasi,, for this comparison, they used the velocity prohie iaxinum slope thickness and its

Icfis tt isc

U. - U

max
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d6w 6w
W dx = x - x

o

U. - U

QU) (3u' -
\3y= '(x- xo), 7

\ /max 0

n:qt, ation (87) %vas used or the comparison.

Results comparing the shear la\er lIos\ utili,/Mg the two turbulence kinetic energy

models \it Ih experimental data are shown ini Figure 9. I his is a comparison of the constant

densit air air case with a ict \clocit\ of 32.8 fect second and an external stream\ -locity of4.7

feet second. Ihe flo" weas at a constant piessurc o;, 102.9 psia.

Note that the agreenicllt hctAecun thco r inrd e\ percri nt isx cr\ good for both the ke2

and the kw' turbtulence models. The shear width agreement is excellent and velocity profile

slope is very good. The kc2 model shows a little better agreement with the slope while the

kw' model shows a slightly better shear width agreement. Overall it can be said that the
agreement with both is very good.

Ihe next comparison made %%as another constant densit\y air air case for which the

pressure was maintained constant at 102.9 psia. [or this case, the jet velocity was held at 32.8

leet second while the external stream velocity \,as increased to 12.5 feet second. This

comparison is shown in FIigure /0.

Note that the agreement between theory and experiment is again pretty good for both

turbulence models. The slope is reasonable for both and the width of the shear layer is

approximately the same for both. Ihe kw' model falls closer to the actual data than (foes the

k2 model.

IHencc, for the constant density turbulent 2-I) shear layer, the turbulence prediction

models are doing reasonably' well at predicting the growth and velocity profiles.

In order to evaluate shear layer flow\s, where mutiple species are involved such as for

the lc V, Cxperirnits, it is nccCssary to know the \alue ofthe turbulent Irandtl number. This
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parameter arises in the goxerning differential equations to account for differences betweer the

%elocit\ profile and the specie profiles. I his parameter is not known a priori. It can be

determined however from the experimental data.

Brown and Roshio I I found that for all cases of lie/N, shear layers, the spreading

angle of the density profile was greater than that for the velocity profile. In order to evalu-

ate this. they constncted an eddy-viscosity model and deduced that the turbulent Prandtl

number should be between 0.2 and 0.3.

i-Khtr' II compares the predicted pu profile for the conditions of Case V shown in

Tabh, () utili/ing the present k2 turbulence kinetic energy model. Note that there is qualitative

agreement between the predictions and the experiment for a turbulent Prandtl number of 0.3.

Had this been for the constant density case. the functional relationship would have been much

different, approaching a constant value of 1.0. -he trend toward matching the experimental

data is to run at lower Pr, numbers. Howvever, this study did not inxestigate the quantitative

differences as a lower Pr, is utili/ed. One reason for this was the marked increase in computer

runtime that would have been necessary. This is. however, a parameter that needs to be

in~estigated in future investigations of turbulence modeling. Therefore. Pr, = 0.3 was chosen

for the corresponding calculation.

TABLE 6. INITIAL CONDITIONS FOR SHEAR LAYER
COMPARISON CASES

CASE JET STREAM EXTERNAL

? NO. uJ/ue Pj/Pe CONSTITUENT STREAM

CONSTITUENT

I 7.00 1.00 AIR AIR

II 2.62 1.00 AIR AIR

III 2.65 7.00 N 2  He

IV 2.65 0.143 He N 2

V 7.00 0.143 He N 2
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A comparison of the tato turbulent kinetic energy models with experiment is shown in

terms of the velocity profile in ligure 12 for case III ( Tahble 6). For this case, the jet velocity was

32.8 feet second while the external stream velocity was 12.4 feet second. -hejet-fluid was N:

while tie external fluid was He giving a density ratio of 7. As before, the pressure was held

constanlt at 102.9 psia.

Both models show reasonable agreement with the data. The velocity profile slope is

more nearl\ constant for the k 2 as opposed to the kw' model. There is some disagreement with

the %%idth of the mixing laver betwseen the models where the width is too great on the high

velocity side on one and too narrow on the low velocity side on the other and vice versa.

The first density profile comparison is shown in Figure 13. (Case I11) The most notable

aspect of this comparison is the lack of agreement between theory and experiment. In
particular the slope of density profile on the N2 side is far too large: the kf2 model

demonstrating the \sorst agreement between the two. The width of the density layer is very

close for the kw' model and somewhat worse for the kt2 model. The absolute agreement

between experiment and theory is poor everywhere across the mixing layer and densitN errors

of ; 100 percent can be seen. Had the disagreement occurred only in the edge regions of the

shear layer, concern for this would have been lessened. Unfortunately, the agreement is

uniformly poor.

Ihe next comparison of the turbulent kinetic energy models with experiment is shown

in terms of the velocity profile in Figure 14 for case IV ( Table 6). For this case, the jet velocity

was 32.8 feet second while the external stream velocity was 12.4 feet second. The jet fluid was

He while the external fluid was N, giving a densit\ ratio of 0. 143. the external stream being the

more dense. Again the pressure was held constant at 102.9 psia. A turbulent Prandtl number of

0.7 .as used in the predictions.

