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UiiJ.~O~for an, Elstic-311a';ic Code

For sat. I o .tcto-,y rot:L.yticol as~iossinent of metal forming probli-,,

it is necvs,,;.:1y Lto Lvl!t he vcrying stress distribution truhu

the w:ork-pice( -.Incp_ :vi l efect. ,.Iucll as tLI: developrr nt c ut

nal1 cracks, deput'nd on fot i-ess history, and residual stresses can beJi-.tr

tant in decicling the u~liainof a formed part. E3astic characici b!s-

tics usually play an sonttial role* in the determiination of stressr, vwon

in combination with eLacnrmive plastic flow which iriay involvye stral x,f

thioinand timo no l as Li c rtr a ii ou ds ThuIS analySis Of netL

formnrg probi (2!:; for touch seoiit must be b)ased on elaf- Lic-plast J c

theory. Tic sameiu is truer foi- othcr stress analysis problems xwhern plnz-

tic flow occurs, unl(!!;, plastic flow is occurring simultane!olsly

thirougliout the entire body througliut the duration of the prces-n, i.n

which case p ltsc ic-rigid inal.ysi s is rtdequate.

Because p1 asti ct.5y 1,rii are inrcmental. in nature, ticy rcailt in

relations bet woen~ ft res-riite and F Lrnin-rate, or equival ently in nuo;!ur

cal va C'Ot i OWi, bvtw-;..;i :;t.rss~iid strain. incremenlts. Fur the raz~c-

1.fl(0)Cnd(ICl t 1 ;1%1S WAVuI iiy ailequate at tem;peratures lo)w con'pa rc( withI t b'-

iel tiing t eTapeI;It Ure, .1 hii.;r rel atIM oS bQl 'e(-. str!!s~--rate and st ia n-

rate ari.-e. lhien pl;,.stic flow is; takinrg place, the coerficients, are

fuinctions of the current St rvss for the common laws and below tL a yield

pI to
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stress the ela;tic la.s apply in incremental form. Because of the struc-

Lure of I hce w la, eltstic-plastic pi oblcmn, are commonly solved ill ter,-e.

of equation!; for strs;--rat',:; and stain--rates, containing stresses,. as

coefficientf;. Consider the solution to have been computed up to t1 ,.

time t . Afte,,r a Lime t-p forward, At , the solution for rates gives

tl stress a: time t + At in the form a(t) + ~AL , aid similarly for

other vanr;il'.. o i the app'npriate stress-rate. Then a new time

:tep can It- - ,nd thi. p roces;: repeated.

Exte,':;iv s:-udie:; o[ the app]ication of such laws to stablit.y and

uniqueness of ;oI ULtions hIave been made by Hill (see, for example [1], [24,

[31 where ] e sho-.,-; thit care in the selection of stress defi.nitions

and strcss-ratc and st:rain-rate expressions is important for a satis-

factory dh..elup.-ent of the theory. Rice [41 has pointed out that ',ucl.

quIhti OnS aIL'Q al;o .imortant in developing a satisfactory theoretical

ln:;ts ioi e Iat.ic-plast-ic stress analysis, partirularly in the con-.,imn

circu:';Lt;ince that the tangent modulus in plastic flow is of the order

of the s,;tre.,:;. Convectcd and rotation terms then beconme important in

I hie trc:;: -r;si. expr':: *on, and anlogously :;tress variables shou]2 be

,(1eect(d !c(, thtL the influence of rate of deform'ation of the boundaries

of the' body doce:; not c(o:.plicate the vriational priaciple commonly used

to TCp1 X,0 the I W quil i LI it:IM equation!; for eva I tiat ion of ,o.lutions. This

rvqu irvient cai) be achieved by uslng the unsymmctric nolinal stress

Nu:n r:.,; in .squarv i rae,.:t:; refer to the bibliography.
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(Piola-Kircihoff I) it wicI the stress is defined as force per utit

undeforued area. The variational principle then involves an iltkral

over the undeformed body which is fixed.

Plastic flow is csser, tilaUy a fluid type phenomenon which can be

most conveniently expressed in 1'.,-711S of the. current configuration of the

maferial. Thus a rtference coIfi -urotion which remains invariant through-

out the motion is not oppropiai:tt aiid so the configuration at time t

is adopted as the refere.nc .: for (-valuation of the defor::aatrni fr,,:,i

t to L + At , where At is ,eFficiently small for adequacy of firct

order theory.

