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\I] iiil IC.'Iiit Iligc 410Ill (IiIICl *ipli.itItiis dcal m i tdel 141 )' 4tii il M itcIe-dIIIIeCIIsitiiij

4411Q.TI. III 1l)QNC )p)i.l4)5.fll~sI it. 4li lh Jpl.h. Cd 'llit)IW O~li~lic c Iks 01 ii)44\ d III '.tili

d41.' %kX Nllh 111.1 DOciIi~L iil li 01.1\ I I4~CNt5 et. 111hi jii t1-111 .. N Ofs 41 pitlieilis

alt called y'a/w/l 14'lu1mg piohlemsi. . \nioig tile 111111\'. .phicatitiiis '.l liy sixll'laI pl,1iililig 111,1%s~ aill

Imporfall role are:

I . 11ttttt1iig (lie li'.ttttt ofl I butildinig 181. i.e. file 11iiaiigeiielit of' '.'lls. cttrridtols. roomils, and

Iet.1 ijilttik (1 .ilis 14o tillill it user's deiLgil coitsia1is as '. ell is implllicit collNlcm.% Coinstraiints.

2. ll. ItItIIt III, 11tmt44I4 I, ct ItaIl a Ji I ting a Nucricill'k ( 'ontro Iletd N I,.I mic~ I ool 11-11. 'A h ich

I lttMtCN 111111111)V, the 11,th1 OfOId one o1101ie ctting Sill lALcs No i 144 toI dLC~ thle desired part.

1. li~iiiiilt, h la1\okut of' .1n IR ,Chip 1.S as ft illiiilt/c 4bc..t slihject to gciuiietric design

coilstralits.

4. I'Laiiig lit'.' to assembile .1 pairt uisig anindustil r44 l1101 181, uh~ I~III ich requires

kh1i445g li).. h'Iptli obtis 1. l cill illt '..ihtt4441b4i5.041111tieIicii iltt)coiltdet.

h't44hic.'Iii to mi 'p1it . iflitti "C.'iciahkIk i'ol'.e1 (at N0%% lt)tOImtijll thu Iti pc 44 ct Ilside rat ions:

1. Womeno!kti t,,-h.k-1e,1d soldoIN us t hc CtI 1C lrcet tUd. %% lIchI ill\. 44l)C C41IdNI&I 1iljliff

acion Lb 1 bt.' Cm' ilt "Imsipe oil i iiij anS.itd obstce.i~5

2. )pt o1n l/1ll - I hie best Sol ut to I niuSt be chosenIn frm amn ng thle legal solutions.

lhis pImpei ls AS iai 'A' 11 iconPIptiiig conisti aiiits onl the position ofa.1 ohject tite to the presenlce

(it4415 ic le. iiiOuts its focu is I tilte geolict ri ICi)44.sp ill iol plannin10g. ile the'. elt pi 1Wt th rouighout

mll be based oil pt41liedr.1l object mo dels, .il L t) mgIl 111iii a it' thI resulIts i d app I ac lies are ap-

plicable to thter classes of'object models.

R eceiiltiv. therec has been ii rapid grilt I oh' inite est Ill e lic ie it .11 go r gi ils for geomietruic prohlcms.

Vire'iotis \%'.trk1 has hI'mised onl algoithmis Ior ( 1) comlputling tii' c\ holls I'91121 11511291, (2) inter-

scliig coii' ex polh golis aid p4)b hiedr.i 151 124113311351. (3) inii-scctilig hll spaces 171 1301 (4) decom-

polig pt~ll s 11?2j.'Ind (5) closest-pinit proiblemiis 1,141. lIN paper forniulates two other geomectric

Hic rd-croi404. rc her ;tw 1 repitci41.tlne of thec(4ticm iiatui~horo' t) ;le b ti 144 mic.ml4 a comnplete %vrvey



1 01 1? he ,I 4.1114 v pokI Iiedioiii tII-t Wll~tmwiil'. A mh4 '. piossibIN M\ C.1 I~i)pi)I. COMl 0' 1 11% I1CIII ,i

&,igdeda olw, , \, I ct I h1c the titlin of k om k\ pot% hediai A,. ix'. 4 UL I Iigurie

1 llusnticte mo ieluted gkekllieti h ipiohI~ki1ls. deftinedt be~xm (MCk picie l jis N is usd It, i1uC.ii bothi

I. IiIIndtc I:1114. .1 positi101 A .. iiisidC. fl,. Such thmit VVj A, I IP, 0. 1111,, is called ;I

4.afV position.

2. UIiidpail I lIn .1 p.ith 10 Ii A 6441 position(S1W .' III ptsiti Sill.511 Ii I I" III ,% I t ' l?.ild A

ti0eI 0 1ICiIIIi A111 IIIC /4.?,. I hiIS I" cilled .1 J~f paith.

10o. eVII~iIe.IC Oh IC poile to object hl 't (t4'ICI.It4.'1 p.ickI! ii 11 "] 'Ind I1I 1014. imsed4. oil

gi. isp po11 tll on olheccts il 161 it(i i te roihot.

[.I it, ( 'sac )f \pplIroaicl Ioi SpatIial Pl 'anniing

piewted. Sections 5 thrioughi II) diiis thle ipproiach mo1tre Connally.

I he pos1 ion ailt lit iC lt ,itilllit'h. rigid4. sol id Cdli be re.pre.senllted as . I tinle. 0-.11114.' sioa p111 oi nt,

cal led its vt IihgisrahiI n. 1114.' i- dimciContll spIce ofl clii tion fo 4115Ir a solid 4. 1,,i catlted its

('on figuirat ion Spa.e a11. 4'nd t4' . de e Cpacr* %. For ei xamle' a Colnfigutra t 1)io~ tia\ ha' one4. co'tord1i nate

%.duc4. 6 r eaich oI'the X, YL, ZCOIII I'.lies ulIi. Se.'4.C ted point ii file ihi eCt and4. one4. ct 1141 idte ulute for
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Figure 1. The definiion of R. 13, and A for Findspacc .iid I Ill itll I ohlem in two dimecn-
sions. 1.0 )i I 1w Indsp'lc probk'ni is to find i po4st141 ion Ai Ii A1: ill W11 1101 t4 IN ip oI1(f' ihc
/I,. (b) I1 li Hndspocc pi oblern is to find a path for A fi oi li 14 g I:1it i% .i~ lids tile B,.



5 1.~ li -I - - - - -w S1.11.-M l-ml

rvA

I'jVUrC 2. Mhe uklacic IOh~de U 4) fr fised orientation or .4

each of tile oijec t's Fue ti cangleCS2 III gener-al. (i -DItSI.MaI Ci)!)fig i ii101 NI spce c.111 he Used to

model amn s) stem that c.m hiIe hdaic teri /ed with n pa Ian ets. Ai 0cs tO l I, thL contfi gurat ion of

ain industrial robot %k ith ?i joints. k% here n ks 1\ picallb 5 tor 0. I11 ( "*;pliW 1. thle set of coinligtirationis

ss here A ovcilar. 13 msill be (Icnoted CO I H). thie ( 'spact Obuh kilte to R. Situ illsl. those

()otligtitaI'litns %Iiecre A Is oinlpiciel\ en.iid/i I? \%ill he dentotd (I I).the ( '.spact I bacnor of B.

I ogethe r. these tvN I ( pacc %t inst ricets ei hod Al thle inl ntti nneeded to I ke I-ndspace an

I indpah problems.