[or this case. the velocity profile comparison begins to look poor. especially on the He

side of the shear laver. Some of this poor agreement can be attributed to being in the edge

region of the shear laxer. However, it is clear that this is not the only reason for the

disagreement. Notice that the shear laver width is predicted much more narrow than that

observed experimentally. Further, the \clocitv profile slope on the ie side is considerably in

error. Ihis velocity profile comparison is the worst that has occurred so far.

The density profile comparison for Case IV is shown in Figure 15. The same problems

that x cre evident in the velocity profile comparison are magnified for the density profile. The

predicted density width is too narrow% and discrepancies are most notable in the slope of the
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densit. profile on the N, side. The differences in width between the velocity and density profiles

%a,, accounted for in the model by running the model at a turbulent Prandtl number, Pr,=0.3

a, described earlier. It is obvious that the resulting theoretical difference in width of the two

la\crs is tar less than the experimental width difference. I hus, it is obvious that there are some

serious probiemcs in the turbulence modeling for fhosvs have a large density difference.

Ihe next comparison of the turbulent kinetic energy models with experiment are the

most interesting of the shear flow's compared sinct the density ratio of 7 that was run is very

ncarl\ that seen in rocket exhaust plume firings. I he velocity profile is shown in Figure 16 for

Case V t ttIble 6). 1-or this case, the jet velocity was 32.8 feet second while the external stream

\elocit. "as 4.7 feet second. lhe jet fluid was tie \\hile the external fluid was N2 giving a

dcnsity ratio of 7. the jet stream being the less dense stream. Ihe pressure was held constant at

102.9 psia.

Ihe velocity profile comparison for this case is showN n in Figure 16. As was the situation

in Case IV. the velocity profile comparison looks poor. especially on the He side of the mixing

layer. Note the substantial difference between the velocity profile slopes predicted by both

models and measured. Again the shear layer width predicted is more narrow than that

measured. [he comparison is \ cry similar to that of Case IV.

ihe density profile comparison for Case V is show n in Fi.gure 17. Again as in Case IV,

the predicted density , idth is too narrow and discrepancies are most notable in the slope of the

density profile on the N: side. The differences in width between the velocity and density profiles

were accounted for in the model by running at a Pr,=0.3. Again the predicted width difference

between the predicted density and velocity profiles are far less than between the measured

profiles. 1 he comparison between experiment and theory is the worst thus far seen and as

mentioned earlier, this is the case of most interest since it more closely matches a real rocket

plume in terms of density ratio.

I he spreading rate for all the previous cases was calculated and compared with the

experimental data. Figure 18 shows the comparison for the kt2 model and the comparison for

tie k,' model is shown in Figure 19. [here is one difference between the velocity profile slope

of the experimental data and the theoretical calculations Brown and Roshko used\6 4 1AX

, filk 1--)\\ ( ,,,as utiliicd for the theoretical calculations. In calculating the

oni tile center 50 percent of the profile was Utili/ed in determining the average slope to

,, lnll11IIl/c ('tlc e u.radient effects.
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It should be noted that the kt2 model gave the best agreement between theory and

cr\perinlent. For the cae with equal densities lor both the jet and external streams, the data

poit,, Iall exactl\ on the theoretical curve.

The agreement between theory and experiment is the worst for the case where

P,. p i , for both models.

Ihe agreemen! or lack thereof between experiment and theory is almost totally

go\crned b\ 61- Since the spreading rate is so sensitive to this parameter, these

comparisons are much less mcaningful than the density profile for example.

VI. NON-REACTING .ET COMPARISON

1 he previous comparisons of the turbulence mixing models were made utilizing the

experimental data of Bro ii and Roshko wkhich were for two dimensional shear layers at 1o

velocities (30 feet second or less). Since the applications of interest for this work are all at

much higher x clocities and since the geometry is axisymmetric. it was felt that comparison with

some of the NASA Shear Flow Conference Data 171 was in order. Hence comparisons were

made for axisYmmetric jet data in order to compare the turbulence models. Two sets of

experimental data were chosen from the NASA Shear Flo" Conference for comparison with

the two turbulence kinetic energy models, the kc2 and kw'. Tahe 7 details the flow conditions

that .crc run during the experiments.

These two cases cover the spectrum of expected velocity and density ratios that one

might expect to see in a realistic rocket plume case. They are, howe\er, not in the same

experiment. I-or both of these eases onl. experimental velocity profiles were measured. This is

TABLE 7. INITIAL CONDITIONS FOR JET MIXING COMPARISON CASES

CASE JET STREAM JET

NO. uJ e , e CONSTITUENT CONSTITUENT 3 Me

I 1.97 AIR AIR 2.2 0

II 2.72 0.06 H2  AIR 0.89 1.32

j-j



unfortunate since. ats wais seen in tile preceding comparisons for the shear laver, the density'

profies a re a mutchI more st ringi ent test tor thle accurac\% of the theoretical niodel,,.

