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1. INTRODUCTION

1.1 General

The importance of a stress analysis for intersecting

cylindrical shells is well recognized because of the frequent

occurence of intersecting cylinders in engineering structures.

Examples include pressure vessels, boilers, pipe networks, etc.

Until the last two decades, the design of the components involved

in a cylinder intersection was carried out by rules-of-thumb. The

trend towards the use of high strength materials for pressure

vessels and the stringent safety requirements for nuclear reactor

components, have intensified the need for a more complete

understanding of the behavior of the region or vicinity which

includes the cylinder intersection.

The introduction of a nozzle in a pressure vessel is a

common requirement. The resulting discontinuity in the geometry

introduces high stress concentrations in the region, thereby

reducing the capacity of the vessel to withstand an internal

pressure. If the vessel is to retain a significant percentage of

its original capacity, additional material - "REINFORCEMENT"

should be provided around the curve of the intersection.

Moreover, by allowing a small amount of restrained plastic flow

in this region, the stress concentrations can be smoothed out by

redistribution, as long as the material is ductile and loading is
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increasing monotonically (l.l)*.

However engineering structures which contain intersecting

cylinders, are frequently subjected to constantly fluctuating

loading conditions. This introduces another important factor for

consideration, FATIGUE. A failure criteria attached only to the

plasticity of a critical region may produce very deficient

design. Due consideration must be given to the fatigue behavior

of the structure when it is subjected to an anticipated history

of stress reversals. A design which incorporates this fatigue

consideration, depending upon life -expe ctancy, may significantly

restrain the allowable plasticity in the structure. An accurate

and detailed determination of stresses in the vicinity of the

cylinders' intersection would be of little value unless the

designer recognizes the significance of those stresses in

relation to fatigue. For a good estimation of the fatigue life

of a structure, a reliable stress; analysis including the

possibility of material nonlinearity, is of primary importance.

To this end an analytical evaluation of the stress

distribution using elastic thin shell equations, is almost

impossible for cylinder intersections with a large aspect ratio

because of the complexity of the curve of intersection. This

curve is spacial and unique. No generalized equation exists for

the definition of this curve. Within some restrictions the

problem can be simplified by assuming a particular shape for this

curve, for example selecting a circle in a plane for the case of

*Numbers in parentheses correspond to the references.
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normally intersecting cylinders having a small aspect ratio.

Of course, some inaccuracy is attached to this assumption. This

inaccuracy becomes considerable for aspect ratios larger than

one-third.

Earlier efforts to arrive at a generalized method of design

for the case of intersecting cylinders were based on results

derived primarily from experimental work. In the late fifties,

two major projects were independently undertaken one under the

auspices of the Welding Research Council and the other at the Oak

Ridge National Laboratory. These initial experiments were

carried out using the photo-elastic technique. Loading included

both externally applied loads and internal pressure.

Unfortunately the results from the experiments were very

scattered making it almost impossible to derive, therefrom, any

generalized equation around which to form a basis for design.

In recent years the finite element method has emerged as a

very powerful procedure for general structural analysis. The

method provides engineers with a versatile tool which has very

wide applicability. The finite element method is now firmly

established as the general numerical method to be used for

obtaining a solution for complicated structures. The subdivision

process of the method allows the specification of complicated

configurations, abrupt changes in properties and even irregular

geometrical boundaries. Moreover, the finite element method is

one of the most efficient methods for the solution of structural

nonlinearities. A cost analysis for the solution favoured the

finite element method by a factor of 1:3 over a purely
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experimental process for the evaluation of the stresses in the

vicinity of a pipe intersection (1.2). Reliability and

efficiency of the finite element method for the stress analysis

of the intersecting cylinders is already proven (1.3).

1.2 objective and Scope

Motivation of this research stems from the fact that, no

unified in depth study of the behavior of the cylinder

intersections, having a record of consistent results, exist. The

decision is taken to approach this problem in the environment of

a numerical method with proven reliability and accuracy. To

carry out this goal of a unified study, various aspects of the

behavior of the structure are investigated utilizing the finite

element method. The objectives set down for the study can be

summarized as:

1. To carry out an in depth investigation of the effect of

reinforcement around the curve of the cylinder

intersection. One objective of this phase is to

determine an efficient configuration for the

reinforcement.

2. To conduct a parametric study considering various

aspect ratios and angles of intersection of cylinders,

recognizing their influence on the variation in the

stress pattern and associated stress concentration

factors.



5

3. To study the nonlinear cyclic response of the cylinder

intersection. The derived results form a base which

can be incorporated with existing numerical techniques

to predict the fatigue life of the components.

To meet these objectives the following road map is taken.

It is well recognized that for a three dimensional structure

such as intersecting cylinders the finite element mesh generation

is one of the most formidable tasks that must be undertaken.

Efforts are directed to develop a data generation algorithm. The

algorithm is capable of handling any range of aspect ratios,

angles of intersection, and reinforcement configurations. At the

same time the algorithm is efficient, have simple input data

requirements and is flexible enough for the user to readily

change the layout of any region of the structure.

For the purpose of preparing an efficient structural model,

three dimensional isoparametric elements are utilized in the

vicinity of the curve of intersection. The rest of the structure

is discretized using curved shell elements. For connecting the

regions of three dimensional solid elements with the regions of

curved shell elements, a transition element is developed. This

element has one face like a three dimensional isoparametric

element while the others are like a curved shell element.

Moreover, three dimensional isoparametric transition elements are

developed to facilitate the reduction in the layering of three

dimensional elements through the thickness.

The concepts of isotropic strain hardening materials have

been employed in an earlier nonlinear analysis of pipe
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intersections (1.1). This idealization however breaks down when

the structure is subjected to cyclic loads. A kinematic strain

hardening material model is developed for application to cases

with material nonlinearity. It should be noted that this study

does not include the effects of temperature variations or creep

on the response of the structure. Also the geometric

nonlinearity is exluded by an assumption of small deformations.

.4

_ _ _ _ _ _ _ _"__ _ _ i
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2. CYLINDRICAL SHELL INTERSECTIONS

2.1 introduction

In recent years the use of structures which contain cylinder

intersections has been on a continually increasing trend. Many

engineering installations now involve their use such as boilers,

reactor pressure vessels, pipe networks in chemical plants,

off-shore oil drilling towers, etc. In spite of these increased

occurences no analytical solution has been achieved to form the

basis for a design process for the region of the intersection.

This lack of a solution has drawn the attention of many

researchers who have followed several different approaches in

search of a procedure capable of determining the stress patterns

produced in the region of cylinder intersections.

2.2 Literature Review

2.2.1 General

The determination of stresses in the region of intersection

is complicated because of the sudden discontinuity in the

structure. This is particularly true in shell structures with

their membrane or surface force characteristics. The complexity

of the geometry of the curve of intersection further complicates

the problem. The different approaches that have been tried for
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the solution of this structural problem can be catagorized as

1. Analytical approaches using differential equations.

2. Limit analysis techniques assuming a collapse

mechanism.

3. Experimental studies employing model or component

specimens.

4. Numerical analyses using computer oriented procedures

such as Finite Element Analysis.

2.2.2 Analytical Approach

Classic analytical approaches were taken by almost all of

the early researchers attracted to this problem. Classic

analysis of the structure, however, has proved to be a very

formidable task due to the fact that the curve of intersection is

a three dimensional spatial curve vithout any symmetry.

Idealization of this curve to a circle simplified the problem

when a small cylinder intersected a large vessel. The solution

produced an acceptable approximate analysis for these small

aspect ratio cases.

Krisch (2.1) was the pioneer investigator researching the

stress concentration around a hole in a flat plate subjected to

an axial tension. Lure (2.2P2.3) was the first to attack the

problem of a circular opening in a cylindrical shell. He

produced his solution based upon the assumptions of thin shallow

shell theory. Lure's study was directed to the case with an

aspect ratio of less than 1/4. He wrote his solution in the form

of a power series in a non-dimensional curvature parameter# viz.



9

the square of the hole radius divide by the product of the shell

radius and the wall thickness. Similar approaches for related

problems have been discussed by Pirogov (2.4), Savin and Gouz

(2.5), and Gouz (2.6).

Lure and van Dyke (2.7) wrote the solution to the basic

differential equations as a series of products of exponential and

Hankel functions, subsequently splitting the solution into

symmetrical and antisymmetrical parts by replacing the

exponential terms by Krylov functions. Lekerkerker (2.8) wrote

the exponential as Fourier-Bessel series, making the solution

easier to handle analytically.

A comprehensive analytical treatment to a nozzle

intersecting into a cylindrical shell was first given by

Reidelbach (2.9). He applied uonnell equations for both

cylindrical shells. There are some objections, however, to this

approach because it neglects the interaction between different

terms in a Fourier series expansion and it assumes the validity

of Donnell equations for all cylinder intersections. When the

cylinders are of equal diameters these assumptions are considered

very inaccurate (2.10).

Tyn, Mint, Radok and Wolfson (2.11) used a Ritz method as

the basis of their approach. They chose displacement components

which satisfied the boundary conditions, and minimized the

potential energy. The selected boundary conditions were such

that the edge of the hole in the main shell was fixed or clamped.

Based on Donnell equations Eringer and Suhubi (2.12) and Eringer,

Naghdi, Mahmood, Thiel and Ariman (2.13) presented a solution for
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a shallow shell intersection with an aspect ratio less than 1/4.

Yamamoto, Isshiki, Hamada, Hayashi and Ukaji (2.14) treated the

same problem by using Plugge equations for the branch shell and

Donnell equations, including shallow shell conditions, for the

main shell. Minimum energy principles were then used to

establish compatibility between the two components of the

structure. A comparision with experimental results revealed good

agreement.

Some unsuccessful attempts were made to treat the problem of

shells with aspect ratios larger than 1/4, that is for shells

where the assumption that the curve of intersection is a circle,

is not valid. Within this category we can list the

investigations by Bylaard, Dohermann and Wang (2.15), van Campen

(2.16) and Pan and Beckett (2.17). Bylaard employed Flugge

equations for both shells, however, his paper concluded without

giving any numerical examples. Van Campen formulated the problem

using Morley equations for cylindrical shells. He concluded his

paper with the mention of difficulties when numerical solutions

were sought. Pan and Beckett used Donnell equations for the

intersected shell. They gave a numerical example for an aspect

ratio of 1/2. Their results compared qualitatively with

experimental results. However, they also emphasized difficulties

in achieving numerical solutions. Thus in spite of the assuring

formal equations the ensuing numerical work ended in difficulties

because of the existence of ill conditioning in the equations.

A concluding remark for this survey on analytical elastic

approaches can be summarized as, in spite of the two decades of
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research a proven method for stress analysis of cylindrical shell

intersections has not been found.

2.2.3 Limit Analysis

Another approach taken by some researchers for solving the

problem is that of limit analysis. For the sake of

simplification several assumptions, such as following, were

made : it was assumed that both the shells were thin shells,

elastic deformations were neglected, change in geometry was not

included even for large deformations, and strain hardening was

not considered. Within the confines of these assumptions, the

limit approach can be classified either as 1. a lower bound

solution or as 2. an upper bound solution. For the lower bound

solution, kinematical criteria were ignored. Main workers in

this area have been Robinson (2.18,2.19), Ellyin and rurkkan

(2.20), and Biron and Courchese (2.21). For the upper bound

solution stress equilibrium conditions were ignored. Some work

in this area was carried out by Goodall (2.22), Cloud (2.23), and

Schroeder and Roy (2.24,2.25).

Limit solutions contain many assumptions and approximations,

hence their results may be far from any realistic solution. They

may be good enough, however, to give a rough estimate for the

stress concentration factor. Precautions should be taken before

a solution is qualified as a true lower bound or even a

reasonable engineering evaluation of a true lower bound, as

suggested by .iron and Courchese (2.21).

.... .... .-
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2.2.4 Experimental Approach

Experimental work has been done by various researchers

seeking a solution to the shell intersection problem. Generally

the experiments have been carried out by utilizing steel models

or by photo-elastic methods. These experiments are few in

number, because of the difficulties associated with precise

modelling of a thin shell and the costs involved in such fine

modelling.

The earliest record of such experimentation is found in

Welding Research Council Bulletin of 1959. Hardenbergh (2.26),

reported the results for a metallic model under internal

pressure. Strains were measured utilizing rectangular strain

rosettes at locations well removed from the branch connection.

In the same bulletin Taylor, Lind and Schweiker (2.27) reported

their experiments with photo-elastic models. The ultimate goal

of this latter study was to investigate the effect of the

important parameters on the stress amplification, and to

establish a procedure and criteria for the design of reinforced

openings. The above paper presented the experimental results but

it failed in establishing correlations with different parameters.

The results of the study are of an uncertain value as their

validity is questioned because of the wide scatter in the data,

as indicated by Mershon (2.28).

Hardenbergh and Zarmik (2.29) reported the results of

experimental stress analyses of full scale steel models of

cylinder intersections. Measurements were obtained through the

use of electrical resistance strain gauges. Their results
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indicated the necessity of proper reinforcement around the nozzle

for the purpose of reducing the stress amplification. No

concluding remarks were made. Experimental studies with

externally applied loads were also carried out by Hardenbergh and

Zarmik (2.30), and Riely (2.31). These researchers studied the

effect of axial thrust and bending on the stress pattern. Other

reports on experimental results of tests on full scale steel

models were given by Meringer, Cooper (2.32) and Cranch (2.33).

General behavior and shifts in the region of stress concentration

were studied by Taniguchi, Kono, Iki and Setoguchi (2.34), for

the case of externally applied loads. No attempt was made to

arrive at any generalized equation. Gwaltney, Corum, Bolt and

Bryson (2.35), carried out experiments with very well controlled

steel models to study elastic response of the structure under

internal pressure along with externally applied loads.

Very few experiments have been carried out which extend into

the plastic range of material behavior. First mention of such a

test is by Lind, Sherboune, Ellyin and Dainore (2.36). They came

to the conclusion that the shape factor, which is defined as the

ratio of plastic limit pressure to the elastic limit pressure,

was as high as 3.8 for their models.

Further experimentations on cylinder intersections, in the

plastic range, under internal pressure and externally applied

loads were carried out by Schroeder, Shrinivasan and Graham

(2.37), Ellyin (2.38,2.39), Maxwell and Holland (2.40) and

Schroeder and Tugcu (2.41). These studies outlined the general

behavior of the structure in the plastic range and how, in an

!%--"j'*-
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overall sense, varying parameters like aspect ratio, diameter to

thickness ratio etc. change this general behavior.

Unfortunately, the scatter of the results from the various tests

is too large to arrive at any specific conclusions.

2.2.5 Finite Element Approach

ihe earliest attempt at a solution to the pipe intersection

problem by the finite element method was reported by Prince and

Rashid (2.42). In the earlier stages of development, flat plate

triangular elements were used in the modelling process. Because

of their discretization errors, a large number of such elements

were needed to converge to a reasonable answer. Qualitative

agreement of the results with experimental values, however,

demonstrated the general potential of the method.

Greste (2.43), developed a program for the finite element

mesh generation appropriate to cylindrical shell intersections.

He used two dimensional flat rectangular elements that included

membrane and bending behavior, but were restricted to the elastic

range of material response. The numerical results obtained,

using this program, were in reasonable agreement with the

experimental values derived by Corum, Bolt, Greenstreet and

Gwaltney (2.35,2.44).

Hellen and Money (2.45), and Bathe, Bolourchi, Ramaswamy and

Snyder (2.46) demonstrated general capabilities of the stress

analysis for the intersecting structures. This involved the use

of BERSAFE for the linear analysis and ADINA for the nonlinear

analysis. Ando, Yagawa and Kikuchi (2.47) used elements based on

memo.
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Novozhilov and Mushtari-Vlasov shell theories for their finite

element analysis of both inclined and normally intersecting

cylinders.

The use of different types of elements in a mesh of finite

elements was introduced by bakhrebah and Schnobrich (1.3). Three

dimensional isoparametric elements were used in the region of

stress concentration, that is, near the curve of cylinder

intersection while Ahmad shell elements were used throughout the

rest of the structure. Incompatible modes and the technique of

reduced integration were employed for improvement in results.

The study showed good agreement with the elastic response of

Corum's experimental effort.

The versatility of the finite element analysis for nonlinear

behavior of structures was demonstrated by Argyris, Faust,

Szimmat, Warnke and Willam (2.48). For the study of cylinder

intersections, Gwaltney, Corum, Bolt and Bryson (2.49) used flat

plate elements with five degrees of freedom at each node (Hsiegh,

Clough and Tocher element). Their results demonstrated good

agreement with earlier experimental results for nonlinear

response. Eight node three dimensional solid elements with

incompatible modes were employed by Brown, Haizlip, Nielson and

Reed (1.2), for the problem of normally intersecting cylinders.

They utilized three layers of such elements through the thickness

over the entire structure. Gantayat and Powell (2.50) also used

the same element but restricted the discretization to a single

layer through the thickness.
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Chen and Schnobrich's (1.1) contribution to the finite

element analysis of intersecting cylinders involved the

development of a general procedure, with material nonlinearity.

Three dimensional solid elements were used, through the

thickness, in a layered configuration. These were confined,

however, only to the region of stress concentration. Curved

Ahmad shell elements were used throughout the remainder of the

structure. A criterion including isotropic strain hardening was

considered with monotonically increasing load. Stress analysis

was performed on normally intersecting cylinders under internal

pressure.

Kroenke and Mckinley (2.51), compared their nonlinear finite

element analysis results for the cylinder intersection, subjected

to an internal pressure loading, with the test results from a

steel model. The analysis was carried out by using the computer

program ADINA. Degenerated 8 noded isoparametric elements were

utilized by arranging them in three layers through the thickness

in the region of the stress concentration. A good agreement of

the results was observed in the elastic range. However, in the

plastic region, the structural response of their analysis was

considerably stiffer than that observed in the test results.

- p
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2.3 Reinforced Opening

2.3.1 General

High stress concentrations exist in the vicinity of the

curve of intersection of the cylinders. This curve poses the

"weakest link in the chain", therefore it requires careful

attention during design in order to maintain the safety of the

structure. It is highly uneconomical and impractical to let the

high local stresses of this region govern the design. Branch

pipe connections of ductile materials, if provided with proper

reinforcement, are capable of developing large plastic

deformations, thus having considerable plastic reserve strength

beyond the elastic limit pressure.