If die orienitation of' a comse\ pul~goii A is fixed. (7,-tpacc.j is. sutnpl\ tile (r, V) plane. 'Ibis

Is so becaluse the (T, Y) position of some c o~tvit'lhi crtc~s rv Iis stillicent to sptvcifY [he potlygon's

cnlgin-alion. Inl this case. the pres~ence of ImioIl1er convex pols-gon P? constrains in' to he ouid

of ('70 i(fl). it larger coit ex poilygoin, sliti it as the shaded region inl I iire 2. ils, thle Findspace

probhlem can he transformned to dhe eclutialent problem of placing rv.I outside of CO j(fl). but inside

CI %(R). Similarly. fibr miuiltiple obhstacles B,, it Ila(in for A I,, safe ill rrr.A is not inside any of die

*I he rebiaI mllion (if uic coordinite sslc stin to e0 another can he specified in terms (if three angiles usually
ic ciretl to a, I 11tcl tieLC. [.11 i f bt anii'leN idwdie the mnaviitude of three sueeesst C nitfi tionN aibout Npectied axe%.
huti tin unrit cur nilitn for the chitice of as exCsist,



I tvmv' 3. lIilt I 1iiiLi)1311i I)tlL'rll and it', foriiiizauioli uilig thc H it hoirkcm culImut fiec paths

('(W) , b ill is illsidc ( 'I I(I?). Sub qilse ct ion1s diSCllS\ , JIgiitlIos I ' 1(13) and CI,(.).

It' (lie oi ientwimo ol A is fixcd. thien Owi Fiiidpalt l) lt'iiie for Illt p)iilgohi .1 ;illillg tile B, is

cqtoi\,lcnt( to tIII Iinldpaldi prioblemi f'or die point rv Inmong tile ( ') I(fl, ). When thec ( ') 1(I3L) are

pIf\ goflN. thie Shor-tost1  S.uli pathdS 1(11 rl'% .1k' pieCCC IC nea 1),IIh'N iu IIciJg th' -,IuII *ild thle

giul \Ii thi \Cr(icI2s of' tile (0 pkOI~gtIS. Figore- 3. HIeCtore. [InIdaIJIh calI he hormuiLtted as a

vgraph seal Pr o b lemi Thew gr-aphi is 6f'o nued b COiI (ICC il og all pirsit' (NC \ en~l i S (and the Start

and goal) tha~t canl "'see" cach other, i.e. can be connected by. at straight line that does not intersect

anl\ of, thle obstacles. Thie shortest path F'rom~ thc start to the goal in tis I 'ihilY~ giapii (Vgraph) is

the1. 51)1 iitt safe piathi fori A aIii g time 13, 12 IJ. T hiis '.iglg i Ii I elleic int v si lhcs Iindpaith pro~blems

" hen the orIicenta tinon of-A is fixsed. but the pia is it Ii rids arie ' er sn septil it) h mace uracies in the

o bject model. IThese paths touich the (7s pic %hsti (IISLCS. thtIetCirI it' heI Moi del 'A CrC CXaCt, .111 objeCt

un o\ i ng alo1ng this ty pe of' h1i1t Ai~on Id just tonct li ohC OIs ic lS. BI t il iii dcCli iie moudel may result in

a iII ll in. I rthnbcnir . the Vgri iph aidg it hiii %ithI th tee -d(iii s ii IIal I bject s a rid obstacles does not

inld optima tidPaths.

'this amsiflivc ticlidea istimc l;iIIC asI mirc I mI the iipiinimlii\, indititis tisiig a ttcoilincar (Mathaniant rnclnc. we



7 111 1 sm- N po-ih o S ata 111111-
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Figilu 4. Slie p fiviet u'ti of (oh~t ack" comtptit d 11SItti tile - it !&31 0111 13 ut \ A Olcr a
i~q oif 0t %;liw, I iich it thte hIadvd ohstacke 1i tile ( 1 11( cit o lt of a (I Nii'tCL ( ) %lH) tlec figure
;ii'o 'hm- a polqotut q.p~maoll t ot~i ('Ii te 'ICC 111Q)te(1COIC alttilCie poI~golatI ClyJk Ix mttmtil to Ole swvept
olwI otl) 11 \hlCit it dertes

When A is a three-dimensinal solid Alhicil is allowed to rotate, ('0% (/?) is t c 'tiplicated curved

tthjcct in aI 0-dimensional Cs~xtce -. Rather than compte these objecls dirccd'.\ lhe appiC ach taken

here is to use at scqucncc of two- and three-dimensional projections, of the higli-diicrnsiottl CspaceI

obstacles. In particular, the 6-dimensional Cspart, ohstaicles tor a rigid sotlid cani he appioximazcd

by scxrail 3-dimlensional projections oif CO slices. A j-slice or an ohject C C R~" is defned to be

{(131... 0,,) C C I-yj- )3j <E -I' ). where -Y' and -'are tile 10 mer and uipper hounds of tile slice,

respecti% el). Then. if K is a set of* indices between I and n. a 1<-slicc is tire intersectioln of all the j-

slice% for j C K. Notice that a K-slice of C is an object of tie samec dimension ats C. Slices can then

be projifrid onto those coordinates not in K< to obtain objects of lower dimension.

As un ellample of the %lice projiection technique. F~igumre 4 shows. shaded, thie (x, y) projection (if

0-sliccs (if CO %(BI) when A and B3 are conf\cx polygons. Thiese shoes represent con figitirat ions whcre



A melciaps B Ilir some in iclitanill of .4 in (lie specilicd r~iiiuc ot 0. Seciioi lW -sho% s tlut these slice

lin oSif' the sl ice. N ite tha aupp ro xi mating the swept \oIn mc as I pii h di in Ic.tl, td I p l hedlral

.tppo~ii~iti fo r the projcted ,lices. as slio(ni in Figure 4.

I lie slice piojectin tchlniquie has m o important properties:

1.A solu ttin it) a Fiiidspoice p roblemi in am, of thc slices is af solition to tlie oiginal problem.

h Its, ice the sl ice,, are alt approximationito the Cspace obstacle, the ti tlL rs iN n)1) niecessarly

inie.

2. I lie sli~e pi ojction oif Cspac te LCICtnI be comlputled M ithtnt hlas ing to computeI11 the

Inch d imewooit l ( 'spacc obstacle, see Section 10.

I hie .lice proijection mnethid canl also be used to extend the V'graph algoi ithmi described earlier to

bund satfe (bot i su-optimlal) Paths whnIII rotatiis of A are allowed 1211I. A number of slice projections

of' the ('spact obstacles are constructed fir diflerent ratiges of orietntatioi of A. I hie piroblem of

planninig sale2 paths In ihe high-dimenisional Cspurc. .,i decomposed Into (a) plaiiig safe pathis

\ia CO sertices % ithin each slice projection and (b) moving bet\&eci slices, at configiiraiions that

Mie saIfe Ill both) slices. Bouth of these types of' motions can he miodelled is links inl the Vgraph.

flie re 1ic filhe ci iplet c a lgri thuin calil be fiirmt t lit ed as af gia ph sea rcl piem ci. I Ii i appro ach is

ilhiisrr'lied III Iigure S. I Ii\%\cr, the \'graph algorithmn has sc~erail dia~ hack whIeni[lie tibstacles are

1-diiiic iimial. In particular,

1. OptimalI paths in higher dimensions do not typically traserse the %erticcs of the Ca pace

obstacles.

2. In1 higher dimensions. thcre may he no paths via vertices, within the enclosing poilyhcdral

regioin R?. although other types of safe paths within R may exist.

These drawbacks may be alleviated by introducing additional nodes in the Vgraph which do not

correspond to vertices (211. An alternative strategy to finding safe paths in (7.paccj is discussed in

120).

Mle kcy to the: Cspacc approach outlined above is, compuiting the Csp'cr obstacles: thc rest of

the paper is devoted ito this problem.