I tart heriore. sinrce Species conicentration is the one of thle quantities used directly in rocket

plumec applicatilons, it Is at More im1portnlt measureC o1 thle iiCUraC\ of the turbulence models.

Ainothier imiportant conrsideration t'Or rocket exhaust Idurue11s is thle compressibility

et ct Ilie, iiipo rtiice of' tliis elf ect kis dd ressed f'or Case I ( flahk 7) where there

is air irillitt velocot ratio betweenl thle jet arid thle external streanm. Certainly Brown and

R os tk o haxe poi rued out thie tiinporttaneof thisl effect and thle aceu racy withI which this effect is

accounted lt, r ishos~ i belo%%.

I hie tfirst comlparison made %%ias for anl M,=2.2 air jet exhausting into still air. The jet

\elocits\ ssas 1705 tect second and the pressutre was ambn ient. [h le density ratio was as shown in

htible , tor- Case 1.

Ibhis is thle homogeneous ease in which the density ratio is determined by the Mach

nun iber as opposed to mtolecula r wei~ght d ifflercrices in the-jet and the external stream. Hence.

cornpressibilit\ efflects are imrportarnt for this ease. Sirie thle kc2 turbulence model does not

account for eoripressibilitv effects, at compressibility eorrectiorn factor originating from some

empirical work at Gteneral Applied Science I aboratorv Ci ASIEf was utilized to accolint for

this effect. I lie details of' this correction were presented in ail earlier section.

FIY'Ora' 20) eompares model predictions for the 62 and kwo turbulence models without

compressibility with tire experimnirtal data. It should ble noted from tile centerline velocity

profile that the predieted core length of' thre Jet is too sho~rt eomipared with experiment. The

kwj' core length being miuch shorter than the k42 core lene-th. Trhis indicates that thle

en trainnien t of' tre a ieit st ream is muchel too large arid tle miiix ing d ist ance muceh too
short for tile ease of' a hlth relative velocity between the two streams.

"iOS\ r henl thle Corn) pressibilit\' effects are accounted for b\' Utilizing the GiASI,

coi prssi hi lit fact or for- the kt2 turbulence model anrd via thle add it ion of' a term in the
muodeli rg equalition for thle kwo' model, thle results sliow% a ma rked improvemnent, In fact the
agieenerir hetv~een predict ion aind e xperimnent is excellent for the kaY turbulence model with

com pre\ssibilit\. Iliis agreement is shoNs i in Figure 21. N ote tha~t the core length prediction is

COtC1 reclard thle centerline \elocit\ agreement is excellent out to 60 Jet no/ile radii. The

a cfcil ciri deteriorates from that point onl d owustreami but is still quite reasonable. The kt2

nitodel %ith It onipressi hi lit v correction ripred iets a core lengthI thlar is too long and ceniterli ne

selocir res that are- too high until thececnterihne sloeit\ hias dropped to 3)percent of its original

7t0
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\~Ila I hu hoth ft o'dtls aLcie ieasitahk \Nell w th tile experlinental data wkith the kw'

nII kcl ,hoN inP1c helef aereetent of ilhe itso Iu tlict. it has been established that thle

eoiuupi-oblt tet lire tmnpo t)Iant and \\ill be i etained lot the remainder of thL et

L k 111p; I III S It Ii tisII 5tCtO ti

1111' 1iC\1 tet Ot thl Mtodel prCdIICII C Capahbltl\ conIeCs about by comiparing the radial

\L'itkI1\ 1)[..ii1CNJ at doNsIStr-aIll ailal stations , I he tiust station chosen wats ncar thecend of the

Ct p1 1111,101, as ,lieit, u inOW IIeIr 2,UP atO 22,L) let radii doxkrnstrearn of the no//Ie exit. Note

hi,! Ilic o eit\ protlie III / icon' 22 shosss a small diamecter potential core at this distance

~lo~ uti aHInid I utaIduil S eloeit\ redui%1onI as thle tadlal distance increases. Note that both

u rhulcnet !IO(IlCl Sli0% C\Ls III e cl ii geee th t the expeimental data wNith tile kw~' model

I IIC :Ic St point chosen Imo compa risotn was at 43.9 no/ile radii dox~ nstrcarn. I he radial

pt oil it at h!S I \i~i station is x; smii inI Iiizure 23. 1 he agreement between the kw'nmodel aid

,\cx pct it is ieatr p)Cifeet at tills, amxal location. Ihle kf2 model prediction show., s a reduced

eClocii\ cor pa red %kithI c 'peinelnt indicating that mnixing is occurring slightN too rapidlN.

I he Iat po1)kIntI chosen for comparison was at 6 1.7 noille radii do" nstreamn. ile rid ial

prof(it l at till' it aa stat on iI loN ii in ligur' 24. 1thc agreement between the kwu' niodel and

e 'pci mcii is, \ cr\ vood at this a ial location. I lie kt 2 model predictioni again shoN, s a red uccd

r .% )17)1 1onpard Vk I Ch \ I)pritnIICnt.