2.3.2 Previous Work

The amount of reinforcement and its effective distribution

around the curve of intersection has posed a formidable question

for many designers and researchers. In 1956 the Pressure Vessel

Research Committee undertook a ten year program aimed at the

development of a theory for reinforced openings (2.52).

Photo-elastic experiments were carried out at various research

centers like the University of Illinois at Urbana-Champaign, the

University of Waterloo and the Westinghouse Research

Laboratories. However the photo-elastic experimental results

showed an overall scatter of about 20%, while having consistantly

lower values than comparable results from experiments with steel
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models. It was concluded that photo-elastic experiments were not

entirely adequate for nozzle tests, because in this case a

variation of the parameters produces only small changes in the

stress distribution (2.28).

For small aspect ratios of d/D < 1/3, Chukwujekwu (2.53) and

Cloud and Rodabaugh (2.54) proposed design methods for the

reinforcement. These design methods were based on a limit

analysis, where a dimensionless parameter p was correlated with

an expected reinforcement thickness. The values of the parameter

p are given by

d = (2.1)

Design curves were proposed covering the range of 0.1 < t/T < 2.0

Another approach was suggested by Atterbury and Bert (2.55)

by employing simple beam theory. The stresses at the critical

point were divided into two components, membrane stresses and

bending stresses. Curves of desirable stress level were plotted

against the thickness ratio for various ratios of membrane and

bending stresses. The application of a simple beam theory to the

cylindrical shell intersection problem is, however, highly

questionable.
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2.3.3 Requirements for an Effective Design

Additional material should be provided around the curve of

intersection to compensate for the weakening effect. This added

material should be integral with the structure ie. it should be

fully continuous with the shell, as contrasted with pad or saddle

reinforcements which are welded to the shell only along the inner

and the outer peripheries. However, it is observed that such pad

or saddle reinforcement if welded with adequate shear strength is

qualitatively equivalent to integral reinforcement (2.56).

The reinforcement should be provided in an adequate amount

to significantly reduce the high stress amplification. The cost

of material making up the reinforcement is negligible compared to

its benefits, hence under-reinforcement should be avoided. On

the other hand the addition of too large an amount of material

has a reverse effect. An over-reinforced location restrains the

natural expansion of the cylinder under internal pressure,

creating the effect of a hard spot thereby overshooting the local

stresses. This is analogous to "pinching a balloon"

The reinforcement should be provided in the region of its

greatest effectiveness. A suitable configuration should be

provided to avoid any high local stress concentrations.

Extension of reinforcement lengths beyond the required limit is

equivalent to increasing the thickness of the walls of the

shells. The transition from unreinforced to reinforced

thicknesses should be gradual so as to avoid any local sharp

discontinuity. There are three possible locations for the

provision of the reinforcement, viz, outside the nozzle, outside
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the cylinder and inside the cylinder Fig. 2.2. It seems obvious

that the most desirable situation is to provide equal

distributions of reinforcement to the inside and the outside of

the cylinder to avoid any eccentricity. However, it is common

practice to avoid inside reinforcement because of its difficulty

in fabrication.

2.3.4 Established Design Procedures

Various methods currently exist for the design of reinforced

openings. The design procedures are formulated on four different

bases which can be categorized as follows z

1. Design procedures evolved only by experience without

any specific objective foundations, as a rule-of-thumb

(2.57).

2. Design procedures based on simple elastic analysis

using shell equations valid for small aspect ratios

(2.58).

3. Limit stress analysis with restrictions on the maximum

allowable stress is the basis of some design procedures

(2.59).

4. Design procedures based on experimental evaluations of

models and their extrapolations and interpolations

(2.60).

The current American practice as described in several

American design codes (2.57), is based on past experience which

is expressed as a rule-of-thumb. The specifications require that

the material cut out by the opening, ie. D*T, be replaced around
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the opening within an effective zone. The effective zone is

defined as shown in Fig. 2.3.1. Along the cylinder it is equal

to the greater of either the diameter of the finished opening or

the radius of the finished opening plus the thickness of the

cylinder wall plus the thickness of the nozzle wall. Normal to

the cylinder the effective zone is defined as the smaller of

either 2.5 times the nominal cylinder thickness or 2.5 times the

nozzle wall thickness. It is further proposed that the area of

the reinforcement at the transverse section can be curtailed to

half of its value at the longitudinal section with a smooth

transition traversing between these limits. The longitudinal and

the transverse sections are defined as, plane X-Z and Y-Z

respectively in Fig. 2.1. It should be noted that no

theoretical formulation exists to substantiate this reduction in

reinforcement area.

The British Standards Institute (2.59) specification for

reinforcement is based on a limit stress analysis. The design

criterion limits the calculated maximum stress in a reinforced

spherical shell to 2.25 times the nominal stress in the

unperforated sphere. It should be noted that the

nozzle-in-sphere theory is assumed to be valid for the

nozzle-in-cylinder case. The applicability is restricted to an

aspect ratio of less than 1/3. Design curves are given to

predict the increase in the shell wall thickness depending upon a

dimensionless parameter p , which is defined by Eq. 2.1. The

reinforcing length along the nozzle, Fig. 2.3.2, is specified as

4 the square root of the product of the inside diameter of nozzle

.. . . ....
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times reinforced thickness of the nozzle. Along the cylinder the

length of reinforcement is specified as the smaller of either one

half the inside diameter of nozzle or the square root of the

product of the inside diameter of cylinder times the reinforced

thickness of the cylinder.

The design specification established by the German code

(2.60) is based on experimental investigations. A large number

of tests were performed to determine the internal pressure which

produced a permanent strain of 2%. Design plots are proposed

with a dimensionless variable parameter P , as defined by

Eq. 2.1. The reinforcement length requirements by the German

code are, along the nozzle, the square root of the product of the

internal nozzle diameter times the reinforced thickness of

nozzle, and along the cylinder, the square root of the product of

cylinder diameter times its reinforced thickness.

2.4 Numerical Analysis

It is interesting to note that the specifications of

standard design of the various countries are based on completly

different foundations. This diversity indicates a fundamental

disagreement in the design philosophy and the complexity of the

problem. Most of the design methods were developed before the

last decade, when the use of the finite element technique was not

yet established for the numerical stress analysis of complex

structures like cylinder intersections. No extensive effort has

been noted in the literature relative to the investigation of the

behavior of reinforced shell intersections using the finite
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element technique.

In the present study the effect of various configurations of

reinforcement on the structural response is studied by utilizing

the finite element method. The reinforcement is provided in all

possible geometries, however an in depth study is performed with

the reinforcement only on the outside of the cylinder. The

structural modelling and the results are discussed in the latter

part of this document.

9

Im
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3. THE FINITE 3LJN33? ANALYSIS

3.1 The Finite Element Method

3.1.1 General

Developments in the field of computational hardware have put

sophisticated powerful computers within easy reach of

researchers. This has played an important role in the phenomenal

progress that has occured in the development of various numerical

methods. Any attempt at presenting in detail the developements

that have occured in field of the finite element analysis would

be far beyond the feasible bound of this document. Moreover many

excellent books(3.1,3.2,3.3) are already avialable that cover the

details of these developments. Popularity of the finite element

technique stems from the fact that a complex structure can :e

discretized into small elements that are easily implemented in a

computer application. Also due to the fact that this method

handles complex boundary conditions, irregular shapes,

inhomogeneity in material composition and mixed structures with

relative ease.

In this work the displacement method is used for the

solution. A brief formulation of the displacement method along

with other important facets of the technique are presented here,

to complete the documentation. Extension of the finite element

technique for the inclusion of material nonlinearity is

.1
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discussed in Chapter 5.

3.1.2 The Formulation of Displacement Method

The displacements of a point in an element can be correlated

to the displacements of the element nodes by

ui  = [NJ {u} (3.1)

where [N] represents the interpolation functions called "shape

functions".

From the theory of elasticity we know that the Green's

strains at a point of interest in the element can be obtained by

taking the proper derivatives of the displacement field with

respect to any selected coordinate system. Hence the strain

displacement relationship can be expressed in matrix form as:

{c} = [B]{u} (3.2)

where [B] depends on nodal coordinates.

The uniaxial stress strain curve of the material can be used

to formulate the constitutive relation. For the elastic case

this is easy to derive from a Hookian law. The 2 nd

Piola-Kirchoff stress can be expressed as:

{a} = ID] {} (3.3)

where [D] is the material property matrix.
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For a surface traction I T } and a body force { F } , the

work eqivalent nodal load f P I is :

{P} = f [N]T{F}dV - f [N ]T{TdS (3.4)
V S

For the equilibrium of the system, utilizing the principle

of virtual work, it can be shown that :

[K] {u} = {P} (3.5)

where [K] = f(B]T[DI [B]dV is the stiffness matrix of the

element.

At the structure level, all the stiffness matrices of the

elements and the equivalent nodal loads for those elements are

assembled by proper superposition. The manner depends upon the

element configuration in the structure. The resulting matrix

equation is solved with proper values of known boundary

displacements and equivalent nodal loads to evaluate

displacements of active nodes. The set nodal displacements are

then applied at the element level to find the stresses and the

strains at desired points within an element.
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3.1.3 Structural Modeling

Governing parameters which influences the decisions on the

manner of structural modeling are, desirable accuracy and

computational cost. The optimum level of combination of these

parameters is achieved only after studying the behavior of the

selected elements and preliminary study of the structure under

given loading conditions and with specified constraints.

An important aspect contributing to the accuracy of the

finite element technique is the selection of the right type of

element. Depending upon the expected behavior of the structurer

in a given zone under a prescribed load, a proper selection of

element, one having the desired behavioral characteristics, is

made. Either the same type of elements is used for the entire

structure or different types of elements are used in differentI, zones of the structure. This latter modeling may require some

transition elements in the connecting region, wherein the

dissimilar element types are joined.

Efficient use of the finite element method is achieved by

using an optimum size of mesh with proper degrees of freedom at

the nodes, depending upon the behavior of the structural response

under consideration. It is desirable to have a finer mesh for

accuracy but at the same time the finer the mesh, the larger the

number of nodes, the more the number of equations and the higher

the computational costs. Moreover beyond an optimum size of the

mesh, the achieved addition in the accuracy is not significant.

However it is important to restrict the size of elements in a

if region where the stress gradient is sharp, like the region



28

surrounding a sudden discontinuity in the stress field.

3.1.4 Substructuring and Static Condensation

Substructuring is a powerful tool for dealing with large

structures, which otherwise might be too big to solve (3.4).

Most finite element programs have a limitation on the maximum

number of nodes and elements that can be used in a structure. In

the finite element program FINITE, used for the solutions of this

research, a maximum of eight hundred and thirtythree is set as a

maximum limit on the nodes and one thousand as the maximum limit

on the number of elements. A structure consisting of nodes or

elements in numbers exceeding these limits, can only be solved by

substructuring the problem into smaller structures then

condensing out sufficient nodes so that no intermediate

substructure or the final structure exceeds the specified limits

at any time.

If a structure is a combination of repetitive components, it

may be possible to save considerable computational time by

defining a typical component as an idenity , viz. a

substructure. This substructure can be reduced by condensing out

all the internal nodes while keeping only those nodes which

connect it to the adjacent substructure. The stiffness matrix is

calculated only once for the substructure and the same matrix is

used for each repetition of the component. Furthermore, for a

linear response of the structure, the stiffness matrix for only

one component of the structure need to be stored, making it

possible to deal with large structures without exceeding the
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capacity of the machine.

Substructuring also makes the task of structure

discretization easier for large structures of complex geometry.

The numbering of the nodes in proper sequence to minimize the

band width, is an important factor in the economical utilization

of finite element programs. The efficient sequencing of

numbering in the case of a large and complex structure presents a

formidable task. The structure can be divided into smaller

substructures thereby making discretization easier.

The advantages of substructuring in a nonlinear finite

element analysis are significant. Nonlinear analysis involves

the updating of a structural stiffness matrix as well as the

performance of many iterations, solving the governing equations

until a selected convergence criteria is meet. Any saving in the

computational time during the process of equation solution is

compounded many times, thereby, leading to an impressive

reduction in cost. Most structures have localized zones of

stress concentration, limiting the zones of material plasticity.

By condensing out parts of a structure, with an expected elastic

response, considerable reduction in the number of equations to be

solved can be achieved. Moreover, the stiffness update can also

be restricted only to those substructures with expected material

nonlinearity.

Careful attention is needed, however, in the selection of

the number of uncondensed nodes on the boundaries of the

structure. The stiffness matrix of a condensed structure, unlike

j that of the parent structure, may be a full matrix. Due to this,
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fact the process of static condensation of a substructure can

actually increase the half band width of the stiffness matrix of

the assembled structure, thereby, resulting in an increase in the

computational cost. Substructuring is particularly effective for

branch or tree like structures but not for square surface type

structures.

Taking all these factors into consideration, the structure

of the cylinder intersection, the problem investigated in this

study, is divided into three basic substructures, Fig. 3.1.

These are designated as Nozshell, Cylshell and Solid. The

structures Nozshell and Cylshell are condensed out keeping only

the nodes along their edges in order to make the connection with

Solid.

3.1.5 Computer Algorithm

Solution of any practical size structure, by the finite

element method, involves a considerable amount of computation and

book-keeping. Without the availability of modern computer

hardware and software capabilities, the application of the method

would be impossible. In recent years, an enormous amount of

computer software has been developed for handling the

requirements of the finite element method.

At the university level, there is a general trend for

researchers to develop a new system entirely. Primary concern of

most such programmers, with specialization in the development of

the finite element method, is to develop an algorithm suitable to

a digital computer for the solution of a specific problem.
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However, it is well recognized that most of these programs are

quite incapable of handling problems that involve any significant

modifications. At the same time these programs are deficient in

the general ability required by a good system. As most of the

components of a generalized system are the same, large amounts of

research effort are wasted in repetitive development. A

researcher in the development of the finite element technique

should restrict his efforts to analytical aspects of the field

with the implementation of the algorithms reflecting only new

developments.

The aim of most commercially developed finite element

programs is for a system with minimum input efforts to achieve

maximum benefits. However, most of these systems lack the

capability of interfaces or the flexibility to incorporate any

new developments, well desired by the user. The efforts of most

of the users of such systems are restricted only to effective

discretization of the structure, preparation of input data and

interpretation of output results. For such systems' users,

considerable engineering time could be saved by properly designed

free formated input data requirements along with plotting

capabilities. Adequate output information in a well tabulated

format is also a desirable feature for quick interpretation of

results.

The implementation of a general purpose system is a

formidable task requiring considerable knowledge of computer

science. Factors which distinguish a good system from others can

be summarized as man-machine communication (input & output),
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mathematical modelling capabilities, source utilization,

flexibility, restart capability, error recovery, maintainability

and portability.

A versatile and highly capable system, called POLO-FINITE

(3.5), with all the above mentioned features has been developed

at the Civil Engineering Research Laboratory at the University of

Illinois at Urbana-Champaign. In the present study the

POLO-FINITE system is used as the base program to which required

algorithms are developed and added.

3.2 Intersecting Cylinders

3.2.1 General

In the present study the intersecting cylindrical shell is

the structure of prime interest. From previous studies of this

problem (1.1), the general format of the stress patterns can be

predicted. It is noted that the curve of intersection presents a

sudden discontinuity in geometry, thereby inducing very high

stresses in this region with the dominating stress being bending

stress. These high stresses in the area of concentration decay

within a small distance away from the curve of intersection. The

decay is at a rather rapid rate with the results converging to

the membrane stresses. It is desirable to use very small

elements in the region close to the intersection curve in order

to monitor these high stresses and their gradients. The mesh

should get coarser away from the region as the stress gradient
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diminishes, this to ensure a minimal computational cost. To

organize such a modeling arrangement it is convenient to define

different zones in the structure for the purpose of different

levels of discretization.

The intersecting cylinder is called henceforth by the term

"Nozzle". The intersected cylinder is simply refcrred to as the

"Cylinder". Fig. 3.1

3.2.2 Region Of Stress Concentration

In the case of the nozzle, the situation is similar to a

cylindrical shell subjected to an edge load at one of its ends.

The stress distribution for this type of structure can be found

by applying standard solution techniques for cylindrical shells,

while using equations of a Donnell or even Flugge type. It is

observed from these solutions that the effect of an edge

disturbance induced on a cylinder by boundary loads decays at a

very rapid rate. The stresses become negligible at a distance of

2.45 VTF- from the edge. However there is one exception

to this case which must be mentioned here. When the edge of the

cylinder is subjected to a self equilibriating axial force, like

that of a sine function, the resulting disturbance propogates a

very long distance along the cylinder, Vlassov (3.6). This can

contribute to an ovalling or a buckling collapse of the cylinder

in some cases.

From the observation of the work done by various researchers

(1.3,3.7) it is deduced that in the case of the cylinder, the

stresses stabilize at a distance of 2.0 - 2.8 /Fi.*n

I
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3.2.3 The Selection of Elements

Away from the zone of stress concentration, the stress field

is dominated by membrane stresses. An Ahmad shell element (3.8)

is a suitable selection for this region. This element is derived

from a three dimensional isoparametric element Fig. 3.2. An

assumption is made during the derivation of this element which

excludes the possibility of the ill conditioning that otherwise

would occur as a consequence of the thickness being very small

compared to the other dimensions of the element. This frees the

selection of the dimensions other than the thickness, from a

restriction based on the aspect ratio relative to the thickness.

A relatively coarser mesh is then adequate for the structure

dominated by membrane stresses.

The use of a shell element even in the region of stress

concentration, as has been employed in some previous studies

(2.43), should be avoided. At the curve of intersection inplane

bending of an element on the Nozzle causes out of plane bending

of the connecting element on Cylinder and vise versa. The

formulation of the Ahmad shell element does not include inplane

bending as a degree of freedom. When the equations are written

in a cartesian global system this can result in a lack of

independence in the equations. To avoid the resulting ill

conditioning a rotational spring with an arbitarily assigned

stiffness is implemented at each node. Hence, due to this

approximation an Ahmad shell element is inherently inaccurate for

inplane bending, thereby, causing an inaccuracy in the most

sensitive region of the structure. Furthermore, unless the

:J
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tangential and normal displacements are of equal order the

displacements of the various elements are not compatible along

the curve of intersection. Finally, because the curve of the

cylinder intersection is a complex spacial curve, definition of a

unique normal direction at the junction is impossible.