A3

A2

Figile S. .Ni ItIII'timl of li I oldpimll avimi ii- slice proyjcnonm deciihcd b I oi mmmu 1k ;c anid

oVcdc M I'-1MI S Ofj I mi ic plm ofi~ ~Iflo Nile IIili I II ifeh tmitiiac ixi I1( Iic I i iiII cit iio~se

11110 (1I) 111;1111111112 'i ill*C \ 1.1 1 c c'( Ii ClllC IIIII :CdII x(ICC tI' ICiiIIi Mid (')t 1111\111f WI iiCCII SlICTS, at

cooifi~ fioi , thia t ' e ,iI II bth Itcc I fi'llmcskIimls I 'II it, uilil (.1iviliuim l lol I mpmexim -1 in its
Iilat Coi ultia lull and I., x I, i i~ md~llil dt utumum] i m mmnmu lo dc ~i s imt, l i itum o I bett% iici lx Iitimal

mild fi:,miI orientation.

4. Not at imi and (om~entions

\l1 1geolletric enitiles - point,,, linces edges. planes. laces uiid oibjects \Aill he treated as

* ( ifinlite sets ol pouiit. ,\ll of Lhese etitieis %ffl he in V.~ the k-dinlICnsiOil ICal FI ClidCean space. a,

b. x, and y sliall denote poinits of' W. is \keli as the Corresponding veCtors. !i P?. anld ( ,shall denlote

Sets o)f points in Rk. while l and 1(shall dlenote sets of integers. -1. 0. and 3. shall denote reals, while

n, i, j, k shall he used for integers. [hbe coordinaie representation (if a point c G W'. for any n. shall

hc C = (-Y) = [l -, he mlignittnde (if a itector a will he 1all and the cardinalitx' of a sct A

%ill be JAI. The m-alar(oimi) produnci of %ectorN a and b will he denoted (a, b).

[he following operations are dinmed onl sets oif points in Ril:



I igilre t, I 11ikcd t'ol htiim t.iii he~ u~cd to moiidel ih,. ilo's rcocitlil of ii 11. pulois

A1({).Bz {a-F bjaC:A,bEH}

II C .1t 4 ilIin,,t cIts ' I i I p Iilt a)111(. th1en a kj- 11 a (1) 11B A KI) B. A1Iso. A R - A (D (e11).
Now than. ( piwll A + A 2a I ( a t A }and. 4 0. a ithmigh A 1) B = 13([ A. I'he set

dlthienC1LC JInt Net conllelilit iipeiatiiins ms ll he denloted .4 -- B miid A1 reCpeeti~cly.

R(igid bjct s~ iI he reprcentiled as Sers of puwhl mchiqp, come i p di India ice this icpre-

\evilt'liici simpljiifies 1t1L Agleihs 1,0r conpotng ( '0. 1 heorei I hbelii llms divectkfi (oil thle

definition ot*( 0:. it justifie', dhe use of this object representation.

Thecoremi 1: I IA U~ A, and 13 = Uj = BL

k.A kit

l -H U U (7Qj,(f3).

Fhe positioin and orientaition of a pohliedron \N ill be defined rlAiwe it, .1 iliial position aind

oiintat itin. In) this initial pot tionOl. i e %'e rte X Of tu( pile 1).(1 n oiiic& U f~~il te origin of the

global Coordinate frame. lortir polyhedron 1). this a erte s is cAlle the rtc.prei, c icrfe>k of P, or TV,,.

Ini tile sequel, aj different kind of' object, called Inked pidvludia. is used. Ihese objects arc

k inem at ic clihmns i th pi i vhed ral iniks and prisimiatic or ro tary joints' I ig I 6. IThe relai e position

'11111W V1rcprs'tic( .11i11wlta ictihvir rtcnlaIion :i pothed: do noti deltrLc1111 thir moon pliopetiis In
pa~rwl ilr. omc \ltiu ot 1e joint paranctcrs lidS cium: uertati of adjacent links



I ( Itizll ll sp:wc and ( 'S1 fO ',tauI '

,and OlikIe1,1O of adjiicCt links. A, and A, is delermined b\ fhe it" joiis 'phI 'r 1 11t')612].

Fhe set ofjoint Jim II tlkls o a linked lpolhcdron colIpletcl]. spccifics tlh positiol ,an1d or leltALion of,

all the links.

5. ( 'onfiguration Space and C'space OImsacles

The configurmon oft k-dini' ,sional polyhedron. A. is a point a = (rn - C W. with d

k "- (-): whcrc (,.. ",;)is tle position of rv I and (I . I .,) are tle I'Fulc, angles specifying

the orientatio n o'A relatikc to ts initial orientation. The configuration of', linked polhedron ha\ing

d joints is the d-\ector of lic joint parameters. The d-dimensional space of configurations of A is

denoted Cspac, 1.A in configuration z is (A ),: A in its initial configuration is (A)o.

Ih fundamental obscr\ ation about Configuration Space is that. in (space 1, tie (A), is repre-

sented by the vector z. Given this. the basic problem in the Cspace approach to spatial planning is to

detinc how the obstacles 13, map into Cspace 1. The mapping chosen hele exploits two Fundamental

pIopcrtics of objects: Their rigiditj, which allows their configurations to he characteri/ed by a few

paralcters. and their sobldit. %hich requircs that a point not be inside more than one object.

I)tlinilion: The Cspacc I obstach duce to 13. denoted CO %(B). is defined as follows:

CO %(B) =_ ( C 1space~ 1 (A), nB -7 0})

Thus. if x C (20 ,(B) then (A), and B either touch or omerlap. Comcitscl. any configuration

z 0 CO l(X) (or all obstacles X) is safe. The following defines a CspaceI cntit complementary to

CO.,(B).

I),fitition: The Cspace 1 interiorof B, denoted CIL%(B), is defincd as follows:

CI.A(B) {z CspaceA I (A), g B}

he sets COI(B) and CI.(B) arc difficult to computie and manipulate since thcy are curved,

6-dimensional objects when A and B arc polyhedra. Instead, this paper will deal with projections

of slices and cross-sectionsI (f CO(B). For example, fi)r fixed Fuler angles of A, the CapaceA

"A cross-sccIon is a lice whose lower and upper bounds are equal.



I4511{ c o to P ixdnte (' , ~ ? indkiettin thait it issk I it'r1 pwuijotx . itihet'l thin1 thle

hill Yfttttti.(()"', (P?) I, thle plrtucit tonito dv X, yZ zclItidIItctAt ' of ot I tilet .ingle crtms-

SO~ to11 l11 VC111I filte Nttpei',LI) t1 Cii mi ad ( V sk ill indictile [lie. cianptiitt 1tiii otheir niembhers.

c.('''(' ) mId ( ()'"(I?) ) de wlests ti'(r, y) intd (-T, j, 0) \title,,epets l

0. lThe Sliding Algorithil for C0,11

IIli,.section presenits a tie"algorithmn fir compuitinig ('1(B) s',hei A anld 1B are convex

pok gonox mid thle iii iottti of'A is fixed, In) subsequtent sections. mitle eliian .ilgoiithins are

piescomcd ('or hlis caSC.

Wheti tile orientaion t it A is fixred, the c onfigo rai i ns o f' A ire si iip1 t hc po si ltins (if the

icicerence kertek rv I. Clearlh t he btoIIdarv- tof (70 V)I) i~s the locus tof rv I \A here A josi touches 13.
'This sticests it simlple algiirithil or olit iitig ('%'(1?)-: slide A moutnd tile perimeter of 11 and

trace the path of rv 1. T(he leonIl sli'dting is teick% stfggestic: in praictic. k now~ing Which vertx first

t inches at edge Li upletel defines thiepaith 'frv, o ertdial edge.