It IIs t a S C01 concdd that comprecssikilutv effects, are important for Case I lah 1j)t,7 and

inusi he accounted for to achiex e a reasona ble agreement bet% ween thleorv and exp.rinent. It is

a so cn ,OII ud edC thaI the kwu' in rhu lenicc model shbows i inproved agureement with tilie

expeimn-Ilta I dal~t coITpared wNith thle kt 2 model

thel Second comnparison uuadc- was f'or a Mi = 0).89 I,2 Jet int itt stpersonic M. . 1.321

air jet. I liec wt velocity was) .1 21) ftI/see anid tile cx ttriial volocil t ' a 95 ltI/SCL. I-1e

pressure was, anibueiit and thle initial density ratio is shown in lab/c 1 1I.

I'.eurn '2' coinpares model predictions f'or thle kc 2 and kw' ttlrblermIcII models wi t

coinpres~i hi! it \ . It ShlnId be noted that thle agreemlent betwen theory and experimlent for

thle Core lIn!tll is reausonahle. [The kw' miodel sho\s~ I sliOditly better agreement with the

I I,( judi \ctoct.7 profiles, \\crc fi rst coinpa red at ani axial distance downstream of'

0 1)(M ilail. I IIs cart be seen hrmn Figurt, 25 to still bie iii thle potential core region. Note

ii Iew 26thai tfie predicted radil profile utihi/ing thle k(,) model is reasonable but certainly

does, not aicce as closel\ as it did in Case I abox e. Discrepancies between ex puniment and

thteors hc,,atiu apparenlt xs lin tiie \cloe:it\ difference ratio has dropped to approitat'lels 60
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Percent cii its Initial alue. [Ise atl thle kt2 miodel glses a iiotieeahl.\ pooier agireenment %Aith

e\periinenlt oxer the entire ranlge o coliparisonl.

I lie nc\t radial profile to he compa red is shom~ i Ii Fni'uri'2'at a clomi stream distaince

of 19. 16 noi.'l radii. Note that the eomiparisoiisdo not algreat thle r 0 Opoint becauISethe COreC

lend-,0 1i io ineritl Ispreieteci h\ hothI tnIlhnIleiiee Models BothI models do equallsk e li oser

the en! ie laticof par-ameters at this' ci0% oss t Cstrean distaIIee sc othe m1Clost ser-iouIsdiscrepancies

Ie last radial profile eomparison sitis nmade atl a distance of 30.88 no//le radii

doss ustream of the esit plane as slios ii i Figiiri 28. Both models do reasonabis "ell oser the
radius tiiiee os e ell t thle LareeI st iscj'%I1an\ OCiiinItIe at thle IisT er alues of the raditis1

I lie preecil- iC ciniparisons demnnstralte that thle tUrhulence kinetic energy metihods

predict tile seliieit\ profiles. hot Ii radlitlls and axialls .reasiinahls w\ell over a fairls ck ide ranice

of s eoleties, and dclisitis Rkeasonabls sxell- mecans an aeeuraev\ s i thinl 3( pereenit for a

11Zma iiniim eriir. I lhes.lo\ mntrt htempes t efteets are important and muILst be

accounted todr In the nmodeling Ii oie r to acec t Ii i aeenraes. ( t her isceeen larger errors

ill OCecii.

IC es corn paSis lso Ic nIOnst rate that tim k(,' t nrb UleceI model shos closer-

acrenlrit to expeIIricettai tel2moe 5r h ic o il-:i risors made. Herice this

model can he eonsideredf as a %able: alternatis e to thli kt2 model.

VI11. RE1:A ("I IVG SHFA R LA YE R CO MPA R I SON

I f1 insfa tIC tnrbulCtIt i \t models hlise heen compared against flows wich ha\e

different \Clocities lor c.' Ii iif thle tsoi streams or different selocities and different densities

Ihle itle t\pc f loss is eertalinl more applicable to thle rileket exhautst pin meI f1o\Ms since farge

derlits\ ratios occur tl these eases Mid since it is iniplrtatlt to knosk\ thle specCics cistribcztionI

acr oss IeC ii1\i1iL! Isr Ilie lest hlecl of cotillexit\ in the modeling pilocdLcire is toe xatni ne

Oiw tiirbiifii nixino in a reticting! shear laser. preterablv onie In which tile initial densities ill

OhW 1\\o sir1iisi thec saNe11. I Ilis, eliminates aniother sariable Ii thle problem if the Iitial

jlk'lsitl itol( Ii he 1h0ld if 1111t. Ii addition, aI kirietically simtple rc'uictine flow, s\,s-