Three dimensional solid isoparametric elements are selected

for applications in the region of stress concentration. Fig.

3.3. The dimensions of these elements are restricted to follow

normal rules of element proportioning, thereby, keeping the

aspect ratio of the elements to less than 20.

Improvement in the accuracy of the computed stress values

can be achieved by using two layers of elements through

thickness. In case of a nonlinear analysis, stress values and

yield functions are computed at the integration points. Each

integration point is representative of the material in the

vicinity of the point up to approximately half the distance to

the adjacent integration point. In most of the intersecting

cylindrical structures the yielding starts from the inside

surface (1.1) and propogates toward outside surface.

Precise observation of the progression of the yielding is

dependent on the number of integration points through thickness.

For early detection of the initial yielding an integration point

placed close to the inside surface is advisable. Two layers of

the three dimensional isoparametric elements with two integration

points through their thickness, has an integration point at

0.1057*t away from the inside surface. While one layer of the

same elements with three integration points through the thickness
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would have an integration point at 0.1127*t away from the inside

surface.

It should be borne in mind that by providing two layers of

three dimensional elements through thickness the band width of

the simultaneous equations increases considerably, increasing the

computional cost by a high factor. A proper selection should be

made between desirable accuracy versus its cost.

3.2.4 Transition Elements

Two main categories of transition elements are developed for

the purpose of connecting different types or arrangements of

elements organized in various combinations within a single

problem.

3.2.4.1 3D Transitional Elements

A class of three dimensional isoparametric elements with

fifteen, sixteen and seventeen nodes is developed, Fig. 3.4.

This group of transitional elements makes any combination of

layering possible between adjacent regions of the shell,

particularly allowing more layers in the region of stress

concentration. Formulation of these elements is based on the

assumption that the displacement variation along an edge having

two nodes is linear while that for the edge having three nodes is

quadratic. Because the formulation of the stiffness matrix and

equivalent load vector for the family of isoparametric elements

is well established(3.1), that formulation will not be reiterated
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here.

3.2.4.2 Transition Shell Element

-ihe combination of three dimensional isoparametric elements,

in the region of stress concentration and Ahmad shell elements

throughout rest of the structure is made possible by the

introduction of a transition element capable of connecting these

two markedly different types of elements. A quadratic transition

shell element with eleven nodes is developed for this purpose,

Fig. 3.4. An Ahmad shell element is degraded on one face so as

to appear on that face as a sixteen noded three dimensional

isoparametric element. That one face of this transition element

then contains six nodes with three degree of freedom at each

node.

As the Ahmad shell was already implemented in the computer

program FINITE, advantage of this is taken by using that already

programmed element as a base for the implementation of the

transition element. The face to be used as the connection to the

solid element, is modified by using the assumption of a linear

variation of displacement through the thickness. This assumption

is inherent in the basic formulation of the shell element. The

stiffness of the transition shell element is obtained by the

simple transformation of displacements. The same simple

transformation applies to the equivalent loads. The stiffness

matrix is post-multilied by a displacement transformation matrix,

and pre-multiplied by the corresponding force transformation

matrix. This force transformation matrix is nothing more than
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the transpose of the displacement transformation matrix. A

detailed formulation of the process is given in the appendix A.

3.3 Mesh Generator

3.3.1 General

Once all the features required for any finite element

analysis are implemented in a finite element computer program, it

remains to prepare input data for the description of the

structure. Preperation of input data consists of discretization

of the given structure into a suitable mesh using well defined

elements connected at node points. The node and element

numbering, and the tabulation of coordinates and incidences are

the major portions of the data preparation.

In case of two dimensional structures the task of

discretization is relatively easy compared to that for three

dimensional structures, as it is possible to draw an exact

diagrammatic representation of the two dimensional structure on a

plane. Then, coordinates of the node points can be directly

retreived by measurement or by using an electronic digitizer.

However, when the structure is not only three dimensional

but at the same time has the added complexity of being curved in

space as in the case for the cylinder intersection,

discretization poses a formidable task. Any attempt to achieve a

solution manually would not only consume several man days but it

would also be highly error prone.
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An early attempt was made by Greste (2.43) to develop a mesh

generation algorithm using the technique of conformal mapping.

This algorithm was restricted to use on cases where only shell

elements modeled the entire structure. The problem becomes

significantly more complex when more than one layer of three

dimensional elements are used through the thickness particularly

if that occurs over only a part of the structure. Also a feature

providing the capability of reinforcing around the curve of

intersection by some additional material was not incorporated in

Greste's algorithm.

In this study a very generalized computer algorithm is

developed for the discretization of intersecting cylinders.

Simple input parameters are designed to describe the geometry and

control the discretization process. The description of the

capabilities and limitations of this program along with various

options and operations are listed briefly in the rest of this

chapter. The required input parameters and their default values

are described in appendix B.

3.3.2 The Curve Of Intersection

The curve of intersection of two cylindrical surfaces is

very complex in its nature. This curve can be located in

cartesian coordinates by a variable, # , the angle of sweep on

the plane normal to the axis of the intersecting cylinder Fig.

2.1. In the general case with an angle of intersection

between the two axes of rotation, the curve of intersection can

be represented as:
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X = r sin

Y = R cot a + R cos* sina -{R(l-m)-ycos~cosa} cota

Z=R+m

where m = Vl-(y/R)sinO (3.6)

The shape of the curve varies considerably depending upon

the angle a and upon the aspect ratio Y/R , Fig.3.6, thereby

significantly increasing the task of generalizing the mesh

generation.

3.3.3 Reinforcement

in the mesh generating routine, provision is kept to

introduce the reinforcement in the geometry specified by the

user. Three basic configurations of reinforcement are enough to

describe, by proper combination, any practical reinforcement

pattern. These basic configurations are, on the outside of

intersecting cylinder, on the outside of the intersected cylinder

and on the inside of the intersected cylinder Fig 2.2

The reinforcement length, thickness, and number of elements

are specified by the user. To avoid any sudden discontinuity at

the end of the reinforcement, it is provided with an inclined edqe

with the angle of inclination varying according to the users'

specifications.
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3.3.4 Discretization of Nozshell

The boundary between Nozshell and Solid is decided by the

computed generator lengths. At the sweeping angle, = 0, 90 and

180 degrees, Fig. 2.1, the generator lengths in the region of

stress concentration, are computed by multiplying the stress

decay factors, specified by the user, by 2.45r*t . The length

of the transition zone is also added to get the final lengths of

the generators in the region Solid. Intermediate generator

lengths are measured by interpolation.

In the region Nozshell, the stress field is dominated by

membrane stresses. As the stress gradient in this region is very

shallow, a refined mesh is not needed. Ahmad shell elements are

used for this substructure. Nozshell is divided, by generators

and rings, into a grid as shown in Fig. 3.1. The number of

elements around the circumferential direction is decided on the

bases of the desirable aspect ratio set for the solid elements in

the region of stress concentration.

The lengths between the rings in the axial direction is

based on the aspect ratio of the shell elements, specified by the

user. The longest generator is divided into intervals in the

axial direction so that all the subdivided lengths are within the

limits of the aspect ratio times the distance between the

generators.

As it is expected that the number of elements should be more

in the axial direction than in the circumferential direction, to

minimize the band width, the node and the element numbering is

done in the circumferential direction starting from the top edge.

I
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The structure Nozshell is condensed keeping the nodes only on the

bottom edge, that is the edge connecting Nozshell to the rest of

the structure.

3.3.5 Discretization of Solid

The region can be subdivided into two subregions, the

intersecting cylinder, called here as Nozsol, and the intersected

cylnder, Cylsol. This part of structure is composed of three

dimensional isoparametric elements and transition elements. The

layering arrangements used are shown in Fig. 3.5. Four distinct

cases are considered.

Grid case (1) One layer of 20 noded three dimensional

isoparametric elements through thickness.

Grid case (ii) Two layers of 20 noded three dimensional

isoparametric elements through thickness.

Grid case (iii) One layer of 16 noded three dimensional

isoparametric elements through thickness.

Grid case (iv) Two layers of 16 noded three dimensional

isoparametric elements through thickness.

More than two layers of elements through thickness is not

only economically infeasible but also the additional elements do

not contribute to a significant increase in accuracy.
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3.3.5.1 Nozsol

The mesh generation in this region is done in two steps. A

reference grid is prepared on the midsurface based upon various

parameters specified by the user. Once the grid is ready the

three dimensional elements are built on that grid in the required

number of layers.

The top two rows of elements in Nozsol consist of transition

elements with the transitional shell element in the first row.

The second row is made up of the three dimensional transitional

element except for grid case (iii). The length of this

transition zone varies between 2 and 15 times the minimum

dimension of the solid elements in order to achieve a smooth

transition in the generator lengths in Nozsol.

The rest of the zone consists of rows of three dimensional

elements in the specified number of layers.

The shape and characteristics of this zone is very flexible.

It is possible to specify the length of this zone by stress decay

factors. Also the number of rows are flexible, varying from 4 to

8. The lengths of the various rows of elements in the axial

direction are controlled by a proportionality ratio, specified by

the user.

If reinforcement type one or two is provided the lengths of

the rows of elements are readjusted depending on the number of

elements specified in the reinforcement. The summation of the

lengths of these readjusted rows is equal to the length of the

reinforcement of type one or thickness of the reinforcement of

type two. Again the individual lengths of these elements in the

I
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axial direction is governed by the proportionality ratio.

The coordinates on the curve of intersection are obtained by

using Eq. 3.6.

The nodes and the element numbering starts from the top edge

where the condensed substructure Nozshell is connected. The

sequence in node numbers is carried out first from the inside to

the outside through the thickness, next in the circumferential

direction and then in the axial direction.

3.3.5.2 Cylsol

The opening in Cylinder is on the circumference, hence

unlike Nozsol the region has to be divided into a more complex

grid. Generators can not be used to form a grid in this case.

To simplify the task then, the coordinate system b-Y is

introduced. The 'S' coordinate is the circumferential distance

on the midsurface of the cylinder from the generator having the

maximum value of Z, Fig. 2.1. Under this new coordinate system

Cylinder can be visualized as unfolded on to a plane. As in the

case of Nozsol, mesh generation is done in two steps. A

reference grid is prepared and then the three dimensional

elements are built on that grid in the required number of layers.

The reference grid is easier to prepare on the pseudo plane,

S-Y, by dividing the zone in radial and tangential directions

around the opening, with a smooth transition in the lengths of

the elements in the radial direction. This zone contains four

rows of three dimensional isoparametric elements in the radial

direction. The lengths of the various rows in the radial
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direction is controlled by the proportionality ratio.

If reinforcement is provided, the number of rows of elements

is readjusted depending upon the specified number of elements in

the reinforcement. The total lengths of these readjusted rows

depends on the lengths of the reinforcement for types 2 and 3 and

on thickness for type 1. The division of this readjusted zone in

the radial direction also must obey the proportionality ratio.

If reinforcement types 2 and 3 are provided at the same time, the

length of reinforcement type 3 would be based on the number of

elements specified for it, as the configuration of elements

depends on the parameters specified for reinforcement type 2.

The nodes and the element numbering in this zone are in a

continuation from Nozshell, and hence the increment scheme is

similar to that of Nozshell.

3.3.6 Discretization of Cylshell.

The structure other than Solid, of the intersected cylinder

is considered as Cylshell. Once the boundary of 6olid and

Cylinder is established, then it is possible to divide this zone

into a regular grid formed by generators and rings, Fig. 3.1.

The reference points on this boundary are obtained from the

reference grid of the substructure Cylsol.

This zone is dominated by membrane stresses with but a small

stress gradient. Ahmad shell elements are used in this

substructure. Their aspect ratio is set smaller or equal to the

users specification.

____ ____ ____ ____ __
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Node and element numbering are started from the end with

maximum Y coordinate at the generator with maximum Z coordinate.

The increment in the numbering is carried out first in

circumferential direction and then in the axial direction. The

structure Cylshell is condensed keeping the nodes only on the

edge connecting it to the rest of the structure.
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4. FATIGUE

4.1 Introduction

The failure of metals, when subjected to repeated or cyclic

loads, became a recognized engineering problem, with the

introduction of rotating or reciprocating machinery during the

industrial revolution of the early 1800s. Metals were observed

to fail in a brittle manner, at a load level previously

considered safe. The first documentation of this phenomenon is

dated 1829 by Albert in Germany. Since then, extensive research

on metal fatigue has been carried out. The researchers involved

come from such diversified fields as physics, Metallurgy,

Mechanics and Engineeriig. Efforts have concentrated on

determining the nature of fatigue damage, as well as methods for

coping with it in design.

In 1963 Gohn (4.1), after reviewing a number of theories,

concluded that fatigue is the consequence of uninhibited fine

slip which gradually becomes intensified and finally develops

into a crack. This crack then propogates until the remaining

cross section is too small to carry the load, with the result

that a cataclysmic failure occurs. Morrow (4.2), modified the

above deduction by dropping the prefix "un" from the word

uninhibited to explain the role of plastic strain in fatigue.

The theory of fatigue is explained by physicists in terms of

dislocations and slips within the atomic lattice. Improvements
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in the material fatigue properties have been primarily due to

physicists and metallurgists. It remains to mechanics to derive

the fatigue properties and to study the metal behavior under

various environments. Engineers are provided with the

characteristic properties of various metals. It is up to them to

design the structural component effectively along with a proper

selection of the material to reduce the risk of a fatigue

failure.

The microscopic mechanism of fatigue is beyond the scope of

this research and hence no details are given here. A specific

study of fatigue life in the environment of a shell intersection

is carried out for the purpose of improving the understanding of

fatigue for this kind of structures. To understand the fatigue

phenomenon, it is important to study the cyclic behavior of

metals defining certain parameters, which are characteristic to

any metal under cyclic load.

4.2 Cyclic Stress Strain Behavior of Metals

For a material exhibiting only elastic response under the

action of the applied loads, the stress strain curve is a

straight line, ie the stress strain response of the material is

completly retraceable and the strains are completly recoverable.

During plastic flow, the complete load cycle produces a

hysteresis curve that reflects both elastic and plastic

deformations. The detailed explanation of this behavior is

described in chapter 5.
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The area contained within the hysteresis loop presents a

measure of plastic deformation work done on the material. Some

of this work is stored in the material as cold work while the

remainder is emitted as heat.

It is important to recognize that fatigue damage occurs only

when cyclic plastic strains are generated. This is not to be

misconstrued, however, as implying that whenever applied nominal

stresses are below the material yield strength no fatigue

results. Flaws in the material or stress concentrations can

elevate local stresses resulting in an associated strain in the

plastic range.

With progression of the load cycle most materials reflect

changes in the shape of the hysteresis loop. These changes

continue until the material reaches cyclic stability. The

material can cyclically harden, soften or even display a mixed

behavior. Under stress controled conditions, the width of the

hysteresis loop contracts with cyclic hardening and expands

during cyclic softening. Cyclic softening is a severe condition,

leading to an early failure.

Most metals, after cycling with a constant strain amplitude

for a relatively short duration (4.3,4.4), stabilize to a steady

hysteresis loop. The locus of the tips of such cyclically

stabilized loops, for various amplitudes of strains, presents a

curve known as a cyclic stress strain curve. Fig. 4.1. The

cyclic stress strain curve is used to find the material's fatigue

properties. Also the local stress strain curve in a structure

subjected to cyclic loads, is obtained from the constitutive
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relations based on this curve to study its stabilized response.

A number of methods (4.5,4.6) exist for the determination of

the uniaxial cyclic stress strain curve.

4.3 Fatigue Life Analysis

The fatigue life generally is defined as the number of load

reversals to develop a crack of visible length. Life, when used

in this context, means reversals to crack initiation plus some

early growth.

Many theories have been proposed to predict the fatigue life

of a component. The experimental and theoretical work associated

with many of these theories was recently reviewed by Brown and

Miller (4.8), and by Krempl (4.9).

Two basic approaches exists for the prediction of fatigue

life, viz. the experimental approach and the numerical approach.

In the experimental approach the component under investigation is

subjected to a simulated field condition of load reversal in a

controled laboratory environment. The region of stress

concentration is closely watched for the initiation and

propogation of a fatigue crack. After statistical study of

several such experimentations the fatigue life of the component

is predicted for the required probability level of failure.

Though the accuracy of the experimental approach is commendable,

it involves the resources which are beyond the scope of this

investigation. Hence in this study the second approach is

considered.
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According to the present "state of the art", the numerical

approach for the prediction of fatigue life of a component can be

catagorized into two methods. In the first method1, the

relationship between the fatigue life and the plastic deformation

work is established. For this purpose laboratory tests are

conducted on polished cupons subjected to uniaxial load cycles of

various intensities (4.10) . A curve of the fatigue life versus

plastic deformation work is plotted from these test results. To

predict the fatigue life of a component, the dissipated plastic

deformation work is numerically evaluated for the given amplitude

of loading. The life is then predicted depending upon the total

dissipation of the energy per load cycle (4.11) . It should be

noted that results obtained asing this method display

inconsistancies with experimental results. Furthermore no proven

theory substantiate this approach.

The most widely accepted and used approach to predict

fatigue life is to find a set of local equivalent stress and

strain values and relate them to experimental values obtained

from uniaxial test results (4.12,4.13) . In this study this

second method is used for the purpose of establishing a life

prediction for the cylinder intersection problem.

Fatigue life of a material can be characterized by a strain

amplitude versus life~ curve. This curve can be determined from

polished laboratory specimens, tested under a history of complete

reversal of strain. Coffin (4.14) and Mason (4.15) were the

pioneers in expressing the relationship between plastic strain

amplitude and fatigue life by a simple power function. The
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plastic strain amplitude, Ap/2, is related to fatigue life,

2Nf , according to equation:

P E: (2Nf)c (4.1)2 f f41

To account for the total strain amplitude, the elastic

component of the strain remains to be considered. The

relationship between elastic stress amplitude and fatigue life

was first suggested by Basquin (4.16) in the following form

2 = of( 2Nf) (4.2)

In the elastic zone Hook's law applies, therefore

2 E f(4.3)

Total strain amplitude is equivalent to the summation of its

elastic and plastic components, hence

A af b
2 - Ef( 2 Nf) c + -E- (2Nf) (4.4)

For the purpose of a fatigue analysis we need to know the

material characteristics listed below.