I hie central step ofi this .Sliding a/gorU/ott is tt deterotlinec v alit pifin (it edgeo) oif A first Contacts

each edge ofI' 13 and ricc I-crSa. i U re 7. 'I 'he norit al \cdti r if cac ic dg i' &B deli ocs an approach

direction fir tile edge. Ii .A is ints ilig fROMn a greatI dlistanlce UMt~ atds an edee, oif'/ donitg tlie ntiiiniil

directioti. and no edge ot'A is paitallcl ito one of' 1. henl coiltIa stil firt, happen at at seitex tifA. 1Ibis

cltitci o'r'x is the one \k ithe mwiininitim perpenAdicular distance to the edge of 13. As this vertex

"slides" along tie edge (of B, ri<.% traces an edge t*C O'j"(I) ss hichl is paraifll to thie edge of 13 and

of equal1 length. Buit this edge is displaced the dl.L-. ',C t1'0t1 the contaIct vertex to rv I, projected

along the itorinal to thle edge of U. Interchanging tile ioir : t' A mnd H? slitis thait each edge ofA and

somne \crtex of 13 gises ri--'i to an edge o () 'n( ?) I i edge I, ti aced out Iy rv Ias the edge

otf A "slides" along tie ci otact %CrIesXi 0U11 -! *'!CA xdge is paraillel to) the edge of A and

of equal length, hot displaced fr'omi the ctontact cr e Ie i ? h tile perpeIndfictila disitnce between the

edge and rv1j. If A and B) hase~ pairs tof parallelIC edgeLs. itiCt (" T 'I(R) %ill hase~ a parallel edge for

each sicli pair, displaced as abose, hUt Who0Se length i% thec sum of the two edges.

"'Whent V1 \ uri iion iN fixed. \c t;Lwtmc without toss oif uc'cratim that is In Its tot tat orietationi, t c A is simply
( ) tisptaced by some 3-vecior x.
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The lidng lgorthmnees O(cides(~l xjcdcs(3)j)opeatins t Coput lo

con~~~~c\A andB. ~ ~ ~ ~ .*Isi io oiiiil s (iI8 it , lis.1) (tl (,(,)

The Sliding algorithm deries (i dge,,A) of edp. y(l) fo teato i onopterato (fon ol'() g

of* 13 and ia %ertex of A, (b) an edge of A and a \ertex of U. or (c) an edge oF A and an edge of

B?. Suiilarly. cach fErcc of' (Y%~jz(fl). for A and I) convex poI.Owdra. can be computed from the

iI)eraction of oneC of

ar. a face of.4 and a vertex of)? or at face of! and a vertex ofA,

h. a Carce of A and at coplanar edge of!) or vice versa,



]4 l't'|tlJ 11," Jfd ( di-11111I'lllH Sil 0( adcl ,('t

A

I'iglilk N. I11ll a plu. otilt k' PI If of I, lll \m Ima ll " I I O iu ak ht hi lh I mid I? h1" ,. a

c. II edge ot'A uand ,I m - hallel edge ofI,

d. a i~c lit' a1.nd ,a ((PbiI r 1,CC' 0111.

7. V'cbor Set SIIms nd (Configuralion Spaice Obstacles

The fueIndam nta result of this s ction is tice tiiilowing:

lheorem 2: For .4 and . sets in R1, (.-."II:(J?) -= 1) ( (A)o.

Proof: If c is an (X, ?), Z) Configurlation of A then (A),- = c q) (.4) 0 . Therefre. if a C (A),. then

a :.- a' - c. whe.c a' C (A)(, see Figure 8. K1'b G 13c (A),. (hen b a a' j , ,ad th.refi c c - b-- a'.

(learly, the coilverse is also true.

I

IfA and B1 are convex then A (D 13 and A () I are also convex 113 p.91. therefore ('O,-"'(l?) is

comex. Also, for iHand A in their initial configuurations,

('(),""(A),, =:((A),,(,),, ')'(/))



Aiue 1 rcl i mcd chrien/ralion of (III CIIIS f) is l dls ii HC [or clo pokn l ( IN It 111A C nn n r mt is '

'1nd ( Furhemoe ClC(1: it h c nIaIC '01al suc 1),, see (a a nd (h)mc A lf (ic,10 tA 111C 11111 ( A c
imcn X op idI) Owee (~c pl' i ts illsts 0hes h1%esniLS. ha

the htaded 3:1-nr an I? (A) x Olyeda

A~~~~~a VXme Xhrccr/to of C'/()n as posbe For r an (..r, ,(z)Colfgl.tif

Cl"':B), heo ([)() C 3. Sime CP. (A(P , is tiestB 11sih .te f A(

ote als that ! 17() -,cc(--B) (c). Fiorr A ilusrae hes inid 3.i m s h id 'B

complement.



Ile icret I I )r\ itdc" a \%I o L i'iI ItI I I I 11 ( O (H) C\VILt11 t L I Ii\ C\ I Adud PII 1i d 011o . It

~fl\ dc .n ,proi~l.t~~lteclilliquL' for ( U~'(11) hIC1 A ,Illd P? mev iion-convcx.

I'lie(memI -: For poal Iwdri A and 13,

convr(A -+ ) = om i(A) (io fn,(I) -- ri co ( ,'r( 11) veurt(B))

hImc von i( .) dci otcs, 11wLi cx hull ofwle X miid vcrf ( .) is the set d \ic uccorX.

P~roof: 1:11"t shlosk 11hu1 coUv(1 +] R?) conly(A) ) com)(I)).

Flhe dcfliuon oh-oni cx hull stmues []ht anx it ( con uA) L;mtI he cxprcssd as iII alline coinhbila-

bll of plnlits ill A. YhiS maY Aso he done fir n b) I C 1oo 1') x (- con u'A) 4- convi(3),

(I C comv(A).b C- coniv(I), a, C Ab, G B. 0. E,,3 =. In . and 13j !0 then

x = a + b ( -)n,) -b +-,a 4b)

- y,(a, + Ef3 2 b,) -- ),W(~ii + 3b 2 )

E im~a, + bl) E + b,)

BIil. sincce y1 I anid -y,,3, _> 0. x I,, dif linc tonhmionu of point', illn '1 .111ad

tluccrew helonigs to its com\cx hutll. Iiucufu'e cotm(A) (ri conr(I?) C - con?'( 4- Q13).

(E-)
If Ix C con v(A (D B), then Ior a, C A and b, G B.

Thercf'ore, x C conv(A) (D conv(B).

I[hllis establshes that conv(A 4-11) = conv(A) +D conv(13). Replacing ?'rf (.) Ii'M A aind yer (B)

for Band uising the faict that conv(A) = ronv(vcrl (A)) 1131. shows that coni(vurt(A) 4-vcrt(B))

covuv(A) (D) conv(B).

1 lb co n n% hull, (coit I of 1). o e p1~~~i v ci i V' is j. Ell- r, A.-, > 0, ~"_ - I

1, 2,. [ 13 pIS]



(or I rbl~ri: I-or (,(I)% v p(t 0%1hed Ia I -i I 1 1 ii(i?( rt(1)) *.11, lkI imC

Pbroof: T he first pal on f t he con d laj% h lli ~s ditectlI fromn the C.iet Oui t, fi ki n ', e\ A. A

('OFI V(. i) .The seconmd pal ti li i s fri m Iheorern 2.

I n alirithills ex~ist Iii: fintding the c mex lhtl o it if (iite set (lit pints on inhe plane. e.g. 191

jl2I 111-I 1291. 1291 Also describe itii eliciewi ailgorithmn hin points litN ' lhec .Ilgimih1 are knlo\ i

ii run11 inl %kost-case [)ile 0(1 log v,). %%here ) ik thle suec of die Input set. I lechiie. I heiin . leads

,tIIIIediatle to anl algoritluni Ion CO ' and an1 upper biiund oil the uoiiiipImI.itionl.i (itpcit' thle

problem.