ICIII is iii,iILit11iir or an icClt tOSt Of t110 tirhiFileneeC mIodels sinIce clietiiCAl teCJtiili

l( eiiict shI It isem expel c ~~iliclts of this kind fuse~ recentls been completed at t he

ot~l,1 O fuil i \II 'jlt and hase bceii] ckotec at thc Second Su\n posili ili

Wicii hca I Im, sc \ si \[ 151 ~i l ros

SOf
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InI these expert mlents, thle lt stream consisted o1 No( ixed with N: inI various low

level coiieeilitratioiis andk tile extrnial streami consisted of 0, inixedi with N, in varions other

lkw lesel !ocnrtis he Jot streami velocity was 82 I eet/second and the ext ernal

stieaiii %cehcit to1 1 o fet secondi. [he tlo cliannel was 3.94 ics wide andl the0 h110it

(fl thek jet streuiii Iioi/le was 0.)8S iiiclios while tile heidht of" the external streami no,'ile wkas
I.(' inclics. I lie Re mnniher Ixised onl thle honiidar% layer hight was IOU10.

I lIe' chemlica recion01 it ol dInI tis expimenlllft is Nerv simlple

I Its, is a \%ecll knos in chiemical reaction anid its rate is k nos ii with a hiigh degree of aCnlraes as

[ln is the t cm peatinrc i mis heloss 50( egrees K. I hierefore. tis, cx pe ri menlt a low\s thle

conlitxiisonl of the( hI rlent011 mlixing'- model0 dirctly% sinIce the e~he1i'ia kietc, Of' this

react ion a re so well kinownl.

C omparisons ssere mnade tor three tss o-diinensional reactinig shear laver eases shoss IIn

IIhulc 29 and fu rt her dectails InI Ibb/ N

Note inI l grc' 29 thiat thle let streaml eontain11 thle ILnel NO anld thle external streaml

cointinis the oxidi,'er 0i I [hc low\ conicent ratilolls ot1 t tl and( oxidi/er mlixed withi the carrier

EXTERNAL Te 300-K
STREAM ue =16.4 ft/sec

CT

Figure 29. Two-dimensional reacting shear flow schematic.



TABLE 8. INITIAL CONDITIONS FOR REACTIVE SHEAR LAYER
COMPARISONS

EXTERNAL

CA FJET STREAM STREAM

NO LI JQ Li Pjp CONSTITUENT* CONSTITUENT*

NO N2  03 N2

1 50O 0.996 1.0 0.05 0.95 0.010 0.990

11 5.0 09-77 1.0 0.05 0.95 0.0379 0.9621

111 5.0 0 95 1.0 0.05 0.95 0.078 0.922

Constituents given as mnole fractions.

stream"I. \ - deraied In lo S A' or the cases that \ cw conipared. Ihle reason lot such to\\

coliceiltraOils ollf reaictants i,, thle dcree, of rea ict I\ It\ OftI hie'\() ()I rectioI.A lil laC amlounlt Of

hecat if od tced 11 rm mnu te tClifIilIt tIeC oll reetalI It".

Com pa I solns \kere Iltadc for thle eaiCe shlox\ it ill UlO't' \% here thle attotirt of oxidlici- Ii

h t~t it( ,\( i i st eil Inkk coulSttil I itICtealsrd 10ta 1 to 17. pcentII 11Ihi increasedilc th I) 1
alito and Ireitlted it nrestvhierlca la i tepcratirs.( Compa risINs "ecre made oft

hoth lI h \ e locit\ anld temlperatul Cre l eties for these eases. Di )esit.v profiles \ crc not measuried.

I lie \irtuiaf oieti \, W\as niot deteriiiied Ii these, tests ats it wa for thle neil-reacting

slicir1 Ia\or e\pCrIIiieitts prkesetited earlier. fetteec. 101 the thoreticall pIiecitOus. X, % js

itO//I \Ii produice sotlerrot h\% sealiii tile %\idtlt ot thie ptfcieted "hear li\ et

ii'~orieitI . C\01te i i te tllieeteielr anld ke\perirItIC 11 10esirhts .wk'k holer l ,th ftic
il i f he he Ilirci ssou II shio\s ' dIisclpl .p . he t WO~kI) fitc're p ic eilc intd ltIteastl ret

of ilk lit i*,i5'tt',IwItItt ofthe ttiirpraftii 1piotile, is %kill ilk Hslibsetfleittl siiot i.

B3oth thle st' 2WMC1C turhueric modland the km, tntilueitee mlodels k\ere litihi/ed Inl the

theretolk ftetepeitosshmi sr hslit-afc c il, \ccIl' biiicki rttihtiiiig thle kw' ttirletieelllc model.