-rn--i
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e;True fracture ductility

afTrue fracture strength

b Fatigue strength exponent

c Fatigue ductility exponent

Many techniques to estimate these fatigue properties are

documented by Landgraf (4.6). Over the years, experiments have

been performed on various materials to collect these properties

in data banks (4.7).

4.3.1 The Effect of Mean Stress and Mean Strain

In all the above discussion it has been assumed that cyclic

stress and cyclic strain were completely reversible with respect

to the virgin stress strain state of the material. However this

is seldom the case. In most problems, loading is associated with

certain values of mean stress, am ,and/or mean strain, cm

Mean stress and strain under certain situations can significantly

alter the fatigue life of the material.

A tensile mean stress causes severity by opening a crack,

causing high stress concentrations at the crack tip. The crack

might be a pre-existing flaw or a freshly nucleated fatigue

crack. Hence a tensile mean stress tends to reduce the fatigue

life of a component while a compressive mean stress has a reverse

effect. It closes any microcracks thereby helping to extend the

fatigue life.

The effect of mean stress am has been quantified by morrow

(4.17) , as:
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'c 0f-m )b(5

2 - Ef( 2Nf)C + E (2Nf )(4.5)

The mean strain reduces the fatigue life by exhausting some

of the ductility available in a virgin material (4.18). This

regressive effect of mean strain, em can be expressed in a

fatigue life equation as (4.19):

' (I ) +f-m b(46
(Cf- Cm) (2 Nf) +  E (2 Nf) (4.6)

4.3.2 Multi-axial Stress Field

All the previous discussion was based on the assumption that

the stress field was uniaxial. However, all the derived

equations can be extended to multi-axial stress fields with due

modifications. For this purpose an analogy can be drawn with

equivalent plastic strain in plasticity theory (4.12).

As in plasticity theory, equivalent strain is obtained by

combining the principal strain components as

/ 2 2 21/2
C-e = [ {(€i-E2)2 + (C2-€3)2 + ('3-Ei) (4.7)

whereas equivalent stress is obtained by

-e [ 2  2 2 1/2 (4.8)are / {(a 2) + (a2_a3) + (03_Oli)}(4)
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Equivalent stress and strain values are calculated at the

maximum and the minimum load level of a cycle. From these values

equivalent amplitudes and mean values of stress and strain are

calculated. It should be noted that the values of equivalent

stress and strain are always positive. Hence it is important to

find the position of the stress and strain points on the pai

plane to recognize their tensile or compressive nature. The pai

plane is a plane normal to the hydrostatic axis in the

Haigh-Westergaard stress space.

The equivalent range of strain obtained in the above fashion

is applicable under the following assumptions

(a) All stresses are in phase or out of phase by 180

degrees. ie. al 1a 2j and a3 achieve their highest

or lowest values at the same time, or when one reaches

its minimum value the rest achieve their maximum

values.

(b) The elastic component of strain is small compared to

the plastic component. However restrictions imposed by

this assumption could be waived by multiplying the

elastic characteristics of the strain-life curve by a

constant w defined as :

=-(1 + V) (4.9)

Eq. 4.6 can then be modified to read as

AE w W(f-m) )b
AC 7 (EfI- 1 .1) (2Nf) + E (2 Nf) (4.10)2
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The first assumption puts some restrictions on the

applicability of this analogy in a very general sense. However,

in most practical cases, the phase relation among the strains is

either 0 or 180 degrees, thus questions regarding the validity of

the procedure rarely arise.

4.3.3 Cycle Counting and Cumulative Damage

Ihe purpose of present investigation is to study the general

fatigue behavior of the cylinder intersection. Hence for ease,

simple load cycle with constant amplitude of loading is

considered. However, it is possible to extend this study for the

inclusion of more complex loading situations. The loading can be

combinations of small reversals on top of large peak values.

This type of loadings are considered as a combination of

hysteresis loops of different amplitudes. Fatigue life in

loading cases like this, can be predicted by obtaining the number

of cycles of load reversal a structure is capable of sustaining

for each hysteresis loop. Hence, some technique to count the

cycles of loading corresponding to each loop is essential.

Common cycle counting techniques in use today are the

peak-range, the range-pair and the rain flow. Of these the rain

flow (4.20) has been shown to be superior. It yields the best

fatigue predictions (4.21). The apparent reason for the

superiority of the rain flow counting is due to the fact that it

combines load reversal in a manner which defines a cycle as a

closed hysteresis loop.
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The fatigue process of a material is due to the combination

of the imposed loading, which could be looked on as an

accumulation of damage toward a maximum tolerable limit. The

total damage caused by each load loop can be determined by a

linear damage concept, such as the well known Miner's rule

(4.22) . This rule says, fatigue failure occurs when the

summation of damage caused by each amplitude of loading is

equated to one. In this context the damage for any particular

load is defined as the ratio of actually performed number of

cycles, n. , at that load level, divided the single level fatigue

life, N. , for the same amplitude of loading. Mathematically,

the damage, D. , for loading amplitude i is:

D.i = n./ N . (4.11)

Fatigue failure then occurs when

ED. (4.12)

4.4 The Fatigue Life of Cylinder Intersection

In this analysis the failure is considered at the point when

a fatigue crack of visible length is developed. The time taken

for the propogation of the crack is not considered. In shell

structures, like the pressure vessel intersection, once the

gfatigue crack nucleats, the propogation is rather rapid. Hence

the structure can be considered to have failed once the crack
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initiates.

The following steps are followed then to find the fatigue

life of the cylinder intersection:

1. The selection of a material is made from within the

range of material specifications set by ASME. Here,

the selection is based on the ductility requirement of

the structure as large localized strains are expected.

For this purpose a mild steel, SAEl0l5, is selected.

The properties of this material are shown in Figs. 4.1

and 4.2.

2. The strucutre is analyzed for the given loading

history. In case of constant amplitude load reversals,

only half load cycle is enough to evaluate amplitudes

and mean values of local stresses and strains. The

characteristics of cyclic stress-strain curve are

considered for the purpose of the analysis.

3. Values of equivalent stress range, equivalent strain

range, equivalent mean stress and equivalent mean

strain are evaluated at the most vulnerable point on

the structure.

4. A strain-life curve is plotted using Eq. 4.10, after

proper substitution of equivalent mean stress and

equivalent mean strain values. From the computed

equivalent strain amplitude the fatigue life of the

component is found utilizing the strain-life curve.

In this discussion the effect of various other factors,

which can alter the fatigue life, are not considered. These
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factors include residual stresses, temperature, environment and

metallurgical aspects like peening, tempering, etc.

Consideration of these variables is out of scope of this study.

I
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5. MATERIAL NONLINEARITY

5.1 Introduction

Investigation of structural response, including

consideration of nonlinear material behavior, was first thought

of and documented, as early as 1864, by Tresca. However, due to

the size of calculation efforts involved solution for even a

simple structure was difficult. It is only in the last ten

years, that the thrust for this kind of problem has become

significant.

For the viability of any stress computation technique and

design procedure, two main aspects are of utmost importance- viz.

Usability and Accuracy. The cost of computation is decreasing,

as faster and more efficient computers are being developed with

impressive hardware and software capabilities. Numerical

analysis techniques which just a few years ago had seemed totally

impracticable because of the computational effort and costs

involved are now becoming almost an every day routine.

5.2 Material Response Idealization

If the material response is to be limited so as to remain

within the elastic state, then for most materials a linear

idealization using Hook's law can be applied. The solution

technique for this kind of structural response is well

established.
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However, once the material response crosses the boundary of

the elastic zone, then more complex idealizations are needed.

The consideration of an isotropic hardening law to account for

nonlinear behavior is sufficient for a structure subjected to

only monotonically increasing loads (5.1). Under cyclic loading

conditions, however, the isotropic hardening law gives inaccurate

results as it ignores the Bauschinger effect. According to

isotropic hardening, with constant load amplitude, the stress

strain curve shakes down to a linear response after the first

reversal of the loading. Fig. 5.1.

A kinematic hardening model was devised to account for the

Bauschinger effect under load reversal (5.2). For a material

idealized with kinematic hardening and subjected to constant

amplitude load reversals, the stress strain curve stabilizes in a

constant loop at the end of the first loading cycle. Fig. 5.2.

The response of an actual material is different than those

predicted by either of the hardening laws. Most virgin materials

have a transitional zone in the earlier stages of cyclic

response. Depending upon their inherent characteristics, they

either cyclically harden or soften, eventually however

stabilizing in a constant loop. The stabilization of most

materials is achieved at approximately the end of half of their

fatigue life (4.2).

Recently efforts have been directed to incorporate this

transitional material behavior in the material models by

combining isotropic and kinematic hardening (5.3). However, a

difficulty developes in deciding the percentage contribution of

I
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each type of hardening. There is no established method for

predicting the split. The result is to resort to a trial and

error approach, comparing the results with experimental values.

Moreover, when a structural analysis is aimed at the prediction

of fatigue life, a mixed hardening law would necessiate the

continuation of the analysis until the structural response shakes

down to a stable loop. Nonlinear finite element analysis is a

very effective tool but at the same time it is not an inexpensive

computation. Its use should be invoked based on proper judgement

and rationality. It should not be simply turned loose in the

hope of overcoming a lack of knowledge.

In the present study the cyclic stress strain curve is

utilized, along with kinematic hardening, to study the stress

patterns in the structure. The structure is subjected to only

one reversal of loading. The objective is to evaluate the stress

amplitudes for the purpose of predicting fatigue life.

In the subsequent parts of this chapter various aspects of

material idealization are described in detail.

5.3 Yield Criteria

A material subjected to monotonically increasing load,

initially linearly relates its stress to strain quantities up to

a certain stress magnitude. This limit is called the

proportional limit. Stressing of the material beyond this point

causes both recoverable and irrecoverable deformations. This

stress magnitude is sufficient to define the yield point for a

uniaxial stress field.
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However, for the case of multiaxial stress fields, yielding

is more complex to define. Various physical phenomena observed

over the years by many researchers are primarily responsible for

the current definition of the condition of yield. It is well

known that any attempt to describe all materials by means of a

single criterion can hardly be expected to meet with success.

The three most widely used criteria for materials ranging from

metals, concrete, and soils to composite materials, are the

Huber-Mises, the Tresca and the Mohr-Coulomb yield criteria.

In this work, it is decided to use the Huber-Mises yield

criterion with some required modifications. This criterion is

reasonably representative of the behavior of the material under

consideration viz. steel.

5.3.1 Huber-Mises Yield Criteria

The Huber-Mises yield criteria is based on two simple

postulations. (i) Yielding does not occur in a material

subjected to a hydrostatic stress field; and (ii) For yielding

the energy causing distortion should be the same for uniaxial and

multiaxial stress fields.

The strain energy in the body under a multiaxial stress

field can be written as:

U = 1 aiEj(5.1)

This energy equation can be rewritten in terms of stress

invariants as
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u 2G+3X
U 6 (I - 3a T I  + 2G J (5.2)

I1  represents the spherical state of stress, whereas J2 is an

invariant of the deviatoric stress. Hence the above equation can

be considered as a combination of two parts. The first term is

the energy involved in changing the volume of the body, and the

second term is the energy of distortion.
12

For the uniaxial case J = , hence from the second

postulation:

1[(oa I 2  2 2  + 2 = 1 2 (5.3)
"T~~~ ~ ~ 1- 2 a0-3 3 I

In general we can write this relationship in the well known form

as

f(oi )3 = a (K) (5.4)ij Y

Eq. 5.3 represents the Huber-Mises yield condition for a

multiaxial stress field. Physically this equation represents a

surface in the stress field. By the introduction of a stress

space characterized with the principal stresses as coordinate

axes, visualization of a yield surface becomes quite simple.

This stress space is known as the Haigh-Westergaard stress space

(5.4). In this stress space, Eq. 5.3 represents a circular

cylinder of radius equal to /27S oo  with its axis equally

inclined to all the three coordinate axes. Fig. 5.3.
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When the stresses at a point in the material are inside the

cylinder, only elastic deformation of the material occurs.

Plastic strains start only when the stresses at a point locate

that point on this cylindrical yield surface.

5.4 Hardening Laws

Once yielding has begun further stressing of the structure

causes changes in the yield surface. Different sets of criteria

have been devised to monitor this change. These criteria are

called Hardening laws.

5.4.1 Isotropic Hardening

Hill (5.5) introduced the idea of isotropic hardening,

stating that as yield progresses the yield surface expands

uniformly in all the directions. The subsequent yield surface

can therefore be written as:

F = f(aij) - a y(K) (5.5)

where a y(K) is a function of plastic deformation and the

history of the stress path.

For the Huber-Mises yield criterion the subsequent yield

surface is a concentric cylinder with the same axis of rotation

and with a radius a y(K) . This criteria does not take into

account the Bauschinger effect, thereby, introducing some errors

in its use for a structure subjected to cyclic loading.

I
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5.4.2 Kinematic Hardening

Prager (5.2) introduced the idea of a kinematic hardening

model. This model accounts for the Bauschinger effect. As

yielding progresses, the total elastic range is maintained

constant by translating the yield surface without deforming it.

The subsequent yield surface can now be written as:

F = f (aij - ij ) - ao 0(5.6)

where o is a constant and a .. represents a second order

tensor indicating the instantaneous center of the yield surface

in a stress space.

Prager suggested that translation of the yield surface is in

the direction of the plastic strain increment. Though Prager's

hardening rule observes the Bauschinger effect, it is not

invariant with respect to the reduction in dimensions possible in

almost any application, Perrone and Hodge Jr. (5.6).

To avoid this kind of inconsistancy in problems with two

dimensional stress fields Ziegler (5.7) suggested the yield

surface should be translated in the direction of the radius

connecting the instantaneous center with the stress point.

Mathematically this can be represented by the equation:

dai3 (a.. - ci ) di (5.7)

where a.. is the instantaneous center of the yield surface and

dci1 is the translation of that yield surface Fig. 5.5. di is
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a scalar quantity greater than zero reflecting the hardening

variation.

Ziegler's hardening rule was generalized by Mroz (5.8) who

introduced the concept of the field's work hardening moduli. The

nonlinear uniaxial stress strain curve is divided into linear

segments, each segment having a different hardening coefficient.

In the Haigh-Westergaard stress space this is represented by a

set of concentric cylinders, with the space between them

indicating the field of differing work hardening moduli. The

material model used in the present research is based on this

postulation. It is described in detail in section 5.6.

To complete the basic theory of incremental plasticity the

third important rule to be considered is the flow rule. This

rule describes the relations between stress and strain, once

yielding has begun.

5.5 Constitutive Relation

In the plastic range of material response, stresses are not

uniquely determined from strains by a simple relationship such as

that of Hook's laws for the elastic range. In the plastic range

there can be different values of stress for the same value of

strain, depending upon the whole history of loading that has gone

on prior to reaching that particular state of strain.

The relationship between stress and strain in the plastic

range can be derived from four basic postulations. These

postulations are due to Drucker (5.9). They insure the uniqueness

of the stress for a given loading history and strain. They also
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define the stability of a material, which in a uniaxial sense, is

a material for which stresses are monotonically increasing

functions of strain.

Drucker proposed that an external agency which slowly

applies an additional set of stresses on a material and then

slowly removes them, during which time the material remains in

equilibrium, (i) positive work is done by the external agency and

also (ii) the net work done by the agency over the cycle of

application and removal is zero or positive. In the mathematical

terms:

do. (dEe + dP.) > 0 (5.8)1J 1] 1J

and
(5.9)

do.. dSP. > 013 13 -

Eqs. 5.8 and 5.9 constitute the first two assumptions,

describing the characteristics of a stable material. Two more

assumptions are required for establishing the constitutive

equations.

It is assumed that as in fluid flow, a potential loading

function exists. At any stage of loading a function f(Oij)

exists so that plastic deformation will take place only if

f (aij )> 0, where f(oij) depends upon the state of plastic

strain and the loading history. If this potential function is

considered to be the same as the yield function, it is called an

associative flow rule.

Lastly, it is assumed that the relationship between

infinitesimals of stress and plastic strain is linear ie:
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dep = C dk (5. 10)ijkv kz

With these four basic assumptions, Drucker showed that the

incremental stress and strain relationship in the plastic range

can be written as

de?. = G 'f do .) (5.11)1j CT .7 (3G.. i j

where G is a scalar which depends upon the stress strain

relationship and the loading history.

It is interesting to note that Drucker's derivation implies

that the plastic strain increment is normal to the yield surface.

This normality is rather imposed than proven. This normality

condition may not be true for materials like soil where softening

takes place, but for metals normality does give satisfactory

results.

By considering the Huber-Mises yield condition as the

loading potential in Eq. 5.11 it can be shown that

P
d .. = d S.. (5.12)

where
d= G df

and Sij are the components of the deviatoric stress. Eq. 5.12

is also called the Prandtl-Reuss equation (5.10,5.11) for the

incremental constitutive equation of plasticity.
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5.6 Material Model

As described in this study a material model is a

mathematical simulation of the physical behavior of a material

when subjected to various stress fields. The material model

developed in this work is based on a kinematic hardening concept.

The Huber-Mises yield criteria is used along with the

modifications suggested by Mroz. An incremental Prandtl-Reuss

equation is utilized to represent the constitutive relation.

Consider a material whose stress strain curve under a

uniaxial stress field is represented by a linear segmental

idealization, Fig. 5.4. This curve consists of n linear segments

having tangent moduli E1 , E2 ..... En corresponding to stress

1 2 n
ranges a , a ,..., a . This uniaxial stress strain curve is

represented in multiaxial stress space by concentric

hyper-surfaces located by equations of the form

, = f n n (5.13)

The region between each curve represents a field with a

constant work hardening modulus. For an initial isotropic

material all these surfaces are concentric. In the case of a two

dimensional stress field the yield surface is represented by a

circle, Fig. 5.4.2, which is easy to portray diaqrammatically.