Thecorem 5: For come x A, B C R', ( -ri'(01) can he eOIIItipdC inI litne ( )(112 log t). Ahe.re

it= Ivert(A)l + Ivert(13)I.

Proof. The set vcr1(ll) C vcr1((A)tn) is iif sic jivcrI(A)l ' It'cri(IBI. i (i' \1psint in

)(v log v) comnkcs hutll algorithim to this set gikes an10(71op,71) .ilgiii ithin III '11n1it I(I

This result holds only foi- eon'ex po1I hedra of dimension k < 3 171.

I hie .ilgorithm ofhnreni 5 is not optiniA: an 0(11) Ialgiti thin1 h~stil I 'IYJ (P) %% li 1 1d 1111

al e Collex piilygonp

I )cliition: ir(A, it) denotes die mil/moPImg plime (Imei) Ill A " im ol\mt d i m i.il ui It ( 4. it)

iiint~ins at least one houndai\ point iifA. call it a, and for any a' (_ A Ohen (a', it) (a, u, I ins. all

iii A is inl (ti fthe closed hll fspaces bouinnded by ?r(,4 u) and ut pot ints mm a honi tile in temr i A.

Lenmma 1: If A and B arc convex sets then

wjA D P, it) f (A (D B) := (7r(,,, u) n A) (ir((fl, u) n n)()

"iIbe dcsclopment in this section is hased on that in Section 14 of 141
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igic tIii. llJl;ilstn Fu I .cmma .

I ciiimi 2:

,.ntp juall.l to s(aI a, it,) Jind of equal length. See I:igre I I(a).

(b) ILet .(a (1,2) and ,(bi, b) he parallel ilnc segniens such that ((I2  al) k(b, - b, ) for

k 0. 'lhen s(a, a2) + s(bi, b2) s(ai + bl, a2 + b2) and the length t the stim is dc sum of the

lengtis of th c summands. See I igurc I I(b).

I'heorevi 6: [or ct'cxI polygons A and I. CO 1',(f) can he computed in worst case time

0f(jurI(A)j + Ivert()).

Proof: For fixci it. cach term of) the right hand side of (I) is either a line segment (edge) or a

sinlC Ioint ( erltCX ), it folh0ss I'mil I e1111111 2 ht the' trn1 i oLn the left is one of.

a. a Ilc% ,clx. %hll two Ictices .Ic combined:

11. it displIed edge. O lient edgc and a .ei icv a Collthined (I enm1 a 2a):



a?

aib 
ba\,

2

II

Ob ab

It1rurc 11. Ilt~ration for I rnnia 2

c. a paim ol displaced end to-'.-nd edge".. %k henl VAo 0dge'. 1 i 1 1iihnid I I 1111 ?b).

segilents. Note that. bek.iise of' thev coliii ii, olA anld R. each edlge is eii il ed .wI CV0ii lhke'

p. 131.

A pohgon is stored a, .I list (It' %CrtiCs nI the SanteI o14de0r as 11iJI 1.iie 11IV b\ciatie ' 1 (oiii

terch(Ikwise sweep of U. I is IN Lii'.aileiito 1i a 1t.1 oidet oil the edges. hIi' oii tile iill,.e tlilit theC

edge iakes A ith the x aIls. F-or a polygoii P,. assulic tile j", edge Ill this oi dci. t, R(?" I' j i )

makes the angle 0,, then

jVi i IOJ 1<0(u) < 0,

X(P, u) 0P jcej, if 0(u) = e,

1 I i f Pi < 0(1) < 0j -

Mle til fort constrcting the new vertices is hiounded bN ii conlstant ut. eL it in' uilsCS it 1110SI tWO

ector additions. lihus/ Ap 1 ?can he coniputed iii ineur time during a %ciii i f thle xertuVes iof A and
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Ub, 1A % '

%Ua2U b3

Iji e 1 2, I h, edije' ol /? ( 1)1 %hen I and I? a co cm poi- i n. mei found b% moigg ile eh dge
lm ol I? and -( i) oidcied on the angle tholn ;ormalke th t iihe 11ime~i x axis

R, Figure 121. Atn impIke Cn (n.ItIion oft (is operation is NIhowin in Apple ndli 1. Sia l~m I ? I(- (A),) canl hc

c(Imiptited in inear tim!1, b first converting each v'erte\ a, to rt'.1 i, Figure 12.

When A and/or B are non-convex polvgons. CO-r!'(B) can he computed ht, an extension of

the algorithm above. llie methiod relics onl decomposing ile boundaries of thle poil gons into a

%e(Jlencc of polygonal arcs whose internal angles. i.e. the angle facing the inside of the polygon.

arc each less than ir. 'Ilic algorithm of rheorcm 6 can thcn be applied to pairs (11 arcs: thc result

is a polygon whose houndary. in general, intersects itself. The algorithmn requires. in the worst case,

O(ecdgr.-(A)j x jfdgc9(JI)j) steps 1201.
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Da. I n)iaing isilih Rotations or A

If A and B3 are pohgons, theiin iOI i(BJ) is an object in W, denoted (C I .10(3). lhe shape of

CO'rlO(l), when A and 1) are con% ex. will be inestigated hehk b) examining chlnges in the cross-

s,¢ioflli) o CO7 10 ais0 changes.

Assume ia fixed \alie 'ur 0. ICfA and Bi ha c no parallel edges. the lprool' of lheirlei 6 shows that

each cdge of CO'l(B) can be exprcssed as one of:

c',' = bj (D S(<,,(0), a, + 1(0)) (2a)
" = a, (0) (D s(bj, bj+,I) (2b)I,

In these expressions, b. is the position %ector of the j"i member of vert(1) and a,(0) is the position

of the i"' icnber of vert((O(A))), which depends on 0. The order in which the a, and bj are

encountered in the counterclockwise scan described in Theorem 6 determines the (i, j) pairings of

vertices and edges.

Ilumfioit (2) shows bat, for simaill changes in 0, the e,' rotate around b,. A hile tie are simply

displaced. Figure 13. In iddition to these changes iii the x y-cross-sect ion olCO "0 . there are discon- $
linlous chalnges at %;lincs of0, denoted 0, where in edge fron A becomes parallel to One from B. For

%,lile% of' 0 Jlst greater Ihali these 0e this pair of edgcs ias a diflerent order in the cal oftliheorem

0 from %% hat thex had whCn 0 wais jutS less tha1 0 'Therefore, the (i, j) pairing betm cen edges and

%ertices changcs.'There ate O(lcdgc;s(AI)j x led<es(H)l) such 0: in CO 0.

Between discontinilnUities, the lines defined b) ch edges have at simple dependence ol 0. The edge

s(bj, bj+1) is on a line whose vector equation is: (x, uj) = (bj, u.) where u. is the 'onstant unit

normal to s(bj, bj+ i). let a,(O) make the angle 0 + -q, with the x axis, with 11, constant, and u, make

the angle 0, with the x axis. Then, tie equation fi the line including eC is

(u., r) -- (,j, a,,(0) + bj) (3)
= Ila,II 1cos(0 + ', - Oj) + (b,, ,()

The terms are illustrated in Figure 14. [his equation holds only for0 G 10 - Y1,, O j -t7, between

discontinuities: but within that interval it defines a plane in the space (x, V, cos0). Ilbis space is

analogous to that defined by semi-log graph paper. As long as die 0-inceraal is known and cos- I is

'Thc cross-w.ction of CO" lV(I). for constani 0, is (O'Y(B).
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IiJ,'IiC IV. 11~ '(I?) p Ii (IINCI 11(ll Of thIC Uii1u011 Ol ,I' ( -( 1),) fmi c,idh to vi I(/?) When A

(iuii I l)(o) TOI10 h.% (. IIIV (' 11im l om iiiiid 1), anid ihc t''ac di'phiccd Whicii aii too i ligicd with

all e') kq o m Olc 0, iii-% clij ioiald il %411 IJIICCI I 111Ctiiii ONhe I ll icr tii lhih Iilc\ arc eiiciiiiilvrA dmiong the

cfiunte~ldpicwlse scall of Ihcorcm 6

slingle valuled os cithe illter-\,a) then tile l;ipping frhi (x, !/ cos 0) to thle (.r, 1, 0) space is u1s11uc 1 e

0-1,1angcs Coll ak il, he chlosenl so dimthios is thle Case.