The framework described above providec a satisfactory foundation

for a finite-element elastic-plastic code as discussed by Mciee&ing and

Rice [5]. In effect, by choosing the currenrt Configuration as the refer-

ence state the Cauchy stress (or true stress in Cart.;ian coordinates)

the unsymmetric nominal stress (Lagrange or Piola-Kirchhoff I) and the

symmetric nominal stre!ss (Kirchhoff or Picla-Kirchoff II) all have iden-

tical values at the current time which s.irrplifies utilixation of the

appropriate stress for the nppiopriatc component of the calculation.

Although the str:ss components. themselJvcs are identical, rates of change

of the different strcss;(-s nr, not the same.

2. Development of the Theory

Following hiL [21 and i,:.;,ing for the most part his notation, we con-

sider the unsymmetric nomli il .tress (variously referred to as Lagrange

or Piola-KLrchoff I) s dFined so that the jth component of the
io

force traisutit ted across.- a d-. orrmed elec';ent , Which in the initial or



reference state had area dS and unit normal V. V is

iij

Hill considers (p. 214 of [2]) rate or flow type constitLutive la% of

the form

S -"(2)

j 1

where X are rcanivular Carto-;ian coordintLes i. the initial or refer-

ence configuratio:z, E is a homogeneous function of degree tw;o in the

velocity gradient.n, 3v./DX. , and where ;.. is the partial time deri-

vative at fixed X , i.e. a material derivative at a particle. The

velocity v.(X,t) gives the distribution at time t expressed in the

initial coordinates of the corresponding material points (note that a

tilde under a symbol denotes a vector or tensor in absolute notation).

Boundary value problems are considered in which for a volume V

in the reference state, at time t stress rates sij (X,t) and veloci-

ties v (X,t) ar sought for prescribed nominal traction rates
a

over the part of the :,;,--face SF ) velocity v. over the remainder of3

the surface Sv and body force rates g. per unit initial volume.

Then the variational principle

C0 0

6[ f E dV -f F~vdS - f gov dV) 0 (3)
0 00
V V

in the class of contintious differentiible velocity fields satisfying
0

the velocity boundary condition on S , characterizes the solution,
V

for it yields. the equilibrium equation';

! 129.
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+ g. 0 (4)ax

il
rind the bouod.,; t ilecioa rateC condit-lIon

for nominal st.*,_,., sij , and the reference geometry.

In wi i.Ljn', tie atic-pJaatic coiL':tituLive relation, we wish to

a-;.-ociate ,i,- vt- ity gr. 'd nt 1., (2) with th..r rate of chf-.n tt or

velocity strait,:

(V. Dv,D.j "(~ ~ x (6)

where x are. Crte ,sai coordinates: erpresEing the position of parti-

cler; in t;,h dvformd body

x. = x. (x;t) (7)

Thus to permit simul.tmteoms use of (3) and the plasticity laws express'ed

in the usital. form of rrate of deforn,:mtion of the current confJguration,

Will takes the current confignration to be the reference state, and

he rce

x. (Z,t:) (8)

fur a parLicular t . he theory is e;.:prcssed in this forn for e.altia-

tion of sij and v and hence the solutioi and configuration at

t + At , which provide, a new reference state for evaluation of the

next tine :;tcp At



No te Oth. 1, 1 "-w 1 tv I -11:h wwn the cu rrnt. and refct c'lc on-

figurati~ons aiI(c L..:Lc i te nemliali s;cress Coli.1unciltS S i are equail

to the Ctch 0 .~c~ r (owLpoulnfs 0.. so Lir ;t at this instant

The devico. of S;CILit il2 Ow conit irritioii at timc: t to be Lhe

ref:eiL a it 1 evii iut i~i c :t i tli-, ~AiLion at t.; -mr t +I Ai. Ll-11n3

pertH! ~ ~ ~ fl ii1 U! of I hi.: CL)IlVO' Itl vr t i.uiia pr fl1c iiil (3) ill

terins of nov:Ln~iI :.ress sj. arnd a fixcl geortetry and the faniliar

plast ic ity as ,.j-rvw'ed ir, ternis of the Cauchy, or true stresls, c

By w~orktu % r . iii cuirvi 1. i nar conve (cted coordii rutts, t , having na

arb it rary conl' [I u r !t ionl in I.ir icr~r or li iti: 1 state, 11-1-) ([2',

p. 2 19 L f. , ;Im: t La LIi. rz L e p0: c. a 1 (2) f oi I ow.s f roir as- r la t ed

ralte potcn-tials rri otlo ottc tiLs~;ad~tress rate expressions, some of

which arc mo:rE- convonlient for reprcse,~oing elastic--plastic laws.