Hence for ease of visualization the subsequent explanation is

directed to two dimensional stress field. However, all the

discussion is also true for a three dimensional stress field.
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5.6.1 Surface Translation

The translation of the hyper-surfaces can best be explained

by considering a case with nonproportional loading. Within this

case the material is subjected to an arbitrary stress field, as

shown in the Fig. 5.6. The stress conditions are such as to

place the stress point at L. If the material is subjected to

further stressing, the hyper-surface f translates in then

direction of point M on the outer surface f Point M has the
n+1

same outward normal direction as that for surface fn at stress

point L. It should be noted that by restricting the translation

of the hyper-surfaces in the direction to the point on the outer

surface having the same normal we are eliminating the possibility

of an intersection of the surfaces. The surfaces can only move

by pushing the outer surface once it touches the latter. During

this translation they keep the same point of contact.

5.6.2 Loading

Consider a structure subjected to a monotonically increasing

load which induces a iuniaxial stress field. Stresses at the

given point increase while obeying Hook's law until first yield

is reached. Schematically in Fig. 5.4 the stress point moves

from the origin along the vertical axis until it reaches the

elastic limit at point A on hyper-surface fl. On further loading

the stress point moves from A to B. Correspondingly the

hyper-surface f translates along the vertical axis until it

touches the hyper-surface f2 at point B. The rate of the

translation of hyper-surface f with the stress point up toi1

n I m n . .. .... . . . . . -.. ..i , .. . . . .- - |
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surface f 2 is governed by the tangent modulus E2of the surface

f 1. On further application of stress, ranging from B to C,

hyper-surfaces f 1 and f 2 now translate together, keeping the same

point of contact, and moving along the vertical axis until they

touch hyper-surface f 3  During this translation in the stress

field between f 2and f 3' the rate of translation is governed by

E .* And so on.

It is interesting to note the assumption made here that all

surfaces are allowed to translate in stress space without

changing their shape or orientation. Also when the inner

surfaces containing the stress point are moving, all the outer

surfaces remain stationary.

5.6.3 Unloading

This situation is explained as the continuation of the

loading case of the previous section. If loading is reversed

after reaching the stress state portraied at point C, the stress

point will move back inside the surface f ~,Fig. 5.4. During

this reversal all the surfaces remain stationary until the stress

reaches point D. Under further unloading, a process exactly

similar to that executed during loading starts. Once the stress

state exceeds D, reverse plastic flow occurs, translating the

surface f ,downward until it touches surface f 2and so on. With

continued unloading up to stress state G, the developed

configuration of the surfaces is exactly the same as that of

stress state C, but on the opposite side of the origin.
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In the present study the outermost hyper-surface is assumed

to be representative of a point of infinite yield. The work

hardening modulus for this surface is zero representing a

perfectly plastic situation. Once the stress point reaches this

surface, on further loading, the surface does not translate but

the point slides along this surface.

5.6.4 Mathematical Representation

Once the physical behavior of the material model is

understood schematically, it becomes much easier to represent

that behavior mathematically. For an isotropic virgin material

the initial yielding is assumed to be governed by the Huber-Mises

criteria expressed as :

f(a ) - n (K) = 0 (5.14)

iJ~ y

The subsequent yield function or loading function after the first

yielding may be written as :

f (a -_ n (K) = 0 (5.15)f(1J j )-] y

n

where a denotes the instantaneous center of the yield surface

n.

For two yield surfaces, n and n+l, the vectors joining their

instantaneous centers to the points of the equidirectional

normals are parallel Fig. 5.6. Denoting the stresses at these
n n+l

two points as 3 n'1 and i.. we can therefore say that

I,!
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n+l

n+l n+1 a y+ (K) n n
G- n(K (a i j -  Qij) (5.16)
a13 ny(K)
y

Also the translation of the yield surface is given by

d 3n d,, (.n+. - .n ) (5.17)

where dp > 0 is a scalar. On substituting Eq. 5.16 into

Eq. 5.17 and rearranging, that equation can be rewritten as

n+l1

d a (K) n n n+l ndot = d p n y  (a. - a. ) + a. • - . .} (5.18)a3 Y(K) 13 1J 1j 1J

y

The scalar dp is obtained from the condition that the stress

point remains on the yield surface during plastic flow, thus

(doij - daij) f 0 (5.19)aij

Substituting the result of Eq. 5.18 into Eq. 5.19 and again

rearranging the terms yields

af
aaij do..

di n+d (5.20)
a ( n n n+l Df

,n (K) j )  ij Do aij
y



75

This equation quantifies the translation of a hyper-surface for a

stress increment of value do. ,

To complete the definition of the material behavior it is

essential to consider a flow rule. From Eq. 5.12

b ___dc b . -: dX (5.21)i3 ao..
13

where dx > 0. and is a scalar. The elastic strain increment

can be obtained from the stress increment by Hook's law as

do.. = D.. d e

3

or

do.. = D.. (dE.. - dcP.) (5.22)
1J 1J 1J i3

Substituting Eq. 5.21 into 5.22 yields

do.. = D.. (dE - -- dX) (5.23)
13 j j a o.,

On rearranging the terms in the above equation, after having
3f

multiplied both sides by o.. , it can be shown that (5.15)
13

D F aFD..D.

do.. = D. E . - J i J (5.24)
13 1D 13 H' + LF D. _F

aoij i3 i Yij

H' is the tangent modulus of stress plastic strain curve. For

the hyper-surface, n, H' is given by
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- n (5.25)

E -E n

where E is the elastic modulus. Eq. 5.24 can be rewritten in

matrix notation as :

{dG}= [DI - [D]{a}{a} T[D] I de)
H' + {a}[D]fa)

or

{do} = [DT] {dc) (5.26)

where [DT] is the current material property matrix.

5.6.5 Material Anisotropy

In the development of the work hardening model of this study

two kinds of material anisotropies are considered.

5.6.5.1 Initial Anisotropy

During the first loading cycle certain materials demonstrate

different properties in tension and compression. This kind of

behavior can be attributed either to residual stresses induced

during fabrication of the component or it may be an inherent

property of the material. In either case, after the first cycle

the stress strain curve shakes down to a closed loop. This kind

of initial anisotropy can be considered as that of a material

having an inherent history of plastic stresses not accounted for
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in the stress values.

The initial anisotropy is characterized by assuming that the

initial yield surface had been translated during the

manufacturing process (5.13,5.14). Fig. 5.7. In other words the

center of rotation of the yield surface is assumed as having an

offset, say a 0j It is further assumed that there is initial

isotropy with respect to tension only or compression only. By

this assumption, the offset a 0 is assumed to have the same

values in all directions, say a0  Implementing this assumption

in the yield criteria, Eq. 5.15 can be written as

f(a .. -a(L0) - .Y = 0 (5.27)

In the above equation, there are only two unknowns a 0 and

a y a solution is therefore obtained by two simultaneous

equations, restricting this theory to only plane structures. By

requiring that the yield surface must pass through points,
T C(a y ,0) and (a y ,0), Fig. 5.7, it can easily be shown that

a .. . - (5.28)

and

a2 OP2 +aT aC (.9
+a Y (529
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5.6.5.2 Permanent Anisotropy

Some materials have different material properties in tension

and in compression throughout the loading history. Their

uniaxial cyclic stress strain curve in the tensile zone is not

identical to that in the compressive zone. This materials

thereby display permanent material anisotropy. For a constant

strain loading the stress strain curve is a closed loop, having

different peak values in tension and in compression.

This kind of material behavior can be characterized by

changing the shape of the yield surface. All subsequent

discussion corresponds to the i th hyper-surface in stress space.

This discussion could be extended to multiple hyper-surfaces.

The yield function can be divided into different zones with

different yield equations as

T 1 T
f(i - i =0 for >

- y
1] 13m- 3 Y

f( - 0 for <1 T (5.30)

t1 c 1 T

and f(i -i ij)- atr = 0 for 1 Oy < am <  y

where am -H {) + (a2 - a2) + (a - a3) j (5.31)
3 1 1 2 2 3 3

Considering the uniaxial situation, atr can be defined at a
y

uniaxial tension point and at a uniaxial compression point.

ie. : " "t 1 c
yr = a for -m = 1 y (5.32

and
t T _1 Tn r = o for a 3 Ty
y M 3 Y

Substituting Eq. 5.32 in 5.30 yields
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T _ C T C
tr 3 ( - ) - y y(
y ( T +0C m aT + a533

The detailed derivation of this equation is given in appendix C.

In the Haigh-Westergaard stress space, the first two

equations of Eq. 5.30 represent cylindrical surfaces with radii

7oand "3 1 while the third equation represents a frustra

of a cone.

For the two dimensional case, the yield surface is

schematically shown as Fig. 5.8. It consists of circular arcs in

the tension zone, AB, and the compression zone, CD, joined by

smooth elliptical transitional curves. Different tangent modulii

could exist for the stress fields in compression and in tension,

for uniaxial stress strain curve. The material model in the

tension zone AB reflects the tangent modulus ET  while in

compression zone CD the modulus is EC

In the transition zone AD and DC a linear idealization can

be developed to represent an approximate smooth transition.

Observing :
T 1 T

ET  for 5m 30y

- 1 Cand E = EC for m oy

T C T E C + ac ET

E tr = 3 (E E ) Y Y (.4
T + c + T + C

The detailed derivation of Eq. 5.34 is given in appendix C.
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5.7 Application of Plasticity to the Finite Element Method

The material model developed, in this study, to represent

the behavior of metals including plasticity is implemented in the

finite element computer program FINITE (3.9). As the application

of the finite element technique to problems with nonlinear

material behavior is well established, Dodds (5.12) that process

will not be described here in depth, rather only basic concepts

are outlined for reference.

In the program FINITE, an incremental iterative technique is

used for the solution of nonlinear problems. Loads are applied

in specified subincrements, depending upon the nature of the

nonlinearity. The incremental nodal displacements are obtained

by solving the equation :

[K T{6u} = {AP} (5.35)

where [KT is the current tangent stiffness matrix for the

structure.

The tangent stiffness matrix can be updated at any time

depending on the rate of convergence. The current material

property matrix, [DT] , Eq. 5.26, is provided by the material

model. This material matrix is used to update the stiffness

matrix as derived from the equation :

[KT] = f [B]T[DT] [B] dv (5.36)

The results of this computation are incorporated in Eq. 5.35 for
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subsequent determination of displacements.

From the calculated increment ia the displacements,

increments of the Green's strain are calculated. These

calculated strain increments are passed on to the material model

routine to calculate corresponding stress increments, Eq. 5.26,

and the translation of the hyper-surfaces Eq. 5.18. The flow

diagram of the process involved in these computations is shown in

Fig. 5.9.

Equivalent nodal loads are calculated for each element by

converting element stresses to a system of equivalent loads at

the nodes. This system does the same work as the element

stresses would do during a virtual displacement. In other words

a system of internal nodal forces is calculated for each element.

The residual loads are then obtained by subtracting these

internal forces from the actual applied forces. The internal

forces that are being determined in this process are defined as

{IF) = {[B T dv (5.37)
v

The Newton-Raphson iteration techinque is utilized, in the

solution process with the flexibility to update the tangential

stiffness matrix during any iteration and as often as specified

by the user in an incremetal load step.

Convergence of the solution is checked by comparing the

Euclidian norms of the residual loads or that of the current

displacement increments, with the applied load increment or

initial displacement increment for the current load step
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respectively. For every load increment, iterations are performed

until the convergence criteria specified by the user is

satisfied. At the end of each load step any residual load

remaining after calculation is added to the next load step for

equlibrium accuracy.

Considered use of this combination of incremental iterative

techniques with proper use of the stiffness updating capabilities

is observed to yield an efficient computational effort. This

method has been suggested and implemented by many researchers

(5.3,5.12). It has a proven record of efficiency.

5.8 Conclusion

A versatile material model is developed based on the

concepts suggested by Mroz (5.8). The flexibility of this model

stems from the fact that stress space is divided in multiple

fields of stress modulus. As far as it fits within the general

framework of the assumptions, each hyper-surface can be

independent of the others in characteristics and properties.

Many variations in material behavior could be easily implemented

by enforcing specified rules either in the translation or in the

shape of the yield surfaces.

The cyclic softening could be reflected by changing the

tangent modulus after each half cycle, as demonstrated by Kalev

and Gluck (5.14).

Mixed hardening could be implemeted by saying that during

plastic flow, the yield surfaces not only translate but they also

expand in some proportion (5.3).
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Residual stresses could be considered by an initial shift in

the hyper-surfaces in a proper direction as discussed in

section 5.6.5. Also, the material anisotropy can be handled by

defining the hyper-surface as a combination of various surfaces

as shown in section 5.6.5.2.

I
I
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6. NUMERICAL ANALYSIS

6.1 Introduction

in this investigation the behavior of a structure formed by

the intersection of several cylinders is studied for various

aspects of the geometry of the intersection and also for the

placement and amount of reinforcement provided at the

intersection. Numerical analyses are carried out both in the

elastic and in the plastic ranges of material behavior. The

capability of the finite element method for nonlinear cyclic

plasticity is demonstrated along with an indication of its

applicability to predict the fatigue life for structures of this

type.

The first two examples illustrate the capability of the

kinematic hardening material model to handle load reversal. The

structures are subjected to cyclic loads of high enough magnitude

to induce material plasticity. The loads are applied in

increments demonstrating the variations in stresses and

displacements along with the progression of the yield envelope.

A thick walled cylinder under internal pressure is analyzed for a

complete load cycle. The results are compared with theoretical

values. Also an aluminum plate with two semicircular holes on

opposite sides is considered to demonstrate the anisotropic

capability of the material model. Reliability of the material

model is verified by comparision of the results of these stress
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analyses with available analytical or experimental data.

Another two examples are considered to illustrate the

reliability of the structural modeling and the numerical analysis

for handling the cylinQer intersection problem. In the first

example one layer of three dimensional elements is considered

through the thickness in the region SOLID. The structure is

subjected to a small internal pressure inducing a response in the

elastic regime. In the second example two layers of three

dimensional elements are considered through the thickness in

SOLID. The structure is subjected to an incremental internal

pressure sequence to evaluate the displacements and strrsses in

the region of material nonlinearity. A reduced integration

technique is used in the examples. Accuracy is verified by

comparing the results of the numerical analyses with experimental

data.

The behavioral study of the cylinder intersection subjected

to internal pressure, is divide into four categories.

1. The effect of the reinforcement around the curvc of

intersection is studied for a cylinder intersection

with aspect ratio of 0.5. Various configurations of

the reinforcement are considered to study their effect

on stresses. An attempt to find optimum lengths of the

reinforcement along the cylinder and in the noz7le is

one aspect that recieved additional attention.

2. The stress fields and their variations are studied foc

normally intersecting cylinders wi:h various aut < 1 •

ratios. For the parametric study the aspect rot l,
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varied from 0.25 to 1.0.

3. The response of the structure with a nonradial nozzle

is another facet of this work. The effect on the

stress concentration factor for a decreasing angle of

intersection is illustrated.

4. An incremental internal pressure sequence is applied to

the cylinder intersection to study its cyclic response.

The fatigue life of the structure is then predicted by

utilizing available numerical techniques for fatigue

predictions.

6.2 Thick Walled Cylinder

To demonstrate the reliability of the nonlinear cyclic

plasticity model in the finite element program the problem of a

thick walled cylinder is considered. The structure is subjected

to an internal pressure in increments up to a peak value. Then

the pressure is reduced in steps until it reached the same peak

value in suction. The pressure is then again increased in steps

back up to the original peak value to complete the load cycle.

This problem was first investigated by Prager and Hodge (6.1) by

using a finite difference technique for the solution. However,

the cylinder was subjected to only monotonically increasing

pressure.

The structure is constructed of an elastic fully plastic

material. The outer radius of the cylinder is twice the inner

radius. The cylinder is considered infinitely long, making it

possible to consider just a slice of.a unit length out of the
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structure. This piece of the structure is divided into six

quadratic axisymmetric elements organized through the thickness.

Only one row of elements along the length is considered. The

specified boundary conditions restrain the top and the bottom

surfaces of the cylinder from displacements in the axial

direction. Fig. 6.1.1.

At the quarter of one cycle the progression of the yield

zone, the tangential stress, the radial stress and the

displacements are in agreement with those derived by Prager and

Hodge. This agreement can be seen in Figs. 6.1.2 through 6.1.6.

At peak of the suction, ( complete load reversal ), the stresses

and displacements are exactly same as those at peak pressure but

on the opposite side of axis, as expected. On the completion of

the loading cycle the displacements and stresses regain their

former values, thereby completing a closed loop.

The following remarks are pertinent to the tangential

stresses in the thick walled cylinder. It is observed that as

the internal pressure increases the elastic tangential stress on

the inside surface increases until the initiation of yielding.

Once yielding sets in, the peak value of the stress remains along

the boundary of the yielded region, releasing the stress inside

the yielded zone. The maximum value of the stress monotonically

increases along with increases in the internal pressure. Upon

I load reversal, compressive residual stress sets in at a

grelatively small pressure relief. At complete unloading, high

residual stresses exist. The nature of this stress being

g compressive on inside surface while tensile at outside surface.
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On application of internal suction, yielding initiates at a

relatively small value. However it is interesting to note that

the absolute maximum value of the stresses, unlike during the

loading cycle, remains constant during this increment of load.

The value of the stress is the same as that of the maximum value

of the same stress at the peak load.

The behavior of the axial stress is also similar to the

radial stress with one exception. Before yield the axial

* stresses are of the same value through the thickness. Also it is

interesting to note the consistent behavior of radial stresses

through the load cycle. The peak value, being same in magnitude

as the internal pressure, is always at the inside surface with a

smooth transition to zero stresses at the outside surface. With

complete unloading the residual stresses are compressive in

nature throughout the thickness. The completly closed loops of

displacements and stresses at the end of the load cycle indicates

the accuracy of the numerical analysis.

6.3 Notched Plate

The anisotropic capability of the kinematic material model

described in this report is demonstrated through the stress

analysis of a notched plate. The material used for this

structure is an aluminum alloy, 2024-T3. Uniaxial stress strain

curves for this material under tensile loading differ

considerably from those observed during compressive loading.

Experimental investigation of this structure was carried out by

Crews (6.2). Since then this plate has become a bench mark for
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many investigators (5.3,5.13,5.14) for the demonstration of their

cyclic plasticity material models.

The structure consists of a 35 by 11.9 inch rectangular

plate with a 0.162 inch thickness. Two symmetrically placed semi

circular notches of radius 1.672 inch are provided to induce the

stress discontinuity, Fig. 6.2.1. The stress strain curves in

tension and compression for the aluminum alloy are expressed with

a Ramberg-Osgood approximation as

a 3a a 36
lx18 + 8 51 for tension (6.1)

1x10 7 x 10 0.53 x10

8 3a fo coprsso
E:8+ - orcmreso
lX 10 7 x10 0.47 x10 (6.2)

These curves with their linear approximation are shown in

Fig. 6.2.2.