[hle c7 caiot he treated inl a similar fCishion because thle om illiiol ofi the edge changes with 0,

i.e. tile equlationl of thle suifolce in' olse products of the form x cos 0 and y cos 0. Instead of trying

to represent them exaictly K\ non-planar surfaces, thlis section de~ elops at simple appi ox imationl tech-

mI(jtic that aioids dealing dhiectly %ith thcse edges. The techinique "ill hie iltimaed first for COZ11

1111d I'ler 1Fi'r (Ye.

[or fixed 0. if' the lines defined hy the care extended untif thle\ intersect. (fie festihting figure



,rvA

a1

liguti 14. Illustration of lerm ii equation (3)

iompletcl chldes COIi(13). This approximation can be \cry poor "hen the angle defined by ad-

jacent r" is \er\ ac..e, see IFigure 15. The approximation can be improed b% int nducing additional

lies whose normals point bet een those of cb anid e1 . These lines should he farther from b, than

any of the e' paired with bj in (2a).

This method can also be used to approximate the slice ofCO )",0 (B) between discontinuities. The

1,e2 and the lines to bound die e" edges both define planes in (x, Y, cosO) space. see (3). for some range

of 0-values. The houndaries of the 0-interals also define planes M hose eqtations are of the form

o = Oj - Y1,. Ibese planes bound half-spaces whose intersection defines a conex polyhedron in

(r, y, cosg). This polyhedron contains all of COA11° within tie 0-interval. Therefore. it can be used

to approximate COA . O over that interval. The union of the resulting convex polyhedra for each 0-

interval is an approximation to COAr e .

The discussion aho~e shows how to build a set of n - Iedges(B)l + Iverf(B)l half spaces

hounding (CO'!"(B) within each 0-range. "lbese half spaces can he intersected to construct a convex



p1hicdIol in n 0n log n) I itle 1711.301. '1 here aic 0(jcdqt( -I) I e - It ) ) -i~inges that n~cd to

he Lo'ipdeel tlierctOie. (lie Compijlete ;ipproilliltioil 1ni,\ he 1,0111)( ill ((n log ?1) litlme, .ilthoigh inl

Ij)J)1apiLat1On',. al :Onl~l)cte mipproxiiitioil mlighit not be nccssar

I heC sjIIII [CClliileC CJii ;1l',0 he appie 11d 10 ConilutligL C1 lo(I)id sMiLC the (7 01n1\ hias edges

olw 11 wIii1 (2b). thie restilt ing pok hedra ill (r, y, (O) 11e 111 eMIL I I eprc-0CIIMttOl Of thle C$paCe.j

entity 1201.

Ilik approximnatin is. inl pi inciplc. applicaible to pol\ hedra inl 3-dimiensionls: the Ires1.1ts %ould be

;I we of pu1k hedra inl 0-dirnensioNs. 'Ihle extenisionl iN conlccpttnall) Simiple. bit the difficotieis of deriv-

ins and rep reselitillg die th ree-dimte nsional iell tit iiil col 1stwaiiiSts mak e Olie apro ach u nattractivye.

[he next Section examinles an altef natic to dealinge sN ith the hiigh-dinienSioil po1\ hecdra. required by

this technlique.

10. \plpr4)xiina~lilg I ligh IDimen-ion Cspac Obstacles

Sect io n 3 ininodutced the ii s of pro jctils of Ohst;I %//'( ;Iu.aSa it ma ns of app ro ximiat ing high

hirnenal Csparr Obstacles. Figzinr 16 Shows aI decomposition of Cspac.1 C Y?: into a family
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Figure 16. zshIce propections.Tis exam~ple s,ji the slice projcCfioI1S decomposing ( space4

into fii)U-Cspace4 -y,', -, ]j.



t slice, C.spacc Vx . ih of' these nie" Cs pac(s vs a ,hsic(T jeCtion Af C'spare %. I his

nevk f"Iitiil\ (I pies a cOnsersatis relpresentationt of the ohstalcles. i.e. it reptescills the %otrsr calsc

Lcitts)-,)I)) I, n tiliirios v hose zcoordinates arc vtthin thle range KI -Y,- ii.

I he pto r ol tile ,lice Projection approalch is th1;1 thle FaimiIN of ,lices capitires 1ll the L0onstraints

needed to pila safe pathls if) CSpice 1. Ilas jing all the slices (if the (C) I(R). there is no need to

Ier ito thec ( "0 j(H, theinseli Cs. On (fhe other hand. thle algoritht 5s in thle 5lCticons 6 th itugh 9 are

tior cross-sections of* CO f?), e.g. 0 '111 and CO'(" not for slice projection. Ibe) basic result of

this section is that these algorithms call be used to compute poi~lhedral approximations to the slice

projections.

Tlhe con1struction that relates slice projections to Cross-section projection,is I the %iilt l rCofan

Ohject. I ntuiti\12ely.tthe swept volume ofA is all the space that A ceters when int ing \N ithin a range of

conlfigula;tiotls. Inl particular, given two configurations For A. callcd c and r'. then thle union of (A). for
all c < a - C' is thle swept volume of A over the configuration rag1,,1 .( 1rll1 1adc dfe

only tin1 stilI subset, K, M, thle cconfiguratio till) I dimles. F-or es in ple. if r and c' are (if the form

( ji)., and K -(3)}, then tile swe'pt VOILume1 t FA o% er Ci ic vnote 1r, c'}, wefers il t(lhe union of A

o\ er a set of ctcnfigulatlitms tlillering ol( oil 0. '[he swept tolinicte it ( t actttfioiation range is

denoted A IC, C1, .

Ihle swept tdolume of. a rigid object. is AlSO at rigid tthJCct'" v% ithl itie i lilie il degrees of

F eedom. I or linked polyhedra, thle situation is not so simple. because (t dwth interdependence of the

Cs pace parameters.

Note that for a linked polyhedron. the position of link j INypieally depends onl the positions of

links k < j. which are closer to the base than link j. Let K ={j}. c ==(0,), c' (0'), and tC,dC']K

define a range of' configurations differing onl the jih CSPace., parameter. Since joint j varies over a

riltge of values, links i > j will move over a range oif positions which depend oil the values of c and

c', as shown in Figure 17. The union oif each of the link volumes over its specified range of positions

is the swept volume of thle linked polyhedron. [he swept volume of links j through n can bc taken

as defining a new jth link. [he first j -I links and thle new j"' link define a new manipulator whose

co~nfiguratioln can be described by the first j -- I joint parameters. Onl the other hand, the shape of the

i'te~~ that, in general. the svwept volume or a pol~hedrrn is not a poirhedlron. although the development relics on
cuncpuling pol'lhcrlral approximations to it.
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Figure 17. C hanges tit [ic~ sNcoid joint anplet miii 0.- to 0'~ catises chaniig1;cll tlif iigmiaiionid b oih link
I., wid link 13.

new link j depends not only on (lie K-parametcrs of c and r', i.e. 0, aftI O'. bit( also oin 0, forn > j

I his implicit dependence onl parameters of c and (.' that are lnot inl K is undesirable. sine it means

that tilc shupc of the lie\& jill link will varyN. I etting K = {j, . . , ?i}. then the shape of the swcpt

Noltiilie depends onhl onl the K-pariecers of r and c', "~Ilk itS con1figrtIon.111 is deteinflned by the

(I - K) -paraincecrs. A sivept %ohmic that satisfies thiN propierly k cAlled 1thlceablc.