Cconrld(r cur ril1inva i cc'rrdin. t,(:; r, in the: ini tial or refercrice

state i.! ti b -t -i. .v tocr- f. . Aft(.-. d -'for::iationr ;,:, show~n ilt 1lg 1

Lhi-se lwt'oie 1 , hrM.f :, tI I S-1;r -almS for t-11 srm Materil,. par-

tic e~ asEl 1 . 'iheli are t hw coax-ected coord inates arid time c

rw.1pun igj 1),:wi vt.ctom, : v - wlh ci are j dcformed by the

motion. Then t.w Cauchy irreus tewn'. a has contravarlint comiponents

a A ill cotnvt cvd cnord i uit es smmr-I h,-i tl!e force dF t ransitt Led

acro:;u; an ele-F'it of the t' 1(ortned body ot arva (IS and unit normal

vector v -in given by:

J Fv C (9)



Siiace the prir.:J courdin.teu are wuad?- ev\ideriL by theC flrtdtiort v and ,

for normal anid 1). se vuc Lor.; iii 01. dc forlned Sta~te , the pr tlE'% wil i

ally be dropped 1wror;ficr, for F,( z4F, denote the same material poin!-.

For the Lagf-Liwnge or 1'--aIa--Kirchihofi 1. stress , s S the! forca

computed in the rforvitce frr Is that actually ar-ting across the

deformed elenient. (,.ee Fun- iL' p. 437 for the usual definition in

Cartesian coordiunates) . Fo'r the pregeat coiisideration of convected

coordinates, the exprc%,,;:- f.cr dE t~rt!s tn'k(, tliQ fain

03 0 0

dF = a (v ISp(i

For the Kirchhoff or Piola-Kirchhioff H. stress, T~ ,j Fung points out

that the force vector COVIpIUd in the refcrnc irame Mest be transfori,,:d

by the motion Ino give tht! acetual. fc'rec~ acros:;, thne defozi,-(d eci.icEui: su

$that for convected( coordij,t.nts

0 0 0

dF T (v dS'

becomes

Ct 0 0

dF v vdS) (i

1Nanson' s relation for arroa element:

pv adS =pv(AdS (12)

thea gives. using (9) awnd (II)

p



where J is the Jaob i ii o:L the transj .format i(, from the rc-ference to

the defornd state, i.',

04 0 11• = .I(<, - x ,o )(i,

Fig. 2 shows the par!icular 3.t uatlon when 0e 1 coordInate i.7

the' reference frame are (., rtesi.,q, . The Cartesian coordlnates

ril,'osenting point-; in ithe defco-er "] body accor-ding to the point tranL-

for';! t: on , i1 ) 7 a x lhle usual dcfi[ -t on of the Ki rch ,.>.¢

or Piola-Kirchhoff 11 st-ess (e Fung [6] p. 439) is given in ti.' ,;i

this point transformation. Frovi cqu. (7), define the def urnation

gradient

xi

F . (1,J)

Then the Pioh-4iirchhoijf II stress -r is given in terms of the Cau'oiy

C
stress in Cartesian coordinates x , o by

TSJ F- o F ([71 p. ]25) (16)

where J det (F) '.is i in .ccord withi (13) where qaO are the

contravariant components of the Cauchy stress .ith respect to the con-

vected coordinates X , for if oij are the Cartesian coordinates of

a with respect to x , then the tensor change of variables law gives

o" c ij

In terms of the coordinate transformation from x + X' in the deformed

geometry. Because of the property of convected coordinates that X a Xa "

.1 3' .



for th! -;ame p' . I e, (7) A :o exprr:ses the co,,rdinate trn: for.±tie ,

and (13) anti (17) :ire sceu to) tbe equiLivalunt to (16). This COMectiC,:

has been pokiit -.: o: t by ,_nt.-,aer [8]. Note that sc asli T " '-

te'nsor denLtticr :md not a):.olute tenors, so that equations such as (2)

are not pu:e tc. v relati ons.