A quarter of the plate structure is discretized using two

dimensional quadratic isoparametric elements Fig. 6.2.3. Because

of its demonstrated improved accuracy and efficiency these

elements are evaluated using reduced integration. Boundary

conditions appropriate to a symmetry are applied on the lines of

symmetry. The structure is subjected to uniformly distributed

loads applied along the top edge. The load is applied in small

increments for one complete cycle, starting with tensile loads.

J The stress analysis is carried out for three different load

cycles of different magnitudes inducing free field stresses of 25

KSI, 35 KSI and 4.5 KSI. Fig. 6.2o4
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For the elastic range, the expected stress concentration

factor of 2 is observed. The local stress strain curves are in a

reasonable agreement with the experimental data. That deviation

that does exist from the exact experimental results can be

attributed to the linear idealization of the actual stress strain

curves. Close verification of the residual stresses is noted.

6.4 Reinforced Intersection

* The behavior of normally intersecting cylinders with the

provisions for various configurations of reinforcement is studied

by numerical analyses of a base structure and 11 cases of

reinforced structures. Two aspects of the reinforcement are

* investigated. Firstly the reinforcement is provided on the

* outside of the cylinder. Reinforcement length and thickness are

considered as variable parameters while keeping the total area as

a constant. In the second category the study focuses on the

effect on the stress pattern that results from various

distributions of the reinforcement, viz, placed outside the

cylinder, placed inside the cylinder, placed outside the nozzle

and combinations thereof. The set of intersecting cylinders used

in the experiments conducted at Oak Ridge National Laboratory

(2.44), is selected as the base structure. This structure has

also been investigated numerically by Prince and Rashid (2.42),

Bakhrebah and Schnobrich (1.3) and Chen and Schnobrich (1.1).

Dimensions of the base structure and material properties are:
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Nozzle

Outside diameter, d = 2.5 in.

Thickness, t - 0.05 in.

Length, 1 = 19.5 in.

Cylinder

Outside diameter, D = 10 in.

Thickness, T = 0.1 in.

Half Length, L = 19.5 in.

Angle of Intersection, a = 90

Dimensionless Parameters

Nominal hoop stress ratio, s/S = 1

Aspect ratio, d/D = 0.5

p d/D /D/T = 5

Material Properties

Modulus of elasticity, E = 30,000,000 psi

Poisson's ratio, v = 0.3

The reinforcement distribution and the designations used for the

structures with the various reinforcement patterns are tabulated

in Table 6.1. The structures are subjected to an internal

pressure of 50 psi, which induces stresses that remain within

elastic region. For the unreinforced base structure the pressure

initiating yield is 110 psi(l.1).

In carrying out the computations advantage is taken of

symmetry along the longitudinal and the transverse sections.

Only quarter of the structure is discretized with the appropriate

If
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boundary conditions specified on planes of symmetry. At the ends

of both the nozzle and the cylinder the effect of a rigid end cap

is introduced by restricting the tangential rotation and the

radial displacements while allowing the axial displacements.

Axial force is provided at the ends to simulate the rigid cap

action on the rest of the structure. The magnitude of the axial

stress applied at the ends of the nozzle and cylinder to account

for the internal pressure, p, is then:

p *r. 2

2 rt
mid sh

where r int and r mid are the internal and the mid surface

radii while tsh is the thickness of the shell.

One layer of elements is used through the thickness of the

base structure. However, depending upon the thickness of the

reinforcement, one or two additional layers of elements are

provided to model that reinforcement. The technique of reduced

integration is used with a 2 x 2 x 3 pattern of Gaussian

integration points. The description of the mesh generation

process is presented in Chapter 3. The typical mesh used for the

region SOLID is shown in Fig. 6.3.1.

The stress patterns from the analyzed structures are plotted

for axial and hoop stresses in the nozzle and in the cylinder at

the lines * - 0 and 0 - 90 in Figs. 6.3.2 through 6.3.7. For

the reinforced intersecting cylinders three possible locations of

stress concentration are observed on the vertical plane forming

the axis of symmetry, (ie. a plane containing Z axis, Fig. 2.1).
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One of these locations is the inside corner of the intersection

of the cylinder and the nozzle walls. The other two locations

being near the ends of the reinforcement on the nozzle and on the

cylinder. For convenience these locations are designated,

hereafter, the "heel", the "noztoe" and the "cyltoe"

respectively. Fig. 6.3.1. In absence of the reinforcement, as

in case of TRFl, the noztoe and the cyltoe represents the same

point at the outside corner of the intersection of the cylinder

and the nozzle walls. Several conclusions are derived from a

study of these numerical results compiled from the finite element

analyses of the various reinforced intersections. These

conclusions are based on observations of the computed behavior of

these reinforced structures.

1. The solution for the unreinforced structure, TRFl,

under an internal pressure of 50 psi shows good

agreement with the experimental results. It should be

noted that the stresses are computed at integration

points. Hence they are not exactly in line with the

experimental stress points. To make the comparisions

it is necessary to extrapolate the computed stresses to

the outer surfaces of the structure. This solution of

the unreinforced structure forms the basis for the

verification of the analysis and provides the base for

the comparisions of the variations in the stress

patterns resulting from different reinforcements.

2. At the curve of intersection near * = 0, even the

addition of a small thickness of reinforcement, for

I!
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example that provided in TRF2, helps considerably in

reducing the magnitudes of the peak stresses. The

magnitude of these discontinuity stresses is governed

by the differences in stiffness between the connected

edges. The unreinforced cylinder edge is quite

flexible. The addition of the extra material around

the edge of the cylinder starts decreasing this

stiffness difference quickly. On the other hand the

reinforcement does not have as significant an effect on

the hoop stress at * = 90 , Fig. 6.3.7. At this point

the stiffness difference is not so large so the

beneficial effect is likewise not so large. As the

stresses at 0 = 0 are the dominating stresses with

considerably larger values than those occuring at

= 90 , reinforcement of the opening allows an

increase in the internal working pressure for the

structure, over that would be acceptable for the

unreinforced case.

3. Provision of reinforcement reduces the stresses at the

heel in comparision to the base structure for all the

observed cases; however, in some cases the presence of

reinforcement induces a sharp enough local

discontinuity at the noztoe and the cyltoe so as to

actually result in an increase in the stresses there.

These increases, however, do not override the

beneficial reduction when comparing with the

unreinforced case.
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4. For the unreinforced case high tensile hoop stresses

develope on the inside fiber of the heel. At this

point high axial compressive stresses are also present.

This combination of stresses creates a point of highest

potential for the initiation of yielding and for the

development of a microcrack. The hoop stresses are

predominately from membrane contribution, while the

high axial stresses are the result of flexure in the

longitudinal direction. The structures under

consideration exhibit most severity on the inside face

of the nozzle as the axial stresses are higher for

nozzle than for the cylinder.

5. While changing the size of the reinforcement of type 2

in going through problems TRF2 to TRF8, an interesting

effect on all the stresses is observed. This effect is

explained here considering the specific case of the

hoop stress that occurs in the nozzle at 4 = 0. For

an unreinforced structure, TRF1, the hoop stresses in

the nozzle on the outside fiber are higher than those

on the inside fiber at the junction Fig.6.3.2. This is

consequence of the negative circumferential moments

superimposed on the membrane hoop stresses. These

moments are a consequence of the ovalling tendency in

the nozzle. The point of contraflexure in the nozzle

for this case of hoop moment is at 0.39 inch from the

heel. As the reinforcement length is increased from

zero, TRFI, the stress at the heel and the noztoe
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decrease up to a reinforcement length of 0.4, TRF6.

The rate of decrease of stress at the noztoe is faster

than that at the heel, thereby transfering the stress

control point from the noztoe to the heel. The stress

at heel starts increasing in magnitude with further

increments in reinforcement length beyond the point of

contraflexure, TRF7 and TRF8. The observed minimum

value of the stress concentration factor for the hoop

stress at heel is 2.04, for TRF6, as compared to 8.69

for the unreinforced structure TRFI. The same

phenomenon is observed for axial stresses but with one

exception, Fig. 6.3.3. Instead of the heel and the

toes being the critical points, stress points are the

inside fiber and outside fiber near the toes. The

stress concentration factor for axial stress in nozzle

is reduced down to 3.25 for optimum reinforcement

length of TRF6, as compared with a value of to 12.12

for the unreinforced structure jRFl.

6. The phenomenon of the dilatation of stresses with

increments of reinforcement length up to the point of

contraflexure and increment in stresses therefrom is

also observed for the cylinder. The stress

concentration factor for hoop stress is reduced down

from its value of 7.14 for the unreinforced case TRFl

to 3.2 for TRF7, Fig. 6.3.4. For axial stress these

values are 2.58 for optimum length of TRF7, as compared

to 8.06 for the unreinforced structure TRFI,
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Fig. 6.3.5.

7. The stresses at the junction near = 90 are small in

comparision to those near P = 0 . The reinforcement

effects on the transeverse plane are considered

beneficial but insignificant for most of the cases.

However it is interesting to note that the axial stress

in the nozzle increases for structures TRF2 and TRF4

compared to the values of stresses for the unreinforced

structure TRF1, Fig. 6.3.6. The best configuration of

reinforcement for the axial stress in the nozzle at

= 90 is achieved in structure TRF9. While that for

the hoop stress in the cylinder is achieved in the

structure TRFI2. Fig. 6.3.7.

8. The stress analyses with various combinations of

reinforcement of types 1 to 3 is carried out in the

second phase of this study of reinforced structures.

These combination structures are refered TRF9 through

TRFI2. To start with the same total area is provided

for each type of reinforcement in the three different

structures TRF3, TRF9 and TRF10. The reinforcement

length of 1.12 inch is provided in these structures

with thickness of 0.1 inch. It is observed that for

the nozzle, type 2 is more effective for the hoop

stress, (TRF3, Fig. 6.3.2), while type 1 gives the best

results for the axial stress, (TRF9, Fig. 6.3.3). For

the cylinder, reinforcement type 2 is best suited for

* achieving a reduction in the stresses, (TRF3,

* I
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Fig. 6.3.4). In general, out of the three types of

reinforcement type 2 is the most desirable one while

type 3 is the least desirable one. The combination of

reinforcement type 2 and type 3, TRFI2, shows little

improvement over the structure compared to case with

only reinforcement type 2, TRF5. This comparision is

made for the cases where the reinforcement used involve

the same area. The best combination is achieved by

combining reinforcement type 1 and type 2, TRFII. This

arrangement consistantly exhibits lowest values for all

stress fields. However, as the fabrication of a

structure with this reinforcement combination is more

difficult than that of the structure with only

reinforcement type 2, no further attempt has been made

to optimize the lengths for this combination case.

Moreover, as in this study, increase in thickness of

reinforcement type 2, creates an effect similar to that

of the combination of types 1 and 2.

In this parametric study of the reinforcement it is observed

that the placement of the reinforcement has significant effect on

the stresses. The most effective configuration is achieved by

extending the reinforcement up to the points of contraflexure on

the nozzle and on the cylinder. In the present problem these

points are at 0.39 inch along the nozzle and at 0.49 inch along

the cylinder. (Lengths are measured from the heel). ASME

standard's specification for the reinforcement length for the

same structure along the nozzle and along the cylinder are 0.225
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inch and 1.225 inch respectively. These lengths are far off from

those observed optimum lengths of the reinforcement.

6.5 Aspect Ratio Study

The approximate analysis of the cylinder intersection

problem by utilizing the elastic theory or by a limit analysis

approach places a restriction on the possible aspect ratios

(d/D ) between the cylinders. These analyses are valid for the

cases with aspect ratios smaller than 1/3. In the present

investigation the effect of higher aspect ratios on the stress

pattern of the cylinder intersection is studied. Different

structures having aspect ratios ranging from 0.25 to 1.0 are

analyzed with an internal pressure limited to induce only an

elastic response.

Dimensions of the analyzed structure are selected to keep

ratios of nominal hoop stress ( s/S ) constant. The angle of

intersection is 0 = 90 for all the cases with nozzle length and

cylinder half length set at 19.5 inches. Other properties are

tabulated in Table 6.2. Mild steel is selected as the material

with the following properties:

Modulus of elasticity, E = 30,000,000 psi

Poisson's ratio, V= 0.3

The structures are analyzed for internal pressure of 50 psi.

Discretization of the structures are carried out exactly as

described for the reinforced intersection in the previous
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section, excluding the reinforcement, hence the makeup of the

grid is not repeated here. Typical mesh for SOLID is shown in

Fig. 6.4.1.

Results of the analysis are plotted in Fig. 6.4.2 through

6.4.7 for axial and hoop stresses near 4 = 0 and 0 = 90 for

the nozzle and the cylinder. The following observations are made

from the study of these plots.

1. The sharp discontinuity stress field that develops near

the curve of intersection at 0 = 0 has associated

with it a set of stress concentration factors which

range from 4.2 to 14.3. The magnitude of these

factors depends upon the type of stress involved and

upon the aspect ratio being considered, Fig. 6.4.8.

The stress field near 4 = 90 is not nearly so

intense. At that point the stress concentration factor

ranges from 0.3 to 7.2. This range is not nearly as

large as it seems however because the upper value

represents a very abrupt increase to the 7.2 value for

the cases when the aspect ratio is near one.

2. The general pattern and shape of the stress plots

remain similar throughout the various increase in the

aspect ratio. The changes that do take place involve a

different magnification on the stresses and an outward

movement of the point of contraflexure. This

similarity in behavior makes it possible to believe

that the closed form solution based on shell theory,

which is known applicable to small aspect ratios, can
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be extended to structures with higher aspect ratios

after some small modifications.

3. As expected of discontinuity stresses in shells, the

high stresses induced at the curve of intersection

dissipate over a small distance away from the curve of

intersection. The stress decay to the membrane

solution values within this small zone. The range of

this dissipation zone for the nozzle is observed to be

3.4 .'r-t while that for the cylinder is 2.85 VR*T

both measured from outside corner of the intersection.

This indicates the approximation 2.45VR*T is slightly

smaller than actually required.

4. The most vulnerable point for the development of a

microcrack and/or for the initiation of yielding is on

the inside of the nozzle wall at the point of

intersection near * = 0 . This point is subjected to

high hoop tensile stress along with a high axial stress

of equivalent magnitude but in compression. This

results in that point having the highest distortional

energy density of any points in the structure. As the

aspect ratio is increased the hoop stress at the point

decreases, stabilizing to a constant value beyond d/D=

0.6. on the other hand the axial stresses at the point

decreases for d/D > 0.5. Due to these variations the

j strength of the structure increases along with increase

in aspect ratio. The similar point of the inside fiber

on the cylinder at the intersection is subjected to
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stresses of the same nature, viz. tensile hoop stress

and compressive axial stress. This point exhibits a

constant increment in stress value with an increment in

the aspect ratio above 0.5. Compared to the nozzle

point the hoop stresses are lower in value for aspect

ratios up to d/D = 0.83, beyond which point they

increase but only marginally. However the compressive

axial stresses are almost half in value compared to the

hoop stresses, therefore reducing the severity of this

point compared to the companion nozzle point. Hence it

can be said that the first yield will always start at

the inside fiber of the nozzle at the junction at f -

0 for all aspect ratios of cylinder intersections

under internal pressure.

5. At the aspect ratio of 1.0, the stress concentration

factor for axial stress in nozzle at = 90 ,

magnifies considerably at the outside fiber. However

the stresses are lower than those at f = 0 and hence

it does not introduce any significant new

considerations.

Only moderate changes in the stress patterns are observed

with the increments in the aspect ratio of the intersecting

cylinders subjected to an internal pressure. The governing

stress (hoop stress in the nozzle at * = 0 ) stabilizes above

the aspect ratio of 0.6. The work stress design based on small

aspect ratios can safely be extended for the cylinder

intersections with large aspect ratios. No dramatic changes



103

occured in the behavior of the structure for the aspect ratio of

1.0.

6.6 Non-Radial Cylinder Intersection

When two cylinders must intersect having a radial nozzle

forming a "T" joint is the most desirable geometry from the view

point of the strength of the structure. However, at times for

functional reasons nonradial nozzles are installed forming "Y" or

"K" joints. This investigation is extended to study the behavior

of a cylinder penetrating nonradially into another cylindrical

shell with that system under internal pressure. Two catagories

of intersections are considered, viz. the "Y" intersection and a

"K" intersection. Three structures are analyzed for each

catagory, each having a different angle of intersection. For all

the cases the aspect ratio is restricted to 0.5 with the same

nominal hoop stress ratio s/S. The structure designations and

other dimensions are tabulated in Table 6.3. A mild steel

material with the same properties as described in the previous

section is utilized. The numerical analysis is carried out for

an internal pressure of 50 psi. Distance between two nozzles in

a "Ku joint requires special considerations, as when they are

closely placed their responses overlap (6.3). To avoid this

overlapping effect a distance of 2( 2.45 /R*T ) is provided

between the incoming nozzles.

Unlike the "T" joint, the "Y" joint has only one plane of

symmetry that on the longitudinal plane Fig. 2.1. Half of the

structure is analyzed with boundary conditions of symmetry set on
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the plane X =0. A "K joint has two plane of symmetry as one

nozzle is the mirror image of the other, making it possible to

analyze only one quarter of the total structure. The mesh

generator described in Lhapter 3, is again utilized for the

discretization of these structures. A typical finite element

mesh for a 'Yf, or a "K joint for the region SOLID is shown in

Fig. 6.5.1.

The stress distributions of the structures near the curves

of intersection are plotted in Figs.6.5.2 through 6.5.9 for the

OY and the "K" joints. As the variation of the stresses, if

any, between the two categories are marginal, it is decided to

represent them together. The stress pattern for the "K" joint is

drawn bolder than that of the "Y" joint.

Several important observations are made form the study of

the numerically evaluated stress variations.

1. Difference between the stresses that are developed in

"Y" joints and in K" joints are very small. The

differences get even smaller with increases in the

angle of intersection. Also complete independence from

overlapping is not being achieved by the provided

distance of 2(2.45 VR*T) between the nozzles of "K"

joint.