[lhe ICIt thAt the MA~cpt 0olume of' a linked poil hedron A does not hlii the ',atic degrees tit

I'reedi it,, i doecs A formiI s tile basis Cot th e reL it ionshijp between ,li:e I IiJycClulli and class-sectionl

pjctio n. If filie swepl( %oIn me is displaceable. (lie I -- K pa ralnete rs imt. i~i e chli aged. but changes

to the K parallieters are not legal. Ihereliwe. thie Ospacc of' the swept siiltine of A is of lower

dimension than the C.space of A. In particular, configurations in Cspacc t hat( has e equial I -- K

paramecters and whose K paramecters are in thle defining range of the swepit \oluine. project into the

saniel configutilion inl (7.pace ~r"M

If A 1, cl, overlaps some obstacle 13? (hen,. filr some configuration a in that range, (A ),, overlaps

R. The cons erse is also true. lfAlc, c']j, is displaceable. then CO ,'k,-) (R.) is the set of!I - K projec-

tions of those configurat ions of A within Ie, (11, for which A oiserlaps 11. F qtmialently, C V.i (I?)

is the I - K projection (if the 1c, c'1 slice of CO 1(13). If the configuirations of the swept volume are

one of (z, yj). y ~, z), or (z, y, 0) then tie algorithms (if the previous sections can he used toi compute



11 1 I Ifeih c Iiiii the Ie ir d I h I k I )Iokc ol

I\ l p~ktilJ iiiiIiliti1c 11K C C( it piim\ide'. the ile tiiis Im iidl ri 1 th I miislv'.e iid I~ndpath

111IIii ipheiieit itIn'i, dcscoheri in 111 t ari d 12 11. I11 addition, thle pioo4 ot [hIk theme1iri dciruiistics die

iistii'~oft'c Cs.pac( Concept 'Is a tool ill tlie'reicil (ia~ e t Np.lairil pi.r111irg problems.

11. RlaLte N\i Wo ill SlaiI I. PIallirg

I Ile letiiiitioii it till irIItIspite 1 1101110111 IISed hlC is haSed onl t11 ,i1 I 11 Approaiches to this

piiihihtIii jil.- tesclic h .\ I) I]J 'Ind I11 Ilii lattel, i.~ldch I,, tile 111. )note rc iiit. is, .111 apphlicationl ofilc

Wiimmm11ok .mdmit tI' Iulitlitl e elimiation. It inmoh CS ICCiisiJ eI siibhJI\ Idr~g the0 workspace tin-

Ill ml IfrI 1 .11 l.' eiI~li (Ilk- mobject is fmmind. I h)is iJprI; IcLI hSC Ce1,11a dja%%baicks: 11I) i nlon-

0\ C h 'mp Iim' ll s iih io 1 shimcig\ "~tIll break upl poilialk useful areais, anf)(] the imphemenlion (If

thle piedi itoe ''uge enotigh" I fisrio specifted.

Ih ( 'sjr ;ippio.ich1 ill iindspImce uii1d Fiiidimith descr ibed hecre is ai k-lteusioi oh'dhal repmited4

In Il111 Iatppi) .ini .ippiimilite .1hg11,ith111 t11 ( ll )'" (H?) is, descibded arid the \graiph algoirithmn

till fiiph dhiuiciiioii.iI I-iiuhpith is first presenlted.

[lieV)C"III1 11001[01 C01de11111 tlpeeti oito osrlt ', georrieim1 ic igures., e.g. ( '0'(10, has hecri

used flitlclilm ) Inl I 11. Jj .iiid 1.1., \kho criplo.\ ei '111 aigo ititli to Comnpute C )! or non-convex

pog Ii l iii a tChniq(ue fIM tw ii dimensionaiI laisount. lihe terrplhit piki ipproachl desci bed in

110 t ises a1 rel. ted Co mpuiitat io n based onif chiain -cetde desc ript in of' Iiimnic boun idaries. 1 361 reports

.ulgi rit hills till-r pack inrg it' pa ral Ich p ipeds Ini thle prese ne ot ohst.cies us"Inrg .1 LOinIArue eqii alent to

the CO"'. huit defined a% "'the himdograph oit the (*lose Polsitioing lunittirn'. Vihe only use of this

conlstrucit Ii the pa pe r is, fil mi iiiput inrg ( 'Y 1 lt- aignled retctarnrgula~r prismis.

ilhe % ork hv LiIdrip. reported ili 14011411, was the fiist tio approach I i ndpaih bN expl icitly using

tranii on ted obist acles arid af space where the miii Irg o bjec t is a poinlt. 11 diipa used onlyv rough ap-

pro xiti a t it 0 to tile act uoi ( sparc obstacles and hiad lio direct rueilhod lh i representinig enii St raints on

'Of course. tis fctiii" colipiimi a comtm.t putt ivdiit appim miiimon ri the iwm.'pr %otmtnri (11i Simple atlllnlimations

arc 11111 ctmtticiillto com la it 110ilit il h t ihis is mumli , t tmeme h o t'(i -o itim' ate tetimme Novielhtless. ihe swept

~i i c~ rJcom uaLI IItiilN(ia pimolulc alIi'd ildAl W UCII1101 C M 4 111I~ a



moure thanl threec degrees of freedom. 1411 also stir~ e~s prc~ioils heuiristic (pr 0ce ile lindpath

problem fotr maitipulmi s 1 171 1281 1441. An earhv paiper onl Shakey 1 251 dlescribe,, a technique fu~r

IFindpah using at simple object transformation that defines safe points 1'(r at ci rcular ipprox imation

it) tile mohile rohot and uses a graph search formulation of' thle problem. More recent papers on

na~ igation ofrilohile robots are also relce ant to 2-dimenisional I indpath 111]1 2311I3)]. 1141 reports on a

prograin for planning the path of a 2-dimensional Sofa, through at corridor. IHits programi does at brute-

force graph search throuh a, i quantized Cspace.

1311 proposes anl extension of the approach in 1211 to the general [indpath problem. bilt using

an cxact representation of thle high-dimensional Cspace obstacles. TVhe basic approach is ito define

the generail configuration constraints as at set of mutltinomials in thle position paramieters of A. But,

tile proposal still requires elaboration. It defines the configuration space constraints ini terms of the

relationships of vertices of one object to tie faces of the other. This is adcquate for pol~ gons. hut

the equations in the paper only express the constraints necessary fir \erlices of'A to be outside of 1.

i.e. they are of thle form of (3) above. 'They do not account for tile positions (hA A here %ettices of

BI are in contact with A. TUtS, the equations do not represcrm tile corret cinstraltits til fthe position4

ofA. The new equations will have terms of the formn acosO 0ind y cos 0. I wiiei olic. thie approach

of defining the configuration constraints by examining the interac tio it \i o (Ices mit fd es does not

generali/e it 3 -di mensit mal polyhedra. It is not eiiitgh to co nside r tw ic iici . itio oi tai cs*ind

faces-, die interactioni of edges and fiices mutst alsot be takeni inli accounllt 16].
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I li~s 1)PCIidlx shows iii1 .iIorithnirl IMi '1 ) R. SL I - SUJM( A , B ). %% bet. A ind I? oc con~ cx

poh gons. Secdoan 5 shttms ho [Illhs opelitu Can be used to it .il)pitC O''-

I .ch p. .1go n is desc ri bed in te rnis of its %crt ces anrd (thec. igles iii. Olei edges iak e v~li the

positk~e x axis. The edges Mid %ertiCes are' Ordered ill CO0unteCb_(kV Wise older. ice. hN inicreaising angle.