For , jn' i -,en(c:nt cuast.lt_v rc ation:,- the Iatc--V,- cztiaj, Lu

tiou E in (2) :i:. a homogeneous function of degree two. For the choif

that the refereiv state is the current state, (2) follows from the ex:

tcnce of an asr, ciated rate potential function F(c) , of the strain-

rate component:;

L : (va6 + v )' 01

where v is the velocity vector in the deforming body and the com-'a

denote:; covariant differentiation. This function generates ;" thro ;ai

• ; aF

where the superposed dot indicates time derivative of the convected coi::-

ponerts or convected derivative. This is equivalent to the partial ti :.e

derivative at flixed X , or a material type derivative. The structt,,c

of (19) indicate ; that since r is a tensor density, F Is a scalar

density and not an absolute scalar invariant.

A derivation of a relation needed in the following analyses to esLab-

lish (2) is given in the Apperdix. It is the relationship between

s and i , which, for the particular choicre of r ,I,. -:kct .; ULt,

mentioned, take.; the form

1 34.



sa  -T -ii"

how I".om (19) , (20)

mult ip y in g both ';J.h't. ,, i. glvc

s v ",[ /i(v .)] - v- 1- v V
Sy a

using (38) and the fact tL:t 'r is syrametric. Now F(u ) Is a

homogen&;ous fun;ction of degree two since for plar1icity (19) *s.rate

independent, 1.-once Euler's theorems fer homogcneox.' func.tin, p)errits t .

to wlite (2]) in the form

v 2F ',, ,.V (22.)

Again using Euler's theorem, this is consistent with (2) in terms of

conv.ccted coordiitates if

l (v .,

and

2F (vg ) .- 2F(c, +) CI CAy v , vg~ Y3

Equation (21) i; a contracted scalar relation based on the tensor

expression (20) and hence does not validate the tensor relation (2a)

or (2). It merely prescribes the form of the rate-potential function

E if stich a f:nction exists. Subnt-itution of (23) into (2a)

doe!; yI id (2(I) and hnri'c, ustabli shes 1: as, a homogeneolis, second

135.



degree, rtti--iel i:.: Lol ko forth-rnfal t': i-

A sinilr - 1ie(:1.I oiv Cauci.Y s~tress 0 yied% za tri*.;-i c,

ti.-l fulicti o., ;h1kur~ i:eiLjo yi ?id the- ce-)ir.ct xi;onfr

from tHec - pot.; 1 1. u(JU;t iolu hnc--.e a rate POttent a) [ax'

doc~f* not e I;t: 1 i.

The o. . l ut .. tre OTC rrially oba ~Jby ~earr :

strc:-;s'' and inci( onrts of r.tr irn de filed in tervn2 of. Cari~'c 1 Cdiin

fldtes in Lhc cu11rIaL. coufi~irjtion wi thout rotatlons occurring. ic

the theory must 1 l inl tHI PreSe-nce of rotations, their influcneec

mu,, r no L af fect rtic! strc.:srotc"A ucrrn ini t he crvti rettie rel- .t21 j

a spi-i-iuvartI iIt ,truss r tu .L s needed, such as tlre Jauwiiin, rate2.

will work in tercas of the confiEguration at tim t ,which is the i f

ence configuiration, and utilize Cartesian coordinates x

In formu].ing the fin-Ite eleme.?nt theory for numerical -.naly.,;is 0f

elastic-plastic probie-, we wish to use the variational rela tion (3)

in terms of s,, and a constitutive relation ar;!;ociated wih(19) in
:1j

terms; of i ij since it can be conveniently ass ociated with n~rrsn.

of plasticity 1.'m*s. We hae eeni th.it a law in the form (19) pie

the validity of (2) and hence the variational principle. As poii-led

out in [5) this structure in termzs of -.. lead; to symnor~tric, stiff--

ness matrices; ini the finite element formlaitionl Which Simpjlifies thec

inullrk[al procedures.

N:ow the(. rr timlup tw'-el1 t l.u i.: r-ssa ind the

Cartesian true %Lress c ~

o i.