2. The tensile hoop stress in the nozzle represents the

stress field of highest magnitude, with the localized

F zone of high stresses at the inside acute corner of the

junction at - 0 ,Fig. 6.5.2. The stress

concentration factor at this point is as high as 22 for
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an angle of intersection of a -30 , structure Y3.

The stress concentration factor for the hoop stress in

the nozzle varies with a change in the angle of

intersection. This variation is in close agreement

with the relation suggested by the ASKE Boiler and

Pressure Vessel Code (6.4), which is:

K nr= K r[1 + (cotanc) 4 /3  (6.4)

where

K nr stress concentration factor for nonradial nozzle

K r= stress concentration factor for radial nozzle

a = the angle of intersection

3. At the obtuse corner of the intersection on the

longitudinal axis, the hoop stress in the nozzle is

smaller when compared with that for the radial

intersection (T2 ),Fig. 6.5.6. This point shows a

moderately incremented increase in stresses with an

increase in the angle of intersection. The highest

potential point for the initiation of material yielding

is on the longitudinal axis at acute corner of the

junction.

4. A decrease in the angle of intersection reduces the

compressive axial stress in the nozzle and in the

cylinder at the acute corner and in the nozzle only at

the obtuse corner. The result is a tensile stress when

a - 60 .Figs. 6.5.5 and 6.5.7. However, as the

tensile hoop stresses increases at a very rapid rate



106

this improving effect in axial stress does not

translate a significant effect on the rate of increment

of the distortional energy density.

6.7 Fatigue Life Prediction

The stress concentrations produced by an abrupt

discontinuity, as in the form from an opening in a cylindrical

shell, are expecially damaging in cases of fluctuating stresses.

Proper allowance for their effect is one of the most important

items to be considered while determining the proportions that a

design should take in order to resist a fatigue failure.

Virtually all failures of such engineering components are a

consequences of fatigue (6.5). Recognizing the importance that

the possibility of a brittle failure due to fatigue has and the

consequences such a failure would have in important structures

like nuclear reactors, a small investigation, utilizing the

increased computational abilities developed during this study, is

applied to predict the fatigue life of intersecting cylindrical

shells. For this purpose the structure with an optimum

reinforcement arrangement, TRF6, is selected. Geometric

parameters of the structure are described in section 6.4, and

Table 6.1. For the sake of convenience this structure is

redesignated as TNL2 in the subsequent discussion.

The fatigue life investigation is carried out into two

stages, In the first stage a nonlinear analysis is performed,

utilizing the kinematic hardening material model, to get the

patterns of the strains and stresses developed under a given load
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history. The second stage consists of taking these results and

applying them to the fatigue analysis.

6.7.1 Nonlinear Analysis

Firstly, to verify the reliability of the nonlinear analysis

process, a structure with available experimental data is selected

for investigation. After the verification, the analysis is

carried out for TNL2. Ellyin (2.39) performed an experimental

investigation in the region of material nonlinearity. On a steel

structure strains were measured at critical locations. The

dimensions of the structure and the material properties are :

Nozzle

Outside diameter, d = 3.886 in.

Thickness, t = 0.124 in.

Length, 1 = 6.706 in.

Cylinder

Outside diameter, D = 5.976 in.

Thickness, T = 0.187 in.

Half Length, L = 7.843 in.

Angle of Intersection, a - 90

Material Properties

Modulus of Elasticity, E = 30,000,000 psi

Yield Stress, ay= 25,000 psi

Hardening Modulus, H = 200,000 psi

AW--NW
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Poisson's Ratio, v = 0.3

Longitudinal and transverse symmetries are considered during

the selection of the structure's discretization. Two layers of

16 noded isoparametric elements evaluated with a reduced

integration procedure, are provided in the region SOLID. The

developed algorithm for mesh generation is employed for the

purpose of input data generation. The mesh for region SOLID is

shown in Fig. 6.6.1, along with the progression of the yield

enevelope on the inside surface.

6.7.1.1 End Caps

Both the nozzle and the cylinder are provided with caps at

their ends in order to close-off the space. Various

possibilities exist relative to the behavior that can be

prescribed for these caps. An end cap can be very flexible in

its lateral bending but rigid with respect to inplane

displacements. This situation can be modeled by restraining the

radial deformation and circumferential rotation. This type of

cap is called hereafter a "Free Cap". The cap can also be

completely fixed. A "Fixed Cap" restrains all degrees of

freedom. An intermediate case must also exist, in which the cap

is very rigid, but the structure is still allowed to deform in

the axial direction. This type of cap is designated a

"Rigid Cap". The effect these various types of caps have on the

structure is studied during the course of this investigation.
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Structure TNUl is subjected to a stepwise incremental

internal pressure up to 1000 psi. The deflection of the point on

the curve of intersection at 0= 0 is compared with the

experimental data in Fig. 6.6.2.

The nonlinear analysis of the structure TNL2 is performed

under an internal pressure fluctuation as shown in the

Fig. 6.7.4. The structure is subjected to one cycle of loading

with a maximum internal pressure of 425 psi. This pressure

intensity is four times that required to initiate initial yield

of the base structure, (unreinforced structure), under

monotonically increasing load. In the present study a mild

steel, SAE 1015, is selected for the structure. This selection

is based on the fatigue properties and the ductility

characteristics of that material. The material properties are

described in Figs 4.1 and 4.2. The cyclic stress strain

properties of the material are used for the purpose of the

analysis. The variation in the hoop stress and in the axial

stresses at *=0 for the nozzle and for the cylinder are

plotted in Fig. 6.7.3. The deflections of the points on the

curve of intersection at sweeping angle 0 = 0 and 0 =90 are

shown in Fig. 6.7.2.

From the results of the analyses the following remarks can

be made

1. The variations of the characteristics of the end cap,

as in the case of structure '±NU, has a significant

effect on the deformation that structure undergoes.

Four cases with different combinations of end cap
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conditions were considered in the analysis. The

displacements for all the cases agree with each other

and the test results in the elastic region; however,

in the plastic region the variation is considerable.

The stiffest response is observed for the fixed cap

while the free cap shows largest deformations and as

expected the rigid cap displays the intermediate

behavior. The reason of this phenomenon can be

attributed to the increase in the length of the region

of stress disturbance along with the progression of

yielding. The lengths of the nozzle and the cylinder

in the case of TNL1, being 2(3.95 rt)and

2 (4.07 YR*T) are more than sufficient to avoid

overlapping in the elastic response. However as the

yield progresses these free lengths are less than those

required to avoid any overlapping.

In real life, most structures have longer lengths of nozzles

and cylinders. As the free cap condition is the best

representation of this situation, the structure *iNL2 is provided

with the free caps.

2. In both of the structures initial yielding starts from

the inside fibers at the junction 4~= 0 ,then

progresses through the thickness at a rather rapid

rate. With increments in the internal pressure, the

yielded zone expands along the junction as well as

along the axial directions of the nozzle and of the

cylinder. The progression of the yield envelope on the



inface for structures TNLl and TNL2 are shown in

Figs. 6.6.1 and 6.7.1. On the outface the

configuratrion is similar, but with a reduced yielded

region.

3. For structure TNLI the maximum outward displacement of

a point on the junction at P = 90 is 0.01228 inch

compared to 0.00081 inch at p = 0 , Fig. 6.6.2. The

similar values of displacements for structure TNL2 are

0.00889 inch and 0.00205 inch, Fig. 6.7.2. This shows

the structures are suseptible to higher deflections in

the transverse direction as compared to those in the

longitudinal direction. These uneven displacements

distort the nozzle into an oval shape. If enough

precautions are not taken, this ovalling can lead to a

buckling or collapse tendency of the nozzle. It is

interesting to note that the ovalling in the reinforced

section is less predominant than that in the case of

the unreinforced structure.

The following discussions are with respect to structure

TNL2.

4. The initiation of yielding starts at an internal

pressure of 243 psi. The similar value for the yield

initiation of the base structure is 106 psi. Hence the

provision of the reinforcement has increased the

efficiency of the structure by a factor of 2.29, when

judged on the basis of the working stress criterion.

The reinforced structure shows considerable plastic
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reserve strength. At the maximum internal pressure of

425 psi, which is four times the value of yield

pressure of the base structure, only a small zone of

the structure is yielding k-ig. 6.7.1, with 0.2% as the

maximum strain and 0.00889 inch as the maximum

displacement.

6. The maximum observed stress occurs at the peak of

applied internal pressure and at 0. This tensile

hoop stress of 37.42 ksi exists at the at the inside

fiber of the noztoe. It is interesting to note that

due to the release in the hoop stress at the junction,

a tensile hoop stress of only 29.5 ksi exists at the

inside corner. Fig. 6.7.3. At the end of the load

cycle, (at zero internal pressure), heavy compressive

residual stress remains in the nozzle on the inside

fiber at * = 0 . The maximum value of these residual

stresses being 16.5 ksi at the corner point. As this

point has the maximum amplitude during the stress

cycle, it is one of the most potential point for the

development of a fatigue crack.
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6.7.2 Fatigue Analysis

The process described in Section 4.4, is followed to

predict the fatigue life of the cylinder intersection. The first

important step in a fatigue life analysis is to find the most

vulnerable point in the structure, that is the point with the

worst combination of highest equivalent stress stress-strain

amplitudes and their mean values. The most potential point, for

fatigue crack initiation, is found to be on the curve of the

intersection, on the inside fiber of the nozzle at 0 .

Equivalent stress and strain quatities along with their

amplitudes and means are listed in Table 6.4. By substituting

the required quantities in kLq. 4.6 , the fatigue life curve is

established as:

Ac = 0. 94933 (2Nf -0.64 + 0.003365(2N ) -0.11 (6.5)

From the plot of the fatigue life vs. strain amplitude, the

fatigue life of the given structure TNL2 for the pressure cycle

of 0 psi to 425 psi is found to be 150000 reversal or 75000

cycles. Fig. 6.7.5.

In most cases, a pressure vessel rarely undergoes more than

10000 cycles in its life time (2.53). Hence, the structure TrNL2

can be considered safe from a fatigue failure, for the applied

fluctuation of the internal pressur~e.
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7. Concluding Remarks

7.1 Summary

In this study an in depth investigation of the behavior of

intersecting cylindrical shells has been carried out. Emphasis

in the investigation has been placed on two major aspects. The

influence of various geometric parameters on the stress patterns

has been studied for the structure under the action of an

internal pressure which induces an elastic response. In the

second phase, the efforts concentrated on the nonlinear material

response. Here the objective was the development of basic data

that can be used in an exposition of the fatigue characteristics

of the structure.

A versatile general purpose algorithm has been presented for

the discretization of intersecting cylinders. The capabilities

of this mesh generator have been demonstrated by the effective

discretization of a variety of structures which encompass various

aspect ratios, angles of intersection and reinforcement

configurations.

Efficient use of the finite element analysis technique is

sought by organizing the substructuring approach with a proper

selection of the elements used in the different substructures.

The chosen isoparametric elements are rendered economical by

utilizing the technique of reduced integration.
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A material model with the concepts of kinematic hardening is

implemented in order to study the structural response including

cyclic plasticity. For this purpose, Mroz'S idealization using

field's of work hardening is incorporated. A nonlinear finite

element analysis is performed on the intersecting cylinders while

they are subjected to cyclic loads. The fatigue life of the

structure is predicted from the stress-strain amplitudes computed

at the most critical point.

7.2 Conclusions

High stress concentration develops at the junction of the

intersecting cylindrical shells. Even a small amount of

reinforcement around the curve of intersection introduces a

considerable reduction in these high stress fields. The optimum

configuaration of the reinforcement consists of reinforcing up to

the points of contraflexure on the nozzle and on the cylinder.

This observation of the optimum reinforcement is not checked for

other base structures but for just the one under investigation.

However the similarity of the stress patterns of unreinforced

intersections -with different aspect ratios, makes plausible the

supposition that this observation can be extrapolated to apply

for the general case with pressure loading.

The investigation of the variation of aspect ratios, ranging

from 0.25 to 1.0, indicates that this variation has very moderate

effect on the stress patterns produced in the cylinder

intersections. The dominating stress concentration factor (that

for the hoop stress on the inside fiber of the nozzle at 4 0)
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increases slightly with increases in the aspect ratio, before

levelling off at a constant value above the aspect ratio of 0.6.

Very high stress concentration factors are observed for the

non-radial cylinder intersection. The location of these high

values being at the acute angle of the inside corner on the

junction. The variation in the stress concentration factor,

while considering an elastic response, is observed to be

following the relationship presented by ASME standards. However

it should be noted that under normal conditions, it is very

unlikely to expect an unyielded material at a location of such an

intense stress concentration. On the other hand it is

acknowledged that no attempt has been made in this analysis to

reduce the sharpness of the acute corner at the junction.

overlapping of the stresses in a "K joint can be avoided by

a carefully designed intermediate length between the two nozzles.

In the present case the intermediate length of 2(2.45 'R*T

showed only minimal overlapping. The stress influence is

observed to be increasing with a decrease in the angle of

intersection.

The reinforced intersection displays a considerable plastic

reserve strength. The capacity of the structure is increased

markedly by providing reinforcement. Also by allowing the

structure to sustain modest yielding in the region of high

stresses additional use can be made of the increased capacity.

The fatigue life prediction of the analyzed structure has

indicated the safety of the structure from a fatigue failure.

One of the most important factors contributing this safety is



117

having the linear response of the structure after the the first

load cycle. Other contributing factors are the inclusion of an

effective reinforcement, ductility of the material, and carefully

restrained plasticity.

7.3 Recommendations for Further Studies

The recommendations for future study include the following:

1. The usefulness of the finite element method for the

parametric study of the cylinder intersection has been

established in this investigation. The parametric

study should be extended to include additional

parameters not included in the present study, like d/t,

D/T, t/T etc.

2. The variations in the stress patterns of normally

intersecting cylinders, with the increment of the

aspect ratio, are moderate in nature. As a closed form

solution based on an elastic thin shell theory already

exists for aspect ratios < 1/3, the effort should be

directed to extend this solution for higher aspect

ratios, with necessary modifications.

3. Fatigue analysis should be extended to an experimental

evaluation of the intersecting cylinders, for the

purpose of the verification of the procedure presented

in this study.
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TABLE 6.1

REINFORCED INTERSECTIONS

Designation Reinf. Type 1 Reinf. Type 2 Reinf. Type 3

Length Thickness Length Thickness Length Thickness
(in) (in) (in) (in) (in) (in)

T RF 1 --..... .. .. .

TRF2 .... 2.24 0.05 ....

TRF3 .... 1.12 0.1 ....

TRF4 .... 2.24 0.1 ....

TRF5 .... 1.06 0.2 ....

TRF6 .... 0.7 0.3 ....

TRF7 .... 0.53 0.4 ....

TRF8 -- -- 0.4 0.5 ....

TRF9 1.125 0.1 -- --...

TRF10 -- -- -- -- 1.125 0.1

TRF11 0.742 0.1 1.0 0.1 -- --

TRF12 -- -- 1.22 0.1 1.22 0.1
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TABLE 6.2

ASPECT RATIO STUDY

Cylinder Diameter, D = 10 in.

Cylinder Thickness, T = 0.1 in.

Cylinder Half Length, L = 19.5 in.

Nozzle Length, Z = 19.5 in.

Nozzle Nozzle
Designation Diameter Thickness Aspect Ratio

(in) (in) (d/D)

Tl 2.5 0.025 0.25

T2 5.0 0.05 0.5

T3 6.0 0.06 0.6

T4 7.0 0.07 0.7

T5 8.0 0.08 0.8

T6 9.0 0.09 0.9

T7 10.0 0.1 1.0
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TABLE 6.3

NON-RADIAL NOZZLES

Nozzle Diameter, d = 5 in.

Nozzle Thickness, t 0.05 in.

Nozzle Length, i= 19.5 in.

Cylinder Diameter, D = 10 in.

Cylinder Thickness, T = 0.1 in.

Cylinder Half Length, L 19.5 in.

Designation Angle of Intersection

T2 90 °

Y1 600

Y2 450

Y3 30

K1 600

K2 450

K3 300
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TABLE 6.4

EQUIVALENT STRESS-STRAIN HISTORY FOR STRUCTURE TNL2

ON INSIDE CORNER OF THE NOZZLE AT 00-

At Internal Pressure of 425 psi:

Equivalent Stress a emax = 29,279 psi (tensile)

3
Equivalent Strain E:e max = 1.8025 x 10 (tensile)

At Internal Pressure of 0 psi:

Equivalent Stress e min = 16,958 psi (compressive)

Equivalent Strain e min= 0.4675 x 10 -3(compressive)

Mean Equivalent Stress a emean =6.160.5 psi (tensile)

Equivalent stress amplitude Au e/ 23,118.5 psi

-3
Mean equivalent strain 6 mean =0.6675 x 10 (tensile)

Equivalent strain amplitude AE e/ 1.135 x 10 -

A/
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Fig. 6.2.3 Notched Plate Finite Element Models
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Fig. 6.4.1 Typical Finite Element Discretization of Region SOLID
Aspect Ratio Study
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APPENDIX A

INPUT COMMANDS FOR MESH GENERATOR AND DEFAULT VALUES
OF VARIOUS PARAMETERS

Commands and variables to control the configuration of

the mesh (Fig. 3.1) are listed as follows:

1. DEFAULT

2. CYLINDER

RADIUS <R> THICKNESS <T> LENGTH <L 1 L2 >

(STRESS CONCENTRATION)FACTORS<CSFO CSF90 CSF180>

SOLID (ELEMENT PROPORTION) <CFI CF 2 CF3 CF4 >

SHELL (ELEMENT PROPORTION) <CF>

3. NOZZLE

RADIUS <r> THICKNESS <t> LENGTH <Z>

(STRESS CONCENTRATION) FACTORS <NSF 0 NSF 9 0 NSF 1 8 0 >

(ROWS OF) THREE (ELEMENTS) <TDRN>

SOLID (ELEMENT PROPORTION) <NF 1 NF 2  NF TDRN >

SHELL (ELEMENT PROPORTION) <NF>

4. ANGLE (OF INTERSECTION) <a>

5. LAYERS (THROUGH THICKNESS) <NL>

6. REINFORCEMENT

TYPE <RF> LENGTH <RFL> THICKNESS <RFT>

ELEMENT (CONFIGURATION) <RFNE1 RFNE 2>

ANGLE (OF OFFSET) <RFO>
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7. SUBSTRUCTURE SOLID

B. "GENERATE NOZZLE
CYLINDER

SOLID Q3D1SOP
SOLID TS161SOP

ALL Q3D1SOP
TS161SOP

9. END
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VARIABLE DEFAULT REMARK

DEBUG FALSE Prints various variables in the process
of mesh generation

R Mid surface radius of the cylinder

T Thickness of the cylinder

L1  RS length of the cylinder

L 2  LHS length of the cylinder

CSF 0  1.1 Multiplying factor to 2.45/-T @ = 0 *

CSF 9 0  1.5 Multiplying factor to 2.45VR--T @ 0= 900*

CSF 1 80  1.1 Multiplying factor to 2.45RkT@ 4=1800*

CF1  0.2 Length proportionality factor for row l#

CF 2  0.4 "" 2 #

C F 3  0.6 " " " " I 3 #

C F 4  0.7 4# " " " "4

CF 1.0 Ratio of length to width for this shell
elements for CYLSHELL

r Midsurface radius of the nozzle

t Thickness of the nozzle

Length of the nozzle

NSF 0  1.2 Multiplying factor to 2.45/r.t @ 4= 00 *

NSF 9 0  1.7 Multiplying factor to 2.45i/r--t @ 0=900 *

NSF 180  1.2 " " " " ti @ € = 1800*

TDRN 4 Number of rows of three dimensional
elements in nozzle

NF i  Length proportionality of various
rows of TDRN

NF 1.0 Ratio of length to width for the shell
element for NOZSHELL

*To get region of stress concentration for SOLID

g #Number of rows counted from the curve of intersection.