Results comparing the reacting shear layer for Case I given in Tabce 8 predicted and

measured are ,Iio\ n 0 1igur' 30. lhis is a comparison of the velocity profile across the shear

Ia\Cr. I he agrcement het\een theory and experiment is excellent. I his agreement compares

la\ orabl\ \, ith the non-reacting shear la\er results presented earlier for the case where the

Initial densit\ ratio is I. lhat is the sit uation here. I he density ratio is 0.996 initially as shown in

Ia/thr N. I herelore it appears that the \clocitv profile is little alfected by the reacting flow at

least at thiS level and sirnilarlh good agreement betcmen experiment and theory is shown.

ligure 31 compares the temperature profile predicted across the reacting shear layer
v, itI that aCtInall\ mIeastLred. In colltraslt to he e',C.'ellettt agreement heteell the velocit\

profile dchrttiiied from experiment anid tlteor. these results ate quite the opposite. Tie

predicted temlperatLure rise protile across the shear la.,er looks lothing like the measured

,roti. [he pred.ictled laximt lllllmperaMture rise is thta twie w\v haC t waLs aCtually,.

measured. I ikewise the prelicted temnperatutre eradiwi't is tnuchi larer than that found

e,\pcril dl,.lll.. [lie shear la\ er \ idth: alst does not aeLre hut as 0s entiotied prCviousl.,

this is, sc,.aled l the virtual orient \,, and therelore catntot aree unless tlte origin of tie shear

layer lie at thie xit p ,Ian o1 the two flows. In additiol it is worth notint that tile location

of the predi:ted IttaxinIIn teriperature rise from tlhe dividing streamline is displaced toward

Ilt. iet til stream) side rlatixe to lhe experimntli lv .I,

[he re.sults shown lor both Figurc.\ 30 aid .3/ \erc for an axial distance o 1) mm

downstream of the shear la\r exit platne.

For the 3 79 percent (mole) 0, case given as Case It in laTb/ N. no experimental results

'acrc available with which to make a comparison of the velocity profile across the shear layer.

Hence the tempera tire profile is compared again at 100 mm downstream of the shear layer

exit plane. 1his comparison is shown in IiAure 32. Note thai the essential featuires that were

discussed for the I percent Oz case shown in Figure 31 are applicable here as well. lhe

predicted maximrnum temperature rise is more than twice the measutred ",alue. The location of

the mnaximnutI is again shifted toward the jet stream side and the width of the shear lav'er is in
Sd.isagerce tie 0t.

A I e.\sis number \aviation was made to determine its effect on the width of the
tenpcraltire shca! laver compared with the velocity shear laver but only minor \ariations

resulted. I his did not affect the overall poor comparison between theorv and experiment.

I lie next case compared is shown as Case Number Ifl in Iaf'/d S. [he O mole fraction

\a\ ic eae',vd to 7 percent for this comparison. Ihe \clocit\ profile is compared in ligure 33.
NI)C lhIJ the ;'CC11ttIIt. 1 hidC not as good as for the 1 percent 0 case, is again excellent. This

8 4
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should hellspeetcd l l~srin Iitt ohl thle resl s te irted lin /Viu'29 Again this isa flt,'ll\

C0to ilitil f iisitd citsc, tile derisits fil(,o acl~09,is gis cli inl lab/ S.

lh,'iut, -34 ilhistwrto.s thle o.,tlipalisOli Ot thle reLdieted and measured temperature protile

aos tho. ea~Ctinet shoar laseri. Sirnularl ot till, eawe the predicted ma ximumn temnperaturle rise

Is iliads 1\\ ic the. linasiureki \airu. I le prCdi0Cd via\111ntuivi is similarly skewed to the Jet

strem idel RIvic)L t))e COriviiov teat ires that sserc toted lit Cases I & HI ( lAb/cS are Ainilaris

It is, instl rtetis e to C\aillinek the reSults, toy- anl increasing amount ol oxidizr and notingz

lie Siitl to5\ it it ILCI elSide I his is slt110 tl ill / ir tii 35 "iherm the ma ximulll temperatue rise

location TIMCs es osald tile OXIdi/er stream mnattolic:ihis \%ith incteasing oxidi/er. T1his leads
oe to suspee!C~ thatl thle tiizlletICe) Mlodel ultili/Ced ill tile predtonms is behlaving in a lIamnar

vItani ter". \,Ite that tile c \pcrirllieit a results sho~w very ASitl shift ml the ma xtnum temperature

111' hits hsothesis Ssas Collhirnid atrer prograimmning at larnin ar mixing, tmodel aild

titruneire t s at u~tli~viuntotile1IOI 1w aiaisuit saccotiipiished 181 and thle results
are iloSS Ill P!)irC3. Note tha,1 t11he lattlinlat tll1Iing case results itnsrtal the samne

1,1ma iltl iiperat1.tife rise ats lor tie: k(,' turbuidece miodel. ile only% difteience is the

sprealdliq ate ot tile !aintinar sllicat inset coun,,ared to tile tuihaletit sheaur laver.

Ikvili predlictions "scm nttde "wtiio other iurhulenee rildels: (Ai Prandtl mii

len eth ititodel avidk (ill I oria ldsoV-( ras eddI. \ iseosit,\ model. IIle results are sho\ss i il Figurc.N

3anrd h'repcisl it is esidecvi fini these figures t ha t Titen1ci oh thle suimpie iod els oters

anl\v Iop (d hettei aeteeitictlt hcetscil expeimrt and ilucors.