I.s=j (2' )

see. For c.pv1 71 *. Vhwhe-ue tie nieinril ,:srtr-s is def i nc-A a., t'itt

tranfpos(- of (o (r Ji. r. c Ut, ded u,,.:cd f rom (9) ,(10) an d ( 17)).

the material (bri.t'eof (24) , and 1..tirig th-at 1- and J are unity

for Cenrl dc-ilt. r'or urn e:fzr :in.c~ A zi

q +

Vhc difference between 'Llw Ji.,cmann ci(rlrivative of a and its L'atc'ic?.i

derivative is the conurii, ition of thei, rate of rotation of tlhn( axen 'he

rot~'t:e with the body accordlincg to thle. anni-syl.ret nrc tensor an-al i

Cvelocity expres;5-1ol

av.
1 

(6ax. (6

where A dents the anti-symmetrir part. Using T)/jt to denote the

Jaun.atin deri vative, th-I! detternine!; (:-,Oe Praper [9) p. 155)

C ;V. av.
Dt i i.J~ (27)

t I O kA x*A

cou..l I-*I,-, i'JA o (25) ,(2) ad c) 4 7\

+i~ Dv + a 1 ) + a ~(8
j j ii: . x~ k kjlk kj ik ik OX]

Equation ~ ~ U (1)dfns h irchho..I stress, in terms of con-

vected coordinates. Be Ing a tensor density, definition for other

coo r~li nate ' o bt a! n-rd I y LI( Of (1;?) I -11)1t . y 1w.:I f! CA to inCor-p01r; t'"!

the density te.rm~ J .17c. have sten that expecriments from which the zi ws.
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of plasticity Were .. inuvolved "t rue nri~"n'ol(idwJAt I

Cartesian coordI matf.- i di, fci- nias z: c aiyseri, i.ni'cacies th-r ..-, o

pri.Aenaff,. of a Jati,-tiin tie-d-r tvatiye a.,;.oiated w ith rovatiort of

rectangular axes;. Whus we niet.' to~ utilize Ti 3 Uji to ific;'or

the Jaimann derivat-Lve, an] tie £frst teri: in parentbt'r,.-i3 in (?2 ) can he

Cwritten JI)T /Dt , .ifCe the dksWs V~tiVC Of the scalar density J isri ij

unaffected by rOLatioi ')f ;xc., id at tiov! t the~ inm;tarm~neou2: valIue

Of J = 1 - 111.11 ;~ st~lttd 1 '1 1). 222) th~ilc the rz!t.,. potoat 's
Cimplies a rate poteni al. lr I :x aui-,iann di-ivaitivo of T i , W*ICII prc--

vides computational advantagc- ,,sociated with the use of the Juvnri

derivative of this stress variable.

Thus (28) takes the form-

Cv

.- Aj- (.T DD + - 1(29)
Ij 9L~ ik jk + J 11-j k ik dx k

Nlow combining (20) and (29)

C
-r .. . + Ct D + a D (30)

i)t :j ik jk kj Ak

In View of (19) writtcn for iniitial Cartesian coordiiaxtes, with

F(D ij) homogene-ots of second order in the strain rates, rnultiplicai~tuin

of (30) by Di). and using Euler's theorem gives

c

- -L- D 2F + o D D I-a D D. 2F +2o D D13119t ij ij jk +j (k ik ii ik ij jk (1

whic anaogou4y t (21 forprovides a trial rate-potentis1

function

G=F~a D 1)(32)
1kij Ij k(3

_____138.



as'Ig E ul' theoren. In a maicer similar to that pre.enrcd for

a third r ate-potert: ial fuaict on is thu; :stablished:

i 9t z ,(33)

The cla2,'ic :I ela't-(c-plastic isotropically work hardening la/

(Prindtl-)Ze:-i.), coimy.only giving strain-rate as a linear function of

stress-rate, ciMi be inverted to give stres:s-rate and takes the form

([51 p. 606)

C r. .V°j ; 3ij !-z ].-tv )

i- ll - 2 ~ -20(3_* + ())

vhere E znd v are Young's modulus and Poisson's ratio, a' denott.s

f-tress deviaciir, U i; the current tensile yield stress and h the

current gradient of the true-stress logarithmic plastic strain curve in

a tension tesL. The Jam:nn derivative is used for st.re-s-rate a. m.:;-

tioned above in order to eliminate rotation effects, and the last terra

in the brackets is dropped when the increment of deformation is elastic.
c

We have shown that there Js a rate-potential function G for Tij ,

hut not one for C.. . This means [51 that a non-syrmetric finite-

element stiffness matrix would be deduced using (34). Replacing
.

iF by Cu.. in the stress-rate tern would yield a symmetric stiffness

rCVtL'ix which %7ould simpliiy the n,:cal analy:.is. Xoreover such

change is appi-opriate in terms of its representation of the physical

laws. The J term in

C C
T 1 ij (5

1.39.