--I-----------
...... .. .~~~~~~~~ I. j . .. .. . .. ... ... ml ' .. "li li' - l lim
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VARIABLES DEFAULT REMARK

900 Angle of Intersection of Nozzle and

Cylinder

NL I Layers of three dimensional elements,
through thickness, for SOLID

RF Type of reinforcement TYPES = 1 or 2
or 3

RFL Length of the reinforcement

RFT Thickness of the reinforcement

RFNE 1  Number of rows of elements through length

RFNE 2  1 Layers of elements through thickness

RFe Angle of offset at the end of the
reinforcement

SUBSTRUCT .FALSE. Substructures in 0 < < 90
goo < 1800
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APPENDIX B

TRANSFORMATION OF SHELL TO THREE DIMENSIONAL
DEGREE OF FREEDOM

Displacement fields for the Ahmad's shell elements are

assumed to be linear through thickness, along the outward normal

vector. Considering the thickness of the element at node point

m, the displacements of top surface point 't' and bottom surface

point 'b', Fig. 3.2 , can be written in the form

vt  = m  [ a - b ] (B.1)

and

b  = -a - b (B.2)

Adding (B.1) and (B.2)

U t

I11 0 wt  (B. 3)
WM0 0 0 0

2-2 Ub

Vb

Wb

7
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subtracting (B.2) from (B.1)

U t

1~ 0 0-10 01 Vt

h(ab] 0jo 1 0 0 -1 0 Wt (B.)

[0 0 1 0 0 1J Ub

Vb

oWbt

i.e.

U t

=F o -i ool(BS1 0 - 0 0 l t

L] t
Vb

localWb
In local coordinate system rotation components are

= [b a] [cl (B.6)

substituting (B.5) in (B.6)

E'ym b a]Ea]J 1 0 0 -1 0 wt (B.7)

0 10 0 I ve z m . L 0 1 0 0 -1 u b

Vb

Wbt
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from (B. 3) and (B.7)

Um M 0 0 y00 ut
Urn 0 010 0

v0 10 0 1 0 v2 t

lool (B. 8)m = 0 0 -- 0 0 2- t(B8

M 0 -A -B 0 A B Ub

e A 0 -C -A 0 C

ezn B C 0 -B -C 0 W

or

{Ush} = [T] {u3D (B.9)

where,

A = 1 (alb 2 - a2bl)

B = Il (ab 3 - a3bl )

h1 3C l (a b3 a
C = h - a3b2 )

w _________
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APPENDIX C

DERIVATION FOR PERMANENT ANISOTROPY

The behavior of a material with permanent anisotropy for

plane stress case is simulated by changing the shape function.

It is assumed that material is homogeneous displaying same yield

stresses in all the direction. Hence in the al, a2 stress

plane the yield surface can be represented by circular arcs in

the tensile quadrant and the compressive quadrant connected by

smooth transition curves as shown in Fig. 5.8. In Haigh-

Westergaard stress space this transition curve is represented

by a frustra of a cone. Assuming linear transition along the

a axis, the radius of this hypersurface is
m

a =ma M + C (C.l)

/2- 1 T
For uniaxial tensile yield a r /3 aT at aar Oy a m = y ,

hence from (C. ):

23 OT = 1 T m + C (C.2)
Y 3 Y 

1 C
For uniaxial compressive yield r = 21/3 ay at m = y

substituting this condition in (C.1):

3C 1 C m + C (C.3)

Solving simultaneous equations presented by Eqs. C.2 and C.3

yields:

3aT _- C 2 a T a C

T C m T C
r T+o. (a +o)

y Y Y
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Recognizing

ar 2/3 at r (C.5)

3 (aoT a C 2 a T aC
Yr T c  m + T c for-a <a < oY(y+ a_) (ay+ ay) m

(C.6)

Similarly, the elastic modulus can have different values

ET and E in tensile quadrant and in compressive quadrant

respectively with an assumption of linear transition in connect-

ing region. Hence,

Etr = m • + c (C.7)
m

t T 1 T

Substituting conditions, Etr = ET for am = ay and
=1 C.

Etr = EC for am = --: ay in Eq. (C.7) yields simultaneous

equations as:

T T . m + C (C.8)

and
EC  1 C

= -5 ay m + C (C.9)

solving Eqs. (C.8) and (C.9) yields:

3(E - E ) ETa C + aT EC

Etr - + T (C.i0)(aT + a) (a T  + a )
Sy
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APPENDIX D

NOMENCLATURE

A summary of frequently used symbols is presented below

for convenience. Symbols with dual meanings are listed twice.

a normal to the hyper-surface at a stress point

B matrix relates Green's strains at a point to finite
element nodal displacements

b fatigue strength exponent

c fatigue ductility exponent

C imatrix relating infinitesimal stress to infinitesimal
ijkt plastic strain

D cylinder diameter

D, D.. constitutive matrix1)

DT  current constitutive matrix

D. fatigue damage factor1

d nozzle diameter

E Young's modulus of elasticity

ET  Young's modulus of elasticity in tensile response
EC  Young's modulus of elasticity in compressive response

trE Young's modulus of elasticity in transitional response

E. Young's modulus of elasticity for ith segment of
1 linearly idealized stress-strain curve.

F Body force

F Load potential function

f Stress potential function

G Shear modulus

G Scalar constant of proportionality
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h Thickness of an Ahmad shell element

I' Tangent modulus of stress-plastic strain curve

IF Internal force matrix

I1  First invariant of strain

J2 Second invariant of stress

K Stiffness matrix

KT  Tangential stiffness matrix

Nf Load reversals to fatigue failure

Ni  Fatigue life for certain load amplitude i

ni  Load cycles for certain load amplitude i

N Shape function matrix

p Internal pressure

P Equivalent nodal load

r Nozzle radius

R Cylinder radius

S Body surface

Sij Deviatoric stress

SN Nominal peak stress

t Nozzle thickness

T Cylinder thickness

T Temperature

u Nodal displacement

ui,vi,wli Displacement of point, i, in an element

U Strain energy

V Body volume

X,Y,Z Cartesian co-ordinates

x',y',z' Element local co-ordinate system

I
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Local rotational degree of freedom for an Ahmed
shell element

Angle of intersection of two cylindrical shells

a. ij Instantaneous center of rotation of hyper-surfaces

6( ) Increment in a quantity

A( ) Total change in a quantity

CC ij Green's strain

P Plastic component of strainp, ij

e
E ,E. Elastic component of straine i)

EV 2 ,E3 Principal strain

E e Equivalent strain

C Mean strain

l f True fracture ductility
f

Sweeping angle on a plane normal to axis of rotation
of nozzle

Lame's constant

v Poisson's ratio
d

P Dimensionless parameter = F

,a ij 2nd Piola-Kirchoff stress

01a,2,G3 Principal stresses

Ci Yield stress of hyper-surface i

a e Equivalent stress

m Mean stressm

as f True fracture strength

aa Axial stress

0 0 Hoop stress

r Radial stress
r
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California Institute of Technology Brooklyn, New York 11201

Division of Engineering
and Applied Sciences Professor R. A. Schapery

Pasadena, California 91109 Texas A&M University
Department of Civil Engineering
College Station, Texas 77843
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Professor Walter D. Pilkey Professor A. C. Eringen
University of Virginia Princeton University
Research Laboratories for the Department of Aerospace and

Engineering Sciences and Mechanical Sciences
Applied Sciences Princeton, New Jersey 08540

Charlottesville, Virginia 22901
Professor E. H. Lee

Professor K. D. Willmert Stanford University
Clarkson College of Technology Division of Engineering Mechanics
Department of Mechanical Engineering Stanford, California 94305
Potsdam, New York 13676

Professor Albert I. King
Dr. Walter E. Haisler Wayne State University
Texas A&M University Biomechanics Research Center
Aerospace Engineering Department Detroit, Michigan 48202
College Station, Texas 77843

Dr. V. R. Hodgson
Dr. Hussein A. Kamel Wayne State University
University of Arizona School of Medicine
Department of Aerospace and Detroit, Michigan 48202
Mechanical Engineering

Tucson, Arizona 85721 Dean B. A. Boley

Northwestern University
Dr. S. J. Fenves Department of Civil Engineering
Carnegie-Mellon University Evanston, Illinois 60201
Department of Civil Engineering
Schenley Park Professor P. G. Hodge, Jr.
Pittsburgh, Pennsylvania 15213 University of Minnesota

Department of Aerospace Engineering
Dr. Ronald L. Huston and Mechanics
Department of Engineering Analysis Minneapolis, Minnesota 55455
University of Cincinnati
Cincinnati, Ohio 45221 Dr. D. C. Drucker

University of Illinois
Professor G. C. M. Sih Dean of Engineering
Lehigh University Urbana, Illinois 61801
Institute of Fracture and

Solid Mechanics Professor N. M. Newmark
Bethlehem, Pennsylvania 18015 University of Illinois

Department of Civil Engineering
Professor Albert S. Kobayashi Urbana, Illinois 61803
University of Washington
Department of Mechanical Engineering Professor E. Reissner
Seattle, Washington 98105 University of California, San Diego

Department of Applied Mechanics
Professor Daniel Frederick La Jolla, California 92037
Virginia Polytechnic Institute and

State University Professor William A. Nash
Department of Engineering Mechanics University of Massachusetts
Blacksburg, Virginia 24061 Department of Mechanics and

Aerospace Engineering
Amherst, Massachusetts 01002



474:NP:716:lab
78u474-619

Universities (Con't) Universities (Con't)

Professor G. Herrmann Professor Joseph L. Rose
Stanford University Drexel University
Department of Applied Mechanics Department of Mechanical Engineering
Stanford, California 94305 and Mechanics

Philadelphia, Pennsylvania 19104
Professor J. D. Achenbach
Northwest University Professor B. K. Donaldson
Department of Civil Engineering University of Maryland

Evanston, Illinois 60201 Aerospace Engineering Department
College Park, Maryland 20742

Professor S. B. Dong
University of California Professor Joseph A. Clark
Department of Mechanics Catholic University of America
Los Angeles, California 90024 Department of Mechanical Engineering

Washington, D.C. 20064
Professor Burt Paul
University of Pennsylvania Dr. Samuel B. Batdorf
Towne School of Civil and University of California

Mechanical Engineering School of Engineering
Philadelphia, Pennsylvania 19104 and Applied Science

Los Angeles, California 90024
Professor H. W. Liu
Syracuse University Professor Isaac Fried
Department of Chemical Engineering Boston University

and Metallurgy Department of Mathematics
Syracuse, New York 13210 Boston, Massachusetts 02215

Professor S. Bodner Professor E. Krempl
Technion R&D Foundation Rensselaer Polytechnic Institute
Haifa, Israel Division of Engineering

Engineering Mechanics
Professor Werner Goldsmith Troy, New York 12181
University of California
Department of Mechanical Engineering Dr. Jack R. Vinson
Berkeley, California 94720 University of Delaware

Department of Mechanical and Aerospace

Professor R. S. Rivlin Engineering and the Center for

Lehigh University Composite Materials
Center for the Application Newark, Delaware 19711

of Mathematics
Bethlehem, Pennsylvania 18015 Dr. J. Duffy

Brown University
Professor F. A. Cozzarelli Division of Engineering
State University of New York at Providence, Rhode Island 02912
Buffalo

Division of Interdisciplinary Studies Dr. J. L. Swedlow

Karr Parker Engineering Building Carnegie-Mellon University

Chemistry Road Department of Mechanical Engineering

Buffalo, New York 14214 Pittsburgh, Pennsylvania 15213
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Universities (Con't) Universities (Con't)

Dr. V. K. Varadan Professor V. H. Neubert
Ohio State University Research Foundation Pennsylvania State University
Department of Engineering Mechanics Department of Engineering Science
Columbus, Ohio 43210 and Mechanics

University Park, Pennsylvania 16802
Dr. Z. Hashin
University of Pennsylvania Professor A. W. Leissa
Department of Metallurgy and Ohio State University
Materials Science Department of Engineering Mechanics

College of Engineering and Columbus, Ohio 43212
Applied Science

Philadelphia, Pennsylvania 19104 Professor C. A. Brebbia
University of California, Irvine

Dr. Jackson C. S. Yang Department of Civil Engineering
University of Maryland School of Engineering
Department of Mechanical Engineering Irvine, California 92717
College Park, Maryland 20742

Dr. George T. Hahn
Professor T. Y. Chang Vanderbilt University
University of Akron Mechanical Engineering and
Department of Civil Engineering Materials Science
Akron, Ohio 44325 Nashville, Tennessee 37235

Professor Charles W. Bert Dean Richard H. Gallagher
University of Oklahoma University of Arizona
School of Aerospace, Mechanical, College of Engineering

and Nuclear Engineering Tucson, Arizona 85721
Norman, Oklahoma 73019

Professor E. F. Rybicki
Professor Satya N. Atluri The University of Tulsa
Georgia Institute of Technology Department of Mechanical Engineering
School of Engineering and Tulsa, Oklahoma 74104
Mechanics

Atlanta, Georgia 30332 Dr. R. Haftka
Illinois Institute of Technology

Professor Graham F. Carey Department of Mechanics and Mechanical
University of Texas at Austin and Aerospace Engineering
Department of Aerospace Engineering Chicago, Illinois 60616

and Engineering Mechanics
Austin, Texas 78712 Professor J. G. de Oliveira

Massachusetts Institute of Technology
Dr. S. S. Wang Deoartment of Ocean Engineering
University of Illinois 77 Massachusetts Avenue
Department of Theoretical and Cambridge, Massachusetts 02139

Applied Mechanics
Urbana, Illinois 61801 Dr. Bernard W. Shaffer

Polytechnic Institute of New York

Professor J. F. Abel Rotate 110

Cornell University Farmingdale, New York 11735
Department of Theoretical

and Applied Mechanics
Ithaca, New York 14853
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Industry and Research Institutes Industry and Research Institutes (Con't)

Dr. Norman Hobbs Dr. T. L. Geers
Kaman AviDvne Lockheed Missiles and Space Company
Division of Kaman 3251 Hanover Street

Sciences Corporation Palo Alto, California 94304
Burlington, Massachusetts 01803

Mr. William Caywood
Argonne National Laboratory Applied Physics Laboratory
Library Services Department Johns Hopkins Road
9700 South Cass Avenue Laurel, Maryland 20810
Argonne, Illinois 60440

Dr. Robert E. Dunham
Dr. M. C. Junger Pacifica Technology
Cambridge Acoustical Associates P.O. Box 148
54 Rindge Avenue Extension Del Mar, California 92014

Cambridge, Massachusetts 02140
Dr. M. F. Kanninen

Mr. J. H. Torrance Battelle Columbus Laboratories
General Dynamics Corporation 505 King Avenue
Electric Boat Division Columbus, Ohio 43201
Groton, Connecticut 06340

Dr. A. A. Hochrein
Dr. J. E. Greenspon Daedalean Associates, Inc.
J. G. Engineering Research Associates Soringlake Research Road

3831 Menlo Drive 15110 Frederick Road
Baltimore, Maryland 21215 Woodbine, Maryland 21797

Newport News Shipbuilding and Dr. James W. Jones
Dry Dock Company Swanson Service Corporation

Library P.O. Box 5415

Newport News, Virginia 23607 Huntington Beach, California 92646

Dr. W. F. Bozich Dr. Robert E. Nickell

McDonnell Douglas Corporation Applied Science and Technology
5301 Bolsa Avenue 3344 North Torrey Pines Court
Huntington Beach, California 92647 Suite 220

La Jolla, California 92037
Dr. H. N. Abramson
Southwest Research Institute Dr. Kevin Thomas
8500 Culebra Road Westinghouse Electric Corp.

San Antonio, Texas 78284 Advanced Reactors Division
P. 0. Box 158

Dr. R. C. DeHart Madison, Pennsylvania 15663
Southwest Research Institute
8500 Culebra Road Dr. H. D. Hibbitt
San Antonio, Texas 78284 Hibbitt & Karlsson, Inc.

132 George M. Cohan Boulevard
Dr. M. L. Baron Providence, Rhode Island 02903
Weidlinger Associates
110 East 59th Street Dr. R. D. Mindlin
New York, New York 10022 89 Deer Hill Drive

Ridgefield, Connecticut 06877
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Industry and Research Institutes (Con't)

Dr. Richard E. Dame

Mega Engineering
11961 Tech Road
Silver Spring, Maryland 20904

Mr. G. M. Stanley
Lockheed Palo Alto Research

Laboratory
3251 Hanover Street

Palo Alto, California 94304

Mr. R. L. Cloud
Robert L. Cloud Associates, Inc.

2972 Adeline Street
Berkeley, California 94703
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