I hle polygon structure inl the following prograni has the follo%%ing comlpolents.

1. s ize - numiber of edges in polygon.

2. ve rt [O0: s i ze] -- all arra. of seciors representing the coordinates of' it sctex. 'ibe

i"' edge. i = ,.s i ze. has thc endpoints ye rt [ i - 1 ] and ye r t [ i]. Note that

vert[OI=vert[size].

3. any 1 e [ 0 :s i z e I --- the angle that the norilal of' an edge nia.kcs with the X axis,

nittotoiiically increaising. Fo.r con% enicnce a nglIe [ 0]1 = a nglIe [si z e]1.

l he a Igori thin fo ll. i' di rectIv f roill 11h1vorcin (. lott g thial ii thi rs I ii i( I it il o poldygonls.

edges are represented b% sticcessise vertices.

SI-SUM (a. b)
{c =new-polygon (a size + b.size); /0 create new polygon of max size 0

ea 1; eb =1; vc =0: ang =0; offset --0;

do ( sa eas + I )
until (a.angle[ea] )= b.angle[lJ

and a.angle[ea - 1] <= b.angle[1])

c.vert[0] =a.vert~ea] + b.vert[0];

do f vc -vc + 1;
ang =offset + a.angle[ea);

if (ang <= b.angle~eb))

then if (sa > a-size) /0 handle wraparound /

then { offset =2pi; s = 1
else ea eas + 1;

if (ang >= b.angle~eb])

then eb eb + 1;

c.vort~vc) a.vert[eaJ + b.vert[eb];

until (*a - a.slze and ob ab.slze);

C.Size aVC:
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0 1-M c~c

c J)KI c2

|'igur. AIM. IIutimIjton of the delinition nf 4',(cf ') and (4t, (c, c').

Appendi% 2. Proof of Thcorcm 8

Assume that Cspace.1 C Rd. let I ={ 1, 2, ... , d} and K C 1. 1, K and I JA shall denotc

sets of indices for the coordinates of a E Cspace.. Define the fIllowine vectors, all in Cspace4 :

b (a,), c = (ye) and c' = ("() for i E 1. Then,

+, c,c) {b E ER A <Yk 0k }
kEK

,(C) -= (j c, c)
e.(c, e) - ,t.(c, c'] n t I -K(C, C)

I hcc definitions are illustratcd in Figure A18.

The projectionI operator, denoted PhI J:-" li I is defincd. for vectors and sets of vectors, by:

Ph(bl= (k) kcEK
Ph I ] {B Phb b B)

V



Supe'sripts on ,ectors indicate projection, e.g. b" - F_ jbj. In addition. the %cttii in R11 con-

posed from one %ector in l, I and one in R11 -1 1 is denoted (a' h b" ). Ahere 1', 1,((1' , b" )%

a1 - hand iJsj(a' I b")] b".

In this notation, precise definitions for the notions of cr l%VtS''IIP p'? occhin and slice projeclion

can he provided. The cross-section projection ofa C.spacr I obstacle is %N ritten as follows:

CO,%(B)Ill, -= P, ,, 1 CO ,(B ) n 4),, (c) 1.

lThe slice protection, v; iimli. r to the cn iss- sect ion pr jection. bill carried out ir all conligurations

between Iw o cross-sections:

CO ,(B) jc, c'jI. -= P.- ,,1 CO ,(B) n b 1, (c, c')].

'the K-parameters of the two configurations, c and c. define the hounds of the slice. Similarly, the

sept volume can he defined in this notation:

I ), inition: 'he .UjtTI v of A over the configuration range IC, c' )h is
(Ale, ' dl")' U (A),, !

I he reqtiicmleit di,(ussed in Section 11) that (lie s ept \ohl ol'A b" ,eh.sp,,u ,/h is eibodied

in the lollowing condition:

Va: U (A)(., --, (Ale, C',h)(."- ,.1 (4)
xGJ") (cc')

Note that the I - IK parameters mi. he changed, is in (4), but not those parameters in K. I herefore,

(Al', r'.)., is defined only ifa G O ,(c).

I.emm'a 3: If (4) holds, i.e. if the swept %olume is displaceable, then

P,._ k CO.%1 .. 1, (B) n it,, (c)] = 1', , I(cO ,(B) e 0,, (0, ' - ,) n ,,(c)].

'Jle similarn in the noianlon between swept volunc and slice projetion does nix Impl) an% direct telatonship

.-----
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Proof of Lemma:

(_ )

Ia G PI -,, 1 (co ,(I)Q ,, (0, c'- c) n4), (r) then there exists an (a' " ) CO ,O)

'Ind an . C 01, (0, c' -- c) such that xi% - 4 - C". This implies that x, C 4)1, (c, c'). lhen, using

(4),

But since (' .4'1) G Co (B). then (A)(,,- J . ) intersects B: thercfore, its supersets also miner-

sect B. 1h the definition of CO

(a' ) c) G CO,.(B) t i, (e) a E P, ,1 C-O, (B) n , ()I.

(c_)

Assume a G P1j CO q, ,,(B) n 4l, (c) ]: then.

(Akc'l,,)(,-, '1 ,, nB 0

For all x E 0, (0, c' - c), (a" :c") + x C 4,(c,tc') and :c(a " 1 ) + zj = a-h

Iherefore. by (4)
(A )(,,,- ,. ,.,) (Alc, c],). -,:,h)

Since these are all the sets tial make tip tie swept vohlume, at least one of them must Also oveilap B

when the swept -volume does- therefore lere must be some x, C 0e, (0, c' c) for which

(a)(.,, cD, )+z, n B $ 0.

By the definition of CO,

(a'-" :c h) + x, E CO (B)t (al-": c h) E (COr (B) -o,, (o0,c- c)) ntl,(C)

Clearly, then

a E P, -,, ((COA(B) - 0, (0, c' - c)) ),, (c))

L
Thbis i emma leads to a proof ot'l'hcorem 8.
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W. If (,) holds, then

, _,, I CO.(B) C ),, (c, c')) P, -,, I CO i,..' A 3) ,

Proof of111corem:

I'he proof behow shows that

p,- C 1o 3 n 41, (c, d)I , I(co.,(i3) o e,, c' - c)) n ( .

Ilic theoreni Cillows dihectly from rflis result and Lemma 3.

(C)
If a e P, - CO %(B) ( 4i, (c, c) ]. then, for sonic z G O, (0, c' - c) there is an a, such that

a, = (a-" :c" + x") G CO.j(B) n'PK(C, d)

Since XI -1 " = 0. then a, - x C 4 ,(c) and therefore

al - x (Co.,() E o,(0, c' - c)) n -(c).

Since a -= P, [a, - X]

a G P- ,, I(CO.,(B) 8 , (0, c'- c)) n Oh(c)I.

(D)

Assurre a C P, -,, 1 (co.I(n) E e, (0, c - c)) n 4¢k (c) 1. then,

(a -' - :') e (co (B) o o,,(0, c' - c)) n 4 K(C).

Since the I -- K parameters arc not changed by the set subtraction, there must be an al -

(a] -- Z':') CO%(B). Zi must be in 4,1,(c, c). because Pki1z - Z2) = c with x2 G 01,, d - C).

( x' l:x') E CO.,() I ,,(c,) a a G P,, .C.(B) n 4K(c,,c')l.