VII11 SNCI t'SINSS

eslsol this stiuts cieais siviis that tilitilng to a tileordtical \elileit prh lct

11icail 5 eloities 55 it c\pei menCtlal reCsults is riot at good ildiCatorol t tile correctnless ot a1
till hllIlCe ittodelC I hIsl \Sas silsi lrlo~t miidis ho, tile teactingzsheav laser experilietts sicer

A ~ ~ 11 i COT vi eoit Wrhic Miatel vikd as \eelettt aid tile tetl1ipelatureL IprOtie t ilfongit tile shearl laser
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all cases investigated. *l his was not true, however, for the case where the initial density ratios

wvere significantly grcater than one t-7).

-1lie density profiles, across the shear layer were very poorly predicted for all cases

examnined in this in\vestigation. -1 his wvas especially true for the case when the high velocity jet

fluid was sirnultancousl% the low density fluid in the two-dimensional shear. This Is a case that

more nearl\ corresponds to thle rocket exhaust plumec.

'Ihle ktu' turbulence model gives comparablc results with the kt2 turbulence model. In

all cases examined the kw' model performed as well as the kt2 model and in certain instances, it

performed much better than the kt2 model. This was especially true for the M=2.2 air jet

exhausting into still air.

The temperature profiles that are predicted by the turbulence models are extremely

poor. 'I hie temperatures are too high by approximately a factor oftw. This indicates that there

is a significant large structure in the flows examined. [he turbulence models do not account for

this structure in any way and hence are all deficient in the basic physics of the flow. Figure 39

details thle structure of a typical non-reacting shear layer and Wallace and Brown 151 have

shown similar behavior for the reacting shear layer. Examination of this photograph makes it

clear that the vortex structure must be included in the turbulence models in order to obtain

reasonable predictions.

J ust how much large structure exists in flows more typical of rocket exhaust plumes

where the velocities are much higher is not known a p~riori. It is suspected that the large

structure will be less evidenced. If this is true, then perhaps the current turbulence models will

offer more hope for making reasonable predictions. However, this remains to be seen. Non-

reactive flow tests will be run in the near future which will provide the basis for the reasonable

assessment of' this effect.
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The comparison of the theory with the experimental data of Brown and Roshko [ 1 and

Wallace and Brown [5] required that the position of the dividing streamline be known. In

addition, this information is necessary when determining the amount of mass entrained by the

jet or by the shear layer. This was accomplished in the prediction program by utilizing the

subroutine DIVSL.

Consider the plane mixing layer shown in Figure A]. By taking an element of fluid

whose bottom edge is parallel to the dividing streamline, a momentum balance along the fluid

element parallel to the dividing streamline as shown in Figure A2 gives the following

EXTERNAL y
STREAM

U2, P 2

U1 , p 1

JET STREAM

Figure A-1. Plane mixing layer.

-MAX I - LOCATION OF DIVIDING
X STREAMLINE y=y*(2)

Figure A-2. Plane mixing layer fluid element (top half).
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-T x+ P6(x)
max + 2 sine Z pdy

y*(x)

6(x) 6(x) 6(x)
pu2dy + pu' 2dy + U., pudy (Al)

y*(x) y*(x) 2 (x)

But

k sine = 6

Hence

6
-Tma x + P.o 6 -f pdy
max6 2 Y2 y,

6 Pu2  + (2
dy fpu 2 dy U f pudy (A2)

Sy*y

or rewriting

- t x +i*p - P dymax J*\2 P

pu dy U udy (A3)

y* Jy* 2 Y*

But

2= P + pA
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Hence (A3) becomes

- x x + fPv 2dy

6 6 6

f pu 2 dy + f u'2dy - Uo2 pudy (A5)
y* y* y*

so that

6

Tmax x =f (v' 2 - pu 2 )dy +j Qu(U -u) dy (A6)
y . y 2

Similarly if we consider the bottom half of the fluid element shown in Figure A3

TI lx + P.o Y -f*
m 2 pdy

r 2 1 u 2dy U
Spudy + pu - U o U pudy (A7)
-S -6 -6

LOCATION OF DIVIDING
STREAMLINE y: y*(x)

rmax
] P~l

!'! Figure A-3. Plane mixing layer fluid element (bottom half).
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and since

P.o - p + pv -

1*

y* y* y* 2

Tmax x + = f u (u U.) dy + f6uf dy (A8)
-6 -6 -6

or

y* y*

Ta 1 j~ u u-U) dy 1jY*(72 - -I) dy (A9)

Equating (A6) and (A9)

f y*

f u - u0 dy + jp(u2- v,2)dy

-6 -6

fp .2- u) dy + fP G 2 -u') dy (AIO)

and by assuming 7 (A 10) becomes

6(x) y*(x)

f OU(U - u) dy ~PUu - U0 )dy (l1
y*(x) -6(x) 1 (All)

Fquation (All) is utilized to determine the location of the dividing streamline.
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Figure A4 illustrates a program that was written to check out the dividing streamline
location. Data from a realistic 2-1) shear layer in the form of streamwise velocity uand density

p at normal locations y were input via DATA statements. Utilizing this data the dividing

streamline was located utilizing equation (A ll) which is coded in subroutine DIVSL. The jet

side integral II is given by the RHS of equation (A ll) and the external side integral 12 is given

by the LHS of equation (All). The trapezoidal rule is utilized for these integrals.