llouko' law. I:U i~l( 1.A .' I e ia.Jty . It i.%a02at ~ f7t

nmetrkal noL--Ine~ir it.,l ~hcu~~~c tho non-lini-ar mE 1L1(eicC of

unit. -initial u3. yic-ld a o .:~ nerg-y coi!,.ectvat.-on .;t-ttc-L.Lt, 'oj

per unit curt CILL volii'm-; iri1.i :eis rinne of cuorgy density 0-oply b(:c.,

the amount of inatceriz;1. cn.ci.' It chinges. For example, the tei-i

(oh pvr5r~i "C:! ('16) of 11.0) if; equivalent to pic y

o 11Y Jo , Z' it ' ' 1 . .JLt ii thai~t P1'11)Ci (P. 935) L'i..t r~.1

t e i 1)rovi J cs a g~oodL appro-. j t.. ti on tIo non- lin ear e la s tici ty o f vauL,,I i

with input of only the tvio classical clastic constants. A similar

iaodification cf the clzasf.Lcal laws of plafsticity was suggested !n (1-1)

wh ,r it --as, ound o epress the yireld stress in teriar- or-

Ja (equS. 33 andl (34) of [111). ,,gain Lhis 1,71..- based on t!,u reqi,'L

mnts of guometrical non-linearity, i-,hich of coursc are Indopendent of-

specific imat erial charac teris tics.

Introl-c.I:1:on of (2) into the varlational principle (3) expresses

it In the form

OV. 0 0

6 ., (- -I) dV v 5s(f P v dS + f g v) 0 (36)
oij ;X. 1 0 3 o 3

1 S F V

' 'r.LL.! cxL'I nt~at-C 5 t1-- currcjtt~ C(1X I)

written

3)v.

fs. e( 1 d V - 6 (; F. v. dS + f p v~d 0 (37)
V a S, v V 3

SubstItution of (29) andI applying algebraic manipulation based on

1140.



syL~.~ti~ithvii yiclae tho VIsI:LI icia]1 prii:i-PI( ini Lli frl(13

(S) of [51)

C

f[-6~ )- (2 D T) v v )1dV

V 1. 1 k I~ k.,i k,j

-6(f dS + fg v) 0(
S

where the mi~ vl i. denoteo tha operation D/3x .Now ULJJiizirig

(33) , tho. princlipe t Oe u ln iorii (:see cqi. (Or.) of 151).

6 1 /V ( . - i, f ok* ( D k i~ ' k , i V k j * 2

-.fF.v.dS - ffg vdV = 0 (09)
S F V j

by (33) , .ill Eule!r' s theorem.

2
D (4O

5)t 1 l 1) ij U~ ki ij 1, 1 4

since 'dC/dD) i s hom.1ogeneous of first dcigree in D hence . is

syiimetric in ij +- kI as we] 1 as i - j and k I- 1 Since G

is homogeneous of second degree

C

G (D) - -I D.. (41)

The symmietry implicit in the variational principles (38) and (39) with

(/40) a%,. ('i.)i ply ~:~~ri.;t iffnress mitri es .'hich c:'rry thrci!e-h

to the finite-Ibement formulation [5).

3.. Ditxiissicn

As discussed by Rice [4] and McMeeking and Rice [5], the develop-

mnent reviewed in these notes brings out the importance of convection

k 1.41.



cff.ctL: amnd .p iroprlait( sti .s-rat. (itt it ionsl orIl, c

Pla.,t tc thovA Y. 111u! t I~t ;0_1 '[j iaI *:t Of C111A. 1111UM t11:' j , L

appll''~I to (11-- f r,,! b r.it~ Cc!:r.,riii small ,t: rai a-;.j

U±re not V' Id t: .1 0 Lot : IA 'rntaI i.::;ry Ib-sed on -IrnMit 1.St ne L%-

TfAn :11 :icit ina In. lo ~ 7Sn thc ft r:3r arv!

seco.1d ci n I 1. Lris first volumne iUrflIn the vaiziational. princtull

(38). ".1 plzi.Ie fJo, t11w coefficient of 6D in the first term is

hi),'Y-r I.; th(c. g, il wnt of t);0 ten!;i1e sLrcs-plIvi(~ii T2I

C~L\C, 'fIC-Cotik" t( ).. -I is 0) DS 1) . T 2 f-;eCoo1 Le

diffejv- :e bnot '.. n Ohe Jatm.un derivit Ive =nd otlier:mlr t !we d~".