Detailed output for the subroutine DIVSL is given by the namelist OUT2 and for the

overall check routine by OUTI. Note the location of the dividing streamline yy given in both
namelists.This illustrates a behavior common to the 2-D shear layers studied - a bending of the

dividing streamline toward the jet.

Once the dividing streamline has been located, the entrainment can be calculated for

both the jet side and the external side. Figure A5 illustrates some additional calculations which

define two integrals utilized in the entrainment calculations. The mass flow integration above

and below the dividing streamline is given by 13 and 14, respectively. These integrals are defined
as

13 f pudy

-6 (Al 2)

6

4 = u (Al 3)
I

?,These integrals are utilized to calculate the mass flow changes at streamnwise lo cations

and differences in these integrals give the mass flow entrainment. The jet side integral is given
by L, and the external side integral is given by 14.

Detailed output for these integrals is given in namelist (U1 3. The dividing streamlhne
location is given in namelist OUTI and 011T2 as before.
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!fOUT 2

Ultj1I = q3?b1E+U2s

UINfe = * 4bSO +U 1

UAv( = 94694btL+O19

LJLLY = .VY9999bt-LG4q

UAIL = *4j0344~V-4

LX1e = .1727'fl42bl1142E-07q

Ail = *4b7645jb4b'7h-Ui,

Ai? = .43O22671b73b.-039

bLLI = -. 293b734t15YjIL-U49

UtLIS = q47obleN,4bblbeE.-U4,

%L(ThL = -*9b747447t)2 1.~t009

yy = .9V474e47G'b3eL+U1,

1 23,

TtST = -.1413bD2137433IL-ti,

Figure A-4. (Continued).
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- -'.. ..--- , 32-81 02 . . .

UJINF? .469E+019

UAVG . .-- = 469465 .Vlt ...... ..

PHOAVG = .791555E-029

DELY--- = ,799999996855E-04,-

OXil .44190738442919E-044

BX 2 --- =-.1727974,26-11-t 4.2E-07 ,---

XIl = .45976435164897E-039
-X-I-2----=-. 302282-7818-7,3 BE-.. --

DELI = -. 29536073461593E-04,

-DEL--IS-= -*.4-7861884.c$28-15 2E-04--

SLOPE = -. 96747447525215E*00,

.-Y-- = .9999-7494-70-9532E+019 -

N = 22,

-I-- = 23 9---.. .. . .

J = 51,

TEST.-----= -. 14136521374338E-089

NMAX = 509

SEND

%OUT3
i UOSL--- -... =-- 166569c; 05690--E + 0 2

POSL = ,206?843346Q309E-02,

UAV = .1b49932-5 ;?- 09E*029

RAVG = .20779666734655E-029

DEL3 -.. =.- 1046689R351
74S E-05,

X13 - 63730432656421E-049

X 14- .. - 892R981-4-486664E- 0 1-

VOUJJ " =*291q8329263413E+029
-v oklF- - =--.-9 9315 4 2 233-9-1-1 E- 2

SEND

Figure A-5. (Continued).
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For the reacting shear layer comparison, it became of interest to compare the resulting

temperature rise in the shear layer with that predicted by a laminar mixing model. Hence, it

was necessary to add this capability to the shear layer program BOAT. The following

extension to the code (Figure BI) is necessary to accomplish this. The details of the laminar

mixing model are given in a separate report [8].

)

b
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SYMBOLS (Conltinuled)
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Stream Function (Equation 6)
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6* Boundary Layer Displacement Thickness

Mormentum Thickness

-y Ratio of'Specific Heats

R niversal 6(a,, ( onstant

S I.' < 120
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SYM B)LS (Continued)

C-

(' kt 2 Turbulence model constants (Equations 10 and II)

KA
k,, Furbtilence modol constants (1 quations 18-20)

kiI

(

(c.

(

(c2 ni' pirical conslalt - iln kt2- formultlation

Functiolal corrections for %%e.ik .,iear flo w- in k fl2 tonulation iRef. 7)

e Specific turbulent kinetic cnerg\

1. P I)ctIned by Lqu:ILtion 25

b w Cole's Universal Wave Function t!qUation 29)

Wall shear stress
-4

b* )isplacement thickness

r ri17 Non-dimensional radial coordinate, r- j

0 Momentum thickness
/

y (ross stream distance from dividing streamline
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SYMBOLS (ConcludCd)

0f'

Ci
Constants in ku,' formulation

Cl

C3

C4

C5

C6

U Mean axial velocity

V Mean radial velocity

z

p P/P

Subscripts

max Maximum

o Initial value

C Centerline

e External stream

Jet stream

00 Free stream

I
t Turbulent
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