vatSvus can o, 'y be neglected if h > a . The relative erroi in

neg~ntin~ ;01-h ter:14 is effectively independenL of the rntagiiitude of

the straini iixcrcii.'nt adopuccd, su that small. !tc-,prj dcn not per:nLt ui , I-

fML c iWl .11 t 1 I C r d . r or inany m'ptals' h - a

It is interr-s!.ing to Dote that ther- conplic.-vions whicli trise in

ela!fic-plastie- analysis rc! ult from the elastic component of strain,

and Tact the plastic. For stre.-s and --train dev'ia~tors, lsc-dly

Pla1stic dcforr .ticn Wi th a ilwyleld Ccaditica, J a C. /2 :2"
2. ij

sat isf ius

Di ii /2G ,- + a (4 ,4

%ohere X is cparameter. Multipic~ition of (42) iuy a'~ Cix'es

)-' / 23 (43)ij Ij 2

For isotropic work hardening with a Mises yield condition, (42) takes

the~ form



ii --- ,. ' ,

hfhe first L t- t.Y r-;i hand sidrs of (42) vnd (/4) r:rc the C',. Atic

strain rc Lc c': .c', 'I .'i rigid-idUally p1a.nt ic thlr,y ((42) .

thle U t' 'i, ,l et( !) ,; vv., :i r_].'at i on between stre'. I,'v! veioci ";

dient with no -,:plJ.. due to a stre:,; rate term, which grc :Iy

atuipli fie.s tlo ', ].yd , a.part fro, the diffitilty of d'terinL.

rigid legi,:s .S." : .' for Ia rderiu- rl gid--p1 'J ';. an .

((4!) with t' 0 t:'.vz(, u _ ., , 0l3 y te r;ke of COf i. .

invariant occurs, whkili i.. ;inp2 r t.O inclhdc tha a tE:0C raa,:..'

elastic-pla:tic theo-y ji. is the elastic term which iixtroduces -

rate and lhe con.uequent complications.

Many tech;,,ological Ly Important: metal..fori n3 pM,.' ate t.t ..iy

st t VIC'(":iloli l jij x 0 . In lplann-i:-, to use ,, ..-state pt(cc::,o: in which /niaa.:< LO LI×

lysis of the type considered here to evaluat(, such situitions, it is

fortunate tIt the stres-s-rate terms appearing in the variatIo:-al

C
principle, s , or 'li. /It , do not approach zero in the ste:case,

hence sin?,ular computat.ional. condition!, ne(.d not c anticipat.I. Thisa

is not the case. in some simpler and inadequate approchcs to this prob-

lem in whlich sufficient: care was not devoted to thb. appropriate ci.jIce

of stress-YaLe de~lniLion.

On the basis of the theory described, a fini e-elcr,:ent progr:Ti

has been written to evaluate stress and ,deformation hitztorie:; in an

extrusion problem. The case of a billet being pushed through a die

until a steady-state configuration was reached has been completed.

1.11



The stre:;! field cxAii it d t i whi[ch a ri osi, t( wi Lb L1;i~io

duvel owi~ctit of ext nw:i, iH ~ such a.,; 1i 12~ ~ teOf ~I

cracks.

In studyinug i in ri c'nial' I. :c ,aratory to writintg thIN rvvil'4, I

benefited fro1M WI) hlfuL cunver..:. .ons with Prtofe-.or:; J. W. Hut 0,j' :1i

R. .1. YKau), I{. L.. -1-1 I , J. Yors wid S. NeinaL-N.Iser of flaiv''-I ..

Statet of New Yi1': , .,iford nn Northvcf;tt Q..A

respc c ive ly , alld W i Li D1i. 1 .. MCMeking (if L.i uWi& ' rit'

This work wasi~ sponsored in part by the Ilatcurla.!., Scic-oce P1-1-

U. S. Office of N~aval Research on a conrract with Stanford Uiv'~ y

andi was carried out in part whle the auth:)r held a John Slimn ca gih

Memoriail Fellowship.
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Eqtta4 Aonn ) n (2,',) yielid the~ rel1ati on,

T (l

Utcria1 t!Jf1uzrcetiaLior) of tbif; reLitlon gives

id fo aihe IQtar. rcf icrece conlfiguration

F~ I he 2i- bnce S-r T. j(L
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147.



I


